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PREFACE TO THE INSTRUCTOR

This Instructor's Solutions Manual contains the solutions to every exercise in the 12th Edition of THOMAS' CALCULUS
by Maurice Weir and Joel Hass, including the Computer Algebra System (CAS) exercises. The corresponding Student's
Solutions Manual omits the solutions to the even-numbered exercises as well as the solutions to the CAS exercises (because
the CAS command templates would give them all away).

In addition to including the solutions to all of the new exercises in this edition of Thomas, we have carefully revised or
rewritten every solution which appeared in previous solutions manuals to ensure that each solution

conforms exactly to the methods, procedures and steps presented in the text

is mathematically correct

includes all of the steps necessary so a typical calculus student can follow the logical argument and algebra
includes a graph or figure whenever called for by the exercise, or if needed to help with the explanation

is formatted in an appropriate style to aid in its understanding

Every CAS exercise is solved in both the MAPLE and MATHEMATICA computer algebra systems. A template showing
an example of the CAS commands needed to execute the solution is provided for each exercise type. Similar exercises within
the text grouping require a change only in the input function or other numerical input parameters associated with the problem
(such as the interval endpoints or the number of iterations).

For more information about other resources available with Thomas' Calculus, visit http://pearsonhighered.com.

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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CHAPTER 10 INFINITE SEQUENCES AND SERIES

10.1 SEQUENCES

a = 13 =

1 1 1 1
2' al:ﬁzl’aQZZ':E’aB:y:6’a4:ﬂ:ﬂ

2 1 21 _ 2 1 21
S M= = =T, BT g, M= =g
2.1 1 . 2-1_ 3 . _B-1_ 71 . _2-1_15
6 a; = 2 _2532_ 72 _4933_ 23 _8934_ 2 — 76
1_3 3,1 _ 7 7,1 _ 15 15, 1 _ 31 63
T a=la=lty=). 3=ty =,u= 3ty =5, 8=5 5= 53 = 5,
_ 127 _ 255 _ sl _ 1023
47 = 64 - 88 = 13889 = 356410 = 5pp
1 1 1
_ _1 _ @) _1 _ @ _ 1 _ () _ 1 _ 1 1 _ 1
8. ay=lay=5,@3="5 =g, 4= "4 =35,8= "5 = 55,8 = 755> 47 = 5505 > 8 = 75320 >
_ 1 1
49 = 355,880 > 410 = 3,628.800
_ =D _ _ DO 1 =D*(=3) 1 D (=3) 1
9 ai z’a_T_l7a3_ 2 _i,a_ P} 2 Z7a5 P} 4 g
_1 _ 1 _ 1 _ 1 _ 1
A6 = 16,7 = T 3-8 = T 51> = 198> 40 = 356
_ _ 12 _ 2 2, 3= 1, Ay 2
10 =2 m="F"=-ly="F"=-5a=—"3"=—5,8=—35° =—3,8%=—73,
2 _ 1 1
A7 =—37,88= " 3,8 = —§,310 = — 3

11. ay=1l,as=1l,a3=1+1=2,a4,=2+1=3,a5=3+2=15,a5 =28, a; = 13, a3 = 21, ag = 34, a;g = 55

12, ay =2,a0=—l,a3=—13,a,= (:%) =1a= (E%i) =—liag=—2,a7=2,a3=—1,a9=—3,a90=1
13. ay = (=)™ n=1,2, ... 14. a, = (=", n=1,2, ...

15. ap = (—D™n2n=1,2,... 16. a, = “U n=1,2, ...

17. ay = 250 = 1,2, ... 18, ay = 2= n=1,2,...

19. a,=n>—1,n=1,2,... 20. a,=n—4,n=1,2, ...

21. a,=4n—-3,n=1,2,... 22, ap,=4n—-2,n=1,2,...

23. 2, =02 n=1,2,.. 24, a,= " n=1,2,...

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



570  Chapter 10 Infinite Sequences and Series

1
2

25. a, = LHCU g 26 ay = "2 CVGL g,

27. n1i>mOO 24 (0.1)" =2 = converges (Theorem 5, #4)

28. lim "D — gim 14+ S =1 = converges
n — oo n n — oo n

29. fim =2 — fim &=2— lim =2 =_1 = converges
"n>o00 l+20 T noce ()42 noo0 20 g
2v/m + (L
30.  lim 20— = lim \/—7(‘5) = —oo = diverges

i {255 =l S0

1—5nt

31. nleoo TR :nleoo e —5 = converges
: n+3 n+3 ; 1 _
32. im0 55 = oMy Giamey — oM, 5y =0 = converges
33. lim M=l fjy @=DO=D — iy (n— 1) = 0o = diverges
n— oo n—1 n— oo n—1 n— oo
. 1—nd . (%)*H .
34 lim =% = lim 3 =00 = diverges

n—oo 70—4n? n — 0o (E),4

35. lim_ (1 + (—1)") does not exist = diverges 36. lim_ (—=1)" (1 — ) does not exist = diverges

n— oo

37. lim (=) (1-1) = lim_(3+4)(1—1) =4 = converges

n — oo

38. lim (2—5)(3+4) =6 = converges 39. lim (2n1)"+] =0 = converges
40. nli)mOO (— %)n = nli)mOC (;)n =0 = converges

41, lim \/anl: Vo im o 22 =/ lim <1J2r%) = /2 = converges

42. lim G = lim ()" =00 = diverges

SE
ol

=1 = converges
n— oo n— oo

43, lim sin(g—i—%):sin( lim ( —i—%)):sin

44. nli)mOO n7m cos (nw) = nli’mOO (nm)(—1)" does not exist = diverges

45. lim_ $M0 — ( because — + < 810 < 1 — converges by the Sandwich Theorem for sequences
n— oo n n n n

46. lim “g—“ = 0 because 0 < “”‘ & < & = converges by the Sandwich Theorem for sequences

n — oo - 2“
. ]_ . A f
47. nleoo = nleOO 513 = 0 = converges (using I'Hopital's rule)

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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Section 10.1 Sequences

Jim %= lim S = lim %ﬂ”z = lim_ M =00 = diverges (using 'HOpital's rule)
2
L et _ (1) _ o 20 (&) _
nleoo — _n]l>moo ( YI) _nhmw e _nleoc 1+(1) =0 = converges
2\/n n
. ! . (
o lim i = o i (z‘z‘_n) =1 = converges
nlew 8" =1 = converges (Theorem 5, #3)
Jim (0.03)"" =1 = converges (Theorem 5, #3)
Jlim (1+2)"=e" = converges (Theorem 5, #5)
im (1-1)"= im [1 + %] sl converges (Theorem 5, #5)
nlem v/ 10n = nlem 10/ plh=1.1=1 = converges (Theorem 5, #3 and #2)
. Wy 1 W2 12
n1l>moo Vn? = nll)mOC (\/ﬁ) =1 =1 = converges (Theorem 5, #2)
im 1/n
Jlim (%)1/ e ﬁz@’z—il =1=1 = converges (Theorem 5, #3 and #2)
nlem (n+ 4)1/<“+4) = Xgmw xX/x=1 = converges; (let X = n + 4, then use Theorem 5, #2)
lim o — i, h}: = 2 =00 = diverges (Theorem 5, #2)
n— o0 n n]lg)lc n 1
Jim [Inn—Inm+ D] = lim_In(347) =In (nleOC nj‘r—l) =In1=0 = converges
Llim N Jlim 4 V/n=4-1=4 = converges (Theorem 5, #2)
1 /22n+1 —  1q 24+(1/n) — 13 2.2l/n _ .1 _
nlem v/ 32+l = nleoc 3 = nlem 3.3/"=9-.1=9 = converges (Theorem 5, #3)
lim ™ = lim M < lim (1) =0and® 0 = lim ™ =0 = converges
n-—oo0 n n-— 0o n-n-n---n-n n— oo \n n n—oo n
n1i>mOO % =0 = converges (Theorem 5, #6)
nlem lgé“ = nlem @ = oo = diverges (Theorem 5, #6)
im o= lim (%) =00 = diverges (Theorem 5, #6)
Jim (1) = lim_exp (L5 10 (1)) = lim exp (B151) = et = converges

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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572 Chapter 10 Infinite Sequences and Series

68. nlem In (1 + %)n =1In (nlem (1 + %)n) =Ine =1 = converges (Theorem 5, #5)

: 3n+1\D _ g 3n+1 T InB3n+1)—In(3n—1)
69. n1l>moo (3n71) _n1l>moo €xp (nln(3n71)) _n1l>moo exp( % )

3 3

- 1 Bel -1 | _ 1 6n’ _ 6) _ o2/3
= lim exp( (_%> ) =, lim exp((3n+l)(3n_l)> 7exp(9) =e”° = converges

n

11
70.  lim (nil) = lim_ exp (n ln(nil)) = lim_ exp (%) = lim_exp (“( “*j)

1

. 2
= lim_ exp (— ﬁ) =e~" = converges

1. nli)moo (2nx4nr1)l/n = nleoo X(2n1+1)1/n = anl)moc €Xp (% 1n(2n1+1)) = anlmoo €xp (W)
0

T “2 ) el —
=x lim_ exp (577) = xe” = x,x >0 = converges

72. lim (1 - L)'= Jimexp (nn (1 - 1;)) = lim  exp (%) = lim  exp l%]

— 1 —2n \ _ .0 _
= lim_exp (z2) =e’ =1 = converges

: -6" : 36"
73. rllgmOO Soa] = nlgmOO = =0 = converges (Theorem 5, #6)
74. lim SN G lim ()" (1) = lim ()" =0 = converges
"= ()" ()" T n=oe (1) () (R ()" T n=oo (1) 41
(Theorem 5, #4)
. _ . el —e . e2n_1 _ . 2e _ . _
75. nleoo tanh n = nleOO T = nleoc & = nlew Sem nlew 1 =1 = converges
. . . elnn _ g—Inn . n— (l) .
76. lim_ sinh(Inn) = lim *=*— = lim 2. =00 = diverges
n— oo n— oo 2 n— 0o 2

. n’sin(}) .. sin (3) . = (cos (1)) (,%2) L —cos (1) 4
Tl Tt =l Y Talfe Tra )T ol il T T comvenees
_ 1 sin (1 ES
78. lim n (1 — cos l) = lim w = lim M = lim sin(l) =0 = converges
n — 0o n n— 0o (L) n — 0o (%) n=— oo n

sin( 2 cos () (——L~
79. lim \/ﬁsin(i) = lim M = lim w = lim _ cos (i) = cos0 = 1 = converges

n n—oo o n — 0o 537 n

3"n3+5"n5

80. lim (3" + sml/n — Llimexp {ln(Sn + 5“)1/"] = lim_exp [%} = lim_exp [‘"f"]

. % In3+1In5 . N"n3+1n5
= lim exp{%} = lim_ exp[%} =exp(ln5) =35

81. lim_ tan"'n=7Z = converges 82. lim ‘-tan"'n=0-2 =0 = converges
n— oo 2 n— oo \/H 2

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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Section 10.1 Sequences 573

lim (%)n + \/12—n = lim ((%)n + (%) ) =0 = converges (Theorem 5, #4)

. 0/ 9 T In(m’+n)| _ . 2n+1) _ .0 _
Jim /n? 4= lim _ exp [—n = lim_exp(2%5)=e"=1 = converges

X 200 . 199 X i 198 . |
lim W0 — iy 2000w gy 20099 = gy 2000 — 0 = converges
n — oo n n— oo n n — oo n n—oo n
(5<lnn)‘) ,
. 5 . . . 3 .
lim 0 — iy - = lim_ 100" _ pjy 80w o — fijm 340 — 0 = converges
n— oo \/E n— oo (\l[) n — oo \/H n— oo \/H n— oo \/H
2y/n
. . \/n2 — . .
lim (n —4/n% — n) = lim (nf nZ — n) (w) = lim —2— = lim ——
n— oo n— oo n++v/n2—n n—00 n++yn2-n n—0oo j4.,/1-1
n

=1 = converges

lim —— = lim ( 1 ) (V“LHV“”“) — lim Y@-l+vrn’+n
n—00 y/n2—1-+/n2+n n—o00 \vn2—1-+vn2+n VnZ—1++n2+n n — oo —l-n

5 I— 54yl )

= nl’moo W = — = converges

: 1M1 : 1 . 1

lim = | 2dx= lim 2= lim = =0 = converges (Theorem 5, #1)
n—oo n 1 X n—oo n n—oo n

. "1 . 1o " : 1 (1 1
Hli>m00 L X dx = nll’moc |:q F:| ] = nlem q (F — 1) = lﬁ lfp >1= converges

Since a, converges = lim a, =L = lim a,,; = nlemlizan =L= 11—2L 2L(I+L)=72=L2+L-72=0

=L=—-—9o0orL =8;sincea, >0forn 1=L=238

Since a, converges = lim a, =L = lim a,,| = nlemi:ig =L= Iﬁ—ig =LL+2)=L+6=L>+L-6=0

=L=-30orL =2;sincea, >0forn 2=L=2

Since a, converges :>nli)mooan :L:>nli>mooan+1 = lim /8423, =L=+/8+4+2L=1L>-2L-8=0=L=-2

n— oo

orL =4;sincea, >0forn 3=L=4

Since a, COnvergeSi>n1mean :L:>n1i>mooan+l :n&moo 8+2a, =L = w/8+2L:>L272L*8:0$L: -2
orL =4;sincea, >0forn 2=L=4

Since a, converges = nll)mooan =L= nli}mooanﬂ = nli)moow/San =L=+5L=1?-5L=0=1L=0o0rL = 5;since
a, >0forn 1=L=5

Since a, converges = nll)mooan =L= nli}mooanﬂ = nli)moo(IZ — ‘/an) =L= (12 — \/E) =12-25L+144=0
=L=9orL =16;since 12 — ,/a, < 12forn 1=L=9

_ l _ . . _ . _ . 1 _ ]
=2+ 2N 1, a; = 2. Since a, converges = nlgnocarl =L= nlgnooanﬂ = nleoo(Z—i- a_n) =L=2+¢

=L12-2L—1=0=L=14+/2;since a, >0forn 1=L=1++/2

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



574  Chapter 10 Infinite Sequences and Series

98. a1 =+/1+a,n 1l,a = \/I Since a, converges énlgmman =L= nleman+1 = nlew\/l +a,=L=
=12-L-1=0=L=

1+L

li2\/§;since a, >0forn 1=L= #

99. 1,1,2,4,8,16,32,... =1,2°,21,22,23 24 25 .| = x;=1landx,=2"2forn 2

100. (a) 12 —2(1)? = —1, 3% —2(2)? = 1; let f(a,b) = (a + 2b)> — 2(a + b)? = a® + 4ab + 4b% — 2a%> — 4ab — 2b°
=2b%—a%a? —2b> = -1 = f(a,b) =2b%> —a? = 1;a®> —2b> =1 = f(a,b) =2b%> —a% = —1

. 2
; 2 a2 . 2 1.2 faly _ 2h2 — (a2 —2p?
-2 = (d+2b) D altdab4db®-2a’ dab—2b? _ —(2-2b%) _ 41 _, r,=14/2+ (—yl)

(b)

a+b (a+b)? (a+b)? y2
In the first and second fractions, y, n. Let % represent the (n — 1)th fraction where % landb n-—1
for n a positive integer 3. Now the nth fraction is aatzbb anda+b 2b 2n—2 n =y, n. Thus,

nleoo L= \/E
101. f(x) = x? — 2; the sequence converges to 1.414213562 ~ \/E
f(x) = tan (x) — 1; the sequence converges to 0.7853981635 ~
f(x) = e*; the sequence 1,0, —1, —2, —3, —4,

(a)
(b)
(©)

=5, ... diverges

£(0-+Ax) — £(0)

. f(Ax) _ .
Iim - = 1 Ax

. 1\ _

nli>moo nf(ﬁ) a Ax — 0t Ax Ax — 0t
o im ntan~! (%) =f{'(0) = ﬁ =1, f(x) =tan"' x
Jim n(e'” —1) =f(0) = l=1fx)=e"—1

lim nln (14 2) =f(0) = %2(0) =2, f(x) = In(1 + 2x)

102. = f(0), where Ax = 1

(a) n
(b)
(©)
(d)
103.

(a) Ifa=2n+1,thenb = [%J = [4lidnil) [2n® +2n+ §| =20’ + 2n,c = [“272] = [2n? + 2n+ 3]

2
=2n2+2n+ landa? + b2 = 2n+ D)% + (202 + 2n)°> = 4n® + 4n + 1 + 4n* + 8n3 + 4n?
—dnt 480 +8n2+4n+1=(2n2+2n+1)" =2

15 !~ fim sinf= lim
1 a—o0 g

,_
|5

. 2
g hm 2n° + 2n

a=o0 [2]  a—oo WIIntl sinf =1

(b)

=1lor lim
a— o0

wol%s

[

104. o 2nr)

2n

&)

. n) __ . o . 2nm . . _ _ .

(@  lim_ (2nm)Y/ @) = Jim exp ( = lim_exp ( 5 ) = lim_exp (5:) =¢e"=1;
n! ~ () v/2nr, Stirlings approximation = v/n! ~ (2) (2nm)"/ ") ~ 2 for large values of n

(b) n /! n

105.

106.

40

15.76852702

S
14.71517765

50

19.48325423

18.39397206

60

23.19189561

22.07276647

: Inn __
(@ ,lim 52—

(b) Forall € > 0, there exists an N = e~"9/¢ such thatn > e"™9/¢ = Inn > —2¢ = Inn®>In ()

L -0/<e= lim_L=0
n—oo n

1
Jlim k= lim =0

= d1ce=

nc

:>n°>%

Let {a,} and {b,} be sequences both converging to L. Define {c,} by c,, = b, and ¢,,_, = a,, where
n=1,2,3,.... Forall ¢ > 0 there exists N; such that when n > Nj then |a, — L| < ¢ and there exists Ny
such that when n > Ny then |[b, — L| < e. If n > 1 4+ 2max{Ny, N>}, then |c, — L| < ¢, so {c,} converges to L.

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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108.

109.

110.

111.

112.

113.

114.

115.

116.

117.

118.

119.

120.

121.

Section 10.1 Sequences

: In _ 1 1 _ 1) _ o0 —
Llim n/t = lim exp(nlnn) = lim exp(n) =e' =1

lim_ x'" = lim_exp (l In x) = e = 1, because x remains fixed while n gets large
n— oo n — oo n

Assume the hypotheses of the theorem and let € be a positive number. For all € there exists a N; such that
whenn > Nj then |a, —L| <e = —e<a,—L<e = L—e€< a,,and there exists a Ny such that when
n>Nythen|c, —L|<e = —e<c,—L<e = ¢, <L+e Ifn>max{Ny,Ny}, then
L-e<a<b,<cy<L+e=|b—L|<e = nleOObn:L.

575

Let e > 0. We have f continuous at L = there exists 6 so that |[x — L| < § = |f(x) — f(L)| < e. Also, a, — L = there

exists N so that forn > N |a, — L| < 4. Thus forn > N, [f(a,) — f(L)| < e = f(a,) — f(L).

3+ D+1 _ 34l 3n+4 304l 2 2
Ay Ay = (;n+1))+1 > = > = 30 +3n+4n+4 > 30 +6n+4n+2

= 4 > 2; the steps are reversible so the sequence is nondecreasing; 3::11 <3 = 3n+1<3n+3

= 1 < 3; the steps are reversible so the sequence is bounded above by 3

o QoI @iH o @GN @D @S @)

1 ((+ D+ 1) m+1)! n+2)! m+1)! @n+3)! 7 @+ 1)
= (2n+ 5)(2n + 4) > n + 2; the steps are reversible so the sequence is nondecreasing; the sequence is not
(20+3)!

bounded since =(2n+3)2n + 2)---(n 4 2) can become as large as we please

(n+1)!

gy <a, = 2(::—3:;1 <L o 2“;3:“ < @tD = 2.3 <n+ 1 whichis true forn  5; the steps are

reversible so the sequence is decreasing after as, but it is not nondecreasing for all its terms; a; = 6, ap = 18,
a3 = 36,a4 = 54, a5 = 3% = 64.8 = the sequence is bounded from above by 64.8

2 1 2 1
an1 aniz—m—w 2_5_—:>

2

2 1 1
n(n+1)

P T

AN

= — o7 ; the steps are

reversible so the sequence is nondecreasing; 2 — % — % < 2 = the sequence is bounded from above

a,=1-— % converges because % — 0 by Example 1; also it is a nondecreasing sequence bounded above by 1

a, =n-— % diverges because n — oo and % — 0 by Example 1, so the sequence is unbounded

1

n

2"—1 __ 1
2n =1

a nondecreasing sequence bounded above by 1

a, = —%and0<%<%;since T

2"—1
3n

a, = = (2)" — & ; the sequence converges to 0 by Theorem 5, #4

ay = ((=D" + 1) (™) diverges because a, = 0 for n odd, while for n even a, = 2 (1 + %) converges to 2; it

diverges by definition of divergence

Xn = max {cos 1,cos 2,cos 3, ... ,cos n} and X,+; = max {cos 1,cos 2,cos 3,... ,cos(n+ 1)} x, withx, <1
so the sequence is nondecreasing and bounded above by 1 = the sequence converges.

a, apy & Hﬁ H\/—Vnzif;rl) = \/n+1+\/2n2+2n ﬁ+\/2n2+2n < \/n+1 \/ﬁ

and %ﬂ \/E; thus the sequence is nonincreasing and bounded below by \/5 = it converges

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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122.

123.

124.

125.

126.

127.

128.

129.

130.

131.

132.

133.

Chapter 10 Infinite Sequences and Series

ay A & M % & n’+2n+1 n’4+2n < 1 Oand ™' 1; thus the sequence is

nonincreasing and bounded below by 1 = it converges

B i () on a e 4+ () 4@ e () @7 e

4 4 (%)n 4; thus the sequence is nonincreasing and bounded below by 4 = it converges

ag=1l,aa=2-3,a3=22-3)-3=22-(22-1)-3,a,=2(22-(22-1)-3)-3=23 - (2 - 1)3,
a; =222 - (2>-1)3]-3=2-(2*-1)3,...,a,=2""1 - (2! - )3 =201 -3.27"1 43
=21(1-3)4+3=-2"4+3;a, an & —2"+3 20143 o o0 ol o 1<

so the sequence is nonincreasing but not bounded below and therefore diverges

Let0 <M < 1andletheanintegergreaterthan%. Thenn >N = n > I_L = n—-—nM>M

M
= n>M+oM = n>Mao+1) = S5 >M

Since M; is a least upper bound and My is an upper bound, M; < M,. Since M; is a least upper bound and M;
is an upper bound, My < M;. We conclude that M; = M so the least upper bound is unique.

L 3 13
22222222

but it clearly does not converge, by definition of convergence.

The sequence a, = 1 + # is the sequence . This sequence is bounded above by % ,

Let L be the limit of the convergent sequence {a,}. Then by definition of convergence, for § there
corresponds an N such that forallmandn,m >N = |a, —L| < fandn >N = |a, — L[ < §. Now
|am — ay| = |am —L+L —a,| < |ay —L| + |L —a,| < § + § = € whenever m > N and n > N.

Given an € > 0, by definition of convergence there corresponds an N such that for alln > N,

IL; —a,| < eand |Ly —a,| <e. Now|Ly —Lj| =|Ly —a,+a, — L] < |Ly —ay| + |ay — Li| < € + € = 2e.
Ly — Ly| < 2e says that the difference between two fixed values is smaller than any positive number 2e.

The only nonnegative number smaller than every positive number is 0, so |[L; — Lo| = 0 or L; = Lo.

Let k(n) and i(n) be two order-preserving functions whose domains are the set of positive integers and whose
ranges are a subset of the positive integers. Consider the two subsequences ay(,y and a;(,), where ay,) — Ly,
aitn) — Lo and Ly # L. Thus |agm) — ajm)| — [L1 — La| > 0. So there does not exist N such that for all m,n > N

= |a, — ay| < €. So by Exercise 128, the sequence {a, } is not convergent and hence diverges.

ax — L < givenan e > 0 there corresponds an Ny such that [2k > N; = |ay — L| < ¢]. Similarly,
axy — L & [2k—|— 1 >Ny, = |3.2k+1 - L| < 6] . Let N = max{N;,Ny}. Thenn >N = |an — L‘ < € whether
nis even or odd, and hence a, — L.

Assume a, — 0. This implies that given an € > 0 there corresponds an N such thatn > N = |a, — 0| < €

= |ay| <€ = ||| <€ = [lan]| — 0] <€ = |ayz| — 0. On the other hand, assume |a,| — 0. This implies that
given an € > 0 there corresponds an N such that forn > N, [|a,| — 0] < € = [|ay|| <€ = |an| <€

= |3, -0/ <e¢ = a — 0.

) . _ x2—a _o2x2—(x2-a) _ x2+a _
(a) f{x)=x*—a = '(X) =2X = Xy 1 = Xp — = X““_%_ET_

(b) x; =2,x9 = 1.75, x5 = 1.732142857, x4 = 1.73205081, x5 = 1.732050808; we are finding the positive

number where x? — 3 = 0; that is, where x> = 3, x > 0, or where x = /3.

(xn+ﬁ)
2

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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134. x; =1,x9 = 1 4 cos(1) = 1.540302306, x3 = 1.540302306 + cos (1 4 cos (1)) = 1.570791601,
x4 = 1.570791601 + cos (1.570791601) = 1.570796327 = 7 to 9 decimal places. After a few steps, the

arc (x,_,) and line segment cos (x,_,) are nearly the same as the quarter circle.

135-146. Example CAS Commands:
Mathematica: (sequence functions may vary):
Clear([a, n]
a[n_J;=n''"
first25= Table[N[a[n]],{n, 1,25}]
Limit[a[n], n — 8]
Mathematica: (sequence functions may vary):
Clear|a, n]
aln_J;=n'/"
first25= Table[N[a[n]],{n, 1,25}]
Limit[a[n], n — 8]
The last command (Limit) will not always work in Mathematica. You could also explore the limit by enlarging your table
to more than the first 25 values.
If you know the limit (1 in the above example), to determine how far to go to have all further terms within 0.01 of the
limit, do the following.
Clear[minN, lim]
lim=1
Do[{diff=Abs[a[n] — lim], If[diff < .01, {minN= n, Abort[]}]}, {n, 2, 1000}]
minN
For sequences that are given recursively, the following code is suggested. The portion of the command a[n_]:=a[n] stores
the elements of the sequence and helps to streamline computation.
Clear|a, n]
a[l]=1;
a[n_]; = a[n]=a[n — 1] + (1/5)" P
first25= Table[N[a[n]], {n, 1, 25}]
The limit command does not work in this case, but the limit can be observed as 1.25.
Clear[minN, lim]
lim=1.25
Do[{diff=Abs[a[n] — lim], If[diff < .01, {minN= n, Abort[]}]}, {n, 2, 1000}]
minN

10.2 INFINITE SERIES

_al-m _20-()) i — 2 __
1. s, = -0 = 1= :>n1l>moosn—17(%)—3
2 (] _ 9 1,(4)") . (i) 1
2. — a(l-r) — (3) ( 100 1 — 100 —
A (L) aM S = oy T
_all=m) 1= (=9)" ; _ 12
3. sp= -0 = 1-(1) = nleoo Sp = o =3
4. sp = 11__(—(__22); , a geometric series where |[r| > 1 = divergence

1 1 1 (11 11 1 1Ly _ 1 1 . 1
S GTheTD T oyl aie :>Sﬂ—(§*§)+(§*1)+'“+(n+l*n+2)_§7n+2 = lim sy =3
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10.

11.

12.

13.

14.

15.

16.

17.

18.

21.

23.

24.
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5 5 5 _ 5 5 5 5 5 5 5 5 5\ 5

=y T 2 m=00-3)+G-D+E-D+ AN TG ) =5
= lim s, =5

n— oo
1-14L_ Ly the sum of this geometric series is 1 =1 14

1716 ed T g I-(=9 1+ 53
L4 L4 L4 the sum of this geometric series is ) — 1
16 T 64 T 756 g ()~ 12
T4 L4 14 the sum of this geometric series is @ _ 7
2776 T ea T g — ()~ 3
5-24 % — 65—4 + ... , the sum of this geometric series is ;— f_ 5= 4

, s the sum of two geometric series; the sum is

~~
[}
+
—_
N
+
—~
ol
W=
SN—
+
—~
SN
+
[[———-
SN—"
+
—~
ooln
+
NS
SN—
+

G-D+EB-H+E-32)+(3—-35)+....is the difference of two geometric series; the sum is

5 1 3_ 17
OB R A
a+1D+ (% %) + (% + %) + (% — %) + is the sum of two geometric series; the sum is
1 1 _ 5_ 17
(OO R )
2+%+%+11765+... :2(1—|—%—i—%—i—%—i—...);thesumofthisgeometricseriesisZ(1_1(;)) = 13—0
5
. . . . 2 2 _ 5
Series is geometric withr = £ = ‘5 =3
Series is geometric withr = =3 = ’—3‘ > 1 = Diverges
. L 1 |
Series is geometric withr = 8 ‘ ‘ < 1 = Converges to ;= T1=7
Series is geometric withr = —5 = ‘——‘ < 1 = Converges to = —%

093 =S~ 23 (Lyn_ (%) _ = R ¢ ) 234
Z_ZT(_Z) = (L] = ® 20. 0.234 =3 {55 (1) = =7y = 5w
P T () = 1~ (o)

07 =3 (&)= (o) - 2. 0d=3% & (L) = () _a
- 10\10) — 7_(Ly 9 : - 10\10) — _(L) 9
= (i5) = )
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.
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_ 124 123 124 123 123,999 _ 41,333
=10 T 10 o0 T

—10° — 99900 — 99,900 _ 33,300

__ 124 123 1\ _ 124
1.24123 = 100+2% B (k) =&+

(o e}
ey erre i 142,857 ( 1 \M _ < 106 ) _ 142,857 __ 3,142,854 __ 116,402
3142857 =3 + ZO =20 (75) =3+ =3+ -1 = 5090 = 37.057
b

. n _ . 1 _ .
nlg& =0 = 1111:10101 =1 # 0 = diverges
im o n+D g w4n iy 20+l — fim 2 =
lim ooy = im oiste = lim o5 = lim 3 =1 # 0 = diverges
lim = 0 = test inconclusive
n—oo N4
. n . . L _ . .
HILIEO i3 = nhl?o 5. = 0 = test inconclusive
lim cos ~ = cos0 = 1# 0= diverges
n—oo
. en . o . e . 1 _ .
nlggO s = r1113)1o T = nlgg - = nlglolo =1 # 0 = diverges
lim ln ~ = —oo # 0 = diverges
n—oo

lim cosnm = does not exist = diverges

n—oo

s= (=D G=D+G-D ot (=D () =1 -y = lim s
1

= lim (1 — ) = 1, series converges to 1

3 3 3 3 3 3 3 3 3 3 3 :
s=(7-3)+GE-3)+ §—ﬁ)+~~-+(W—P)+(k—z—m):3—m:> lim s

k — o0

Sk = (1n\/§ — ln\/I) + (ln 3 - ln\/E> + (ln\/é_l— ln\/g) +. (lnf Inv/k — ) + (ln\/k—|— 1 - ln\/l;)
=Inyvk+1- ln\/T =hvk+1= klim Sk = klim In\/k + 1 = oo; series diverges
— 0 — 00

38. sy = (tan1 —tan0) + (tan2 —tan 1) + (tan3 — tan2) + ... + (tank — tan (k — 1)) + (tan (k + 1) — tank)
=tan(k+ 1) —tan0O=tan(k + 1) = klim sk = klim tan (k + 1) = does not exist; series diverges
— 00 — OO
39. s = (cos™'(3) —cos™! (1)) + (cos™'(3) —cos™' (1)) + (cos™! (1)

40.

—cos'(1)) + ...
+ (cos™1(1) fcos’l(ﬁ)) + (cos’l(ﬁ) — cos’l(ﬁ)) =1 —cos l(ﬁ)

; — 1 To_ -1(_1 _ T _ T _ T ; ™
= klimoo Sy = klgnOC {3 cos (k+2)] =3 — 7 = ¢, series converges to ¢

sk:(\/—\/i)+(\/8—ﬁ)+(\f—\/5)+...+(\/F—\/k+—2)+<\/M—M)

k+4 -2= klim Sk :klim [\/k+4 —2} = 00; series diverges
— OO — OO
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4 _ 1 1 _ 1 11 1 1 1 1
41. @n—3)@n+1) — 4n—3 4n+1 = Sk*(1_§)+(§_§)+(§_ﬁ)+" +(4k—7_4k—3)
1 1 _ 1 : T 1 _
s —mr) = @ = Jm s = lim (1—557) =1
6 _ A B _ ACn+1)+B@n—1) _ _
42. (2n—1>(2n+1)*2n—1+2n+1 = oD A2n+1)+B@2n—1)=6= 2A+2Bn+(A—-—B)=6
2A+2B =0 A+B=0 K 6 LS 1 1
_ 11,1 1,1 1 1 1 1 _ 1 :
= (T*§+§*§+§*7+'“ 72(k—1)+1+2k—172k+1) =3 (1= 557) = thesumis
: 1 _
kli,moo3(l_2k+1)_3
40 A B C D  _ A@n—1)(@2n+1)? + B@n+1)? + C(2n+1)2n—1)* + D@2n—1)*
43. (2n—1)2(;n+l)2 = nteo Teaont ooy = 2n—1)?2n+1)?

= A2n— 1)2n+ 1Y+ B@n+ 12 + C2n + 1)2n — 1)> + D2n — 1)2 = 40n
= A@Bn®+4n> —2n—1)+B(4n® +4n+1)+C(8n® —4n> —2n+ 1) =D (4n> —4n + 1) = 40n
— (8A + 8C)n® + (4A + 4B — 4C + 4D)n2 + (—2A + 4B — 2C — 4D)n + (—A + B + C + D) = 40n

8A+8C= 0 BA+8C= 0
A e e e A s (B
-A+ B+ C+ D=0 -A+ B+C+ D=0
andD = -5 = {—A—i—S—fC—i——CS::OO = C=0and A=0. Hence,nZ::1 [%}
=5Z[ﬁ_m}:5(%_l+%_%+%_'“ _<2(k711)+1)2+(2k£1>2_<2k~1*1>2)

_ 1 i T 1 _
=5 (1 — (2k+1)2) = the sumlsnleOO 5 (1 — (2k+1)2) =5

2n41 1 1 _ 1 1 1 1 1 1 1
44. n2(|r11+l)2_n727(n+l)2 = Sk_(171)+(17§)+(§7ﬁ)+'“+{(k—l)ziﬁj|+[ﬁi(k+l)2]

= lm oso= lm [1- g ln] =1

k — o0 k — o0

4. Sk:(1_%)+(%_%)+<%_ﬁ)+“'+< k1—1+ﬁ>+(ﬁ_ k1+1>:1_ e

= dim go= lim (1- o) =1
k — co k — oo k+1
_ (1 1 1 1 1 1 1 1 1 1 _ 1 1
46. s = (3 — gim) + (17 — 3is) + (515 — 37) + - + (gwen — 3ix) + (5ix — 370) =3 — aen
1
1

_ 1 1 1 1 1 1 1 1 1 1
47. sk = (m - m) + (m - m) + (R - m) +.+ (ln(k+1) - ﬂ) + (ln(k+2) - ln(k+1)>

_ _ 1 1 : — _ 1
= ln2+ln(k+2):>kli,moosk_ n2

48. s, = [tan~! (1) — tan~* (2)] + [tan! (2) — tan"' (3)] + ... + [tan"! (k — 1) — tan~! (k)]

+ [tan~' (k) —tan' (k+ )] =tan' () —tan" ' (k+ 1) = lim sy=tan ' ()-F=7—-F=—-7
k — o0
49. convergent geometric series with sum —+ =2 2+ \/5
ECANNE

()

50. divergent geometric series with |r| = ﬁ > 1 51. convergent geometric series with sum . ( ) =1
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54.

55.

56.

57.

58.

59.

60.

61.

63.

64.

65.

66.

67.

68.

69.

70.
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. _ n+l . . _ . _ n .
nleoo (=D)™'n #£0 = diverges 53. nleoo cos (nm) = nlgnOC (=)™ #0 = diverges
cos (nm) = (—1)" = convergent geometric series with sum —— = 2

gent g 1 (_ 1 ) 6
5
convergent geometric series with sum —2% N = %
() c

. 1 .
Jlim In 35 = —00 # 0 = diverges
convergent geometric series with sum —2—~ —2 =20 _ 18 _

gent g 1 ( T ) ) 9 — 9
10
convergent geometric series with sum —v = 2~
HORE
difference of two geometric series with sum ﬁ — ﬁ =3-2=3
-5 -3

. 1 n _ . -1 n _ -1 .
Jim o (1-3) = lim (143" =e ' #0 = diverges

. n! _ . . n" _ . n-n---n . _ .
2 IM g5 = 00 # 0 = diverges 62. lim &= lim §5-1> lim n=oo = diverges
Oozn+3n Oozn Oogn Ooln chn Ooln Oogn . .
Z:l = = 2:1 7+ 2:1 5= z:] (H"+ 2:1 (3)"; both = Z:I (1)" and Z:l (3)" are geometric series, and both converge
n= n= n= n= n= n= n=

to1—
IS0

[o0)
: 1 1 3 3 : 1\n
smcer—§:>‘§’<1andr—1:>‘— < 1, respectivley = Y (5) =

n=1

r= =3

NI

4

=1 andi(
n=1

1—

01|
ININ

23 = 14 3 = 4 by Theorem 8, part (1)

gk

=
I

. 0y gn ] . Dt . .
lim +0 = lim 5— = lim G)+1 1 =1+ 0= diverges by n" term test for divergence
n—oo o' 1 n—oo am + nooo (3) +1

[o¢]

fj In(25) =X [In(m)—In@+1)] = s =[n(1) —In@2)]+[In(2) —In3)] + [In(3) — In(4)] + ...
n=1

n=1

+[Ink—1)—In®]+[Ink) —Ink+ 1)]=—Ink+ 1) = klim sk = —oo, = diverges
— OO
Jima, = lim In(5%) =In(3) #0 = diverges

convergent geometric series with sum ﬁ =1

divergent geometric series with |r| = & ~ 2141 >

me ™ 22459
[o¢] [o0)
> (=xt =3 (=x)a= 1,1 = —x; converges to y—— = 1 for [x| < 1
n=0 n=0
ZO (=X = ZO (—x%)"; a = 1,r = —x?; converges to ;- for [x| < 1
n= n=|
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71. a:3,r:x_l;Convergestoﬁ:%for—l<%<10r—1<x<3

2 x—1

[ee] oo 1
=" n_ 1\ 11, ()
72. Y 5 Gras) =X 3 55 ,a—g,r—3+Sinx,convergestoli(271 )

n=| 3 +sinx

(=1

_ 34sinx _ 3+4sinx : 1 1 1
= 3@ rsin0 = §32smx forallx (since § < Ty =  forall x)

73. a=1,r = 2x; converges to ;= for [2x| < 1 or [x| < }

74. a:l,r:—é;convergestol E 1) :%forh—ﬂ <lor|x| > 1.
X2
75. a:l,r:—(x—l—l)“;convergestom:ﬁfoﬂx—f—l\ <lor-2<x<0

1

1 . 3-x. _ 2 3—x
76. a=1,r= ,convergest0717<3;x)——X71f0r|
2

2

3 |<10r1<x<5

77. a=1,r = sin x; converges to 7—— for x # (2k + 1) 7, k an integer

78. a=1,r = Inx; converges to ;—— for [Inx| < lore™! <x <e

7. @ ;2 M+ Hn+3) (b) ngo +2)(n+3) © n; (D)

50 (@ ;1 FDOF3) (b) HZ:3 ®—2m-1D © n;() CET e
; 11 ()

81. (a) oneexamplels%—i—%—i—g—i—ﬁ—l—...: - =1

. > n+1 . . . .
82. The series Y k(3)"  is a geometric series whose sum is

n=0 1- (%)

= k where k can be any positive or negative number.

83. Leta, =b, = (%)n Then }_ a, = > b,

n=1 n=1

I
8

(1) =1 while > (&) = 3 (1) diverges.

n=1 " n=1

=
Il

84. Leta, =by, = ()" Then> a, =3 by =3 (1)" =1, while 3" (aby) = 3. ()" =1 # AB.
n=1 n=1 n=1 n=1 n=1

NgE
NgE

)". ThenA =3 a,=1,B=

n=1 n

85. Leta, = (1) andb, = ( b= Tand 32 () =3 (3)" =1 #
n=1

o>

1
2

1 1

n

86. Yes: Y, (i) diverges. The reasoning: Y a, converges = a, — 0 = i — 00 = Y (al,.) diverges by the

nth-Term Test.
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Section 10.3 The Integral Test

87. Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms from a series
that diverges does not change the divergence of the series.

88. LetA, =a; +ay+... +apand lim A, = A. Assume > (an + by) converges to S. Let

Sp=(a+b)+@+b)+... +(@ +by) = Spy=(a+a+... +a,)+ (b +ba+... +by)
= by +by+... +b, =S, — A, = n&mw (by +b2+... +by) =S —A = > b, converges. This

contradicts the assumption that . b, diverges; therefore, > (a, + by, ) diverges.

89. ) 2=5=2=1-r=>r=23;242(3)+2(2)"+...
=

90. I+eb+e?®+...=r=9=l=1-¢ =e=3%=b=In(}

Ol sy=1+2r+2+208 + 4+ 20+ ... + ™ 422t n=0,1,...
= so=(1+rP+rt o 0+ e 20 $ 20 o 20 5 dim s, =
=M if | <lorr <1

2r
+ 1—r2

1—12

_ _ a_ a(l—r") _ar"
92. L Sn = 1 I-r = 1-r

93. area:22+(\/5)24-(1)24—(\%)24-... —4424 14 4. =4 —gm?

n—1

94. () Li=3,Ly=3(%),Ls=3(4)°, ..., L,=3(%)"" = Jim L, = lim 3(3)" =o0

(b) Using the fact that the area of an equilateral triangle of side length s is \ﬁsz we see that A} = L—
A2=A1+3(£)<3> 2 A=A +3(4) () (3) = N

= As 347 (¥ (%)iAs:A4+s<4>3(4)<%>2,...,
() ) = F o5 3va0 () = L rava (5 ).
Jimg A= tim, (4 +3V3(E 7)) = +3v3( ) = F +3v3l) = £+ )

k=2
-~ 4@ -t

A—f+z3 k=2

10.3 THE INTEGRAL TEST

b
_ 1
1. f(x) = 2 is positive, continuous, and decreasing for x  1; f = dx = b11m f 2 dx = blimoo [—;]1

= lim (—it+1)=1= fl % dx converges = Z L converges

b— o0 b

b b
2. f(x) = - is positive, continuous, and decreasing forx  1; f L dx = lim f L dx= lim [%XO'S]
X X b—oo VI b— oo

_ 1 51,08 _ 5\ _ | : (ST
_bhm (3b —Z)_oo;Sfl wdxdlvergesézwdlverges

— n=1
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o0 b b
o 1 . oL . . . 1 o . 1 o . 1 —1x
3. f(x) = 3 Is positive, continuous, and decreasing forx  1; fl e dx = l1m fl e dx = bh_r}nOO [2tan 2} ]

= 1 Lian=1b _ Liap—11) = @ _ Lign-11
,bll)moo (ztan 7 — ptan 2) = 7 — 3tan :>f X2+4 dx converges:>z converges

n2+4

o0 b b
_ 1 . 1 _ :
4 f(x) = 25 1,f1 pdx = tim [ ax= lim [njx+ 4]
= bli>moo (Inb+4| —1In5) = c0 = fl n+4 diverges
. .. . . > . b . 1 b
5. f(x) = e > is positive, continuous, and decreasing for x  1; f e >dx = lim e X dx = lim [75672X:|
1 b—oo VI b — oo 1
o0 o0
= bli)mOO (ffgh + 21?) = 21? = fl e 2* dx converges = Z:Ie’zn converges
n=
1 . .. . . . b 1 . 1 b
6. f(x) = i is positive, continuous, and decreasing for x  2; ) x(lnx) s dx = bll)mOO 2 "mn) dx = bll)mOO {fm]z

T S U DA =
= bll>moo ( ns T In2) =13 = j; (lnx) dx converges = Z )2 converges

7. f(x) = & is positive and continuous forx 1, f'(x) = ()?2;’;2)2 < 0 for x > 2, thus f is decreasing forx ~ 3;
0 b b 00
Jo e tim [( 2 ax= tim o [Ine +4)] = tim  (Sn(? +4) = $n(13)) = 0 = [ A dx

o0
" diverges = Z Lo =143+ Y ot diverges
n=3

n?+4

diverges = Z T
n=

8. f(x) = h”‘ is positive and continuous forx 2, f’(x) = ﬁ < 0 for x > e, thus f is decreasing for x ~ 3;
e b
[Tfax = tim [ 0¥ dx = lim [2(1n x)] = lim (2(Inb) —2(In3)) = 00 = [ 12 dx
30X b—oo Y3 X — 00 — 3 X

. I - X\ 02 & Innl
diverges = > Mdiverges = - = 04 4 S giverges

n=3 n=2 n=3
9. f(x)= e"—i is positive and continuous forx 1, f'(x) = 7"3(;73 8 < 0 for x > 6, thus f is decreasing for x 7
* X2 o o 32 18k 5410 g 32— 18b—54 , 327\ _
j; e“dx_blgnoo 76“ dx = bleOO [_ex—B_m—ex/}L_bILmoo (T_Fm)_
= lim (35018 4 327 _ jip (‘—5“)+ﬁ—ﬁ:>fxidxconver es = i“—zcon r
b eb/3 on b eb/3 &3 — &l 7 B g en/3 verges
— 00 — 00 n=7
:>Zen3— +;—,3+§+el4—63+£—§3+—?+2n300nverges
10. f(x) = x2i5x4+1 = (::14)2 is continuous for x 2, fis positive for x > 4, and f'(x) = . ; < 0forx > 7, thus fis
. b o1 b3 b 3
decreasing for x  8; f 2 dx = bleOO fg 17 dx j; TE dx| = fs o dx
b
= lim [ln 3 ] = lim (Injb—1 3 _In7-3 :oo:>f dxdlveres
b — 0o | x—l8 b—>oo( | |+b—] 7) g
= 4 = 4 1 1,2 ,3 4
n— : n— _ n— .
= Zs oy diverges = 2:2n2—2n+1 =-2-7+0+ g +55+3+ 2:8n2_2n+1 diverges
n= n= n=
11. converges; a geometric series withr = L < 1 12. converges; a geometric series withr = L < 1
g g 10 g g S

13. diverges; by the nth-Term Test for Divergence, lim - T =1#0
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Section 10.3 The Integral Test

diverges by the Integral Test; fl ;dx=5In(n+1)-5mn2 = f S1dx — o0

[o0) (o 0]

. . 3 1 . . . . 1
diverges; nz::l 7= 3 T which is a divergent p-series (p = 35)

n=

o0

converges; »

n=1

-2

[\C]19%)
~

oo
= -2 -5, which is a convergent p-series (p =

n=1

5

converges; a geometric series withr = % <1

diverges; > =2 = -8 1 andsince Z diverges, —8 Z diverges

n=1 n=1

diverges by the Integral Test: L“me dx =3 (In?n—1n2) = fle“T" dx — o0
‘ t=Inx
diverges by the Integral Test: f2 I“Ti dx; | di=2 | — j: . te/? dt =  lim [2te!/2
dx = et dt o

= lim [2e"%(b—2)—2eM™?/2(In2 - 2)] = 00
b— o0

converges; a geometric series withr = % <1

: T s S'Ins _ In5) (5\" _
diverges; lim —z5 = lim gy = lim () 3) =o0#0

[o0) [o0]

diverges; Y n;—zl =23 - +1 , which diverges by the Integral Test
n=0 n=0
& —=1ln@n—1) — ccasn — oo
diverges; lim a, = lim 2 — lim 2 _ #0
‘noo M p—oo ntl n = 00 1

u—f—i—l

Vit
oz o — [T o (a1

diverges by the Integral Test: fl ' W ; [

1
diverges; lim %E = nleoo (E‘{S) = nleoc 4 =00#0

diverges; a geometric series withr = 5 ~ 1.44 > 1

converges; a geometric series withr = ﬁ ~ 091 <1

O u=Inx )
converges by the Integral Test: j; PO dx; qu—lax| — j; T du

- 4et/2] ;)n2

—In2 - oc0asn — o
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585



586  Chapter 10 Infinite Sequences and Series

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

= Mim [sec™! |ul]}, = G lim [sec™!b—sec™' (In3)] = lim [cos™* (1) — sec™! (In 3)]
b— o0

= cos By (0) —sec™! (In 3) T _sec”!(In3)~ 1.1439

00 1 = 1 0
converges by the Integral Test: fl Tnz,)dx:f1 () dx; [u o ] — j; i du

1+ (In x)2 du = % dx
. _ b . — — us s
:blgnOC [tan~tu], = leOO (tan'b—tan'0) =5 - 0=1
in (1 A
diverges by the nth-Term Test for divergence; lim _nsin (;) = lim S"(ll()“) = lim S =10
— o X — X
2 (1
. . o N e (FE) ()
diverges by the nth-Term Test for divergence; lim n tan (L) = lim ) Jlim (7 %)

:nli)mOO sec? (%) =sec’0=1+#0

. u=c¢e" < o 1. 1b
converges by the Integral Test: fl : +e2x dx; [ du= e dx — fe e du= lim [tan"'u],
= lim (tan"'b—tan"'e) =7 —tan"'e~ 0.35

b— o0
u=c¢et . N
converges by the Integral Test: fl e dx; | du=e*dx —>j; u(l+u) du—j; (2 - u-ZH) du
dx = ldu_

— T b_ b — —
= Jim 2 ;45 = Jim 2In(525) —2In(55) =2In1—-2In(;%5) = —2In (55) =~ 0.63

T4x2

= tan"! 2 2 2
converges by the Integral Test: fl Blan ' x gy; [L(lju dx x] f 8u du = [4u? ]_/4 =4 <"T — ”—) =3

Ju=x241 1 [T : 1 b . 1
diverges by the Integral Test: f] 2 dx; [du ok dx 3 L q= ILmOO [5Inu], = blimoc 3(nb—1In2)= oo
b eX X b
converges by the Integral Test: fl sechxdx =2 lgnOO L TE @ dx =2 p T hm [tan~!e¥]]

b

=2 lim (tan"!e® —tanle) =7 —2tan"le~ 0.71
b — oo

0 b

converges by the Integral Test: f sech’x dx = lim f sech?x dx = lim [tanh x]lf = lim (tanh b — tanh 1)
1 b— oo V! b — oo b — oo

=1—tanh 1~ 0.76

* . b . b4 2) a
f] (5 — ) dx :blimOO [aln |x +2| —In |x + 4/] zbll{nOC In (btéf —In(3);

lim ©2' — o fim (b42)p ! =] %27 U 2 the series converges to In (3) if a = 1 and diverges to oo if
b— b+4 b— o0 1, a=1

a > 1. Ifa < 1, the terms of the series eventually become negative and the Integral Test does not apply. From
that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges.

0 b
1 2a _ T x—1 _ 1 b—1 2\. 1 b—1
j; (527 — 52) dx _bleOO {ln GrD= L _bleOO In @ —In (&) ’bli>moo b=
li 1 l,a—% h i In (2 In2if L and di if
= b Lmoo Sal+ &1 — 00,8 < % = the series converges to In (5) =Inzira= 3 an 1verges tooo1
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43.

44.

45.

46.

47.

Section 10.3 The Integral Test

ifa< % . Ifa> % , the terms of the series eventually become negative and the Integral Test does not apply.

From that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges.

(a)

n+1 n
LIRS TR R | IS RS Lo
1 x 2 n 2 n 2

(b) There are (13)(365)(24)(60)(60) (109) seconds in 13 billion years; by part (a) s, < 1 4+ In n where
n = (13)(365)(24)(60)(60) (10?) = s, < 1 + In ((13)(365)(24)(60)(60) (10°))
=14+1In(13) + In(365) +In(24) + 2 In (60) + 9 In (10) ~ 41.55

00 o0 o0
1 _ 1 1 1 g
No, because 21 —=:> rand El < diverges
n= n=

o0 o0 [e o)
Yes. If ) a, is a divergent series of positive numbers, then (3) > a, =Y (%) also diverges and % < a,.

n=1 n=1 n=1

oo
There is no “smallest" divergent series of positive numbers: for any divergent series ) . a, of positive numbers

n=1

> (%“) has smaller terms and still diverges.

n=

o0 oo oo
No, if }_ a, is a convergent series of positive numbers, then 2 >~ a, = > 2a, also converges, and 2a,,  a,.

n=1 n=1 n=1

There is no “largest" convergent series of positive numbers.

(a) Both integrals can represent the area under the curve f(x) = ﬁ, and the sum ssy can be considered an

50
1

approximation of either integral using rectangles with Ax = 1. The sum s5o = > JatT is an overestimate of the

n=1

x+1

51
integral fl \/1—

587

dx. The sum ssp represents a left-hand sum (that is, the we are choosing the left-hand endpoint of

each subinterval for c;) and because f is a decreasing function, the value of f is a maximum at the left-hand endpoint of

50

51
. . 1 1 P
each sub interval. The area of each rectangle overestimates the true area, thus fl orst dx < n§=1 WSk In a similar

1

50
manner, Sso underestimates the integral fo \/mdx. In this case, the sum ssg represents a right-hand sum and because

f is a decreasing function, the value of f is aminimum at the right-hand endpoint of each subinterval. The area of each

50

50 51
rectangle underestimates the true area, thus L_ < L_dx. Evaluating the integrals we find dx
g nz=:1 vn+1 \]:) vVx+1 g g j\l vVx+1
o 51 . N 50 1 . 50 . -
- [2 x+1]l ~2/52-2y2~ 11.6and | dx = [2 x+1]0 —2/51 — 2¢/1 ~ 12.3. Thus,
50
1

11.6 < nX::l T < 12.3.
b 1000 = [ —A_dx =2 1" — 2y /n 1 —2v/2 > 1000 500 +2¢/2) = ~ 2514142
(b) sy > =/, \/H—lx_[ x—l—]1 = n+1-— > :>n>( + )—~ .

=n 251415.
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48.

49.

50.

51.

52.

53.

54.

Chapter 10 Infinite Sequences and Series
30 o0 0
(a) Since we are using s3p = Y, # to estimate n—14, the error is given by > # We can consider this sum as an estimate
n=1 n=1 n=31

of the area under the curve f(x) = x_14 when x 30 using rectangles with Ax = 1 and ¢; is the right-hand endpoint of

each subinterval. Since f is a decreasing function, the value of f is a minimum at the right-hand endpoint of each

0 00 b b
: 1 _ 1 I H ~ -5
subinterval, thus 1 < Ldx = hm “ 4dx = lim { 3"3}30 = lim ( 3b3 + 3(30) ) ~ 123 x 107°.

vy
n=31 o X b—o0v 3 b—00 b—00

Thus the error < 1.23 x 1072.

0 [ b b
(b) We want'$ — s, < 0.000001 = [~ %dx < 0000001 = [ Ldx= lim [ hax = lim [~3k]

b—ooY

= lim (—35 + 5) = 37 < 0.000001 = n > /19990 ~ 69.336 = n  70.

b—oo

00 00 b b
WewantS — s, < 001 = [ " ddx <001 = [“ddx = lim [ bdx= lim [—55] = lim (~g + 5)

3
X b—oo

8
=55 <001=n>/50~7071=n 8=S~ss=) & ~1.195
n=1

b

1 1 1e,0—1
dx < 0.1 = 113)10 x2+4dx = blirgo [Etan (

).

WewantS—sn<0.1:>fn

[SSTESd

2+4

= Jlim (jtan™! (3) — tan"!(2)) = 7 — tan"'(§) < 0.1 = n>2tan(5 —0.2) ~9.867=n 10=S ~ sy

10
=Y 75~ 057
n=1

b
hdx <000001 = [ dhrax = lim [ chdx = gim [—30] = tim (=3 + 19)

]l
b—ooVn X b—oo

S —s, < 0.00001 = f
= 2% < 0.00001 = n > 1000000'® = n > 10%°

T

b b
dx<001éf Gipdx = gim [T olodx = lim {f ! }

boooYn x(lnx) 2(Inx)" |,

S—sn<001;»f

. _ V5
— lim ( i + e ) =l <001 =0 > eV 1177405 50 1178

b—oo

n n
LetA, =) acand B, =) 2ka(2k) , where {ay} is a nonincreasing sequence of positive terms converging to
k=1 k=1

0. Note that {A,} and {B,} are nondecreasing sequences of positive terms. Now,
B, = 2ay +4ay + 8ag + ... 4+ 2"apn = 2ay + (2a4 + 2a4) + (2ag + 2ag + 2ag + 2ag) +
+ (2am +2agm) + ... +2am)) < 2ay + 2a, + (2a3 + 2a4) + (2a5 + 2a6 + 2a7 + 2ag) +

271 terms
+ (2am1) + 2800141y + ... 4 2am)) = 2An) <2 a. Therefore if ) a converges,
k=1
then {B,} is bounded above = > 2*an, converges. Conversely,

Ap=a; + (ag+ag)+ (g +as +ag+ar) +... +a, <ay+2a+4ay+... +2"%py =a; +By<a;+ ) 2ka<2k).
k=1

Therefore, if > 2k3(2k> converges, then {A,} is bounded above and hence converges.
k=1

o0 oo
_ 1 _ 1 n _ 1 1 b
(@) agny = 5, T = Ty = Zz 2" = Z 2% s n(ln 5 = W3 22 ~, which diverges
n= —

[o 0]
1 .
= Z:z i diverges.
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55.

56.

57.

58.

59.

60.

Section 10.3 The Integral Test

(b) apm = % = Z:l 2o = ; on. % = ; (zn;ﬂ - Z:l (2}%1)“, a geometric series that

converges if % < lorp>1,butdivergesifp < 1.

oo _dx u=Inx R o . —p+1 P o . 1 _ _
(a) fz Xn xp [du _ %] — flnzu P du = bleOo [EPH} = blgnOO (H) [b=PH! — (In 2)7PF1]
~—7(In2)"", p>1 : . . . .
= { p-1 (In2) P = the improper integral converges if p > 1 and diverges if p < 1.
oo, p<1
Forp = 1: [T [In (In x)]'; = lim [In(Inb) — In(In 2)] = oo, so the improper integral diverges if
2 xlInx b — 0o b — oo

p=1.

(b) Since the series and the integral converge or diverge together, > converges if and only if p > 1.
n=2

n(ln n)P

(a) p=1 = the series diverges
(b) p=1.01 = the series converges

o0 o0
© 3 m =iy m ;p=1 = the series diverges
n=2 n=2

(d) p=3 = the series converges

n+1
(a) From Fig. 10.11(21)inthetextwithf(x):%andak:%,wehavef1 %dxﬁl—l—%—i—%—l—... —l—%
<1+ [f0dx = W@+ D<I+i4i+. +1<I+hn=0<lh@+D)-ln

589

< (1—1—%4—%—}—... +%) —Inn< 1. Thereforethesequence{(1—1—%—{—%—1—... —1—%) —lnn} is bounded above by

1 and below by 0.
n+1
(b) FromthegraphinFig. 10.11(b) with f(x) = 1, —=5 <f+ ldx=In(n+1)—1Inn
— —M@+)—Inn]=(14+3+5+...+ 5 -In+1) - (1+3+5+... +:—Inn).

If we definea, = 1 + % = % + % —Inn,then0 > a,,; —a, = ay4 < a, = {a,} is a decreasing sequence of

= 0>

nonnegative terms.

—x? - X Ay — T —x1b _ s -b —1 -
e ® <e*forx 1,andf1 e dx—blgnOC [—e 7]} —bllmOo ( +e ) =e! = f dxconvergesby
the Comparison Test for improper integrals = e =1+ > e converges by the Integral Test.
n=0
S 1 : -3 : «2]° : 1 1 1
@ s0= 3 3 = 197531986; Jo = tim [P dx= tim <] = lim (<5 + 5h) = 555 and
! 1 b3 1" _ 1 1y _ 1
fm;dx— lim flxgdx— lim [_7}1o_b1i>m( 27+ 355) = 305
1.97531986 + 242 <'s < 197531986 + 200 = 1.20166 < s < 1.20253
(b) s = Z % ~ 120166451.20253 — 1202095’ error S 1.20253;1.20166 = 0.000435
S 1 . - : x3]° . 1 1 1
(@) s0= 3 = 1.082036383; Jodrax=tim fixtax= tim [<5] = lim (<5 + ) = sy and

00 b b
Ldx = T f T X3 1 1 Ly 1
- dx = lim X" 7dx = lim [——} = lim (—35 + 5 ) = 35+5
j:o X* b oo J10 b o0 3 0 OO( 303 3000) 3000

b—

= 1.082036583 + 5oz < 5 < 1.082036583 + 5o = 1.08229 < s < 1.08237

(b) s = Zl % ~ 1.08229-5 1.08237 __ 108233, error S 1.08237; 1.08229 __ 0.00004
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10.4 COMPARISON TESTS

[o¢]
1. Compare with > n% which is a convergent p-series, since p = 2 > 1. Both series have nonnegative terms forn 1. For
n=1

n 1, wehaven? <n?+30= n% Then by Comparison Test, Z +%0 converges.

n2+30

(o 0]
2. Compare with Y %, which is a convergent p-series, since p = 3 > 1. Both series have nonnegative terms forn 1. For
n=1

oo
n n 1 n n—1
=9 TETY mo n4+2 Then by Comparison Test, 21 2
n—

1

4 o o4 1
n lwehaven" <n"+2= 5 o5

converges.

3. Compare with Z \/— which is a divergent p-series, since p = % < 1. Both series have nonnegative terms forn 2. For

[o0)

n 2, we have

ﬁ. Then by Comparison Test,

4. Compare with Z , which is a divergent p-series, since p = 1 < 1. Both series have nonnegative terms forn 2. For
n=2

[o0]

1 n n _ 1 n+2 n 1 n+2 g:

1o 3=, = o o= . Thus Ez - diverges.
e

n 2, we have n?

[o 0]

5. Compare with ) #, which is a convergent p-series, since p = % > 1. Both series have nonnegative terms forn 1.

[o 0]

Forn 1,wehave0 <cos’n< 1= C";/z“ < 5. Then by Comparison Test, > C"f/zzn converges.
n=1
[o 0]
6. Compare with ) 3—1n, which is a convergent geometric series, since |r| = ’%‘ < 1. Both series have nonnegative terms for
n=1 N
n l.Forn 1,wehaven-3" 3"= < % Then by Comparison Test, 5 -1 — converges.
n=1
7. Compare with Z 5. The series Z ; ; is a convergent p-series, since p = 3 > 1, and the series ) ng
n=1 n=1 n=1

o0
= \/g > ﬁ converges by Theorem 8 part 3. Both series have nonnegative terms forn 1. Forn 1, we have

n=1

n’ <n*=4p’ <dn*=n*+40° <n*+4n* =50 = n* +40° <5n*+20=5(n*+4) = "ij’ff <5.

’(n+4 4 4
= nrff+4> <5 Ml <5 <& = m Then by Comparison Test, Z g converges.

8. Compare with Z \[ which is a divergent p-series, since p = % < 1. Both series have nonnegative terms forn 1. For
n 1,wehave\/ﬁ 1=2y/n 2=2y/n+1 3=n(2y/n+1) 3n 3=2ny/n-+n

=n>+2ny/n +n n2+3:>% 1:% %:% Loy 61; f

Vatlo : \/— +1
= e Then by Comparison Test, 2::

dlverges
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11.

12.

13.

14.

15.

16.

o0
. Compare with ) ﬁ, which is a divergent p-series, since p = % < 1. Both series have positive terms forn 1. lim &
n=1

Section 10.4 Comparison Tests 591

(o 0]
Compare with > n%, which is a convergent p-series, since p = 2 > 1. Both series have positive terms forn 1. lim &
— n—oo - n
— lim %22 — lim
n—oo 1/1’12 n—oo

n’ —2n?
nd—n2+3

6n—4

= lm 3n2 n = n]Lrgo > = 11m 2 =1 > 0. Then by Limit Comparison Test,

=2 converges.

NgE

=3
Il

b

n—oo 1
n+l > 5
= lim ¥ “ = lim /%0 =/ lim 540 =/ lim 221 =/ lim 2 = \/1 = 1 > 0. Then by Limit Comparison
n—oo /v nleo V MH2 n—oo I 2 n—oo 20 n—oo 2 f Y p
n+1 g3:
Test, Zl a5 diverges.
n—

Compare with E , which is a divergent p-series, since p = 1 < 1. Both series have positive terms forn 2. lim {*

n—oo “n
n(n+l)
e ) L I s QO [t R | oy S S R > 0. Then by Limit Comparison
T oo 1/n T onmeo —n?n—1 T P 3n2—2n+1 T Tl 6n—-2 T U6 : y p
> n(n+1)
Test, z (CESI ) diverges.
o0
Compare with > % which is a convergent geometric series, since |r| = ‘%‘ < 1. Both series have positive terms for
n=1
a s L L aving - . o~ 2"
n L lim{® = lim 355 = lim 355 = lim %3 = 1 > 0. Then by Limit Comparison Test, ) 5+ converges.
n—oo On n—oo 1/ n—oo 31 n—oo 7 1M n=1 " +

[o¢]
Compare with > ﬁ which is a divergent p-series, since p = % < 1. Both series have positive terms forn 1. lim &
n=1

n—oo "
5n

[o0)
n n n
= lim £~ = lim 2 = lim (2)" = co. Then by Limit Comparison Test > _ diverges.
n—o0 1/ n—oo 4" n—oo (4) y P ’ ,; ﬁ.4n g
. s 2 n . . . . . 2 . ..
Compare with > (g) , which is a convergent geometric series, since [r| = |z| < 1. Both series have positive terms for
n=1
noo1GimE = fim G o gim (11" exp Jim In(LE15)" — exp lim nln(l0t15)
oMy, = e = M Clon s p m n{on g p m 10n+8
: (Trss) e 101110+8 70n> 70n>
= €xp nlLHOL 0 XP nhjglo i/ SXP 11m N Ton+15)(1n+8) — XP nhm 100n2 + 230n + 120
140n i 140 _ L7/10 . : 2n+3)"
= exp lim 555 = exp lim 355 = e7/!% > 0. Then by Limit Comparison Test, Zl (32£3)" converges.
=

Compare with Z , which is a divergent p-series, since p = 1 < 1. Both series have positive terms forn 2. lim &

n=2 n—»oob"
1 o) 1
o E FE _ . . R
= lim f = n]gg@ o= nanO]C i/ n]Lr&n = o0. Then by Limit Comparison Test, » - diverges.
n=2
[o 0]

Compare with Z >, which is a convergent p-series, since p = 2 > 1. Both series have positive terms forn 1. lim &

— n—oo "

1 2
In(1+ % [ *,,7) o
= lim (]/+2') = lim H"z() = lim —+ = 1 > 0. Then by Limit Comparison Test, >_ ln(l + %) converges.

n—oo n—oo 1+ 2
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17.

18.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

. converges by the Direct Comparison Test;

Chapter 10 Infinite Sequences and Series

diverges by the Limit Comparison Test (part 1) when compared with ﬁ , a divergent p-series:

()

nlem ( 1 ) = nleoc Z\f{f n~>oo (2+11r1/6) = %

%I

diverges by the Direct Comparison Test sincen+n+n >n+ ﬁ +0 = nﬁ 7 > % , which is the nth

term of the divergent series » % or use Limit Comparison Test with b, = %

n=1

s1nn<1

< 3 , which is the nth term of a convergent geometric series

t; 1+cosn < 2

converges by the Direct Comparison Tes and the p-series Z 5 COnverges

. . . 2n  __ 2
diverges since lim =7 =3 #0

converges by the Limit Comparison Test (part 1) with # , the nth term of a convergent p-series:

lim_ Qfl) — lim_ () =1
- (n:z/z) =

the nth term of a convergent p-series:

converges by the Limit Comparison Test (part 1) with s
20n+1

10n+1
("("+])<"+2)> _ 10n°+n __ I T 20 _
nll>moo (L) _n1l>moo n?+3n+2 nleoo 2n+3 _nlgnoo 2 = 10

n2

converges by the Limit Comparison Test (part 1) with -3 , the nth term of a convergent p-series:
5n% —3n 15n% -3

( 5n3 —3n

n2(n—2) (n2 +5>

1 N 0 N 7 __on"—5n  __ _15n" -3 __ 30n __
nll>moo ( _n1i>moo n3 —2n2+4+5n—10 nll>moo 3n2—4n+5 _nll>moo 6n—4 =5

2=

converges by the Direct Comparison Test; (5:2)" < ()" = (3)". the nth term of a convergent geometric series

converges by the Limit Comparison Test (part 1) with # , the nth term of a convergent p-series:

. <3/7 _ . 2
nll>moo ( 1 _nleoo \/ nleoo V 1+n—3—

J+

1
Inn

oo
diverges by the Direct Comparison Test;n >Inn = Inn>1Inlhn = % < < ln(l+n) and ZS % diverges
=

converges by the Limit Comparison Test (part 2) when compared with Z -7 » a convergent p-series:

n=1
[ (In n)2 }
. 3
lim =

n— oo (

. 2 . 2(In n) % .
= lim 0 — |y 7( ) =2 lim D=9
) n—=o00 n n — 0o 1 n-—oo n

diverges by the Limit Comparison Test (part 3) with % , the nth term of the divergent harmonic series:

1 1
nlem %_ngm %anme <(\5) n—oo 2
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30. converges by the Limit Comparison Test (part 2) with & , the nth term of a convergent p-series:
n>/

(lnn)z 2Inn 1
. 3/2 . 2 . . . = .
lim M = lim_ W0 — fim Cat) _ 8 lim o =8 lim G)__ 32 lim -y =32-0=
n— 00 1 n—oo nl/t n— 0o 1 n—=oo n/t n— 0o 1 n—oo nl/t
W5/ m3/1 m3/1

31. diverges by the Limit Comparison Test (part 3) with % , the nth term of the divergent harmonic series:

() _

. . o . 1 o . _
oM, 6 = plim, l+nlnn_n1Lmoo @-ngmmn—m
32. diverges by the Integral Test: f metD gx = fmu du= lim [{u?] ® = lim 1 -In?3) =00
X+l In3 b— o 2 In3 b— o0 2

33. converges by the Direct Comparison Test with — n3/2 , the nth term of a convergent p-series: n?> — 1 > n for

n 2=nm-1)>n =n/n2-1>n? = 2 > \/1)71 or use Limit Comparison Test with
77

34. converges by the Direct Comparison Test with ns% , the nth term of a convergent p-series: n> + 1 > n?

= n’+1>/mn*? = % >n’? = % < = or use Limit Comparison Test with —1-

o0 o0 o0
1-n __ 1
35. converges because =2 ot L which is the sum of two convergent series:
n=1 n=1 n=1
o0 1 00
> = converges by the Direct Comparison Test since n—2n < @ ,and > ;—“1 1s a convergent geometric series

n= n=1

oo oo
36. converges by the Direct Comparison Test: 1 “njzﬁ = z:l (n—én + ) and =; + % < % + n% , the sum of
n= n=

the nth terms of a convergent geometric series and a convergent p-series

1

37. converges by the Direct Comparison Test: 7+

< which is the nth term of a convergent geometric series

1
3n 1

n— oo

38. diverges; lim (3";ln+1) = lim ({+4)=1+#0

o0
39. converges by Limit Comparison Test: compare with > (%)n, which is a convergent geometric series with |r| = é <1,
n=1

n+1 1
. <n2+3n'5_") _ : n+1 __ . 1 _
nleoo /5" nleoo nZ+3n nlgmoo 2n+3 0

[o0)
40. converges by Limit Comparison Test: compare with (%)n, which is a convergent geometric series with |r| = % <1,
n=1

\oc

) +1
)+ 1

li (%:13: li 8"+ 12" li (
n i>Ino() (3/49)" T n l>Inoo M+12" T n i>1’noo (

S

_ 1 _
=;=1>0.

NIV”

41. diverges by Limit Comparison Test: compare with Z , which is a divergent p-series, leOC <;';; ) = leOO 2"2: 1
S E 2'm2—1 _ 7 2" (In2)
- nlgnoo 2'?1112 nlgmoo 20 (In2)* =1>0.

42. diverges by the definition of an infinite series: > ln( o) = [ln n—In(n+1)],sx =(In1—1n2)+ (In2 —In3)

n=1

+ ...+ (n(k—1)—Ink) + (Ink—In(k+ 1)) = —In(k + :) llmoosk:—oo
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43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

converges by Comparison Test with Z —) which converges since Z m = > {nll — ﬂ,and
n=2
_ 1_ 1 1 1 1 1y _ _1-
Sk = (1*5)4’(5*5)4’ +(m*m) +(m*g) —1*E ékli)moosk_ 1; forn 2,(n72)!

=nhn-1)(n-2)! nhn-1)=n! n(nfl)énl!gﬁ

converges by Limit Comparison Test: compare with Z o7» Which is a convergent p-series, 11me0 e

1
n=1 /n
1 n(n—1)! 1 n® 1 2n . 1: 2

- n1l>moc (n+2)(n+n(n—-1)! — nll>moc n2+4+3n+2 n1i>moo 2n+3 nli>moo 2 1>0

diverges by the Limit Comparison Test (part 1) with % , the nth term of the divergent harmonic series:
in L .
B = i, 22 =

lim
n— oo

diverges by the Limit Comparison Test (part 1) with % , the nth term of the divergent harmonic series:

. (ani) . 1 (sinly . inx\ .
nll>moo (%) - nll>mgo (Cos%) (%) - XIE)IIO (coix) (%) =1-1=1

- I

o0
2 =23 i is the product of a

T 00
converges by the Direct Comparison Test: “”riul < Zand )

i
=

convergent p—series and a nonzero constant

. . . 1 cor 1 (I) > N ) 1 -
converges by the Direct Comparison Test: sec™ n < g = 0 02/ g Z 2 = % > 7 is the

product of a convergent p-series and a nonzero constant

coth n
n2 _

converges by the Limit Comparison Test (part 1) with ;5 : lim =/ ) = lim_cothn= lim £+
‘,TQ
= lim el
n—oo 1-
tanh n
converges by the Limit Comparison Test (part 1) with % f li>moc (“12>> = leOO tanhn = ILmOO 2:;—2::
rTQ

. _ .—mn
= lim 1= =1

n-—oo l+e2

diverges by the Limit Comparison Test (part 1) with %: . li)mOO

converges by the Limit Comparison Test (part 1) with % o lim

1 1

o E E e S G n(n+ 0y The series converges by the Limit Comparison Test (part 1) W1th
C))
. n(n+1 _ 2n2 _ 4n _ . 4 _
n1l>moo (%) _nlgnoc n-+n_n1—>moo 2n+1 _nlgnoo 2_2'
2

1 _ 1 _ 6 é . . .

TR R WEIEED G DD < 5 = the series converges by the Direct Comparison Test
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55.

56.

57.

58.

59.

60.

61.

62.

Section 10.4 Comparison Tests 595

(a) Ifnlem g—“ = 0, then there exists an integer N such that for all n > N, g—" - 0‘ <l = -1< ﬁ—“ <1

= a, < by. Thus, if > b, converges, then Y a, converges by the Direct Comparison Test.

(b) Ifnlem E—: = 00, then there exists an integer N such that for all n > N, a—n > 1 = a, > b,. Thus, if

> by diverges, then > a, diverges by the Direct Comparison Test.

o0
ay . . a
Yes, ) ™ converges by the Direct Comparison Test because T < a,

n=1

nlem % = 0o = there exists an integer N such that foralln > N, & > 1 = a, > b,. If > a, converges,

then Y b, converges by the Direct Comparison Test

a, converges = lim a, = 0 = there exists an integer N such that foralln > N,0<a, <1 = < a
g lim 0 = th t teger N such that for all N,0 < 1 a’

= 3" a2 converges by the Direct Comparison Test

Since a, > 0 and nli}mOo a, = oo # 0, by n'" term test for divergence, > a, diverges.

. . 2 . 1 . . . . .
Since a, > 0 and nlem (n”-a,) = 0, compare ) a, with ) -, which is a convergent p-series; lim

_ . 2 _ . . .
= lim_(n”-a,) =0 =3 a, converges by Limit Comparison Test

Let —co < g < ooandp > 1.If g = 0, then f:z (l‘;';)q = iz n—lp, which is a convergent p-series. If q # 0, compare with
é L where 1 <1 < p, then Him :“ﬁj = lim (l:prl),q, andp—r>0.1fq<0= —q>0and lim_ (1:;1),‘]

= lim e = 0.06q > 0, fim B0 = gim ATG) gy 00 g 1< 0= 1-q  Oand
Jlim (q;lfrr’));:r = lim_ m = 0, otherwise, we apply L'Hopital's Rule again. lim %

= nlem %. Ifq—2<0=2-q Oand nlem % = nlem % = 0; otherwise, we

apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such thatq —k < 0=k —q 0. Thus, after k

icati Honital' i lim 4@-Do(@-ke D) al@=D-(goke D) i imit i
applications of L'Hopital's Rule we obtain _lim FEREE = lim (oD § 0. Since the limit is

(Inn)¢
P

[o.¢]
0 in every case, by Limit Comparison Test, the series >
n=1

converges.

(Inn)?

NgE!

Let —oco < q<oocandp < 1.Ifq =0, then #, which is a divergent p-series. If ¢ > 0, compare with

n=2 " n=2
S (inn)d q x
_— . . . W _ .
n;z o> Which is a divergent p-series. Then | lim = 77 = lim (Inn)? = 00.If g < 0 = —q > 0, compare with l; o
(Inn)4
. P . Inn)¢ . r—p . ' . ' .
where 0 <p <r < 1. nlgnOC i /‘;, = nleoo (np,), = nll)mOO (12 o) sincer —p > 0. Apply L'Hopital's to obtain

: (—pp®' (r—p)n? P : (r—pnP(nm) ™
nlgmoo Catan (0 — nlem Cann) ™ If-q—1<0=q+1 Oand nleOO = = 00,

(r—pPn L (—pfa
Cata— im0 — 0 M Cgimg-nmm - 1

_ (=pln g (r—pPnP(nn)d"?
Colca- D — ni ~q(=a-D)

apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that —q —k <0 =-q+k 0. Thus, after

(r—p)n"® — 1im (r=p) 0" P(Inn)**
(=) (—q—1)---(—q—k+1)(Inn) @™ 7 n—=o00 (-9)(-q—1)-(—q—k+1)

otherwise, we apply L'Hopital's Rule again to obtain _ leOC

—q-2<0=q+2 Oand lim_ = 00, otherwise, we

k applications of L'Hopital's Rule we obtain o lim = o0.
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63.

64.

65.

66.

67.

68.

69.

Chapter 10 Infinite Sequences and Series

(o)
Since the limit is oo if ¢ > 0 or if ¢ < 0 and p < 1, by Limit comparison test, the series »

n

n=1

(Inn)?
nP~T

diverges. Finally if ¢ < 0

andp = 1 then > “‘;{,‘)“ =5 b n)? Compare with ) 1, which is a divergent p-series. Forn 3, Inn 1
n=2

n=2 n=2

= (nn)® 1= O Ly S0 giverees by C ison Test. Thus, if — dp<1
o o o ges by Comparison Test. Thus, if —co < q < ocoandp <1,

[ee]
. (Inn)? ..
the series ) = diverges.
n=1

Converges by Exercise 61 with q = 3 and p = 4.

Diverges by Exercise 62 with q = % andp = %

Converges by Exercise 61 with ¢ = 1000 and p = 1.001.

Diverges by Exercise 62 with q = 1 and p = 0.99.

Converges by Exercise 61 withq = —3 and p = 1.1.
Diverges by Exercise 62 with q = —% andp = %

Example CAS commands:
Maple:
a:=n-> 1./n"3/sin(n)"2;
s :=k ->sum( a(n), n=1..k ); # (a)]
limit( s(k), k=infinity );
pts := [seq( [k,s(k)], k=1..100 )]: # (b)
plot( pts, style=point, title="#69(b) (Section 10.4)" );
pts := [seq( [k,s(k)], k=1..200 )]: #(c)
plot( pts, style=point, title="#69(c) (Section 10.4)" );
pts = [seq( [k,s(k)], k=1..400 )]: #(d)
plot( pts, style=point, title="#69(d) (Section 10.4)" );
evalf( 355/113);
Mathematica:
Clear[a, n, s, k, p]
a[n_]:=1/(n? Sin[n]?)
slk_]= Sum[ a[n], {n, 1, k}]
points[p_]:= Table[{k, N[s[k]]}, {k, 1,p}]
points[100]
ListPlot[points[100]]
points[200]
ListPlot[points[200]
points[400]
ListPlot[points[400], PlotRange — All]
To investigate what is happening around k = 355, you could do the following.
N[355/113]
N[m — 355/113]
Sin[355]//N
a[355]//N
N[s[354]]
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NI[s[355]]
NI[s[356]]

70. (a) LetS Z iz which is a convergent p-series. By Example 5 in Section 10.2, > m converges to 1. By Theorem 8,
n=1 n=1

S =

M8
?J"
NgE

n

1 e R S T = S | & 1
h n(n+1) +r12::l nﬁig n(n+1 _]12::1 n(n+1) +HZ::I (p*m) alsoconverges.
(b) Since Zn —i7y converges to 1 (from Example 5 in Section 10.2), S = 1 +nZ::1 (% - WIH)) =1 +n;7nz(nlﬂ>

(o)

(c) The new series is comparible to %, so it will converge faster because its terms — 0 faster than the terms of
n=1 n

1000 1000

(d) The series 1 + Z glves a better approximation. Using Mathematica, 1 + Z

gk

1
n2*
1

TEET) = 1.644933568, while

1000000
> n_12 = 1.644933067. Note that %2 = 1.644934067. The error is 4.99 x 10~7 compared with 1 x 107°.

10.5 THE RATIO AND ROOT TESTS

n—oo ", n+1

on+1 (o 0]
1. £ >0foralln 1; lim ( o > = lim (ﬁ . ;—"') = lim (-%;) =0 < 1= 32 converges

I

_

=
—

(n+1) +2
2 . : n : 3 3" _ T 3 15 1
2. %5 L nlggc< 3%:2] > Sm 55 ps) = Jlim (55%) = lim (3) = E

((n+1)—=1)1
3. 0=D's Oforalln 15 lim (“ﬁ‘i,‘“) = lim (M ) = tim (D) gim ()
n+1 n : 00

( )2 o0 o n2+4n+4 N—00 2n+4

= Jim (54) =

=00 n= 1 )

o0 nan—1 n—oo \ (1+1)-371:3 n—oo 3N +3

e
4. 22 S 0foralln  1; lim (””) = lim (G2 ) = lim (525) = lim (3) =3 <1

o0
n+1
= > Z converges

n=1

n* grian ; (+1)* g0 ; *+4n> 4 6n> +4n+ 1
5. % >0foralln 1; lim | £~ | = hm( : 'F): hm(%)

n—00 411 n—00

[ee]
— lm(lela 3ty 1yt n
= HILTC(“ Foitspt st 4n4) =;<1= 214n converges

3142 s

n+2 Tnmel) . n+2, . . = .

6. 3 —>0foralln 2; lim | =28 ) = llm( 33 l'n‘fz) = llm( 3lnn ) = lim (&) = lim (2£2)
n—o0 Inn 3 n n+ n

=lim(3)=3>1= Z " diverges

n—oo

ni3% n—00 ot noo\ ()33 2 (n+2)! a7 9n3 1 on2

(n+1) ((n2+1)+lz . L
7. n’(n+2)! >0foralln 1; lim (n+1 2'3 o+ ) — lim ((n+ Yn+3)(n+2)!  pig2n ) — lim (n-+5n*+7n+3)

n%(n+2)!
n!32n

8

2
= lim (73“ +'5“+7) = lim (&t 1 N=lc1=> converges
SIS 180 n_,oo(54n+18) ( ) =3 g

n=1
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(n+1)50+1
5 . e [ CEEvEvR@EDED | g +1)5"5 2n+3)In(n+ 1
8. (2n+3“)1n(n+l> > Oforalln 1; I}E&(W) — nlggo((zn(isﬂl(n+2) . (n n)Asrrll(n ))
— i (S0 D)En43) @+ DY qo (10024250415 (In@m+ DY _ 1 (200425 (&
= Jim (i i) = Jim (05) - lim () = lim (43) - Jim (22
= () () =5 dm () 251255 15 3 et diverses
7 N Y B T V1 \ S~ _1
9. ICFSN Oforalln 1; nlLIIOlO sy = nlir&(2n+5) =0<1 :>I12::1(2n+5>n converges
4n . . n 4n _ o
10. Gy Oforalln 1; nlirglc G = HILI})lo(3 ) 0<1=> Z (3 Gnyr cOnverges
4ng3\D C ol o (E3\D o (4n43) g _ 4 o (dnt3\0 g
1L (5%5)" Oforalln 2 lim (353) = nll,‘go(hts) = 1}13;0(%) =3>1= ;(ﬁ) diverges
n+1 n+l 1+1/n
12 (@ + D] oforalin 13 gim ¢/ [n(e+ 1) = lim (@ + D] T =) =2>1
e n+1
=3 {ln (e + %)} diverges
n=1
8 _ . . 8\ _ 1 8
13. R Oforalln 1; nlilglo % nlirglo( %)2) 5 <1 jnz::l e converges
. 1 n . L L . B n
14. [sm(ﬁ)} Oforalln 1; nlirglc sm \/H nlgg) sin ﬁ) =sin(0) =0< 1 :>HZ:1 [sm(ﬁ)} converges

15. (1 - Il—l)nz Oforalln 1; lim v/ ( lim ( %)n =el<l=> i (1- %)nz converges
n—oo n_’oo n:l

16. L. Oforalln 2; lim ¢/-k = lim (,@1) - nlirgc(%) —=0<1=Y L converges

n
n—oo n—o0 n \/H n—2

|:(n+ l)ﬁ:I \[
. . . ot . Vi . 2
. angl — m+DHVE 20 1 1y 1
17. converges by the Ratio Test: nILmOO = nILmOO [nﬁ} = nILmOC o = nleoc (1 + n) (2) =35<1
on
(2:) : 2
: . : Al T el _ m+1)" e 1 1y 1
18. converges by the Ratio Test: I1lgmOO = nleOC (#) = rlILmOO T g = im (1 + H) (g) ==-<1
((ntrl])!) (n+ 1!
. . . . el . en _ . n+D! " . n+1 _
19. diverges by the Ratio Test: nleoc = nleoo @ = nll)moO e I leoc — =00
((nﬂi[) (n+1)!
; ; T sl T; 100 T n+1! 100 _ g n
20. diverges by the Ratio Test: nleOO = nleoo el nleOO o T T = ngmw 5 = o©
((nmif’) 0 0
. . . antl . 100+ _ . (n+1) N 100 . 1 1) 1
21. converges by the Ratio Test: nlgnOO —a: = nILmOO (%) = nleoo T nleoo (1 + n) (10) =15 <1
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

diverges; lim a, = lim
n— oo n— oo

(=3)"

= lim

n—

[o¢]

converges by the Direct Comparison Test: 2(Jlr (;5,;3 =
geometric series
converges; a geometric series with |r| = |— %| <1

diverges; lim a, = lim
n— oo n— oo

diverges; lim a, = lim
n— oo

diverges by the Direct Comparison Test:

: 1
with 0t

converges by the nth-Root Test: n ILmOO van = leOO

diverges by the Direct Comparison Test:

converges by the Ratio Test:

converges by the Ratio Test:

converges by the Ratio Test:

converges by the Ratio Test:

converges by the Ratio Test:

converges by the Ratio Test:

converges by the Ratio Test:

“alh Ty T

converges by the Root Test:

(1-3

lim
n— oo
lim
n— oo
lim
n— oo
lim
n— oo
lim
n— oo
lim
n— oo
lim

n— oo

lim
n— oo

a,  n-—>oo0 3m+ D3 T (nt3)

nn n __ 1
5 < .3 = forn
. In n)° .
im, /%2 = i,
_ 1 _n-1
n2 = n?

L\ R— lim
an n— oo
et i
an n— oo
e i
an n— oo
fil —  lim
dnil —  lim
an n — oo
&il —  Jim
an n— oo
i
an n— oo
Wa, = lim
n— oo

Inn 1
=h > < forn

Wl

Section 10.5 The Ratio and Root Tests

(1+=2)"=e24£0

)= lim (1+32)" =e?~005#0

n
—)> =e 13 x~0724£0

3
(m+1DIn(n+1) on 1
on+l “hlnm 2 <1

m+2)n+3) n! _

(n+ D! n+D(n+2) 0<1
(n+1)3_§_;<1

en+] n:i - e

(n+4)! 3in!3" n+4

1 1
T n>o00 3o+ T3

<1

2, the n'" term of a convergent p-series.

m+ 12" +2)! 3! T n+1 2\ (n+
3+t D) DD = o M ( n ) (3) (n+
4D @o+D! g n+1 _
@2nt3)! i = oM Gy = 0< 1
O+ o g n \D g 1
-+ ol T n1l>mgo (n+1) - n1l>moo (n:l)“
n_ Y oy L —
V (In n)» nl>oo lnn7n1_>moo ]nnio<1

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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n— oo

()

1

= (;—‘)n R2+(D < (%)H(S) which is the n'" term of a convergent

n2

=0<1

)=0<1
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. 1 n — 1 n n — 1 % — nlLrgc \"/H —
40. converges by the Root Test: lim y/a, = lim v/ T = L im Vinn = Jim Vi 0<1

(slimg v =1)

: : . nllnn __ Inn n _ 1 1
41. converges by the Direct Comparison Test: 2l T T heTY < mmihaid) T aihaTD < @
which is the nth-term of a convergent p-series
. . . . ansl . 3n+l n32n _ . n} 3 _ 3

42. dlverges by the Ratio Test: nli}moc ﬁ = nleOC [CES nli)moo CETS (5) =3 > 1

~ C ol e pn DT @mr o el wandl 1
43. converges by the Ratio Test: | lim === = lim 5=y W WM G2t D = oM arensz — 4 <1

. T el 1 @452 43) oy 45 26" +42"+3.37 46
44. converges by the Ratio Test: nlgmoo = nlgnOC e BAIn T3 = Illgnoo i3 3e o3 aoTie

— T 2045 : 26" 442" 433" 46| _ 1.2 _ 2
= im {2n+3} "l {3~6“+9~3"+2~2"+6:| =l-3=35<I
1 +sinn
45. converges by the Ratio Test: _lim 2t = [im EMa _ g g
n—00 4 n— oo an
<l+lan ln)an 4
46. converges by the Ratio Test: _lim 2+ = lim -~ 2" — [im 1811 — (gince the numerator
n—oo a4 n— oo an n— oo n
approaches 1 + 5 while the denominator tends to oo
47. diverges by the Ratio Test: _lim @ — lim 3 _ iy 3=l _3 o
’ g y ‘n=00 a4  n-—o00 ap T n—oo 2n+5 " 2

48, diverges: v = a0 = ana = (727) (5 ) = ava = (527) (5 (223 )

= a1 = (72) (54) (2=3) - (3) & = an1 = %5 = ay41 = 7o . which is a constant times the

general term of the diverging harmonic series

2
2) 5. .
49. converges by the Ratio Test: _lim_ 2 = im <“> = lim %2=0<1
n—oo n— oo an n—oo n
. . a . (4) an . {1/5 1
50. converges by the Ratio Test: lim = = lim  -~—*— = lim =3 <1
n—o0 a n— o0 ap n—oo n 2
(l+lnn) .
51. converges by the Ratio Test: _lim_ % = lim 22" = Jim 40— |im l=-0<1
n — oo an n — oo an n — oo n n—oo n

52. “HT?O“ >0anda; = § = a, >0;Inn>10forn>¢’ = n+Inn>n+10 = "HT'I‘O" > 1

= apny] = a, > ap; thus a, | > a, = nlem a, # 0, so the series diverges by the nth-Term Test

n+lnn
n+ 10

53. diverges by the nth-Term Test: a; = §, 2, = /3, a3 = 1/ \z/g = \"’/I, ag =4

a,=1{/1 = lim_ a, = I because { v %} is a subsequence of {\/;} whose limit is 1 by Table 8.1
n— oo 3

1
2
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54. converges by the Direct Comparison Test: a; = 1, ay = (%)2 ,a3 = ((%)2>3 = (%)6, ay = ((%)6)4 = (%)24,...

! A . .
= a, = (%)n < (%)n which is the nth-term of a convergent geometric series

2o+ DI+ D! @) 2+ D@+ 1)

. L aet 1 .
55. converges by the Ratio Test: nILmOO = nlgnOC G ) Sntnl = nILmOO RSN
_ : n+1 _ 1
_n1i>moo n+1 2 <1
: : . : Al 13 (3n +3)! _nl(@m+ Dl +2)!
56. diverges by the Ratio Test: nleoo = nlgmOO CESNICESICE) Gl
5 Gn+3)HB+2Gu+1D _ 3n42Y) (3n4+1) _ _
= lim, ey =l lim, 3(352) (§55) =3-3-3=27>1

. . . . . S .
57. diverges by the Root Test: nlgnOO Wa, = lim = lim % =o0c0>1

n — 00 (m? ~ n—o00 n

58. converges by the Root Test: _lim_ ¢ LD [ (ni)nn = 1l Mo— im (1) (2) (3) ... (n=d) (B
n— 0o n" n— 0o (nm) n—oo n n—oo \n/ \n/ \n n n

n

< lim f=0<1
n— oo

. . N _ . NS L . n _ . 1 _
59. converges by the Root Test: lim  y/a, = lim /-5 = lim 5= lim 5495 =0<1
: . 1 n — 1 Py L 1 n_
60. diverges by the Root Test: nILmOO Way, = nleoc @y = nILmOO 1=00>1
- C i Bl gy 13GnoD@n4 D 4rral il 1
61. converges by the Ratio Test:  lim =% = lim —— =g T 3 on 1) — L im @Gyasn — 1< 1
. .. 13--@n-1)  _ 1234--Qn—D@2n) _ (2n)!
62. converges by the Ratio Test: a, = TL WmE D) = @A E D) — @3 i)
. (2n + 2)! C@m)’ @+ g @n+1)@2n+2)(3" + 1)
= nll>moo 27+ DI (30 + 1) n)! _nleoo 2m+ D2 (3" + 1)
_ 1 4’ +6n+2Y) (1+3™) 1_1
= plim (4n2+8n+4) G = 1-3=3<I
A : Angel 1 n? _ : n P __ _ :
63. Ratio: lim *% = lim ol - = lim (25)" = 1" =1 = no conclusion
e T T AT 11 :
Root: nleoo Va, = nleoo 5= nleOC WP = aF = 1 = no conclusion
64. Rati li At li 1 (In n)P Inn b li (é) ’ li n+1 P
- Ratio: n e T Ty maror 1 T [anoo 1n(n+1)} = oMM =) | — (anoo )

= (1)) =1 = no conclusion

R n . H W1 _ 1 . _ 1/n _ In(nn)
Root: nhmm‘/a“*nlimoo TP = (lim (lnn)l/n)p,letf(n)f(ln n)'/", then In f(n) = =
n—oo
1
= fim_ Infn) = lim 100 — g G = fm o L =0 = lim (nn)/
n — oo n— oo n n — oo 1 n—oo nlnn n— oo

1 = L. =1 = no conclusion

= lim e =0 = 1; therefore lim /a,= —L1 =
n— oo i n'=— 0o n (nli>lgo (In n)l/n>p ()

65. a, < 5 for every n and the series }° g converges by the Ratio Test since  lim R

n=1

= > a, converges by the Direct Comparison Test

n=1

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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n2 M n2+n+ n+ n n
66. - >0foralln 1; lim ([—)) = hm(2—2—) = nm(? ) = lim (22) = lim (240n4)

n—00 nooo \ (nF1)-n! n—oo 01 n—oo

n!

0 2
=o00> 1= 2 diverges

n=1
10.6 ALTERNATING SERIES, ABSOLUTE AND CONDITIONAL CONVERGENCE

1. converges by the Alternating Convergence Test since: u, = ﬁ >O0foralln 1;n 1=n4+1 n=+n+1 \/H

1 1 . . 1
< — < Un: — I
= iy = Upt1 < Uy, nlLr&un n]Lrgo\/E 0

(o 0] [o0)
2. converges absolutely = converges by the Alternating Convergence Test since > |a,| = > n?,% which is a

n=1 n=1

convergent p-series

3. converges = converges by Alternating Series Test since: u, = n%" >O0foralln 1;n 1=n+1 n=3"" 30
= Mm+1)3" 3= Ll < L=y, <u; limy= Ilim-L; =0.

(n41)37F1 — n3n 00 oo f3

4
(Inn)?

4. converges = converges by Alternating Series Test since: u, = >0foralln 2;n 2=n+4+1 n

2 2 1 1 4 4 )
=In(n+1) Inn=(In(n+1))" (Inn)" = o S G = WP S [P = Unl S Un
. _ . 4 _
fimuy = Jim 5 =0
5. converges = converges by Alternating Series Test since: u, = ;%5 > Oforalln  I;n 1= 2n>+2n n’+n+1

=n*+2n+2n n’+n*+n+1=n(n’+2n+2) n3—|—n2+n—|—1:>n<(n—|—1)2+1) M+ 1)n+1)
=0.

n n+1 < -0 _ : n
imu, = Ilim ———
= P (141 = Upy1 S Ups nﬂocun ST

. . . . . 2 . 112 .
6. diverges = diverges by n" Term Test for Divergence since: lim 52 =1 = lim (—1)""' 25+ = does not exist
n>+4 n’+4
n—oo n—oo

7. diverges = diverges by n" Term Test for Divergence since: lim %; =o00= lim (71)n+1 %; = does not exist
n—oo n—oo
00 [e¢] 0
8. converges absolutely = converges by the Absolute Convergence Test since ) |a,| = > ﬁ, which converges by the
n=1 n=1
: : : antl o 10 __
Ratio Test, since nll»rgo = nll»rglo = 0<1

9. diverges by the nth-Term Test since forn > 10 = > 1 = lim_ ()" #0 = > (—D)!(&)" diverges
n=1

1

10. converges by the Alternating Series Test because f(x) = In x is an increasing function of x =

is decreasing

. : 1
= U, Uy forn 1;alsou, Oforn landnleocm—O

11. converges by the Alternating Series Test since f(x) = me = f'(x) = 1—)(# < 0Owhenx >e = f(x)is decreasing

1
. : T )
= U, Uprq;alsou, Oforn landnlgmOO un—nlgnOO - —nleoo =0
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12.

13.

14.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Section 10.6 Alternating Series, Absolute and Conditional Convergence

converges by the Alternating Series Test since f(x) = In (1 +x71) = f'(x) = oD + 0

= U, Upypsalsou, Oforn  land lim u, = lim_1In (1+1)=1In (nlem (1+ %)) =Inl=0

converges by the Alternating Series Test since f(x) = Vit = f'x) = 5 \[X (;i‘l/; < 0 = f(x) is decreasing

X+ 1
= u, U,;;alsou, Oforn 1land lim u, = _lim Vikal =0
n — oo n—oo n+l
. . . NES R \/1 :
diverges by the nth-Term Test since lim_ Y2+ lim A
n=0oo yn+l — n= 5N (\Lf

1

00 o0
. n . .
. converges absolutely since Y |a,| =Y (75)" a convergent geometric series

n=1 n=1

1

(=)™ 0.1)"
n ~ (10)"n

< (%)n which is the nth term

converges absolutely by the Direct Comparison Test since ‘

of a convergent geometric series

NgE
‘H

ni/2

o0
converges conditionally since ﬁ > \/nlﬁ >0and lim ﬁ =0 = convergence; but ) _ |a,| =

n=1 n=1

is a divergent p-series

.. . 1 1 . 1 — .
converges conditionally since Iy > T i > 0 and n1i>moo v 0 = convergence; but

o0 o0 1 1 o0 1 . . .
> |ag] = Z —~and Y - is a divergent p-series
n=1 n=1 \/E 2\/E =t
converges absolutely since ) [a| = > iy and 5 < < which is the nth-term of a converging p-series
n=1 n=1
diverges by the nth-Term Test since _lim ;‘—' =00
n— oo

converges conditionally since - L

1 . _
3 > mrnis > Oand lim m 0 =- convergence; but Z |an|

n=1

o0 (o 0]
1 1 1 . .
=> - 3 diverges because == ;- and >, isadivergent series

n=1 n=1

sin n

converges absolutely because the series Z | | converges by the Direct Comparison Test since |

n=1

sinn| < 1
2 | > a2

=140

diverges by the nth-Term Test since _lim 2* 2
n— oo +n

n+1 n . .
converges absolutely by the Direct Comparison Test since (n-2+)5n+ = 112:51“ <2 (%)n which is the nth term
of a convergent geometric series
converges conditionally since f(x) = & + 1 = f'(x) = — (5 + %) <0 = f(x) is decreasing and hence

o0 [oe]
u, >u,, >0forn 1 andnliﬂmOO (% + %) =0 = convergence; but Zl la,| = El lntn
n= n=
[oe]

(o)
=5 é +> % is the sum of a convergent and divergent series, and hence diverges
n=1

n=1

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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26. diverges by the nth-Term Test since _lim_ a, = lim_ 10'/" =1#0
n— oo n— oo

2(2 n+1
27. converges absolutely by the Ratio Test: nlem (“1":) = nlem [%] = % <1
28. converges conditionally since f(x) = xﬁqx = f'(x) = — % < 0 = f(x) is decreasing

= u,>u,,; >0forn 2and nILm = 0 = convergence; but by the Integral Test,

nlnn

b— o0

o0 b 1
f2 X‘]ir’l‘x = lim , (1(112) dx = limOO [In (In x)]lz’ :bleOO [ln(lnb) — In(In 2)] = oo

[o¢] [o0)
= > |ag| = Z —— diverges
n=1 n=1

(tan~! x)2

oo b
29. converges absolutely by the Integral Test since fl (tan'x) (1552) dx = lim [ 5 }

b — oo 1
= lim [t o) — g 1)°) = 3 [(5)" - (5)] = %

In x = f/(X) _ (%) (XflnX)*(lnx)(lfi)

x—Inx (x —1In x)2

30. converges conditionally since f(x) =

1,(1‘17"),1nx+(107x) _ _1-Inx
(x —In x)? T (x—Inx)?

()

Inn
n—Inn

<0 = u, uyr;>0whenn>eand lim
n— oo

= > 1 = s Lo that

n—Inn n n—Inn

=0 = convergence;butn —Inn<n =

> |an] = Z N1 diverges by the Direct Comparison Test

31. diverges by the nth-Term Test since lim - T =1#0

o0 o0
. n. . .
32. converges absolutely since Y |a,| = Y (1) is a convergent geometric series

n=1 n=1

: . . Unsp | aoo™' - nr 100
33. converges absolutely by the Ratio Test: nhmm ( o ) nll>moo orDor ooy = nleDO o =0<1

(o @] [o0)
34. converges absolutely by the Direct Comparison Test since Y, [a,| = Y. 577 and 57 < ¢ Which is the
1

n=1 n=

nth-term of a convergent p-series

35. converges absolutely since Z lan] = >

o0
Z ; is a convergent p-series
n=1 n=1 n=1

0 no, . . .
36. converges conditionally since Z cosnm — M % is the convergent alternating harmonic series, but

n=1 n=1

Mg

(o)
lan| = Z L diverges

n;

1/n
. : n _ 1 (n+ D" _ 1; n —
37. converges absolutely by the Root Test: lim _ v/[a,| =  lim ( r;2+n)" ) lim "H=1<1
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39.

40.

41.

42.

43.

44,

45.

46.

47.

Section 10.6 Alternating Series, Absolute and Conditional Convergence

: . : gl | ((n+ DY L @oo_ (n+1) 1
converges absolutely by the Ratio Test: R lgmOO - nleoo @10 " @) —a lgnOO G D — 4 < 1
diverges by the nth-Term Test since lim  |a,| = _lim ) lim @t Dot G
— 1 @+ DH@0+2)---n+@0—1) ; nt1 _
Arnhy%o on-1 >.nhy%o ( 2 ) = #:O

. oo X . + D!+ D13 2n 1)
converges absolutely by the Ratio Test: _lim  |%| = lim @ ()ZI(]“+ 3)!) : (n‘!‘n! 3“)

li (n+1)%3 _ 3

= im sy =1 <

converges conditionally since ~ n - Vi \/Llrtliﬁ = \/er \[ and { \/ﬁ+ \/ﬁ} isa

decreasing sequence of positive terms which converges to 0 = Z \/F

converges; but

+ \f
dolanl = > ﬁ diverges by the Limit Comparison Test (part 1) with \/— ; a divergent p-series:

1
. NETENC T W 1 1
lim = | = lim —— =3
=0 7 nSo Vil ol 1+ +1

diverges by the nth-Term Test since hmDO (\/ n?+n-— n) = hm (\/ n’?+n-— n) . (M)
#

n‘+n+n
= lim ——— = lim L 0
n— oo n?+n-+n n— oo 1+%+1

diverges by the nth-Term Test since  lim (\/n—i- - \/ﬁ) =, lim [(\/n—k — \/—) < niii?)]

- lim " i 1 1
n L /ot a+/n a2, 1+ﬁ+1 27&0

B

converges conditionally since {m} is a decreasing sequence of positive terms converging to 0

. : — _ VN
= Z \/_+ —converges, but lim <ﬁ> W s = o im o f

D=

so that Z o \/— diverges by the Limit Comparison Test with Z 7 which is a divergent p-series

converges absolutely by the Direct Comparison Test since sech (n) = eu% = ez%i: ;< i—?: = e% which is the

nth term of a convergent geometric series

2

eh_e—n

converges absolutely by the Limit Comparison Test (part 1): >_ |a,| = >

n=1 n=1

Apply the Limit Comparison Test with L, the n-th term of a convergent geometric series:

C"’

i - % + % - % + ﬁ - ﬁ + ... = 2::1 é(_nl):l); converges by Alternating Series Test since: u, = 2(n+ y > > 0 for all n
n+2 n+1=20n+2) 2n+1)= 2«“11)“) < 2(n+1) = Upy < up; limu, = hm 2(n1+1) =0.

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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48.

49.

51.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

Chapter 10 Infinite Sequences and Series

1 1 1
I+i-5-t6tsTx—m st

which is a convergent p-series
lerror| < |[(=1)% ()] = 0.2

](—1)6 OO} =2 % 1071

lerror| <

lerror| < 0.001 = uyy; < 0.001 =

lerror| < 0.001 = up1; < 0.001 =
~ 998.9999 =n 999

lerror| < 0.001 = u,1; < 0.001 =

1
(n+1)+3

(n+ )

1
(n+1)+3y/n+1)

8

=)

o0 [o0)
Zan; converges by the Absolute Convergence Test since Y . |a,| =
n=1 n=1

=
Il

50. error| < [(—1)° (

105) =

52. Jerror| < [(=D*tt =t* < 1
<0.001 = (n+1)>+3 > 1000 = n > —1 + /997 ~ 30.5753 = n

- < 0,001 = (n+1)* +1 > 1000(n + 1) = n > VAN

3<0001:»( +3\/n—|—1) > 1000

:><x/n+1)2+3\/n+ —10>0=/n+ 1=-30 9 n_354 4

lerror| < 0.001 = u,yy < 0.001 =

In(ln(n +3))

31

< 0.001 = In(In(n +3)) > 1000 = n > —3 + e & 5.297 x 10323228467

which is the maximum arbitrary-precision number represented by Mathematica on the particular computer solving this

problem..

a5 < = @n! > 18 =200,000 = n

led o Wonsn 9= 1-1+4-4+5-4+
(@) a, apy fails s1nce% <3

(b) Since Z] anl = 22 [(3)"+(3)'] =

n—=

5= 1— g+ 4 — & + 3 ~ 054030

4 + g ~ 0.367881944

Q=

Z H"+ Z( )" is the sum of two absolutely convergent
n=1

series, we can rearrange the terms of the original series to find its sum:

G+i+t+.)-(G+i+5+...

() )

Moo

O [—=

so=1—3+3—1+... 455 — 355 ~ 06687714032 = sy + 3 - 5; ~ 0.692580927

The unused terms are E (=1 = (=)™ (agy) — @nya) + (D" (@03 — 8pa) + - -

j=n+1

= (=D [(an+1 - an+2) + (an+3 - an+4) +...

] . Each grouped term is positive, so the remainder

has the same sign as (—1)™*', which is the sign of the first unused term.

_|_

_ 1 1 1
Sn7_2 ﬁ+3_4+ n(n+1) Z

0D G-DrG-D G-

k(k+l) Z (
_)+" (n

n
1

_k+)

lanlled

k=1

) which are the first 2n terms

of the first series, hence the two series are the same. Yes, for

m=Y G-e)=0-2)+G-3)+G-D+G-5)+ - +GEH-D+G-57)=1-5x
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66.
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68.
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1
n+1

= n&mw Sp = nILmOO ( 1- ) =1 = both series converge to 1. The sum of the first 2n + 1 terms of the first

L. 1 1 . . . T ! .
series is (1 — —5) + =5 = L. Their sumis lim s, = lim_ (1-45) =1L

o0 o0 o0 o0
Theorem 16 states that ) |a,| converges = > a, converges. But this is equivalent to ) a, diverges = > |a,| diverges
n=1 n=1 n=1 n=1

lag +as + ... +ay| < |aj| + |ag] + ... + |an| for all n; then > |a,| converges = > a, converges and these imply that
n=1 n=1

(@) > |an + by converges by the Direct Comparison Test since |a, + b,| < |as| + |by| and hence
n=1

[o¢]

>~ (ap + by) converges absolutely

n=1

(b) > |by| converges = > —b, converges absolutely; since Y a, converges absolutely and

n=1 n=1 n=1
> —b, converges absolutely, we have Y [a, + (—by)] = > (ay — b,) converges absolutely by part (a)
n=1

n=1

n

[e¢] [e¢] o0 (e ¢]
(c) > |an| converges = |k| > |an| = >_|kan| converges = > ka, converges absolutely

n=1 n=1 n=1 n=1

1 o 1 o o 1

Ifa, =b, = (=1 —, then —1)" == converges, but ab, = < diverges

n=bn = (—1) VA n;( ) Jn g n; nbn n; 3 g
sSi=—3.%=—3+1=73,

_ 1 1_1_1_ 1 _ 1 _ 1 _ 1 _ 1 _ 1 _ 1 _
Ss=—3tl-g—f 8§ 10 m 1u 16 18 w2~ 0509,

S4 = 83 + % ~ —0.1766,

S = S5 + % ~ —0.312,

-4+ _ 1 _1_ 1 _ 1 _ 1 _ 1 1 1 _ 1 & _
§7 =956 726 " 28 T 50 52 54 56 38 60 62 64 66 0.51106

0.4
0.2
2 4 6 8
-0.2 *
L
-0.4
o - . y =1/2

(a) Since ) |an| converges, say to M, for € > 0 there is an integer N; such that

N;—1
> Jan| — M’ <3
n=1

N;—1 N;—1 00 00 00
S 13 lanl = | X Janl + 2 Ja] [ <5 & [ lal[<§ & > || <§. Also, ) a,
n=1 n=1 n=N; n=N; n=N;

converges to L. < for € > 0 there is an integer N2 (which we can choose greater than or equal to N;) such
[o 0]
that |sn, — L| < §. Therefore, > |a,| < §and [sy, —L| < §.
n=N;
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k

> || =M

n=1

<€

(b) The series ) . |a,| converges absolutely, say to M. Thus, there exists Ny such that

n=1
whenever k > N;. Now all of the terms in the sequence {|b,|} appear in {|a,|}. Sum together all of the

terms in {|b,|}, in order, until you include all of the terms {|a,|} ", and let N, be the largest index in the

Z [ba| =M

n=1

n=1’

sum Z |ba| so obtained. Then
n=1

< easwell = Z\bn| converges to M.
n=1

10.7 POWER SERIES

Un+1

—1 < x < 1; when x = —1 we have ) (—1)", a divergent

n=1

1. lim
n— oo

<l = lim
n— oo

o0
series; when x = 1 we have > 1, a divergent series

n=1
(a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1
(c) there are no values for which the series converges conditionally

. . n+1
2. lim Rt <1 = lim (’Ex“f;)n <1l = |x+ 5| <1 = —6 < x < —4; when x = —6 we have
(—1) a divergent series; when x = —4 we have 1, a divergent series
g g
n=1 n=1

(a) the radius is 1; the interval of convergence is —6 < x < —4
(b) the interval of absolute convergence is —6 < x < —4
(c) there are no values for which the series converges conditionally

(@x+ D!
@x+ 1y

<l = [4x+1<l = -1<4x+1<1 é—l<x<0;whenx:—%we

l-anrl

3. lim
n— oo

have Z D= =3 (=) = Z 1", a divergent series; when x = 0 we have Z (=DM = > (=D,
n=1 n=1 n=1

n=1

<1 = lim
n — 0o

a divergent series
(a) the radius is }1; the interval of convergence is — % <x<0
(b) the interval of absolute convergence is — % <x<0

(c) there are no values for which the series converges conditionally

(3X _ 2)n+l

un+l .
n+1 Bx—2)n

4. lim )<l = 3x—-2|<1

n— oo

n+1

<1 = lim S| <1 = [3x—2| lim (-2
n— oo )

= —-1<3x-2<1 = % <x < l;whenx = % we have Z % which is the alternating harmonic series and is

n=1

o0
conditionally convergent; when x = 1 we have ) % , the divergent harmonic series

n=1

(a) the radius is %; the interval of convergence is % <x<1

(b) the interval of absolute convergence is % <x<1

(c) the series converges conditionally at x = %

50 lim_ | <1 = dim |2 % <1 = Ml = x-2/<10 = —10<x-2< 10
n — oo — 00 (x 2) 10
= —8 < x < 12; when x = —8 we have Z (—1)", a divergent series; when x = 12 we have Zl, a divergent series
n=1 n=1

(a) the radius is 10; the interval of convergence is —8 < x < 12
(b) the interval of absolute convergence is —8 < x < 12
(c) there are no values for which the series converges conditionally
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@x)™!
@x"

lim |t
n — oo

<l = lim
n— oo

<l = lim [2x[<1 = [2x[<1 = —3 <x < §;whenx = — 1 wehave
n— oo

o0

o0
> (—1)", a divergent series; when x = 3 we have }_ 1, a divergent series
n=1 n= 1

(a) the radius i 1s ; the interval of convergence is— 3 < X < 5
(b) the interval of absolute convergence is — 5 <x < 5

(c) there are no values for which the series converges conditionally

: Unti : (n+Dx™ (4 2) (n+ D +2)
Jim [ <1 = lim  |S g - S <= X[ lim) SESGT <L = X[ <
= —1 < x < 1;when x = —1 we have Z (=" =, adivergent series by the nth-term Test; when x = 1 we

n=1

(e ¢]
have ) A5, a divergent series

n=1
(a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1
(c) there are no values for which the series converges conditionally

Jim B <1 = lim (X;rj)lm ot <1 = x+2[ lim (;47) <1 = [x+2[<1
= —-1<x+2<1 = -3<x<-1;whenx= -3 wehavez , a divergent series; when x = —1 we have

n=1
0

1 .
> (T) a convergent series

n=1

(a) the radius is 1; the interval of convergence is —3 < x < —1
(b) the interval of absolute convergence is —3 < x < —1

(c) the series converges conditionally at x = —1

un+l

lim
n—oo

. X+ i ny/n3" Ix| n
<l = leOO PRIV T | <1 = 5 hmDO — nleoo =41) <1

= I’;—‘ (H() <1 = |x] <3 = —3 <x < 3;whenx = —3 we have Z (;3—1/; an absolutely convergent series;
n=1

when x = 3 we have Z 3/2, a convergent p-series
n=1

(a) the radius is 3; the interval of convergence is —3 < x <3
(b) the interval of absolute convergence is —3 < x <3
(c) there are no values for which the series converges conditionally

lim Un+1
n-—

. (X—])'H] \/_
<1 =  lim_ T ® 1)n<1:>|x—1| 1l>moon+1<]:>|x_1|<l

Up

= —1<x—-1<1 = 0<x<2;whenx =0 we have Z /, , a conditionally convergent series; when x = 2

n=1

we have Z 1 5, a divergent series

(a) the radius is 1; the interval of convergence is 0 < x < 2
(b) the interval of absolute convergence is 0 < x < 2
(c) the series converges conditionally at x = 0

n+1

un+l X .
(n+ 1! X“

<1 = lim

n— oo

lim
n— oo

<1 = [|x| lim_ (755) < 1forall x

(a) the radlus is oo; the series converges for all x
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(b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally

Un+l

. 3n+lxn+l 1
<1 = lim |57 cal <l = 3|x|  lim (n+1) < 1 for all x

Up

12. lim
n — 0o

(a) the radius is co; the series converges for all x
(b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally

: un+1 : 4rly2nt2 2 1 dn \ _ 442 2 1
13, lim <1l = lim %25 sl <1 = % lim ((F) =47 <1=x><;
[o0)
1 1. _ _1 41y _ 1 : g _ 1
= —5 <x < 3;whenx = —3 we have § ;(75) = > -, adivergent p-series; when x = 5 we have

n=1 n=1

e 40 71\2n e 1 . .
> (3)7 =3 I, adivergent p-series
n=1 n=1

(a) the radius is !; the interval of convergence is —% <x < %
(b) the interval of absolute convergence is —% <X < %

(c) there are no values for which the series converges conditionally
(x— D! n%3"

. 3 n? _ 1
<1l = leoo W-(Xfl)“ <1$|X—1|nll>moo(m)—§|x—l|<l

un+1

14. lim
n— oo

3

o0 o0 n .
= —2 < x < 4; when x = —2 we have ) A = > (;? , an absolutely convergent series; when x = 4 we have
n=1 n=1

o0
>, 19 )3 niz, an absolutely convergent series.

n=1 n

(a) the radius is 3; the interval of convergence is —2 < x < 4

gk

(b) the interval of absolute convergence is —2 < x < 4
(c) there are no values for which the series converges conditionally

: un+l x"! . Vn?+3 n2+3
15, lim <1 = lim_ \/(n+l)2+3 | <1 = X[/, im s <1 = [x[<1
= —1 < x < 1;when x = —1 we have Z \;% , a conditionally convergent series; when x = 1 we have
o0
S —+—, adivergent series
n*+3

n=1
(a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1

(c) the series converges conditionally at x = —1
: Untl X! . V/n2+3 n2+3
16. lim |5 <1 = lim_ \/(n+l)2+3 | <1 = X[/, im s <1 = [x[<1

= —1 <x < 1;whenx = —1 we have Z \/T a divergent series; when x = 1 we have Z \};2? ,

n=1 n=1
a conditionally convergent series
(a) the radius is 1; the interval of convergenceis —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1
(c) the series converges conditionally at x = 1
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l-1n+1

n+1 n .
<1 = lim [®E oy = BEL gim (aEl) <1 = BEL o

17. hm T

= [x+3]<5 = -5<x4+3<5=> -8<x<2; Whenx—78wehavez "( S — S (—1)"n, a divergent
n=1

n=1

series; when x = 2 we have Z “Si,, = Z n, a divergent series

n=1 n=1
(a) the radius is 5; the interval of convergence is —8 < x < 2
(b) the interval of absolute convergence is —8 < x < 2
(c) there are no values for which the series converges conditionally

: un | : (n+ Dx"+! 4" m2+1) x| (n+1D(’+1)
18 lim |50 <1 = im \memmey s —we | <1 = 7 ,lm W‘ <l = [x[<4
) _ o~ n(=1)" . I _ o~ _n

= —4 < x < 4;when x = —4 we have nz_:l T conditionally convergent series; when x = 4 we have nz_:l T

a divergent series

(a) the radius is 4; the interval of convergence is —4 < x < 4

(b) the interval of absolute convergence is —4 < x < 4

(c) the series converges conditionally at x = —4

- Unit - Vot lxm o g IxI i n+1 xI
19. lim e < 1= lim | Y- S <D= 5yl () <1 = 5 <l = X <3
oo o0
= —3 < x < 3; when x = —3 we have ) (—1)"\/5, a divergent series; when x = 3 we have ) \/ﬁ, a divergent series
n=1 n=1

(a) the radius is 3; the interval of convergence is —3 < x < 3

(b) the interval of absolute convergence is —3 < x < 3

(c) there are no values for which the series converges conditionally

+1
: unH . n+1 . n+1
20 tim [ <1 = tim [SAEEST g o x| lim (S <1
Vi
= |2x + 5] (‘ﬁx% <1l =]2x+5|<1 = —-1<2x+5<1 = -3 <x< —2;whenx = —3 we have

o0 o0
Zl =D \"/ﬁ, a divergent series since , leoo \’/ﬁ = 1; when x = —2 we have ) \'/ﬁ, a divergent series
=

n=1
(a) the radius is %; the interval of convergence is —3 < x < —2
(b) the interval of absolute convergence is —3 < x < —2
(c) there are no values for which the series converges conditionally

21. First, rewrite the series as > (2 + (=D™)(x+ D™ ' = S 2(x + )" + 3 (=1)"(x + 1)™". For the series
n=1

n=1 n=1

un+l

> n—1, .
nX::l 2(x+1)" 7 lim

<1 = lim ’2<*+;3",‘<1;»|x+1|ngmm 1 =|x+1]< 1= —2 < x < 0; For the

n—o00 |2(x+1)"
seriesz(—1)“(x+1)“‘1:n1Lmoo il <] = lim ]% <1=|x+1] lim 1=[x+1]<1

n=1

= —2 <x <0;whenx = —2 we have }_ (2+ (—1)“)(—1)“_1, a divergent series; when x = 0 we have
n=1
> (24 (=1)"), a divergent series

n=1

(a) the radius is 1; the interval of convergence is —2 < x < 0

(b) the interval of absolute convergence is —2 < x < 0

(c) there are no values for which the series converges conditionally
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(,1)n+132n+2<x _ 2)n+1 ) 3n
3(n+1) (=32 (x —2)"

22. lim
n— oo

2| lim =9x—-2| <1

— 00 n+l
17 17 (=3 1)"32“ 1\ _ 1 : e 19
= 7 <x < 2;whenx =4 we have Zl (-3) = 21 35> @ divergent series; when x = - we have
=

[o0]

n32n &0
Z —U37 (1)" = 3° % a conditionally convergent series.

= n=1

(a) the radius is L. the interval of convergence is % <x< 19—9

(b) the interval of absolute convergence is § < x <

(c) the series converges conditionally at x = %

Un+1

23. lim
n— oo

<l = lim
n— oo

Lnxn m 1y
M <1 = [x| (7‘ﬂ(l+l)><1 = X[ (§) <1 = k<1

(1+%) X lim (1+%)"

= —1 <x < 1;whenx = —1 we have }_ (—1)" (1 + %)n, a divergent series by the nth-Term Test since

n=1

lim (1+ %)n = e # 0; when x = 1 we have ; (1+ %)n, a divergent series

(a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1
(c) there are no values for which the series converges conditionally

(1)

1 Dx! .
Inn 4 Dx™ 6 ‘<1 = [x| lim_ (

X" Inn

un+]

24. lim
n— oo

<1 = lim <1 = [x| lim )<l = x <1
n— oo n— oo

n+

= —1 <x < 1; when x = —1 we have Z (=1)" In n, a divergent series by the nth-Term Test since hm Inn # 0;

n=1

[o¢]
when x = 1 we have ) In n, a divergent series

n=1
(a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1
(c) there are no values for which the series converges conditionally

(n+ 1)n+lxn+1
nnxn

un+l

25. lim
n— oo

<1 = lim
n— oo

<1 = |x| (nlem (1+ %)n) (nllmoo (n+ 1)) <1
= e x| nleoo (n+1) <1 = only x = 0 satisfies this inequality

(a) the radius is O; the series converges only for x = 0

(b) the series converges absolutely only for x = 0

(c) there are no values for which the series converges conditionally

u"+1 (n+ 1! (x —4)"*!

26.  lim =3 <1 = [x—4| lim_ (n+1) <1 = onlyx = 4 satisfies this inequality

<1 = lim
n— oo
(a) the radlus is 0; the series converges only for x = 4

(b) the series converges absolutely only for x = 4
(c) there are no values for which the series converges conditionally

. Ungl . (x 42! . _n2" [x+2| . |X+2|
27. lim =2 <1 = lim | ooy g | < 1 = Sy lim () <1 = <l = x+2|<2
0 n+1
= —2<x+2<2 = —4<x<0;when x = —4 we have Z_Tl,adivergentseries;whenx:Owehave Z%,
n=1 n=1

the alternating harmonic series which converges conditionally
(a) the radius is 2; the interval of convergence is —4 < x <0
(b) the interval of absolute convergence is —4 < x < 0

(c) the series converges conditionally at x = 0
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(72)n+](n+2)(x _ 1)n+]
(=2)"(n+ DHx— D"

l-1n+1

lim
n— oo

<1 = lim <l =2x-1] lim (M) <1 =2x-1]<1
n— oo n— oo +1

n

o0
= ‘X71‘<% = ,%<X,1<% = %<X<%;whenx:%WehaveZ(nJr1),adivergentseries;whenx:3

2
n=1

o0
we have ) (—1)"(n + 1), a divergent series

n=1
(a) the radius is 1; the interval of convergence is § < x < 3
(b) the interval of absolute convergence is % <x< %

(c) there are no values for which the series converges conditionally

mi) <] = hmOo

. 2
X 2-"(1““)‘<1:>|x|(11m “)(11 lnn)<1

nleoo (n+ 1D (In(n+1)) n—oo n+l n—oo In(n+1)

0o\ 2
= [x|(1) { lim (’1’) <1 = x| ( lim ot <1 = x| <1 = —1 <x<1;whenx = —1 we have
n=o0 () n—=oo n

2 ne which converges

n(ln n)? n(l

> (D% which converges absolutely; when x = 1 we have Z

(a) the radius is 1; the interval of convergenceis —1 < x <1
(b) the interval of absolute convergence is —1 < x < 1
(c) there are no values for which the series converges conditionally

un+]

Jlim <1l = lim X SO o = x| ( lim - )( lim lnA) <1

50 (n+1)1n(n+1) xn n—soo ntl n—oo In(n+1)

D"

Ty » @ convergent alternating series;

= x[(DD) <1 = |x]<1 = —-1<x<Il;whenx =—1 wehavez
n=2

when x = 1 we have ). —L— which diverges by Exercise 38, Section 9.3
n=2

(a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1

(c) the series converges conditionally at x = —1
lim %) <1 = lim |92 02 o o @x — 52 (i n 3/2<1§(4 —52 <1
n e | n e | Tar T G5 X n M a3 X
) 2n+1 e
= [4x-5|<1 = -1<4x-5<1 = 1<x< %;Whenx:lwehavez (7n1§/2+ => n_s/lq which is
n=1 n=I
absolutely convergent; when x = 5 we have Z (1) , a convergent p-series

n=1

(a) the radius is %; the interval of convergence is 1 < x < %
(b) the interval of absolute convergence is 1 < x < %

(c) there are no values for which the series converges conditionally

: u, : Gx+ D" 2n42 : 2042
Jim B <1 = dim | - | < 1 = [Bx 4 hmoo (22 <1 = 3x+1|<1
= -1 <3x+1<1 = -3 < x < 0;whenx = — % We have Z +1 , a conditionally convergent series;

(1)n+]
2n+1

when x = 0 we have >

n=1

_ 1 . .
= Zl anrT » @ divergent series
b

(a) the radius is %; the interval of convergence is — % <x<0
(b) the interval of absolute convergence is — % <x<0

(c) the series converges conditionally at x = — %
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Xt 2:46:--(2n)

l-1n+1 .
2:4.6---(2n)(2(n+ 1)) X"

33. lim
n— oo

<1=  lim_ <l = |x|nliﬂmoo(2n+2

) < 1 for all x
(a) the radlus is 00; the series converges for all x
(b) the series converges absolutely for all x

(c) there are no values for which the series converges conditionally

3.57---(2n 4+ 1)(2(n + 1) 4 1)x"+? A n22"
(n 4 1)%20+1 35720 + Dx T

n H2
(22(n_:31))2) <1 = only

un+l

34, lim
n— oo

<1l=  lim_ <1:>|x\n1me(
x=0 satlsfles this inequality

(a) the radius is O; the series converges only for x = 0

(b) the series converges absolutely only for x = 0

(c) there are no values for which the series converges conditionally

35. For the series > %x“,recall 142+ ---4+n= w and 12422+ .- 4+n2 = w so that we can
n=1

3xn+! o+ 1)
2(n+1)+1) 3xn

) x"; then lim |%tL <1
n— oo Up

. . 00 n(n+ 1) 0
rewrite the series as ) | warim => (
6

n=1 n=1

<1= lim ‘
n— oo

(2n+1
2n+ 3)

= [x| lim_ ‘ ‘ <l=[x|<l=-1<x<Il;whenx=—1 wehavez (27)(—1)", a conditionally

convergent series; when x = 1 we have Z (

n=1

(a) the radius is 1; the interval of convergenceis —1 < x < 1

5> )» a divergent series.

(b) the interval of absolute convergence is —1 < x < 1
(c) the series converges conditionally at x = — 1

e _ 2\ _ _ WVntl-yn Vnti+ym 1
36. Forthesenesnz:I (x/nJr n)(x 3)", note that \/n+ 1 — \/n = ] T \/m+\/ﬁs0thatwe

(x— 3>“+‘ V1 +\/—

n+2+ (x-3)"

can rewrite the series as Z \/_+ 7 ; then Ime

mw

=[x — 3| lim
— 00 n+2+

-<I=[x=3|<1=2<x<4 Whenx_ZwehaveZ\/— \/_aconditionally

. ] . .
convergent series; when x = 4 we have > | —————+, a divergent series;
’ r; /n+l+\/;’ 2

(a) the radius is 1; the interval of convergence is 2 < x < 4
(b) the interval of absolute convergence is 2 < x < 4
(c) the series converges conditionally at x = 2

. Uy (n+ Dx™! 3:6:9--+(3n) \ _
37. lim |5 <1= lim_ ‘3_6‘9“,(311)(3(”1)) - ‘—‘ <l=8<1=x|<3=R=3
. uﬁ (2:46--2n)(2(n+1))*x™! (2583 -1))’ (2n+2)° 4[x|
38. lim, |5 <1=lim ’(2-5-8.'-(31171)(3( TD-D)  (246-(2n)x n o ’(3n+2)2 g <1

é|x|<1:>R:—

((n+ D! 2"<2n>
27+1(2(n+1))! (n)

(n+1)

: Un+1 —_—
39. n 1l>moo u, 2(2n+2)(2n+1

< 1= lim
n— 0o

< 1= x| lim_ ‘ ‘<1:>‘X‘<1:>|x|<8:>R—8

2
40. lim  /u, <1= lim v (n_‘;])nxn<1¢|X|nli>moC (nil)n<1:>|x|e’1<1$|x|<e:>R:e
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lim |2 <1 = lim |20 o1 = |x| lim 3<1 = [x|<! = —l<x<liatx=—1wehave
n—o00 | U n — 00 3"x n = 0o 3 3 3 3
X, 1\n s n . . 1 e 1\n e . . . s
> 3" (—3) = > (—1)", which diverges; at x = § we have >~ 3" (3)" = 1, which diverges. The series ) 3" x"
n=0 . n=0 n=0 n=0 n=0
[o 0]
= Z% (3x)" is a convergent geometric series when —} < x < 1 and the sum is 5.
=
X _ n+1 .
lim | <1= lim | | <1=]et—4] lim I1<1l=|e*—4/<1=>3<e<5=m3<x<n5;
n-— oo uy n— 0o (ex—4) n-= oo
0 In3 n e n . . e In5 n 0 .
atx =In3 wehave > (e"? —4)" = 3°(—1)", which diverges; at x = In5 we have }_ (e"® —4)" = Y"1, which
n=0 n=0 n=0 n=0

o0
diverges. The series Y (e* — 4)" is a convergent geometric series when In3 < x < In 5 and the sum is m = S—I_e"

n=0

; Uni : (x =1+ 4" x=1D" 1 2
nll)moo ﬁ <1l = nleoo T'(X—I)Z“ <1l = Tnleoo |1|<1 = (X—l) <4 = |X—1|<2

o] n 0 o] . .
= -2<x—-1<2 = —-1<x<3;atx=—1wehave ) (751)2 = > % = 1, which diverges; at x = 3
n=0 n=0 n=0

X o X < . . . : 3
we have > %17 => i—n = Y 1, adivergent series; the interval of convergence is —1 < x < 3; the series
n=0 n=0 n=0

an 2

n=0 n=0

O =1 & 2\" . . . .
3 G-DF > (("‘ ') ) is a convergent geometric series when —1 < x < 3 and the sum is

1 _ 1 _ 4 _ 4
17(,‘,1)2 - [4—()(4—1)2} T 4—-x242x—1 ~ 342x—x2
2
. Upig : (x+ DH*+2 9" x+D? g 2
44, nleoo u_: <1l = nleoo o T G m <1l = Tnleoo |1|<1 = x+1)<9 = |X+1|<3
= —3<x+1<3 = —4<x<2;whenx =—4wehave ) (_93“)'“ = > 1 which diverges; at x = 2 we have
n=0 n=0
o0 n oo
> 39—,, = > 1 which also diverges; the interval of convergence is —4 < x < 2; the series
n=0 n=0
> x4+ D™ >, 2\ 1. . . .
Y iR =3 ((%) ) is a convergent geometric series when —4 < x < 2 and the sum is
n=0 n=0
1 _ 1 _ 9 _ 9
2 —x+12] T 9—x2—2x—1 " 8—-2x—x2
1_(x-§l) [9 <9+1>}
(Vx-2" 2
i Uil i _ . ! — — —
45. lim |2 <1 = lim_ ’ - (ﬁz),.’<1 = |V/x-2<2= 2</x-2<2=0<,/x<4
o0 o0
= 0 < x < 16; when x = 0 we have ) (—1)", a divergent series; when x = 16 we have >_ (1)", a divergent
n=0 n=0
. . . Lo (Vx=2)\". . .
series; the interval of convergence is 0 < x < 16; the series ) ( 3 ) is a convergent geometric series when
n=0
: . 1 _ 1 _ 2
0 < x < 16 and its sum is 17<ﬁ—2> = <ziﬁ+2> =ThA
2 2
n+1
46. 1lim_ %1 <1 = lim W70 1 = jnx|<1 = —1<Inx<1 = e <x<e; whenx=ecorewe
n—o00 | U n—oo | (Inx)

00

obtain the series >~ 1" and Y (—1)" which both diverge; the interval of convergenceise™ < x < e; Y. (Inx)" = lfm

n=0 n=0 n=0

whene ! <x<e
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47. lim &)
n— oo

Un+1
Up

=)' <1 = Jdim 1] <1 = Sl s 22

N 1
<1 = nu}moo ’(x.;_1>n+ . (L)n

= x| < V2 = —V/2<x<+/2;atx = + /2 wehave >~ (I)" which diverges; the interval of convergence is

n=0

0 n
—\/5 <x < \/5; the series ("23—“) is a convergent geometric series when —\/5 <x < \/5 and its sum is
n=0

<x27 1)n+] 2n

l—‘n+1

48'nlem \/§<X<\/§;Whenx::|: 3 we

<l = lim
n— oo

o] n
have 2% 1", a divergent series; the interval of convergence is f\/g <x < \/§ ; the series Z% <"22’ 1) isa
n=| n=

convergent geometric series when f\/g <x< \/5 and its sum is . (i?q) = (2(1_)1)> = 3_2—)(2

2

)

. (x— 3)n+l on
49 n ll)moo on+l1 ( g)n

<l = x=3]<2=1<x<5 whenx—lwehavez ()™ which diverges;

n=1

when x = 5 we have ) (—1)" which also diverges; the interval of convergence is 1 < x < 5; the sum of this

n=1

x—=3
2

convergent geometric series is ﬁ = % Iffx)=1-— (X -3)+ %(X =32 +... + (— —) x=3)"+

K =—5+3x=3)+...+ (- —) n(x — 3)"~! 4 ... is convergent when 1 < x < 5, and diverges

when x = 1 or 5. The sum for f'(x) i is ¢ the derivative of %

1)’ )

50. Hf) =1— L(x—3)+ Lx =32+ ... + (- 1) x =3+ [t dx
:x—@—i—(xg) +.o o+ (= (x;j;"“ +... Atletheserieszn+1 diverges; atx = 5

e n . . .
the series Z (;212 converges. Therefore the interval of convergence is 1 < x < 5 and the sum is

2In|x — 1|+ @B —1n4), smcef ;dx =2In|x — 1|+ C, where C = 3 — In 4 when x = 3.

51. (a) leferentlate the series for sin x to getcos x = 1 — —, Ssi, Sy 99", — 1{’1‘!10 +...
=1- 5 + 2 E . S Tl 1(1)0, + ... . The series converges for all values of x since
. R Y T 1 _
Illi>m00 2n+2)! - o =X nli)moo (m) = 0 < 1 fOr all X.
3¢3 5 -J TX'T Qx{) llxll X X XT X xll
(b) sin2x =2x— BC + 2° _ 2 4 20 20 4 g B804 320 180 4 SI2¢ 208
(¢) 2sinxcosx=2[0-D+©O-0+1-Dx+(0-F+1-0+0-1)x*+(0-0—1-5+0-0—1- 3L)

+(0-F+1-0-0-2-0-540-1)x*+(0-04+1-L40-0+3-L4+0-0+1-24)x°

+(0~é+1-0+0-%—FO'%-I-O-%4—0-%4—0-1))(6-1-...]—Z[X—%-I—ﬁ—...}
343 545 TT 949 11,11
:ZX_23_)!( 25_)5_27_}'( 29_)!(_211)(!
52. (@) 4(e )—l—i—%’,‘—i—z", +4Af, —i—%—l— .zl+x+§—f—|-§—?-i-2—?+...:ex;thusthederivativeofe"ise"itself

(b) fe dx =e*+C=x+% —1—3—3—|—2—1+’5‘5, + ... 4+ C, which is the general antiderivative of e*

© ele—x+§—§+m—’5‘—i+...;e’*-e*:1-1+(1-1—1-1)x+( B R R VS
+(-L-t- b+ b5+ (-5 -1 5+ L -4+ L)X
+ (=149 35— 35+ - D)X +...=14+04+0+0+0+0+...

&2
Bl
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53. (a) 1n\secx|+C:ftanxdx:f<x+ +—+%+g§—§5+ )dx

X oxt k8 17, 311 e _ X xt xS I 31k
2—|—12—|—45—|—2520+14,175+...+C,x70:>Cf0:>ln\secx|f2—1—12—1—454—2520—1—14,175—1—...,

converges when — 7 < x < §

(b) sec?x = 400 — d( +E X 1371"5 + 8= ) 2"44— 7 4 @2¢ 1 .., converges
when — 5 <x < §
(c) sec?x = (sec x)(sec X) = ( e )(1 TER QEE S )
1 6l . 5 . 5 . 6
=1+ (G+)+(Grita) X+ (Fntatatm Tt
=144 B 00, _roxcl

54. (a) ln\secx+tanx|+C:fsecxdx:f(l—l—x;—i-%—i—%—f—...)dx

3 5 7 9
:x+%+§—4+g(l)—i‘0+722775’;6+... +C;x=0 = C=0 = In|sec x + tan x|

:x+%+§—z+%+72272’;6+ , converges when — 7 < x < %

(b) secx tanx = 4N = 4 (1+ ey ):x+5?"3—|—%’§+217070"87+...,converges
when — 5 <x < §

(c) (secx)(tanx)z( + % —1—5X +612’B+ )( +X3—3+21—X5+137f‘57+...)
_ 1,1 5 7 001 405 4 61\ T _ 5% | 6lx5 | 277x
—X+(§+§)X +(E+g+ﬂ)x +(m+ﬁ+ﬁ+ﬁ)x +.o =X+ %+ 50 T Joos T >
—5<x<3

55. (a) Iff(x) = Zan“thenf )(x) =Y n(n — 1)(n —2)---(n — (k — 1)) a,x" ¥ and £ (0) = k!ay
n=0 n=k

®) . .. K ..
= ax = % ; likewise if f(x) = Z b,x", then by = % = ax = by for every nonnegative integer k
n=0

(b) Iff(x) = > ay,x" = 0 for all x, then f ®(x) =0forall x = from part (a) that ay = 0O for every nonnegative integer k
=0

10.8 TAYLOR AND MACLAURIN SERIES

1. f(x) = e, f'(x) = 2%, f"(x) = 4e>*, f"(x) = 8e**; f(0) = 2O =1, f'(0) = 2, f"(0) = 4, {”(0) = 8 = Py(x) = 1,
Pi(x) =1+2x, Po(x) = 1 + x4+ 2x2, P3(x) = 1 + x + 2x% + ;—‘x3

2. f(x) = sinx, f'(x) = cosx, f""(x) = —sinx, f”’(x) = —cosx; f(0) = sin0 = 0, f'(0) = 1, f”(0) = 0, f”(0) = —
= Py(x) =0, P1(x) = X, Py(x) =X, P3(x) = x — %XS

3. f)=Inx,f'x)=1,f"x) =5, "x)=3:f()=In1=0,'(1) = L, f'(1) = -1, (1) =2 = Py(x) =0,
Pix)=x—1),Pox)=x—D—-3x—DALPsx)=x—D—sx—-1D?+ix-1°

4. f{x)=In(1 +x),{’'x) =

=10 L0 = 1+ 00 =21+ 073 f(0) =In 1 =0,

f(0) = L =1, £7(0) = —(1)"2 = 1, £(0) = 2(1)® = 2 = Py(x) = 0, Py(x) = x, Pa(x) = x — £, P3(x) = x — & + &
5. f00 =L =x"1f(x) = —x 2 f"(x) = 2x %, f”’(x) = x4 =L, Q)= L' =1 ") =-2

Py = 1 Pl(x)—é— Lx—2), Pa) = 3 Lx—2)+ -2

Ps(x) =1 —1(x—2)+ g (x —2)* - (X—Z)3
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618

6.

10.

12.

13.

14.

15.

16.

17.

Chapter 10 Infinite Sequences and Series

fx) = x +2)7 /(0 = ~x +2)7%, (%) = 2(x +2) 7%, (%) = —6(x +2)7%; f(0) Q) =3.f0=-27"
=10 =200 =1f"0) =62 =-} = P =1.PI0)=1 -2 P =1-2+%,

P =3+ %%

f(x) = sin x, f'(x) = cos x, f(x) = —sin x, f”/(x) = — cos X;f(%) =sin § = g, f’ (%) =cos j = # ,
P1(2) = —sin T = — Y2 f7(T) = —cos T = — L2 = Py= Y2 Py(x)= L2 4 L2 (x—1I),
P = G+ (= §) = (= D) B0 = (- ) - - ) - - )

f(x) = tan x, f'(x) = sec? x, f(x) = 2sec? x tan x, f/(x) = 2sec* x + 4sec? x tan® x; f(%) = tan
( ) sec (—) =2 f”(“) = 2sec? ( )tan( )—4 f”’( ):2sec (Z)—|—4sec (%) tan2(%) 16 = Py(x) =1,
Pix)=1+2(x—%),Pax)=1+2(x —§)+2(X—§) Psx)=1+2(x—%) +2 T

fx) = /X = x12 /0 = () x V2, 70 = (= 1) x 72 170 = (3) x 5% f4) = V4 =2,
)= (5412 =1"@= (-4 =-L "= ()47 =% = P =2PIx) =2+ (x—4),

Pox) =2+ ;(x =4 — g x4 P30 =2+ 1 (x—4) - H x4+ 55 x4

f00) = (1=, (0 = =3 (1= )72 700 = = § (1 =072 £7(0) = =31 =072 £(0) = ()2 = 1,
PO =—3(1)72 =3, f"0) = = 3 (D72 = = §  {7(0) = =3 () = —g = Py =1,
Pix)=1-2xPx)=1—-3x—§x,Ps(x)=1—1x—§x?— &x3

) =e N X)) = —e XL ) =e L, ' (x) = —e* = ... f0x) = (=) e f(0) =@ =1, (0) = —1,

') =1, £(0) = —1, ... ,fO0) = (- = e*=1—x+ x> — I’ +

f(x) = xe*, f'(x) = xe* 4 e, f"(x) = xe* + 2e*, f/(x) = xe* + 3e* = ... f¥(x) = xe* 4+ ke*; f(0) = (0)e® =0,
f'(0)=1L{"0) =2, f7(0) =3, ... ,fY0)=k= x+x*+ 1> +... =3 ( 1

n=0

fX)=01+x)"! = ffX)=—-1+x)2"x)=201+x)3"x)=-311+x)"* = ... fPx)
— (=DK1 4+ )75 £(0) = 1, £1(0) = —1, £7(0) = 2, £7(0) = —31, ..., £9(0) = (—1)*k!

= 1—x+x2-x3+... =Y (—x)"=Y (-)x"
n=0
f(x) = 255 = F(x) = g2 F/00 = 61— %)%, (0 = 1801 — x4 = ... £9(x) = 3(k)(1 — %)™ £(0) = 2,
£/(0) = 3, £(0) = 6, f/(0) = 18, ... ,£®(0) = 3(k!) = 2+ 3x +3x2 + 35 +... =2+ 3x"
n=1
n 2n+1 . 0 1) 2n+1 0 _1\n22n+1,2n+1 3 3 5
smxfz(@lr)lﬂ), :>51n3x:;)%:2%:3x—3 —|—35,

1)n 2n+1 1)n 2n+1 3 5

(Dt (G ) =x X X
sin x = Z o = sin § Z GTE Z%) P — 2~ P31 T wa T
n

1 2 4 6 . . . .
7cos(—x)=Tcosx =7 Z ((231)’,‘ =7 4 x_ % + ..., since the cosine is an even function
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Section 10.8 Taylor and Maclaurin Series

o0 o0

_ (=% _ (=D 5m2x? 5mixt 5m9x°

CosSX = ! = S5cosmx=35) W—S— 5+ = e
n=0

coshx:e‘gex:%{(1+x2+;—f+§—f+3—ﬁ+...)+(1—x+;—f—"—'{+*—,—...)}=1+§+§+§+...

. i o
- 2n)!
= (2n)

sinhx:e‘f*:%[(1+x+g—f+§—f+3—’§+...)—(1—x+;—f—"—;+*—!—...)}=x+§—f+§—f+g—ﬁ,+...

2n+l

Z [l

fx) =x? —2x3 = 5x +4 = f/(x) = 4x® — 6x2 — 5, " (x) = 12x% — 12x, {"”(x) = 24x — 12, f{¥(x) = 24
= fMWx)=0ifn 5;f(0) =4, (0) = —5,{"(0) = 0, {(0) = —12, f{#(0) = 24, fW(0) = 0ifn 5
:>x4—2x3—5x+4:4—5x— x3—|—24x4—x4 2x3 — S5x + 4

f(x) = X = f/(x) = 22 f/(x) = o 700 = 55 = ™ (x) = g‘l,,f(O) =0, f'(0) =0, {"(0) = 2,

x+1 (X+ )

£7(0) = 76f (O) (7)n!ifn 2 =>xX-x3+x* =% +:Z(71)X

f(x)=x—2x+4 = f'x) =3x2 -2, f'x) =6x, f"(x) =6 = fW(x)=0ifn 4;f2) =8, (2) =
£12) = 12, £(2) = 6, {MQ2) = 0ifn 4 = x* —2x+4 =8+ 10(x —2) + 2 (x =2 + & (x — 2)°
=84+ 10(x —2)+6(x —2)? + (x — 2)°

619

f(x)=2x3 +x2+3x—8 = /(X)) = 6x2 +2x + 3, f"(x) = 12x + 2, f"(x) = 12 = f™W(x)=0ifn 4;f(1) = -2,

(1) = 11, £(1) = 14, f”’(l)—12,f")(1)201fn 4 = 2x3+x2+3x—8
= 24 HNE- D+ B a2+ 2x -1 = 2+ 1x— D+ 7x - D’ +2(x — )P

fx) =x*+x24+1 = f'(x) =4x3 + 2x, f'(x) = 12x2 + 2, f"(x) = 24x, ¥ (x) = 24, f{™W(x) = 0ifn 5;
f(—2) = 21, f'(=2) = =36, f"(—=2) = 50, f"(—2) = —48, f#)(=2) =24, f™M(-2) = 0ifn 5 = x*+ x> +1

=21-36(x+2)+ 3 (x+2)? = T x+2)° + 37 (x +2)' =21 — 36(x +2) + 25(x + 2)* — 8(x + 2)* + (x + 2)*

fx) =3x° —x* +2x3 +x2 =2 = f'(x) = 15x* — 4x® + 6x% + 2x, f/(x) = 60x® — 12x%> + 12x + 2,
£7(x) = 180x2 — 24x + 12, f*®(x) = 360x — 24, f®)(x) = 360, f{™M(x) = 0ifn 6;f(—1) = —7,
f'(—1) =23, f"(—1) = =82, f""(—1) = 216, f*)(— 1) = 384, fO)(—1) = 360, f{™W(—=1) = 0ifn 6

= 3 —x 2+ —2=-T+28Bx+ D -2+ D+ 30 x+ 1P - B+ D4+ x+1)7°
=—T7+23x+1)—41x+1)?+36(x+ 1) — l6(x + D* 43 + 1)°

fx)=x2 = f'(x) = =25, "(x) = 31x 4L 7(x) = —41x7° = fUx) = (-D"(n+ DIx "2
f(l) =1,£(1) = =2, (1) =31, (1) = 4L {0 (D) = (=)' + 1)! = &
=1-2x—D+3x—-1?—4x—-1)P3+... = Z D"+ D(x — 1"

n=0

f(x) =

£(0) = 1,f’(0):3,f”(0): 12, £(0) = 60, ..., f{M(0) = 2£2 - =1+3x+6x2+ 105> + ...

(1*X)3

) SLE= LN

n=0
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29.

30.

31.

32.

33.

34.

35.

36.

37.

Chapter 10 Infinite Sequences and Series

fx) =e* = f'(x)=¢e* f'(x) = e* = fM(x) =e*; f(2) = e, /(2) = e2, ... f{M(2) = e?
= =X+ T —2P+ x=D  = T S (x—2)
n=0

f(x) =2* = f/(x) =2 In 2, ’(x) = 2*(In 2)2, f"(x) = 2*(In 2)*> = fM(x) = 2*(In 2)"; f(1) = 2, f'(1) =2 1In 2,
£7(1) = 2(In 2)2, £(1) = 2(In 2)3, ... , £™(1) = 2(In 2)"

= 2% =24 (210 2)(x — 1) 4 202 ()2 p 20DT (g3 = 3 A2l

n!
n=0

f(x) = cos(2x + 2). f'(x) = —2sin(2x + §), f(x) = —4cos(2x + 7), f"(x) = 8sin(2x
(

@(x) = os(2x+ 1), fO(x) = —2%sin(2x + §), . .;f(3) = -1, (%) =0, {” g) ’"(g) =0,fW(5) =24,
5><%> =0, F(5) = ()27 = eos(2xt5) = 1 42(-5) =3 (- 9"+
=35 22"( 9"

() = X+ LI = 3+ )72 1700 = —§ (x+ 1) 72, 700 = %<x+1>‘5/2 <4><x>=——2(x+ )y

"
f(0) = 1,f'(0) = 3. £7(0) = =3, £7(0) = 3, fW(0) = — 12, ... = V/x+ 1 =1+ Ix — 2+ £x* — ex* + .

The Maclaurin series generated by cosx is ) %in which converges on (—o0, c0) and the Maclaurin series generated
n=0 ’

by 72— is 2> x" which converges on (—1, 1). Thus the Maclaurin series generated by f(x) = cosx — ;2 is given by
n=0

> ((;;))," x? =23 x" = —1 — 2x — 3x? — .... which converges on the intersection of (—oo, co) and (—1, 1), so the

n=0

interval of convergence is (—1, 1).

The Maclaurin series generated by e* is Z r Which converges on (—o0, o). The Maclaurin series generated by
n=0

f(x) = (1 —x+x?)e*isgivenby (1 —x+x?) 3 & =1+ 12 + 2x3.... which converges on (—o0, 00).

n=0

The Maclaurin series generated by sin X is Z 20+l

(2 ), X which converges on (—o0, 00) and the Maclaurin series

generated by In(1 +x) is 3 &

n=1

f(x) = sinx - In(1 + x) is given by (Z (2(n+>:)1x2“+1> <Z ﬁx“) =x? — 3x> + ¢x* — ... which converges on
n=0

X" which converges on (—1, 1). Thus the Maclaurin series genereated by

n
n=1

the intersection of (—oo, 00) and (—1, 1), so the interval of convergence is (—1, 1).

(=D" _2n+1
[TENR

o0
The Maclaurin series generated by sinx is ) which converges on (—o0, 00). The Maclaurin series
n=0

00 n 2 0 n 00 n
genereated by f(x) = x sin? x is given by x (Z (2(;4131)! XZI‘“) =x (Z ﬁxznﬂ) (Z (2(nJ1r)1)!X2n+1>
n=0 n=0 n=0

=x* — 1x° + &x’ + ... which converges on (—c0, 00).

Ife":z (a)(x a)" and f(x) = e*, we have f{™(a) = e* foralln =0, 1, 2, 3, .

n=0

0 1 2 a)2
= ef =g [(Xg!a) —— +(x;!a) +} =e? [1+(x—a)+(x;d) +...latx=a
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38. f(x) =e* = fM(x)=e*foralln = f®™(l)=eforalln=0,1,2,.
S —etex— D4+ Ex-D2+Ex-1P 4. =¢ 1+(x—1)+%+%+...

39. f(x) = f(@) + f'@x —a) + "2 (x —a)? + T@ x —a +... = f(x)
= f/(a) + f"(a)(x — a) + ““ 3x—a)P+... = () = "(a) + I"(a)(x — a) + @ 4. 3(x —a)? +
= f(x) = f"() + f<“+1>(a)(x @)+ U0 (x —a) +
= f(a) = f(a) + 0, f'(a) = f'(a) + 0, .. (a) =f™(@) +0
40. E(x) =f(x) — by — bi(x —a) —by(x — a)> — bg(x —a)®> — ... — bp(x — a)"
= 0 =E(a) = f(a) — by = by = f(a); from condition (b),
lim f(x) — f(a) — by (x —a) — ba(x _i)z - ba(x —a)® —... —by(x —a)" -0
X—a (x —a)
. f/(x) — by — 2ba(x —a) — 3bg(x —a)> — ... —nby(x —a)" !
= xhina n(x —a)-! =0
. "(x) — —3!bg(x —a) —... —n(n — Dby(x —a)" 2
= b =f@ = xh—r>na HE bal;((nfal))(x—a)“’(2 = =0
1 . () —3!bg—...—n(n— (n—by(x—a)P 3 _
= by = 3 f”(a) = Xhl,na n3(n — 1)(:112)0( 1121)"’3 : =0
=by = % " (a) = Jim, M =0 = b, = (“)(a); therefore,
(%) = f(@) + f'@)(x — a) + 52 (x —a)? +. @ (x —a)" = Py(x)
41. f(x) = In(cos x) = f'(x) = —tan x and f”(x) = —sec’x; f(0) = 0, f'(0) = 0, f"(0) = —1 = L(x) = 0 and Q(x) = — ’g
42. f(x) = e™* = f'(x) = (cos x)e*"* and f"(x) = (— sin x)e*"* + (cos x)%e*™*; f(0) = 1, f'(0) = 1, f"(0) = 1

LX) =1+xand Q) =1+x+7%

2)—1/2

f(x) = (1 = £'(x) =x (1 —x2) 7 and £"(x) = (1 — x2) " +3x2 (1 — x2) /%, f(0) =

) =1 = Lx) =landQx) = 1 + &

43. 1, £'(0) = 0,

44. f(x) = cosh x = f’(x) = sinh x and f”(x) = cosh x; f(0) = 1, f'(0) = 0,f"(0) =1 = Lx) =1land Qx) =1+ %2
45. f(x) =sinx = f'(X) = cos x and f"(x) = —sin x; f(0) = 0, f'(0) = 1, f"(0) = 0 = L(x) = xand Q(X) = x
46. f(x) =tanx = f/(x) = sec’x and f(x) = 2 sec’x tan x; f(0) = 0, f'(0) = 1, f" = 0 = L(x) = x and Q(x) = x

10.9 CONVERGENCE OF TAYLOR SERIES

Loef=1+x+%5+.. :ni o e o (=50 S — sk By 2) C1rse
2. & =ldxty+ :go Lo e =it (F)+ G s - A :2(‘2&".*"
s sinx=as§HE o =5 G o S = [ - 5 - = S
4osix=x-F+§-. =T s anpog -G GE-Ghe L -Squrae
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o0
& 2 [ (=I5t 25x* | 625x% _ 15625x1
5. CosX =D, oy = cos5X Z T Z eyl S Tl T TR AP
4\ 1/2
o0 n , 1/2 o (=1)" ("7;) 00
_ Ny (D 2N X _ ( : _ (=
6. cosx=>3. am— = Cos ) = cos { (% => @ => T

3 6 9
—1_x L x _ x
=l=s5tag —mat -
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8 nx =3 SR s @) =% () = 3 IS = o ox2 4 2000 - 23S

1= n_n 1w n(3.3\" _ o n(3\0 3 _ 3 9 27
9. 1+X—Z(—1)X :>1+%X3_HZ:%(_1) (ZX) —nX:%(—l) (Z) X3 _I_ZX3+EX6_ 7 9_|_

L% L1 1 1w n_ nl
10, Pl =300 = bt = 155 (30" = 5 (570 = b b b o+

11. e Z =X+ E AR AR+

|><
|
>
~
NgE!
=[N
~__
1[]2

o ( 1)n 2n+1 92 - o O ( 1)n 2n+1 ( l)n 2n+3 o 3 X5 X7 Xg
12. sinx = Z omor = X sin x = x2 (E TN > Z omnr =X Rt E -Gt
o0
_ (=D"x* =nhn _ x? x? x* x¢ x5 x!0
13. cosx =) oo = 1+cosx—771+2 oo =z Il S+ -Gty et
b
_xt x5 x8 x! (=D"x>
=h-mty-int Z(2n)'
( l)“ 2n+1 . ( 1)" 2n+1 3
14. sinx = Z “onminr = sinx — (Z T ) —X+3
3 5 7 9 11 3 5 7 9 11 > 1Px2n+
- (x—%+%—%+*—,—7—”+~-)—x+%:%—%+&—%+ =% G
n=2
oo o o
—1n" 2n —1)(7 2n __1\n-2ng2n+1 2,3 4,5 647
15. COSX:Z(Q;)}; = xcosmx =x Y ()212;") = 1)(;)!" =x-—Sr4Ix_1r 4
n= n=0 n=0
o~ (1) 2 2 2 on (=" ()" (L2 g 40 x10 xi
16. cosx =} =55 éxcos(x)*xz (2n), _ZW:X—5+I—H+...
— n=0
2n 2 4 6 S
17. cos?x = L peos2x — 1 41 Z( Chevt 141 [l_ex) @t ey oo _}
_1_ 7 x2S (2x)® =™ (= 1y 221 g0
=1 2or T 7a zor T 2gr o = =1+ Z 2-2n)! T 1+ Z 2n)!

18. sin?x = (“C—O‘Z") =

6!
o0 o0
1)n+](2x)2n ( 1)n 22n 1 2n
Z T 2:2n)! Z:l (2n)!
n=1 n=
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29.

30.
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2 =x2 () =X Z:%(ZX)“ = 2:%2“5("*'2 =x2+2x3 + 2% +23x° + ...

00 (_l)n—l(zx)n 00 (_1)n—12nxn+l 22 3 23 4 24X5
xIn(1+2x) =x Y =20 =5 =5 = 0x% — + 2 eI
n=1

n=1

00 00 e8]
oL XM= lex 0+ s R () s = A+ =D T = 2 (- DX

n=0 n=1 n=
(172”3:;_;(&):%(@):%(1+2x—|—3x2—|—...)—2—|—6x—|—12x—|— L= 2= X"
=3 (n+2)n+ Dx
tan~'x = x — 1x% + Ix” +... = xtan 1X2_X<X2_%(x2)3+%(x2)5_%(xz)7+ )

O (Z1)"xdn-1
:x3—%x7+§x”—%x15+ 22(2371
3 5

51nx:x—’3‘—j—|—’5‘—f—’7‘—7,—|—... :>sinx-cosx:%sin2x:%(2x—<2x,) —|—(25X,) —(27"!)74—...)
_ 4x} | 16x° _ 64x] _ 233 | 2% _ 4x (=pra 2t
=X—3rt5 T +"'_"_T"‘T_s— _Z @Dl

e":1—|—x+’§—i—|—’3‘—?—|—...and =1—-x4x2—-x+... >+

1+x l+x
2 3 >,
:(1+x+%+%+...)+(1—x+x2—x3—|—...):2+%x2—6x3+§—ix4+... :;)($+(—1)")x“
sinx=x—-%+% %4 _andcosx=1-—2% +% x4 = Ccos X — sin X
- 3! 5! 7! - 2! 4! 6!
2 4 6 3 5 7 5 6 7
:(1—’2%+27*%+...)f(x—%+§*%+...):1— P N e r T U

. i (—1nx2n B (=1)nx2n+!
- (2n)! (2n+1)!
n=0

In(1+x) =x— x>+ 1 — ix* + .. andIn(1 —x) = —x — §x? — 1 — 3x* + ... = In(1 +x) — In(1 — x)
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—
>
\
|
>
+
>
ENT
>

.
+
N
\
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\
>
\
=
>

)
\
=
el
w
\
IN|
>
B~
+

o0
_ 2.3 2.5 _ 2 o+l
L) =2x+ 33 + 2x +..._§0j2n+lx
b

2 3 . 7 .
e"zl—i—x—l—%—l—%—f—...andsmx:x ’5‘——%+...:>e"~smx

\1|>< w|><

+
:(1+x+§+§+...)(x—§+§— +. ):x+x2+%x3—3—10x5—....

In(1+x)=x— 3+ —Ix*+ . and T = 1+x+x2+x3+ ... = 1“1(1+;> In(1+x) -
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

- —1.\2 _ _

tan~'x =x — 1x} 4+ 1x7 — Ix7 4. (tan x)” = (tan™'x)(tan"'x)

—(x— L3 4 15 L7 4 _ 1 5_ 147 —x2 2442346 44,8

_(x 3X7 + 35X 7X )(x x+ X 7X —I—...)—x 3X — X — 15X+ ...

. x} x5 x/ X2 X4 XG 2 . .
smx:x—y—i-g——,—l—...andcosx:l—f—l—ﬁ—@—l—...#cosx-smx:cosx~cosx-smx

7
_ 1 112« L, (@) o T3, 6l .5 12477
= Ccos X 2s1n2x— 2(1 7+ m o —|—...)(2x 3 T =+ ... ) =X — X7+ 755X 550X -

:1+x+%x2—éx4—|—....

e _x 1y 1,3, 1,5 1.7 : “Ig) — (v 1,3 1 1,5 1.7
sinx = x — 3,4—5, I +...andtan”'x = x 3x—l—x X'+ .. = sin(tan'x) = (x — 3x3 4+ 47 = Ix7 4

! 1374+, ) + 5 (x — 33 + x5 %x7+...) o (x — 30 4 x5 %x7+...)7+...

—g(x——x + x5

1
7

e 1.3 55_17
=X 2x—|—8x 6x—l—

)

Since n = 3, then ) (x) = sinx, | (x)| < Mon [0,0.1] = [sinx| < 1 on [0,0.1] = M = 1. Then [Ry(0.1)| < 12L-0°

=42 % 107% = error < 4.2 x 107°

Since n = 4, then ) (x) = ¥, |[f®)(x)| < Mon [0, 0.5] = [¢X| < y/eon [0, 0.5] = M = 2.7. Then
IR4(0.5)] < 272529 — 703 x 10~* = error < 7.03 x 10~

By the Alternating Series Estimation Theorem, the error is less than ‘5, = x> < (5) (5 x 1074 = [x|° < 600 x 10~

= |x| < V6 x 1072 =~ 0.56968

Ifcosx=1-% and |x| < 0.5, then the error is less than ‘(5)

‘ = 0.0026, by Alternating Series Estimation Theorem;

since the next term in the series is positive, the approximation 1 — %2 is too small, by the Alternating Series Estimation

Theorem

If sin x = x and |x| < 1073, then the error is less than (10 3 ) 1.67 x 1071°, by Alternating Series Estimation Theorem;

The Alternating Series Estimation Theorem says Ro(x) has the same sign as — ’3‘—? Moreover, x < sin X

= 0<sinx—x=Ry(X) = x<0 = —103 <x<0.

VIitx=1+73 - ’% + ’1‘—2 — ... . By the Alternating Series Estimation Theorem the |error| < ‘%
=1.25x107°

(0.1) 3 .

% < 1.87 x 10~*, where c is between 0 and x

3
IRo(x)| = 3—,) = 1.67 x 1074, where c is between 0 and x
. — cos 2 4 6 3yl 5
sin?x = (122 =}~ foosax=f - (1= G GF -G ) =5 -
: : 5.6 3 5 7 .

= L (sin’x) =& (22—"2 - L’,‘A + 2L —) =2x - & 4 &8 @ 4 = 2sinxcosx

PSS

o . = sin 2x, which checks
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2 4 6 Sy 7
cos? X = cos 2x + sin’x = (1—%4—(24"!) (ZX) +(2§,) +. )+(22i,—£+2 6—28—’!‘8—}-...)

12 23‘_25x6 1 _ 214 2 1 8 _
=1-3-+% a0 T =1 x+3x 45X +a3s X — .

A special case of Taylor's Theorem is f(b) = f(a) + f'(c)(b — a), where c is between a and b = f(b) — f(a) = f'(c)(b — a),
the Mean Value Theorem.

If f(x) is twice differentiable and at x = a there is a point of inflection, then f”(a) = 0. Therefore,

L(x) = Q) = f(a) + f'(a)(x — a).

(a) f” <0,f'(a) = 0and x = a interior to the interval I = f(x) — f(a) = @ (x — a)? < 0 throughout I
= f(x) < f(a) throughoutI = f has a local maximum at x = a
(b) similar reasoning gives f(x) — f(a) = @ (x —a)> Othroughout] = f(x) f(a) throughout] = fhasa

local minimum at x = a

f(x)=1-x"!'=f/X=01-x"2= f'x)=2(1-x73 = fOx) =6(— x)—4

@(x) = 24(1 — x)7%; therefore - ~ 1 +x + x> +x% x| <0.1 = 10 <L < B = ‘ < (%)5

(I=x7

max f (x) x4

—

= ’ < (0.D* (%)5 = 0.00016935 < 0.00017, since

<X (190) = the error es <

(I—xy = ‘(I—X)"’ :

@) fx) =+ = f'(x) =k(1 + 05" = £/(x) = k(k — D(1 +x)52; £0) = 1, (0) = k, and £"(0) = k(k — 1)
= Q(x)—1+kx+—k(k*” 2

(b) Ro)| = |22 x| < 355 = X} < 755 = 0 <x < g5 or 0 < x < 21544

(@) LetP=x+7 = |x| =|P— 7| <.5x 107" since P approximates 7 accurate to n decimals. Then,
P+sinP=(@m+x)+sin(mr+x)=(@m+x)—sinx=r+ (x —sinx) = |(P+sinP) — 7|

0.125 125

=|sinx — x| < ‘Xl < x 107" < .5 x 1073" = P + sin P gives an approximation to 7 correct to 3n decimals.

If f(x) = i anx™, then f(x) = 3 n(n — D0 — 2)--(n — k + Dapx"* and FO(0) = k! ay
n=k

(
= A = f (O)

for k a nonnegative integer. Therefore, the coefficients of f(x) are identical with the corresponding

coefficients in the Maclaurin series of f(x) and the statement follows.

Note: feven = f(—x) = f(x) = —f'(—x) =1'x) = {'(—x) = —f'(x) = {’ odd;

fodd = f(—x) = —fx) = —f'(—x) = —f'(x) = f'(—x) =1f'(x) = {’ even;

also, fodd = f(—0)=1f(0) = 2f(0)=0 = f(0) =0

(a) If f(x) is even, then any odd-order derivative is odd and equal to 0 at x = 0. Therefore,
a; = ag = a5 = ... = 0; that is, the Maclaurin series for f contains only even powers.

(b) If f(x) is odd, then any even-order derivative is odd and equal to O at x = 0. Therefore,
ag = ag = a4 = ... = 0; that is, the Maclaurin series for f contains only odd powers.

53-58. Example CAS commands:

Maple:
f:=x -> 1/sqrt(1+x);
x0 :=-3/4;
= 3/4;
# Step 1:
plot( f(x), x=x0..x1, title="Step 1: #53 (Section 10.9)" );
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# Step 2:

P1 :=unapply( TaylorApproximation(f(x), x = 0, order=1), x );

P2 := unapply( TaylorApproximation(f(x), x = 0, order=2), x );

P3 :=unapply( TaylorApproximation(f(x), x = 0, order=3), x );

# Step 3:

D2f := D(D(f));

D3f := D(D(D(1)));

D4f := D(D(D(D(H))));

plot( [D2f(x),D3f(x),D4f(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], title="Step 3: #57 (Section 9.9)" );

cl :=x0;

M1 :=abs( D2f(c1) );

c2 :=x0;

M2 := abs( D3f(c2) );

c3 :=x0;

M3 := abs( D4f(c3) );

# Step 4:

R1 :=unapply( abs(M1/2!*(x-0)"2), x );

R2 := unapply( abs(M2/3!*(x-0)"3), x );

R3 := unapply( abs(M3/4!*(x-0)"4), x );

plot( [R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], title="Step 4: #53 (Section 10.9)" );

# Step 5:

E1 := unapply( abs(f(x)-P1(x)), x );

E2 := unapply( abs(f(x)-P2(x)), x );

E3 := unapply( abs(f(x)-P3(x)), x );

plot( [E1(x),E2(x),E3(x),R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green],
linestyle=[1,1,1,3,3,3], title="Step 5: #53 (Section 10.9)" );

# Step 6:
TaylorApproximation( f(x), view=[x0..x1,DEFAULT], x=0, output=animation, order=1..3 );
L1 := fsolve( abs(f(x)-P1(x))=0.01, x=x0/2 ); # (a)

R1 :=fsolve( abs(f(x)-P1(x))=0.01, x=x1/2 );
L2 := fsolve( abs(f(x)-P2(x))=0.01, x=x0/2 );
R2 :=fsolve( abs(f(x)-P2(x))=0.01, x=x1/2 );
L3 := fsolve( abs(f(x)-P3(x))=0.01, x=x0/2 );
R3 := fsolve( abs(f(x)-P3(x))=0.01, x=x1/2 ),
plot( [E1(x),E2(x),E3(x),0.01], x=min(L1,L2,L.3)..max(R1,R2,R3), thickness=[0,2,4,0], linestyle=[0,0,0,2],
color=[red,blue,green,black], view=[DEFAULT,0..0.01], title="#53(a) (Section 10.9)" );
abs(f(x)"-"P*[1](x) ) <= evalf( E1(x0) ); # (b)
abs(Cf(x)"-"P*[2](x) ) <= evalf( E2(x0) );
abs(f(x)"-"P*[3](x) ) <= evalf( E3(x0) );
Mathematica: (assigned function and values for a, b, ¢, and n may vary)
Clear[x, f, c]
flx_]= (1+x)¥
{a,b}={—1/2,2};
pf=Plot[ f[x], {x, a, b}];
poly1[x_]=Series[f[x], {x,0,1}]//Normal
poly2[x_]=Series[f[x], {x,0,2}]//Normal
poly3[x_]=Series[f[x], {x,0,3}]//Normal
Plot[{f[x], polyl[x], poly2[x], poly3[x]}, {X,a,b},
PlotStyle — {RGBColor[1,0,0], RGBColor[0,1,0], RGBColor[0,0,1], RGBColor[0,.5,.5]}1;
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The above defines the approximations. The following analyzes the derivatives to determine their maximum values.

f'[c]

Plot[f'[x], {x,a,b}];

"[c]

Plot[f"[x], {x,a,b}];
f"[c]

Plot[f"[x], {x,a,b}];

Noting the upper bound for each of the above derivatives occurs at x = a, the upper bounds m1, m2, and m3 can be defined

and bounds for remainders viewed as functions of x.
ml=f"[a]
m2=-f"[a]
m3=f""[a]
rl[x_]=ml x2 /2!
Plot[r1[x], {x,a,b}];
r2[x_]=m2 x> /3!
Plot[r2[x], {x,a,b}];
3[x_]=m3 x* /4!
Plot[r3[x], {x,a,b}];

A three dimensional look at the error functions, allowing both ¢ and x to vary can also be viewed. Recall that ¢ must be a

value between 0 and x, so some points on the surfaces where c is not in that interval are meaningless.

Plot3D[f"[c] x* /2!, {x,a,b}, {c,a,b}, PlotRange — All]
Plot3D[f"[c] x> /3!, {x,a,b}, {c,a,b}, PlotRange — All]
Plot3D[f""[c] x* /4!, {x,a,b}, {c,a,b}, PlotRange — All]

10.10 THE BINOMIAL SERIES

LoA+0"2=1+1x+ ) (;%)X:’ FC)) (*%g!(*- T N P R

> (1+X)1/3:1+%X+(%)(;%)X‘Jr(%)(*%3)!(*3)X3+ P P

3. (-2 =1-L(x+ (=3) (—2!%)(—*)2 ) (—%)3'(—3)(—") b=l lx+230+ 2x
ot s gy e QEE |

5o (143) =120 OGS CANDE) g gy e 1y

6. (1-3) ' =1+4(=3)+ (4)(3)2(!_§)2 + (4)(3)(23),(_%)3 + (4)(3)(2)2)(_ ) +04... =1—3x+2x2—
7. 1+x3) =1 Lyd 4 (=3) (;%)(x3)2 4 (=2) (—%g’(—%) ()’ R R R P S
8. (1+x2) Y3 —1- Ly (=3) (—23) (x2)? 4 B %)3!(— D e’ b=l lx2g gt 10

9 (14_%)1/2:14_%(%)4_(%)(—2%)(924_(%)(—%)3(!—%)(1)3+ RS R I T
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23.
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wl»—t

St =1 dx o DO GODE | GEION _ 4 gx 4 6x2 + 4x° + x*

2 3
(1+x2)° =1+322 + Q) 4 OODET _ 7 4 352 4 354 + %

(1= 2x)% = 1 4 3(—2x) + QA" | GO _ g _ 6x 4 12x2 — §x3

(1 _ %)4 — 144 (_ %) + (4)(3)2(!7 5’ + (4)(3)(23)'(* 9 + (4)(3)(2)(1)(* %) —1—2x+ %Xg _ %x?’ + % x4

0.2 0.2 0.2
j; sinxde:j; (2—§+X5—T—...)dx:{";—%+...} z["ﬂo ~ 0.00267 with error

IE| < £~ 0.0000003

731
02 e 02 x2 x* x! 02 X x> x3
2K 02 - 02"
=[xy =55+~ —0.19044 with error B[ < 2 ~ 0.00002

0.1 0.1 .
. \/ﬁdx_f (17"71+38i87...)d)(:[x7?—0+...} %[X]g'lzo_lwitherror

E| < @1 — 0,000001

P EDCDE (—%)(—g!)(—_%>x3+___> T RSN

0.25 0.25 . . ) .10.25
3 X2 x4 o < xP N 3 - .
fo \/1—|—x2dx:j; (1—|—?—3+...)dx—{x+g—g+...} N{x—kg}o ~ 0.25174 with error

E| < ©29° ~ 00000217

o 01 PR 8 5 7 0.1 5 o701
Jo mra= (I_T""?_?"i'"')dxz[X_T"'S-S!_ﬁ"’”'} N{X_ﬁ"'s-sz}

~ 0.0999444611, [E| < @11~ 2.8 x 10712

6

0.1 s 0.1 3
foexp( )dx = ( ’2‘— é—!—i—i—!—...)dx:{x—%—i—’l‘——l—i—z—i—...} %[x—%—i—’]‘—o

~ 0.0996676643, |E| < ~ 4.6 x 10712

(1 +X4)1/2 — ()2 ¢ @(1)—1/2 (x}) + (i)( 5) ()~ 3/2( ) + () (= ;') (=3) (1)~5/2 (x4)3

3
1) (= 1) (= 3) (=3
+(2)< 2)5! 2)( 2)(1)77/2(X4)4+'“:1+%7x§8+%751x71;+“'
0.1 .
= [ (5 -5+5% -5+ )dxw[x+7—0} ~0.100001, [E] < V" ~ 1.39 x 10!
Lo 2 4 6 8 3 5 7 9 71
fo(l ;f“)dx:f;<%—%+%—%+ﬁ—...)dxz[g—ﬁ+5’_‘6!—7’_‘8!+9"‘w!}0

~ 0.4863853764, [E| < -

: 2 : 2 [ ¢ t3 !
focost dt:j;(lferff—Jr )d :[tfm+ﬁfﬁ+...]o = lerror| < 3 ~.00011
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2 3 4 2 3 4 5 1
24. [ cos \/tdi= f( —2+%—&+§—...)dt:[t—‘z%—ﬁ—%‘ﬁ—ﬁ—...h
= lerror| < g% ~ 0.000004960
25 F _f 10 (14 s I (1 (15 x X X7 11
- Fio) = ( Sts-Hte )d_{§_ﬁ+11-5!_ﬁ+“'}0N7_ﬁ+11-5!
= |error| < 5= ~ 0.000013
10 12 3 5 7 11 13 x
26'F(X):j;< t4+___+[__l_+ )dt:{%_%"’ﬁ_%'—"lim_15-5!""“']0
3 5 7
N5 =5t as — ga +1’;4, = lerror| < 75 ~ 0.00064
2. @ Fo = [ (t=§+5 -G+ )d=[S- G+ -] 25 -5 = Jeror] < G ~ 00052
(b) lerror| < 55 A~ 00089 when F(x) & & — 2 4+ 20 — X 4 (1)l 22
28. (a) F(x):f(l——+fff+ )d :{tfz%Jr%*%+%f...]0zxf§—z+%*%+§
= |error| < (05) ~ .00043
(b) |err0r|<@z.OOO97whenF(x)zx—’2‘—24—’3‘—3—2—;—1—... F (1R
29. % (e *(1+x))*é((1+x+";+’3‘—?+...)—l—x):%+%+2—f+... L
_ 1 2 _1
= dim (b3 +5+.) =14
30. %(eX—eX):i{(1+x+§—?+§—f+§—’§+...) (1—x+———+4,—...>}:% X422y
=24 o Jim et = lim_ (2+23", +25—+27—!+_..>:2
, , 1-cost— (5
31, %<1fcost77):$[ 777(1—7+}T‘f§!+---)}:*l+5*%+--- = lim ()
= lim (—%+——ﬁ+...):—§
3 3 5 o 4 . sinf — 6 + £
32.%(9—1— +s1r19) %(9—#94—9 & +& ):%—%4-%— = Jim - (%)
— 1 12,6 _ 1
= fim, (555 ) =
3. L(y—tanly) =L [y— (y-L4+L— —1_¥ ¥y _ o qjm ey 1oy vy
C 5y V=3xy-(y=-5+5—..)|=3-5+5—... Jmp = = lim (5 -5 4T -
_ 1
-3
3 5 3 5 3 5 2
34. ylcosy T y3 cosy = y3 cosy = cosy
1, 23y?
: tan~!y — sin . <76+T7'> 1
= Jim) Fey = Jim =%
35. X2(71+e*1/x2)zx (“l+l-p+gm—got.)=—ldg0—ga+... = lim x2<e71/x271)

= lim (1455 —gat...)=-1
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630  Chapter 10 Infinite Sequences and Series

: 1 _ 1 1 1 _ 1 1
36. (X+1)S1n(x+l)—(X+1)<m—m+m—...)—1—m+5!(x—+1)4—

: : 1 _ : 1 1 —
= lemOO (X+1)Sln(x+l) —xll’moc (1—m+m—) 71

37 m0+x) _ ("27§+§7"'> _ (17%+%7“') — lim RO+x)

= : = = lim ~—— / =21=
e T (mgen ) (Gemea) xmo Tees T T (Roge)
x2—-4 _ (x=2)(x+2) _ x+2 H x*—4
38. In(x—1) — [(xiz)i(x;2)2+(xf32)37.”} - [17¥+(X22)27“. = XITZ In(x—1)

= lim x+2 =4
X — 2 [1—%+%7.4.}

: 2 _ 2,2 _ 9,6 81,10 _ 92 244 4 4.6 : sin 3x>
39. sin3x” = 3x 3X° + 35X ... and 1 —cos2x = 2x 5X7 + 55X ...:>X1£>no e

T 3x2—9x6+ﬁx]0—..._ . 3—%x4+ﬁxs—.4._3
_Xlgno 2x272%x4+4425x67... _xlgn() 27%x2+gx47... —2
9 3
40. In(1+x%) = x* = ¥+ % =4 and xsinx® = — b7 px!! = xS = lim L)
. x37"76+%7#+... . 17§+§7§+...
:xlgno X3 — Ix7 4 hox! — xS+ :Xlgn() 1— Ixt 4 ox® — px 2+ =1
4L 1T+l + 5 +5+5+...=e=e
13 1\4 1) _ (13 1 1)2 _ 1 1 _ 14 _ 1
2.()+@) +@)+ =@+ | Farm T e =
43. 1 3? 3 36 — 1= 1 (3)2 13\ _ 136 _ 3
A=gytag—gato-=1-20G) +2G) —a@) + ... =cos(3)
1 1 1 1 _ (1 1(1\2 L 1/1\3 _ 11\ _ 1y _ 3
M 3—smtam gt =) —30) +36G) —1GE) +... =h(+3) =(3)
457T bt T ! o 1 (7\3 1 (7\5 1(m\7 _-Tr_\/§
i dmtE oAt =5 -5(5) +53) 7))+ =sin(§) =%
2 23 2’ 27 _ (2 12)3 L 102)\5 _ 12V _on—1(2
6. F-Fstis -t =03)—33) +53) —7() +... =tan”'(3)
47. x3—|—x4—|—xs—|—)(6—|—...:)(3(1—|—X—|—)(2—|—x3—|—...):)(3(11)():1"_3X
2,2 44 646 2 6
48. 1 - 43X 34 =1-1(3) +%(3x)4—é(3x) + ... =cos(3x)
49. x3—x5—|—x7—xg—|—...:)(3(1—)(2—1—(7(2)2—()(2)3—1—...>:)(3(ﬁ):$3x2
2 3 4
50. x2—2x3+%’f4—%+ﬁ—’!‘6— :x2(1—2x+(2zx!> —(23’(!) +(2:!) —...):xze_zx
51 —1—4-2)(—3’)42—1—4)(3—5)(4—|—...:(%((1—x—i—xz—x3—|—x4—)<5—|—...):%(ljrx):(ljrlX>2
2 1+3+5+5+5+ . =-Hx-F-5-5-%- )= -ln(l-x = -2
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Section 10.10 The Binomial Series 631

: ln(lf’;)zln(l—kx)—ln(l—x):(x—%2+’§—3—"74+...)—(—x—";—";—’%—...) :2(x+§+§+...)

2 3 4

.ln(l-l—x):x—%-i-%—xz—i—...+@+... = |error|:‘

1 1
ne < 10

= nlO" when x = 0.1;

(_l)n—lxn
n

= nl0" > 108 whenn 8 = 7 terms

x=1;

3 2n—1

_ 3 5 7 9 1n12nl 1n12n1
StanTlx=x—-5 45 -5 45— +¥+...:>|error|:‘( ;nl ‘7

5 < 15 = n> 191 =500.5 = the first term not used is the 501" = we must use 500 terms

5 )n—IXZn—l

Iy x Xy x X D" X
LtanT X =x— %+ % -+ 5 -+ =57+ and lgmOO

x2n+] ) 2H _ 1
2n+1  x2n-1

2

lim

n— oo 2n+l|_x

=

= tan~! x converges for |x| < 1; when x = —1 we have Z whlch is a convergent series; when x = 1

n=1

1 x diverges for |x| > 1

5 7 n—1,2n—1 . .
CtanTlx =x — X—3 +5 -5+ X—g -+ (lz)T + ... and when the series representing 48 tan~! (%) has an

error less than 10 6 then the series representing the sum

48 tan~! (1—8) —l— 32 tan~! (ﬁ) —20 tan™! (239) also has an error of magnitude less than 10~%; thus

1 2n—1
lerror| = 48 (211)—1 < sl = n 4 usinga calculator = 4 terms

2 4

. ln(secx):j;tantdt:j;(t+§+21—§+...)dt%%—|—;‘——|—:—5+...

. (a) (17x2)71/2“'1+ +7+7 = sinlx~x+ % +—+m,UsmgtheRatloTest

1 = XQHILm (2n+ D(2n+1)

lim  |1335-CGn-D@Ent hx™ - 246 -@nen+1)
oo | (2n+2)2n+3)

nbo | 246 -2m2n+2)2n+3) 135 -(2n— Dx2+1

<1
= |x| <1 = the radius of convergence is 1. See Exercise 69.
— -1/2 _ . 5 7
() £ (cos™'x) =—(1—x?) 2 = cos 'x=7% —sin 1x%7—2r—(x+ + +“2)z%—x—%—%—%

@ (e ()2 4 (= 1) 1y (@) 4 C) (—%)2;1>*5'2<t2>2+ CHEDCDO e

—1_ 3t 35 f s g = © o s
=1- G455 — 3% = sinh'x~ ( 5+ dt=x—%+2% — 2

(b) sinh! = (0.24746908; the error is less than the absolute value of the first unused

(z)%%*@+m

evaluated att = 4 since the series is alternating = |error| < 5sG) ~ 2.725 x 107°

5x7
term. 112

> 1122

-1 d -1\ _ _1
1+_x*_1—(x) =—14+x— +x3—...:>5( )7— ( T+x—x>2+x3—...)

=1—-2x+3x2—4x3 + ...

o=l x4t =2 L ()= R = L0+ ) = 2 A 60
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632  Chapter 10 Infinite Sequences and Series

63. Wallis' formula gives the approximation 7 = 4 L;:g:g:g:g:?:é’f}zf T).z()z'izf)l)] to produce the table

n ~T
10 3.221088998
20 3.181104886
30 3.167880758
80 3.151425420
90 3.150331383
93 3.150049112
94 3.149959030
95 3.149870848
100 3.149456425

At n = 1929 we obtain the first approximation accurate to 3 decimals: 3.141999845. Atn = 30,000 we still do
not obtain accuracy to 4 decimals: 3.141617732, so the convergence to 7 is very slow. Here is a Maple CAS

procedure to produce these approximations:

pie :=
proc(n)
local i;
a(2) :=evalf(8/9);
for i from 3 tondo a(i) := evalf(2*(2*1—2)*i/(2*i—1)"2*a(i—1)) od;
[:4*a()] $ G = n=5 .. n)]
end

k=1 k=1 k=1
= (o e (o = ()RR (PR = (T) ()X + D (TR + 3 (D)kx
k=1 k=1 k=1 k=1 k=2 k=1
:m+i (T)kxk—1 4 i (V)kx* Note that: 3 (7 )kx*~! = i (7)) +1)x*
k=2 k=1 k=1
Thus, (14 x) - f'(x) = m+ i (']’:)kxk’1 + i (rl?)kxk =m+ i (k'j:l)(k—l— 1) xk + i (’]':)kxk
k=2 k=1 k=1 k=1

+
—_
S~—
-+
—~
~ B
~—
~
SN—r
b
~
—

:m+§:[(k+l)(k+l) (T)kxk}:m+,§[((k2')(k

k=1
Note that: (17, )k + 1) + (f)k = ME=HgRpid(k 4 1) o Btttk
m-(m— m—k m-(m—1)---(m—k+1 m(m—1)---(m—k+1 m-(m—1)---(m—k
( 1) (m—k) oo 1>k'( + g me 1>k!( + )((m—k)+k):m ( 1)1(!( +1):m(rll(1)'
k

Thus, (1 + x) - £/(x) = m+2{((k+l)(k—|—1) (’:)k)xk]:m+§[(m(?))xk}:m%—mi(?)x

m(l )zm-f(x):f’(x):?‘l'i(:)) if—1<x<1.
(b) Letg(x) = (1 +x) M(x) = g'(x) = —m(l + %) (%) + (14 %) (x)
= —m(1+x) ")+ (144%™ 8 = —m(1 )™ ) + (1+) ™" m-f(x) =0
© gx)=0=g(x)=c=(1+x)"™Mx) =c=f(x) = (Hi),m =c(1 +x)™. Since f(x) = 1 + i::l(?:)xk

:>f(0):1+i(’]‘:)(0)k:1—|—021:>c(1—|—0)m:1:>c:1:>f(x):(1+x)m.

65. (1) = (14 (=) 2 = (1) V2 4 (= 1) (1302 (=) - CRLEDW RO

LY (L3 (2 5) (1) T2 (—x2 y e e
p EDEDEIOTRERT g aget gy eSO
n=1
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66.

67.

68.

69.

70.

71.

72.

Section 10.10 The Binomial Series

~ sin-lx — fx(l — ) V2 g — f‘ i 135-@n- "\ g n i 1-3-5--.(2n — 1)x2*!
s x = J, 2nn =X < 24D
-

where |x| <1

LZ 00
[tan™' (] =7 —tan~'x = *f [I-E‘()l—,] t:f; F(1-3+5-5+..)d

t_
_[T(1_1_,.1_1 _ 1 1 b _ 1 1 1
*fx(t—z—ﬁ+t—s—t—s+-'~)dt*b11,moc [Fttm-swtw— ] = -mtse ot

1

X

X
= tan'x=7-14+ -+ . x>Dftan ']’ =tanlx+]= fix e
— R 1, 1 x _ 1y _
= lim [t ot =it s tae — o = tanix=—

x < —1

(@) e ™ =cos(—m) +isin(—7m) = —14+i0) = —

(b) e™* =cos (%) +isin (%) = \[ \[ (%)(14—0
() e ™2 =cos(—Z)+isin(—%) =0+i(—1)=—i

633

e =cosf+isinf = e =el=) = cos(—6) + i sin(—6) = cos § — i sin ;
el + e =cosh+isinf+cosf—isind=2cosh = cosH—ew’g—e%;
el —e ¥ =cos@+isinf — (cosf —isinf) =2isinf = sinf = e 5 -
2 3 1 . . 2 .3 o

T N

: 3 _ipyt . :9)2 :9)3 .9t
A

et (1+19+(‘.’_§%+“§§3+“Z§4+.,.)+<1—10+%4‘§§3+%—“.>
- 3 = 2

2 4 6
=1-5+% -8+ .. =cos;
. i0)2 i0)3 it . i0)2 i0)3 in)4

R o B L e e e

% %

3 5 7 .

:07%+%7%+...:sm0
e =cosf+isinf = e =e-% = cos(—0) +isin(—6) = cos § —isin @
(@) e’ +e ¥ = (cos @ +isinf) + (cos§ —isinf)=2cosf = 0039:W:c05hi9
(b) ¢ —e ¥ = (cos @ +isinf) — (cos§ —isinf) =2isinh = isinfh = e _2649 = sinh if

. 2 3 4 3 5 7
e"smx:(l—l—x—l—%—l—%—l—%—l—...)(x—%—l—%—%—k...)
=Mx+M+ (—+ D)+ (i + )+ (g ta) X+ =x+x2+ 33— x4+
e* - e = e(I"x — eX (cos x 41 sin x) = e* cos x +i (e* sin x) = e* sin x is the series of the imaginary part

. 3

of e!*)% which we calculate next; e! ) = Z (H”‘) =14+ x+ix)+ (”2,”‘) + (”,”‘) + (XZ,"‘) +.
:1+x—|—ix+%(2ix2) + 4 (2ix3 — 2x%) + —(—4x)+%(—4x5—4ix5)+%(—Sixﬁ)—f—... = the imaginary part
of e isx + Zx?+ 2x3 — 4 x° - ExO+ ... =x+x>+1x}— & x5— L xO+ ... in agreement with our

product calculation. The series for e*sin x converges for all values of x.

O% (e<a+ib)) = (%( [e**(cos bx + i sin bx)] = ae**(cos bx + i sin bx) + e**(—b sin bx + bi cos bx)

= ae®™(cos bx + i sin bx) + bie®*(cos bx + i sin bx) = ac@+P)X 4 jpel@tib)x — (3 4 jp)elatib)x
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634  Chapter 10 Infinite Sequences and Series

73. (a) e%el”> = (cos 6, + i sin 0;)(cos Oy + i sin By) = (cos H1cos By — sin B;sin B) + i(sin O cos By + sin Bycos 6;)
= cos(f; + 6o) +isin(f; + 6y) = '@ +02)

(b) e = cos(—0) + i sin(—f) = cos # — i sin 6 = (cos § —isin f) (Lol — L — 5

74, 4% e 4 € 40Cy = (A755) e™(cos bx + i sin bx) + C; +iC,

= ﬁaxbz(acosbx—i—iasinbx—ibcosbx+bsinbx)+C1—|—iC2

= = [(a cos bx + b sin bx) + (a sin bx — b cos bx)i] 4+ C; +iCy

_ @ Cosasj-t; sin bx) +C + ie™(a sinaia:szb cos bx) +iCy:

e(@Fbix — eXebX — 62X (cog bx + i sin bx) = e®™ cos bx 4 ie** sin bx, so that given

f elatbx gy — —a";jr%iz e@tb)x 1 C; +iC, we conclude that f e™ cos bx dx = S@cosbxtbsinby) |

a? 4 b2
. ax i —
and feax sin bx dx = S-(@sinbx —bcos bx) S‘“a‘;i b,E cosb) 4,

CHAPTER 10 PRACTICE EXERCISES

. . . . (71)" o
1. converges to 1, since nlgmOO a, = nleOC (1 + = ) =1

2. converges to 0, since 0 < a, < 2  lim 0=0, lim 2 =0 using the Sandwich Theorem for Sequences
\/ﬁ n— oo n— oo \/ﬁ
. . . . 172“ _ . L _ _
3. converges to —1,since lim a, = lim (55) = Jlim (5 —1)=-1

4. convergesto 1, since lim a, = lim [1+(0.9)]=1+0=1
5. diverges, since {sin T } = {0,1,0,-1,0,1,...}

6. converges to 0, since {sinnw} = {0,0,0,...}

7. converges to 0, since lim a, = lim %
n— oo — X

8. converges to 0, since _lim a, = _lim n@u+h — ijm =0
n— oo n— oo n n— oo 1
. . . . 1+(4
9. convergesto 1, since lim_a, = lim (w) = lim <") =1
n— o0 n— 0o n n— 00 1
. . . In (20% 4 1) . (Z%Hil) . 12n . 2
10. converges to 0, since lim a, = lim ———— = lim 2 = lim A= Ilim ==0
n— o0 n— 0o n n— 0o 1 n—oo 6n n-—oo n

11. converges to e, since Jlim a, = lim (“*5)" = lim (1 + (;i) = e~ by Theorem 5

12. converges to ;, since lim _a, = lim (1+;) "= lim +1§)“ = 1 by Theorem 5

. . . ny 1 .
13. converges to 3, since lim _a, = lim (%) M— fim 2 =3=3 by Theorem 5
n— oo n— oo n n—oo nY 1
. . . 1 . /n
14. converges to 1, since lim a, = lim_ (2) ™~ Tim 3" =1 _{py Theorem 5
n— 0o n— o0 \n n—oo ni/t 1
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15.

16.

17.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

Chapter 10 Practice Exercises

(721/" In 2)

n2

|
-

converges toIn 2, since _lim_ a, = lim_ n(2"" — 1) = lim_ 2':! = lim +——— = lim_2"/"In2
n =00 n= 00 n =00 (%) n = 00 < ) n =00

|

n

=2.1n2=1n2

2

. . L . . nen+DY _ g WAl | .0 _
converges to l,smcenlgmOO an —nleoc v/2n+1 —nleoc exp (711 ) —nleOC exp< : ) =e' =1

. . . . I .
diverges, since lim a, = lim @ + Y= lim (n+1) =00
n — oo n — oo n: n — oo

. converges to 0, since lim_a, = lim ﬂ = 0 by Theorem 5
n— oo n— oo n!

) D (4 D06
(2n73)1(2n71) = 2&1)3_25_)1 = S = [<§> _Q + (5) - (7) +..F 2217)3 _2g>1] = (3) _2g7)1
1
= lim_ s, = lim [ézgi)] :%
=t = s=(F+H)+F D+ +(FH) =3+ = i s
= lim (-1+-2;)=-1
n— oo n+1

(3n71)9(3n+2) = 3n371 - 3n12 = S = (%_ %) + (%_ %) + (% - %) +..F (3n371 - 3n3+2)
:%73113ﬁ:>n1i%moosnznli>m (77 :

oo
-8 _ =2 2 (=2, 2 -2, 2 -2, 2 -2 2
@ y@ntD -3 Tl 7 ST (T+E)+(T+ﬁ)+(ﬁ+ﬁ)+'“ +(4n—3+4n+1)
=_2 2 i = 1l _2 2\ = _2
- 9 + 4n+1 = nleoo S = n1l>moo ( 9 + 4n+l) - 9

o0 o0
> e ™ =3 X, aconvergent geometric series withr = L anda =1 = the sumis 1 1(1> ==
n=0 n=0 -3

Zl (-2 = ZO (=2) (5})" a convergent geometric series withr = — { anda = =2 = the sum is
n= n=|

(-3 _ 3

-(5) 5

diverges, a p-series with p = 1

o0 [ee]

> %5 =-5> %, diverges since it is a nonzero multiple of the divergent harmonic series

n=1 n=1

Since f(x) = ﬁ = f'x) = — 2)3;/,2 <0 = f(x)is decreasing = a,;; < a,, and n imoo a, = nlew # = 0, the

(e ¢]

635

n 0
series % converges by the Alternating Series Test. Since ) ﬁ diverges, the given series converges conditionally.
1 n=1

n=

1

converges absolutely by the Direct Comparison Test since ﬁ < 5 forn 1, which is the nth term of a convergent

p-series
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636  Chapter 10 Infinite Sequences and Series

29. The given series does not converge absolutely by the Direct Comparison Test since i (nl > nlﬁ , which is
1 . .
e < 0 = f(x) is decreasing

0, the given series converges conditionally by the Alternating

the nth term of a divergent series. Since f(x) = = f'(x) =

1
In(x+1)

. _ . 1 _
= an1 < ap, andnleDO a, = nlew rCE

Series Test.

| T 1 _ 170 _ : 1 1y _ 1 :
30. j; e X = im | e dx = lim  [—(n )7, = | Tim (% — 5) = 3 = the series
converges absolutely by the Integral Test
31. converges absolutely by the Direct Comparison Test since 21 < & — 1 the nth term of a convergent p-series
n n n

32. diverges by the Direct Comparison Test fore”™ >n = In (e““) >Inn = n">Inn = Inn" > In(Inn)

Inn
In (In n)

= nlnn >In(lnn) = > % , the nth term of the divergent harmonic series

|

n— oo

1
33. lim ("(7"3') = ,/nleoo nz“—il = \ﬂ =1 = converges absolutely by the Limit Comparison Test

3=

34. Since f(x) = X = f/(x) = % <Owhenx 2 = an <a,forn 2and lim 3% =0, the

series converges by the Alternating Series Test. The series does not converge absolutely: By the Limit

3n?
nd 41

Comparison Test, lim Ol L im ngnfl = 3. Therefore the convergence is conditional.
35. converges absolutely by the Ratio Test since lim { (n“ﬁ)! . n‘il} = lim_ & + 12)2 =0<1

—1)" (n2 .
m M does not exist

36. diverges since lim a, = lim —-=—

. . . 3n+l n!| _ . 3 o

37. converges absolutely by the Ratio Test since nleDO [m - ﬁ] = nlew S1=0<1

. . N _ . n/ 2030 . é _
38. converges absolutely by the Root Test since lim V/a, = JiHm /5 = lim 2 =0<1

imi : ; ; <ﬁ> ; n(n+ Hn+2)
39. converges absolutely by the Limit Comparison Test since lim —-—"~—~ = lim ————~=1
n— oo < 1 ) n— oo n
n(n + 1)(n+2)

1
.. . . . a2 . 2 (2 —
40. converges absolutely by the Limit Comparison Test since _lim ﬂ = lim Lﬂ =1
n— oo ( 1 ) n— oo n
nvn2 -1
: Upt] . (X+4)n+] n3" |X+4| : n ‘X+4|
41n1l)moo u—:<1:>nll)moo mrDIT &4 Ap <1l = 3 nll>moo(n+l)<1:> 3 <1

n3" n

= [x+4/<3 = 3<x4+4<3 = —T<x<-liatx=—Twehave } &2 = S"CV the alternating
n=1 n=1

o0 o0
harmonic series, which converges conditionally; at x = —1 we have) % =3 % , the divergent harmonic series
n=1

n=1
(a) the radius is 3; the interval of convergence is —7 < x < —1
(b) the interval of absolute convergence is —7 < x < —1
(c) the series converges conditionally at x = —7
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42.

43.

44.

45.

46.

47.

Chapter 10 Practice Exercises 637

U (=17 2n—1)! B .
L St <1l = x-1)72 L lim —(2n)(2n+l) = 0 < 1, which holds for all x

lim
n— oo

<l = leoo @nrD! T =1

(a) the radlus is 00; the series converges for all x
(b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally

H Un 1 H Bx— D! n’
nleOO ol ] = leOO m—l)z‘m <1:>‘3X—1| ll)moo (n+1)2<1$\3x—1|<1

_1\y—l/_1\n 2n—1
= —1<3x—-1<1=0<3x<2 = O<x<%;atx:0wehave2( 1)n2( D Z( L

n=1

# , a nonzero constant multiple of a convergent p-series, which is absolutely convergent; at x = % we

Il
|
8

=1
I

0 _1\yn—1 n 0 _1\yn—1 .
have ) (l)n# =3 % , which converges absolutely

n=1 n=1

(a) the radius is % ; the interval of convergence is 0 < x < %
(b) the interval of absolute convergence is 0 < x < %

(c) there are no values for which the series converges conditionally

: Un+1 : n+2 _(2)(+1)"Jrl _2n41 | [2x + 1] . n+2 _2n+41
nll)moo <1l = leOO n+3 o0+l ntl (2x+1)" <1l = s n1l>m00 13 1 <1

= —'“;“(1)<1 S xF1<2 = 2<% +1<2 = 3<2x<1 = —3<x<liax=—3wehave
- " = . . . .

1 2nn++ll . (_2%) Z ;) Ernl“) which diverges by the nth-Term Test for Divergence since
n= n=1

o0 n o0

im (& frl]) =4 #0;atx = § we have Z:I on frl] - 5 = >_aL which diverges by the nth-Term Test

n=1
(a) the radius is 1; the interval of convergence is — 3 < x < 3
(b) the interval of absolute convergence is — % <x< %

(c) there are no values for which the series converges conditionally

n+1

Un+1 X .
(n+ ptl - xn

)|<1 = @nli)moo (n-}-l)<1

<1 = I tim [ (7)" (7

nleoo n+1

<1l = li’m

o0
= IZ—‘ -0 < 1, which holds for all x

(a) the radius is co; the series converges for all x

(b) the series converges absolutely for all x

(c) there are no values for which the series converges conditionally

xn+l

n
vn+1 T X

Z ( \/l—) which converges by the Alternating Series Test; when x = 1 we have Z \}— , a divergent p-series

n=1

Un+|

<1l = lim_ LHim <1 = |x| < 1; when x = —1 we have

hm n+1

(a) the radius is 1; the interval of convergenceis —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1

(c) the series converges conditionally at x = —1
. Upil . (n + 2)x2+1 x2 . n+2 .
Jim [ <1 = lim = (n+1)x2nl‘<1:>?n1i>moo(n+1)<1:>_\/§<x<\/§’
(o]
the series Z \[ and “\%1 , obtained with x = =+ \/§ both diverge
n=1

(a) the radius is \/5; the interval of convergence is —\/5 <x< \/5

(b) the interval of absolute convergence is —\/5 <x < \/g
(c) there are no values for which the series converges conditionally
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55.

56.

57.

Chapter 10 Infinite Sequences and Series

G=Dx3  onyl
2n+3 (x — 1)+l

l-1n+1

lim_ Dl = x-DXDH<1

. 2 : 2n+
<1l = lim_ <l = x-=1)7 lm_ (22+

< n 2n+1
> x-1)P<l = x—-1l<l = -1<x-1<1 = 0<X<2;atx:0wehavez%
n=1

) (—1

Z T = > CD" which converges conditionally by the Alternating Series Test and the fact
1

2n+1

n=1 n=

. ) —1)0(1)2n+1 >
that Z s diverges; at x = 2 we have Z CUT Z which also converges conditionally
- - =l

2n+1 2n+1’

(a) the radius is 1; the interval of convergence is 0 < x < 2
(b) the interval of absolute convergence is 0 < x < 2
(c) the series converges conditionally at x = 0 and x = 2

2
en+1 _e—n—1

(e" —2e’" )

csch (n 4 1)x™+!
csch (n)x"

un+l

<1

lim
n— oo

<1 = lim
n— oo

<1 = [x| lim
n— oo

% <1l = ‘eﬁ <1 = —e < x <e;theseries > ( & ¢)" csch n, obtained with x = +e,

n=1

= |x| lim
n— oo

both diverge since lim (£ e)* cschn # 0
n — oo
(a) the radius is e; the interval of convergence is —e < X < e

(b) the interval of absolute convergence is —e < X < e
(c) there are no values for which the series converges conditionally

. Ups x™! coth (n+ 1) . l4e 22 |-
o1, | e | <1 = Xl Im o e es| <1 = x| <

<1 = lim
n — 0o

= —1 < x < 1; the series >_( & 1)" coth n, obtained with x = = 1, both diverge since Jim (= 1)" cothn # 0

n=1
(a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1
(c) there are no values for which the series converges conditionally

The given series has the form 1 —x +x2 — x3 4+ ... + (—x)"+... = ﬁ,wherex = 1 ; the sum is ﬁ =3
The given series has the form x — "5) + "; — e (=D! ";" + ... =In(1 + x), where x = % ; the sum is

In () ~ 0.510825624

The given series has the form x — "4? + ’% — ... (=D (2n2f11)v + ... = sin x, where x = 7; the sum s sin 7 = 0

2n
- — (=D én)! + ... = cos x, where x = §; the sumis cos 3 = ;5

>

The given series has the form 1 — 57 +

E=

ni!' + ... = ¢e*, where X = In 2; the sum is e =2

The given series has the form 1 + x + 3; X 3 b+

x3 5 x2n—1

The given series has the form x — T+ Xg — ...+ (=D o . = tan~! x, where x = % ; the sum is

! (J5) = %

Consider =5, 2 as the sum of a convergent geometric series witha =1 andr = 2x = ﬁ

=14+2x)+2x)?+2x)3> +... = Z 2x)" = Z 2°x" where 2x] < 1 = |x| < %

n=0 n=0
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58. Consider ;= as the sum of a convergent geometric series witha = landr = —x* = 15 = = (17}(3)
2 3 =
=1+ (x> +(=x3)" + (=3 +... =3 (=D xM where |-x*| <1 = |} <1=|x|<1
n=0
(=12t 241 . . O (=12t © (—1yrg2ntig201
59. sinx = Z GnyDr 7 SIMTX = Z; Cnt )l z% Cnt D!
n=| n=|

2n+1
< -1 (%)

n 2n+]
60. sinx = Z ((21n)+l)‘ = sin ¥ =3

o ( 1)n22n+l 2n+1
@n+1)! Z 32+ (2n + 1)!

1)nx!0n/3
(2n)!

1 S e 5/3) — 5~ D) S -
61. cosx =) “55— = cos (P) =% FT 2%
=

n=0 n=0

jee] — A n (e 0]

_ (=D ) _ ( \ﬁ) _ (=1"xon

62. cosx = 2% o = COS(%) =2 = Z% 57 (2n)!
o=

63. CX:Z X—: = e(”x/2>zz ( ‘) :Z 7T"X.

n=0 n=0 n=0

64. e* = i ﬁ—: = e*xz — io: (7x'2>n — i (=D"x™

n!

65 f(X) — /3 +X2 — (3 +X2)1/2 = f/(X) — X(3 +X2)*1/2 = f//(X) — _X2 (3 + XZ)*S/Q + (3 + X2)*1/2

= 1700 =3 3 4+x2) P =3 B34+ x) - =2, f(—-) = -1, () =—141=3

8 b
f///( ]) _ _ 3 % — % = 34+ X2 =2— (’(241'1) 4 3(2::'21!)2 + 9(;4—31) + .
66. fx) =L =(1-x" = R =>1-x"2 = &) =201-x" =x)=6(1 -4 f2) = —1,f'2) = 1,
f/(2) = —2,f"(2) =6 = L = —1+(x-2) —(x—22+(x—2)° —
67. f(x) = x+l S DT = PR = —x+ D = £ =20+ D)7 = £(x) = —6(x + )7k £3) = 1,

PO =-F. '@O=3.1"Q=30 = H=i - F G-+ FHE-3—F&x-3"+
68. f=L=x" = fx)=—x? = f'®)=2x7 = ) =—6x"% fa)=1.fa)=—%, () =
f///(a):,—_félzi_%(x_a)_ka}(x ) al,l(x—a)3+

a X

1/2 1/2 6 9 12 4 7 10 13 1/2
69. j; exp(—xS)dx:j; (1—x3+’2‘—!—%+’2—,+...>dx:[X—%—i—%—l’(‘)_m—f-ﬁ—...}o
~ 1 1 1 1 1
N5~ g9ig T a7 2003 T amaal  am 16 5~ 0.484917143
1 1 5 7 1
70. ‘/;xsin(x?’)dx:j;x(x?’—’;—?—l—%—%—i—%—i—...)dx:ﬁ (x4—"3—1!0+%—x7—2!2+"9—27—...)dx
5 11 17 23 29 1
= {X? — T s T ona T - } o~ 0.185330149
172 tan~' x 172 x2 x* x8 x5 x10 X3 x° x’ x? X! 1/2
71»f| fdx:fl (1*§+§*7+3*T+...)dxz|:X*§+E*@+8j*m+...:|
1

~ 1 1 1 1 1 1 1 1 1 1
i~ orptyr T ry ter ~ipan T3 T ar T par T e Toame B 0.4872223583
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Chapter 10 Infinite Sequences and Series
6 fanlx Ve © XX VO e 152 0 1.9/2 1 13/2
\/; dX: 0 W(X—?+?—7+)d)§:ﬁ (X —§X +§X —7X +)dX

— [2x3/2 2 47/2 4 2 411/2 _ 2 152 Vet _ (2 2 4 2 2 ~

= [5x X+ X 105 X +"']o = (5% — srg T 5567 — To5gw T ---) ~ 0.0013020379
_B8 0 2t

[ Tsns _ i 7<x S ) i 7(1 S ) .

X — 0 32X71_x—>0 <2X+22x2+23x3+ )_X—>0 (2+&+23x2+ )_2
2! 3! 2! 3!

2 3 2 3 3 5
et g (1+9+g—,+§—!+...)7(179+g—§—!+.‘.)729_1. 2(5+%+.)
gy -sme gl 9—(9—@+@— ) o (@—@+ )

TS T e
2+ %+
= lim 7 =2
" Gt
2 4 4 6
12—2+2<1—‘—+‘——...> 2(‘— S+
2 24 a7 6
lim (5= — 1) = lim 572H2estl — [y A = lim
t—>0(2’2005t ¢) t—0 W=eosh 0 se (o145 -Gk ) =0 (¢4
12
= lim 2 S!+'“> =1
t—0 (7%‘4, ) 12
(%)—coqh (1*£+2¢|*---)—(*%+1ﬁ7 )
lim = lim
h—0 h? =0 h®
B2 h2 ot pd 6 b
TontTs T wmte
h—0 h2 hoo0 21 31 ! | [l | - 3
4
) 1—(1—22+Lf (z27%+ )
lim —L=cos’z  — [jy — - = lim :
1 1_ S Z‘Z L3 L'3 Zs L2 L'3 Z-1
z— 0 In(d-2z)+sinz ;7 (—z—7—§—‘..)+(z—§+j—..‘) z—0 (—7—%—7—._‘)
2
1—Z 4.
. 3
= Jim —4—;—72—‘:*2
M 570
lim —Y = lim . N = lim ¥
y—0 cosy—coshy ' (1—¥7‘+§7§+ ..)—<1+§+§+y§+...> y—0 <72£7%7...)

= lim —L
yﬁO(qf%fm)

603, 6x°
(3X -t

X3

lim (8o 4 o = lim
XHO(XB +XZ+S) x—0

= L+ 3=0ands—3=0=r=-3ands =3

The approximation sin x ~ Gi"xz is better than sin x ~ x. y
y=sinz—z
\ )
\\
.

K N A ps

-2
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Chapter 10 Practice Exercises 641

lim 2-5-8---(3n — 1)(3n + 2)x"*! N 2-4-6---(2n)
n — oo 2-4-6---(2n)(2n +2) 2-5-8---(3n — 1)x"

= the radius of convergence is %

<1 = |x| lim_ 22 <1 = |x] <3

lim  [337-@neDenida=rt | 4914 (Sn—1)
n = 00 4:9-14---(5n—1)(5n+4) 3572+ Dx"
5

= the radius of convergence is 3

<1 = x| lim [B2E][<1 = x|<3

Shl-%)=>[In(1+3)+n(1-1)]=>[Intk+1) —Ink+Ink—1)—InK]

=2 k=2
=[In3—-In2+Inl1-In2]+In4—-In3+In2—-In3]+In5—In4+In3—-In4/+[In6—-1n5+1n4—In5]
+...4+[Inm+1)—Inn+Inm—1)—Inn=[nl—In2]+ [In(n+ 1) —Inn] after cancellation

:>Z ( —)7ln(“+l) = i ln(l—%): lim ln(“zﬂ):ln%isthesum
= =2

2n

k=2 k=2
1 1 _ 11 1 1 1 _1(3 1 1 1 |3nm+D—-2m+DH—2n| _ 3n’-—n-2
+(n—17n+1)]—5(1+§***n+1)—§(§*6*n+1) 5{ 2n(n+1) }— 4n(n+ 1)
o
T 1(3 1 1 _3
:>k¥2k21 ngmmi(i_a_n—&-l)iz
. 1-4-7---(3n — 2)(3n+1)x>+3 (3n)! 3 (3n+1)
(@ ,lim Ga o) ‘e | < = LI e e

= [x}|-0 <1 = the radius of convergence is co

. X 1-47-Bn=2) _3n dy o~ 1-4-7---(Gn—2) x3n-1
b)) y=1+ Zl Gl X T & T Zl G- 1)
n= n=

Py _ S 14T Gn=2) e 147Gn=5) 302
= =2 Gn-2)! " X+Z Gn=3)! "

&)

(@) £~ = 1_"—2 =X+ + X2+ (x4 ... =x2 =3+ x = x4+ ... = (—=1)"x" which

X (=x) n=2

+

converges absolutely for x| < 1

b) x=1= > (=D"x"=>_ (—1)" which diverges

n=2 n=2

[ee) oo
Yes, the series) | a,b, converges as we now show. Since ) a, converges it follows thata, — 0 = a, < 1

n=1 n=1

forn > some index N = a,b, < b, forn >N = > a,b, converges by the Direct Comparison Test with > b,

n=1 n=1

No, the series Y a,b, might diverge (as it would if a, and b, both equaled n) or it might converge (as it would if

n=1

a, and b, both equaled %).

o0 o0
> (Xnt1 — Xp) = nleOO ];(Xk+] —Xg) = nli}ng@ Xpe1 — X1) = 11ll)mOO (Xpe1) — X1 = both the series and

sequence must either converge or diverge.
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.. . . . ( 1 inan) _ . 1 _ e
90. It converges by the Limit Comparison Test since | leOO o T leDo o = | because > a, converges

n=1

and so a, — 0.

91.;3;":a1+“2—2+%+1—4+... a+(Ha+E+Da+(E+i+3+3)as
+(3+5+ i+ +ig)ae+... 3(+ay+as+ag+...) whichisadivergent series
92. a,=-forn 2 = a a3 a andlnz—klﬂ—l—1118 o= prt izt gt

diverges by the Integral Test.

nln

=L (l+5+3+...) whichdivergessothatl—i—z

CHAPTER 10 ADDITIONAL AND ADVANCED EXERCISES

[o¢]
1. converges since Gno 2%(2“ 2 < & 712)3,2 and ) Gn 712)3 5 converges by the Limit Comparison Test:
n=1

i, ) i
noo(m) n— oo

(272)" = 30

. o0 1N2 dx 1 (tan~' x)° b T (tan"1b)* 73
2. converges by the Integral Test: fl (tan~! x) 4T = bli>moo [T = bleOO = 15
(2 _ )1
—\24 7 192) T 1%
. . . _ . _ n _ . _ n 1— e—2n _ n
3. diverges by the nth-Term Test since nleoo a, = nll)mOO (—D" tanhn = bll>moo -0 (1 +e’2“> = nll’mOO -0
does not exist
4. converges by the Direct Comparison Test: n! < n" = In(n!) < nln(n) = 11?1((?1? <n
= log,(n!)) <n = bgﬂ%') < % , which is the nth-term of a convergent p-series
; : B _12_ _ 12 _ (23 (12
5. converges by the Direct Comparison Test: a1 = 1 = qyarap - 2 = 55 = muae > = (13) (53)

_ 1 (34 (23) (12) _ 12 S 12
= Gear 4= (5 6) (4 5) (3_4) = @oGE = 1+ nz_:l G D@ 3@ fepresents the
given series and 12

aTDa T < n1 , which is the nth-term of a convergent p-series

6. converges by the Ratio Test: nimw el — , lim =0<1

Ry - 1)(n+ D

7. diverges by the nth-Term Test since ifa, — Lasn — oo,thenL =1~ = L +L—-1=0 = L= “1£4/5

I1+L

8. Split the given series into Z 32,,“ and Z i the first subseries is a convergent geometric series and the

n=1 n=1
second converges by the Root Test: nIme v % = nlem \[‘/— = 17 = 5 <1
9. f(x)=cosxwitha=7% = f(3) =05,f(5) = f" (3) =05, (3) = i 9 (5) =0.5;
2 - 3
cosx =4 = (=) - (x-5)"+ f(x 5+
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. f(x) =sinx witha =27 = fQ2n) =0,{'Qnr) =1,f"2r) =0, f"Q2n) = -1, f¥Q2r) =0, fOQ2r) =1,
FOQ2m) =0, {D(2m) = —1;sin x = (x — 2m) — OS2 4 G207 o2l

ce =1 x+ 5+ 4 witha=0

Cfx)=Inxwitha=1 = f(1) =0, (1) = 1, £'(1) = —1f"(1) = 2, f9(1) = —6;

2 1 LY
Inx=@x—1)-8 L peb =Dy

Cf(x) = cos x witha = 227 = £(227) = 1, £/(227) = 0, £"(227) = —1, £"(227) = 0, f9(22m) = 1,
fOQ227) =0, fO227m) = —1;cos x = 1 — 3 (x — 22m)? + 3; (x — 22m)* — & (x — 22m)° + ...

) =tan'xwitha=1 = f(1)=12,f() =1, f"()=—1,(1)=1;

-1y _ 7 x-1 (x—1)? (x—1)?
tan” X=7+"—F5——-——F+—F+...

™ & lim ¢, =1Inb+ lim 2GS+
n-— oo n

n—oo

. Yes, the sequence converges: ¢, = (a" + b“)l/n = c,=Db ((%)n + l)1

_ ()" (}) _ Oln () _ . . _ nb _
_lnb+nhﬁnol0 bﬁ)"+li =Inb+ 0+f —lnbsmceO<a<b.Thus,nleOO ch=¢e"?=hb.
N EIE SRS g
n=1 n=1 n=1
0 o) o 2 iz 7
SN VRIS QT R P N ) B
n=0 n=0 n=0 1- () 1= (1) 1- (1)

= 200 4 30 4 7 _ 9994237 _ 412
=1+ 555 + 500 T 595 = 099~ = 333

1

= Kt dx dx . dx " dx " odx
' Sn:kz%)ﬁ 1+ x2 = S = 01+x2+.f1 l+x2—’_"'—’_j;11+x2 = S = 0 1+x2

—y

= lim s, = lim (tan"'n—tan"'0) =7
n— oo n— oo

(n+Dx™' @+ DEx+ D
(n+2)(2x + 1)1 nxn

x . (+1)?

=, lim 2x+1 nn+2)

n— oo

= lim

n— oo

lim

:|2x:'1| <1

Un+1
u,

= x| <[2x+1];if x>0, x| <2x+ 1] = x<2x+1 = x> -1if -1 <x<0,[x| <[2x+ 1]
= —x<2x+1 = 3x>-1= x> —1;ifx< =1, x| <|2x+ 1] = —x<-2x—1 = x < —1. Therefore,

the series converges absolutely for x < —1 and x > — % .

. (a) No, the limit does not appear to depend on the value of the constant a
(b) Yes, the limit depends on the value of b

cos (3) 1 a — g sin (§) +cos (§)
_ (1 - ) N G . Jg&)( )
(c) s 1 = Ins T = lim Ins
n (%) n =00 (— n%)
= lim Lj‘f() =9=l=—1= lim_s=e'~03678794412; similarly,
n—oo 1— Tn n— oo
- cos () \" _ .~1/b
Jim (1= <) = ey
x> : . 1 +sina, \1 l/n . 1+sin a, I+sin (“lggc a,,) 1+sin 0
: H; a, converges = _lim a, = 0; lim_ [(T) } = lim (Hsna) — : = L
= % = the series converges by the nth-Root Test
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31.
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. up . bn+l Xn+1 Inn o 1
o im +‘<1:> Jlim et bnx"<1:>|bx\<l$——<x<— 5=b= 42
A polynomial has only a finite number of nonzero terms in its Taylor series, but the functions sin x, In x and

e* have infinitely many nonzero terms in their Taylor expansions.

33 3
. sin (ax) — sin x— . axX—F- ) = ([ X=Fr ) =X _ 3 5
lim sm(dx)xssmx * — lim ( ) ( ) — lim |& 22 _ aj + L' _(a _ % %2 + ..

X — 0 X — 0 X3 X — 0 X 3! 3! 5! 5
. . . . . H —al _ 3
is finiteifa—2 =0 = a=2; lim st&=smx=x_ _ 2 4 1 _—_17
x—0 X
4
L (-5 1 i
lim €S8-b 1 iy ' — 1 = lim (* @y e ):—1
X — 0 2x2 X — 2x2 X —0 2x?2 4+ 48

= b=1landa= £2

Uni 1 n?

(a) L:M=1+%+é = C=2>1land ) ; converges
n=1

(b) =2l —1414 8 = C=1<1land} I diverges

Up+1 n =l
() 0, ="
6 3 T
uw _ 2@2n+l) _ 4nl4on a 5 3 (4n2—dn+1) L
o T noIF T a1 = LT oyt amm gy = L+ 57 + " after long division
= C= % > 1 and [f(n)| = 1 f’j{nH = (4_ f+ %) <5 = Z: u,, converges by Raabe's Test
oo oo o0
@ Y a,=L = E = = 5" a2 converges by the Direct Comparison Test
n=1 n=1 n=1
(b) converges by the Limit Comparison Test: _lim @ = lim —— =1 since i a, converges and
g y p ‘n=00 a,  n—oo l—a, = n g
therefore _lim a, =0
X — 0
a2 3
IfO<a, <lthen|ln(l —ay)|=—In(l—a)=a,+3+3+... <ap+ai+al+.. =,

a positive term of a convergent series, by the Limit Comparison Test and Exercise 27b

(l—x)*lzl—l—z x" where x| < 1 = (l_lx)o = (l—x) L= z:]nx“ 1andwhenx—§wehave
_ 1 1 1\n-1

4=142H) +3(0)°+4()’+. 40 (H)" 4.

(a) EX“H = % = ;(n—i—l)x“: (zf‘:x’;o = Z:n(n—i-l)xn = =7 2X)3 = Zn(n DHx™ = (12’;)3

n=1

) . 2 )
- Zl Ea (1-1) = o2 x> 1
n= ~x

00 1/3
b) x=3 D x:% S B3 fx—1=0 = x:1+(1+@) +(1—

C

XN

)1/3

@ = a () =0 x++x3 ) =14+ 2x+3 +45 + . =3 nx!

(b) from part (a) we have in(%)“‘1 (5) = (%) [lf@]z =6
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32.

33.

34.

(©

(a)

(b)

(©

(a)
(b)

()

(a)
(b)
(©)

(d)

Chapter 10 Additional and Advanced Exercises

from part (a) we havegnp Iqg= T = o= é
o=y 2= s = Tand B0 = Som= Y k= K= () o =2
2

N

= (-

by Exercise 31(a)

oo o0 _ oo k 5 o0 [e 0] _ o0
Sho=Y =i (=) [y s 1adEw =3 k= kG =g S k()
k=1 k=1 k=1 =1 k=1 k=1

Y=2 =2 (k) = lim (1- ) = land G = Z}PFE}(@)

k=1 k=1 k=1 k— o0

Coe—klo (l _ e—nkln)
1—eXo

n = Coeikt“ + Coﬁizkt“ + ...+ Coeinkt') =

_ : _ C067k10 _ Co
= R= n 1_1)moo R, = l—o®o — oFo_]

o= 0ee o Ry = el & 0.36787944 and Ryg = 1= ~ 0.58195028;

—e 1

R
R
R = L ~0.58197671; R — Ryg ~ 0.00002643 = 281 < 0.0001
R

_et(-e™ R _ 1

—.In

L ) 2(61 )~47541659R >7¢ le:e_l >()(e.11_1)

= l-eV0sl o el o 2 cin(l) = &>-In(3) = n>693 = n=7

D=

C
R= g = R =R+Cy=Cy = tho:(cj—: = to=%ln<g—:)
t0—005 Ine = 20 hrs

Give an initial dose that produces a concentration of 2 mg/ml followed every t) = 55 In (5% ) &~ 69.31 hrs

by a dose that raises the concentration by 1.5 mg/ml
th =55 In (&) =5In (L) ~ 6hrs

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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NOTES:
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CHAPTER 11 PARAMETRIC EQUATIONS AND
POLAR COORDINATES

11.1 PARAMETRIZATIONS OF PLANE CURVES

. x=3t,y=9%, —co<t<oo = y=x> 2. x=—\/t,y=tt 0= x=—/y
ory=x2,x<0
t>0y
X-—ﬁ
<0 1
—t =2 . X
_1i
3. x=2t—5,y=4t—7, —00o <t < 00 4. x=3-3ty=2,0<t<1 = J=t
= Xx+5=2t = 2(x+5) =4t = x=3-3(}) = 2x=6-13y
= y=2x+5-7 = y=2x+3 :>y:2—§x,0§x§3

1k
ok
3k
_ab
5. x=cos2t,y=sin2t,0<t<m 6. x=cos(m—t),y=sin(mr—1),0<t<7
= cos?2t+sin?2t=1 = x2+y? =1 = cos?(m —t) +sin®(r—t) =1
= x*+y’=1y 0
y y
2: ry=1 J X2+ Yz =1

=2
| 1S
L t=x
[=1/\1=0 t=0 X
L2 I I L1y -1 1
-2 -1 0 1 2
- t=1 —1
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648  Chapter 11 Parametric Equations and Polar Coordinates

7. x=4cost,y=2sint,0 <t <27 8. x=4sint,y=5cost,0<t<2m
16 cos? t 4sint __ x? yQ _ 16 sin t 25 cos?t __ x? yQ _
= 6 T 4 _1:>E+I_1 = 16+ 25 _1:>E+%_1
Y y
ta21t=0
x2 2
Tty !
2 2 2

N \

“5'tux

9. x=sint,y =cos2t, -5 <t< 7 10.x=1+sint,y=cost—2,0<t<7
= y=cos2t=1-2sin®t=y=1-2x2 = sint+cos’t=1 = (x—1)°+(y+2)>=1
y
X
y=1—2x2 : 2
t=0
-1
1 1 x
-1 1
ks ks -2
=7 iy
(x=1)*+(y+2)° =1
-3
t=m
_ 2 _+6 4 _ _t=2
1. x =,y =t = 2t*, —o0 <t < 0 12.x=tq,y= 1. -1 <t<1
3 2 _
=y=() -2t) =y=x>-2x* = t= 2 éyzzzx_"]
A Yy _2-x
1 \\ Y= ox1
-6 -4 -2 > X
changes 2 4 6
dir‘ec%i(;n —h
ul[:O\ .0 -2
N
-4
A
-6

13. x=t,y=v1-,-1<t<0 4. x=/t+1,y=/tt 0
= y=+1-x = y2=t=x=+y2+1y 0
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15.

17.

19.

21.

22.

23.

24.

25.

Section 11.1 Parametrizations of Plane Curves 649

x=sec’t—l,y=tant, - <t< 3 16. x=—sect,y=tant, — 5 <t <3
= sec’t— 1 =tan’t = x =1y = sec’t—tan’t=1 = x> —y? =1
y
3
0<t<a/2
2L
1+ — 2
=0 i X
1 1 1 1 1 1 x
2 -1 1 2 3 4
-1k
2k
4 —ggt<0
x = —cosht,y =sinht, —oo < 1 < 00 18. x =2sinht,y =2cosht, —oco <t < o0
= cosh’t—sinh’t=1 = x> —y?> =1 = 4cosh’t—4sinh’t=4 = y> —x>=4
y
/
/
/
/
/
/
/
li
1
0 H *
\
\
\
\
Ay
AN
\\
(@) x=acost,y=—asint,0 <t <27 20. (a) x:asint,y:bcost,ggtg%
(b) x=acost,y=asint,0 <t <27 (b) x=acost,y=bsint,0 <t <27
(c) x=acost,y=—asint,0 <t <4r (©) x:asint,y:bcost,ggtg977r
(d x=acost,y=asint,0 <t <4r (d) x=acost,y=bsint,0 <t<4r
Using (—1, —3) we create the parametric equations x = —1 + atand y = —3 + bt, representing a line which goes

through (—1, —3) att = 0. We determine a and b so that the line goes through (4, 1) when t = 1.
Since4 = —14+a=-a=>5.Since ] = —3 +b =- b = 4. Therefore, one possible parameterization is x = —1 + 5t,
y ==-34+4t,0<t< 1.

Using (—1, 3) we create the parametric equations x = —1 + atand y = 3 + bt, representing a line which goes through
(—1, 3) att = 0. We determine a and b so that the line goes through (3, —2) whent =1. Since3 = —-1+a=a=4.
Since —2 = 3 +b = b = —5. Therefore, one possible parameterizationis x = —1 +4t,y =3 -5t,0 <t < 1.

The lower half of the parabola is given by x = y? + 1 for y < 0. Substituting t for y, we obtain one possible
parameterization X = t2 4+ 1, y=tt<0.

The vertex of the parabola is at (—1, —1), so the left half of the parabola is given by y = x? + 2x for x < —1. Substituting
t for x, we obtain one possible parametrization: x =t, y = 242t < —1.

For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (2, 3) for t = 0 and passes
through (—1, —1) at t = 1. Then x = f(t), where f(0) = 2 and f(1) = —1.

Since slope = 4% = 5122 = —3, x = f(t) = —3t+ 2 = 2 — 3t. Also, y = g(t), where g(0) = 3and g(1) = —1.

Since slope = §¥ = 5123 = 4.y = g(t) = —4t + 3 =3 — 4t.

One possible parameterizationis: x =2 — 3t,y =3 —4t,t 0.
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650  Chapter 11 Parametric Equations and Polar Coordinates

26. For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (—1, 2) for t = 0 and
passes through (0, 0) at t = 1. Then x = f(t), where f(0) = —1 and f(1) = 0

Since slope = % = % =1,x=1f(t) = 1t+ (—1) = =1 4+ t. Also, y = g(t), where g(0) = 2 and g(1) = 0.
Sinceslope = 3 = 4=2 = 2.y =g(t) = ~2t +2 =2 — 2t

One possible parameterizationis: x = =1 +t,y =2 —2t,t 0.

27. Since we only want the top half of a circle,y 0, so let

28. Since we want x to stay between —3 and 3, let x = 3sint, then y = (3 sin t)2 = 9sin® ¢, thus x = 3sint, y = 9sin?t,

0<t< o
29. X +y?t=a’ = 2+ P=0= F=—Xlett=F = — =t = x=—yt Substitution yields
y2t2—|—y2:a2iy:mandx—\/ﬁ,—oo<t<oo

30. In terms of 6, parametric equations for the circle are x = acos §,y =asin 6,0 < § < 27. Since § = § , the arc

length parametrizations are: X = a cos i ,y = asin g ,and 0 < i <27 = 0 <s <2mais the interval for s.

31. Drop a vertical line from the point (X, y) to the x-axis, then @ is an angle in a right triangle, and from trigonometry we
know that tanf = ¥ =y = xtan9 The equation of the line through (0, 2) and (4, 0) is given by y = —1x + 2. Thus

andy = ;2% where 0 < 6 < J.

_ 1 _
xtanf = —3x +2 = x = Ten g1

2tan9+l

32. Drop a vertical line from the point (X, y) to the x-axis, then @ is an angle in a right triangle, and from trigonometry we
know thattanf = ¥ = y = xtan. Since y = \/x = y> = x = (xtanf)’ = x = x = cot’d = y = cot§ where
0<6< 3.

33. The equation of the circle is given by (x — 2)2 + y? = 1. Drop a vertical line from the point (x, y) on the circle to the
x-axis, then 6 is an angle in a right triangle. So that we can start at (1, 0) and rotate in a clockwise direction, let
x=2-—cosf,y=sinf,0 <6 < 2.

34. Drop a vertical line from the point (x, y) to the x-axis, then 6 is an angle in a right triangle, whose height is y and whose
base is X + 2. By trigonometry we have tan 6 = ﬁ =y = (x + 2) tan 6. The equation of the circle is given by

2 4y?=1= x>+ ((x+2)tanh)* = 1 = x?sec?d + 4x tan®d + 4tan>0 — 1 = 0. Solving for x we obtain

—4tan?6 + |/ (4tan20)* — 4 sec?0 (4tan20 — 1) _ Atan? /1— ;
/ 5570 = —HafLIVI =3 — _9sin?g + cos 0/ cos? O — 3sin20

= —2 4+ 2c0s?0 £ cos 0\/4cos?f — 3and y = (72 +2c0s26 + cos 01/ 4cos? 6 — 3 + 2) tan 0

= 2sin 6 cos § =+ sin #1/4cos? § — 3. Since we only need to go from (1, 0) to (0, 1), let

X = —2 4 208?60 + cos 61/ 4cos? 0 — 3,y = 2sin cos § + sinf\/4cos? 6 — 3,0 < 6 < tan~' (1).

To obtain the upper limit for 6, note that x =0 and y = 1, usingy = (x +2)tanf = 1 =2 tanf = ¢ = tan™' ().

X =

35. Extend the Vertical line through A to the x-axis and 1et C be the point of intersection. Then OC = AQ = x
andtant= 2 =2 = x= 2 =2coti;sint= & = OA = -2 ;and (AB)(OA) = (AQ)’ = AB (%) =x’

X tan t sint ’

= AB () = (L)2 = AB = 2t Nexty—2 ABsint = y=2— (280) sin ¢ =

tan t tan? t tan? t

2— 28t — 5 9 cos?t = 2 sin®t. Thereforelet x = 2 cottandy = 2 sin?t, 0 < t < .

tan? t
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36.

37.

Section 11.1 Parametrizations of Plane Curves

Arc PF = Arc AF since each is the distance rolled and y
APE — /FCP = Arc PF = b(/FCP); A€AF — ¢

= Arc AF = af = af = b(LFCP) = /FCP = { 0;
Z0CG = § — 0; ZOCG = ZOCP + /PCE

= Z/OCP + (3 — @) . Now ZOCP = 7 — /FCP
=m—50. Thus Z/OCG=7m— 50+ —a = § —
=1—20+7—-a = a=m-20+0=71—(%20).

0

Then x = OG — BG = OG — PE = (a — b) cos § — b cos a = (a — b) cos 6 — b cos (7 — 22 §)

=(a—b)cosf+bcos (226). Alsoy =EG =CG—CE = (a—b)sinf — bsin

=(a—b)sin0 —bsin (7 — 222 60) = (a—b) sin § — b sin (22 ) . Therefore
x:(a—b)cos&—i—bcos(“gbO)andy:(a—b)sin@—bsin(agb )
Ifb= 2, thenx = (a— 2) cos  + 4 cos (azﬂ(ﬁ) 9)

:%0059—1—200339:%cos&—i—%(cos&cosZQ—sin@sinZ@)

= 32 cos 0 + 2 ((cos 0) (cos? 6 — sin® §) — (sin 6)(2 sin 6 cos 6))
=3
=32 cos 0 + 2 cos® 0 — 2 (cos 0) (1 — cos® 0) = a cos® 6

y=(a—2) sine—%sin(az%()%) 9) = 32 5in 6 — 2 sin 30 = 32 sin 6 — 2 (sin @ cos 20 + cos 0 sin 26)

= 32 5in 6 — 2 ((sin 6) (cos® § — sin® @) + (cos O)(2 sin 6 cos 6))

0039—1—300339—%cos@sinQH—%singecosﬁ

=3 sinf — 2 sin 6 cos’d + 3 sin® 0 — 2 cos? 0 sin ¢
= 32 5in 6 — 3 sin 0 cos?  + 2 sin® ¢

= 32 sin§ — 3 (sin ) (1 — sin?#) + & sin® 6 = a sin® 6.

Draw line AM in the figure and note that ZAMO is a right y

angle since it is an inscribed angle which spans the diameter A(O_ )| L
of a circle. Then AN2 = MN? + AM2. Now, OA = a,
% = tan t, and % =sin t. Next MN = OP

= OP? = AN? — AM? = a% tan® t — a® sin’ t

= OP = /a? tan?t — a2 sin2t

= (asint)y/sec’t—1 = %ﬁ‘ . In triangle BPO, ’ Px.y

. E) .
x = OPsint = 230t — 3gin? t tan t and
cos t X

y=O0Pcost=asin’t = x =asin’ttantandy = asin’t.

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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652  Chapter 11 Parametric Equations and Polar Coordinates

38. Let the x-axis be the line the wheel rolls along with the y-axis through a low point of the trochoid

39.

40.

(see the accompanying figure).

v Y
Y p

> x'

. h=as

>

Let 6 denote the angle through which the wheel turns. Then h = af and k = a. Next introduce x'y’-axes

parallel to the xy-axes and having their origin at the center C of the wheel. Then x’ = b cos « and

T —0) = —bsinfandy = bsin (3 —0)

= —bcosf = x=h + x'=af —bsinfandy =k +y = a— b cos  are parametric equations of the trochoid.

y' = b sin o, where a = 2& — 6. It follows that X' = b cos (

D= \/(x—2)2 (-1 =D =x-224(y-1) ' =t-22+ (-1 = D2=¢' —dt+ 1
= % =4t —4=0 = t= 1. The second derivative is always positive fort # 0 = t = 1 gives a local

minimum for D? (and hence D) which is an absolute minimum since it is the only extremum = the closest
point on the parabola is (1, 1).

D:\/(ZCost—%)2—i—(sint—0)2 = D?= (2cost——) +sin’t = d(g)

=2(2cost—3)(—2sint)+2sintcost=(—2sint) (3cost—3) =0 = —ZSint:Oor3cost—%:0

= t=0,mort=7%,2. Now dd(ﬂ?_) = —6cos2t+ 3 cos t + 6 sin® t so that & dto ) (0) = —3 = relative
2 2
maximum, dtz (7r) —9 = relative maximum, d ég ) (%) = % = relative minimum, and

& (D?) (5#)

a (3 = relative minimum. Therefore both t = 5 and t = =° give points on the ellipse closest to

-9
3 2
the point (% ) ( —) and ( ,— %) are the desired points.

41. (a b c
(a) , (b , (©) y
Tx=4costy=2sint } + .
+0<t<2x L x=4cost y=2sint
2 2 R<ten2 T
_Ql )
x . 4
it —+ =
Fx=4cost,y=2sint +
LO<t<cx _z-r_/
42. (a) (b) (©)
y y y
144 j
4 x=secty=tant 0.4
::;:C!'S-!;;BM. ]-0551<05 x=seclystant 4
' ' 4 0.5- -0.151£0.1 1l
it x —-4—+—-+—4——o—,€¢—¢— X b —t—
1 -0.51 T
1 -0.1
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43,
y
X=2t+3,y=t-1
—-2s5t52
3 /
S S A t\:-‘/si + X
4. (a) Y ® © y
. Xx=t-sint x=1-sint
x-g smtt ﬁ y=1-cost y=1-cost
y=1-cos ] 0sts4n RSt<3rx
osts2x
24
2x X
45. (a b
(@) y ®) X = -2 cOs t + cos(-2t)
2.6 2.6 y = -2sint- sin(-2t)
x=2cost+cos 2t B
y =2sint-sin 2t
X -1
% - & '
46. (a) (b)

/ X = -3 COs t + cos(-31)
4 4Y_y=-3sint- sin(-31)
X =3 cos t + cos 3t Osts2n
y =3 sint- sin 3t
Osts<2rn
\ i QJ)
-4 wy
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47. (a) i (b)
9
Epicycloid
-9, 9 X
9
48. (a) i
5
X

Chapter 11 Parametric Equations and Polar Coordinates

(©)

i x % 6 *
A \/
-10

1 0 /\ Hypotrochoi
l\

-10.2

(b)

x=6cost+35 cos 3t, )’=6Siﬂt—58iﬂ3t, x=6¢052'+5c036‘, y=68m2:-—5$in6!.
0<t<2w 0<t<nm
() (d)
N ¥
X X
10 -5 é 5 10 10 -5 é 5 10
x=6cost+5cos3t, y=6sin2r—5si = . .
O<t<on Y= o= S ;:f:o;2t+5c036t, At
11.2 CALCULUS WITH PARAMETRIC CURVES
. t=% = x=2cos 7 = \/_y72sm—f\/E,fl’t‘:—2sint,%:2czost = j—i:%:%——cott
= % 7:—cotgz—l;tangenthnelsy—\/5:—1 (x—ﬁ) ory:—x—|—2\/7,“gyt =csc?t
=5
d’y _ dy'/dt 2t 1 d?y o
= T T et T Tt T &2 - =2
2. t:—% = X:sin(Zﬂ-(f%))zsin(fg):—é,y:COS(Zﬂ'(fé)):COS(*%):%;?&‘:27T00527Tt,
dy _ ; dy _ —2msin2mt _ dy _ 1)) — _ .
G = —2msin 2wt = g = S0 = —tan 27t = o C T — tan (27r (— 6)) = —tan (— %) = \/g
tangentlineisy—%:\/g [x— (_T)] ory—\/_x+2, a = —27rsec? 2wt = %:%ﬁﬁ”

—__1 &y
= T osm 7 ad —

1:_8
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11.

Section 11.2 Calculus With Parametric Curves

_ —dqin T — _ T dx dy _ _ dy _ dy/dt _ —2sint
t= $X—4sm4—2\/§,y—20054—\/§ =4dcost, i = —2sint = £ = o=

4 > dt 4 cost
—_1 dy - _1 T _ 1. ine is v — —_1 _ —_1 .
=—stant = § = 5 tan 7 = — 3; tangent line is y \/77 2(x 2\/§>oryf 2x—|—2\/5,

'
dy 12 dy oy —gsett g &y V2
de 3 Sec t= dx? 7 dx/dt T 4cost 8 cos3 t = dx? oz - 4
=3

_ o _ w1, 2 ABdx o dy . dy _ —\/3sint _
t=3 = X=cC0s 3 Z,yf\/gcos3f 5 s g — st 5= 3smt:>dx*——qm 7\/3

dy - . eisy— (— V3) = _(—1 dy’ _ dy _ _
= ¢ t:;—\/g,tangenthnelsy ( 2)—\/§[x ( )]ory—\/gx, T=0=> PF=-2-=0

dy _
= lezi_o

1 1 —l.dx _q dy _ 1 dy _ dy/dt 1 dy _ 1 _ 1. s
t=4 = X_4’y_2’dl_1’dt_2\/{ = o = Wi = 2k = & t:l—z\/;—l,tangentlmels
_1l_q. dy _ _ 14-3/2 dy _ dyide 1 -3/2 dy|l
y—g=1-(x—g)ory=x+3:9 =gt = &= dva — a4t P = el 2
_ _ 2 _ _ _ d dy _
t=-2 = x=sec’(—%)—1=1y=tan(—5) =—1; & =2sec’ttant, ¥ = sec’t
dy _ _sec?t . _1 _ 1 dy —1 Ty — _ 1. ine i
= & ZSecztlanl_Ztant_2COtt = X sz 2COt( 4) - 2,tangenthnels
(1) = — Lx — — 1y lody 1.2 #y _ —gesft 1 03
y=(D=—-5&=Dory=—g5x—35;5 = =506t = 55 = 5 by = — 5 cot’t
d2y 1
] N
=3
-7 — T_ 2 oy T 1 .dx _ dy _ dy __ dy/dt
t=¢ =>x—secé—ﬁ,y—tan6—ﬁ,dt—secttant it sec’t = o = o
sec’t dy _ T _ 9. s 1 _ _ .
= g = csct = 4 tii—csc6—2,tangenthnelsy el ( )ory 2x \/3,
6
dy’ d? dy'/d _ 2
G = —cscteott = §F = G = TR = —cot’t = % =-3V3
_ _ A oA dx 12, dy_§ —1/2 dy _ (3)en”
t=3 = x=—34+1=-2,y=33) =32 =-1a+DV¥=33yY = &= Than
_ 3+l dy _ 3341 _ _(_ _ 1.
S &L e —2;tangent lineisy — 3 = —2[x — (—=2)]Jory = —2x — I;
IV IS S Vil EE Ve N E T ey ) -
dt 3t Zt\/_\/t+ < L ENED
d’y _ 1
= & =73
t=3
_ _ dx dy 3 dy _ dy/dt 463 2 dy o 1\2 1. P
t=—1 = x=5,y=1; S = 4¢, dt74t > a oo =t = & _ = (—1)° = 1; tangent line is
_ _ dy _ dy'idt 2t 1 d%y 1
y—l—l-(x—S)ory—x—4, r —2t = o T dvdt 4 3 = 2 1:4_5
_ _ _ dx _ 1 dy _ 1 dy _ (1) _ dy| 1. .
t=1l=x=Ly=-23=—"2.-4=1 = &= (7‘%> =—t= 3 [l—fl,tangenthnem
t
_ _ dy' dy . -1 _ 2 d2
y—(—2)——1(x—l)0ry——x—l,d—{——l:>d—xy—m—t :>d—x}2'7 1
2 =1
(=T = x=T—gnT=T_Y3 v _cosTo=]—Llol d_]_(coqp @ —ging = 9 dyd
=3 3 373 2 Y= 3= 2 T 925 d T i X T adt
N
__ _sint dy _sin(g) _(T)_ . e 1 _ ™ V3
=2 = atzi_lcoi(a_ 6] —\/g,tangentlmelsy—i—\/g X—3+ -5
3
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656  Chapter 11 Parametric Equations and Polar Coordinates

o . 7r\[ _ (I—cost)(cos ) —(sint)(sint) _ _ —1 dy _ dy'idt (o)
= y= \/_X +2’ dr (1—cos t)? T 1-—cost dx2 7 dx/dt T Ifcos[t
| dzy _
(1 —cos t)? = dax? —4
12. t=7 = x=cos 5 =0, y—1+s1n—_2,‘31’[‘=—smt, df—cost = giz%isn‘t:—cott
= o — —cot I = 0: tangent lineisy = 2; & — csc?t = &Y — et _ 03¢ o &y =—1
|, = o = U; lang Y= 4 a2 = Zsint el B
s -
_ 1 1 ,2, dx -1 dy _ -1 dy _ (t+1)? dy 2+ .
13. t_2:>X_2+1_3 Y=3Z 2; dt_<[+1)2’d:_(l,1)2:> dx T (t—1)? dx _(2,1)2_9’
s Cqody A+ dy _ 4+1) d’y _42+1)
tangentlineisy = 9x — 1; 5 = 1y o= oy w| = oy =108
_ _ 0 _ 120 . dx tdy Lt dy _ ¢ dy - _ _ 1.
4 t=0=x=0+e"=lLy=1-e"=0;3=1+e,g=—¢= g=7%=> ¢ T TR T TR
_1 dy _ ¢ dy _ Pyl = 1
tangent line isy = x—|—2, it = Tre? = o= (1+et)‘ = 7 Lo Trey — 8
3 2 __ 2 dx _ 2 dx __ dx _ —4t.
t
3 _ _ 2dy _ dy _ 6t _ t. dy _ dy/dt_(ﬁ)_t<3x2)_ R
2y 32 =4 = 6y —6t=0 = it = oy —yz,thusClx dx/dt_(;‘tzt)_y2(74t)_—4y2’t_2
3x-

= X +22°8=9=>xX+8=9=xX=1=x=1Lt=2 = 2y’ -302)?* =4
3

= 2y3: 16 = y3:8 = y:2;therefore§—i

16, x=1/5— 1= S =L1(5— ) (-l =— it D=1t =y+t— D = L2

29\
:>(t—1)—y L—y:>d_y:2i\/;7y: 1*2}’\/E.thusd_y_ZT_{_ 2(1\/{%2\/1 :1—2y\ﬂ.4\ﬂ\/—7\ﬂ
dt dt t—1 _ > d X = — =]
2/t =0 ~ 2/i—2/1 TR T 2i(—1)
2(1-2
_ 2<1*2(3 \/‘I)\/ﬁ 10\/3

s 1-4

therefore, g—i

17. x+2x3/2:t2+t = 432 E =2t+1 = (1+3x2) E =241 = &= 2y /t+ 142ty =4

EVEFTHy (D) a2 42 5+ 205y ) =0 = $Vir T+ i 425+ () § =0

dt

W) oy - aiEd
-y dy _ (zm y/Y—4y
= ( t+l+\/§) T 2 /i 2\/§ = @ = ( ‘+1+ﬁ) 2y t+D+20/t4+ 1" > thus

( -y Y —4y/iH T )
dy _ dy/dt _ 2\/)7(I+1)+21\/l+1 L. 3/9 1/2\ .
d—x_dx,dt_—( ) t=0 = x+2x¥2=0 = x(1+2x/?) =0 = x=0;t=0
|+3x1/2
( —4v/A— 4@ /05 T )
V4 - = 4; dy 2vkorn20W08 1)
= yV0+1+2(0),/y =4 = y = 4; therefore g = o =-6
1+30)1/2
- _ dx dx_ : dx __ dx __ l—xcost.
18. xsint+2x =t = GEsint+xcost+2 3 =1 = (sint+2) G =1-xcost = § =555
tsint—2t=y = sint4+tcost—2 = i{,thus dy %;t:w = xsinT+2x=n
sint+2
_ 7. dy _ sinm4+mcosm—2 _ —4m—8 __
= x = 7 ; therefore § = 1(g)cm} =55 4
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Section 11.2 Calculus With Parametric Curves

19. x=C+t,y+20 =2x+ €= =32+ 1, ¥ 462 =28 42t = ¥ =203 + 1) + 2t — 61> =2t +2
dy _ 242 d _2<1)+2_
j%_,%t[{:li% [:]_3(1)2+1_1
20 t=In(x—t),y=te'=>1=(E - ])=x-t=8-1=% —xft+1,i{:te +eb
d 0
:>d—i:;ejfl,t:0:>0:ln(x—0):>x:1:>5lzozﬁleoffl:%

2m 2m 2m 2 2m
21. A= j; ydx = j; a(1 — cost)a(l — cost)dt = azj; (I —cost)"dt = azfo (1 — 2cost + cos’t)dt
127
= azf%(l — 2cost + Lresdt) g = azf%(; — 2cost+ 1 cos2t)dt = a® | 3t — 2sint + 1 sin 2t
=4 2 =4, \2 2 =43 3

=a’(3mr—0+0) — 0 =37 a’

1 1 1
22. A= j; xdy = j; (t—)(—eY)dt [u =t—¢=du=(1-20ddv=(—eV)dt=>v=e"

(- )

1

(
=e Y(t—t?)

1 1

ffoe*‘(let)dt [u_lzt;sdu_zdt; dv_e‘dt:>v_e‘]
0

1

- [ (1 -21)

0

f 2e- ‘dt} - {et(ttz) Fe(1—2t) — Ze‘]
= (e71(0) +e!(~1) —2e7") — ( 000) +e%(1) = 2e°) =1-3e ! =1-2

0

0 0 s m T
23. A=2 ydx=2J (bsint)(—asint)dt = 2ab [ sin’tdt=2ab [, =2 dt=1ab [ (1 — cos2t)dt
—ablt — Lsin2(| " = ab((r—0) ~ 0) = mab

1 1 1 1
4. @) x=Cy=0,0<t<1=>A= [Tydc= [ (©2dt= [ 27a=[4¢] =i-0=1

1 1 1 1
(b) x:t3,y:t9,0§t§1:>A:f0 ydx:f0 (t9)3t2dt:‘/; 3t dt = [it”]o =

(=)

I _o=1
g !

25. %:—sintandd—yzl—l—cost = (‘é’t‘ ( ) \/ smt 1—|—cost) vV2+2cost
= Length:f 2+42costdt = ff \/ st (l—i—cost)dt:\/aﬁ)\/%dt

7\/>f sin ¢ dt(smcesmt Oon[0,7]);[u=1—cost = du=sintdt;t=0 = u=0,

t=m => u=2] — ﬁj; u_l/Qdu:ﬁ[2u1/2]§:4

2
26 & =3and § =3t = \/(5)7+ (%) = /(B0 + G0 = Vo +92 =3t/ 41 (sincet 0on [0,/3])

Vi
= Length:fo 3ty/t2 + 1 dt; {u:t2—|—1 = Jdu=3td;t=0 = u=1t=/3 :>u:4]

= [T3u2du= ] =8 -1)=7

1

2
27. & =tand & = 2t+ D'? = (%)2+(%) =2+ Q2t+ 1D =/(t+ 1) =t+1|=t+1since0<t<4

4
= Length:f0 (t+1)dt= [§+t}0:(8+4): 12
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658  Chapter 11 Parametric Equations and Polar Coordinates

28 & = (2t4+3)and ¥ =1+t =

a a :\/(2t+3)+(1+t)2:\/t2+4t+4:|t+2|:t+2

3 3
smceO§t§3:>Length:j;(t+2)dt:{§+2t} 2l

2

_ dy_ d y
E 8t cos t and 8tsint = \/ d T \/Stcost

8¢/ = 8tsince 0 < t < I = Length = fo 8tdt = [42]7/% =

29.

(8tsin t)? = /642 cos? t + 6412 sin? t

30. & = (

- tilam) (sec ttant+ sec?t) —cost=sect—costand & = —sint =

= \/(sect—cost)2+( sin t)?

= /sec?t — 1 = y/tan?t = [tan t| = tan t since 0 < t <

3
/3 /3 »
= Length:j; tantdt:fO sint gt = [— ln\cost|]0/3=—ln%+ln1:ln2
31. ‘é’t‘ :—sintand% =cost = %) = (—sint)2+(cost)2:1 = Area:f27ryds
2m
= [, 2m(2 + sin)(1)dt = 27 [2t — cos )27 = 2n{(47 — 1) — (0 — 1)] = 87
32. & —¢l/2 and% =12 =Vi+tl= RT“ = Area:f27rxds
Ne /3
_ 2
= j; 27T (§t3/2)

Clgi=4 [T /Erldiu=C+1 = du=2dtt=0 = u=1

(=3 o= = [l = e =

Note f 2m ( t3/ 2) ! [*1 dt is an improper integral but lirré+ f(t) exists and is equal to 0, where
t—
f(t) = 2 (2 t3/2) \/“=L. Thus the discontinuity is removable: define F(t)

= f(t) fort > 0and F(0) = 0
V3
= fﬂ F(t) dt = 27

3. &= 1and ¥ =t+2 = \/(;‘l—’;)"ﬁr %{) :\/12+(t+\/§)2:,/t2+2ﬁt+3 = Area= [2mx ds
:fjizﬂ(w\/i)\/t%tzﬁwmt- [u:t2+2\/§t+3 = du—(2t+2\/_) d;t=—/2 = u=1
[t:ﬁ:> u:9} —>f1 W\/_du—[— 3/2]

=¥ -1)=3%

34. From Exercise 30, 1/ ()2 + (&)’ = Area= [2 as— [
. From Exercise 30, / (%) + (§) =tant = Area= | 27y ds = o

/3
chosttantdt:27rfo sin t dt
=27 [— cost]r/3—27r[f%—(—1)]:

35.

=2and & = 1= 4/(2)* +(%)2=\/22+12:ﬁ:Area:fzwyds:folzw +1)/5dt
—2#[{ +t} —37r\/_ Check: slanthelghtls\/_:> Areais m(1+2 \/§—3ﬂf
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Section 11.2 Calculus With Parametric Curves
36 hand § = a2 () 2 e > A = /2 d—f12 h2 + 12 d
. dt* an r = (E) +(E) = +1° = Area = myds = [ 2mrt + 4 dt
1
= 27ry/h? + 12 fo tdt = 27ry/h? + 12 [g} = mry/h? +r2. Check: slant height is v/h? + 12 = Areais
0
7t/ h? +12.
37. Let the density be 6 = 1. Thenx =cost+tsint = % =tcost,andy =sint —tcost = %:tsint
2
= dm=1-ds= (‘3’2)2 + (%) dt = \/(t cos t)? + (tsin t)> = [t| dt = tdtsince 0 <t < 7. The curve's mass is
/2 ; m/2 /2 /2
M:fdm:‘ﬁ) tdtz”—z. AlsoMx:f?dm:j;) (sint—tcost)tdt:f0 tsintdt—f0 t? cos t dt
= [sint —tcos ] n/2 — [t? sint — 2 sin t + 2t cos t]ﬂ/ 2 = 3 — 7, where we integrated by parts. Therefore,
3z /2 /2 7/
y=%= ((_23> =3 -2 Next,My:f%“dm:j;) (cost—f—tsint)tdt:ﬁ) tcostdt—f—fO t2 sin t dt
k3

= [cos t+tsint] T2y [—t2 cos t+ 2 cos t + 2t sin t] g/2 = 3% — 3, again integrating by parts. Hence
n_
X = % = (ZWZ)S) =12 _ 2} Therefore (x,y) = (£ — 23,2 - 2).
¥

38. Let the density be 6 = 1. Thenx =e'cost = § =e'cost—e'sint,andy = e'sint = %{ =e'sint+e'cost

=dmn=1-ds= (%)2—1— (%)zdt: \/(et cost—e! Sint)2+(e‘ sin t + et cost = /2e2t dt = \/Eet dt.

The curve's mass is M = fdm: foﬂ\/ie‘ dt =+/2e" — /2. Also M, = f?f dm = foﬂ(e‘ sin t) (\/Ee‘) dt
&1

— ﬁ)l\/iez‘sintdt: V2 [%(ZSintfcost)]o - \/E(%+%) = y=%= VA(E ) e

2en—\/2 5(7—1) "

NextMy:f?( dm:j;)ﬂ(e‘cost) (ﬁe‘) dt:j:\/iez‘costdt:\/i[ (ZCost—l—smt)];:— 2(2%2'—%%)
-V2(3+3)

T M _ 2e% 42 — =\ _ 2e27 19 27 4 |
> X=y=—port= — 317 - Therefore (X,y) = (— —Sfeﬁfl),—se(eﬁt])).
39. Let the density be 6 = 1. Thenx =cost = ‘é—’t‘ = —sint,andy =t+sint = % =1+cost
2
= dm=1-ds=4/(% 2—|— d—y dt = \/(—sint)z—i—(l—}-cost)2 dt = /2 + 2 cos tdt. The curve's mass

is M = fdm f\/mdt V2 [T costdt= /2 [\ /2co () dt =2 [ [eos (4)] dt
=2 [Tcos (§) dt(since 0<t<m = 0< {<3)=2[2sin(4)]7 = 4. AlsoM, = [ ¥ dm

—f +s1nt)(2cos ) dt= f2tcos(% t+f2s1ntcos()dt

=2[4cos (5) +2tsin (5)] 5 +2 [~ Fcos (31) —cos (31)] = 4m

NextMy:fx dm:fO cos t)(2 cos §) dt f cos tcos (1) dt =2 |sin %)+Si"(%t)r:2—%

4
=4 o x=2 0 1 Therefore (x,) = (1,7 — 4).

dt

v (32)? + (32 dt = 3 |t /2 4 1 dt = 3t/ + 1 dt since 0 < t < \/3. The curve's mass
_ Vi 397V N Vi
isM= [dmn= [ 3t/@ 1 Tdi= [(t2+1)/}0 =7. AlsoM, = [ dm= | %(Bt\/tQ—i—l)dt

V3
:%fo Ve +1dt= ——174(bycomputer):>y——:177—'4z2.49.NextMy:f’>?dm

40. Let the densitybe § = 1. Thenx =3 = Q:3t2,andy:32ﬁ = %zi&t = dm=1-ds
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660  Chapter 11 Parametric Equations and Polar Coordinates

NG Ve
= [T 3@ rDdi=3 [t/ 1dt~ 164849 (by computer) = X = M = 1649 + 935

M 7
Therefore, (X,y) = (2.35,2.49).

2
4@ &= -2sin2tand § =2cos2 = /(%) 4 (&) = \/(-25in20° + (2cos2)? =2

/2 x
= Length= [ 2dt=[20]" =7

(b) & =7 cosmt and & dt = —msin Tt = H d—y \/ 7rcos7rt 7rsin7rt)2 =

1/2
= Length—f_]/zwdt [ ]1/12/2 T

42. (a) x = g(y) has the parametrization x = g(y) andy =y forc <y <d = g—; = g'(y) and g—§ = 1; then

d
Length:fC (g dy—f dy—f V1+[g(y)? dy
3/2 4 dx _ 3,172 4/3 3,1/2)2 4/3 9 4 2 9.13/2
b) x=y ,ogygg;saziy ;»L:fo I+ Gy ay= [ 1+ 9ydy = |4 2(1+ 3y)

_ 27( )3/2 ﬁ(l)s/z

1 ’.
© x=2y?0<y< 3——y‘”3:>L f\/ y1/3) dy—f\/1+ grdy=lim [ /555t dy
[%'%(ymﬂ)m] = 1im (@ = (@ +1)"7) =2v2-1
a

4/3

0

= lim 3 1<y2/3+1>‘/2 (3y"A)ay = lim

a—0t a a—0t a—0t

43. x = (1 + 2sin6)cos,y = (1 + 2sinf)sinf = 3 = 2cos?d — sin (1 + 2sin ), % = 2cos 0 sinf + cos H(1 + 2sin b)
= dy _ 2cos@sinf+cosf(1+2sinf) _ 4cosfsinf+cosf  __ 2sin26+cosf
dx T 2cos?0—sinf(1+2sinf) — 2cos’§ —2sin’§ —sinf ~ 2cos20 —sind

(@ x = (1+2sin(0))cos(0) = 1,y = (1 + 2sin(0))sin(0) = 0; £

=0
_ by T\ _ _ s (T T\ 2“”(2(1))+C°S(I) _ 0+0
(b) x = (1 +2sin(5))cos(5) = 0.y = (1 + 2sin(5))sin(5) = 3: Y TR () 5o =0
_ o (4r 4my _ V/3-1 _ (A \\ i (4r) _ 3-4/3 . d 2sin(2(%)) +cos(%)
(© x = (1+2sin(%))cos(F) = ¥5—,y = (1 +2sin(%F))sin(F) = 5 & = Teos(205)) —sin(%)
6=4n/3 3 3
_ V33 _Ni—l__( )
=g =155 = 44343
. x=ty=1—cost,0 <t <27 = & s @ = sint= 3 :—:smt:> :cost:iz:&“:cost.The
44 y=1 0<t<2r= %=1 % & — sint (& i :
maximum and minimum slope will occur at points that maximize/minimize g—i, in other words, points where % =0
=cost=0=t=Zort=3I = %:—H—-i- | — = — | +++
/2 37/2
(a) the maximum slope is dy =sin(3) =1, whichoccursatx = 5,y = 1 —cos(3) =1
t=m/2
(a) the minimum slope is % / = sin(%”) = —1, which occurs at x = 377 y=1- cos(%”) =1
t=3m/2

20 20
45. & =costand § =2cos2t = P = Pt = e 2(2cost=1) sthen & =0 = 22cosi=l) _

dt dx dx/dt cos t cos t cos t
2 _ o 1 _ 7 37 57 Im . _m - ol 71'_\/5
= 2cost—1=0 = cost= iﬁ =>t=53.7.79.7" In the 1st quadrant: t=5 = x—st_Tand

y =sin2 (%) =1 = (%, 1) is the point where the tangent line is horizontal. At the origin: x =0andy =0
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Section 11.2 Calculus With Parametric Curves

= sint=0 = t=0ort=mandsin2t=0 = t=0, 2,7, =F;thust = 0 and t = 7 give the tangent lines at

> 9 977

the origin. Tangents at origin: g—i =2 = y=2xand % =-2 = y=-2x
t=0 t=m
dx dy _ dy/dt __ 3cos3t __ 3(cos?2tcost—sin2tsint)
46. G =2cos 2t and =3c083t = = Gu@t = 2eosk = 2(2 cosZt—1)
_ 3[(2cos? l—l)(cosl) 2sintcostsint] (3003()(2005217172sin2t) (3cost) (4cos’t—3) | - th
- 2(2cos?t—1) 2(2cos?t—1) - 2(2cos?t—1) en
%:0 = %:0 = 3cost=0or4cos’t—3=0: 3cost=0 = t:%,%ﬂand
4cos2t—3=0 = cost= i‘/Tg = t=7,2 7 DT Inthe Istquadrant: t=2 = x=sin2 (%) =

andy =sin 3 (%) =1= (#, 1) is the point where the graph has a horizontal tangent. At the origin: x =0

andy =0 = sin2t=0andsin3t=0 = t=0, g, andt—O,g,—”,w,%”, 5{ = t=0andt= 7 give
the tangent lines at the origin. Tangents at the origin: % L % = % = y= %x, and g—i _
_ 3cos(3m) __ 3 _ 3
72c0s(2ﬂ')7—§:>y7_§x

_ o _ _ dx _ _ d_y _ .

47. (@) x=a(t—sint),y =a(l —cost),0 <t <27 = & =a(1 — cost), ¥ = asint = Length
2m 9 .
= f \/ 1 —cost))® + (asint)? f \/a2 2a2 cost + a2cos? t + aZsin? t dt

_a\/_f \/mdt—a\/f \/2sin?(3 dt—2a 2sm( ) dt = {_4“05(%)]?

= —4acos T + 4acos(0) = 8a
(b) a=1l=x=t—sint,y=1—-cost,0 <t <21 = ‘C’l—’t‘ =1 —cost, % = sint = Surface area =

2m 2m
:fo 27r(1—cost)\/(l—cost)2+(sint)2 dt:f0 2m(1 — cost)y/1 — 2cost + cos? t + sin? t dt
:27rf2ﬂl—cost 2—ZCOStdt:2\/§7Tj;)2ﬂ(l—COSt)3/2dt:2\/§7Tj(‘)2ﬂ(1—COS(Z ))3/2dt
2m
—2\/77'('] 2sin?(%)) /zdt:87rf0 sin () dt

[u=4=du=ldt=dt=2dut=0=u=0t=2r=u=r]

oI5

661

™ s s m s
= 167 [ sin’udu = 167 [ sin?u sinudu = 167 [ (1 — cos?u )sinudu = 167 [, sinudu — 167 [, cosusinu du

{ 16mcos u + 167Tcos3u}0 (16m — 1£7) — (—16m + 167) = &=

2 2w
48. x =t—sint,y =1 —cost, 0 < t < 27; Volume = ‘/;) T ydx = j;) (1 — cost)2(1 — cost)dt

2m 27
= 7rf0 (1 — 3cost + 3cos’t — cos’t)dt = ﬂf 1 — 3cost+ 3(1E522) — cos’tcost)dt

2m
Wj; (3 —3cost+ 3cos2t — (1 — sint) cost)dt = Tl'f — 4cost+ 2cos 2t + sin’tcos t)dt

:W[%t74sint+ 3sin2t 4 §sin’ t} 7 =757 -0+ 0+0) — 0 = 577
0

47-50. Example CAS commands:
Maple:
with( plots );
with( student );

X :=t->t"3/3;

yi=t->t"2/2;

a:=0;

b:=1;
=[2,4,81;

for nin N do
Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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tt := [seq( a+i*(b-a)/n, i=0..n)];

pts := [seq([x(1),y(D],t=tt)];

L := simplify(add( student[distance](pts[i+1],pts[i]), i=1..n )); # (b)

T := sprintf("#47(a) (Section 11.2)\nn=%3d L=%8.5f\n", n, L );

P[n] := plot( [[x(t),y(t),t=a..b],pts], title=T ): # (a)

end

do:

display( [seq(P[n],n=N)], insequence=true );

ds := t ->sqrt( simplify(D(x)(t)*2 + D(y)(1)*2) ): #(c)
L :=Int( ds(t), t=a..b ):
L =evalf(L);

11.3 POLAR COORDINATES

1.

a,e; b,g; c,h; d, f

(@)
(b)
(©)
(d)

(a)
(b)
(©)
(d)

(2, 5+ 2n7r) and (—2, 5+ @n+ 1)7r) , 1 an integer
(2,2n7) and (—2,(2n + 1)7), n an integer

(2, 37” + 2n7r) and (—27 % + (2n + 1)7r) , N an integer
(2,(2n + 1)7) and (—2,2n7), n an integer

2. a,f; b,h; c,g; d,e

(3,Z +2n7) and (-3, 2F + 2n7) , n an integer y
(—3,% + 2nm) and (3, %ﬂ + 2n7) , n an integer . - o
(3, -3+ 2n7r) and (—3, %T + 2n7r) , 1 an integer (=8.-w4) r Sk
(—37 i+ 2n7r) and (37 %Tﬂ + 2n7r) , N an integer [ <
(-3.w4)) : (3,~w4)
e I .

(@ x=rcosf=3cos0=3,y=rsinf =3sin0=0 = Cartesian coordinates are (3,0)

(b) x=rcosf=-3cos0=-3,y=rsinf = —3sin0 =0 = Cartesian coordinates are (—3, 0)

(¢) x=rcosf =2cos 2?« =—1l,y=rsinf = 2sin %" = \/g = Cartesian coordinates are (—1, \/5)

(d) x=rcosf =2cos 77” =1,y=rsinf =2sin 77” = \/3 = Cartesian coordinates are (1, \/g)

(e) x=rcosf =—-3cosm=3,y=rsinf = —3sinm =0 = Cartesian coordinates are (3, 0)

(f) x=rcosf@=2cos3 =1, y=rsinf =2sinj5 = \/5 = Cartesian coordinates are (1, \/5)

(g) x=rcosf =—-3cos2r=-3,y=rsinf = —3sin27 =0 = Cartesian coordinates are (—3, 0)

(h) x=rcosf = —2cos (f %) =—1,y=rsinf = —2sin (f %) = \/5 = Cartesian coordinates are (71, \/5)

(a)
(b)
(©)
(d)
(e)

X = \/E cosy=1y= \/5 sin 7 = 1 = Cartesian coordinates are (1, 1)

x=1cos0=1,y=1sin0=0 = Cartesian coordinates are (1, 0)

x=0cos 5 =0,y =0sin § =0 = Cartesian coordinates are (0, 0)

X = —\/Ecos (%) =-ly= —\/E sin (%) = —1 = Cartesian coordinates are (—1,—1)

33 . . . 33
= T\/— ,y = —3sin %” = — % = Cartesian coordinates are (T‘/—, — %)

(f) x=5cos (tan’1 %) =3,y =>5sin (tan’1 é) = 4 = Cartesian coordinates are (3, 4)

3
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(g x=—1lcos7mr=1,y= —1sin7m =0 = Cartesian coordinates are (1,0)

(h) x =2+/3cos %” = —\/g, y = 2\/§ sin 27” =3 = Cartesian coordinates are <—\/§,3)

@ (L)=r=12+12= V2, sinf = ﬁ and cos f = ﬁ = 0 = T = Polar coordinates are (\/5, %)
(b) (—=3,0) =>r=1/(-3)>+02=3,sinf =0and cosf = —1 = 6 = 7 = Polar coordinates are (3, )

\/_ \/’ 2 2 . 1 V3 17 . 117
(©) 3, —1) =>r= ( 3) + (=1)" =2,sinf = —3 and cosf = 5= 0 = < = Polar coordinates are (2, ?)
(=3,4) =>1=1/(-3)"+42=5,sin0 = tand cos = —2 = 0 = 7 — arctan(%) = Polar coordinates are
(5, ™ — arctan(é))

3

(d)

(@) (=2,-2)=r=1/(-2)"+(-2)* =2/2,sinf = —% and cosf = —ﬁ = 0 = —3% = Polar coordinates are

(b) (0,3) =r=+/02+32=3,sinf =1andcos# = 0= 0 = = Polar coordinates are (3, 7)

/ 2
(c) (—\/§ 1) =r= (—\/5) + 12 =2,sinf = % and cosf = —? = 0= %’7 = Polar coordinates are (2, %”)
(

d (5,—12) = r=1/5+(—12)* = 13,sin0 = — 2 and cos § = > = 0 = —arctan('2) = Polar coordinates are

13 12

(13, —arctan(12))

@ (3,3)=>r=—/32+32= 73\/5, sinf = *ﬁ and cos 0 = *ﬁ = 0= %’r = Polar coordinates are

(b) (=1,0)=>r=—1/(=1)>4+02 = —1,sinf = 0and cos§ = 1 = # = 0 = Polar coordinates are (—1, 0)
2 ? 3 V3 1 Sm .
(c) (—1, \/g) =1r=—/(-1)"+ (\/g) = —2,sinf) = — 5> and cos ) = 5 = 0 = =7 = Polar coordinates are
(=2 %)
d) (4, -3)=r1r=—/42+(-3)" = —5,sinf = 2 and cos§ = —% = 0 = 7 — arctan(2) = Polar coordinates are

(—5, ™ — arctan(;—‘))

C (@ (=2,0)=r=—/(~2)>+0%=—2,sinf = 0and cosfd = 1 = 0 = 0 = Polar coordinates are (—2, 0)
() (1,0)=>r=—v/12+02=—1,sinf =0and cos§ = —1 = 6 = 7w or § = —7 = Polar coordinates are (—1, 7) or

© (0,-3)=r1=—1/0>+(-3)"=-3,sinf = l and cos# = 0 = § = I = Polar coordinates are (—3, T)

2
(d) —3,%>:>r:— (4) —|—(%)2:—l,sin9:—%andcosﬁz—§:>9:%Torez—%”:>Polarcoordinates

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



664  Chapter 11 Parametric Equations and Polar Coordinates

11.
14.
y
17.
3 9:73—7
-1=r=3
@
1 3 1
-1 2
"1
20.
y
I
[ 6-w2
rs0
_1-1 1
L 2
23.
77< <3_7T
3=0=7
1l _o=r=1

12.

15.

18.

21.

24.

=]
IV IA
SR

A
CNE]

0=11n/4
T r24
-1

N +
.._11

r=1
O=6=w

-W4<0 Swd
-1srs1

13.

16.

19.

22.

25.

S

£

,,
v n

o wniy

| 0s6sm
r=-1

JE

N A
5
A

RNTE]

&7
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26.

27.

29.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

Section 11.3 Polar Coordinates 665

rcos # =2 = x = 2, vertical line through (2, 0) 28. rsind = —1 = y = —1, horizontal line through (0, —1)
rsinf =0 = y =0, the x-axis 30. rcos @ =0 = x =0, the y-axis
r=4csch = r= siig = rsinf =4 = y =4, ahorizontal line through (0, 4)

-3
cos 0

r=-3secl = r=

= rcos = —3 = x = —3, a vertical line through (-3, 0)
rcosf +rsinf =1 = x+y =1, line with slope m = —1 and intercept b = 1

rsin =rcosf = y =X, line with slope m = 1 and intercept b = 0

P =1 = x?+y? = 1, circle with center C = (0, 0) and radius 1

2 =drsinf = x> +y? =4y = x> +y? -4y +4 =4 = x2+ (y — 2)? = 4, circle with center C = (0, 2) and radius 2

5

r= sin 6—2 cos 6

= rsinf —2rcos =5 = y— 2x =5, line with slope m = 2 and intercept b = 5

r?sin20 =2 = 2r’sinfcos @ =2 = (rsinf)(rcosf) =1 = xy = I, hyperbola with focal axis y = x

r=cotfcscl = (28) (L) = rsin?0 =cosf = r’sin’0 =rcosf = y’>=x, parabola with vertex (0, 0)

which opens to the right

r=4tanfsecd = r=4 (L) = rcos’d =4sind = r’cos’d =4rsinf = x> = 4y, parabola with

cos2 6

vertex = (0, 0) which opens upward
r=(csch)e ™’ = rsinfh =e’ = y=e*, graph of the natural exponential function
rsinf =Inr+Incosf =In(rcos §) = y = Inx, graph of the natural logarithm function

?+2rfcosfsinf=1= x2+y’+2xy=1 = x>+ 2xy+y’ =1 = (x+y)?=1 = x+y= =1, two parallel
straight lines of slope —1 and y-intercepts b = =+ 1

cos?f =sin’0 = r’cos?’f =r?sin’f = x> =y? = [x|=|y|] = =£x =y, two perpendicular
lines through the origin with slopes 1 and —1, respectively.

P=—drcosf = x> +y’=—-4x = 2+4dx+y’=0 = +d&x+4+y’ =4 = (x+2)* +y? = 4, acircle with
center C(—2, 0) and radius 2
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46. 1> = —6rsinf = x> +y?=—-6y = x> +y?+6y=0 = x> +y2+6y+9=9 = x>+ (y+3)> =9, acircle with
center C(0, —3) and radius 3

47. r=8sinf = r =8rsinf = x> +y’=8y=x>+y* - 8y=0=>x>+y> -8y +16=16= x>+ (y—4)?= 16,2
circle with center C(0, 4) and radius 4

48. r=3cosf = r’=3rcosf = x*+y?=3x = xX*+y*-3x=0 = x> -3x+ 7 +y’ =7

2 . . .
= (x—3)" +y? =7, acircle with center C (3, 0) and radius 3

49. r=2cosf+2sinf = r> =2rcosf+2rsinf = x> +y>=2x+2y = x2-2x+y>?-2y=0
= (x — 1)+ (y — 1)2 = 2, a circle with center C(1, 1) and radius /2

50. r=2cosf —sinf =12 =2rcosf —rsinf = x>+y?=2x—y=x>-2x+y’+y=0
= x—1D*+ (y+ %)2 = 3, acircle with center C (1, — }) and radius \/TE

51. rsin(0+g) =2 = r(sin@congrcosHsin%) =2 = ‘/TErsin0+%rcost9:2 = §y+%x:2
= \/3 y + x = 4, line with slopem:—%and intercept b = %

52. rsin (% —6) =5 = r(sin Z cos § —cos ¥ sinf) =5 = ércosﬁ—i—%rsinH:S = §x+%y:5

= /3x+y = 10, line with slope m = —4/3 and intercept b = 10

53. x=7 = rcosf =7 54, y=1 = rsinf=1

55. x=y = rcosf=rsinf) = 0=7 56. x—y=3 = rcosf —rsinf =3
57. x>’ +y? =4 = 1’ =4 = r=2o0rr= -2

58. x2—y*=1 = r’cos’0 —r?sin’0 =1 = r’(cos’d —sin’f) =1 = r2cos20 =1

&)

59.

[N

+ L =1 = 4x>+9y> =36 = 4r’cos’d + 9r’ sin’f = 36

o|%,

60. xy=2 = (rcosO)(rsinf) =2 = r’cosfsinf =2 = 2r’cosfsinf =4 = r’sin20 =4

61. y? =4x = r?sin?0 =4rcosf = rsin’f =4 cos §

62. X2+xy+y?’=1= x>+y?’+xy=1 = r?+r’sinfcosf =1 = r*(1 +sinfcos ) =1

63. X>+(y—2%=4 = xX>+y’—dy+4=4 = xX>+y’ =4y = P =drsinf = r=4sinf

64. (x =52 +y? =25 = x>~ 10x+25+y*=25 = x> +y?=10x = 12 =10rcos# = r= 10cos f

65. x=3)2+(y+1)P2=4=x2-6x+9+y’+2y+1=4 = x> +y>=6x—2y—6 = r>=6rcosf —2rsinf — 6
66. (x+2)2+(y—5*=16=>x*+4x+4+y*—10y+25=16 = x* +y* = —4x + 10y — 13

=12 = —4rcosf + 10rsin 6 — 13
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67. (0,0) where 6 is any angle

a
cos 6
b
sin 0

= r=asecf

68. (@) x=a = rcosf=a = r=
= r=bcsch

(b) y=b = rsinf=b = r=
11.4 GRAPHING IN POLAR COORDINATES

I. 14+cos(—60)=1+4cosf =r = symmetric about the
x-axis; 1 + cos (—#) # —rand 1 + cos (7 — )
=1 —cos f # r = not symmetric about the y-axis;
therefore not symmetric about the origin

2. 2—2cos(—0) =2 —2cos# =r = symmetric about the
x-axis; 2 — 2 cos(—0) # —rand 2 — 2 cos (7 — )
=2+42cos #r = not symmetric about the y-axis;
therefore not symmetric about the origin

3. 1—sin(—0)=1+sinf #rand 1 — sin(7 — )
=1 —sin# # —r = not symmetric about the x-axis;
1 —sin(m—6)=1-—sinf =r = symmetric about
the y-axis; therefore not symmetric about the origin

4. 1+sin(—0)=1—-sinf #rand 1 + sin (7 — 0)
= 1+sin § # —r = not symmetric about the x-axis;
1 +sin(m —60) =1+4sin =r = symmetric about the
y-axis; therefore not symmetric about the origin

Section 11.4 Graphing in Polar Coordinates

r=1+cos 6

r=2-2cos@

r=1-sinf
C x
~1 0 1
-2

y

r=1+sin8 |2

(D

-1 1

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.

667



668

Chapter 11 Parametric Equatins and Polar Coordinates

2+ sin(—0) =2 —sinf # rand 2 + sin (7 — 6)

=2 +sin § # —r = not symmetric about the x-axis;
2+ sin(r —6) =2 +sinf =r = symmetric about the
y-axis; therefore not symmetric about the origin

1+2sin(—0)=1—-2sinf #rand 1 + 2 sin(7 — )
=142sinf # —r = not symmetric about the x-axis;
1+2sin(r—60)=1+2sinf =r = symmetric about the
y-axis; therefore not symmetric about the origin

sin (— £) = —sin (4) = —r = symmetric about the y-axis;

sin (2”‘7’9) = sin (g) , so the graph is symmetric about the

x-axis, and hence the origin.

cos (f g) = cos (g) =r1 = symmetric about the x-axis;

cos (22) = cos (%), so the graph is symmetric about the
y-axis, and hence the origin.

cos(—60) =cos§ =12 = (r,—0) and (—r, —6) are on the
graph when (r, #) is on the graph =- symmetric about the
x-axis and the y-axis; therefore symmetric about the origin

rs1+2sin6

< T T
N x]
)
=

r=sin (0/2)

-1

S

/ |
b

y r = cos(8/2)
/%
1 -0.5

<

N/

r2=cos

x

[
\_/

(U
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11.

12.

13.

14.

15.

. sin(mr—0)=sinf =r

2 = (r,m—6)and (—r, 7 — §) are on

the graph when (r, 0) is on the graph = symmetric about
the y-axis and the x-axis; therefore symmetric about the
origin

—sin(mr —0)=—sinf=1> = (r,7—0) and (—1,7 — 0)
are on the graph when (r, ) is on the graph =- symmetric
about the y-axis and the x-axis; therefore symmetric about
the origin

—cos(—0) = —cos =1> = (r,—6) and (—r, —0) are on
the graph when (r, 0) is on the graph = symmetric about
the x-axis and the y-axis; therefore symmetric about the
origin

Since ( & r, —#) are on the graph when (r, §) is on the graph
((£1)* =4 cos2(— ) = 1> =4 cos 20), the graph is
symmetric about the x-axis and the y-axis = the graph is
symmetric about the origin

Since (r, 8) on the graph = (—r, 6) is on the graph
((£r1)* =45sin20 = 1 = 4sin 20) , the graph is
symmetric about the origin. But 4 sin 2(—#) = —4 sin 20
# 12 and 4 sin 2(7 — 0) = 4 sin 27 — 26) = 4 sin (—260)
= —45in 20 # r> = the graph is not symmetric about
the x-axis; therefore the graph is not symmetric about

the y-axis

Since (r, 0) on the graph = (—r, 0) is on the graph

((£1)* = —sin20 = 12 = —sin 26) , the graph is
symmetric about the origin. But — sin 2(—6f) = —(— sin 26)
sin 20 # r? and — sin 2(7 — 0) = — sin 27 — 26)

= —sin(—26) = —(—sin 20) = sin 20 # r*> = the graph
is not symmetric about the x-axis; therefore the graph is

not symmetric about the y-axis

Section 11.4 Graphing in Polar Coordinates

< W
\‘X

ly r2=sine

0

1 2= _sin @

A

0.7

2
r =-~c0s0

e 4 cos 20

% 4sin20

-1
1
-1

1% =-sin20
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670  Chapter 11 Parametric Equatins and Polar Coordinates

16. Since( £ r, —6) are on the graph when (r, #) is on the
graph (( £ r)? = —cos 2(—0) = r? = —cos 20), the
graph is symmetric about the x-axis and the y-axis = the

graph is symmetric about the origin. 2 e 0826

0.4

17.0=% = r=-1 = (-1,5),andf=—-7 = r=—1 y
(-1 5)5 = & = —sind: Slope = g -3)

r=-1+cosé
— sin 41 cos §
—sin @ cos O—r sin 6

—sin? (§)+(—1) cos T

= Slope at (71, %) is

B ™ ™ B m
—sin 5 cos 5—(—1) sin 5

= —1; Slope at (—1, — %) is
—sin? (— §)+(—=1) cos (- §)

2 *
- = _ __ =1
sin (= §) cos (= 5)—(=Dsin (= 3)
(1’2)\_J

18. =0 =r1r=-1 = (-1,0),andf =7 = r=—1 4

2
= (=1,m);r = % = cos 0;
__ r'sinf+rcosf __ cos B sin O+rcos f
Slope ~ r'cosf—rsinf ~ cos B cos f—rsin f

. . . s 0 si —1) cos
__ cos f sin f+r cos 6 = Slope at (_1’0) is cos 0 sin 0+(—1) cos 0

r=-1+sind
— cos?2f0—rsinf c0s20—(—1)sin 0

_ . .. cosmsinm+(—1)cosm __
= —1, SlOpe at (-1,71') 1S m =1 . v (_1;)(
19.0=% 5 r=1= (1,§):i0=-F = r=-1
= (-1,-5);0=C =>r=-1 = (-1,%);
_ 3 _ 3r\ .
f=—3F =r=1= (1,-3);

/) dr __ .
U = g5 = 2cos 20,

__ rsinf+rcosf __ 2cos 26 sin +rcos b
Slope T rcosf-rsinf ~ 2cos 26 cos O—r sin 6

N Slope at (1 %) is 2 cos (5) sin (§)+(1)cos (§) -1

2 cos () cos (§)—()sin (§)

Slope at (—1, — 5) s 2o

Slope at (—1, 3 is 2008(3)) - (3? ﬂq)cos(%; =1

Slope at (1, — 3—”) is
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20 0=0=r1=1= (1,0,0=73

f=-F=r=-1= (-1,-3);0=7 = r=1
= (I,m);1r = % = —2 sin 20;

__ r'sinf+rcosf __ —2sin 26 sin f+r cos f
Slope ~ r'cosf—rsinf —  —2sin 26 cos f—r sin 6

‘o —25in 0 sin 0+cos 0
= Slope at (17 0) 1s —2sin 0 cos 0—sin 0 °

—25in2 (%) sin (5)+(—Dcos (3) o:
_25in2(g) cos(%)—(—l)sin(g) -

which is undefined;

Slope at (—1,7) is

—2sin2 (- %) sin (— g)+(—l)cos (- %)

Slope at (_1’ - g) is —2sin2 (- g) cos (— %)—(—l)sin (- g) =0;
Slope at (1, 7r) is =23 2ZISATICOST | \which js undefined
21. (a) (b)
1
\l_Jé |
2 2
)
2
22. (a) (b)
y
1
r=t-cos@
X
-2
1
23. (a) (b)
3
2
_lQ\—/é *
2 2
_3
2
24. (a) (b)

r=2+00s

)

-

ol W

=>r=-1= (—1,%);

Section 11.4 Graphing in Polar Coordinates

r=cos 28

(1%}

y(-‘.—«/2)

(1.0)
X

(eI

(~1,%2)

r=-1+sinB

.
-

r=-2+sin @
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25.

~

r:_f x
N

2 _ _
= rcosf=2 = x=2 (272, x/8)

26. r=2sect = r= 5

i r=2secH

(2vZ, -n/8)

27. 28.
y y
1

0=r=2-2cosf

Oirzicose

4

|
N o 3
=

29. Note that (r, §) and (—r, § 4 7) describe the same point in the plane. Thenr =1 —cos§ < —1 —cos(f + 7)
—1 —(cos @ cos ™ — sin @ sin m) = —1 + cos § = —(1 — cos ) = —r; therefore (1, #) is on the graph of

r=1-cosf < (—r,0+ m)ison the graph of r = —1 — cos § = the answer is (a).
y y y

) B (Y

r=-1-cos 6

r=1-cos8 r=1+cos8
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Section 11.4 Graphing in Polar Coordinates 673

30. Note that (r, #) and (—r, 8 + 7) describe the same point in the plane. Thenr = cos 20 < — sin (2(9 + ) + g)
= —sin (29 + 57”) = —sin(26) cos (57”) — cos (20) sin (577) = —cos 20 = —r; therefore (r, ) is on the graph of

r=—sin (20 + %) = the answer is (a).
y y
y
r = cos 28 r=-sin (20 +-721) =-cos%
31. 32.
y
r=1-2sin 30 r=1+251n%

33. (a) (b) (©) (d)
1 r =cos %
r=cos 76

r = cos 20 feicesie

34. (a) (b) (©

W
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(d) y (e) v
r=110No
_—
=88 i X
2
N

11.5 AREA AND LENGTHS IN POLAR COORDINATES

. A= 0%9%19:[%93}3_

2 A:f;i%(zs1n9) d9_2f sm29d9_2f L= cos20 de_f:/fu—cosze)de_ [ Lsin26] 7%
=(G-0-(G-2) =3+
2m 2m
30 A= [ L@42c0s07d0= [ 116+ 16c0s 0+ 4cos?0) = [, [8+8cos 042 (LE2)] dp

27
:j; (9+80059+00529)d9—[90+851n9+—s1n29] = 187

27 o
A = %[a(1+c059)]2d9:ﬁ) %32(1+20059+C0529)d0:%an

o (1+2cos+ 155230) df
=1a2 fzw(§+2cos9+lcos29) dg = ia?
22 Jo 3 )

1 [6+2sm0+45m29]2“ 3 mra’

a=2 [ Lcoapdg= [ Leetr gy _ 1]py smae)et s

0o — 8

/6 1 /6 .
= [ 6 b leos30°d0 =1 [ cos?30.d0 = L e L

— 1o+ bsin6] T = 13 40) - F(-740) =

/6
Lecosst gg — 1 [ s (14 cos60)df

/2 /2
A= ["L@sin20)do= [ 25in 2040 = [~ cos 26] ]/ =
—©® ) 1@sin30)d0 =12 [sin30d0 = 12 [ <32] 70 — 4

. r=2cosfandr=2sinf = 2cosf =2sinf

= cos =sinf) = 0= 7 ; therefore

/4 /4
A=2["L@sing2do= [ 4sin26d0

/4 /4

= [Ta(=e2yd9= [ 2 -2cos20)db
w/4 T

:[29—s1r129}0/ =3 -

r=2cosé
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Section 11.5 Area and Lengths in Polar Coordinates

10. r=1andr=2sinf = 2sinf =1 = sinf =1

= 0= ¢or %’r ; therefore

5w/
A=r(? — [ L{@sing)? 17 do

= [ (2sin0 - 1) a0

L jj/:/ﬁ (% — oS 29) dd =7 — [%07 Si“QM]Z%G
=m = (- dein F) + (i~ dsin ) = =0

1. r=2andr=2(1 —cosf) = 2=2(1 —cosh)
= cosf=0= 0= i’%;therefore
/2
A=2 j; %[2(1 —cos )]? do + %area of the circle

/2

= J, 4(1—2cosf+cos*§)df + (57) (2)°

- ﬁ”/24(1 —2cos § + LE20) 49 4 o7

/2
:j; (4 —8cosf+2+42cos260)df + 2w

= [60 — 8 sin 0 + sin 2]/ + 27 = 57 — 8

12. r=2(1 —cos@)andr =2(1 +cosf) = 1 —cosf y r =201+ cos 8)
=1+cosf = cosf =0 = Hzgor%”;thegraphalso

gives the point of intersection (0, 0); therefore

A=2 fﬂ/z L[2(1 —cos )12 d0 +2 [ 1[2(1 + cos O))* d
B 0 2 rr/22

/2

:j; 4(1 — 2cos 0 + cos® 0)do

T 9 r = 2(1 - cos 8)
+£/24(1+20059+cos 0)do
/2 T

:j; 4(1—20059—1—%)d9+j;/24(1+20050+'++°s29)d9
/2 -

:j; (6—8cos9+2cos29)d0+f_/2(6—|—80039+200329)d9

= [6978sin9+sin20]g/2+[60+85in9+sin29];/2 =6m— 16

13. r= \/ganer =6c0s20 = 3 =06co0s20 = cos26= %
= 0 = £ (in the 1st quadrant); we use symmetry of the 2l r=VJ3
graph to find the area, so

A=4 " [% (6 cos 26) — 1 (ﬁ)Z] a9

/6
=2 [ (6.cos 20 — 3)d6 = 23 sin 20 — 36] "

:3\/§f7r

r? =6 cos 260
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14. r=3acosfandr = a(l + cos ) = 3acos 8 = a(l + cos ) y
:>3cos9=1+0059:>cos0:%:>6‘:§0r—§; r = 3acos §
the graph also gives the point of intersection (0, 0); therefore a
/3
A=2 j; 3 [(3acos 6)* — a%(1 + cos 0)?] df <
X
3a

/3
= f (9a% cos? § — a> — 2a® cos 0 — a? cos? 0) df
0 r =a(l + cos 8)

/3
= fo (8a% cos?  — 2a® cos O — a?) df -a

/3

= j; [4a%(1 + cos 260) — 2a” cos O — a*] df
/3

= fo (3a? + 4a® cos 20 — 2a’ cos 0) df

= [3a%0 + 2a? sin 26 — 2a’ sin 0] 8/5 = ma® + 2a’ (1) — 2a’ (—3) =a’ (7r+ 1— \/g)

15. r=1landr=—2cosf = 1 =—-2cosf = cosf =—

D=

= 0= 2{ in quadrant II; therefore

A=2] 1[(—20050)2—12]d9:j;;/3(4(:0529—1)d6’

2r/3 2

- [ [2(1+cosze)—1]d0:f;/3(1+2cos29)d9

27 /3

_ . T _ 1 \3
—[9+sm20]2ﬂ/3—5+7

16. r=6andr=3cscf = 6sinf =3 = sin6 =}

57/6
= 0= gor%;thereforeA: j;/ﬁ %(62*905029) do
57/6

= [, (18— 3esc20) do = 180+ 3 cot6] 7"

_ (157rfg 3)7<37r+%\/§) =127 -9\/3

17. r=seclandr =4 cos @ = 4cosf =secd = cos’d =

FNT

_ 7T 21 4«w St .
= 0= Z. 5.5, 0r 3 therefore
/3 ) 2
A= 2f0 1 (16 cos®d — sec* §) df
/3 1

(8 + 8 cos 20 — sec? 9) df

~—Jo
= [80 + 4sin 20 — tan H]g/3

= (¥ +2/3-V3) - (0+0-0) =%+ /3 -
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18. r:3csc¢9andr:4sin6’:>4sin6’:3csct9:>sin29:%

= 0 =72, Z, % or I ; therefore
A=dr— 2fﬂ/2 1 (16 sin%0 — 9csc? 6) dd
- /3 2

/2
=4 — fW/3 (8 — 8 cos20 —9csc? 6) d
/2

— 4 — [89—4sin29+9cot9}ﬂ/3
—4r— (47— 0+0) - (¥ -2V/3+3V3)]
=13

r=tan@

19. (a) r=tanfandr = (@) csc = tanf = (\/E> csc f r= (J'z/z)mey
: N\ A e/

= sin?f = (@) cosf = 1 —cos?f = (T) cos 0 \ R, / (1.74)

écosQH—i—(@)0059—1:0:>0059:—\/§0r

? (use the quadratic formula) = ¢ = 7 (the solution

in the first quadrant); therefore the area of R; is

/4 /4 A
Alzfo %tanQGdQ:%j; (secQO—I)dH:%[tan@—@]gﬁl:%(tan%—%):

DO =

2

:\/TzandOBz (#) cscZ=1= AB= 12 — (ﬁ)Q: \/5:>theareaongisA2=%<ﬁ) (ﬁ) Z%;

. 2 T
— g,AO = (i) cse §

2 2 2 2

therefore the area of the region shaded in the text is 2 (% -3+ %) = % — % - Note: The area must be found this way

since no common interval generates the region. For example, the interval 0 < 6 < % generates the arc OB of r = tan 6
but does not generate the segment AB of the liner = ? csc 0. Instead the interval generates the half-line from B to

400 on the liner = 72 csc 6.

(b) ) 1im2 tan § = oo and the line x = 1 is r = sec § in polar coordinates; then lim  (tan § — sec )
— T

— /2"

(<555

= lim sinf L) —  |im sinf—1) —  |im =0 = r = tan 0 approaches
0—>7r/2’ (cos€ 0050) 0_)71_/27 ( cos 6 ) 9—>7T/2’ ) pp

r=secfasf — T- = r=sect (orx=1)isa vertical asymptote of r = tan §. Similarly, r = —sec § (or x = —1)

is a vertical asymptote of r = tan 6.

20. It is not because the circle is generated twice from 6§ = 0 to 27. The area of the cardioid is

m

AszZ%(cosG—i—l)QdG:ﬁ7(00526+20059+1)d9:‘l; (126 4 2 cos 0+ 1) df

» . . . 2 .
= [% + % + 2 sin 0] g = 37” . The area of the circle is A = 7 (%) = 7 = the area requested is actually %T —I=an

Vs Vs
20 r=6%,0<0< /5 = % =20 therefore Length = [ 1/(62)° + 202 do = [ \/67 + 46 do
Vs Vs
= [0V T 4do=Gsinced 0) [ 0v/0 +4dh [u=6+4 = Ldu=0d6;0=0 = u=4,

9 9
0=5 = u=9] = [} /uan =} B =y
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27
23. r=1+4cosf = % = — sin 0; therefore Length = f \/(1 + cos 0)? + (—sin 0)% df

=2 (V2 v2cosfdg=2f \JHUremD g =g [ Jlrestgg =4 [Tcos(8) do =4 [2sin¢]] =8

. . 2
24. r=asin’ ,0<0<ma>0 = & =asinfcos?; thereforeLength—f \/asm2 6) + (asin £ cos )" d¢

:j; \/azsin4§+a2sin2gcos2§d0: . a|sin§ sin? & + cos? & df = (since 0 < 0 < ) af sin (%) do

= [—Za cos %] g =2a

1+4+cosf (1 +cos 0)2
/2 /2 N
36 sin? 0 _ 1 sin? 6
f \/(lJrcosé’)Z + (1+cos 6) 4 dd =6 f | 1+cos€’ 1+ (1 +cos 6)? do
—_ ( T 142 cos 0+ cos? 6 + sin? §
- (SIHCC 1+Cost9 >00n0<0< 2 6f 1—0—0090) \/ (1 +cos 6)2 do

=6 f 1+c0st9 \/ (2112&?:56)% df = 6ff (1+Cosg)3/2 6\/_ f 32 = 3f |SeC3 0| do

/2 /4 - 'r/4
= 3]; sec® £ df = 6f0 sec® u du = (use tables) 6 ([%] 0/4 + % j; secu du)

:6(%—1— [ ln|secu+tanu|]g/4) =3 [\/E—i-ln(l-i-\/iﬂ

. /2 2 . 2
_ 6 dr __ 6 0 . _ 6 6 sin 6
25. r= 0<h<T = &= %,thereforeLength—j; \/(Hm(,) + ((H;lgse)z) do

26. r=

2
1—cosé”’

2
T dr _  —2sin# 2 —2sin 6
5<0<1m = = T cos o7 ; therefore Length = f/z\/ 170080 + ((170056)2) do

e (1 ) w0 S
= (since I —cos Oonj <0 <m) 2];/2(17;)50) \/I*ZCOEIH:FC((;)(:;)Q+“HZG 4o

- Zf”;(l_ios‘g) mda =22 fﬂ/z(l—cﬁmw 2‘/_f/2 2Sm7€ 7w = f |esc? £] do

—f csc?(£) df = (sincecsc £ OonZ <@ <m) 2f csc® u du = (use tables)
2([_%];§i+%ﬁf cscudu) :2(ﬁ— [3In |cscu+cotu|];/4) =2 {ﬁ-l—%ln (\/5_1_1)}
=V2+1n(1+2)

27. r = cos® g = g—g = —sin g cos? & ; therefore Length = f \/ cos? 9 g (— sin g cos? g)Q de
(™ cos® (£) +sin? (£) cos* (£) d9 = & cos? 2} y/cos? (&) + sin2 (£) df = & cos? (£) do
3 3
7/ cos (£ ™
[, :%[e+2sln%1o“zg+%

28. r=1/1+sin20,0<0<m/2 = dr — 1 (1 +sin 20)"/2(2 cos 20) = (cos 20)(1 + sin 20)~1/2; therefore

/2 - /2
Length = [\ /(1 +sin 20) + 228 dp = [ /Lo2sn st oot g

R e [ e [Vad ™ <
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29. Letr = f(f). Thenx = f(6) cos § = % = 1'(6) cos § — f(f) sin§ = (3—2)2 = [f'(0) cos O — £(0) sin 0]

30.

31.

32.

= [f'(0)]? cos? 6 — 2f'(0) £(0) sin O cos O + [f(0)]2 sin2 ;' y = f(A) sin § = j—g = /() sin O + £(0) cos 0

4

2
(g—g) = [F'(6) sin 0 + £(8) cos 0]7 = [f'(6)]" sin? @ -+ 2£'()f(9) sin O cos O + [£(6)]? cos? §. Therefore

(&) + (%)2 — [£(0))? (cos? 6 + sin? ) + [f()]2 (cos? 0 + sin2§) = ['(0)]* + [£(O)]* = r + (&),

thus, L= [/ (5)7+ (%) 0= [+ () w.

2T 2T
( r=a = %zO;Length:j; \/a2+02d9=ﬁ |a| d§ = [a6]" = 2ma
(b) r=acosf = g—; = —asin 6; Length = fou\/(a cos 0)2 + (—asin 0)%2 df = j:\/aQ (cos? 6§ + sin? 6) do
= [ Ja| d6 = [a6]] = ma

(¢c) r=asinf = g—é:acos&;Length:j:\/(acosﬂ)?—{—(asin@)2 d@zj:\/ﬁ (cos? 6§ + sin? 6) do

= [jal 46 = [a6]; = ma

2m
(a) ravzﬁﬁ) a(l—cos@)d@z%[G—SinG]g”:a
1 27 1 o
(b) ravszo ad@zﬁ[ae]o =a

_ 1 e 1™/ _ 2
© Tw=F-g fimacos 0do=:lasing]”", =2

r=2(0),a<0<B = L =20 = >+ (%)2 = [2f()]2 + [2'(9))* = Length = f "\/4[f(9)]2 +4[t'(0))* do

3
=2 L [f(8)]% + [f’(@)]2 d# which is twice the length of the curve r = f(0) for o < 6 < .

11.6 CONIC SECTIONS

X = yg = 4p =8 = p = 2;focusis (2,0), directrix is x = —2

X = —y; = 4p=4 = p=1;focusis (—1,0), directrix isx = 1

y:—%z :>4p:6:>p:%;focusis(O,—%),direetrixisy:%
2 1 : AT e 1

y=% = 4p=2 = p=1;focusis (0, ), directrix isy = — 3

XTZ—yg—Qzl = c=y4+9=+13 = fociare(:I:\/l3,0);verticesare(:I:2,0);asympt0tesarey: :l:%x

o<,

"72—1— 1 = c=+9—4=1/5 = fociare (O, i\/g);verticesare (0, £3)
"72+y2:1 =>c=y2-1=1= fociare(jzl,O);verticesare(iﬁ,O)

2

I - X!=1=c=44+1= \/g = foci are (0, + \/§> ; vertices are (0, £ 2) ; asymptotes are y = =+ 2x
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680  Chapter 11 Parametric Equatins and Polar Coordinates
y2=>4p:12:>p:3; 10. x2:6y:>y="§:>4p:6:p:%;
3

9. y2=12x = X =13
focus is (3, 0), directrix is x = —3 focus is (0,3 ), directrix is y = — 3
y
y2=12x
x=-3
5L
¢ p
-3 ol F3,0
-4 -2
y =-3/2

2 ¥ _ 1.
12. y ——2x:>x—7—2 :>4p—2:>p—§,

. _ l . . . _ l
focus is ( B 0) , directrix is X = 2

I x*=-8y = y=2% = 4p=8 = p=2;

focus is (0, —2), directrix is y = 2

Px=172

p F(0,-2)

14, y=-8x% = y:—("T2

2
13.y:4x2:>y:@:>4p:%:>p:%; 8
focus is (0, %) , directrix is y = — & focus is (0, — 55 ) , directrix is y = 4

y y
o y=\1/32 )
I
4
1
o5
p
L x
0 1/4
directrix y = —i
2 2
15. x = -3y = x:—(yT) = 4p=1=p=1; 16. x =2y? = x:(yT) = 4p=1=p=
3 2
focus is (— %, O) , directrix is x = % focus is (%, O) , directrix is x = — %
y
x=-3y2 1L _1
NI e 0.
X =-1/8
r T -0.5
12
-0
-1
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18. 7X2+16y2:1]2 = %4_)’7_2:]
= c=va2-b2=,16-7=3

17. 16x2 +25y2 =400 = 2 + % =1
= c=va-b=25-16=3

y y

2 2 2 2 ]
4 wtE~! R A

16 N7
-
Fy F F 1 F,
i 0 3 50" ) W T )4 x
- -7

20. 2x2 4yl =4 = ¥4 ¥

= c=vVa-b=\4-2=2

19. 22 +y? =2 = X2+ L =1
= c=vVa-n=y2-1=1

y y
2 x2+y72=1
1FFy
0 1 * X
-1 F,
21 32 4+2y? =6 = ¥ + % =1 22, 92 +10y2 =90 = X + % =1
= c=vVa-b=3-2=1 = c=+va2-b2=+/10-9=1
y y
Gl o2 2 2 !
X
23 W:).+—-g—a1 3
1+ Fy J
0 \2 * N
X
—1FFy -Vio
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2. 6x2 +9y? =54 = ¥ 5 =1 24, 169x° + 2552 = 4225 = X 4 ¥ =1
> e=Va-p=V/9-6=v3 = c=va—b? = V169 - 25 = 12
1 y
13
x2 )’2
Y6 Tre ! 2 2 of 1
PSR A
25 * 53

IN[e®
+
oS,
Il

—_—

26. Foci: (0, +4), Vertices: (0, £5) = a=5,c=4 = b>=25-16=9 = %24-%:

2

27. X —yr =1 = c=Va@2+b2=/T+1=+2; 28 9x2—16y? =144 = = — ¥ — |
asymptotes are y = + x = c=+va2+b2=.16+9=35;
asymptotes are y = =+ 3 x

N

2
x _ Y y
16 9

.,

30. P —xP=4 = L -2 =1 = c=/al+b?
=+/4+4 =2+/2; asymptotes arey = +Xx
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387 -2’ =16 = ¥ L =1 = c=va2+b 32y -32=3= % -x=1= c=a>+b
=4/2+4+ 8 = /10; asymptotes are y = =+ 2x = 3+1:2;asymptotesarey::t\/§x

33. 8y —2x* =16 = g—’g:l = c=+/a2+b? 34, 64x? — 36y’ = 2304 = %—g—i:l = c=+/a2+b?
=14/2+8=1/10; asymptotes are y = + 3 = 4/36 + 64 = 10; asymptotes are y = i;—‘

2 2
Y X

L X
VIO Fy 5%

~ /’
X ///

~. v .-
~o | -
P IS * X

10 F,

35. Foci: (O,iﬁ),Asymptotesz y=+x = c:\/iandﬁzl = a=b = c?=a’+b’>=2a% = 2=2a°
= a=1=b=1= y2—x2:1

36. Foci: (42,0), Asymptotes: y = iﬁx = c:2and§:ﬁ = b= = C=a =22 8 =W
1

S 4=% 5 2-35a=\3=>b=1= %y =

37. Vertices: (+3,0), Asymptotes: y= +2x = a=3and?=% = b=43) =4 = ¥ ¥ =1

;o | _ _ 1 _ _ i 2 _
38. Vertices: (0, +2), Asymptotes: y = +5;x = a=2and{ =5 = b=22)=4 = L - =1

39. (@) y¥?=8x = 4p=8 = p=2 = directrix is x = —2, y
focus is (2, 0), and vertex is (0, 0); therefore the new s
y+ =8(x—
directrix is x = —1, the new focus is (3, —2), and the 2r

new vertex is (1, —2)
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40. (a)

41. (a)

42. (a)

43. (a)

Chapter 11 Parametric Equations and Polar Coordinates

new vertex is (—1, 3)

x2=—4y = 4p=4 = p=1 = directrixisy = 1, (b)
focus is (0, —1), and vertex is (0, 0); therefore the new i{
directrix is y = 4, the new focus is (—1, 2), and the V(-1.3) .} y=4
° 2\1"\’)2 =4
F(-1.2)1

% + yg—o =1 = centeris (0, 0), vertices are (—4, 0) ()

and (4,0); c = /a2 — b2 = /7 = foci are (ﬁ,O)

R 4= R
&1
-2
-3

-9 0-32_,

and (—\/7 , 0) ; therefore the new center is (4, 3), the 6 " 9

new vertices are (0, 3) and (8, 3), and the new foci are

(4ﬂ_L \ﬁs)

%2 + ¥ =1 = centeris (0,0), vertices are (0, 5) ()

5 =

y 2
and (0, —5); c = /a2 — b2 = /16 = 4 = foci are A
(0,4) and (0, —4) ; therefore the new center is (—3, —2),
the new vertices are (—3, 3) and (—3, —7), and the new

foci are (—3,2) and (—3, —6)

&)

X
16

and (4, 0), and the asymptotes are 2 = + % or
y = :l:%;C: Va2 +b2=+/25=5 = fociare
(—=5,0) and (5, 0) ; therefore the new center is (2, 0), the

new vertices are (—2,0) and (6, 0), the new foci
are (—3,0) and (7, 0), and the new asymptotes are

_ 3x—2)
y= =+~

D % =1 = center is (0, 0), vertices are (—4, 0) ()

Fi(4-7,3)
C4,3)
[ )

0,3)¢

[ ] /.
v@ +7,3)

(®,3)

4
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44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

Section 11.6 Conic Sections 685

(a) y; — % =1 = center is (0, 0), vertices are (0, —2) (b)

and (0, 2), and the asymptotes are 5 = + % or

y = i%;c:\/a2+b2:\/§:3 = foci are

(0, 3) and (0, —3) ; therefore the new center is (0, —2), -4
the new vertices are (0, —4) and (0, 0), the new foci

are (0, 1) and (0, —5), and the new asymptotes are
y+2=+=+ %

y?=4x = 4p=4 = p=1 = focusis (1,0), directrix is x = —1, and vertex is (0, 0); therefore the new
vertex is (—2, —3), the new focus is (—1, —3), and the new directrix is x = —3; the new equation is
(y+3)?2=4x+2)

y?=—-12x = 4p =12 = p =3 = focusis (—3,0), directrix is x = 3, and vertex is (0, 0); therefore the new
vertex is (4, 3), the new focus is (1, 3), and the new directrix is x = 7; the new equation is (y — 3)> = —12(x — 4)

x?=8y = 4p=8 = p=2 = focusis (0,2), directrix is y = —2, and vertex is (0, 0); therefore the new
vertex is (1, —7), the new focus is (1, —5), and the new directrix is y = —9; the new equation is
x—1)? =8y +7)

xX2=6y = 4p=6 = p= % = focus is (0, %) , directrix isy = — % , and vertex is (0, 0); therefore the new

vertex is (—3, —2), the new focus is (—3, — 1) , and the new directrix is y = — 7 ; the new equation is
(x+3)2=6(y +2)

Eg®

+ y; =1 = centeris (0, 0), vertices are (0,3) and (0, —3); ¢ = Va2 — b2 = /9 — 6 = \/3 = foci are (0, ﬁ)
and (O, — \/5) ; therefore the new center is (—2, —1), the new vertices are (—2, 2) and (—2, —4), and the new foci

. . 2 2
are (—2, -1+ \/E) ; the new equation is % + % =1

"72 +y2 =1 = centeris (0,0), vertices are (\/5,0) and (—\/E,O) cc=+va2—b2=12-1=1 = fociare
(—1,0) and (1, 0); therefore the new center is (3, 4), the new vertices are (3 + \/E, 4) , and the new foci are (2, 4)

and (4, 4); the new equation is @ +@y—4%=1

"7) + y{ =1 = centeris (0, 0), vertices are (\/g, 0) and (f\/§,0> ;C= \/212 —b2=+/3-2=1 = fociare
(—1,0) and (1, 0); therefore the new center is (2, 3), the new vertices are (2 + \/5, 3) , and the new foci are (1, 3)

. . —7)2 AV
and (3, 3); the new equation is % + % =1

% + % =1 = centeris (0, 0), vertices are (0, 5) and (0, —5); ¢ = \/a2 — b2 = \/25 — 16 =3 = foci are
(0, 3) and (0, —3); therefore the new center is (—4, —5), the new vertices are (—4, 0) and (—4, —10), and the new

foci are (—4, —2) and (—4, —8); the new equation is % + % =1

&)

X

i yj—o =1 = centeris (0, 0), vertices are (2,0) and (—2,0); ¢ = /a2 + b2 = V4+5=3 = fociare (3,0) and

(—3,0); the asymptotes are =+ % = % = y==£ ‘/ng ; therefore the new center is (2, 2), the new vertices are
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(4,2) and (0, 2), and the new foci are (5,2) and (—1, 2); the new asymptotes arey — 2 = =+ @ ; the new

Lo 92 a2
equation is % _ % -1

54, ’1‘—2 — y; =1 = centeris (0, 0), vertices are (4,0) and (—4,0); ¢ = \/a2 4+ b2 = \/16 +9 =135 = fociare (-5, 0)

and (5, 0); the asymptotes are + § = % =>y== 34—" ; therefore the new center is (—5, —1), the new vertices are

(—1,—1) and (-9, —1), and the new foci are (—10, —1) and (0, —1); the new asymptotes arey + 1 = =+ W ;

sl XS 1P
the new equation is =7~ — “5— =1

55. y2 —x2 =1 = centeris (0, 0), vertices are (0, 1) and (0, —1); c = \/a2 +b2= \/1 +1= \/5 = foci are
(0, + \/5) ; the asymptotes are y = = X; therefore the new center is (—1, —1), the new vertices are (—1,0) and
(—1,—2), and the new foci are (—1, -1+ \/5) ; the new asymptotes are y + 1 = =+ (x + 1); the new equation is
Y+ —x+1)?=1

2

56. ¥ —x* =1 = center is (0,0), vertices are (0, \/5) and (0, —\/5) ce=+/a2+b2=+/3+1=2 = fociare (0, 2)

and (0, —2); the asymptotes are £+ X = % = y== \/gx; therefore the new center is (1, 3), the new vertices are

(1, 3+ \/5) , and the new foci are (1, 5) and (1, 1); the new asymptotes arey —3 = + \/g(x — 1); the new equation is

(Y—33)2 _ (X _ ])2 =1
57. xX24+4x+y? =12 = x> +4x+4+y*=12+4 = (x+2)? +y? = 16; this is a circle: center at C(—2,0), a = 4

58. 2x2 +2y? —28x + 12y + 114 =0 = x> — 14x+49+y> +6y+9=-57+49+9 = x—7)>+(y+3)? =1;
this is a circle: center at C(7,—3),a=1

59. X2 4+2x+4y—3=0 = x> +2x+1=—-4y+3+1 = (x+ 1)> = —4(y — 1); this is a parabola: V(—1, 1), F(—1,0)
60. y? —4y —8x—12=0 = y> —4y+4=8x+12+4 = (y —2)? = 8(x + 2); this is a parabola: V(—2,2), F(0, 2)

6. X245y +dx =1 = xX24dx+4+52=5 = (x+2?+5y2 =5 = S 1 y2 — |, this is an ellipse: the
center is (—2, 0), the vertices are (—2 + \/g, O) ;Cc= \/a2 —b? = \/5 — 1 =2 = the foci are (—4, 0) and (0, 0)

62. 9x2+6y2 +36y =0 = 9x2+6(y2+6y+9) =54 = 92 +6(y+3)2 =54 = = 4 O _ 1 this is an ellipse:
the center is (0, —3), the vertices are (0, 0) and (0, —6); c = \/a2 — b2 = \/9 —6= \/5 = the foci are (O, -3+ \/5)

63. x2+2y2 —2x —dy=—1 = x2-2x+1+2(y* -2y + 1) =2 = (x— 1)} +2(y—1)2=2
= % + (y — 1)> = 1; this is an ellipse: the center is (1, 1), the vertices are (1 + \/E, 1) ;

c:\/aQ—b2:\/2—1:1 = the foci are (2, 1) and (0, 1)

64. 4x2+y?2+8x—2y=—1 = 4(xX>+2x+1)+y? —2y+1=4 = 4x+ 1) +(y—- 172 =4
= x+ 12+ @ = 1; this is an ellipse: the center is (—1, 1), the vertices are (—1, 3) and

(—=1,—1);;c=+va2—b2=+/4—1=1/3 = the foci are (—1,135\/5)
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65.

66.

67.

68.

69.

70.

71.

72.

Section 11.6 Conic Sections

xX2—y?—2x+4y=4 = x> —2x+1—-(y’—4y+4) =1 = (x—1)? = (y — 2)> = 1; this is a hyperbola:
the center is (1, 2), the vertices are (2,2) and (0,2); c = \/212—|—b2 \/1 +1= f = the foci are (1 + \/_ 2)

the asymptotes arey —2 = = (x — 1)

X2 -yl 44x—6y=6 = x> +4x+4—(y?+6y+9) =1 = (x+2)? — (y + 3)? = I; this is a hyperbola:
the center is (—2, —3), the vertices are (—1, —3) and (-3, —3);c = \/a2 +b2 = \/1 +1= \/_ = the foci are
(72 + \/5, 73) ; the asymptotes are y + 3 = £ (x 4 2)

2x2 —y?+6y=3 = 2x> — (y* -6y +9) = -6 = M - "—2 = 1; this is a hyperbola: the center is (0, 3),
the vertices are (0, 3+ \/8) c= \/a2 +b2= \/6 4+ 3 =3 = the foci are (0, 6) and (0, 0); the asymptotes are

y=3 _ 4 x_ _
\/g—i\/g:>y_j:\/§x+3

2 _4x2 4 16x = 2 _ 2 _ _ Yo x=2 1l hic . :
y X°+16x =24 = y" —4(x* —4x+4) =8 = % 5~ = 1; this is a hyperbola: the center is (2, 0),
the vertices are (2, + \/§) c= \/a2 +b2= \/8 +2 =+4/10 = the foci are (2, + 10) ; the asymptotes are

3o x=2 — _
F=E 2 y= £2-2)

(@ y’=kx = x= y{ ; the volume of the solid formed by
Va2
revolving R; about the y-axis is V| = j; ™ (%) dy
Vi s
A

circular cylinder formed by revolving PQ about the

; the volume of the right

y-axis is Vo = mx?\/kx = the volume of the solid Q
formed by revolving R, about the y-axis is

V3=V, -V, — 4 \F . Therefore we can see the
ratio of V3 to Vy is 4.1.

X 2 X
(b) The volume of the solid formed by revolving R about the x-axis is Vi = j; s (\/kit) dt = 7k j; tdt
= %"2 . The volume of the right circular cylinder formed by revolving PS about the x-axis is
2
Vo= (\/ kx) x = mkx? = the volume of the solid formed by revolving R; about the x-axis is

Vi3 =Vy — V; = 7kx? — %"2 = “k" . Therefore the ratio of V3 to Vy is 1:1.

y:f%xdx:%<§)—l—C:“z’—IX;—I—C;y:OWhenX:O = O:%%)Z—FC = C = 0; therefore y = %3¢ 1sthe

equation of the cable's curve

2

x> =dpyandy =p = x? =4p> = x = +2p. Therefore the line y = p cuts the parabola at points (—2p, p) and

(2p, p), and these points are /[2p — (—2p)]> + (p — p)*> = 4p units apart.

. . . x—Vx2—a%) (x+/x2—a?
lim (l—’xfb x?faz):}3 lim (xf x?faz):}3 lim l( )( ‘ )
X = 00 a a a x = 00 a x = 00 X+\/X27‘dz
=0 im (XD b gy —

aX—00 [x++yx2—a? aX—=00 |[x+vx%-—a

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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73. Lety =4/1— XTZ on the interval 0 < x < 2. The area of the inscribed rectangle is given by

74.

75.

76.

77.

78.

79.

A(X) = 2x (2,/ _ —) = 4x,/1 — 2 (since the length is 2x and the height is 2y)

= Ax) =4,/

T

is the maximum area when the length is 2\/5 and the height is \/E

(a) Around the x-axis: 9x? +4y? =36 = y? =9 — —X2 = y=£4/9—- —x2 and we use the positive root
— 9 _ 9 _ 3,312 _
—v=2 ~( 9—Zx2) dx=2 [ 7(9—9x2) dx = 27 [9x — %]} = 247

(b) Around the y-axis: 9x> +4y?> =36 = x> =4 — 2 y2 = x= £,/4—- gyz and we use the positive root

$V22ﬁ37r(g/4fgy> dy=2 [ 7(4—3y?) dy =27 [y — 2] = l6r

CThus A/(x) = 0 = 44/1 — :0:>4(1—X§)—x2:0:>x2:2
1_,

= X = \/5 (only the positive square root lies in the interval). Since A(0) = A(2) = 0 we have that A (\/5) =4

4 2
9x2 — 4y? =36 = y2:9"24—_36 = y=+2vVx2—4ontheinterval 2 < x <4 = V:ﬁﬂ(%\/x2—4> dx

4 : 4 _ _
=% [y =[5 -] = (% 16) - (5 8)] = F (¥ -8) = F 5624 = 247

Let P;(—p, y1) be any point on x = —p, and let P(x, y) be a point where a tangent intersects y> = 4px. Now

y2 =dpx = 2y dy =4dp = gi = 2p ; then the slope of a tangent line from Py is > (yp) g—i = 2?1’
= y? —yy; = 2px + 2p*. Since x = ¥ wehavey —yy1 —Zp( ) +2p® = y2 —yy1 = 5 y* +2p?
= 1y —yy1—2pP=0 = y= 2k VAt + 16p° W =y; & +/y2 +4p?. Therefore the slopes of the two
— 2p — 2p — 4p’ - _
tangents from P; are m; = Y e and my = s s = mumy = ey v e 1

= the lines are perpendicular

x=22+@y—17?=5= 2(x—2)+2(y—1)g—i:0 = g—i: y ],y—O = x=22+0-1)7%*=5
= x—-2%=4 = x=4o0orx =0 = the circle crosses the x-axis at (4,0) and (0,0); x =0
= (0-224+@y—-12=5= (y-—12?=1= y=2o0ry =0 = the circle crosses the y-axis at (0, 2) and (0, 0).
At (4,0): %z—H—Z = the tangent lineisy = 2(x —4)ory = 2x — 8§
At (0,0): % = —% = —2 = the tangent line is y = —2x
At (0,2): %:—%—2 = the tangentlineisy —2 =2xory =2x+2
3
XX—y?=1= x= =+ 14—y20ntheinterval—3§y§3:>V:f4 V1+y?) y—2f V1+y?)

3 513
=2 [ (1 +y)dy =2r [y+ %] =24r

Lety =4/16 — x2 on the interval —3 < x < 3. Since the plate is symmetric about the y-axis, X = 0. For a

dy

/16— 8 x2
vertical strip: (X, ) = (x, #> length = /16 — 10 x?, width = dx = area = dA = /16 — 2 x> dx

= mass =dm = 6 dA = 6,/16 — 19—6 x2 dx. Moment of the strip about the x-axis:

/16— 16 x2
V dm = Tg <(5\ /16 — ) dx =6 ( ) dx so the moment of the plate about the x-axis is

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



Section 11.7 Conics in Polar Coordinates

M, fy dm = f 87 gx2 dx =10 [8xf %XS] = 324; also the mass of the plate is
M= ["5,/16—Sx2ax = ["45/1 = (4x)*dx =48 [ 31— duwhereu = ¥ = 3du=dx; x = -3
— u=—landx=3 = u=1. Hence,46fjl3\/1—u2du:126]:1 Vi—wdu

1
=126 B (u 1 —u?+sin! u)] = 616 = y= Mﬁ = gfr‘; . Therefore the center of mass is (0 16) .

37

x2+1

_ 2
80. y=Vx 1 = Z=1+ )P0 = 2o = (8) = g5

x2+1

V2 2 V2 V2
2l o5 = [Tomyy 14 (2) ax= [Ton/e 12 = [ 220+ Tax;

689

D] - B B [ e )] = 5 e )

81. (a) tan 3 =m, = tan 8 = f'(x¢) where f(x) = w/4px;

') = 5 @px)~2dp) = o = f(xg) = k- =
) i_lo) g %' Z/(\xo,yo) B e
(b) tan ¢ = my = ,}Zg:g = XO}’EP ; *
(C) tanq = ‘Mno—@ns _ <*0y9p_%) )
o = l+tanptan 3~ 1+<X0 p) (5—0)

_ ¥5=2p(0—P) _ 4pxo—2pxo+2p’ _ 2p(xo+p) _
Yo(Xo —p +2p) Yo(Xo +p) Yoxo+p) }’(1

11.7 CONICS IN POLAR COORDINATES

I 16x> +25y> =400 = % 4+ ¥ =1 = c=+/a? — b2
a

' A Bl A
=vV25-16=3 = e= :%;F(i?,’()); | 4] 5'76 1:
direCtrices are X - O :l: 2 - :l: é - :l: % lil 11 1 ]ill 1 1 I]izl 1 1 li 1
) s\ 3 3 o
s > s
2. 7x2—|—16y:112:>——|-y7:1:>c a2 — b2 o
X y._
—V16—7=3 = e=¢=3,F(+3,0); o T
directrices are x =0 £ £ = :t(“T) :I:?6
1

[y
»

&
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690  Chapter 11 Parametric Equations and Polar Coordinates

3. 22 +y2=2 = X+ 5 =1 = c=+a - b ,
_ _ _c_ 1. .
=Vv2-1=1= e_ﬁ_—z,F(O, 1) s 5
N =
directricesareyzojzgzj:%:jzz ﬁ\
(72) 1 1 1 1 x
-1 1
9
___________ o
x> 2 _ Y
4. 2x2 4y =4 = T4+4=1= c=+a2-b?

53242y =6 = S+ %X =1 = c=\a>-b ,
= 3—2:1:>e:§:L3;F(O,i1); -------------- I
2 2
Nl SR S
directn'cesarey:0i§:i(\/la):i?» 3\2 O
V3 Fle 1

6. 9+ 10y> =90 = ¥ 4 ¥ =1 = c=+/a2 — b2
T o 1. .
directricesarex:Oigzi(\/ll—o): + 10
i
7. 62492 =54 = X4+ LY =1 = c= /a2 1? ,

— /9 :\/§:>e:§:§;F<:I:\/§,O>; ol EN

directrices arex =04 ¢ = + (i) = £33 | - N
3 il |73 _Vlfal I |,\/§| 3| |: X

o
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8.

11.

12.

14.

15.

16.

directricesarey = 0+ £ = +

. Foci: (+8,0),e=0.2 = c=8anda=¢ =

Section 11.7 Conics in Polar Coordinates 691

169x2 +25y> = 4225 = S+ 5 =1 = c=+/a2 - b? Y
:\/169725:12$e:§ 5:F(0, £12);

wH

=+ 1o

I

( )

st

|m

Foci: (0, £3),e=05 = c=3anda= ¢ = 5—6:>b2—36 9—27:>ﬁ—|—§— 1

I

2

XZ
=40 = b2 = 1600 — 64 = 1536 = o= + e = I

o e

[=)
Sl

Vertices: (0, £70),e =0.1 = a=70andc =ae =70(0.1) =7 = b? =4900 — 49 = 4851 = %—1—4%%:1

Vertices: (4 10,0),e =0.24 = a = 10 and c = ae = 10(0.24) = 2.4 = b? = 100 — 5.76 = 94.24 = % + 91% =1

. Focus: <ﬁ,0),Directrix: x:% = c:ae:\/gamd“‘z—S = 2—32% = §:% = e2=§
2 2 2
= ¢=Y3. ThenPF = Y2PD = \/(x—ﬁ) =02 = x- 5] = (x=v5) +y =3 (x- %)
= x2-2 5x+5+y2:§(x2—%x+85—') :>§x2+y2:4:>%2+y4—2:1

Focus: (40)DirectriX'x—§:>c—ae—4and§:§:>e—2:7:>%:%:>62:%:>e:§.Then
PF=LPD = Vx—42+ (4 —02 =L x| 5 x—42+y* =3 (x—1)* = 2 —8x+ 16+

=3(x*-2x+ %) = i1+y =20 = %—F(yl—b:l

Focus: (—4,0), Directrix: x = —16 = c=ae=4and{ =16 = 5 =16 = :—2 =16 = 2 =

PF=iPD = \/(x+4)2+(y—0)2:%|x—|—16| = x+4?+y’ =1 (x+16)? = x> +8x+ 16+ y?
=1 (x> +32x+256) = 2x*+y? =48 = 64+Y =1

=

Focus: <—\/§,O>,Directrix: x:—2\/§ = c:ae:\/iand§:2\/5 = 2_5:2\/5 = %5:2\/5 = e?=1

:>e—\[ ThenPF—fPD:>\/x+f +(y 0)277‘X+2\/*‘ ( 2+y2

2

Z%(X+2\/§) = x2+2\/§x+2+y2=%(x2+4ﬁx+8) = Ix2+y?=2= S+ =1

&)

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



692  Chapter 11 Parametric Equations and Polar Coordinates

17. 2=y =1 = c=/a+P2=/1+1=2 = e=¢
:ézﬁ;asymptotesarey: :tX;F(:I:\/E,O);

.

V2

directrices are x = 0 + g = +

18. 9x2 — 16y2 = 144 = & — ¥ = | = c= /a2 + b?

:mZSéezng—t;asymptotesare :
y= £+ 2x;F(+5,0); directrices are x = 0 + 2 ll
B .
|
|
19y —x2=8 = L - ¥ =1 5 c= /a2 11 ,
:\/W:4#ezﬁz%:\/&;asymptotesare S %—%2:1 6
y = £x;F(0, +4); directrices arey = 0+ 2 ‘Tt -
=4 2 T sz 4

20,y —x'=4 =y -F=1=c=ya b
= 4_1_4:2\/5 = e:%:%ﬁ:ﬁ;asymptotes
arey = £ x;F (O, + 2\/5) ; directrices arey = 0 & g

— 2 _
—:I:ﬁ—:t 2

21 8x2 -2y’ =16 = ¥ — ¥ =1 = c= /a2 + b?

2 5 2 y

D IR O
=V2+8=10 = e=; = \/—\/1? = \/g; asymptotes wld o 1
arey = iZX,F(:I: \/ 10,0) ; directrices are x = 0+ & - :5_ /

R U W EA N AT X
:iﬁ:ii 4_m—zj(:v ?2\2\@4

Vi TV 2 N
g j:lo— :
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Y2-3x2=3 = L —x2=1 = c=/a? +b?

3—|—1—2:>e——:\[ asymptotes are
y = i\/g x; F(0 ; directrices arey = 0 & £
— 4+ 3 :i%

(%)

2
=4/24+8= 10#6:3:\/—\}?:\5;asymptotes
arey = + 5;F (0, + vV 10) ; directrices arey = 0 £+ &
V242
= EGTETR

x2 2
64x* —36y* =2304 = - L =1 c=+/a%+b?
=4/36+64=10 = ezgz% ; asymptotes are
y = :l:zx F(+10,0); directricesarex:O:I:EE1

(
6 18

‘”U

Section 11.7 Conics in Polar Coordinates

693

Vertices (0, £ 1)ande =3 = a=lande=<=3 = c=3a=3 => b’ =c?-a’=9-1=8 = YQ*X@QZI

Vertices (+2,0)ande =2 = a=2ande=<=2 = c=2a=4 => b’ =c?-a’=16-4=12 = X

Foci (£3,0)ande =3 = c=3ande=¢=3 = c=3a = a=1= b =c?-a’=9—-1=8 = x?

Foci (0, £5)ande =125 = c=5ande={ =125=

—25-16=9 = L ¥ |
e=1,x=2=k=2 =>r= H(zl()liosez 1+c20s9
e=lLy=2=k=2=r= 20 _ 2
e=5y=-6 =>k=6 = r= 1_65(?11102 T
e=2,x=4 = k=4 = r= 1;‘2(28059: 1+28cos€
e=3x=1=>k=1=r= 1+(é))(2,5922+01056

Bl

4

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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694  Chapter 11 Parametric Equations and Polar Coordinates

_ 1 _ _ _ &) _ 2
34. e—z,x_—2 = k=2 =r= 1—(4%)cos9 = Teosd

_ 1
35. e—g,

y=—10 = k=10 = r=

36. e:%,y:6 = k=6 = r=

3. r=1p > e=1Lk=1=x=1 2
S )c=11
(l) r=1+5050
=0 1
I2I \ x
-2 -1 0 1
5/
6 3 1 _ ¢
38.r—2+0050—1+(%)6059 = e=35,k=6 = x=6; y
a(l—eQ):keéa{l—(%)Q}:3:>%a:3 f= 2+cosB x=6
= a=4= ea=2 @\ .
(CEIN L/ (2.0) |6

—
=l
=

§) y

s L2
x=- 10— 5 cos 6
5
20
A(s ) 6.0,
0

— 25 — 0 _
39. r= 0—5cs0 — = 1—(5)cosd — 1—(
2

= e=1,k=5= x=-5a(l—-¢%) =ke

-5
2
sall-@)] =i tamisasd o asd | @H\/
___ 4 __2 _ — - _ y
0. 1=557 T I=157 > e=Lk=2 = x=-2 .
X =2 = 2-2 cos 0
g x
-2 \
() [~—
400 - _ G9) _ 25 y
1= 5w = U= T (%) sino :>r_1+(%)sin9 y=50
1 . 2
e=:-,k=50 = y=50;a(1 —e“) =ke 50 400
2 ) Y ( ) G E)\ " 16+8sin6
= a[l- ()] =25 = ja=25 > a= 10
— 50
:>ea—?

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



Section 11.7 Conics in Polar Coordinates 695

_ 12 _ 4 _ _ 3 _ 4 _
42. r= 3+3sin6 = r= 1+sin@ = eil’ 43. I‘72—25int9 = r= 1—siné = 6—1,
k=4 = y=4 k=4 = y=—4
y

y

3
y=4 "= 2 2sne
(2,w2) 12

\" 3+3sn0 4“/2 *

/ \ X N 3777) y=—4

1 _ y
L k=4 .

2] r= 2-sin8

/
:>y:—4;a(1—e):ke:>a[l—(%) =2
= 3a=2=a=% = ca=1 —) 43.02)

45. rcos (0 —T) = /2 = r(cos @ cos T + sin § sin T)

=2 = 12r0039+\/—rsm6—\/_:> \}5x+ﬁy \_

4 _ 2 —
44. I=3—me — I'= 1—(3)sin6 - &=

=V2 = x+y=2=y=2-x

46.rcos(0+%’r):1ér(cosﬁcos%ﬂfsin@sin%”):l y

= —%rcosﬁ—ﬁrsinﬁzl = X—i—y:—ﬁ

- !
b xey=-\2
= y=—X— \/5 \_45 L1

47. rcos( 7%1)—3 = r(cos&cos +s1n051n2”):3

= —%rcos@—i—@rsin@:S = —ax+%y:3
= —x+\/§y:6 = y:T3x+2\/§
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696  Chapter 11 Parametric Equations and Polar Coordinates

48. rcos (0 +5) =2 = r(cosfcos 5 —sinfsin§) = y

= %rcosG—L—rS1n9—2 = %x—iy 2

4 x-Iy=4
éx—fy 4 = y= ‘[ % B

49. \/2x4+1/2y=6 = /2rcos@+ /2rsinf =6 = r(%cos@—l—@sin&) =3 = r(cos I cos f + sin % sin )
=3 = rcos(@—%):3

=

= 1 (cos ¥ cos § — sin Z sin §)

50. \/gx—y:1:>\/grcosﬁ—rsinezlér(@cosé‘—%sin0>:2 &

:% = rcos(@—i—%):%

5lLy=-5 = rsinf=-5 = —rsinf=5 = rsin(—0)=5 = rcos(gf(fH)) =5 = rcos(9+g) =5
52. x=—4 = rcosf=—-—4 = —rcosf@ =4 = rcos(@ —m)=4

53. 54.

-

y
6 Radius=3

r=4cos

m [ (3.072)
\_/ :
r=6sin@

Radius =2

55. 56.

Y

r=-8sinb
Radius = 4

/\ r=-2cosf
(1, x) 9
x (~4.02)
Radius =1
v ¢

57. (x—6)?+y?*=36 = C=(6,0),a=06 58. x+2)2+y’=4 = C=(-2,0),a=2
= 1 = 12 cos @ is the polar equation = 1 = —4 cos 0 is the polar equation
y y
e 647236 r=—4cosH
r=12cos 0 2 2
m (x+2)"+y =4
x
/\ | -
w \/
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59. x> +(y—5?%?=25 = C=(0,5),a=>5
= 1 = 10 sin § is the polar equation

X r=10sin 8

Pry-572=25

©,5)

6l. x> +2x+y?=0 = x+ 1)’ +y>=1
= C=(-1,0),a=1 = r=—2cosfis
the polar equation

Y

(1l ay’=1
r=-2cos @

-1,0)

2
63. X2 +y’+y=0= x>+ (y+1) =1

= C=(0,—3),a=3 = r=—sinfisthe
polar equation

y

2ify+ 1P L
RN

r= —sin6

65.

2@\

Section 11.7 Conics in Polar Coordinates

60. x>+ (y+7?%?=49 = C=(0,-7),a=7
= 1 = —14 sin 6 is the polar equation
y

xZs(y+ =49
r=-14sin®

0.-7)

62. x2—16x+y> =0 = (x—8)? +y> =64
= C=(8,0),a=8 = r=16cos fis the
polar equation

y

2
x-8) +y’=64
r=16cos 0

"

2\2 _ 4
0= x+(y—-3) =3
a— % = rzgsineisthe

64x+y

( )

polar equation

% (y-ea)
0,2/3)p

= (4/3) sin@

y

66.
r=4sec(d+m/6)

/.
g

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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698  Chapter 11 Parametric Equations and Polar Coordinates

67. . 68.

4 r=4sin 6

ON o

69. 70.

~
<

-

[

:4+§ose 2&
r =8/(4 + sin 8)
71. y 72.
\
r=—L N
1 —sin@ /]/2 X
N N / r=1/(1+cos8)
73. ) 74.
\/ x / |
1 | \ \
2 5=l 1740\l
21 1 * ////1
/ \ 3
r=1/(1+2cos )

" ¥2sin0
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Chapter 11 Practice Exercises

75. (a) Perihelion = a — ae = a(l — e), Aphelion =ea+a = a(l +e)

(b) Planet Perihelion Aphelion
Mercury 0.3075 AU 0.4667 AU
Venus 0.7184 AU 0.7282 AU
Earth 0.9833 AU 1.0167 AU
Mars 1.3817 AU 1.6663 AU
Jupiter 49512 AU 5.4548 AU
Saturn 9.0210 AU 10.0570 AU
Uranus 18.2977 AU 20.0623 AU
Neptune 29.8135 AU 30.3065 AU
L (03871)(1—020562) 03707
76. Mercury: 1= = 505500~ = 1503036 cosd
L (07233)(1-0.0068%) 07233
Venus: 1= =5 05568c0s 0~ — T50.0068 cos f
.. 1(1-00167*) _ 0.9997
Earth: r = 55767c0s6 = T70.0617cos 0
o (1524)(1-0.0934%) 1511
Mars: r = 1+0.(0934 cos 0 } = 1+ 0.0934 cos 8
s (5203)(1-0.0484%) 5.191
Jupiter: 1= =G Grercoss = TT0.0484 050
o (9539)(1—0.0543%) 9511
Saturn: r = TG osm o 0 — TT0.0543c05 0
o (19.18) (1 — 0.04607) 19.14
Uranus: 1 = - 56m0cos 6~ = 750046000
Neptune: r = (30.06) (1 — 0.00822) 30.06

140.0082cos & — 1-+0.0082 cos 6

CHAPTER 11 PRACTICE EXERCISES

. x=35andy=t+1 = 2x=t = y=2x+1

3. x=gtantandy =1sect = x? = j tan’t
and y? = 1 sec’t = 4x® = tan’ t and

4y? =sec’t = 42 +1=4y? = 4y? —4x2 =1

2. x:\/iandyzl—\/fé y=1-x

4. x=—2costandy = 2sint = x> =4 cos’tand

y?=4sin’t = x2+y?=4

699
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Chapter 11 Parametric Equations and Polar Coordinates

5. x=—costandy = cos’t = y = (—x)> = x* 6. x=4costandy =9sint = x> = 6cos’tand
2 s 02 Xy
y*=38lsin"t = J-+ ¢ =1
\\ y ‘=XZII 16_ g?ﬁz
\ /A
\ /4
\ 7/
t=0 1+ t=1 -4 t=0 X
%3 =21
o o T Tm3w2
7. 16x2 4+ 9y? = 144 = %z—i-%:l = a=3andb=4 = x=23costandy =4sint,0 <t <27
8. x2+y*=4 = x=-2costandy =2sint,0 <t < 67
1 n .
o = bty = ot > =B = LS s 9| g fun
2 ! 2
= x:%tangzéandy:% ci=1=y= ﬁx—l—%;%:gﬁ:: %C:’;C;t:2cos3t = & s
2009 (5) = }
1 3 o _ apa _ (3) 3 dy 3 L _s
10 X:1+t_29y:1_? = a:dx/d[: (_%) :—‘Et = a 1:2: 5(2):—3,t:2 = X:l—'—?zzand
’ _3
y=l-i=-b e y= e R o - o -id o B -0 o
3
11 (@) x=4C,y=0—1=t= i\/T;:>y:(i\/T;) S
() x=cost,y =tant = sect = 1 = tan’t+ 1 =sec?t=y> =L —1=1¢ o y= ¢ VI-¥
12. (a) The line through (1, —2) withslope3isy =3x —5=x=ty=3t—5, —co <t < 00
) (x—1)7+(y+2°>=9=x—1=3cost,y+2=3sint=x=143cost,y =—2+3sint,0 <t < 2r
(c) y:4x2—x:>x:t,y:4t2—t,—oo<t<oo
(d) 92 +4y2=36=% + % =1=x=2cost,y =3sint,0 <t <27
13, y=xl2 20 o &Lz L oy (gl) =1(t-24x) > L= [ /141249
= L= f\/ +2+X dx—fq/% x~1/2 4 x1/2) dxff ’1/2+x1/2)dx:%[2x1/2+%x3/2];1
2[(4+3-8) -2+ =202+5) =%
14, x = y2/3 — dx _ 2,-1/3 a )2 axs L_f8 1 dx 2d _fx 1 44
.X=Yy E—gx = &) = o = = J, + dy y=J, +W y
7 8
= [t g = 1 [ /00B a (x 1) dxs [u=9x3 44 = du=6y WV dyix=1 = u=13,
40
x=8 = u=40] - L=1% [ u/2du= §[2u32] ) = L [40%? — 1392] ~ 7.634
2
15y = Sx00 = §x¥5 = @ = LS - L5 o () = 4 (26— 24 x72)

= L= f\/l

F(x¥5 —24x725)dx = L= f \/ (x2/5+2

+ x~2/5) dx—f L (x1/5 4 x~1/5)% dx
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Chapter 11 Practice Exercises

= JUh e o= [0 30T =[G

6
1710 10 285
=X (1260+450) =2

2
16. x=3y+1 = $ =1y -5 = (@) ==

2
@t :fSSintJrSsinStand% =5cost—5cos5t= (%)QJr (%)

= \/(—5 sin t 4 5 sin 5t)> 4 (5cos t — 5 cos 5t)°

= 51/sin2 5t — 2sin tsin 5t + sin t 4 cos? t — 2cos tcos 5t + cos? 5t = 51/2 — 2(sin tsin 5t + cos tcos 5 t)
=5/2(1 — cos 4t) = 5,/4(%) (1 — cos 4t) = 101/ sin? 2t = 10]sin 2t| = 10sin 2t (since 0 < t < F)

— Length = f 10sin 2tdt = [~5cos 20 7/% = (=5)(~1) — (=5)(1) = 10

2
18. & — 32 — 2rand & = 32 + 12t = /(&) + (d—{) = \/(3t2 — 120"

:3\/§|t\\/16+t2;»Length:folsﬁ|t| 16+t2dt:3ﬁf01t

+ (32 + 12t)* = /2882 + 18t
16 + 2dt; [u: 164+ € = du = 2t dt

= ldu=tdtt=0=u=16t=1=u= 17]; ¥f127\/adu — W2yl o *f( (17)" - §(16)3’2)
=32 2((7)" —64) = v2((17)” — 64) ~ 8617.

2
19. %:—3sin9andg—g:3c0s9:>\/(%)2+(%) :\/(—3sint9)2 (3cos )* = {/3(sin2 0 + cos2 0) = 3

— Length = ffﬂ/zg =3 )‘W g =33 -

2
V3

20 x=Candy=5—t,—/3<t<V3= E=2tand & =¢ - 1:>Length:fiﬁ\/(Zt)Q—i-(tQ—l)th

3

—fﬁ\/mm—f\;\/t‘l—i—hi’—l—ldt—f\/35\/(9—#1)2 dt—f_\fg(tQ—i—l) dt = {%—H}\/;
=43

. V& 9
21. x:%andyzzt,ogtg \/5 = ‘é—’t‘ztandfj—{:2 = SulrfaceArea:f0 27r(2t)\/t2+4dt:j:1 2mul/2 du
AL 3/2]

=27 whereu=+4 = du=2tdt;t=0 = u=4,t=1/5 = u=9

22.x—t2—|—2andy—4\/ \/_<t<1 = ‘(’j—’t‘:2t—§amd‘é—¥:\iE
2
:>SurfaceArea:fl/ﬁ 27 (2 + 5) \/(Zt 2t2)2+(%) dt =27 ll/ﬁ @+ L)/ (2t+ )" de
1 1
=2r |, 5 (E+3) @+g)d=2r ] 5 (2t3+%—|—%t_3)dt:27r[%t4+3t—lt_2]1/\/—
=2r (2-22)

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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702 Chapter 11 Parametric Equations and Polar Coordinates

23. rcos(@—i—%) :2\/§ = r(cos@cos%—sin@sin %)
=23 = 1rcos@—‘/Tgrsin9:2\/§

2
= rcosf —/3rsinf =43 = x—/3y=4/3 £y
:>y:‘/T§x—4 /

_ y
:§:_4r0089+\/75r31n9:\/75:>—x+y=1 A”
= y=x+1 !

2 = reosf=2= x=2

cos 0 y

25. r=2secl = r=

26.r:f\/isecﬁércosﬂzf\/iéx:fﬁ 4
x=-v3

_ 3 s 3 _
27. I'—*§CSCH = r51n9——§ = y=-

[ 1 [O8)

(Y%

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



28. r=34/3cscl = rsinQ:S\/g = y:3\/§

29. r=—4sinf = 2= —4rsinf = xX2+y>+4y=0
= x% + (y + 2)? = 4; circle with center (0, —2) and
radius 2.

30. r=3y/3sin 0= 1> =3/3rsin0
2
= x24+y2-3/3y=0= X2+(y_%§) _ .

4

circle with center (0, 3 \2/5) and radius #

3. r=2 20050§r2:2\/§r0050
2
= x2+y2-2y/2x=0= <X—\/§) +y? =2

circle with center (\/5, 0) and radius \/E

32. r=—6¢cosf) = r*=—6rcosf = x>+y>+6x=0

= (x+ 3)? +y? = 9; circle with center (—3,0) and
radius 3

Chapter 11 Practice Exercises

NI y=33

r= —4sin6 Cr(y+27’=4

X

0,-2)

'-3%8“‘1 0

(- )7

r=2V2cos 6

r=-6cos

A
>

2 2
(x+3) +y =9

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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704  Chapter 11 Parametric Equations and Polar Coordinates

By ey =0y D) =% > C= (0]
anda=3;r? +5rsinf =0 = r=—5sin¢

r=-5sin 6

34, x24+y?-2y=0 = x>+ (y—1)’=1 = C=(0,1)and .
a=1;r2—2rsinf =0 = r=2sin6
(0.1)
rm2sin@

X

2 2
X e(y=1) =1

35. x2—|—y2—3x:0$(X—%)2+y2:%:>C:(%,O) y

anda:%;r2—3r0039:0 = r=23cosf
r=3cosf /\

36. X2+ y?4+4x=0 = x+22+y =4 = C=(-2,0) y
anda=2;r2+4rcos =0 = r=—4cosf f=-4c0s0

(2.0

(x+2)2+y2-4

37. 38.

<

O<r=6cosf

/_\ 4sin@srs0
X A x

6

39. d 40. e 41. 1 42. f

43. k 44. h 45. i 46. j
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Chapter 11 Practice Exercises 705

47. A=2 Oﬂ%erE’:j:(Z—cos@)ZdH:j:(4—4cost9+00529)d0:j:(4—4cost9+W) do

=2
=37

= J (3 —4cos 0+ 32) dp = [26 — 4 sin g + 2|7

4. A= [ Lin30 a0 = [ (=) a0 = Lo - Lsined] [ = 5

= § = Z; therefore

49. r=1+cos20andr=1 = 1=1+cos20 = 0=cos20 = 20 = T

s
2

/4 /4
A:4f 11 +cos20)® — 1 2]d9:2f 1+ 2 cos 260 + cos?20 — 1) df

—2 [ (2cos 20+ L+ 5y dg =2 [sin20+ L 0+ 0] T _ o (147 40) =247

50. The circle lies interior to the cardioid. Thus,
=2 f 2 L [2(1 + sin §)]> d§ — 7 (the integral is the area of the cardioid minus the area of the circle)

:f,-/24 1+25in9+sin2¢9)d9—7rzf (6 +8sinf — 200529)d9—7r—[69—80059—sm29]7/2 -7
=37 — (=3m)] — 7 =57

2T 2w
5. r=—1+cosf = g—g:—sing;Length:j; \/(—1+cosﬂ)2+(—sin9)2d0:j; /2 —2cos 0 df

27 ‘ 27 T
- j; 1/4—(1_;0“(’) do = fo 2 sin £ df = [—4 cos g]z = (—4)(—1) — (=4)(1) = 8

52. r=2sin0+2c0s0,0<0 <7 = %—ZCOSQ—ZSino;IQ—I—(d—e) = (2sin 0 4 2 cos 6)? + (2 cos § — 2 sin H)?

—8(sin?0+cos?0) =8 = L= [ /80— [2\59}2/2=2ﬁ(g) — /2

53. r = 8 sin® (g) O<0<Z = g—g—Ssm (%) cos (%) r +( ) = [8sin3 (%)}2+[85in2 (%) cos (%)]2
0
§

=64sin’ (4) = L= f \/64 sint (£) do f 8 sin? meS[l CDS(TH)}dQ

— [ [a—4cos (2)] 0 = [40—65in ()] =4(5) —6in (2) —0 =73

r — : —sin r)2 in
54. 1= /1+cos20 = §=5(1+cos20)71*(-2sin260) = 2 = (§)° = 0,

2 2 1 s 20)2 in22 2 02
= r2+ (((11_;) =14+ cos 29+ sin?20  __ (14cos26)*+sin“20 __ 142 cos 260 + cos® 26 + sin® 26

1+cos20 — 1+ cos 26 1+-cos 26

/2
- 21++2000252299 =2=1L= f,ﬁ/g\/idg =2 [% - (- g)] = V27

55. x22—4y = y:—xTz = 4dp=4 = p=1,; 56. x2:2y = %Z:y = 4p=2 = p:%;

therefore Focus is (0, —1), Directrix is y = 1 therefore Focus is (0, 1); Directrix is y = — 3
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706  Chapter 11 Parametric Equations and Polar Coordinates

57y =3x = x=% = 4p=3 = p=1; 58 yr=—fx = x:—% = 4p="3 = p=1;
3
therefore Focus is (3,0) , Directrix is x = — 3 therefore Focus is (— %,0) , Directrix is x = 3

59. 162 +7y? =112 = S 42 =

=c2=16-7=9 = 0:3;629:%

a

6l.3x ~y’ =3 = x>~ L =1= c?=1+3=4 625 - 4’=20= % Y =1=c?=4+5=9

= c=2%e=7:= % = 2; the asymptotes are = c=3,e=;= %;theasymptotesarey: :I:ﬁx

y::t\/gx

2

63. x> =—12y = — 5=y = 4p=12 = p=3 = focusis (0, —3), directrix is y = 3, vertex is (0, 0); therefore new

vertex is (2, 3), new focus is (2, 0), new directrix is y = 6, and the new equation is (x — 2)? = —12(y — 3)
64. y> =10x = % =X =2 4p=10 = p= % = focus is (% ,O) , directrix is x = — % , vertex is (0, 0); therefore new
vertex is (— 4, —1) , new focus is (2, — 1), new directrix is x = —3, and the new equation is (y + 1) = 10 (x + )

65. %2—1—%:1 = a=5andb=3 = ¢=1+/25—-9=4 = fociare (0, +4), vertices are (0, £ 5), center is

(0, 0); therefore the new center is (—3, —5), new foci are (—3, —1) and (—3, —9), new vertices are (—3, —10) and

2 2
(—3,0), and the new equation is @ + % =1
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66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

Chapter 11 Practice Exercises 707

%4—%:1 = a=13andb=12 = ¢=+/169 — 144 =5 = fociare (£5,0), vertices are ( £ 13,0), center

is (0, 0); therefore the new center is (5, 12), new foci are (10, 12) and (0, 12), new vertices are (18, 12) and

x=5" | =12 _
e T o1 =1

(—8,12), and the new equation is

[

_x2_2:1 = azzﬁandb:ﬁ = c=+/8+ :\/ﬁ = foci are (O,i\/TO),VCrticesare

0, + 2\/5) , center is (0, 0), and the asymptotes are y = = 2x; therefore the new center is (2, 2\/5) , new foci are

N TN

2, 2\/5 + 10) , hew vertices are <2, 4\/5) and (2, 0), the new asymptotes are y = 2x — 4 + 2\/5 and

(-2v2) oo _ 1
8

y=-—-2x+4+ 2\/5; the new equation is 5

2

§—6—%’—z =1 =a=6andb=8 = c=/36+64 =10 = fociare (+ 10,0), vertices are ( £ 6,0), the center

is (0,0) and the asymptotes are = + X ory = =+ ‘3—‘ x; therefore the new center is (—10, —3), the new foci are
(=20, —3) and (0, —3), the new vertices are (—16, —3) and (—4, —3), the new asymptotes are y = % X + 33—1 and
4 4 x+10°  (y+37 _

y = —3x — % ; the new equation is *¢ =
X2—4x—4y? =0 = x2—4x+4—4y? =4 = x—-2? -4y’ =4 = %—y%l,ahyperbola;a:zand

b=1=c=+vy1+4= \ﬁ; the center is (2, 0), the vertices are (0, 0) and (4, 0); the foci are (2 + \ﬁ,O) and

x =2
2

the asymptotes arey = =+

42— y2 44y =8 = 42—y 4y —4=4 = 42— (y-22 =4 = x2 - U2 — | ahyperbola;a = 1 and
b=2 = c=+14+4= \/g; the center is (0, 2), the vertices are (1,2) and (—1, 2), the foci are (:t \/5, 2) and
the asymptotes are y = =+ 2x 4 2

y2—2y+16x=—49 = y?> -2y +1=—16x —48 = (y — 1)> = —16(x + 3), a parabola; the vertex is (—3, 1);
4p =16 = p =4 = thefocusis (—7,1) and the directrix is x = 1

X2 —2x+8y=—-17 = x> - 2x+1= -8y — 16 = (x — 1) = —8(y + 2), a parabola; the vertex is (1, —2);
4p =8 = p =2 = thefocusis (1, —4) and the directrix isy = 0

9x% + 16y? + 54x —6dy = —1 = 9(x2+6x) +16(y> —dy) = —1 = 9(x2+6x+9) + 16(y> — 4y +4) = 144

= O(x+3) + 16(y — 2)* = 144 = O3 022" — | an ellipse; the center is (—3,2);a = 4 and b = 3

= c=4y16-9= ﬁ; the foci are (—3 + ﬁ, 2> ; the vertices are (1,2) and (—7, 2)

25x? +9y? — 100x + 54y = 44 = 25(x* —4x) + 9 (y* + 6y) =44 = 25(x* —4x+4) + 9 (y* + 6y +9) =225
= @ + % = 1, an ellipse; the center is (2, —3);a=5and b=3 = c = /25 — 9 = 4; the foci are
(2, 1) and (2, —7); the vertices are (2,2) and (2, —8)

X24+y?—2x—2y=0 = xX2—2x+1+y?-2y+1=2 = (x— 1)?+ (y — 1)? = 2, a circle with center (1, 1) and

radius = \/5

XAy H4x+2y =1 = X4+ 4x+4+y? +2y+1=6 = (x+2)?+ (y + 1)?> = 6, a circle with center (-2, —1)
and radius = \@
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77.

78.

79.

80.

81.

82.

83.

84.

85.

Chapter 11 Parametric Equations and Polar Coordinates

r= ﬁ = e =1 = parabola with vertex at (1,0)
\’\ 1+cos(9
%(10) |
_ 8 _ 4 1 : . Yy
I= 35709 = I = Ny = e= 3 = ellipse;
ke=4 = lk=4=k=8k=2—-ca=>8=-+4 —1a fe —8 |
() 2 2+cos O |

= a= ? = ea= (5) (136) ; therefore the center is /'_“
(3,7) ; vertices are (8, 7) and (3, ) m/(alam

r=12L— = e=2 = hyperbola;ke =6 = 2k =6

= k=3 = vertices are (2, ) and (6, )
2, ‘n') 1 20050

X

12

r= 3+siné

= r=

(¢]
I
(S
=~
[¢]
I
N
<

> lk=4 = k=12 a(l—e):4 - a[l—@)?}
—4 s a=g s a= (1)) -
,37’7) ; vertices are (3,%)

- 12
3,7/2) 3+sin 6

AN
(6 ) K—— (3/2,31/2)

—

center is (%

(6,31/2)

—_ — —7icdi ; —n. iad R k _ _ @O
e=2andrcos =2 = x =2isdirectrix = k = 2; the conic is a hyperbola; r = ;55 = 1=

1+2cosé
= r= 4
1+2cos @
_ _ — _Aicd; : _ A4 E . ke @)
e=landrcos § = —4 = x = —4isdirectrix = k = 4; the conic is a parabola; r = Toeosd = I= Tocnd
_ _ 4
= r= 1—cos@

1 . i directs . . ke _ o0
e=jandrsinf =2 = y=_2isdirectrix = k = 2; the conicis anellipse;r = ;5 = T= T (D) sind
__ 2
= I= 3 me
1 . . . . . . ra .. . e ke o (6)(%)
e=jzandrsinf = —6 = y = —6isdirectrix = k = 6; the conic is anellipse;r = =57 = 1= T= (1) sind
_ _6
= I'=3"Gmo

(a) Around the x-axis: 9x*> +4y> =36 = y>=9—2x% = y = + /9 — 2x%and we use the positive root:

v=2 [T (yfo-3x) ax=2 [Tr (9 9xt) dx = 2r [ox — 1x7]2 = 24
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86.

87.

88.

Chapter 11 Additional and Advanced Exercises

(b) Around the y-axis: 9x? +4y? =36 = x? =4 — gy2 = x= £,/4- ng and we use the positive root:

2
szf(:ﬂ(\/‘l*%y?) dy:2f:7r(4f;—‘y2) dy = 2n [4y — £ 3]0 = 167
O 4y =36, x=4 = ¥ =250 oy =3V 4V = [ (3 4) = [0 -4 a

3 4 T T ™
=554, =5 (G109 - (-9 =% (F-¥) =F =24

@ r=12-5 = r+ercosf=k = /xX>+y’+ex=k = /x> +y?=k—ex = x*+y*
=k —2kex +e’x* = x> —e?x>+y?+2%kex k=0 = (1 —e?) x> +y>+2kex —k?*=0

b)) e=0=x+y>’-K =0 = x> +y>=k> = circle;
0<e<l=e’<l=¢e-1<0=B"-4AC=0>-4(1—-¢€’)(1)=4(e>—1) <0 = ellipse;
e=1= B2—4AC=0>-40)(1)=0 = parabola;
e>1 = e?>1 = B2-4AC=0?—-4(1—¢e?) (1) =4e* —4 >0 = hyperbola

Let (r1, 61) be a point on the graph where r; = af;. Let (19, 62) be on the graph where r, = af; and
0y = 01 4+ 2m. Then ry and 1, lie on the same ray on consecutive turns of the spiral and the distance between
the two points is roy — r; = afy — af, = a(f; — 1) = 2ma, which is constant.

CHAPTER 11 ADDITIONAL AND ADVANCED EXERCISES

1.

<

Directrix x = 3 and focus (4,0) = vertex is (2 ,0)

1 . . 7 ¥2 7_y
= p=5 = theequationisx — 3 = % =372

(=3
T T T T [ T T 171
A3
el
e
e
=

| I I |

709

X2 —6x—12y+9=0 = x> —6x+9=12y = & —y — vertexis (3,0)andp = 3 = focus is (3,3) and the

2
directrixisy = —3

x> =4y = vertex is (0,0)andp = 1 = focus is (0, 1); thus the distance from P(x, y) to the vertex is y/x2 + y?
and the distance from P to the focus is /X% + (y — )2 = /x2 +y2 = 2\/x2 + (y — 1)

= X2 +y =42+ (y—-1)? = 2+y>=4x>+4y> -8y +4 = 3x%+3y? — 8y + 4 = 0, which is a circle

Let the segment a + b intersect the y-axis in point A and y

intersect the x-axis in point B so that PB = b and PA = a A

(see figure). Draw the horizontal line through P and let it a

intersect the y-axis in point C. Let /PBO = 6§ cl- XN\ P(xy)

= ZAPC = 6. Thensin § =  and cos = % A eb g
:>z—§+ﬁ—z:cos20+sin29:1. o B

Vertices are (0, £2) = a=2e =5 = 05=5 = c=1 = fociare (0, £1)
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710  Chapter 11 Parametric Equations and Polar Coordinates

6. Let the center of the ellipse be (x, 0); directrix x = 2, focus (4, 0), ande:% = f—c=2= $=2+c
= a=32+c). Alsoc=ac=3%a = a=3(2+3a) > a=3+3a = 3a=3 = a=2;x-2="2
=x-2=(2)3)=2 = x=2 = thecenteris (£,0);x—4=c = c=2 —4="1so0thatc’ =a> — b
2 2 L. (x=B)? 2 25 (x=2B)2 52
= ()" = (3)" = & therefore the equation is % + % =1lor % + 3% =1

7. Let the center of the hyperbola be (0, y).
(a) Directrixy = —1,focus (0,~7)ande =2 = c—-5=6 = $=c—6 = a=2c—12. Alsoc =ae =2a
= a=2Q2a)—-12 = a=4 = c=8y—(-)=2=3=2 = y=1 = thecenteris (0,1); ¢ = a’ + b’
= b? =c? — a’? = 64 — 16 = 48; therefore the equation is (ng)Z —%z
b)) e=5=c-5=6= S=c—6 = a=5c—30. Also,c =ae =5a=a=5(5a) —30=24a=30= a:%

5

= c:%;yf(fl)zgz—g) =1 = y=—23 = thecenteris (0,—2);c? =a’+ b’ = b?=c?—a’
2 3)2 .

625 25 _ 5. S ) N G 16 (y +3) %3

=3¢ — Tz = 5 therefore the equation is @) 6 =1lor —% 5 =1

8. Thecenteris (0,0)andc =2 = 4 =2a%+b> = b2 =4 —a’ Theequationisgf%i:l = 2—37%:1
= 8- (411‘32) =1 = 49(4 —a%) — 1442’ = 2> (4 —a®) = 196 — 49a® — 1442 = 4a®> — a* = a* —197a%> + 196
=0 = (a2-196)(a?—1)=0 = a=l4ora=1;a= 14 = b?> =4 — (14)> < 0 which is impossible; a = 1
= b? =4 — 1 = 3; therefore the equation is yQ—%Z =1

9. b2x% +a%y? =a’h’ = ¥ =YX .ar(x;,y)) the tangent line is y — y; = (— &) (X — X1)

ay a’y

= a’yy; +b’xx; = b’x] +a’y} = a’b’ = bPxx; +a’yy; —a’h? =0

10. b°x2 —a%y? = 2%’ = ¢ = Z’j—; ; at (x1,y;) the tangent line is y — y; = (ble) (X —Xp)

2
a%yi

= b’xx; —a’yy; = b’x? —a’y? = a’b? = b’xx; —a’yy; —a’b’> =0

11. 12.

x2+4y2-4=0 5 2_\2

11 1 \
%

13. 14.
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15. (9x% +4y? — 36) (4x> +9y> — 16) <0 Y
9x2+4y2-36=0

= Ox?+4y> —36<0and4x>+9y> —16 0 3] ax2eo2-16
or9x? +4y?> —36 Oand4x®> +9y?> —16<0 C

16. (9x% + 4y? — 36) (4x> + 9y? — 16) > 0, which is the
complement of the set in Exercise 15

17. (a) x=c¢*costandy =esint = x*+y? =e* cos’t+¢e* sint = e*. Also ¥ = % =tant
= t=tan"! (¥) = x?+y? =e!™ 0/ s the Cartesian equation. Sincer* = x* +y? and
= tan~! (), the polar equation is r* = ¢* orr = ¥ forr > 0
(b) ds2 =12d6% +dr%;r=e* = dr=2¢* df
= ds? =12 d6? + (2¢% dF)” = (e¥)” d6? + 4e* >
— 5 dp? = ds=\/5M )= L= [ /5 df

= {@} T ﬁ(e‘”— 1)

0 2

(§) cos (%) a6]”

18. r = 2 sin® (Q) = drzZsinQ(Q)cos( )d9 = ds2 =r2d#? +dr? = [251n ( )] do? + [ sin
; JOrs

= 4 sin ( 3)d¢92+4sm (¢ )cz)s 2(%) do? = [4sin* (£)] [sin® (§) + cos® (£)] d6? = 4 sin

3
= ds=2si ()d& Then L = f 2 sin? (%)d@:fo [lfcos(%—e)]dﬁz[Gf‘isin(%—‘g)]z =37
19. e=2andrcos @ =2 = x = 2is the directrix = k = 2; the conic is a hyperbola with r = Hi‘ﬁ
__2e _ 4
= r= 1+2cosf — 1+2cosf
20. e=1landrcos @ = —4 = x = —4is the directrix = k = 4; the conic is a parabola with r = l_é‘iose
__»a 4
= r= l—cosf® ~— 1—cosf
21. e= % andrsin § =2 = y = 2is the directrix = k = 2; the conic is an ellipse withr = 1+:iin9
2y 2
= = 1+(%)2sm0 = 27smo
22. e= % andrsin § = —6 = y = —6is the directrix = k = 6; the conic is an ellipse with r = 1—?;111(9

63 _ _ 6
1—()sing — 3—sind

= r=
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712 Chapter 11 Parametric Equations and Polar Coordinates

23.

24.

25.

26.

27.

Arc PF = Arc AF since each is the distance rolled; y

Z/PCF = APE — Arc PF = b(/PCF); § = ACAE

= Arc AF = af = af = b(£/PCF) = /PCF = (%) 6; Cp
/OCB = % — fand ZOCB = /PCF — /PCE a b P(xy)
= ZPCF- (§-a) = ()0 (5-0) = §- el
=({)0-(G-0a) = 5-0=(})0-F+a (2.0)

= a=1—-0-(2)0 = a:ﬂ'—(%)ﬁ.
Nowx:OB—%BD:OB—i—EP:(a—}-b)cos@—l—bcosoz:(a—i—b)cosﬁ’—i—bcos(w—(a+

= (a+b) cos @ + b cos 7 cos ((£E2) §) + b sin 7 sin ((2£2) 6) = (a+ b) cos 6 — b cos (22

y=PD=CB—CE=(a+b)sinf —bsina = (a+b)sinf — bsin ((:2) )
= (a+b)sin 0 — b sin 7 cos ((:2) #) + b cos 7 sin ((2£2) §) = (a+ b) sin 6 — b sin ((2£2) 6) ;

therefore x = (a +b) cos § — b cos ((22) §) and y = (a + b) sin § — b sin ((2£2) 6)

o
o
~—

o

x =a(t—sint) = %’f:a(lfcost)andletézl = dm:dA:ydx:y(%) dt

2T
=a(l —cos t)a(l — cos t) dt = a®(1 — cos t)? dt; then A = fo a%(1 — cos t)? dt

2m o

27 i
:a2f0 (1—2cost+cosgt)dt:agj; (1—200st+%—|—%0052t)dt:aQ[%t—2Sint+%2t]o
—3ma% X =x —at—sinandy =y =1lal—cost) = M, = [Ydm= [¥6dA

2r 2T 2r
:\/; %a(l—cost)aQ(l—cost)th:%a?’j; (l—cost)3dt:%3f0 (1 —3cost+3cos’t—cos®t) dt

2m

O . 3 . i . in?
%fn [1f3cost+%+%7(lfsm2t)(cost)]dt:%[%t7351nt+%fsmt+%t]

()

3a2

0

57ad o — My __
5. Thereforey = 37 =

— %4 Also,My = [Xdm= [X 6dA
27 27
:f() a(tfsint)aQ(lfcost)th:a3f0 (t —2tcost+tcos’t—sint+ 2 sintcost— sintcost) dt

2m
=a %—2cost—2tsint+}—‘t2+%0052t+isin2t+cost+sin2t+ %@t} = 372a3. Thus

0

|
M 2,3 .
M 8 — ra = (7ra, % a) is the center of mass.

tan g —t )

5:1/)2—w1:tanﬂ:tan(wQ—qﬁl):%; v

1
the curves will be orthogonal when tan § is undefined, or v,

_ -1 r =1
when tan 1)y = = e = [ﬁ} B r=g®)
=’ = —f'(0) g(9)
!-f(e)
r=sin* (¢) = & =sin® (¢) cos(4) = tanyp = 6 an (9)
4 do 4 4 sin3 (g) cos (g) 4

r =2asin 30 = % =6acos 30 = tany = @ = % = %tan39;when9: %,tanw: %tan%

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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Chapter 11 Additional and Advanced Exercises 713

28. (a) v M M=1=r=0"= L=—0"2 = @y,
:%270 = elim tan ¢ = —oo
— 0
m = 1) — 3 from the right as the spiral winds in

around the origin.

_ Bcoso _ . 1 _m. __ sinf __ : T
29. tan¢1—7\/§Sm9——cot91s—ﬁat9—§,tanw2—0059—tanﬂls\/gatH—g,smcetheproductof

these slopes is —1, the tangents are perpendicular

_r __ a(l—cosf) - _ 7 _
30. tanlp—@—wlslate—gﬁw—

INF
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NOTES:
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CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE

12.1 THREE-DIMENSIONAL COORDINATE SYSTEMS
1. The line through the point (2, 3, 0) parallel to the z-axis
2. The line through the point (—1,0,0) parallel to the y-axis
3. The x-axis
4. The line through the point (1, 0,0) parallel to the z-axis
5. The circle x? + y? = 4 in the xy-plane
6. The circle x?> + y? = 4 in the plane z = —2
7. The circle x* + z? = 4 in the xz-plane
8. The circle y? + z° = 1 in the yz-plane
9. The circle y? + z? = 1 in the yz-plane
10. The circle x? + z? = 9 in the plane y = —4
11. The circle x> + y? = 16 in the xy-plane
12. The circle x* + z? = 3 in the xz-plane
13. The ellipse formed by the intersection of the cylinder x> 4 y?> = 4 and the plane z = y.
14. The circle formed by the intersection of the sphere x> + y? + z? = 4 and the plane y = x.
15. The parabola y = x? in the the xy-plane.
16. The parabola z = y? in the the plane x = 1.
17. (a) The first quadrant of the xy-plane (b) The fourth quadrant of the xy-plane
18. (a) The slab bounded by the planes x =0 and x = 1
(b) The square column bounded by the planes x =0, x =1,y =0,y =1
(c) The unit cube in the first octant having one vertex at the origin

19. (a) The solid ball of radius 1 centered at the origin
(b) The exterior of the sphere of radius 1 centered at the origin

20. (a) The circumference and interior of the circle x? + y? = 1 in the xy-plane
(b) The circumference and interior of the circle x? + y? = 1 in the plane z = 3
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716  Chapter 12 Vectors and the Geometry of Space

(c) A solid cylindrical column of radius 1 whose axis is the z-axis

21. (a) The solid enclosed between the sphere of radius 1 and radius 2 centered at the origin
(b) The solid upper hemisphere of radius 1 centered at the origin

22. (a) The line y = x in the xy-plane
(b) The plane y = x consisting of all points of the form (x, x, z)

23. (a) The region on or inside the parabola y = x? in the xy-plane and all points above this region.
(b) The region on or to the left of the parabola x = y? in the xy-plane and all points above it that are 2 units or less away
from the xy-plane.

24. (a) All the points the lie on the plane z =1 —y.
(b) All points that lie on the curve z = y* in the plane x = —2.

25. (@) x=23 (b) y=—1 © z=-2
26. (a) x =3 (b) y=—1 © z=2
27. (a) z=1 (b) x=3 © y=-1
28. (@) xX2+y2=4,2=0 ) y2+22=4,x=0 © xX*+22=4y=0
29. (@) X2+ (y—2)=4,2=0 ) (y—2P +22=4,x=0 ) X2+22=4,y=2

30. (a) (x+3)°+(y—4)7°=

1 1 ®) (y—4>+@z-172=1x=-3
© (x+3)°+@zZ—-112=1y=4

31. (a) y=3,z=—1 b)) x=1,z= -1 ©) x=1y=3

32. \/)(2-i-y2—|—22:\/x2—i-(y—2)2—i-z2 = X4y 42 =+ (y -2+ = Y=y —dy+d = y=1

33. x2+y?+22=25,2=3=x>+y? = 16inthe plane z = 3

2

34, X24+y?+(z— 1) =4and X2+ y2 + (z4+ 1)’ =4 = X24+y2 4+ z- 1) =2 +y2 4+ (z+1)° = z2=0,x2+y2 =3

35. 0<z<1 36 0<x<2,0<y<2,0<zL2
37. z<0 38. z=+/1 —x2 —y2

2 2 2 2 2 2
39. () (x— 1>+ (y— 1>+ (z-1)1<1 b x—1)P+(Gy—17>+@z-1>>1

40. 1 <xX2+y2+22<4

41. |P1P2|:\/(3—1)2—1—(3—1)2—1—(0—1)2:\/5:3

42. [PiPo = /24 1) + (5 1) +(0— 57 = /50 =5/2
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43.

44.

45.

46.

47.

49.

51.

53.

55.

56.

57.

58.

59.

60.

61.

Section 12.1 Three-Dimensional Coordinate Systems 717

PiPo| = /(4= 1)° 4+ (<2 —4)* + (75> = /49 =7

PiPo| = /(232 + (-4 + (457 = /3

PiPs = /2= 07 + (-2- 00+ (—2- 0 =/3:4=2\/3

PiPo| = /(0= 5)° + (0 - 3> + (0+2)° = /38

center (—2, 0, 2), radius 2\/5 48. center (1, — %, — 3) , radius 5
center (\/5, V2, —\/5) , radius /2 50. center (0,—1,1), radius 3
(x=1)*+(y -2+ (z-3)" = 14 52. X2+ (y+ 1)? + (z—5)" =4
A+ + (- +(z+2)° =1 54. X2+ (y+ 7)Y +22 =49
XC+y + 22 +4x—4z=0= (X2 +4x+4)+y* + (22 —4z+4) =4 +4

2
= x+2°+(—-0724(z-2)7°= <\/§) = the center is at (—2,0,2) and the radius is /8

XAy 4226y +82=0=>x>+(y?—6y+9) + (2 +82+16)=9+16= (x -0+ (y - 3>+ (z+4)> =5
= the center is at (0,3, —4) and the radius is 5

2x2 + 2y? + 272 +x+y+z—9:>x+ x+y+ Ly 472 +% g

2
S bR O R @bt ) =3 > D D ) = ()
5f

= the centeris at (— 1, — 1, — 1) and the radius is

343y 4322 +2y—22=9 = X +y +3y+22—3z2=3 = X+ (Y +iy+35)+ (2 -5z+5)=3+3
1
3

3 3

2
= (x—0)>+ (y—|- %)2 + (Z — l)2 = (@) = the center is at (O,— %, ) and the radius is @

(a) the distance between (x,y,z) and (x,0,0) is /y? 4 72

(b) the distance between (x,y,z) and (0, y, 0) Vx4 22
(c) the distance between (x,y,z) and (0,0,z) is /x>

(a) the distance between (x,y,z) and (x,y,0) is z
(b) the distance between (x,y,z) and (0,y,z) is x
(c) the distance between (x,y,z) and (x,0,z) is'y

AB = /(1 = (1)) + (-1 =2 + 3= 1> = /A1 944 = /17
BOI = /312 + (4= (-1 +(5 -3 = Va+25 4= /3
CAl= /(13 + 247+ (1-5" = /16 +4+ 16 = /36 = 6

Thus the perimeter of triangle ABC is 1/ 17 + /33 + 6.
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62. [PAl = /(2=3)+ (-1 -1’ +(3-2° = /T +4+1= /6

PB| = /(4—3)P+ B 1’ +(1-2° = /I+4+1=16

Thus P is equidistant from A and B.

63/ (x ="+~ ()P -2 =/ =3P+ -2 > (y+ P = (y—3) = 2y 1= 6y +9
=>y=1

64. \/(x—0)2+(y—0)2+(z—2)2:\/(x—x)2+(y—y)2+(z—0)2:>x2+y2+(z—2)2:z2
x4y —dz4d=0=z2=2 1% 41

65. (a) Since the entire sphere is below the xy-plane, the point on the sphere closest to the xy-plane is the point at the top of
the sphere, which occurs when x = 0andy =3 = 0>+ (3 -3)° + (z+5)° =d4=>z=—5+2=z2= -3
= (0, 3, —3).

(b) Both the center (0, 3, —5) and the the point (0, 7, —5) lie in the plane z = —3, so the point on the sphere closest to
(0,7, —5) should also be in the same plane. In fact it should lie on the line segment between (0, 3, —5) and (0, 7, —5),
thus the point occurs when x = 0andz = —5 = 0> + (y = 3)° + (-=5+5)° =4=>y=3+2=y=5

= (0,5, =5).

66. \/(x —0)* + (yfo>2+<zfo>2:¢<xfo>2+<yf4>2+<zfo>2:¢<x73>2+<yfo>2+<zfo>2

—Jx— (y—2)° + (2 +3)°

S X4y 42 =4y -8y +164+22 =x>—6x+9+y* +22 =x> —4x+y> —dy + 2> + 62+ 17

Solve: x> +y> + 22 =x>+y? -8y + 16 +72>2 = 0= -8y + 16 = y =2

Solve: x? +y? + 2> =x> —6x + 9+ y* + 22 = 0= —6x+ 9= x = 3

Solve: x2 +y? + 22 = x> —4x +y? —dy+ 22 + 62+ 17 = 0= —4x —dy + 6z + 17 = 0= —4(3) —4(2) + 62+ 17

S2=-= (32D

12.2 VECTORS

1. @ 3(3), 3(—2))— 9, —6) 2. (& -2(-2), —2(5)>: 4, —10)
92 + (—=6)> = /117 =3/13 42 4 (—10)* = /116 = 21/29
3. (@ 3+(-2),-2+5)= 1,3) 4. (a) (—2) -2-5)= 5-7)
(b) V12+32=,/10 ) \/52+ = /74
5. (@) 2u= 2(3),2(-2)) = 6,—4) 6. (a) —2u= —2(3),-2(-2)) = —6,4)
3v = 3(—2),3(5)): -6, 15) S5v= 5(-2),5(5)) = —10,25)
2u—3v= 6—(—6),—4—15)= 12,-19) —2u+5v= —6+(—10),4+25) = —16,29)

) \/ 122+ (—19) :\/so (b) 1/ (—16)> +292 = \/1097
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11.
12.

. <COS

15.

16.

17.
18.
19.

20.
21.
22.

23.

@ du=(33).3-2)=(%-%) 3. @ —fu=(-350).-5(-2)) =
v=(4-2.19) = (-5.4) Bv=(#2.80)= (-1
uddv= (24 (-8 —S4e) = (1Y) —fu+ Bv= (B4 (-R). 8

®) (3)+ (%) =2 (b) /(=37 + (1) = ¥4

2-1,—1-3)= 1,-4) 10. (258 -0, =42 —0) = ~1,1)

0-2,0-3)= —2,-3)

AB=2-1,0-(-1))= 1,1), CD = —2—(=1),2-3)= —1,-1), AB+CD = 0,0)

Section 12.2 Vectors

2, sin 2§>=<—%,\/7§> 14. <cos (=3), sin (—%)>:<—%,

This is the unit vector which makes an angle of 120° 4+ 90° = 210° with the positive x-axis;
cos 210°, sin 210°> — <_ﬁ _l>

cos 135°, sin 135°) = <_L

7 7a)
25 (O- T+ (-2 (—1)k=-3i+2j—k

= (=3 —1)i+ (0—2)j+ (5 — 0)k = —4i — 2j + 5k

B=(-10—(=7))i+ (8 —(=8))j+ (1 — Dk = —3i+ 16j

B =(—1—1)i+4—0)j+(5—3)k=—2i+4j+2k

1

2

)

Su—v=511,-1)— 2,0,3)= 55 -5)— 2,0,3)= 5-2,5-0,-5-3)= 3,5, -8) =3i+5j—8k

u+43v=-2 —1,0,2)+3 1,1, 1) = 2,0,-4) + 3,3,3) = 53,-1)=5i+3j -k

719

The vector v is horizontal and 1 in. long. The vectors u and w are % in. long. w is vertical and u makes a 45° angle with

the horizontal. All vectors must be drawn to scale.

(a)

()

(b)

u+v+w
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720  Chapter 12 Vectors and the Geometry of Space

24. The angle between the vectors is 120° and vector u is horizontal. They are all 1 in. long. Draw to scale.

() .
-V
Uu—v+w
w
(d)

w v

- >

ut+tv+w=0

25. length = [2i + j — 2k| = \/22 4 12 + (—2)? = 3, the directionis i+ 1j— $k = 2i+j—2k=3(3i+1j— 3k)

26. length = |9i — 2j + 6k| = /81 + 4 4 36 = 11, the direction is %i*%j‘l’%k = 0i —2j+ 6k
=11 (Zi—Zj+ £k

27. length = |Sk| = /25 =5, the direction is k = S5k = 5(k)

28. length = [2i4 T k| = /5 + 12 = 1, the directionis 2i+ 3k = i+ 2k=1(}i+ 1K)

2
29. length:‘ﬁi—ﬁj—ﬁk’: 3(%) :\/g,thedirectionis\%i—ﬁj—%k

2
30. 1ength:‘ﬁi+%j+Lk\: 3(%) = 1, the direction is Ji+ = j+ Lok

31. (a) 2i () —/3k © Sj+2k (d) 6i—2j+ 3k
2. @ 7 (b) —32i- 2 © yi-1j-k @ it S-Sk

33. |v| = V122 +52 = /169 = 13; o= v = (12i — 5k) = the desired vector is 5 (12i — 5k)

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



34.

35.

36.

37.

38.

Section 12.2 Vectors

v=4/3+1+1= \ﬁ'l:T f%jf%k = thedesiredvectorisf:%(%if%jf%k)
= —/3i+/3j+ 3k

(@) 3i+4j— Sk—S\/_( + 545

. . . 3 . 4 . 1
5 k) = the direction is S—ﬁl—FS—ﬁJ— %k
(b) the midpointis (3,3, 3)

g
N

(a) 3i—6j+2k="7(
(b) the midpoint is (%

i—%j+%k) = thedirectionis 2i—$j+ 2k

,6)

3
71
1

@ —i-j-k=1/3

(b) the midpoint is (% %, %)

w

(——%i—Lj—ﬁk> = the direction is — Jzi — J-j— Sk

(2) 2i—2j— 2k_2\/§(—i—Lj—Lk) = the direction is i~ - j— Lk

721

3 3 3 V3
(b) the midpointis (1,—1,—1)
39. zﬁ)%:(S—a)i+(1—b)j+(3—c)k=i+4j—2k = 5—a=11-b=4,and3—c=-2 = a=4,b=—-3,and

—
40. AB

41.

42.

43.

44.

45.

¢ =15 = Aisthe point (4, —-3,5)

and ¢ = 14 = B is the point (-9, 0, 14)

2i+j=ai+j+bi—j=(@+blii+(a—b)j = a+b=2anda—b=1= 2a=3 = a:%and
b=a—1=3

i—2j=aRi+3j)+b(i+j)=Ra+b)i+Ba+b)j = 2a+b=1and3a+b=-2 = a= -3 and
b=1—-2a=7 = uy =aRi+3j)=—-6i—9anduy, =bi+j)=7i+7j

25° west of north is 90° + 25° = 115° north of east. 800 cos 115°, sin 115°> ~ —338.095, 725.046>

Letu = x,y) be represent the velocity of the plane alone, v = 70cos60°, 70sin60°) = 35, 35 \/§>, and let the
resultantu +v = 500,0). Then x,y)+ 35,35\/3) = 500,0) = x+35,y+35,/3) = 500,0)
= x+35=500andy +35y/3=0=x=465andy = —35\/3 = u= 465, —35,/3)

2
= |u| = \/4652 + (—35\5) ~ 468.9 mph, and tan § = =Y = § ~ —7.4° = 7.4° south of east.

F, = <7|F1|COS3O°, |F1|sin300> - <f§|F1|, %|F1|>, ¥, = <|F2|cos45°, |F2|sin45°> - <L2

>, and

= f§|F1| + i\/—|F2| =0Oand J|F| + i\/—|F2| = 100. Solving the first equation for |F,| results in: |F,| = ‘/TE|F1 |

w= 0,-100). Since F, + F, = 0, 100>:><f§|F1|+%|F2|,%|F1|+%|F2|>: 0, 100)

Substituting this result into the second equation gives us: 1 [F;| 4+ - (\/_ [F, |) =100 = |F,| = 110\0/3 ~ 73.205 N

= |F,| = % ~ 89.658 N = F; ~ —63.397,36.603) and F, = ~ 63.397, 63.397)

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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46. F) = —35cosa,35sina), F, = <|F2|COS6O°, |F2|sin6O°> - <%|F2

: ﬁ|F2|>, andw = 0, —50). Since

Fi+F,= 0,50) = —35cosa+ i|F,,35sina+ L2[Fa|) = 0,50) = —35cosa + 4|F,| = 0and

35sina + § |F2| = 50. Solving the first equation for |F;| results in: [F,| = 70 cos «. Substituting this result into the

second equation gives us: 35sina + 35\/§ cosa =50 = \/5 coso = 17—0 — sina = 3cos’a = 14%0 - 27—0s1n04 + sina
= 3(1 —sin*a) = 1 — Psina + sin’a = 196 sin’cr — 140sinov — 47 = 0 = sinav = Sié\[ .Since e > 0 =

sina > 0 = sina = 2582 = 4 & 7442°, and [Fy| = 70 cos @ ~ 18.81 N.

47. F, = <—|F1|cos4O°, |F1|sin4O°>, F, = 100c0s35°, 100sin35°), and w = 0, —w). Since F; + F, = 0, w)

= <—|F1|cos40° + 100 cos 35°, |F;|sin 40° 4 100 sin 35°> = 0,w) = —[F[cos40° + 100 cos 35° = 0 and

|Fy|sin40° + 100 sin 35° = w. Solving the first equation for [Fy| results in: |[F;| = 1%<%35 ~ 106.933 N. Substituting this

result into the second equation gives us: w ~ 126.093 N.

48. Fi = —|Fi|cosa, |[F|sina) = —75cosa, 75sina), Fo = [Fo|cos 3, |[Fa|sin3) = 75cosa, 75sina), and
w= 0,-25).Since F; +F, = 0,25) = —75cosa +75cosa, 75sina + 75sina) = 0,25) = 150sina = 25
= a ~ 9.59°.
49. (a) The tree is located at the tip of the vector ﬁ’ = (5 cos 60°)i + (5 sin 60°)j = % + i j=P= (%, %)
(b) The telephone pole is located at the point Q, which is the tip of the vector OP + P_Q)
= (3i+225) + (10cos 3152 + (105in 3159 = (3 + 102 )i+ (292 - 102) ]
~ Q= (5+120\/57 sf;1of>
50. Lett= -4 ands= iq. Choose T on OP; so that TQ is
parallel to OPg, so that ATPIQ is similar to AOP;P,. Then
% =t= OT = tOP, so that T = (txy, ty;, tz).
Also, % =s5s= TQ —sOP, =5 xa, Y2, 22).
Letting Q = (x, y, z), we have that
—
TQ = X—txl,y—tY1,Z—tZ|> =5 X2, Y2, Zz>
Thus x =tx; +SXo, Yy =ty; +SYy2,Z =12] + s25.
(Note that if Q is the midpoint, then E =landt=s= %
sothatx = L x; + 1 x, = X320y = I 7 — 2148 o that this result agress with the midpoint formula.)
—
51. (a) the midpoint of AB isM(g 3,00andCM = (3 —1)i+ (3 —-1)j+(0-3k=3i+3j—3k
(b) the desired vector is ( ) CM (% i+ %j — 3k) =i+j—2k
(c) the vector whose sum is the vector from the origin to C and the result of part (b) will terminate
at the center of mass = the terminal point of (i + j + 3k) + (i + j — 2k) = 2i + 2j + k is the point
(2,2, 1), which is the location of the center of mass
52. The midpoint of AB is M (3,0,3) and (2)CM = 2 [3 +1)i+0—-2j+ S+ 1)k] = (g 2j + k)

2

3
% i—3 4j +3 Tk. The vector from the origin to the point of intersection of the medians is (
= (% ——_]+7k) +(-i+2j—k) = —1+ g,]-l—;—‘k.

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



53.

54.

55.

56.

Section 12.3 The Dot Product 723

Without loss of generality we identify the vertices of the quadrilateral such that A(0, 0, 0), B(xy, 0, 0),
C(Xc, Ye,0) and D(X4, Y4,24) = the midpoint of AB is Map (%, 0, ()) , the midpoint of BC is

Mgc (%42, % ,0) , the midpoint of CD is Mcp (255, ¥4 %) and the midpoint of AD is

b
2

Map (& ,%,%) = the midpoint of MagMcp is (% , d¥e %“) which is the same as the midpoint

Sptre | X

of MapMgc = (% , chyd , %> .

Let Vi, Vo, V3, ..., V), be the vertices of a regular n-sided polygon and v; denote the vector from the center to

Vifori=1,2,3,...,n. IfS= Z v; and the polygon is rotated through an angle of I(ZT”) wherei=1,2,3,...,n,

i=1
then S would remain the same. Since the vector S does not change with these rotations we conclude that S = 0.

Without loss of generality we can coordinatize the vertices of the triangle such that A(0, 0), B(b, 0) and
C(Xc,yc) = aislocated at (b+"° °) bis at (XQC , 2) and c is at ( ) . Therefore, Aa = (% + %) i+ (y?).],
Bb — (3 -b)i+ (%)J,andCc =2 —x)i+(-y)j = Aa +Bb +Ce =0.

Let u be any unit vector in the plane. If u is positioned so that its initial point is at the origin and terminal point is at (x, y),
then u makes an angle 6 with i, measured in the counter-clockwise direction. Since |u| = 1, we have that x = cos 6 and

y = sin 6. Thus u = cos 6 i + sin 8 j. Since u was assumed to be any unit vector in the plane, this holds for every unit
vector in the plane.

12.3 THE DOT PRODUCT

|u| cos 0

NOTE: In Exercises 1-8 below we calculate proj, u as the vector ( ] ) v, so the scalar multiplier of v is the number in

o

column 5 divided by the number in column 2.

v-u [v| [ul cos 6 |u| cos 6 proj, u
—25 5 5 ~1 -5 —2i+4j — /5k
3 1 13 i 3 3(2i+ 1K)
25 15 5 4 5 5 (10i + 11j — 2K)
3 13
13 15 3 = = 35 (2i+ 10j — 11K)
2 2 1 :
2 V34 V3 Ve Ner (55— 3k)
\/_ - \/5 \/E 3 \/i\_/iﬂ \/5\;5\/5 M (—i+j)
10+V17 /26 V21 10+ /17 10+ /17 104V (55 4 )
546 V26
1 V30 /30 1 1 1<L L>
6 6 6 5 /30 5\V2’ 3
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_ -1 ( uwv \ _ -1 @)1 +M2)+O) (1) _ -1 4 _ —-1(_4 \ ~
9. 6 = cos (—MM) = cos (\/22+12+02\/12+22+(71)2) = cos (ﬁ\/é) = cos (\/%) ~ 0.75 rad

_ -1 u-v _ -1 23+ (=2)O)+DHH _ -1 10 _ -1 (2) ~
10. 6 = cos (‘u‘ M) = cos <\/22+(—2)2+12 \/32+02+42) = Cos ( ) = cos (3) ~ 0.84 rad

. _ V3) (V3) + (=D + 0)(=2) _ _
1. 0= 1(“V>: 1 ( _ 1(37)
COS [uf Tv] COos \/(\/3>2+(_7)2+02 \/(\/5)2+(1)2+(_2)2 COS \/5\/5
= cos~! (\;—2%) ~ 1.77 rad
il ww ) WD+ (V2) 0+ (-v2) ) T
12 0= cos (‘u‘ M> - \/(|)2+ (\/5)2+ (—\/5)2 VEDR+AE )7 - <\ﬁ\/§)
= cos~! (;115) ~ 1.83 rad
13. AB = 3,1),BC = —1,-3),andAC = 2,—2).BA = —3,—1),CB = 1,3),CA = —2,2)
—

1

AN sy ) o) o
%”%) =\ V) 2)) = cos”! () = 63435

Angle at B = cos™! ( BCBA ) = cos™! (%) = cos™! (2) ~ 53.130°, and

W

(=2430) ) _ oot () m a
e ﬁ)> cos™! (=) ~ 63435
14. AC = 2, 4)and BD = 4, —2). AC -BD = 2(4) + 4(—2) = 0, so the angle measures are all 90°.

i-v a
lif vl

2 )2 2 aiwea v
cos? a + cos? 3 + cos? vy = (i) + 7) + (ﬁ) =Labde -
S =

. j- _ kv __ ¢
15. (a) cosa = ,c08 3 = HIL Vo COSTY = KV T WM and

[v|
vl

=1

vl [v] vl

(b) |v|]=1 = cosa==2 =a,cos =

= b and cos v = ﬁ = c are the direction cosines of v

16. u = 10i + 2Kk is parallel to the pipe in the north direction and v = 10j + k is parallel to the pipe in the east

. . . . _ -1 uv_ _ —1 2 ~ ~ o
direction. The angle between the two pipes is § = cos (‘“‘ M) = cos (7\/ﬁ m) ~ 1.55 rad ~ 88.88°.

17. The sum of two vectors of equal length is always orthogonal to their difference, as we can see from the equation

2 2
(Vi+Vv)-(Vi—=V2) =V -Vi+ Vo Vi —Vi-Vo—Vo-Vo = |Vi|" — |[Va| =0

18. CA - CB = (—v+(-u)-(-v+u)=v-v—v-u+u-v—u-u=|v|> - |u|® = 0 because |u| = || since both equal

the radius of the circle. Therefore, C7A and C73 are orthogonal.
19. Let u and v be the sides of a rhombus = the diagonalsared; =u+vandd, = —u+v

= d-dy=@u+V)-(—utv)=-u-utu-v-v-u+v-v=|v|> = |ul* = 0 because [u| = |v|, since a rhombus

has equal sides.
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21.

22.

23.

24.

25.

26.

27.

28.

29.

Section 12.3 The Dot Product

Suppose the diagonals of a rectangle are perpendicular, and let u and v be the sides of a rectangle = the diagonals are
d; =u+vandds = —u+ v. Since the diagonals are perpendicular we have d; - ds = 0
S W4V -(—ut+v)=—u-utu-v—-v-ut+v-v=0 < [y = [u?*=0s (|v|+|u))(jv] - [u)) =0

< (|v] + |u|) = 0 which is not possible, or (|v| — |u|) = 0 which is equivalent to |v| = |u| = the rectangle is a square.

Clearly the diagonals of a rectangle are equal in length. What is not as obvious is the statement that equal diagonals
happen only in a rectangle. We show this is true by letting the adjacent sides of a parallelogram be the vectors
(v1i + voj) and (uji + uaj). The equal diagonals of the parallelogram are d; = (v1i + vaj) + (u1i 4 ugj) and
dy = (v1i + voj) — (u1i + ugj). Hence |d;| = |da| = |(vii + Vvaj) + (uii + ugj)| = |(vii + voj) — (u1i + usj)|
= [(vi +uDi+ (v +w)j| = [(vi —u)i+ (va —w)j| = /(vi Fu)? + (va +u2)? = /(vi —up)? + (v2 — up)?
= V12 + 2viu; + u12 + vf + 2vous + ug = V12 —2viug + u12 + vf — 2vouy + ug = 2(viuy + vaus)
= —2(Viuy 4+ Vo) = viuy + vous = 0 = (vii 4+ voj) - (u1i + ugj) = 0 = the vectors (vii + voj) and (uyi + usj)
are perpendicular and the parallelogram must be a rectangle.

If [u| = |v| and u + v is the indicated diagonal, then (u+v) -u=u-u+v-u=[u>+v-u=u-v+|v|’

(u+v)-u
[u+v| |uf

=u-v+v-v=(u+v)-v = the angle cos™! ( ) between the diagonal and u and the angle

cos! (‘(:jvﬂvv') between the diagonal and v are equal because the inverse cosine function is one-to-one.

Therefore, the diagonal bisects the angle between u and v.

horizontal component: 1200 cos(8°) ~ 1188 ft/s; vertical component: 1200 sin(8°) ~ 167 ft/s

[wlcos(33° — 15°) = 2.51b, s0 |w| = 22 Thenw = 22 cos 33°,5in 33°) ~ 2.205, 1.432)
(a) Since |cos 0] < 1, we have |u - v| = |u| |v| |cos 8] < |u| |v| (1) = |u] |v].

(b) We have equality precisely when |cos #] = 1 or when one or both of u and v is 0. In the case of nonzero
vectors, we have equality when § = 0 or 7, i.e., when the vectors are parallel.

(xi +yj) - v=[xi +yj| [v|cos # <0 when § <6 <. This
means (X, y) has to be a point whose position vector makes
an angle with v that is a right angle or bigger.

v-u; = (aug + buy) - u; = auy - uy + buy - uy :a|u1|2+b(u2-ul):a(1)2+b(0):a

No, vineed not equal vo. For example, i+ j#i+2jbuti-(i+j)=i-i+i-j=1+0=1and
i-(i+2)=i-i+2i-j=1+2-0=1.
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30. F=2i+j—3kandv = 3i—j= proj, F = \FVTVV = W(Si — j) = 3i— 1j, is the vector parallel to v.
F — projy F = (2i + j — 3k) — (3i — 1j) = 4i+ 3j — 3k is the vector orthogonal to v.

31. P(x1,y1) =P (xl, e xl) and Q(X2,y2) = Q (Xg, B %xz) are any two points P and Q on the line with b £ 0
— . . — 0 . . .
= PQ = (xo — xi+ 2 (x1 = x2)j = PQ -v=[(xa — x)i+ & (x; — x2)j] - (ai + bj) = a(xy — x1) + b () (x1 — x2)
=0 = vis perpendicular to 1% forb # 0. If b = 0, then v = ai is perpendicular to the vertical line ax = c.

Alternatively, the slope of v is % and the slope of the line ax + by = cis — ¢, so the slopes are negative reciprocals

= the vector v and the line are perpendicular.

32. The slope of v is 2 and the slope of bx —ay = c is E, provided that a # 0. If a = 0, then v = bj is parallel to

the vertical line bx = c. In either case, the vector v is parallel to the line bx — ay = c.

33. v =1+ 2j is perpendicular to the line x + 2y = c; X
P2,1)ontheline = 24+2=c = x+2y=4
} i+2j
x+2y=4
0 i 4 ¥
34, v = —2i — j is perpendicular to the line —2x —y = c; y
P(—1,2)on the line = (—2)(—1)—-2=c¢
= —2x—y=0
-2x-y=0
X
-2
-2i —j -1
35. v = —2i+ jis perpendicular to the line —2x +y = c¢; - X
=2i+j
P(—=2,—7)ontheline = (—-2)(-2)—7=c¢ - /
= —2x+y=-3 - > g x
2
2x+y=-
-3
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36. v = 2i — 3j is perpendicular to the line 2x — 3y = c; y
P(11,10) on the line = (2)(11) — (3)(10) =c¢ 8/ <
= 2x — 3y = -8 2x-3y=-8
<4 0 2 X
- 2i — 3]
37. v=1—jisparallel to the line —x —y =c¢; X
P(—2,1)ontheline = —(-2)—1=¢c = —x—y=1 P2, 1) L
orx+y=-—1.
=) T
x+y=-1
_1\ hif

38. v = 2i + 3j is parallel to the line 3x — 2y = c;
P(0,—2)ontheline = 0 —-2(—2)=c = 3x—2y=4

/-
p(0,-2)

3x-2y=4

39. v = —i — 2j is parallel to the line —2x +y = c; X
P(1,2)ontheline = —2(1)+2=c = —2x—y =0 P2
or2x —y =0. 2x-y=0

-2

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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40. v = 3i — 2j is parallel to the line —2x — 3y =c; y
P(1,3) on the line = (=2)(1) — 3)(3) = ¢ \
= —2x—3y=—1lor2x+3y =11
3 P(1,3)
2x + 3y =11
L X
1 3 \
“2r 3i - 2j

41. P(0,0),Q(I,Dand F=5j = PQ =i+jand W=F-PQ = (5j)-(i+j)=5N-m=5]

42. W = |F| (distance) cos § = (602,148 N)(605 km)(cos 0) = 364,299,540 N - km = (364,299,540)(1000) N - m
= 3.6429954 x 101 J

43. W = |F| ‘P_é‘ cos 6 = (200)(20)(cos 30°) = 20001/3 = 3464.10 N - m = 3464.10 J

44. W = [F| ‘1%] cos 6 = (1000)(5280)(cos 60°) = 2,640,000 ft - Ib

In Exercises 45-50 we use the fact that n = ai 4 bj is normal to the line ax + by = c.

45. n; =3i+jandny =2i—j = 6 = cos™! (%) =cos~! (\/61_0;\1/5) =cos™! (ﬁ) =1z

46. n; = —/3i+jandn, = /3i+j = 6 =cos™! (\Eﬁz\) = cos™! (\_/%T/IZ) =cos ! (-3) =%

4. m = VB jandm =1 = 0= o (g ) = eos ! (707) e (9) =5
48 m= it VAandms = (1-V3) i+ (14+V3)) = 0= co (i)

— cos-! 1-V3+V3+3 ol (4 ) ol (L) o
-8 <\/1+3\/12\/§+3+1+2\/§+3>_COS (2\/§)_COS (\/5)_4

49. n; =3i—4jandny =i—j = 6 = cos™! <ﬁ) =cos~! ( 314 ) =cos~! (L) ~ 0.14 rad

50. n; = 12i +Sjandny = 2i — 2j = 6 = cos™! ( R ) =cos™! ( 2410 ) =cos™! (26\[) ~ 1.18 rad

[y [no

12.4 THE CROSS PRODUCT

i j Kk
luxv=|2 -2 —1|=3(3i+1j+3k) = length =3 and the directionis 3i+ }j+ 3 k;
1 0 -1

vxu=—uxv)=-3(3i+1j+3k) = length = 3 and the directionis —3i— 1j— 3k
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i
uxv=|2 3
-1 1
vxu=—(uxv)=-5Kk) = length =5 and the direction is —k

= 5(k) = length = 5 and the direction is k

o o

i j k
uxv=|2 =2 4 | =0 = length = 0 and has no direction
-1 1 =2
vxu=—(uxv)=0 = length = 0 and has no direction
i j k
uxv=|1 1 —1|=0 = length = 0 and has no direction
0 0 O
vxu=—(uxv)=0 = length = 0 and has no direction
i j k
uxv=|2 0 0|=-6(k) = length = 6 and the direction is —k
0 -3 0

vxu=—(uxv)=6(k) = length = 6 and the direction is k

i j k
uxv=>{ixj)x(xk)y=kxi=|0 0 1|=j = length = 1 and the direction is j
1 00

vxu=—(uxv)=—j = length = 1 and the direction is —j

i j k
uxv=|-8 -2 —4|=6i—12k = length = 6+/5 and the direction is % i— % k
2 2 1
vXu=—(uxv)=—(6i — 12k) = length = 61/5 and the direction is — \% i+ % k
i j k
uxv= % —1% ; :—2i—2j+2k:>length:2\/§andthedirecti0nis—%i—%j—l—%k

vxu=—(uxv)=—(-2i—2j+2k) = length = 2+/3 and the direction is %i—i— ﬁj—%k

i j k i j k
uxv=|1 0 0|=Kk 10, uxv=|1 0 —-1|=i+k
01 0 01 0
z z

ixj=k
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i j k i j k
Il.uxv=|1 0 —-1|=i—j+k 12.uxv=1]2 -1 0|=5k

01 1 1 2 0

z F4

| ___ J+k

-
<
3
=
-
wm
x

1/ X l+2] y
T ik
i j Kk i j k
13.uxv=|1 1 0|=-2k 4 uxv=|0 1 2|=2j—-Kk
1 -1 0 1 0 0
z z
,i-j . s Y
e i+j 7
x 2k

i j kK - =
15 (@ POXPR=|1 1 -3 :8i+4j—|—4k:>Area:%’PQXPR‘:%\/64+16+16:2\/5
13 -1

_ PQxP _ 1 . .
(b) u= ‘FXF‘ = 6(21—1—,]—|—k)
i j k
— — . . 1l a2 — 1
16. (a) PQ xPR =|1 0 2 :41+4J—2k:Area:§’PQ xPR‘:§\/16+16+4:3
2 -2 0
Y. P
(b)u—‘?xﬂ_3(21—|—2‘] k)
i j k
— —)_ o . . 1 — — 1 _\/5
17. (@ PQxPR =|1 1 1|=-i+j = Area=3|PQ xPR|=35+1+1=-5
1 1 0

(b) u= “?*1‘ = it =t

i k
18 (@ PQxPR=[2 -1 —1|=2i+3j+k = Area=1}|PQ xPR| =1 /4+9+1= %"
10 -2

(b) u= ‘P xP | = Jm Qi3+ k)
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20.

21.

22.

23.

24.

25.

26.

27.

Section 12.4 The Cross Product

a; Qaz as
19. If u = aji + aj + agk, v = byi + boj + bsk, and w = cyi + coj + c3k, then (u x v) - w = |b;y by bs|,
€1 €2 C3
by by bs Ci C2 C3
(vxw)y-u=|c; cg cg|and(wxu)-v=|a; a, ag| which all have the same absolute value, since the
a; ay as by by b3
interchanging of two rows in a determinant does not change its absolute value = the volume is
2 00
[@xv)-w|=abs|0 2 0|=38
0 0 2
I -1 1
|(u x v)-w|= abs| 2 1 —2| = 4 (for details about verification, see Exercise 19)
-1 2 -1
2 1 0
|@xv)-w|=abs |2 —1 1|=]|-=7] =7 (for details about verification, see Exercise 19)
1 0 2
1 1 -2
(@ x v)-w|=abs|—1 0 —1|= 8 (for details about verification, see Exercise 19)
2 4 =2
(@ u-v=—-6,u-w=—81,v-w= 18 = none are perpendicular
i j k i J k i j k
b)) uxv=|5 -1 1 |#0uxw=]| 5 -1 1 |=0vxw=| 0 1 =5|#0
0 1 =5 -15 3 -3 -15 3 -3
= uand w are parallel
@ uwu-v=0,uxw=0u-r=-31,v-w=0,v-r=0,w-r=0=ulvulwvlwvlr
andw Lr
i j k i j k i j k
b)) uxv=|1 2 —1|#0uxw=|1 2 —1|#0,uxr=|1 2 —1(=0
-1 1 1 1 0 1 -5 T 5
i j Kk i i Kk i j k
vxw=|—-1 1 1|#0vxr=|-1 1 1|#0wxr=] 1 0 1|#0
10 1 - -1z -5 T3
= u and r are parallel
‘FQ XF‘ - ‘%‘ IF| sin (60°) = 2-30- X2 ft-1b = 10/3 ft - Ib
’1% xF’:‘P_é’|F|sin(135°):§~30-§ft-lb:10\/§ft-lb
(a) true, [u| = \/a} + a2 +a} =/u-u
(b) not always true, u - u = [u| >
i j k i j Kk
(¢) true,ux0=|u; uy uz3|=0i+0j+0k=0and O xu=|0 0O O0|=0i+0j+0k=0
0 0 O up ux ug
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i J k
(d) true,ux (—w)=| uy uy uz | = (—ugu3 + uzu3)i — (—uyu3 + uruz)j + (—uguz + ujuz)k = 0
—u —uy —ug
(e) not always true, i X j = k # —k = j x i for example
(f) true, distributive property of the cross product
(g) true,(uxv)-v=u-(vxv)=u-0=0
(h) true, the volume of a parallelpiped with u, v, and w along the three edges is the same whether the plane containing u
and v or the plane containing v and w is used as the base plane, and the dot product is commutative.

28. (a) true,u-v =1u;vy + UgVy + U3V = ViU; + VoUug + Vgug =Vv-u

i j Kk i j Kk
(b) true,uxv=|u; Uy ug|=—1|vy Vvg v3z|=—(vxu)
Vi V2 V3 u ux ug
i J k i j Kk
(¢) true,(—u) X v=|—u; —Uy —Uug|=—|u; Uy uz|=—@XYV)
Vi Vo V3 Vi Vg V3

(d) true, (cu) - v = (cuy)vy + (cuy)vse + (cuz)vy = uj(cvy) + us(cvy) + uz(cvsy) = u - (cv) = c(uy vy + ugvy + uzvs)

=c(a-v)
i j Kk i J k i j k
(e) true,cluxv)=c|lu; uy ug|= |cuy cuy cug|=(cu)Xxv=|u Uy uz|=ux(cv)
Vi Vo V3 Vi \P) V3 Cvy CvVy Cvg

() true,u-u:u?—i—u,f—i—uf:(\/u?+u§+u§)2:|u|2
(g) true,(uxuw)-u=0-u=0
(h) true,uxv Luanduxvlv = (uxv)-u=v-(uxv)=0

29. (2) proj, u = (%) v b mxv) © ((uxv)xw) ) |xv)-wl
(€) (wxv)x (uxw) ® ful g

30. (ixj)xj=kxj=—i;ix (jxj)=1ix0=0.The cross product is not associative.

31. (a) yes, u x v and w are both vectors (b) no, uisa vector but v - wis a scalar
(c) yes,uandu x w are both vectors (d) no, uis a vector but v - w is a scalar

32. (u x v) x wis perpendicular to u X v, and u x v is perpendicular to bothuand v = (u X v) X wis
parallel to a vector in the plane of u and v which means it lies in the plane determined by u and v.
The situation is degenerate if u and v are parallel so u x v = 0 and the vectors do not determine a plane.
Similar reasoning shows that u x (v x w) lies in the plane of v and w provided v and w are nonparallel.

33. No, v need not equal w. For example,i+j# —i+j,butix (i+j)=ixi+ixj=0+k=kand
ix(—i+j)=ix(—i)+ixj=0+k=k

34. Yes. fuxv=uxwandu-v=u-w,thenu x (v—w)=0andu- (v—w)=0. Suppose now that v # w.
Then u x (v — w) = 0 implies that v — w = ku for some real number k # 0. This in turn implies that

u-(v—w)=u-(ku) =k |u - 0, which implies that u = 0. Since u # 0, it cannot be true that v # w, so v = w.

35. AB = —i+jandAD = —i—j = ABxAD=|-1 1 0|=2k = area:‘AB xAD‘:Z
1 -1 0
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36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

—
AB

N
AB

—
AB

— — — —  — — —
AB = 3i+ 2j + 4k and DC = 3i + 2j + 4k = AB is parallel to DC; BC = 2i — j and AD = 2i — j = BC is parallel to

—

D.

N
AC

—

B

—
AB

—
AB

—

B

&l

&l

)

— — — i ik — —
©0CB. ACxAD =| 1 4 0|=12i-3j+7k= area = |AC x AD| = /202
13 3
i j k
— — — — —
= —2i+3jand AC =3i+] = AB xAC=|-2 3 0|=-11k = area=1}|AB x AC| = §
3010
i j k
— — — — —
—4i+4jand AC =3i+2j = ABxAC =4 4 0 :—4k:>area:%’AB ><AC‘22
320
i j k
. . — . . — — 1 — 25
=6i—Sjand AC = 11i—5j = ABxAC=|6 -5 0|=25k = area=}|AB x AC| = ¥
11 -5 0
i j Kk
— — — — —
— 16i — 5jand AC = 4i+4j = ABxAC=|16 -5 0 :84k;»area:%‘AB xAC’:42
4 4 0
i j k
— — — — —
— it2jandAC = —i—-k = ABxAC=|-1 2 0 :—2i—j+2k:>area:%‘ABxAC’:
10 -1
i j ok
— — — — —
= —i+j-kand AC =3i+3k = AB x AC =|~1 1 —1|=3i-3k = area=}|AB x AC| = {2
30 3
i j k
— — — — —
— —i4+2jandAC —j—2k = ABxAC=|-1 2 0 :—4i—2j—k:>area:%‘ BxAC‘:
0 1 -2

Section 12.4 The Cross Product

— — — ij k — —
—7i+3jand AD =2i+5j = ABxAD=[7 3 0 :29k:>area:‘AB><AD‘:29
2 5 0
ik
— — — — —
—3i-2jandAD =5i+j = ABxAD=[3 —2 0 :13k:>area:‘AB xAD‘:13
5 1 0
i j ok
— — — — —
—7i—4jand AD =2i+5j = AB xAD = |7 —4 0 :43k:>area:‘AB xAD‘:43
2 5 0

i j k
AB xBC = |3 2 4|=4i+8j— 7k = area=|AB x BC| = /129
2 -1 0

— — — — — —
=1i+4jand DB =i+ 4j = AC is parallel to DB; AD = —i+ 3j 4+ 3k and CB = —i + 3j + 3k = AD is parallel

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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734 Chapter 12 Vectors and the Geometry of Space

—

W)

— — — — — 1
48. AB =i+2j, AC = —3j + 2k and AD = 3i — 4j + 5k = (AB xAC)- —lo -3 2|=5
3

— — —
= volume = ‘(AB xAc) -AD‘ =5
i j k

49. fA=ajit+ajand B=bji+byj,thenAxB=|a; a, 0| =
by by 0

a as

! b k and the triangle's area is
1 D2

a; a2
b; b

in the xy-plane, and (—) if it runs clockwise, because the area must be a nonnegative number.

JIAxB|= %1 . The applicable sign is (+) if the acute angle from A to B runs counterclockwise

50. Tf A = ayi + a3 j, B = byi + by j, and C = ci + cj, then the area of the triangle is 1 ‘A_I)S X A_()?‘ . Now,
i ik
— —
AB x AC = bl—al bgfag 0| =
Ci —a; Co—ay 0
3 1(br — ap)(ca — a2) — (1 — ap)(by — az)| = 1 [ay(by — 3) + az(cy — by) + (bycy — c1by)|

by —a by — as

— —
k = 3 |AB x AC|
€1 —a Co — a2

a; a2 1
= =+ % b; by 1|. The applicable sign ensures the area formula gives a nonnegative number.
C1 Co 1

12.5 LINES AND PLANES IN SPACE

1. Thedirectioni+j+kandP3,—4,—1) = x=3+t,y=—4+t,z=—1+t

2. Thedirectionl% =-2i—2j+2kandP(1,2,-1) = x=1-2t,y=2—-2t,z=—1+2t
3. The directionf% =5i+5j—5kand P(—2,0,3) = x=—-2+4+5t,y=5t,z=3 -5t

4. The directionl% =—j—kandP(1,2,0) = x=1,y=2—-t,z=—t

5. The direction 2j + k and P(0,0,0) = x=0,y=2t,z=t

6. The direction 2i — j+ 3k and P(3,-2,1) = x=3+2t,y=—-2—-t,z=1+43t

7. Thedirectionkand P(1,1,1) = x=1,y=1,z=1+t

8. The direction 3i + 7j — Skand P(2,4,5) = x=2+4+3t,y=4+7t,z=5—5t

9. The directioni+ 2j+ 2k and P(0, —7,0) = x=t,y=—7+2t,z=2t

10. The directionisu X v = =-2i+4j—2kandP(2,3,0) = x=2—-2t,y=3+4t,z= -2t

(SN
D e
W W R

11. The direction i and P(0,0,0) = x=t,y=0,z=0

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



12. The direction k and P(0,0,0) = x=0,y=0,z=t

13. The direction PQ =i+ j+ 3k and P(0,0,0) = x =t,
y:t,z:%t,whereogtgl

14. The direction PQ = iand P(0,0,0) = x =t,y =0,z = 0,
where 0 <t <1

15. ThedirectionP_Q) =jand P(1,1,0) = x=1,y=1+t,
z =0, where -1 <t<0

16. The direction PQ = kand P(1,1,0) = x =1,y =1,z =t,
where 0 <t <1

17. The direction PQ = —2j and P(0,1,1) = x = 0,
y=1—-2t,z=1,where0 <t <1

Section 12.5 Lines and Planes in Space

(0,0,0)

P
4

|
_

—_
=

—
fesd

F—————eo —

~
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736 Chapter 12 Vectors and the Geometry of Space

18. The direction P_Q) =3i—2jand P(0,2,0) = x = 3, z

y=2-2t,z=0,where 0 <t <1

™ {0.2.0) y
— b4
19. The direction PQ = —2i + 2j — 2k and P(2, 0, 2)
= x=2-2t,y=2t,z=2—2t,where 0 <t < 1 //
2,0,2) ! i’
: 0,2,0)
I
- . . z
20. The direction PQ = —i + 3j + k and P(1,0, —1)

21.

22.

23.

24.

25.

26.

27.

= x=1—-ty=3t,z=—-1+twhere0<t<1

3 x—0+(2)y—-2)+(-Dz+1)=0 = 3x—2y—z=-3

3x—D4+My+D+(1)z—-3)=0 = 3x+y+z=5

— — — — i '] k
PQ=i—-j+3k,PS =—-i—3j+2k = PQxPS =| 1 —1 3|=7i—5j—4kisnormal to the plane
-1 -3 2

= Tx—2)+(=5)y—0)+ (—4)(z—2)=0 = Tx—Sy—4z=6

PQ =—i+j+2k,PS = —3i+2j+3k = PQ xPS =|—1 1
-3 2

= (Dx-D+E3)y-5+U)z-7=0 = x+3y—z=9

k
2 | = —i — 3j + k is normal to the plane
3

n=i+3j+4k P2,4,5) = (Dx -2+ Gy —-D+@z—-5 =0 = x+3y+4z=34

n=i-2j+kP1,-2D=Dx-D+EDy+)+Dz-1)=0=x-2y+z=6

x=2t+1= s+2 2t— s=1 4t—2s =2 . . . e
{y—3t—|—2—25+4 {3t—25—2 {3t—25—2 = t=0ands=—1;thenz=4t+3 = —4s—1
= 4(0) + 3 = (—4)(—1) — l is satisfied = the lines intersect when t = 0 and s = —1 =- the point of intersection is

x=1,y=2,and z =3 or P(1,2,3). A vector normal to the plane determined by these lines is
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Section 12.5 Lines and Planes in Space 737

i j k
n xny=|2 3 4 |=-20i+ 12j+ Kk, where n; and n, are directions of the lines = the plane
1 2 —4

containing the lines is represented by(—20)(x — 1) + (12)(y —2)+ (1)(z—3) =0 = —20x+ 12y +z=17.

X=t =2s+2 t—2s=2 . _ N _ _ — 5(_
28'{y:—t+2: s 43 {—t— s—1 s=—landt=0;thenz=t+1=554+6 = 0+1=5(—-1)+6
is satisfied = the lines do intersect whens = —1 and t = 0 = the point of intersectionisx =0,y =2andz = 1

i j k
or P(0,2,1). A vector normal to the plane determined by these linesisn; xn, = |1 —1 1| = —6i — 3j+ 3k,
2 1 5

where n; and ny are directions of the lines = the plane containing the lines is represented by
(0O)x—-0)+(3NHy—2)+B)(z—1)=0 = 6x+3y—3z=23.

29. The cross product of i + j — k and —4i + 2j — 2k has the same direction as the normal to the plane

i j k
= n=|1 1 —1|=6j+ 6k. Select a point on either line, such as P(—1, 2, 1). Since the lines are given
-4 2 =2

to intersect, the desired plane is O(x + 1) +6(y —2)+6(z— 1) =0 = 6y+6z=18 = y+z=3.

30. The cross product of i — 3j — k and i + j + k has the same direction as the normal to the plane

i j Kk
n=|1 -3 —1|=-2i-2j+4k. Selecta point on either line, such as P(0, 3, —2). Since the lines are
1 1 1

given to intersect, the desired plane is (—=2)(x —0) + (=2)(y —3)+ D (z+2) =0 = —2x —2y+4z=—14
= x+y—-2z="7.

i j k
3. iy xny = |2 1 —1|=23i-3j+ 3kisa vector in the direction of the line of intersection of the planes
1 2 1

= 3x—2)+(3)y—-—D+3z+1)=0 = 3x—3y+32z=0 = x —y—+z = 0is the desired plane containing
Py(2,1,-1)

i j Kk
32. A vector normal to the desired plane is Pl_f’g xn=1|2 0 —2|=-2i— 12j— 2k; choosing P;(1,2,3) as a point on
4 -1 2

the plane = (—-2)(x — 1) + (—12)(y —2) +(—2)(z—3)=0= —2x — 12y — 2z = —32 = x + 6y +z = 16 is the
desired plane

i j k
33. S(0,0,12), P(0,0,0) and v = 4i — 2j + 2k = PS xv=|0 0 12| = 24i + 48j = 24(i + 2j)
4 -2 2

PSxv I
g - | _ T = % = /524 = 21/30 is the distance from S to the line

i j kK
34. S(0,0,0), P(5,5,~3)andv=3i +4j — 5k = PS xv=|-5 -5 3 |=13i—16j—5k
3 4 -5

= d= | | — V109429642 _ V450 _ \/5 = 3 is the distance from S to the line

Ivl

V9+16+25 /50
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35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

Chapter 12 Vectors and the Geometry of Space

PS
S(2,1,3),P2,1,3)and v = 2i + 6j = PS xv=0 = d= ‘ ‘VX‘V‘ = % = 0 is the distance from S to the line
(i.e., the point S lies on the line)
- i j k
S2,1,—1),P0,1,0)andv=2i4+2j+2k = PS xv=|2 0 —-1|=2i—6j+4k
2 2 2
PSxv YT
= d= | \vX| | = \‘/‘:jiiiﬁ = \/—\/% = ,/13—4 is the distance from S to the line
. i j Kk
S3,-1,4),P@4,3,—5)andv=—-i+2j+3k = PS xv=|—-1 —4 9|=-30i—6j— 06k
-1 2 3
PSxv TR TR w3
= d= | \vX| ‘ = ?3?:;6:;36 = % = % = \%6 Q\F is the distance from S to the line
. i j Kk
S(—1,4,3),P(10,—-3,0)andv=4i+4k = PS xv=|—11 7 3|=28i+56j— 28k =28(i+2j— k)
4 0 4
PS v
= d= | ‘vx|v| = 284\};%““ = 74/ 3 is the distance from S to the line

S(2,-3,4),x + 2y + 2z = 13 and P(13, 0, 0) is on the plane = PS =—1li—3j+4kandn=1i+2j+ 2k

—11—6+8
> a= [P = g =[] -

S(0,0,0), 3x + 2y 4+ 6z = 6 and P(2, 0, 0) is on the plane = P_S> = —2iand n = 3i + 2j + 6k

-6 _ 6 _ 6
d_‘PS ‘m‘—m—v

\n\

S(0,1,1), 4y + 3z = —12 and P(0, —3, 0) is on the plane = P—S> =4j+ k and n = 4j 4 3k
_ n 1643 | _ 19
= d=|PS . p| = |des) v

S(2,2,3),2x +y+ 2z =4 and P(2,0,0) is on the plane = PS =2j+3kandn =2i+j+ 2k

_|_2+6 | _8
d_‘PS \n\ ‘\/4+1+4 -3

S(0,—1,0),2x +y + 2z = 4 and P(2, 0, 0) is on the plane = PS =—-2i—jandn=2i+j+2k

_ | =4-1+40
d_‘PS 44144

\n\

S(1,0,—-1), —4x +y+z =4 and P(—1,0,0) is on the plane = PS =2i—kandn=—-4i+j+k
:>d—‘P_S>.L _’ 81 |9 32
- Iml| = [ Viert+1]| — V18~ 2

The point P(1,0,0) is on the first plane and S(10, 0, 0) is a point on the second plane = PS = 9i, and

n =i+ 2j + 6Kk is normal to the first plane = the distance from S to the first plane isd = ‘ I?S - ﬁ

= ‘ \/ﬁ‘ = % , which is also the distance between the planes.
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47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

Section 12.5 Lines and Planes in Space 739

The line is parallel to the plane since v - n = (i +j— % k) -(i+2j+6k)=1+2—3=0. Also the point
S(1,0,0) when t = —1 lies on the line, and the point P(10, 0, 0) lies on the plane = PS = —9i. The distance from
S to the plane is d = ‘P_S> - B

In|

= ‘ \/ﬁ ‘ = % , which is also the distance from the line to the plane.

i+jandmy, =2i+j—2k = 9:cos’1<"1'"2 ) :cos’l( 241 )zcos*(

n
1 0y [ng]

n =5i+j—kandny =i—2j+3k = 9:005’1( R ) =cos~! (5’2’3) =cos 1 (0) =3

1| ng]

n =2i+2j+2kandny =2i —2j—k = 6 =cos™* (I:ll‘.li:]z?l) =cos™! %‘&%) =cos! (%) ~ 1.76 rad

ny | [mg]

n=i+j+kandn, =k = 6 =cos! (ﬂ) :cos‘l( ! ) ~ 0.96 rad

[=2)

s s e . _ -1 n;-ny _ -1 ({24+4-1)\ _ -1(_5_\ ~
n =2i+2j—kandn, =i+2j+k = 6 =cos (—‘nl“‘nz‘)—cos (\/5\/—>—cos (3\/3)~0.82rad

n, =4j+3kandny, =3i+2j+ 6k = 6 =cos™! (%) = cos ! (%) =cos™! (%) ~ 0.73 rad

2x—y+3z2=6 = 20— -G +31+0)=6 = —2t+5=6 => t=—1 = x=3,y=—Jandz=1

= (%,f%,%) is the point

6x +3y —4z=—12=6(2)+33+20) —4(-2-20=—-12 = 14t+29=-12=t=-3 = x=2,y=3-4
andz=—-2+4 = (2,—2, %) is the point

X+y+z=2= 14+20+1+5)+C)=2 = 10t+2=2 = t=0 = x=1,y=1andz=0

= (1, 1,0) is the point

2x —3z=7 = 2(-14+3)-35t) =7 = -9t—-2=7 =2 t=—-1 = x=—-1-3,y=—2andz= -5
= (—4,—-2,-5) is the point

i j k
n=i+j+kandny=i+j = nyxny=|1 1 1| =—i+j,thedirection of the desired line; (1,1, —1)
1 10
is on both planes = the desired lineisx =1—-t,y=1+t,z= —1
i j Kk
n =3i—6j—2kandn, =2i+j—2k = n; xny, =|3 —6 —2|=14i+ 2j+ 15K, the direction of the
2 1 =2

desired line; (1,0, 0) is on both planes = the desired line is x = 1 4 14t,y = 2t, z = 15t

i k
n=i—2j+4kandn, =i+j—2k = ny xny,=|1 -2 4 | =6j+ 3k, the direction of the
1 1 =2

desired line; (4, 3, 1) is on both planes = the desired lineisx =4,y =34 6t,z= 1+ 3t
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66.

67.

68.

Chapter 12 Vectors and the Geometry of Space

i j k
n =51—2jandn; =4j—5k = n; xny; =[5 —2 0 | = 10i + 25j + 20k, the direction of the
0 4 -5

desired line; (1, —3, 1) is on both planes = the desired lineisx =1 + 10t,y = —3 4 25t,z = 1 4 20t

LI&L2: x=3+2t=1+dsandy=—1+4t=1+25 = {2t_4s:_2 = {Zt_‘“:_z

4t—2s= 2 2t— s= 1
= —3s=-3 = s=1landt=1 = onLl,z=1andonlL2,z=1 = L1 and L2 intersect at (5, 3, 1).
L2 & L3: The direction of L2 is % (4i + 2j + 4k) = % (2i 4 j + 2Kk) which is the same as the direction

% (2i + j + 2k) of L3; hence L2 and L3 are parallel.

4t— r=3 g—r—3 =3

= t=1landr=1 = onLl,z=2whileonL3,z=0 = L1 and L2 do not intersect. The direction of L1
is \/% (2i 4+ 4j — k) while the direction of L3 is % (2i + j + 2k) and neither is a multiple of the other; hence

L1 and L3 are skew.

LI1&L3: x=3+2t=3+2randy=—1+4t=2+r = {2t_2r:0 { t=r=0

L1&L2: x=142t=2—sandy=—1—-t=3s = {_2:‘:38;11 = —5s=3 = s=—3andt=% = onLl,
zZ= % whileon L2,z =1 — % :% = L1 and L2 do not intersect. The direction of L1 is ﬁ(2i7j+3k)
while the direction of L2 is ﬁ (—i+ 3j + k) and neither is a multiple of the other; hence, L1 and L2 are
skew.

L2&L3: x=2—-s=5+2randy=3s=1—r = {32+2rr:13 = Ss=5 = s=1landr= -2 = onL2,

z=72andonL3,z=2 = L2 and L3 intersect at (1, 3,2).

L1 & L3: L1 and L3 have the same direction \/% (2i — j + 3k); hence L1 and L3 are parallel.

X:2+2t,y:747t,Z:7+3t;X:727t,y:*2+%t,Z:1*%'[

Ix—4)—-2(y—-D+1(z-5=0 = x—-4-2y+242z2-5=0 = x—-2y+z=7,

“V2x =) +2V/2(0+2) - V2@ -0)=0 = —/2x+2y2y - /22 =-7/2

— _ 1 _ 1 _ 3
X—Ojt—*i,y—f§,z—*§
S t=0x=1y=—1 = (1,-1,

= (0,—3,—
0)

V198

);y=0 = t=-1Lx=-1,z=-3 = (-1,0,-3);z=0

The line contains (0, 0, 3) and (\/5 , 1, 3) because the projection of the line onto the xy-plane contains the origin
and intersects the positive x-axis at a 30° angle. The direction of the line is \/gi +j+ Ok = the line in question

isx:\/gt,y:t,Z:?a.

With substitution of the line into the plane we have 2(1 —2t) + (2 +5t) — (-3t) =8 = 2 —4t+24+5t+3t=38
= 4t+4=8 = t=1 = the point (—1,7,—3) is contained in both the line and plane, so they are not parallel.

The planes are parallel when either vector Aji + B1j + C1k or Asi + Bsj + Cok is a multiple of the other or

when (Aqi + B1j + C1k) X (Aqi + Boj + C2k) = 0. The planes are perpendicular when their normals are
perpendicular, or(Ai + B1j + C1Kk) - (Asi + Boj + Cok) = 0.
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Section 12.6 Cylinders and Quadric Surfaces

There are many possible answers. One is found as follows: eliminate tto gett=x—1=2—-y = %5 3

z—3
2

= x—1=2—-yand2 —-y= = Xx+y =3and 2y + z = 7 are two such planes.

Since the plane passes through the origin, its general equation is of the form Ax + By + Cz = 0. Since it meets
the plane M at a right angle, their normal vectors are perpendicular = 2A + 3B 4 C = 0. One choice satisfying

this equationis A=1,B=—-landC=1 = x—y+z=0. Anyplane Ax+By+Cz=0with2A+3B+4+C=0

will pass through the origin and be perpendicular to M.

The points (a, 0, 0), (0,b,0) and (0, 0, c) are the X, y, and z intercepts of the plane. Since a, b, and c are all
nonzero, the plane must intersect all three coordinate axes and cannot pass through the origin. Thus,
T+ % + £ = 1 describes all planes except those through the origin or parallel to a coordinate axis.

Yes. If v; and v, are nonzero vectors parallel to the lines, then v X vo 7 0 is perpendicular to the lines.

— —

(a) EP =cEP; = —xpi+yj+zk=c[(x1 — x0)i +yij+z1k] = —x¢ =c(x; —X¢), y = cy; and z = ¢z,
where c is a positive real number

(b) Atxy; =0 = c=1 = y=yrandz=12z;atx; =Xy = XO:O’y:O’Z:O;XOILmOO c=_lim —X

Xg — 00 X1 —Xo

- 1 -1 _
fx(]lgnOO = =1= ¢ — lsothaty — y;andz — 7,

The plane which contains the triangular plane is x +y 4+ z = 2. The line containing the endpoints of the line

segmentis X = 1 —t, y = 2t, z = 2t. The plane and the line intersect at (%, %, %) . The visible section of the line

segment is \/(%)2 + (%)2 + (%)2 = 1 unit in length. The length of the line segment is /12 +22 +22 =3 = 2

the line segment is hidden from view.

12.6 CYLINDERS AND QUADRIC SURFACES

d, ellipsoid 2. i, hyperboloid 3. a,cylinder

g, cone 5. 1, hyperbolic paraboloid 6. e, paraboloid

b, cylinder 8. j, hyperboloid 9. Kk, hyperbolic paraboloid
. f, paraboloid 11. h, cone 12. c, ellipsoid
Cx2+yi=4 15. x2 +42> =16

z

2+42=16

™
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742 Chapter 12 Vectors and the Geometry of Space

16. 4x2 +y? =36 17. 9x® +y2 +2>=9 18. 4x> +4y* + 722 =16

zZ

9x2+y2+12=9

19. 4x2 + 9y? + 472 = 36 20. 9x% + 4y% + 362 = 36 21 x2+4y? =7z

422 +9y? +47% =36
z

22, z=8—x>—y? 2

z

z=8—x2—y2
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34. 4x2 +4y? =72

37. X2+ y? 22 =4 38. x2+z22=y 39. x2+ 722 =1

x2+y2—22=4
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40. 16y? + 922 = 4x> 41. z=— (x> +y?) 4.y —x>-722=1
z z
== +))
y
y
43. 4y2+22—4x2:4 44, x2—|—y2:Z
x2+yz=z

4y2+zz—4x2=4

45. () x>+ % +%2 =landz=c, thenx? + % = %€ = (X2‘2)+ Y 1 = A=abr

:w<@) (2\/?) _ 2m(9=¢?)

9

3
(b) From part (a), each slice has the area %_22) ,where —3 <z <3, ThusV =2 j; %” (9- 22) dz
3 .13
— 5[ o-Pa=%l-5] =¥1-9=s

© S+L+5=1= —)]+{ Y=l e A = (B (WEsE)

then V = 41 , which is the volume of a sphere.

46. The ellipsoid has the form ]’% + é—z + g = 1. To determine c¢? we note that the point (0, r, h) lies on the surface

of the barrel. Thus, 1;_1 + }C‘—: =1=ct= % . We calculate the volume by the disk method:

Vzwfj‘hdez. Now,%+§:1 = y?=R? (1_§_§) — R2? {1_%} —R2_ (%)22
—v=n[ R = (B2) 2] de =[R2 - § (B2 2] hh =2m [R*h— § (R? = )] =2 (B 4 21
= % mR?h + % mr’h, the volume of the barrel. If r = R, then V = 27R2h which is the volume of a cylinder of

radius R and height 2h. If r=0andh =R, then V = ‘3—‘ 7R3 which is the volume of a sphere.

47. We calculate the volume by the slicing method, taking slices parallel to the xy-plane. For fixed z, ’;—j + ]y)_z =:

gives the ellipse ﬁ + é = 1. The area of this ellipse is 7 (a\/%) (b\/%) = %bz (see Exercise 45a). Hence

c c

h ,7h
the volume is given by V = fo %"Z dz = [%} = %bhz. Now the area of the elliptic base when z = h is
0

A= %bh, as determined previously. Thus, V = %""2 = % (%bh) h= % (base)(altitude), as claimed.
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48. (a) For each fixed value of z, the hyperboloid ’;—z + ty)—z — z—j = 1 results in a cross-sectional ellipse

2

[,lg (C’gﬂz)} + {bg (LZ;Z)} = 1. The area of the cross-sectional ellipse (see Exercise 45a) is

Az)=m7 (‘é‘ N 22) (% N 22) = T (¢? +z%). The volume of the solid by the method of slices is
h h
V= j;A(z)dZ: j; 0 (c? 4 2%) dz = I [Pz + %23]2 = T (c’h + 1h¥) = T8 (3c2 4 h?)
(b) Ay = A(0) = maband A, = A(h) = =2 (c? 4+ h?), from part (a) = V = 280 (3¢ + h?)

=m0 (24 14 5) = =0 (24 €580) = B omab 4 R (<P 0%)] = § 24 + A)

© Ap=A(}) =2(+ %) = 3 (42 +02) = B(Ag+4A, +A)
= 8 [rab+ T (4c? + h?) + TP (c? + h?)] = T (c? + 4¢? + h? + ¢? + h?) = T8 (6¢2 + 2h?)
= T (3¢ + h%) = V from part (a)

50. z=1—y?

;):22 XS
AT
5 52000 e %%
LSRN
R SORIRIRISN
e
ot R st

25
352>
22

S22 -3
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(b)

(d)

53-58. Example CAS commands:
Maple:
with( plots );
eq :=x"2/9 + y"2/36 = 1 - z"2/25;
implicitplot3d( eq, x=-3..3, y=-6..6, z=-5..5, scaling=constrained,
shading=zhue, axes=boxed, title="#89 (Section 11.6)" );

Mathematica: (functions and domains may vary):
In the following chapter, you will consider contours or level curves for surfaces in three dimensions. For the purposes of
plotting the functions of two variables expressed implicitly in this section, we will call upon the function ContourPlot3D.
To insert the stated function, write all terms on the same side of the equal sign and the default contour equating that
expression to zero will be plotted.
This built-in function requires the loading of a special graphics package.
<<Graphics ContourPlot3D"
Clear[x, y, z]
ContourPlot3D[x%/9 — y?/16 — z2/2 — 1, {x, =9, 9}, {y, —12, 12}, {z, -5, 5},
Axes — True, AxesLabel — {x,y, z}, Boxed — False,
PlotLabel — "Elliptic Hyperboloid of Two Sheets"]
Your identification of the plot may or may not be able to be done without considering the graph.

CHAPTER 12 PRACTICE EXERCISES

I (@ 3 -3,4)—-42,-5)= —-9-8,12+20)= —17,32)
(b) V1724322 = /1313
Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.




10.

11.

12.

13.

14.

16.

Chapter 12 Practice Exercises
() —3+2,4-5)= —1,-1) 3. (a) —2(-3), —2(4)) = 6,-8)
) A/ (—1)? f (b) 1/62+ (—8)* =10

@ 5(2),5(-5)) = 10, -25)

) /102 4 (—25)* = /725 = 51/29

& radians below the negative x-axis: <— ? — %> [assuming counterclockwise].

(%:3)

2(\/42]?)(4& _j) = (\/%i - ﬁj) 8 —5 (W) (%i‘f’ %j) == _3i —4j

5

length:‘ﬁi+ 2j’:\/2—|—2:2,\/§i+ 2j:2<izi+ 1j) = the direction is i+ j

S

length:|—i—j|:«/1+1:ﬁ,—i—j:\/ﬁ(_%i_

N—

. TSN TR
j) = the direction is ﬁl ﬁJ

S

t=72=v=(-2sin2)i+ (2cos3)j = —2i;length = |-2i| = /4 + 0 =2; —2i = 2(—i) = the direction is —i

t=In2= v=(e"?cos(In2) —e™?sin(In2)) i+ (e"?sin(In 2) + " ? cos(In 2)) j
= (2 cos(In2) — 2 sin(In 2)) i+ (2 sin(In 2) + 2 cos(In 2)) j = 2[(cos(In 2) — sin(1

747

n2))i-+ (sin(ln 2) + cos(In 2)) j]

length = |2[ (cos(In 2) — sin(In 2)) i+ (sin(In 2) + cos(In 2)) j]| = 2\/(cos(ln 2) —sin(In 2))* + (cos(In 2) + sin(In 2))?

= 2/2c0s2(In 2) + 2sin?(In 2) = 21/2;

2[(cos(In 2) — sin(In 2))i + (sin(In 2) 4 cos(In 2)) j] = 2\/5( (cos(In 2) - sin(ln 2”35“"“" 2) + cos(ln 2)”)

. . _ (cos(In2)—sin(In2)) « (sin(In2) +-cos(In2)) «
= direction = 7 i+ e

length = |2i — 3j + 6k| = /4 +9+36 =7,2i —3j+ 6k =7 (3i— 3 j+ $k) = thedirectionis 2i—32j+ Sk

length = i +2j — k| = /T +4+1=1/6,i+2j—k \/(161+ﬁj—%k>:>thedirectionis
1 2 1

v _ 5. 4i-j+4k _ , 4i—j+r4k _ 8 . 2 . X

AWM= e S 2 SR Uk

i j k
vV =V1+1=vV2|u=4+1+4=3v-u=3u-v=3,vyxu=|1 1 0 |=-2i+2j—k
2 1 -2

uxv=—(vxu =2-2j+k, |V><u|:\/4+4+1:3,9:c05*1(‘v‘i"‘:1‘) = cos~! (ﬁ) =z,

|u| cos f = — s prOJv (\VHV\ % (i +j)
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18. v = VI2+ 12422 = /6, [ul = /(- D2+ (=12 = V2, v-u = ()(=1) + ()O) + 2)(~1) = -3,

i j k
u-v=-3,vxu=|1 1 2 |=—-i—j+k,uxv=—(vxu)=i+j—Kk,
-1 0 -1

vxul=/(=1)2+1)2+12= \/g, 0 = cos~! (ﬁ) =cos~! (\[;—iﬁ) — cos~ 1 (—_3)

i
=cos! (7?) :%’T, u\cos@:\/a(%ﬁ) :fé,projvu= (V'“)V:%(i+j+2k):7%(i+j+k)

vIlvl

19. projyu = (ﬁ)v:‘3—‘(2i+j—k)wherev-u:Sandv-v:6

20. projyu = (ﬁ)v:—%(i—Zj)wherev-u:—l andv-v =3

i j k :
2. uxv=|1 0 O0|=k

1 1 0

ix(i+j)=k
y

i j kK S
2. uxv=1|1 -1 0|=2k

1 1 0 (i-px(i+]) =2

23. Letv = vii + voj + vsk and w = wyi 4+ wyj + wsk. Then |v — 2w|2 = |(v1i + vaj + v3k) — 2(w1i + waj + w3k)| 2
. . 2
= |(vi — 2w + (va — 2wa)j + (v3 — 2wy)k|” = (V/(vi —2w1)? + (v2 — 2w2)? + (v3 — 2w3)?)
= (V24 V2 + v2) — 4(viw1 4 Vows + vaws) + 4 (W2 4+ w2 + w2) = |v|® —4v-w+ 4 |w|?
= |v|* — 4 |v] |w|cos 0 + 4 |w|> =4 —42)3) (cos ) +36 =40 — 24 (}) =40 — 12 =28 = |v—2w|=/28

=27

i j k
24, wand v are parallel whenuxv=0 = | 2 4 —-5/=0 = (4a—40)i+(20—-2a)j+ O)k=0
-4 -8 a

= 4a—40=0and20—-2a=0 = a=10

i j ok
25. (a) area=|uxv|=abs|l 1 —1|=]2i—-3j—k|=+/44+9+1=+14
2 1 1
1 1 -1
(b) volume=(uxv)-w=|2 1 1 |=134+2)-1(6—-(-1)—-1(-4+1)=1
-1 =2
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Chapter 12 Practice Exercises

i
(a) area =|uxv|=abs |1
0

o O

(b) volume = (uxv)-w= =1(1-0)—1(0-0)+0=1

—_— O = — e Gl
—_—— cor

The desired vector is n X v or v X n since n X v is perpendicular to both n and v and, therefore, also parallel to
the plane.

If a = 0 and b # 0, then the line by = ¢ and i are parallel. If a # 0 and b = 0, then the line ax = ¢ and j are
parallel. If a and b are both # 0, then ax + by = ¢ contains the points (9 0) and (0, %) = the vector
ab ( i—¢ J) = c(bi — aj) and the line are parallel. Therefore, the vector bi — aj is parallel to the line

ax + by = c in every case.

The line L passes through the point P(0, 0, —1) parallel to v = —i + j + k. With PS =2i+ 2j + k and

i j ok
PS xv=|2 2 1 =2-1)i—-Q+ Dj+ (2+2)k =1i-—3j+ 4k, we find the distance
-1 1 1

-
de |PSXV| _ V149416 _ V26 _ VT8
Ivl VIt1+1 V3 3

The line L passes through the point P(2,2,0) parallel to v =i+ j + k. With PS = —2i +2j+k and

i j k
PS xv=|-2 2 1 =2-1)i—-(-2-1)j+ (-2 —2)k =i+ 3j — 4k, we find the distance
1 1 1

.
_ ol s v v

Mo T Vi+1i+1 T /3 T3

Parametric equations for the linearex =1 —3t,y =2,z=3 + 7t.

The line is parallel to l% = 0i + j — k and contains the point P(1,2,0) = parametric equations are
x=1Ly=2+4+tz=—-tfor0<t<1.

The point P(4 0, 0) lies on the plane x —y = 4, and PS 6—-4)i+0j+(—6+0k=2i—6kwithn=1i—j

The point P(0, 0, 2) lies on the plane 2x 4+ 3y + z = 2, and P_S) =B -0)i+0—-0)j+ (104 2)k = 3i + 8k with

-PS
n=2i+3j+k = d= [ |—‘ Lot | = It = /14,

P3,—2,Dandn=2i+j+k = Qx—-3)+Dy—(-2)+Dz—-1)=0 = 2x+y+z=5

P(—1,6,0)andn=i—2j+3k = ()x— (=) +(-D(y—-6)+B)z—0)=0 = x —2y+3z=—13
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—> — —> —
37. P(1,-1,2),Q(2,1,3) and R(—1,2,—1) = PQ =i+ 2j+k, PR = —2i+3j— 3k and PQ x PR
i j k
=|1 2 1 |=-94j+ 7kisnormaltothe plane = (- -1+ N)y+ 1D+ @z—-2)=0
-2 3 =3
= —9x+y+7z=4
— — — —
38. P(1,0,0), Q(0,1,0) and R(0,0,1) = PQ = —i+j,PR = —i+ kand PQ x PR
i j k
=|—-1 1 0|=i+j+kisnormaltotheplane = ()x— 1D+ )y —0+ (1) (z—-0)=0
-1 0 1
= xX+y+z=1
39. (0,—3%,—3),sincet=—1,y=—1andz=—3 whenx =0;(—1,0,-3),sincet = —1,x = —landz = —3

wheny = 0; (1,—1,0),sincet=0,x =1landy = —1 whenz =0

40. x = 2t,y = —t, z = —t represents a line containing the origin and perpendicular to the plane 2x — y — z = 4; this
line intersects the plane 3x — S5y + 2z = 6 when t is the solution of 3(2t) — 5(—t) +2(—t) =6
= t= % = (%, = %, — %) is the point of intersection
41. ny =iandmy, =i+ j+ /2k = the desired angle is cos~! (hi‘l""‘:fz‘) =cos!(3)=1%
42. n; =i+ jandny, = j+ k = the desired angle is cos™! (\rﬁl\'ll:le) =cos ! (3)=1%
i j Kk
43. The direction of the lineisn; xny = |1 2 1| =5i—j— 3k. Since the point (-5, 3,0) is on
1 -1 2
both planes, the desired lineis x = =5+ 5t,y =3 —t,z = —3t.
i k
44. The direction of the intersectionisn; xny = |1 2 —2| = —6i — 9j — 12k = —3(2i + 3j + 4k) and is the
5 =2 -1

same as the direction of the given line.

45. (a) The corresponding normals are n; = 3i + 6k and n, = 2i + 2j — k and since n; - ny
=(3)2)+ (0)(2) + (6)(—1) = 6 + 0 — 6 = 0, we have that the planes are orthogonal

i j k
(b) The line of intersection is parallelton; xny =3 0 6 | = —12i+ 15j + 6k. Now to find a point in
2 2 -1
. . 3x+6z=1 3x+6z=1 _ _ 19
the intersection, solve { X 42y —72=3 { 12x + 12y — 62 — 18 = 15x+ 12y =19 = x=0andy = 5

= (0 19 l) is a point on the line we seek. Therefore, the lineis x = —12t, y = % + 15tand z = % + 6t.

) 1276
i j Kk
46. A vector in the direction of the plane's normalisn=uxv=|2 3 1|=7i—3j—5kandP(1,2,3)on
1 -1 2

the plane = 7(x—1)—3(y—2)—5(z—-3)=0 = 7x -3y —5z=—14.
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48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

Chapter 12 Practice Exercises 751

Yes;v-n=2i—4j+Kk)-Qi+j+0k)=2-2—-4-141-0=0 = the vector is orthogonal to the plane's normal
= v is parallel to the plane

n- P_P>0 > 0 represents the half-space of points lying on one side of the plane in the direction which the normal n points

A normal to the planeisn = AB x AC={2 0 —1|=—i—2j—2k = thedistanceisd = ‘%
2 -1 0

_ <i+4j>-<—i—2j—2k)‘ = | =gt =3

- V1+4+4 - 3 -

P(0, 0, 0) lies on the plane 2x 4+ 3y + 5z = 0, andP_S) =2i+2j+ 3k withn =2i+ 3j+ 5k =

d— n-PS :‘4+6+15 _ 25
[n| V449425 /38
i j k
n=2i—j—Kkisnormaltothe plane == nxv=|2 -1 —1|=0i—3j+ 3k = —3j+ 3k is orthogonal
1 1 1

to v and parallel to the plane

The vector B x C is normal to the plane of B and C = A x (B x C) is orthogonal to A and parallel to the plane of B
and C:
i j k i J k
BxC=|1 2 1 |=-5i+3j—kandAxBxC=|2 -1 1 |=-=-2i—-3j+k
11 -2 -5 3 -1

= [AxBxC)|=+1/4+9+1=+/14andu = ﬁ (—2i — 3j + k) is the desired unit vector.

i j Kk
A vector parallel to the line of intersectionisv=mn; xn, ={1 2 1|=5i—j—3k
1 -1 2

= V=/2541+9=1/35 = 2 (ﬂ) — - (5i—j — 3K) i the desired vector.

The line containing (0, 0, 0) normal to the plane is represented by x = 2t, y = —t, and z = —t. This line
intersects the plane 3x — Sy + 2z = 6 when 3(2t) — 5(—t) + 2(—t) = 6 = t= 2 = the pointis (},— %,— ).
The line is represented by x = 3 +2t,y =2 — t, and z = 1 4 2t. It meets the plane 2x — y 4+ 2z = —2 when
23+20 - Q2-0D4+21+2)=-2 = t=—35 = thepointis (g, %, — 7).

9°9°7 9
i j k

The direction of the intersectionisv=mn; xny = |2 1 —1|=3i—5j+k = §=cos™! (Ivv\.fil)
1 1 2

=cos™! (ﬁ) ~ 59.5°

The intersection occurs when (3 + 2t) + 3(2t) —t = —4 = t= —1 = the pointis (1, -2, —1). The required line

i j k
must be perpendicular to both the given line and to the normal, and hence is parallel to |2 2 1
1 3 -1

= —5i+ 3j +4k = thelineisrepresentedby x =1—5t,y = —2+3t,andz = —1 + 4t.
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58. If P(a, b, c) is a point on the line of intersection, then P lies in both planes = a—2b+c+3 =0and
2a—b—c+1=0= (a—2b+c+3)+k(a—b—-c+1)=0forall k.

. . i j k
59. The vector AB x CD = | 3 =2 4 | = Z0(2i+ 7j+ 2Kk) is normal to the plane and A(—2,0, —3) lies on the
6 g _26
5 5

plane = 2(x+2)+7(y —0)+2(z— (—3)) =0 = 2x+ 7y 4+ 2z + 10 = 0 is an equation of the plane.

60. Yes; the line's direction vector is 2i + 3j — 5k which is parallel to the line and also parallel to the normal
—4i — 6j + 10Kk to the plane = the line is orthogonal to the plane.

i j Kk
61. The VectorP_Q> xPR =|2 —1 3|=—i—11j—3kisnormal to the plane.
-3 0 1
(a) No, the plane is not orthogonal to I% x PR.
(b) No, these equations represent a line, not a plane.
(¢) No, the plane (x +2) + 11(y — 1) — 3z = 0 has normal i + 11j — 3k which is not parallel to PQ x PR.
(d) No, this vector equation is equivalent to the equations 3y 4+ 3z = 3, 3x — 2z = —6, and 3x + 2y = —4

= X=— % — %t, y =t,z = 1 —t, which represents a line, not a plane.

(e) Yes, this is a plane containing the point R(—2, 1, 0) with normal P_Q) X ﬁ

62. (a) The line through Aand Bisx =1 +t,y = —t, z = —1 4 5t; the line through C and D must be parallel and
isLi: x=14+t,y=2—1t,z= 3+ 5t. The line throughBandCisx =1,y =2 4 2s, z = 3 + 4s; the line
through A and D must be parallel and is Ly: x =2,y = —1 + 25,z = 4 + 4s. The lines L; and L, intersect
atD(2,1,8) wheret =1 and s = 1.

_ Qjt4k)-i—j+5k) _ _3
(b) cos = V20 /27 IRVAT
BABC) R~ _ I8 Re~ _ 9 (3 A i s 2 .
() AT BC = 33 BC = 3 (j + 2k) where BA =i — j + Skand BC = 2j + 4k

(d) area = |(2j + 4k) x (i — j + 5k)| = |14i + 4j — 2k| = 6,/6

(e) From part (d), n = 14i + 4j — 2k is normal to the plane = 14(x —1)+4(y—-0)—-2(z+1)=0
= 7x+2y—z=8.

(f) From part (d), n = 14i + 4j — 2k = the area of the projection on the yz-plane is |n - i| = 14; the area of the
projection on the xy-plane is |n - j| = 4; and the area of the projection on the xy-plane is |n - k| = 2.

— — — i J k
63. AB=-2i+j+k CD=i+4j—k,andAC =2i+j = n= |-2 1 1 |=-51—-j—9k = thedistance is
1 4 -1
d=— |@ticsi-i-mw| _ _u
- V25+1+81 IRVATY;
— — — i i k
64. AB =-2i+4j—k,CD=i—j+2k,andAC = -3i+3j = n= |-2 4 —1|=7i+3j—2k = the distance
1 -1 2
isd = |Bit3aitsi-om| _ 12
- V49 +9+4 V62
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68. 36x% +9y? + 472 = 36

z

71. X2 +y? =2

74, 4y? + 7 —4x? =4

Chapter 12 Practice Exercises

66. x>+ (y—1)2+22 =1 67. 4x> +4y> +722 =4

z 4x?+ay?+ =4
Z

=

69. z=—(x2 +y?)

2=—("+)?)

A7 0‘\\
ALLT KD g\\\\
20N

AL T A ORIN
I IE G NN
LRSS
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CHAPTER 12 ADDITIONAL AND ADVANCED EXERCISES

1. Information from ship A indicates the submarine is now on the lineL;: x =4 +2t,y =3t,z = — % t; information from
ship B indicates the submarine is now on the line Ly: x = 18s, y =5 — 6s,z = —s. The current position of the sub is
(6, 3,— ) and occurs when the lines intersect att = 1 and s = 3 . The straight line path of the submarine contains both

points P (2 —1,— —) and Q (6 3,— ) the line representing th1s pathisL: x=2+4t,y=—1+4t,z= — 3. The

submarine traveled the distance between P and Q in 4 minutes = a speed of ‘ | \/— f 2 thousand ft/min. In 20
minutes the submarine will move 20+/2 thousand ft from Q along the line L

= 20\/52 VQ+4t—6)2+ (—1+4t—3)2+02 = 800 = 16(t — 1)> + 16(t — 1)> =32(t — 1) = (t—1)> = %
=25 = t=6 = the submarine will be located at (26 23, — —) in 20 minutes.

2. Hy stops its flight when 6 4+ 110t = 446 = t = 4 hours. After 6 hours, H; is at P(246,57,9) while Hs is at (446, 13, 0).
The distance between P and Q is /(246 — 446)2 + (57 — 13)2 + (9 — 0)2 &~ 204.98 miles. At 150 mph, it would take
about 1.37 hours for H; to reach Hs.

e e PN T 3
3. Torque:’PQ xF’ = 15ft—lb:‘PQ’|F|s1n’§:th-|F| = [F| =201b

4. Leta =1+ j+ k be the vector from O to A and b = i 4 3j + 2k be the vector from O to B. The vector v orthogonal to a
and b = v is parallel to b x a (since the rotation is clockwise). Now b x a =i+ j — 2k; projab = (22)a = 2i + 2j + 2k

= (2,2,2) is the center of the circular path (1, 3, 2) takes = radius = /12 + (—1)* + 02 = /2 = arc length per

second covered by the point is 3 \/_ 2 units/sec = |v| (velocity is constant). A unit vector in the direction of v is "ﬁi;
S 1 s 2 _ bxa _ 3 1 . 1 s \/_
= et i = ek v =) = 3V2( 5+ el - k) = i i - V3K

5. (a) By the Law of Cosines we have cos v = % =2 andcos 3 = % =% =sina=%andsing =1

~F = <—|F1|cosa, |F1|sina> — <—§|F1|, 4|F1|>,F2 - <|F2|cosﬂ, |F2|sin5> - <‘§‘|F2|, g|F2|>,and
w= 0, —-100). Since F; + F, = 0, 100) = <—§|F1| + 3|Fy|, 2F| + §|F2|> = 0,100) = —3|Fi| + 2[F,| =0

and 2|F,| + 2|F,| = 100. Solving the first equation for |F»| results in: [F,| = 2|F|. Substituting this result into the

second equation gives us: 2|F| 4 5 |F| = 100 = |[F;| = 80 1b. = [F,| = 601b. = F; = —48,64) and
F, = 48, 36> ,and o = tan~! (‘3—‘) and 3 = tan~! (%)

(b) By the Law of Cosines we have cos o = % = S andcos3 = % =15 =>sina={3andsinf =3
= F = (~[Fijcosa, [Fyfsina’) = (=3 [Fi|, BIFi|), B2 = ([Falcos 3, [FaJsin 5) = ( [F, &[F2| ), and

w= 0, —200>.SinceF1 +F, = 0,200) :>< ZIF1 + 5IF2|, 3IF1| + 13|F2|> 0, 200)

= —3|F1| + {3/F2| = 0 and {3|F| + 3 |F2| = 200. Solving the first equation for [F,| results in: [F;| = |Fi|.
Substituting th1s result into the second equation gives us: 12 |[F| + 2 [F;| = 200 = [F;| = 3% ~ 184.615 Ib.

= [Fs] = 190 % 76.923 1b. = Fy = (12090, 2800) &~ 71,006, 170.414) and F; = <% )
~ 71.006,29.586).

6. (a T, = <—|T1 |sina>, T, = <|T2|cosﬂ, |T2|sin6>, andw = 0, —w>. Since T; + T, = 0, w> =

<—|T1|cosa + |T2|cos G, | Ti|sina + |T2|sinﬂ> = 0,w) = —|Tj|cosa + |T2|cos 3 = 0 and

cosa
cos 3

IT|sinc + |T|sin 3 = w. Solving the first equation for |T,| results in: |T,| = |T,|. Substituting this result into

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



Chapter 12 Additional and Advanced Exercises 755

the second equation gives us: |T;|sin « + Wﬁﬂ =w= T =g acos‘%cfc/; ey i sir(?ﬁe) and
T2 = s m
() LT = & () = 2o L(Ty[) = 0 = —weos Feos (a + §) = 0= cos (a + ) = 0
= atB=F=a=F- 00T = & (SRR G) = i
d&2(|T1|) = wcos # > 0 = local minimum when o = 5 — 3
a=1-8
© (Tal) = 35 (m‘j’@’jr”d)) = _WC::;?(ZOJSF(E‘)+J s 45(IT2]) = 0= —wcosacos (a+ () = 0= cos(a+ ) =0
Sa+f=5=0=5-0 T = §(2FE) = G
da2(|T2|) = wcosa > 0 = local minimum when 8 = 5 — «
f=3-a

7. (a) IfP(x,y,z)is a point in the plane determined by the three points Py (X1, y1,21), P2(X2, y2, z2) and
— = — L. — — —

Ps(x3,Ys3, z3), then the vectors PPy, PP, and PP; all lie in the plane. Thus PP; - (PPy x PP3) =0

X1—X y1—Yy z1—2
= |X2—X Yy2—Yy 2Zy—z| = 0by the determinant formula for the triple scalar product in Section 12.4.
X3 —X Y3s—Y Z3—1Z
(b) Subtract row 1 from rows 2, 3, and 4 and evaluate the resulting determinant (which has the same value

as the given determinant) by cofactor expansion about column 4. This expansion is exactly the

determinant in part (a) so we have all points P(x, y, z) in the plane determined by P (x1, y1,21),

Py(Xg,y2,22), and P3(X3, 3, 23).

8. LetLi: x=aj;s+bj,y=ass+by,z=ags+bgandLy: x =cjt+dj,y =cot+dy, z=cst+d;. IfL; || Lo,
a Cp b1 — d1 kC1 C1 b1 — d1
then for some k, a;, = kc¢;, i = 1, 2, 3 and the determinant |{ay ¢c3 by —dy| =|kcy ¢c3 by —dy| =0,
as Cg b3 — d3 kC3 C3 b3 — d3
since the first column is a multiple of the second column. The lines L; and L, intersect if and only if the
as—cit+(b; —dy) =0
system ¢ ass — cot + (by — dy) = 0 has a nontrivial solution <> the determinant of the coefficients is zero.
ags —c3t+ (b3 —d3) =0

9. (a) Place the tetrahedron so that A is at (0, 0, 0), the point P is on the y-axis, and AABC lies in the xy-plane. Since
AABC is an equilateral triangle, all the angles in the triangle are 60° and since AP bisects BC = AABP

is a 30°- 60°-90° trinagle. Thus the coordinates of P are (O, \/5, O), the coordinates of B are (1, \/5, 0), and the

coordinates of C are (— 1, \/5, O) . Let the coordinates of D be given by (a, b, ¢). Since all of the faces are equilateral

AD-AB _ a+b\/§ _1
|AD||AB]| @) 2

= a+by/3 = 2 and cos(/DAC) = cos(60°) = \ﬁ%l = 72;2*)(2\)/— L = _a+by/3 = 2. Add the two equations

trinagles = all the angles in each of the triangles are 60° = cos(/DAB) = cos(60°) =

to obtain: be =4=>b= % Substituting this value for b in the first equation gives us: a + (%) \/3 =2

2
= a=0. Since |A_]>)| =Val+b24+c2=2=0+ (%) +ct=4=c= 2% Thus the coordinates of D are

2 22 ) _ ADAP _ 2 — ool ( 1 ) o
(O NIV cos ) = cos(£DAP) = ADIAF — 23 = 6 =cos ;)= 57.74°.
(b) Since AABC lies in the xy-plane = the normal to the face given by AABC is n; = k. The face given by ABCD is an

adjacent face. The vectors DB =i + ﬁj \/‘[k and DC = —i + ﬁj \/\[k both lie in the plane containing
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10.

11.

12.

15.

Chapter 12 Vectors and the Geometry of Space

i j k
. .. 1 1 7M 4\/5 . 2
ABCD. The normal to this plane is given by n, = V3 V3| = VL + %k . The angle 6 between two
L 22
by 7
adjacent faces is given by cos § = cos(/DAP) = 2 — 23 g o (3) = 70.53°.

= il ) (61v/3)

— — — — — — — — — — — .
Extend CD to CG so that CD = DG. Then CG =tCF = CB + BG and tCF = 3 CE + CA, since ACBG is a
parallelogram. If ta: -3 C_ﬁ — C_/)% =0,thent—3—-1=0 = t=4,since F, E, and A are collinear.
Therefore, CG = 4CF = CD =2CF = Fis the midpoint of CD.

—

If Q(x,y) is a point on the line ax + by = ¢, then P;Q = (x — x))i + (y — y1)j , and n = ai + bj is normal to the
- : : - o — 16— x0i+ (v — yojl-Gai + bj) ‘ _ lax=x1)+ bty —y»)|
line. The distance is ‘pI‘O_]n PlQ‘ = N/RET: = VT

_ |axy +by; —¢|

T since ¢ = ax + by.

(a) Let Q(x,y,z) be any point on Ax + By + Cz — D = 0. Let Q?l =X —x))i+ (y—y)j+ (z—z1)k, and

_ Ai+Bj+Ck . . - A5 . . Ai+ Bj+ Ck
n= o The distance is ‘pm]n QP | = ‘((x —x)i+(y—y)j+z—2z)k)- (7\/m
_ |AX; + By 4+ Cz; — (Ax + By + Cz)| _ |Ax; +By; + Cz; — D|
/A2 + B2 +C2 /A2 + B2 +C2

(b) Since both tangent planes are parallel, one-half of the distance between them is equal to the radius of the

sphere, i.e.,r = % % = \/5 (see also Exercise 12a). Clearly, the points (1, 2,3) and (—1, —2, —3)

are on the line containing the sphere's center. Hence, the line containing the center is x = 1 4 2t,
y =2+ 4t, z = 3 4 6t. The distance from the plane x + y 4+ z — 3 = 0 to the center is \/§

= +2t)+(\jl+itii(13+6073‘ = \/5 from part (a) = t =0 = the center is at (1,2,3). Therefore

an equation of the sphere is (x — 12 + (y — 2)2 4+ (z —3)? =3.

. () If (x1,y1,21) is on the plane Ax + By 4+ Cz = Dy, then the distance d between the planes is

d= ‘AXIJABZyi;CfC; Do _ |Ai‘31];i Ezékl , since Ax; + By; + Cz; = Dy, by Exercise 12(a).
_ _12-6 _ 6
®) d= 755 = Va
(©) |2(3)+(71)$)1—:2(71)+4l = ‘2(3”(71)(2\/)1—:2(71)71)' = D =28or —4 = the desired plane is
2X —y+2x =38

(d) Choose the point (2,0, 1) on the plane. Then B\;EDl =5=D=3% 5\/8 = the desired planes are

x—2y+z:3+5\/6andx—2y+z:375\/6.

. Letn = A_I§ X B_>C and D(x,y, z) be any point in the plane determined by A, B and C. Then the point D lies in

— — — —
this plane if and only if AD -n =0 < AD - (AB x BC) =0.

i j Kk
n =i+ 2j+ 6kisnormal tothe plane x +2y +6z=6;vxn=|1 1 1| =4i—5j+ kis parallel to the
1 2 6
i j k
plane and perpendicular to the planeof vandn = w=nx(vxn)=|1 2 6|=32i+23j— 13kisa
4 =5 1
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vector parallel to the plane x + 2y + 6z = 6 in the direction of the projection vector projp v. Therefore,
— — _ (3242313 _ Ll 22 13
PrOJPV*prOJwV*< |w\) % (|w\ ) (F ) W= W= aW=gii+3i-5k
16. proj, w = —proj, v and w — proj, w = v — proj, v.=> w = (W — proj, w) + proj, w = (v — proj, v) + proj, w

:v—2proj,v:v—2(ﬁ)z

17. (@) uxv=2ix2j=4k=>(uxv)xw=0;a-wv—(v-wWu=0v—-0u=0vxw=4i=ux(vxw =0
a-wyv—u-vyw=0v—0w =0

i j k i j Kk
b)) uxv=|1 -1 1 |=i+4j+3k = uxv)yxw=|1 4 3 |=-10i—2j+6k;
2 1 =2 -1 2 -1
(u-w)yv—(v-wu=—-4Q2i+j—2k) — 230 —j+ k) =—10i — 2j + 6k;
i j k i j Kk
vxw=|2 1 =2{=3i4+4j+5k = ux(vxw)=|1 -1 1|=-9-2j+7k;
-1 2 -1 3 4 5
-wyv—(u-v)w=—-4Qi+j—2k)— (—)(—i+2j— k)= -9 —2j+ 7k
i j Kk i k
) uxv=|2 1 0|=i-2j—4k = uxv)xw=|1 -2 —4|=—-4i—6j+2Kk;
2 -1 1 1 0 2
(- W)V — (v-wu =22 — j +K) — 4Q2i + j) = —4i — 6j + 2k;
i j Kk i j Kk
vxw=1|2 —1 1|==-2i-3j+k = ux(vxw) =2 1 0|=i-2j—4k;
1 0 2 -2 =3 1
u-wv—u-v)yw=2Q2i—j+k)—-331+2k)=i—-2j—4k
i j k i
@uxv=|1 1 —2|=-i+3j+k = @xv)xw=|-1 3 1 |=—10i- 10k;
-1 0 -1 2 4 =2
(u-w)yv—(v-wu=10(—i — k) — 0+ j — 2k) = —10i — 10k;
i j k i k
vxw=|—-1 0 —-1|=4i-4j—4k = ux(vxw)=|1 1 =2|=-12i—4j—8k;
2 4 =2 4 —4 -4

(u-w)v — (- v)w = 10(—i — k) — 12 + 4j — 2k) = —12i — 4j — 8k

18. (@) ux(vxw+vxWwWxuw+wx@@xv)=@-w)v—@-v)W+ vV-u)w —(v-wu+(w-viu— (w-u)v=0

(®) [u-(vxDi+[@-vxh+[-(vxkk=[@xV)-ili+[@xV)-jlj+[(uxv)-kKk=uxv
u-w v-w

© xv)-wWxr)=u-[vxwxnp]l=u-[(v-)w—(v-wrl=u-w)(v-r)— (u-r)(v-w) = u-r ver

19. The formula is always true;u X [ux (@ X v)]-w=u X [(u-v)u —(u-uw)v]-w

=[u-vuxu—(@-wuxvl-w=—[u’uxv-w=—[u’u-vxw

20. If u = (cos B)i + (sin B)j and v = (cos A)i + (sin A)j, where A > B, thenu x v = [|u| |v| sin(A — B)| k
i j k
=|cosB sinB 0| = (cosBsin A —sinB cos A)k = sin(A — B) = cos B sin A — sin B cos A, since
cosA sinA O

lu| = 1and |v| = 1.
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21.

22.

23.

24.

25.

Chapter 12 Vectors and the Geometry of Space

Ifu=ai+bjandv=ci+dj,thenu-v=|u||v|]cos® = ac+bd=+/a2+b2/c?+d?cos ¥
= (ac +bd)? = (a® + b%) (c? + d?) cos?# = (ac + bd)? < (a® + b?) (¢* + d?), since cos? § < 1.

Ifu:ai—i—bj—|—ck,th(3nu-u:.512—i—b2—|—c2 Oandu-u=0iffa=b=c=0.
u+v =@+v)-u+v)=u-u+2u-v4+v-v<|u+2u [v|+|v|]* = (ju + [¥))> = [u+v|<|u+]|v

Let o denote the angle between w and u, and (3 the angle between w and v. Leta = |u| and b = |v|. Then

wu _ (av+bw-u _ (av-u+buu) _ (av-utbuuw) _ (av-u+ba’) _ yudba
W[ |ul (Wl |u (Wl |ul (W] |ul Iw|a Wl

u-v-+ba
Iw|

cos o = , and likewise, cos 0 =

s

Since the angle between u and v is always < 5 and cos a = cos [3, we have that & = 3§ = w bisects the angle between

uandv.

(luv+ |v|w) - (|v]u = [u[v) = [u|v - [v|u + |v|u - [v]u — [u|v- u]v — |[v|u - u]v

= |v|u-|ulv+ |[v/*u-u—|u]*v-v—|v]u-|u]v = |v]*[u]® = [u*|v]* = 0
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CHAPTER 13 VECTOR-VALUED FUNCTIONS
AND MOTION IN SPACE

13.1 CURVES IN SPACE AND THEIR TANGENTS

L x=t+landy=0—-1=y=x—-1?-1=x>-2x;v=%=i42j = a= =2j = v=i+2janda=2j
att=1
1 V 1 1 d 1 2 2
J— J— — J— . — r __ J— 2 2
2. x_[_Handy_t = x_%i] _méy_;—l,v—dt—(tﬂ)z *tzJ = a= dt—7(1+l)31+g‘]
= v=4i—4janda = —16i — I6jatt = —.

3. x=candy=3e* = y=3x%v=F=cli+je”

i J:>a*el+862t.]éV*31+4Janda—31+8jatt—ln3

4, x =cos2tandy = 3sin 2t = x +%y2:l;V:%:(—2sin2t)i—|—(6cos2t)j = a:‘é—f
=(—4cos2t)i+ (—12sin2t)j = v=6janda= —4diatt=0

5. v=5S = (cost)i — (sint)jand a = ‘éf —(sin t)i — (cos t)j
= fort=72,v(3) = \/_ \/_Jand

a(%):7§i7%‘],f0rt:’§,v(g):7jand /a(Z) v(%)
() - i x

K D N

dt
= (—cos §)i+ (—sinf)j = fort=m, v(r) = —2iand

a(m) = —j; fort:%, (7”) \/Elfx/iland
a(5) = Li- 4

* = (-2sin§)i+ (2cos)janda =%

V:%:(l—cost)i—|—(sint)janda:ili—¥

= (sin t)i + (cos t)j = fort =, v(7r) = 2i and a(m) ;
fort = 3—”V(37”) :i—janda(%ﬂ) =

=—i

V:%:H—thanda:%:ﬁ = fort=—1,

v(—=1)=1i—-2jand a(—1) = 2j; fort =0, v(0) =i and
a(0) =2j; fort =1,v(l) =i+ 2jand a(l) = 2j

y-x2+1
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10.

11.

12.

14.

15.

16. v=

17.

18.

Chapter 13 Vector-Valued Functions and Motion in Space

r=0t+Di+(E@—-1)j+2tk = v=F=i+2(j+2k = a= dt2 F = 2j;Speed: |v(1)] = /12 + (2(1))? + 2% = 3;

v() _ i+2(1)j+2k

Direction:mzf l-|-3_]-|-2k:>V(1)_3( 1+3_]+ k)

r—(1+t)1+\/—J+‘k:>V ‘éf—1+\/—,]+t2k:>a—d—2:\/—,]+2tk Speed: |v(1)|

= J12+ (22) 4 (12)2 = 2; Directi ~V“>—@fl'+i°+lké (1
= e = 2; Direction: N = 3 =3i ﬁ'] 5 v

i
2( l+\[,]+1k>
dr

r=Q2cost)i+@Bsint)j+ 4k = v= a:(—Zsint)i+(3cost)j+4k = a= d—2 (=2 cos t)i — (3 sint)j;

Speed: |V( )| = \/(72 sin %)2 + (3 cos g)Q +42 = 2\/3; Direction: (I)‘

\
:(—#sin%)i+(23Wcos%)j+2iﬁk:—%i+%k:>V(%)-Zf(— Wk)

r=Gecti+(tanj+ itk = v==9 = (secttan )i+ (sec’t)j+ ¢k = a= 9T

= (sec ttan? t + sec® t) i 4 (2 sec? t tan t) j; Speed: |v ()| = \/(sec Z tan %)2 + (sec? %)2 + (‘3—‘)2 =2;

6
Direction: |:E8| = (Secétané)iz(secﬂ eitik _ Yitdj+ik = v(D)=2(3i+2j+3K)

r=Ch+1))i+gj+ Sk = v= U=

@ = (Fh)it2i+k = a=qr= [(l+1)2:|1+2‘]+k

1 ) i+2i+ Dk
Speed: |v(1)| = \/(1+1) + (2(1))? + 12 = \/6; Direction: \:E:;I = (”‘)%

= it g+ ok = v = V6 (it Zi+ LK)

r=(e )i+ 2cos3t)j+ 2sin3tk = v=9 = (—e)i— (6sin3t)j + (6 cos 3k = a= E

= (e7")i — (18 cos 3t)j — (18 sin 30k ; Speed: |v(0)| = 1/(—€%)? + [—6 sin 3(0)]2 + [6 cos 3(0)]2 = \/37;

. s oov0) _ (—e))i—65in3(0)j+6cos 3(0)k 1 6 o 1 . 6
Direction: g = V7 = itk = 0= V3T (- it k)

2
v=3i++/3j+2tkanda =2k = v(0) =3i+/3jand a0) = 2k = |v(0)] = \/32+ (\/5) 402 =+/12 and
a(0)| = v/22 = 2; v(0)-a0) =0 = cos =0 = =1

it (Y2 -32)janda =32 = v(0) = Li+ Y janda©) = ~32) = [V0)| = (ﬁ)2+

2

— 1 and [a(0)| = \/(—32)? = 32; V(0) - a(0) = (@) (-32)= —16\/2 = cosf = MY2 - _ V2 o g 3

-1/2 _ .
V= (t2+l)l+(t2+l)'] +i(E+ 1) "kanda= {(tl’ziT)g}l_ [(12+1) ]J+ {( )3’}1( = V(0 =jand

a0) =2i+k = |v(0)| = 1 and |a(0)| = v/22 + 12 = /5, v(0) -a(0) =0 = cos =0 = =1

v=21+0"2i-21-0"?j +tkanda=11+02i+ 11 -0 = v(0)=2i—2j+ tkand

a0)=1i+1j = |vO0) = \/(§)2+(7 274 (17 = Tand [a0) = \/(2)* + (1)* = 2 v(0) - a(0) = 2 — 2
=0 = cos0=0= 0=7
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20.

21.

22.

23.

24.

Section 13.1 Curves in Space and Their Tangents

. r(t) = (sin )i + (2 —cost)j+ ek = v(t) = (cos )i + (2t +sint)j +e'k; to =0 = v(tp) =i+ k and

r(tp)) =Py =(0,—-1,1) = x=0+t=t y= —1,and z = 1 + t are parametric equations of the tangent line

r) =i+ 2t—Dj+0k = v(t) =2ti+2j+3%k;t =2 = v(2) =4i+2j+ 12k and
r(ty) =Py = (4,3,8) = x =4 +4t,y =3+ 2t,and z = 8 + 12t are parametric equations of the tangent line

r() = (Int)i+ 5 j+ (thhok = v() =i+ ﬁj—l—(lnt—kl)k;tg:l = v(I)=i+1j+kand

761

r(t)) =Py =(0,0,0) = x=0+t=ty=0+ %t = %t, and z = 0 + t = t are parametric equations of the tangent line

r(t) = (cos )i + (sint) j + (sin 20k = v(t) = (—sin t)i + (cos )j + (2 cos 2t)k; tg = § = V(to) = —i — 2k and
r(t)) =Py =(0,1,0) = x=0—t=—t,y =1, and z = 0 — 2t = —2t are parametric equations of the tangent line

(a) v(t) = —(sint)i + (cos t)j = a(t) = —(cos t)i — (sin t)j;
@ v = \/ (—sin t)2 4 (cos t)2 = 1 = constant speed;
(i) v-a=(sint)(cost) — (cost)(sint) =0 = yes, orthogonal;

(iii) counterclockwise movement;
@iv) yes, r(0) =i+ 0j
(b) v(t) = —(2 sin 2t)i + (2 cos 2t)j = a(t) = —(4 cos 2t)i — (4 sin 2t)j;
i v = \/ 4 sin% 2t + 4 cos?2t = 2 = constant speed;
(i) v-a=8sin2tcos2t— 8cos2tsin2t=0 = yes, orthogonal;

(iii) counterclockwise movement;
@iv) yes, r(0) =i+ 0j
(©) v(t) = —sin(t—F)i+cos(t—3)j = a®) =—cos(t—3)i—sin(t—7)j;

@ v = \/sin2 (t — %) + cos? (t — %) =1 = constant speed;
(i) v-a=sin(t—3)cos(t—%) —cos(t—%)sin(t—3) =0 = yes, orthogonal;
(iii) counterclockwise movement;
(iv) no, r(0) = 0i — j instead of i + 0}
(d) v(t) = —(sint)i — (cos t)j = a(t) = —(cos t)i 4 (sin t)j;
@ v = \/(fsin t)2 + (—cos t)2 = 1 = constant speed;
(i) v-a=(sint)(cost) — (cost)(sint) =0 = yes, orthogonal;

(iii) clockwise movement;
@iv) yes, r(0) =1i—0j

(&) v(t) = —(tsint)i+ Qtcost)j = a(t) = —(2sint+ 2t cos t)i + (2 cos t — 2t sin t)j;
i v = \/[—(Zt sint) ]* 4 (2t cos t)2 = \/4E(sin2t + cos?t) = 2|t| = 2t,t 0

= variable speed;

(i) v-a=4(tsin?t+?sintcost)+ 4 (tcos?t — t? cos t sin t) = 4t # 0 in general = not orthogonal in general;

(iii) counterclockwise movement;
@iv) yes, r(0) =i+ 0j

Let p = 2i + 2j + k denote the position vector of the point (2, 2, 1) and let, u = ﬁ i— %j and v = % i+ %j + % k.

Then r(t) = p + (cos t)u + (sin t)v. Note that (2,2, 1) is a point on the plane and n = i 4 j — 2k is normal to
the plane. Moreover, u and v are orthogonal unit vectors withu-n=v-n =0 = u and v are parallel to the
plane. Therefore, r(t) identifies a point that lies in the plane for each t. Also, for each t, (cos t)u + (sin t)v

is a unit vector. Starting at the point (2 + ﬁ 2 — % 1) the vector r(t) traces out a circle of radius 1 and

center (2,2, 1) in the plane x +y — 2z = 2.
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762 Chapter 13 Vector-Valued Functions and Motion in Space

25. The velocity vector is tangent to the graph of y> = 2x at the point (2, 2), has length 5, and a positive i

component. Now, = 22X = === = = = 55 = 5 = the tangent vector lies 1n the direction of the
p Now,y? =2x = 2y & =2 j§(> 5 =1 = thetang lies in the direction of th
2,2
vector i + %j = the velocity vector is v = T (i+ %.]) = ﬁ (i+ %.]) = 2\/§i+ 5j
4 2

26. (a)

b r(t)=(t—sint)i+(1—cost)j

-1+
(b) v = (1 — cost)i+ (sin t)j and a = (sin t)i + (cos t)j; |V|2 =(1—cost)> +sin?t=2—2cost = |V|2 is at a max
when cost = —1 = t=m, 3w, 5, etc., and at these values of t, |V|2 =4 = max |v|] = \/4_1 =2 |V\2 is at a min
whencost=1 = t =0, 2m, 4, etc., and at these values of t, |v|2 =0 = min|v| =0; |a|2 =sin®t 4 cos’t =1

for every t = max |a| = min |a| = /1 = 1
27. %(r-r)zr-%—l—‘é—f-r:Zr-i—f:2-0:0 = r-risaconstant = |r| = /r - r is constant

28. (a) %(u~v><w):‘3—‘:-(V><W)—|—u-%(v><w):‘é—‘t‘-(vxw)+u~ (g—:XW—I—VX Clj—vlv)

=% . vxwtu-Exwru-vx®
4 de o Pr)| _dr (dr  &r &r o d’r de o &r) _ dr o d’r ; —
(b) dt [r (dl X dt2)} T odt (dl X dt2) +r (dt2 X dt2) tr (dt X dt3) =r (dt X dt3>’smceA (AXB)_O

and A - (B x B) = 0 for any vectors A and B

29. (@) u=f(Oi+gt)j+h®k = cu=cf(Vi+cg®)j+chik = Scw)y=cLitcLj+cLk
:C(%i—k%j—k%k):C%—‘t‘

:%[f(t)i+g(t)j+h(t)k]+f[%i+i—%j+%k] =Syl

30. Letu = fi(ti + f5(1)j + fs(Hk and v = g ()i + g2(t)j + g3(Hk. Then
u+ v = [fi(t) + g (O + [£2(0) + g2(D)]j + [£3(0) + gz(D]k
= 4+ v) = [f{(0) + gL Ol + [£5(0) + gh®j + [£5(0) + g5 D]k
=[] (i + £ + F5OK] + [g) (Vi + gh(D)j + gh(Dk] = % + & ;
u— v = [fi(t) — g (O] + [f2(t) — g200)]j + [f3() — g3(D]k
= & u—v) = [f{(1) — g O + [f50) — gHOlj + [£5() — gy(O]k
= [f{(Di + f5(0) + F3(OK] — [} (Di + gh(0) + gh(Dk] = ¢ — &

31. Suppose r is continuous at t = ty. Then tlirr% r(t) =r(ty) < tlin} [f(i + g(v)j + h(Hk]
— 1y — 1o
= f(to)i + g(tp)j + h(tp)k < tlimt f(t) = 1(tp), tlin} g(t) = g(tp), and tlirr% h(t) = h(ty) < f, g, and h are
— Ly — — o

continuous at t = t;.
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Section 13.1 Curves in Space and Their Tangents
! J k li if li jf li kf
32. Jim [0 x O] = lin |50 6O o |=| 0000l B0 lin 550
— 1o t—to . . .
& &0 gO| | Lm g Hm g0 lLm gO

= lim r() x lim ry(t) = A x B
tﬂtg tﬂto

33. r'(tp) exists = f'(to)i + g'(to)j + h'(to)k exists = f'(ty), g'(to), h'(t) all exist = f, g, and h are continuous at
t =1ty = r(t)is continuous att = tg
34. u=C = ai + bj + ck with a, b, c real constants = % = dj4 b5 dep— oi 4 0j+ 0k =0

35-38. Example CAS commands:

Maple:
> with( plots );

r :=t -> [sin(t)-t*cos(t),cos(t)+t*sin(t),t"2];

t0 := 3*Pi/2;
lo:=0;
hi := 6*Pi;

P1 := spacecurve( r(t), t=lo..hi, axes=boxed, thickness=3 ):

display( P1, title="#35(a) (Section 13.1)" );

Dr := unapply( diff(r(t),t), t ); # (b)

Dr(t0); #(c)

ql :=expand( r(t0) + Dr(t0)*(t-t0) );

T :=unapply(ql, t);

P2 := spacecurve( T(t), t=lo..hi, axes=boxed, thickness=3, color=black ):
display( [P1,P2], title="#35(d) (Section 13.1)" );

39-40. Example CAS commands:
Maple:

a:='a;b:="D"
r := (a,b,t) -> [cos(a*t),sin(a*t),b*t];
Dr := unapply( diff(r(a,b,t),t), (a,b,t) );
t0 := 3*Pi/2;
ql :=expand( r(a,b,t0) + Dr(a,b,t0)*(t-t0) );
T :=unapply( ql, (a,b,t) );

lo:=0;
hi := 4*Pi;
P :=NULL.:

forain[1,2,4,6]do

P1 := spacecurve( r(a,1,t), t=lo..hi, thickness=3 ):

P2 := spacecurve( T(a,1,t), t=lo..hi, thickness=3, color=black ):

P :=P, display( [P1,P2], axes=boxed, title=sprintf("#39 (Section 13.1)\n a=%a",a) );
end do:
display( [P], insequence=true );

35-40. Example CAS commands:
Mathematica: (assigned functions, parameters, and intervals will vary)
The x-y-z components for the curve are entered as a list of functions of t. The unit vectors i, j, k are not inserted.
If a graph is too small, highlight it and drag out a corner or side to make it larger.

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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764  Chapter 13 Vector-Valued Functions and Motion in Space

Only the components of r[t] and values for tO, tmin, and tmax require alteration for each problem.

Clear[r, v, t, X, y, Z]
_]={ Sin[t] — t Cos[t], Cos[t] + t Sin[t], t"2}

t0= 37/ 2; tmin=0; tmax= 6,
ParametricPlot3D[Evaluate[r[t]], {t, tmin, tmax}, AxesLabel — {x,y, z}];
v[t_]=1'[t]
tanline[t_]= v[t0] t + r[t0]
ParametricPlot3D[Evaluate[{r[t], tanline[t]}], {t, tmin, tmax}, AxesLabel — {x,y, z}];

For 39 and 40, the curve can be defined as a function of t, a, and b. Leave a space between a and t and b and t.
Clear[r, v, t, X, y, Z, a, b]
r[t_,a_,b_]:={Cos[a t], Sin[a t], b t}
t0= 37/ 2; tmin=0; tmax= 4,
v[t_,a_,b_]=DIr]t, a, b], t]
tanline[t_,a_,b_]=v[t0, a, b] t + r[t0, a, b]
pal=ParametricPlot3D[Evaluate[{r[t, 1, 1], tanline[t, 1, 1]}], {t,tmin, tmax}, AxesLabel — {x,y, z}];
pa2=ParametricPlot3D[Evaluate[ {r[t, 2, 1], tanline[t, 2, 1]}], {t,tmin, tmax}, AxesLabel — {x,y, z}];
pad=ParametricPlot3D[Evaluate[{r[t, 4, 1], tanline[t, 4, 1]}], {t,tmin, tmax}, AxesLabel — {x,y, z}];
pab=ParametricPlot3D[Evaluate[{r[t, 6, 1], tanline[t, 6, 1]}], {t,tmin, tmax}, AxesLabel — {x,y, z}];
Show[GraphicsRow[{pal, pa2, pa4, pa6}]]

13.2 INTEGRALS OF VECTOR FUNCTIONS; PROJECTILE MOTION

1 411 Y 1
Lo [y i ok DR de= [§] i 7abi+ [S+ k=1i+75+ 3k

N

[716 - 6vi+3v/4i+ (2) ]dt:[6t—3t2]?i+[Ztg/Q]fH[—“t—lﬁk:””(4ﬁ_2)j+2k

W

n/4
fim[(sint)i—l—(l+Cost)j+(secQt)k] dt = [—cos {] //41+[ + sin ] //4J—|—[tant] /7:1/4k: ("+22 2)j—i—2k

/3 /3
4. fo [(sec t tan t)i + (tan t)j + (2 sin t cos t) k] dt = f [(sec ttan t)i + (tant)j + (sin 2t)k] dt
= [sec t] e + [~ 1In(cos t)] T4 [— 1 cos Zt] /3 k=i+(n2)j+3

=[Indii+[~InG—0]1j+ [Lng k= (n4)i+(nd)j+(n2k

1%
—
IS
—~
=
-
+
I
-
+
=
=
~—
o

()}
e —
—
T )
gﬂ

+
-

1
2 k) dt=[2sin""{ i + {\/gtan’lt}ok:wiqt VAR

i 1
7. [ (te‘2i+e*tj+k) dt = [% e‘z}oif e+ [k = 5 tit e=Lit k
n3 In3 . In3 n3 o
8. fl (te'i+e'j+Intk)dt=[te' —e']"i—[e], j+ [tInt—] "k
=3(In3 - 1)i+ (3 —e)i+ (In3(In(ln3) — 1)+ Dk
/2 /2
9. fo [(cos t)i — (sin 2t)j + (sin?t) k] dt = fo [(cos t)i — (sin 2t)j + (4 — 2cos2t) k| dt =

[Slnt]ﬂ/ + [Acost ]“/ j+ [%t*isinzt]g/zk:i—jJr%k
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Section 13.2 Integrals of Vector Functions; Projectile Motion

[(sec t)i + (tan’t)j — (tsin t) k] dt = fm[(sec )i + (seczt —1)j — (tsin t) K] dt

0. [ "

= [In(sec t + tant)];*i + [tan t — ] j + [tcost — sin t] ;* ( —I—\/_) (1-12)j —}-(ﬁ—%)k
ILr= [(-ti—tj—tdodi=—5 — K4+ C;r(0)=0i—0j—0k+C=i+2j+3k = C=i+2j+3k
:>r:(—ﬁ+l)1+<—§+2)j+(—§+3>k

12.

r= f (1800)i + (180t — 16t2) j] dt = 90t%i + (90t> — L2 &%) j+ C; r(0) = 90(0)%i + [90(0)*> — & (0)*] j + C
=100j = C=100j = r=90% + (90> — £ ¢+ 100) j

13 1= [[Ga+ D) i+ej+ (L) k] dt=(t+ D¥2i—ej+In(t+ Dk +C;
I‘(O)—(O—l—l)?’/2 —e'j+In(O0O+Dk+C=k = C=—i+j+k
= r=[t+12—1]i+(1—e")j+[l+Int+ Dk

14. v = [[(¢+4) +g+2t2k]dt:(%+2r2)i+§j+23ﬁk+c;r(0): [%4+2(0)2}i+%2j+2(°>3k+c
—i+j = C=i+j = r= (%+2t2+1>i+(§+1)j+%‘3k

15. 4 — [ (=32K) dt = —32k + C;; & (0) = 8i + 8

:>dr

= —3200k +C; =8i+8j = C, =8i+8j
dr _ 8j 4 8j — 32tk ; r = [ (8i + 8j — 32tk) dt = 8ti + 8tj — 16’k + C,; r(0) = 100k
= 8(0)i + 8(0)j — 16(0)°k + Cy = 100k = C, =

— 100k = r = 8ti+ 8tj + (100 — 162) k

dt

16. %:f (1+_]+k)dt:*(ti+tj+tk)+cl§%(0):0 = —0i+0j+0k)+C;=0 = C; =0
o —(tl—HJ—Hk);r:f—(ti+tj+tk)dt:—(§i+§j+§k)+C2;r(O):10i+10j+10k
= —(Si+%J+$K) +C=10i+10j+ 10k = C; = 10i+ 10j + 10k

2 . 2 . 2
:>l':(—%4—10)1—1—(—%—1—10),}—1—(—%—1—10)1(

d
17. & =

=a=3i—j+k = v(t) =3t — tj + tk + Cy; the particle travels in the direction of the vector

@4 —Di+ (1 —2)j+ 4 —3)k = 3i — j + k (since it travels in a straight line), and at time t = 0 it has speed
o= (3¢+ 0)i- (3¢ A0 i+ (304 A )R+ Cour@) =i+2j+ 3k = G

= r(t) = (%tQ—l—%t—Fl)i— (%t2+\/%t—2)j+(%t2+\/%t+3)k

( e+ 2 )(31—J+k)+(1+2J+3k)

18. % =a=2i+j+k = v(t) =2t + tj + tk + Cy; the particle travels in the direction of the vector

B-Di+O0—-(-1)j+ B —2k =2i+ j+ k (since it travels in a straight line), and at time t = 0 it has speed 2
= v0) = A= Qi+tj+k=C = §

& y(t) = (2t+%)i+(t+ﬁ)j+<t+ﬁ)k
= r(t) = (t2+%t)i+(%t2+ﬁt)j+(%tQ—k%t)k—}-cg;r(O):i—j—f—Zk:CQ

r(t) = (t2+\/6t+l)i+(%t2+ﬁt—l)j+(%t2+ﬁt+2)k: (%t2+ﬁt)(2i+j+k)+(i—,]+2k)
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Chapter 13 Vector-Valued Functions and Motion in Space
X = (vgcos )t = (21 km)(19%2) = (840 m/s)(cos 60°)t = t = grmiemes = 50 seconds
R = -2 sin 2« and maximum R occurs when o = 45° = 24.5km = (#réu/#) (sin 90°)

= vo = 1/(9.8)(24,500) m?/s? = 490 m/s

(a) t=20 ;i“a = 2(5009%/;)](/22“ 459 ~72.2 seconds; R = ° sin 2 = (5903:1‘//:3 (sin 90°) ~ 25,510.2 m

(b) x = (vpcos a)t = 5000 m = (500 m/s)(cos 45°)t = t= % ~ 14.14 s; thus,

y = (vosina)t — 1 g =y~ (500 m/s)(sin 45°)(14.14 5) — L (9.8 m/s?) (14.14 5)2 ~ 4020 m

: 2
(©) Yy = Ll — CUOmOR LD ~ 6378 m

y =yo+ (Vosina)t — 3 gt? = y =32 ft+ (32 ft/sec)(sin 30°)t — 1 (32 ft/sec?) ? = y =32+ 16t — 16t%;
the ball hits the ground wheny =0 = 0 =32+ 16t — 162 = t=—lort=2 = t=2secsincet > 0; thus,
X = (Vo cos a)t = x = (32 ft/sec)(cos 30°)t = 32 (f ) () ~ 55.4 ft

@ R="sin20 = 10m=(555) 6in90%) = v} =98 m’s* = vy ~ 9.9 mis;

(b) 6m ~ <g;g ng (sin 20) = sin2a &~ 0.59999 = 2a ~ 36.87° or 143.12° = a ~ 18.4° or 71.6°

vo =5 x 10% m/s and x = 40 cm = 0.4 m; thus X = (vo cos a)t = 0.4m = (5 x 10° m/s) (cos 0°)t
= t=0.08x 10755 =8 x 1078 s; also, y = yo + (Vo sin a)t — %th

=y =(5x 10° m/s) (sin 0°) (8 x 10~%s) — 5 (9.8 m/s?) (8 x 10~° s)” = —3.136 x 10" mor
—3.136 x 10712 cm. Therefore, it drops 3.136 x 1072 cm

R = g°s1n 2a = 16,000 m = G0OM” G0 = sin2a = 0.98 = 2a ~ 78.5° or 2a ~ 101.5° = a ~ 39.3°

9.8 m/s2
or 50.7°

(a) R= QV") sin 2o = 4;' sin2a =4 (VE‘Z' sin a) or 4 times the original range.
ow, let the 1nitial range be R = i sin 2q.. en we want the factor p so that pvy will double the range
(b) N 1h"'1gbRVg0 20 Th he f p so that p 11 double the rang

= (pVgO) sin 2o = 2 ( sin 2a) = p’=2=p= \/E or about 141%. The same percentage will approximately

2 . 2
double the height: (pv‘)“; @) _ 2<V°;’; Q) pP=2=p= \/E

The projectile reaches its maximum height when its vertical component of velocity is zero = d—y = vpsina — gt =0

. 2 . .
= t= vnsma = Ymax = (V()Sin O[) (vos;na) zg(vnsma) _ (VOSZ (y)z B (vos;;a)z _ (vosma To find the ﬂlght time

we find the time when the projectile lands: (vosina)t — 3gt* = 0 = t(vosina — §gt) =0=t=0ort =

2vpsin «v

Zvsina g the time when the projectile strikes the ground. The range is

t = 0 is the time when the projectile is fired, so t =
. . 3 . >
the value of the horizontal component when t = 2"“5% = R =x = (vocos @) (M%) = ¢ (2sinacos a) = Jsin2a.

The range is largest when sin2a = 1 = o = 45°.

When marble A is located R units downrange, we have x = (vg cos a)t = R = (vpcosa)t = t= VOC% . At

2
that time the height of marble A isy = yy + (vo sin a)t — gt2 (Vg sin «) (VO o5 a) — 5 g (VO s a)

= y=Rtana — 35 g (V~ p ) . The height of marble B at the same time t = —'— seconds is
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h=Rtana — % gt? =Rtan a — % g ( R® ) . Since the heights are the same, the marbles collide regardless

v2 cos 2

of the initial velocity vj.

& — [ (~gj)dt = —gtj + Cy and & (0) = (vg cos )i + (Vo sina)j = —g(0)j + Ci = (v cos @i + (vy sin a)j

= C; = (vg cos )i + (vg sin a)j = % = (Vg cos a)i+ (vp sina — gt)j; r = f[(vo cos )i + (v sin a — gt)j] dt
= (votcos a)i + (votsin a — § gt?) j + C» and r(0) = xoi + yoj = [vo(0) cos i + [vo(0) sin o — 1 g(0)*] j + C»
=Xl +yoj = Co=%xpi+yoj = r= Xg+ votcos )i+ (y0+votsina7 %th)j = X = Xg + Vot cos a and

y = yo + Vot sina — § gt

V2 sin o cos &

H 2 . 2 .
The maximum heightisy = % and this occurs for x = 32 sin 2o =

5% . These equations describe

parametrically the points on a curve in the xy-plane associated with the maximum heights on the parabolic trajectories in

. 40 2 4 6in2 ) (1 — sin?
terms of the parameter (launch angle) . Eliminating the parameter a;, we have x> = 2" ;COS a _ (visin a)g(z s )
v sin? v sint v2 2v2 v2 vi vi
=i diete _ Moy - @yP = Ry (B)y=0 = @4y - (3)y+ k] =5

2 V2 2 V4
= X +4(y—é) :@,wherex 0.

(a) At the time t when the projectile hits the line OR we
have tan 3 = ¥ ; x = [v cos (e — 3)]t and
y = [vg sin (o — B)]t — % gt? < 0 since R is
below level ground. Therefore let
ly| = 4 gt — [vo sin(a — B)]t > 0
tg?(vosin(a—pBN [ gt—vesin(a—pB)
[vo cos (a — B)]t - vo cos (o — f3)
= vpcos(a— ) tan g = %gt—vo sin (o — 3)
2v sin (o — ) 4+ 2vq cos (e — 3) tan 3

so that tan § = [

= t=

, which is the time

g
when the projectile hits the downhill slope. Therefore,
X = [vo cos (o — )] | 22 Sin(a_ﬁHzgo cos(@—Ptanf | _ %g [cos? (o — B3) tan B + sin (o — B) cos (a — B)] . If x is

maximized, then OR is maximized: 3—2 = 2?\/5 [—sin2(a— @) tan B+ cos 2(a — )] =0

= —sin2(a—pF)tanf+cos2(a—F) =0 = tanf =cot2(a— () = 2(a—pF0)=90°—-0

= a—3=100°-p) = a=3(90°+p)=1of ZAOR.
(b) At the time t when the projectile hits OR we have

tan 3 = ¥ x = [vq cos (a + ()]t and

y = [vo sin (o + 3]t — § gt?

[Vosin(a+B)]t—3g?®  [vosin(a+pB)— 3 gt
[vo cos (o + D]t - vo cos (a + )

= vpcos(a+ B)tan 8 = vq sin(a + 3) — %gt
2vg sin (o + 3) — 2vq cos (a + B) tan 3

= tan § =

= t= . , which is the time
when the projectile hits the uphill slope. Therefore,
X = [VO COS(O( + ﬁ)] 2vg sin (a + 3) — 2vg cos (a + ) tan 3 — 2_\’(2) [sin(a + ﬁ) cos(a T ﬁ) _ 0082 (a + 6) tan ﬂ] CIfxis

g g
maximized, then OR is maximized:% = % [cos 2(ac 4+ B) + sin 2(a + B) tan B3] = 0
= cos2(a+ @) +sin2(a+Ptan 3 =0 = cot2(a+ F)+tan 8 =0 = cot2(a+ ) = —tan B
=tan(—0) = 2+ ) =90°—(—0) =90°+ (0 = a= %(900 - pB) = % of ZAOR. Therefore vy would bisect

ZAOR for maximum range uphill.
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32. vg = 116 ft/sec, « = 45°, and x = (v cos a)t
= 369 = (116 cos 45°)t = t ~ 4.50 sec;
alsoy = (vo sin a)t — § gt?
= y = (116 sin 45°)(4.50) — % (32)(4.50)?
~ 45.11 ft. It will take the ball 4.50 sec to travel
369 ft. At that time the ball will be 45.11 ft in f
the air and will hit the green past the pin.

369 ft '

33. (a) (Assuming that "x" is zero at the point of impact:)
r(t) = (x())i+ (y(t))j; where x(t) = (35 cos 27°)t and y(t) = 4 + (35 sin 27°)t — 16t>.
(1) Ymax = <V05m O 44— M + 4 ~ 7.945 feet, which is reached at t = "0“;“ @ — 3327 ~ 0.497 seconds.

(c) For the tlme, solve y = 4 + (35 sin 27°)t — 16t> = 0 for t, using the quadratic formula
in 27° — in 27°)°
(= DIV 1201 sec. Then the range is about x(1.201) = (35 cos 27°)(1.201) ~ 37.453 feet.

(d) For the time, solve y = 4 + (35 sin 27°)t — 16t> = 7 for t, using the quadratic formula

t= 355in 27" 1 (33 sin 27°)7 ~ 192 =~ 0.254 and 0.740 seconds. At those times the ball is about

2
x(0.254) = (35 cos 27°)(0.254) = 7.921 feet and x(0.740) = (35 cos 27°)(0.740) = 23.077 feet the impact point,
or about 37.453 — 7.921 ~ 29.532 feet and 37.453 — 23.077 ~ 14.376 feet from the landing spot.

(e) Yes. It changes things because the ball won't clear the net (yyax ~ 7.945).

34. x = Xp 4 (vg cos a)t = 0 + (Vg cos 40°)t &~ 0.766 vot and y = yo + (Vo sin o)t — 3 gt* = 6.5 + (vo sin 40°)t — 16¢>
~ 6.5 + 0.643 vyt — 16t%; now the shot went 73.833 ft = 73.833 = 0.766 vot = t ~ 9%& sec; the shot lands wheny = 0

2
= 0= 6.5 + (0.643)(96.383) — 16 (@) = 0~ 68474 — M85 oy~ [HB6S 46 6 fisec, the shot's initial

speed

35. Flight time = 1 sec and the measure of the angle of elevation is about 64° (using a protractor) so that t = 2vsina

2 .
s v, & 17.80 fi/sec. Then yme = 553087 ~ 4,00 frand R = 4 sin 20 = R = 1282 gin 128°

~ 7.80 ft = the engine traveled about 7.80 ft in 1 sec = the engine velocity was about 7.80 ft/sec

= 1=

36. (a) r(t) = (x(t)i+ (y(t))j; where x(t) = (145 cos 23° — 14)t and y(t) = 2.5 + (145 sin 23°)t — 16t>.
(b) Yo = (0L 4 95 = US04 5 5 52,655 feet, which is reached at t = e = 145123° | 77] seconds.
(c) For the time, solve y = 2.5 + (145 sin 23°)t — 16t> = 0 for t, using the quadratic formula

in 23° sin 23°)°
(= LAY H 19 3585 sec. Then the range at t ~ 3.585 is about x = (145 cos 23° — 14)(3.585)

~ 428.311 feet.
(d) For the time, solve y = 2.5 + (145 sin 23°)t — 16t = 20 for t, using the quadratic formula

in 23° 44/ in 23°)% —
M5 sin 237+ (]3425 sin 23°) - 1120 =~ 0.342 and 3.199 seconds. At those times the ball is about

x(0.342) = (145 cos 23° — 14)(0.342) ~ 40.860 feet from home plate and x(3.199) = (145 cos 23° — 14)(3.199)
~ 382.195 feet from home plate.
(e) Yes. According to part (d), the ball is still 20 feet above the ground when it is 382 feet from home plate.

37. Cr K — _gj= P(t) =kand Q(t) = —gj = [P(1) dt = kt = v(t) = e/ PO & = ekt = dr 7y Q(1) dt
= —ge‘ktfektj dt = —ge k[ & €j+Ci] = —fj+ Ce™, where C = —gCy; apply the initial condition:

dr

3| _, = (vocos )i+ (vosin a)j = —§j + € = C = (vocos )i + (£ + vosin )

= & = (voe Mcos a)i+ (—£ + e M(£ + vosin ) )j, r = f[ (voe™Mcos a)i+ (—£ 4+ e (£ + vosin a) ) j ]dt
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(—%e‘k‘cos a)i + (—gf - eT( + vosin a))j + C,; apply the initial condition:

r(0)=0= (—%cos a)i+ (—% — VU“"”) +C=C, = (%cos a)i+ (% + %)J
=r(t)= (L(1—e™cosa)i+ (L(1—e™)sina+ & (1 —kt—e™))j

38. (a)

(b)

()

(d)

(e)

39. (a)

(b)

(©

40. (a)

(b)

41. (a)

r(t) = (x(t))i + (y(t))j; where x(t) = (335) (1 — e *!")(cos 20°) and

y(0) =3+ ($3) (1 —e %) (sin 20°) + (25) (1 — 0.12t — e *12)

Solve graphically using a calculator or CAS: At t ~ 1.484 seconds the ball reaches a maximum height of about 40.435
feet.

Use a graphing calculator or CAS to find that y = 0 when the ball has traveled for ~ 3.126 seconds. The range is

about x(3.126) = (£22) (1 — e *123:120)) (cos 20°) a 372.311 feet.

Use a graphing calculator or CAS to find that y = 30 for t = 0.689 and 2.305 seconds, at which times the ball is about
x(0.689) ~ 94.454 feet and x(2.305) ~ 287.621 feet from home plate.

Yes, the batter has hit a home run since a graph of the trajectory shows that the ball is more than 14 feet above the

ground when it passes over the fence.

fa ' kr(t) dt = f ' [kf(Di + kg(t)j + kh(Dk] dt = f i [kf(H)] dti + f ’ [kg(t)] dtj + f ’ [kh(t)] dtk
:k<j;bf(t)dti + [ e atj —l—j;bh(t)dtk) —k ["roa

I r() £ ra(0] di = S " ([£201 + 105 + hy(OK] £ [B20i + g2(0) + hy(DK]) dt
= f ' ([f1(0 £ £200] 1 + [21(0) £ g2(0)1j + [h1 (D) = ha(D] k) dt
— [Mho £ 6o di+ [ 80+ e0]dj + [ hio £ ho)] dk

- [f;bfl(t) dti ij;bfg(t) dti} + [f:gl(t) dtjij;bgg(t) dtj] n [j;bhl(t) dtkij;bhg(t) dtk]

= [roat [noa

Let € = cyi+ caf + csk. Then [ C-r@ dt= [ [ef() + caz(®) + csh(v)] dt

. fabf(t)dt+02f: o(t) dt + 3 j;bh(t)dt=C-f: r(©) dt;

[rexrwdi= [ fesh® — ca®]i + [esf) — c1hO]j + [e1g — cof(0] k dt

- [02 f: h(t) dt — c3 f; g(t)dt} it [03 j;b ft) dt — ¢, fabh(t)dt}j—k {cl fabg(t)dt—CQ j;bf(t)dt] k

—Cx j;br(t)dt

Let u and r be continuous on [a, b]. Then tli}rr%o u(Hr(t) = t1i_>rr%0 [u®f()i 4+ u(t)g(t)j + u(th(tH)k]
= u(to)f(to)i + ulty)g(ty)j + u(to)h(to)k = u(to)r(to) = ur is continuous for every t; in [a, b].
Let u and r be differentiable. Then ; (ur) = [u(t)f(t)i + u(t)g(t)j + u(t)h(tH)k]
= (&0 +u0 %) i+ (% g0 +u —)J + (2 h(t) + u(®) 9 k

= (R + g +hOK] % +u® (Fi+%j+ 8k) =r % +ud

If R (t) and R, (t) have identical derivatives on I, then de = ddftl i+ ng L+ dhl k = dfz i+ dg2 dh2 k

=R A= =% =% =>00= B0+ i, g1<t) = g2<t> et = h2<t) +e
= f1(0i + 21(0j + hi(Dk = [f2(0) + c1]i + [g2(t) + c2]j + [h2(D) + cs]k = Ry (t) = Ro(t) + C, where

C= Cli + CQj + Cgk.
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(b) Let R(t) be an antiderivative of r(t) on I. Then R’(t) = r(t). If U(t) is an antiderivative of r(t) on I, then
U'(t) = r(t). Thus U'(t) = R/(t)onI = U(t) = R(t) + C.

2. ¢ [emdr =& [ @i+ gmi+hkldr= ¢ [t drit & [emdrj+ [ hrark
= f(t)i + g(t)j + h(Hk = r(t). Since 4 f r(7) d7 = r(t), we have that f r(7) d is an antiderivative of
r. If Ris any antiderivative of r, then R(t) = f; r(7) dr + C by Exercise 41(b). Then R(a) = j; r(r)dr+C
—0+C = C=R@) = f:l‘(T) dr = R(® — C = R(t) — R@a) = j;b r(r) dr = R(b) — R(a).

43. (a) r(t) = (x(1))i + (y(t))j; where x(t) = (555) (1 — e7*%8) (152 cos 20° — 17.6) and
y(t) =3+ (53%) (1 — e %) (sin 20°) + (5352 ) (1 — 0.08t — e~ 08)

(b) Solve graphically using a calculator or CAS: Att ~ 1.527 seconds the ball reaches a maximum height of about 41.893
feet.

(c) Use a graphing calculator or CAS to find that y = 0 when the ball has traveled for ~ 3.181 seconds. The range is
about x(3.181) = (gh5) (1 — e *08G181) (152 cos 20° — 17.6) ~ 351.734 feet.

(d) Use a graphing calculator or CAS to find that y = 35 for t ~ 0.877 and 2.190 seconds, at which times the ball is about
x(0.877) ~ 106.028 feet and x(2.190) ~ 251.530 feet from home plate.

(e) No; the range is less than 380 feet. To find the wind needed for a home run, first use the method of part (d) to find that
y =20 at t ~ 0.376 and 2.716 seconds. Then define x(w) = (755) (1 — e~008(2716)) (152 cos 20° + w), and solve
x(w) = 380 to find w ~ 12.846 ft/sec.

44 (vo sin a)? 3(vp sin )? 3(vp sin a)? —

- Ymax = TURp = 2 Yimax = e andy = (v sin a)t — s et =
= 3(vp sin a)? = (8gvy sin a)t — 4g%t? = 4g*t?> — (8gvy sin a)t + 3(vy sin @)> =0 = 2gt — 3vysina = O or
2gt —vpsina=0 = t=

(vo sin a)t — § gt?

. Since the time it takes to reach ypax iS tpax = % ,

then the time it takes the projectile to reach % of Ymax 18 the shorter time t = %;a or half the time it takes

Vo sin «

3vq sin _
B P ort=

to reach the maximum height.
13.3 ARC LENGTH IN SPACE

1. r=(2cos )i+ (2sint)j++/5tk = v=(—2sin i+ (2 cos t)j + /5k

2
= |v| = \/(—2sint)2—|—(2cost)2+ (\/g) = \/4sin2t—|—4c0s2t+5:3;T: ﬁ

= (—3sint)i+ (3 cost),]—l—\[kandLength f |v| dt = f3dt [3t]5 =37

2. r = (6sin 2t)i + (6 cos 2t)j + Stk = v = (12 cos 2t)i 4+ (—12 sin 2t)j + 5k
= |v|= \/(12 cos 2t)2 + (—12 sin 2t)2 + 52 = \/144 cos22t + 144 sin22t +25=13; T = ﬁ

= (2 cos2t)i — (2 sin2t) j+ S kandLength = [ |v|di= [ 13dt=[13(] = 137

3. r:ti+%t3/2k = v=it+ 2k = |v|=w/12—|-(t1/2)2: 14+t; T—ﬁ: 11+ti+ \/\I/LHk

and Length = j:x/l +tdt= [% (1 +t)3/2] i _ 5

4 r=Q+0i—(t+Dj+tk = v=i—j+k = |v[=/ 2+ (12 +12=3;T= :ﬁ —ﬁj—kﬁk
3 3
and Length = fo \/gdt: {\/gt}o :3\/3
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5. r=(cos’t)j+ (sin*t)k = v=(—3cos’tsint)j+ (3sin*tcost)k = |v|

= \/(73 cos? t sin t)* + (3 sin? t cos t)* = /(9 cos? t sin2t) (cos? t + sin?t) = 3 |cos tsin t|;

T =Y = FJesisint j o 3sivleost i — (_cog )j + (sin Ok, if 0 < t < T, and

[v] 3 |cos tsin t| 3 |cos tsin t|

/2 /2 / p-
Length:j; 3 |cos t sin t| dt:f0 3costsintdt:f0 3 sin 2t dt = [— 3 cos 2] | /2 =3

6. r=060%— 203 — 3%k = v=18t% —65j — 9k = |v| = \/(18t2)2 (—612) 4 (—912)% = /4411t = 21¢2;

T= Y =10 o5 9‘2k——1——j——kandLength—f21t2dt 7]} =

[v| 212 212 J 212

7. r:(tcost)i—i—(tsint)j—i—z%t?’/zk = v = (cost—tsint)i+ (sint-+tcost)j+ (\/EtW)k

2
= v|_\/(costtsint)2+(sint+tcost)2+(\/Et) :\/1+t2+2t:\/(t+12:|t+1|:t+1,ift 0;

2

. N ™
T=Y = (costftmnt)l_'_ (smt+tcost)J+ (\/_ )kandLength— f (t+ l)dt [% —|—t:|0 — %—Fﬂ'

v] t+1 t+1

8. r=(tsint+cost)i+ (tcost—sint)j = v=(sint+tcost—sint)i+ (cost—tsint— cos t)j
= (tcos t)i — (tsint)j = |V|:\/(tcost)2+(—tsint)2:f—|t|—t1f\/§<t<2 T_ﬁ

. ? ! ’
= (“p)i— (4§ = (cos v — (sin Oj and Length = [ rdt=[§] " =1

9. Let P(ty) denote the point. Then v = (5 cos t)i — (5 sin t)j + 12k and 267 = j;u \/25 cos?t + 25 sin? t 4 144 dt

= j;ul3 dt = 13ty = ty = 2m, and the point is P(27) = (5 sin 27, 5 cos 27, 247) = (0, 5, 247)

10. Let P(ty) denote the point. Then v = (12 cos t)i + (12 sin t)j 4+ 5k and
to to
~137 = [ /144 cos?t + [44sin?t+ 25dt = [ 13dt= 13ty = t, = —, and the point is
P(—m) = (12 sin (—m), —12 cos (—m), —57) = (0, 12, —5m)

Il. r=(@cost)i+ (@sint)j+ 3tk = v=(—4sint)i+ @4 cost)j+3k = |v|= \/(—4 sin t)2 + (4 cos t)2 4 32
25=5= s = [Sdr=5t = Length=s (%) = ¥

12. r=(cost+tsint)i+ (sint—tcost)j = v=(—sint+ sint-+tcost)i+ (cost— cost+tsint)j
t 2
= (tcost)i + (tsint)j = |V|:\/(tcost)2+(tcost)2: :\/Ezt,sinceggtgﬂ = s(t):fOTdT:%

> (3 _ e

= Length=s(m) —s(3) =5 — 3

13. r=(e'cost)i+ (e'sint)j+e'k = v=(e'cost—e'sint)i+ (e'sint+e' cost)j+e'k
= |v|= \/(et cost—et sint)? + (et sint+ et cos t)? + (e1)? = = \/3eX = /3¢ = s(t):j:\/geT dr
3¢t — /3 = Length =s(0) —s(—In4) =0 — (\/§e*1n4—ﬁ) S

4. r=1+20i+(1+30j +(6—60k = v=2i+3j—6k = |v| = /22 + 32+ (—6)2 =7 = s(t):fol7d7':7t
= Length = s(0) —s(—1) =0 — (=7) =7

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



772

Chapter 13 Vector-Valued Functions and Motion in Space

15 1= (V2) i+ (V)i + (1= )k = v=2i+ /2 -2k = V| = \/<\/§)2+(\/§)2+(_2t)2_m

—2/1+0 = Lengh= [ 2 1+t2dt:[2(% 1+t2+%ln(t+ 1+t2))}i=ﬁ+ln(l+\/§)

16. Let the helix make one complete turn fromt = O to t = 27.
Note that the radius of the cylinderis 1 = the
circumference of the base is 27r. When t = 27, the point P is

e

r=costi+sintj+tk

(cos 2, sin 2, 27) = (1,0,27) = the cylinder is 27 units ||

high. Cut the cylinder along PQ and flatten. The resulting
rectangle has a width equal to the circumference of the n
linder = 27 and a height 1 to 27, the height of th
cy?n er = 27 and a height equa ? m, the height o e‘ w ______ 3y
cylinder. Therefore, the rectangle is a square and the portion R
of the helix from t = 0 to t = 27 is its diagonal. ’/’
x¥
17. (@) r=(cos )i+ (sint)j+ (1 —cos)k,0 <t <27 = x=cost,y=sint,z=1—cost = x*+y?

(b)

(©)

(d)
(e)

18. (a)

(b)

©

= cos? t + sin? t = 1, a right circular cylinder with the z-axis as the axis and radius = 1. Therefore

P(cos t,sin t, 1 — cos t) lies on the cylinder x? +y2 = 1;t = 0 = P(1,0,0) is on the curve; t = 5 = QO, 1,1

is on the curve; t = 7 = R(—1,0,2) is on the curve. Thenl?) = —i—|—j+kandﬁ = -2i+2k

i j k
6 _R> =|—1 1 1| =2i+ 2kisavector normal to the plane of P, Q, and R. Then the
-2 0 2

plane containing P, Q, and R has an equation 2x + 2z = 2(1) + 2(0) or x + z = 1. Any point on the curve
will satisfy this equation since x + z = cos t + (1 — cos t) = 1. Therefore, any point on the curve lies on the
intersection of the cylinder x? 4+ y?> = 1 and the plane x +z = 1 = the curve is an ellipse.

v = (—sin t)i + (cos t)j + (sin )k = |v| = \/s1n2t+cos2t+sm2t—\/l—i—sm2t =T=%

[v]
( sin t)i + (cos t)j + (sin Hk = T(O) :j,T (;5) —_ LH(,T(W) — —J,T(%r) _ ik

/1 +sin2t V2 V2
a=(—cost)ii—(sint)j+ (cost)k;n=i+kis
normal to the planex +z=1=mn-a= —cost+cost

=0 = aisorthogonal ton = ais parallel to the
plane; a(0) = —i+k,a(3) = —j,a(r) =i—k,
a(3) =i

2w
V| = /T +sint (See part (o) = L= [ /1 +sintdt

L ~ 7.64 (by Mathematica)

r = (cos 40)i + (sin 4t)j + 4tk = v = (—4 sin 40)i + (4 cos 4t)j + 4k = |v| = \/(—4 sin 4t)2 + (4 cos 4t)2 + 42
32 =4y/2 = Length = fo"/24ﬁ dt = [4 Zt} o2

r:(cos%)i—l—(sm )_]—I—‘k = V—(—%sm )1+( cos—)_]—|—1k

= M=y dsin )+ Geos )7+ (1) = T 1= = Lenn= ["a= L] =or/2

r=(cost)i — (sint)j —tk = v=(—sint)i—(cost)j —k = |v|=+/(=sint)2+ (—cost)2 + (—1)2 = /1 +1

= V2 = Length= [ Vadi=[va2{]  =2n/2

—2T
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Section 13.4 Curvature and Normal Vectors of a Curve 773

19. /PQB = ZQOB = t and PQ = arc (AQ) = t since
PQ = length of the unwound string = length of arc (AQ);
thus x = OB + BC = OB + DP = cos t + t sin t, and
y=PC=QB—-QD =sint—tcost !

A

- ,
N

r = (cost+tsint)i+ (sint+tcost)j = v = (—sint+ tcost+ sint)i+ (cost— (t(—sint) + cos t))j

= (tcos )i+ (tsint)j = |v] = \/(tcost)2+(tsint)2:\/§:m:t,t 0= T =y = Lostj 4 Lintj
=cos ti-+sintj

20.

J

t t t
21 v=$(xo + tu)i+ $(yo + twa)j + $(zo + tus)k = wyi + uzj + usk = u, SOS(t):j;|V|dt:j;|u|dT:f1dT:t

22. r

(t):ti+t2j—|—t3kz>v(t):i+2tj+3t2k:>|v()|—\/( 1)+ (207 4+ (32)° = V1 + 42 + 9. (0,0,0) = t=0

2 2
and (2,4,8) = t=2.ThusL = j; [v(t)| dt = fo v/ 1 + 42 + 9t* dt. Using Simpson's rule with n = 10 and
Ax=20-02=L~ %2 (|v(0)| +4|v(0.2)] + 2[v(0.4)] + 4v(0.6)] + 2|v(0.8)] + 4|v(1)| + 2|v(1.2)] + 4|v(1.4)]
+2|v(1.6)| + 4|v(1.8)| + |v(2)|) ~ 92 (1 4 4(1.0837) + 2(1.3676) + 4(1.8991) + 2(2.6919) + 4(3.7417)

+2(5.0421) + 4(6.5890) + 2(8.3800) + 4(10.4134) + 12. 6886) 02 (143.5594) ~ 9.5706

13.4 CURVATURE AND NORMAL VECTORS OF A CURVE

I. r=ti+In(cost)j = v=1+(cg‘S“‘)J—1—(tant)J = |v| = /124 (—tan t)2 = v/sec? t = |sec t| = sec t, since
-5 <t<f = T—m—( ) i— (228) § = (cos i — (sin )j; T = (— sin i — (cos )]
= |dT —\/( sint)2 +(—cost) =1 = N= (‘E‘) (- smt)i—(cost)j;n—% ’ |7 -1 =cost.
di

sect

2. r=In(sect)i+tj = v= (fclantyj
since — 5 <t<§ = T:ﬁ:(a“

i+j=(tant)i+j = |v|=/(tan t)2 + 12 = y/sec?t = |sec t| = sect,
)i— (<) § = (sin 0i + (cos Oj ; <L = (cos Vi — (sin V)]
= |4 = (cos )2 + (—sint)? =1 = N= (@)

‘ d

=

=1

: S 1 . |dT 1
(cost)l—(smt).],n:m~|3|:Elzcost.

&

3. r=Q43i+ G- = v=2i1-2f = |v[]= /22 F (202 =21+ = T=Y 2__j —2

V[ 7 2y/1+e2 1+ Wited

Ty G T (m)*( o)

_7ti_;-.ﬁ_L| I |
T Vet T e T = =

T T T ae

—
—

r = (cost—+tsint)i+ (sint—tcost)j = v = (tcost)i+ (tsint)j = |v| = \/(tcost)Q—i—(tsint)2 = \/_2— |t| = t, since
t>0=T= w = (cos D)i + (sin 0)j ; & —(—51nt)1+(cost)J:>| Ll = /(—sin )2 + (cos )2
f:(—sint)i—l—(cost)j;n— L. |4 1

kB =1

=<

/-\
=15

=1=N=

215
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(b)

()

(b)

(©

(b)

(©)

(b)

Chapter 13 Vector-Valued Functions and Motion in Space

50 = ok - | ) Now, v = i+ /000 = vix)| = 1+ [FOOT =T = 3
71/ . 71/2- _f " . " .
- (1 + [f’(x)]z) i+f'(x) (1 + [f’(x)]z) j. Thus %(X) = (1+f[(t‘)/((>f)](:))3 51+ (H[ff/((x))]z)s 5)
2
L { i )f”(‘lzr [ WP IIWF) )
= 2 / 7/ pr— 3 pr—
at (141 (+1rer)” (1 +1F0P) 1+

S SR/ I 0]
Thus K(x) = G mm™ * T FWH = (1+1reor)”

= dy _ (1 ) (_ - _ ey 2 — | sec? x| _ sec’x
y=In(cosx) = F = () (-sinx)=—tanx = I =—sec’x = k= T ConoT = e

_ 1 _ i _ T s
= secx — COS X, since B) <X < B

Note that f”(x) = 0 at an inflection point.

e S e e — = y o
r=fi+eg0j=xi+yj = v=xi+yj = |v|=/+y=>T \/ +y_ \/x2+y2-]

o A My ey g 1 oy T
= xX=xy]. n:i |9T) = 1 XXyl Xy - yX]
%2 + | Iv] ViR K4V 2+
rt) = ti+1In(sint)j,0 <t<7m = x=tandy =In(sint) = x=1,X=0; y—m—cott y = —csc?t
= o= el et gy

(1+co2 )~ escit
r(t) = tan~! (sinh t)i 4 In(cosh t)j = x =tan~! (sinh t) and y = In(cosht) = % = =S =

|sech® t + sech t tanh? t|

=secht,X = —sechttanht; y = sinht — ¢anh t, y = sech’t = k = (sech? 1 + anh?0)

cosh t

= |sech t| = sech t

r(t) = f(Vi + g()j = v = {'(Di + g'(t)j is tangent to the curve at the point (f(t), g(t));
n-v=[—gOi+f'Oj-[fOi+g0Oj=—-gOft)+{'®gt)=0; —n-v=—(n-v) =0; thus, n and —n are
both normal to the curve at the point

r(t) =ti+e®j = v=1i+2e’j = n = —2e%i+ j points toward the concave side of the curve; N = oy and
_ 4t =2 . 1 .
[n| = et + 1 :>Nf\/1+4e4[1+ T d
_ 42 . _ —t . . s t . . . .
rit) =v4—-t?i+tj = v= Jiel 4+j=>n=- 7iod points toward the concave side of the curve;

N=Zandn| = /145 = 22 = N=— 1 (Va—2i+y)

r(t) =ti+ %t3j = v =i+ t?j = n = t%i — j points toward the concave side of the curve when t < 0 and

—n = —t%i + j points toward the concave side whent >0 = N = m (i — j) fort < 0 and

N:m( —t%i+j) fort >0
4 —2t* 46 1 42
From part (a), [v| = /1 +t! =T = m mjé a— = Grapr i+ (Hﬂ)njé | ()

dr

- 2. N = (@) _ 14¢ (28 i+ j
1+t [9L] 2\ (14 11)3? (l+t4)3/2 M\/l+t4 M\/l+t4

,‘g —Osothecurvature/-@—| I=|%. 4 =0att=0=>N=1djs

undefined. Since x =tandy = 3 l=y= 3 x3, the curve is the cubic power curve which is concave down for

—A—j; t # 0. N does not exist at t = 0, where the

curve has a point of inflection

x =t < 0 and concave up forx =t > 0.

9. r=Gsint)i+ Bcost)j+ 4tk = v=3cost)i+ (-3sint)j+4k = |v| = \/(3 cos t)2 + (=3 sint)2 +42 = /25
=5=>T=my= (Zcost)i— (2sint)j+2k= 4 = (—2sint)i— (2 cost)]
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o
=]

(
|

)
|

el
—_
w
w

| |_\/(f—smt) +(f%cost)2:% = N= =(—sint)i—(cost)j; k=35 =3z

=
=i

=

10. r=(cost+tsint)i+ (sint—tcost)j+ 3k = v=(tcost)i+ (tsint)j = |V\:\/(tcost)Q—i—(tsint)Q:\/t72

11.

12.

13.

15.

16.

=t =tift>0 = T= ﬁ = (cos )i — (sint)j,t >0 = % = (— sin t)i + (cos t)j

t

= |4 = \/(—sin)? + (cos)? =1 = N= (‘1) (—sinti+(cos)j;k=1-1=1

@l

r=(e'cost)i+ (e'sint)j+2k = v=(c'cost—e'sint)i+ (e'sint+e'cost)j =
lv] = \/(et cost — et sint)? 4 (et sin t + et cos t)? = /2e2 = e'\/2;

_ Vv __ [cost—sint ) & sint+cost \ s dT __ ( —sint—cost ) ¢ cost—sint \ s
T = ()i ()i = 4= (P )i (=)

= |%| — \/(sin\tﬁcost>2+ (cost\ﬁsint)2 =1 = N= |j::f — (7cos\t/§sint)i+ (7sin\t/§cost)j;

L|dT:
V

=

o5

_1_
e‘\/— T e2

775

r = (6 sin 2t)i + (6 cos 2t)j + 5tk = v = (12 cos 20)i — (12 sin 20)j + 5k = |v| = /(12 cos 2t)2 + (—12 sin 2t)? + 52

169=13 = T= =(cos2t)i— (£sin2t)j+ Sk = T = (—Hsin2t)i— (X cos2t)j

dT
= |4 Z\/(—EsinZt) + (- 2‘3‘cos2t) =2 = N= %' = (—sin 20i — (cos 20)j ;
_ 1 dT| _ 1 24 24
k=1 Gl=5 8 =1

r:(g)i+(§)j,t>0 = v==tit+tj = [v|=VE+2=t/2+ 1,sincet >0 = T= %

2 2
_ ot ar _ 1 : dr| _ 1 —t
- \/t2+t \/12 '] = To@+ (t2+1)3'2'] = lal= \/((t2+1)“> + ((t2+])3'2

1+ _ 1 _
@+1)° e+l T

o
=

) _ 1 s+t s _ 1 |dT L1

1= Ve ' T e R T M el T e e T ey

==

o
=

=3

r=(cos’t)i+ (sin®t)j,0<t<% = v=(-3cos’tsint)i+ (3sin*tcost)j

= |v|= \/(—3 cos? tsint)® + (3 sin2 t cos t)* = /9 cos* t sin? t + 9 sin? t cos? t = 3 cos t sin t, since 0 <t< 3§

= T= ﬁ = (—cos t)i+ (sint)j = gz(sint)H—(cost)j = ‘dt vsint+cos?t=1 = N= (dl‘)

:(sint)i—l—(cost)j;/f—L || = N e —

Iv| 3costsmt 3costsint”

%|»-1

r=ti+ (acosh!)j,a>0 = v=i+ (sinh})j = |v|]= \/1—|—sinh2 (}) = \/cosh2 (1) =cosh!

= T:ﬁ:(sechﬁ)i—l—(tanh Yj = % =(—Lsech!tanh?i)i+ (Lsech’?);j

= |9 :\/% sech? (1) tanh? () + % sech? (1) =1sech (i) = N= (‘dj‘) = (—tanh {)i+ (sech !)j;
dt

r= Ll = qarr - aseeh () = g seeh? (3)

r = (cosh t)i — (sinh t)j + tk = v = (sinh t)i — (cosht)j + k = |v| = \/sinh2t+(— cosht)? +1= \/Ecosht
#T:%:(%tanht) \[J+(\[secht>k:> a ( sech2)1—(%sechttanht)k
| |— \/l sech4t+%sech2ttanh2t: %secht = N=

Lo dr L L —1 2
M | = Jrcomt ﬁsecht_ 5 sech” t.

A

=5

Zh
[\

= (sech t)i — (tanh )k ;

=1

| d

d

=y

kK =
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776  Chapter 13 Vector-Valued Functions and Motion in Space

17. y = ax

18.

19.

20.

21.

22.

? = y =2ax = y” = 2a; from Exercise 5(a), k(x) = % 2a] (1 + 4a2x2) %/

= k'(x)=— % |2a] (1 + 432)(2)_5/2 (8a%x) ; thus, k'(x) =0 = x = 0. Now, x'(x) > 0 for x < 0 and x/(x) < 0 for
x > 0 so that x(x) has an absolute maximum at x = 0 which is the vertex of the parabola. Since x = 0 is the
only critical point for x(x), the curvature has no minimum value.

r=(acosti+ (bsint)j = v=(—asint)i+(bcost)j = a=(—acost)i—(bsint)j = vxa
i j k
=|—asint bcost O|=abk = |vxa|=|ab] =ab,sincea>b>0;x(t) = ‘VX“"‘
—acost —bsint 0
-3/2

= ab (a? sin® t + b% cos? 1) 7 K'(t) = — 3 (ab) (a? sin® t + b? cos? £)"/% (222 sin t cos t — 2b? sin t cos t)

— — 3 (ab) (a® — b?) (sin 20) (a? sin? t + b cos2t) /% thus, K'() = 0 = sin2t =0 = t = 0, 7 identifying
points on the major axis, or t = 7, 3—” identifying points on the minor axis. Furthermore, x'(t) < 0 for
0<t< Jandform <t <3k (t) >0forf <t<m and T < t < 27. Therefore, the points associated

with t = 0 andt = 7 on the major axis give absolute maximum curvature and the points associated witht =

2
and t = = on the minor axis give absolute minimum curvature.
_ a de _ —a’4b% . 2 2 __ _ _ : drx .
KR=715% = @& = (a2+b2)2, da =0 = —a*+b°"=0 = a= +b = a=b>bsincea,b 0. Now,— > 0if
a < band % <0ifa>b = & isatamaximum fora=b and k(b) = Ebz = 2b is the maximum value of .

(a) From Example 5, the curvature of the helix r(t) = (acos t)i + (asint)j + btk,a,b 0Qisk = ﬁ ; also

[v| = /a2 4 b2. For the helix r(t) = (3 cos i+ B sin)j + tk, 0 <t <4ma=3andb=1 = k=5 = 15
4w 4m
— _["3 B - N I '3
and [v] = /10 = K = [ 10dt= [ o] "= 3=
b y=x> = x:tandy:t2 —0<t< oo = r(t):ti+t2j = V:i—|—2tj = |v| =1 +4t%
= — —4t 1662 +4
T= i+ 7wk & = goem T oo @l =/ o'hey = = Thus
S R S 2 2 _[7 2
K= T T = ey e K= [ IW) s(Vidae)a= [
0
o . 2 . o . _ 0 . _ b
= lim_ j; g dt+ | lim fomdt—agn}m [tan 12t]“+bli>moo [tan~1 2t]
=, lim_ (—tan"'2a) + lim (tan™'2b) =Z+ 3 =m
r=ti+(sint)j = v=i+(cost)j = |v|=+/12+ (cost)? = /1 +cos’t = [v(3)|=+/1+cos?(3) = LT=
_ itcostj dT __ _sintcos —sin : dT [sint| ., |dT _ o sing] 1 _ Ty 1 —
- l-&-cos‘l2 da (l—o—closzt)g/2 1+ (l+cosztt)3/2‘] = ’E T THcos?t’ Idt =2 — 1+cos§(§) -1 1. Thus H(E) -1 =1
= p———landthecenterls (2,0) = (X—%)2+y2:1
. . . 2 . 2— .
I‘:(Zh’lt)l—(t-f—%)‘]:>V:(%)l—(1 )_] = |v|] = (1——) :‘t—§l:>T:ﬁ:t2%:]1—E2+}_];
ar _ —2(—1), aT| _  [4e-D +162 _ 1 dT| _ 2 2 _ _2
dar T (t2+1)2 L ([2+1)2‘] ‘E’ - (12+1)4 - e 7 ’ - 12t+1 ’ e+1 ([2 )2 = K/(l) - 22

= % = p= l = 2. The circle of curvature is tangent to the curve at P(0, —2) = circle has same tangent as the curve
= v(1) = 2iis tangent to the circle = the center lies on the y-axis. If t # 1 (t > 0), then (t — 1)>2 > 0
SC2-2A+1>0 = C+1>2t= 2 > 2sincet >0 = t+1>2 = —(t+1) < -2 = y< —2onboth

sides of (0, —2) = the curve is concave down = center of circle of curvature is (0, —4) = x>+ (y+ 4> =4
is an equation of the circle of curvature
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23. y=x> = f'(x) =2x and f"(x) = 2
_ 2] _ 2
= RS U0 T rae "
/K
x
1 2
24, y =% = f(x) = x’ and f"(x) = 3x°
= p=——B 3
(1 +(x5")2)3’2 (14x6)?
x
\
x
1 2
25. y=sinx = f'(x) = cos x and f"(x) = —sin x
_ |— sin x| _ |sin x|
= K= (14cos2x)*? (1+coszx)3’2 0. /V\
y=sinx—
-1
26. y=¢€* = f'(x) =¢€* and f"(x) = &* 8
_ le| _ et
= k= 5 = :
(1) e :
4
2
_-4:
-1 -0.5 ©
27-34. Example CAS commands:
Maple:

with( plots );
1 :=t-> [3*cos(t),5*sin(t)];

lo:=0;
hi := 2*Pi;
t0 := Pi/4;

P1 := plot( [r(t)[], t=lo..hi] ):
display( P1, scaling=constrained, title="#27(a) (Section 13.4)" );

CURVATURE := (x,y,t) ->simplify(abs(diff(x,t)*diff(y,t,t)-diff(y,t) *diff(x,t,0)/(diff(x,0) " 2+diff(y,0"2)N(3/2));

kappa := eval(CURVATURE(r(t)[],t),t=t0);

UnitNormal := (x,y,t) ->expand( [-diff(y,t),diff(x,t)]/sqrt(diff(x,t)*2+diff(y,t)"2) );
N := eval( UnitNormal(r(t)[],t), t=t0 );

C := expand( r(t0) + N/kappa );

OscCircle := (x-C[1])"2+(y-C[2])"2 = 1/kappa’2;

evalf( OscCircle );

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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778  Chapter 13 Vector-Valued Functions and Motion in Space

P2 := implicitplot( (x-C[1])"2+(y-C[2])"2 = 1/kappa’2, x=-7..4, y=-4..6, color=blue ):
display( [P1,P2], scaling=constrained, title="#27(e) (Section 13.4)" );
Mathematica: (assigned functions and parameters may vary)
In Mathematica, the dot product can be applied either with a period "." or with the word, "Dot".
Similarly, the cross product can be applied either with a very small "x" (in the palette next to the arrow) or with the word,
"Cross". However, the Cross command assumes the vectors are in three dimensions
For the purposes of applying the cross product command, we will define the position vector r as a three dimensional vector
with zero for its z-component. For graphing, we will use only the first two components.
Clearf[r, t, X, y]
r[t_]={3 Cos[t], 5 Sin[t] }
tO= 7 /4; tmin= 0; tmax= 27,
r2[t_]= {r[t][[1]], r[t][[2]]}
pp=ParametricPlot[r2[t], {t, tmin, tmax}];
mag([v_]=Sqrt[v.v]
vel[t_]=r'[t]
speed[t_]=mag[vel[t]]
acc[t_]= vel'[t]
curv[t_]= mag[Cross[vel[t],acc[t]]]/speed[t]3//Simplify
unittan[t_]= vel[t]/speed[t]//Simplify
unitnorm[t_]= unittan'[t] / mag[unittan'[t]]
ctr=r[t0] + (1 / curv[t0]) unitnorm[t0] //Simplify
{ab}= {ctr[[1]], ctr[[2]]}
To plot the osculating circle, load a graphics package and then plot it, and show it together with the original curve.
<<Graphics' ImplicitPlot®
pe=ImplicitPlot[(x — a)2 + (y — b)2 == 1/curv[t0]?, {x, —8, 8}.{y, =8, 8}]
radius=Graphics[Line[{{a, b}, r2[t0]}]]
Show|[pp, pc, radius, AspectRatio — 1]

13.5 TANGENTIAL AND NORMAL COMPONENTS OF ACCELERATION

I. r=(acost)i+(asint)j+btk = v = (—asint)i+ (acost)j+bk = |v|=1/(—asint)?+ (acos t) + b2
=Va2+b? = a; =4 |v|=0;a=(—acos i+ (—asint)j = [a] =/(—acos)?+ (—asin0)? = \/a = |a
= =/l —a = P~ 0 = fal = fa] = a=OT+[a]N=Ja|N

2. r=(1+30i+(t-2j—-3tk = v=3i+j-3k = |[v|=/32+ 12+ (-3)2=/19 = a, =4 |v|=0;a=0
= ay = |a|2—a%:0 = a=0T+ON=0

3or=(t+Di4+2j+0k = v=i+2j+2tk = |v|=/12+22+ 202 = /5+42 = aT:§(5+4t2)‘1/2(8t)
—at(5+42)77 = a(1) = H=3a=2%k = al)=2k = Ja()| =2 = ay= \/|a\2—a%: \/22— (%)
=¥ =2 = a0 = 1T+ 2PN

4. r=(tcost)i+ (tsint)j+t’k = v = (cost — tsint)i+ (sint + tcos t)j + 2tk
= |v] = \/(cost—tsin )2 + (sin t+ tcos 2 + 207 = /52 + 1 = a; = L (5 + 1)

2101
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:\/5t5_—;ﬁ = ap(0) = 0;a=(—2sint—tcost)i+ (2cost—tsint)j+2k = a(0)=2j+2k = |a(0)]

=2+ 2=22 = aN:\/|a|2—a%:1/(2\/§)2—02:2ﬁ = a(0) = ()T + 21/2N = 2\/2N

r=ti+(t+30)j+(t—3¢)k = v=22i+(1+)j+(1 -k = |V|:\/(Zt)2+(1+t2)2+(17t2)2
=2t F228+ 1) =v2(14+2) = a; =2t/2 = a(0) = 0;a=2i+2(j — 2tk = a(0) =2i = |a(0)| =2
= ay=+/|a]* —a2 =22 -02=2 = a(0) = ()T + 2N = 2N

r=(c' cost)i+ (e'sint)j+ /2e'’k = v=(c' cost—e sint)i+ (e sint+e cost)j+ /2e'k

= |v|= \/(el cos t — et sin t)* 4 (e' sin t + et cos t) <fe‘) = 4et =2¢' = ar =2¢' = ar(0) =2;

a:(etcost—etsint—etsint—e‘cost)i—i—(e‘sint—i—etcost—l—etcost—etsint)j—|—\/Eetk

= (=2e'sin )i+ (2¢' cos ) j + /2e'k = a(0) = 2j+ v/2k = [a(0)] = 1/2* + (\@2 =6
aN= \/m: (\/6)2—22: V2 = a(0) = 2T + /2N

r=(cos )i+ (sint)j —k = v=(—sint)i+(cost)j = |[v|=+/(—sint)2+(cost)? =1 = T= ‘l

= (—sin i+ (cos j = T (%) :—‘/TEH— {J,E—(—cost)i—(sint)j = |4 = \/(—cos )2 + (—sin 1)?
() N i ik

:1:>N:|ﬁ|:(fcost)if(sint)jéN(g):*%i*sz;B:TXN: —sint  cost 0| =Kk
“ —cost —sint 0

= B (Z) =k, the normal to the osculating plane; r (I) = %i—i— gj -k = P= (\2[7 \2[’_1> lies on the

osculating plane = 0 (x - %) +0 (y — ?) +(z—(—1)) =0 = z = —1is the osculating plane; T is normal
to the normal plane = (— ﬁ) (x— ﬁ) + (ﬁ) (y— ‘/75> +0z—-(-1)=0 = —\/7§x+ \é_y—

2 2 2

= —x +y = 0 is the normal plane; N is normal to the rectifying plane
= (- 2) (x- @)+ (-2) (y-2) +0e- (-1 =0 = —Lx-Ly=—1 5 x+y=isthe

rectifying plane

r=(cost)i+ (sint)j +tk = v=(—sint)i+ (cost)j+ k = |v|=+/sin?t+cos?t+1= \/5 = T=3

daTr 1

(e ()i ek > £ (- grom s (- indi = 12

— /1ot 4 Lgin2f— L _ &) S
=,/7cos"t+ 5 sin°t e = N E (— cos )i — (sin t)j ; thus T(0) = \[_]—i—\[

|
i
= BO)=|0
~1

o
=

=

k and N(0) =

=i

LS}
=

=— ﬁj + % Kk, the normal to the osculating plane; r(0) =i = P(1,0,0) lies on

oS- F

the osculating plane = 0(x — 1) — ﬁ (y—0)+ ﬁ (z—0)=0 = y—z = 0is the osculating plane; T is normal
to the normal plane = O(x — 1) + % -0+ % (z—0)=0 = y+z=0is the normal plane; N is normal to
the rectifying plane = —1(x —1)4+0(y —0)+0(z — 0) =0 = x = 1 is the rectifying plane.
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780  Chapter 13 Vector-Valued Functions and Motion in Space

9. By Exercise 9 in Section 13.4, T = (% cos t) i+ (—% sin t) j+ %k and N = (—sint)i — (cost)jsothat B=T x N

i ik
=|2cost —2sint 2|=(%cost)i— (sint)j— 2k.Alsov=(3costi+ (—3sin0j+ 4k
—sint  —cost O

i J k
=a=(—3sintJi+ (-3 cost)j = % =(—3cost)i+ (3sint)jand vxa=| 3cost —3sint 4
—3sint —3cost O

= (12 cos )i — (12sint)j — 9k = |v x a|* = (12 cos t)> + (=12 sin t)* + (—=9)* = 225. Thus

3cost —3sint 4

—3sint —3sint 0
—3cost 3sint 0 4-(=9sint—9cos’t) _ —36 __ 4

225 - 225 225 T 25

10. By Exercise 10 in Section 13.4, T = (cos t)i + (sin t)j and N = (—sin t)i + (cos t)j; thus B=T x N
i ik
=| cost sint 0= (cos’t+sin’t)k =K. Also v = (t cos t)i + (t sin t)j
—sint cost O
= a = (t(—sint) +cos )i+ (tcost+sint)j = 9 = (—tcost— sint— sint)i+ (—tsint+ cos t+ cos t)j
i j k
= (—tcost—2sint)i+ (2cost—tsint)j. Thusv x a = tcost tsint 0
(—tsint+cost) (tcost+sint) 0O

= [(t cos t)(t cos t + sin t) — (t sin t)(—t sin t + cos )]k = 2k = |v x a|* = (tQ)2 = t*. Thus

tcost tsint 0
cost—tsint sint+tcost 0
—2sint—tcost 2cost—tsint O 0

11. By Exercise 11 in Section 13.4, T = (L\/}“‘“) i+ (%ﬁco”)] and N = (_Cos\t/;i“t) i+ (_Si"&tCOSt)j;Thus

2
i i k
B=TxN = cost\;;mt smt\?ﬁcost 0 _ {(cos2t—2c0s2tsint+sin2t) + (sin2t+25in£cost+cos2l)} k
—cost—sint —sint+cost 0
NG V2

= {(175?<2t)) + (HS?(ZO)] k=K. Also, v=(e'cost—e'sint)i+ (e'sint+e' cost)j

= a=[e'(—sint—cost)+e'(cost—sint)]i+ [e'(cost—sint)+ e'(sint+ cost)]j=(—2e" sint)i+ (2¢' cost)j

i j k
= 9 — _De'(cos t + sin t) i+ 2e'(—sin t+ cos t)j. Thus v x a = |e'(cost —sint) e'(sint+cost) 0| =2e’k
—2e'sint 2e' cos t 0
e'(cos t —sin t) e'(sint+cost) 0
—2¢'sint 2¢' cos t 0
= |V « a|2 _ (262t)2 — 4™ Thus 7 — —2e'(cos t+sin t) 4546:(7sint+cost) 0] _ 0

12. By Exercise 12 in Section 13.4, T = (% cos 2t) i— (% sin 2t) j+ 1% k and N = (— sin 2t)i — (cos 2t)j so
i j k
B=TxN=|(£cos2t) (-2sin2t) 3|= (3 cos2t)i— (3 sin2t)j— 12k.Also,

(—sin2t) (—cos2t) O
v = (12 cos 2t)i — (12 sin 2t)j + 5k = a = (—24 sin 2t)i — (24 cos 2t)j and % = (—48 cos 2t)i + (48 sin 2t)j
i j k
vxa=|12cos2t —12sin2t 5| = (120 cos2t)i — (120 sin 2t)j — 288k = |v X :;1|2
—24sin2t —24cos2t O

= (120 cos 20)% + (—120 sin 20)2 + (—288)2 = 1202 (cos?2t + sin®2t) + 2882 = 97344. Thus
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12cos2t —12sin2t 5
—245sin2t —24cos2t 0
—48 cos2t  48sin2t 0 5-(=24-48) 10

97344 97344 T 169

13. By Exercise 13 in Section 13.4,T = +t1>l,2 i+ <[2+11)1,2j and N = ﬁ i— ﬁj sothat B=T x N

i ik 2t 0
t 1
— Vo1 Ve 0=k Also, v=ti+(j >a=2+j= 2 —2isothat |2t 1 0|=0= 7=0
1 —t 0 2 0 0
2+ 1 2+1

14. By Exercise 14 in Section 13.4, T = (—cos t)i 4+ (sin t)j and N = (sin t)i + (cost)jsothat B =T x N
i j k

=|—cost sint 0|=—Kk.Also, v=(—3cos’tsint)i+ (3sin’tcost)j
sint cost O

=>a=$(-3cos’tsint)i+ $(3sintcost)j=> R = &($(—3cos’tsint)) i+ $(%(3sin’tcost))j
—3cos?tsint 3sin’tcost 0
= | &(-3cos’tsint) 4(3sin’tcost) 0|=0= 7=0

d
4(&(=3cos’tsint)) $(4(3sin’tcost)) O

15. By Exercise 15 in Section 13.4, T = ; = (sech £)i+ (tanh !)jand N = (—tanh {)i+ (sech !)jsothatB =T x N
i ik

=| sech(f) tanh (i) O|=k. Also, v=i+ (sinh!)j=a=(Lcosh!)j= 9 =L sinh(!);jsothat
—tanh (1) sech (i) 0

1 sinh(i) 0

0 lcosh(Y) 0|=0=7=0

0 Zsinh(i) 0

16. By Exercise 16 in Section 13.4, T = (ﬁ tanh t) i- L+ (% sech t) kand N = (sech t)i — (tanh Dk so that
i i k
B=TxN=|jstanht —1 —osecht|= (% tanht)i+ i+ (% secht) k. Also, v = (sinh )i — (cosh 0)j + k
sech t 0 —tanht

i j k
a = (cosh t)i — (sinh t)j = ‘é—‘;‘ = (sinh t)i — (cosht)jand vxa = |sinht —cosht 1
cosht —sinht O

= (sinh t)i 4 (cosh t)j + (cosh?t — sinh2t)k = (sinh t)i + (cosh t)j + k = |v x a|> = sinh? t 4 cosh? t + 1. Thus

sinht —cosht 1
cosht —sinht O
sinht —cosht 0] _ o 1

sinh?t+cosh?t+1 — sinh2t-+cosh2t+1 ~ 2cosh2t”

17. Yes. If the car is moving along a curved path, then k # Oanday = & [v|° #0 = a=a;T+aN #0.
18. |v| constant = a; = § |[v| =0 = a = ayNis orthogonal to T = the acceleration is normal to the path
19alv=alT= a=0= 4|vf=0 = |v|is constant

20. a(t) = a;T + ayN, where a; = & |v| = 4 (10) = O and ay = « |v|* = 100k = a = 0T + 100xN. Now, from

[ ()| _ 2 _ 2 .
— = = = ; also,
[+ @) D+ T (1+4x)*

Exercise 5(a) Section 12.4, we find for y = f(x) = x? that kK =
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21.

22.

23.

24.

25.

26.

27.

28.

r(t) = ti + t%j is the position vector of the moving mass = v=1i+2tj = |v| = /1 + 4¢2
= T= b i+ 2). ALO,0): T(0) =i, NO) = jand £(0) =2 = F = ma = m(1005)N = 200mj;

At (\/5,2); T(\/E) :%(i+2\/§j):li+23fj, (ﬁ) =—2Tﬁi+§j,andm<ﬁ) —2 > F=ma

= m(100)N = (22 m) (_¥i+%j) 03 20

Bya:aTT—l—aNNwehavevxa:(%T) [dtzT—i-n( )2N

[E—1

_ (g—‘j—)(TxT)—kn( ) (T x N)

(‘é—) B. It follows that |v x a| = & VP =k =

a=0= kK |V\2 =0 = k = 0 (since the particle is moving, we cannot have zero speed) = the curvature is zero
so the particle is moving along a straight line

:tandaN:tsothataN:n|V|2 = ﬁ:a—Tz:[%:%,t#O = p:%:t

=

r=X)+At)i+ (yo+Bt)j+(zo+Ct)k = v=Ai+Bj+Ck = a=0 = vxa=0 = x =0. Since the curve
is a plane curve, 7 = 0.

If a plane curve is sufficiently differentiable the torsion is zero as the following argument shows:
r=fOi+g0j = v={'0i+g®j = a=f"Oi+'Oj = ¢ ={"0i+g" 0]

f'o g® 0
' "o 0

f”/(t) g///([) 0 -
|vxal® -

= 7=

v = —(asint)i+ (acost)j+ bk and a = —(acost)i — (asint)j

—asint acost b
—acost —asint 0
. . . |asint —acost 0|  b(a’cos’t+a’sin’t)  a’b(cos’t+sin’t) , a2 — b2
To find the torsion: 7 = e a2+b2)2 = T wEey - T a@ey . e~ T0)= @ o
22 p2 .
7)y=0=> 2= —0=a?-b? =0 = b= +a= b=asincea,b>0. Alsob<a = 7 >0andb>a

(a2 +b2)

= 7' < 080 Ty OCcurs whenb = a = 7, = !

r(t) = f(t)i + g(t)j + h(hk = v=1' )i+ g®)j+hOk;v-k=0 = h'({t) =0 = h(t)=C
= r(t) = f(t)i + g(t)j + Ckand r(a) = f(a)i + g(a)j + Ck =0 = f(a) =0,g(a) =0and C =0 = h(t) = 0.

From Exercise 26, v = —(asin t)i + (acos t)j + bk = |v| =+/a2+b? = T=1Y

[v]
N 1 _ - . . _J
= \/m[ (a sin t)i + (a cos t)j + bk] ; 4T T ——\/m[ (acost)i— (asint)j] = N = iy

=]

=

215

i j k
. . s _ | _ _asint acost b
= —(cost)i — (sint)j; B=T x N = Vi Vaib Jaio
—cost —sint 0
__ _bsint s+ _bcost dB _ dB | — _ b
= gl U8 +b).]—i— \/a2+b2k = G m[(bcost)l—i—(b sint)j] = G -N T
= 7=— ﬁ (@ N) (— \/a21+b2) (— \/a2b+ b2> = a23b2 , which is consistent with the result in Exercise 26.
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29-32. Example CAS commands:

Maple:
with( LinearAlgebra );
r:= < t¥cos(t) | t*sin(t) | t >;
t0 := sqrt(3);
r := eval( 1, t=t0 );
v := map( diff, r, t );
vv :=eval( v, t=t0 );
a := map( diff, v, t);
aa :=eval( a, t=t0 );
s := simplify(Norm( v, 2 )) assuming t::real;
ss :=eval( s, t=t0 );
T :=vl/s;
TT :=vv/ss ;
ql := map( diff, simplify(T), t ):
NN := simplify(eval( q1/Norm(ql,2), t=t0));
BB := CrossProduct( TT, NN );
kappa := Norm(CrossProduct(vv,aa),2)/ss"3;
tau := simplify( Determinant(< vv, aa, eval(map(diff,a,t),t=t0) >)/Norm(CrossProduct(vv,aa),2)*3 );
a_t :=eval( diff(s, t), t=t0);
a_n := evalf[4]( kappa*ss"2 );

Mathematica: (assigned functions and value for t0 will vary)
Clearf[t, v, a, t]
mag[vector_]:=Sqrt[vector.vector]
Print["The position vector is ", r[t_]={t Cos][t], t Sin[t], t}]

Print["The velocity vector is ", v[t_]=1'[t]]

Print["The acceleration vector is ", a[t_]= v'[t]]
Print["The speed is ", speed[t_]= mag[v[t]]//Simplify]

Print["The unit tangent vector is ", utan[t_]= v[t]/speed[t] //Simplify]

[

[

[

[
Print["The curvature is ", curv[t_]= mag[Cross[v[t],a[t]]] / speed[t]3 //Simplify]
Print["The torsion is ", torsion[t_]= Det[{v[t], a[t], a'[t]}] / mag[Cross[v[t],a[t]]]2 //Simplify]
Print["The unit normal vector is ", unorm[t_]= utan'[t] / mag[utan'[t]] //Simplify]
Print["The unit binormal vector is ", ubinorm[t_]= Cross[utan[t],unorm[t]] //Simplify]
Print["The tangential component of the acceleration is ", at[t_]=a[t].utan[t] //Simplify]

Print["The normal component of the acceleration is ", an[t_]=a[t].unorm[t] //Simplify]
You can evaluate any of these functions at a specified value of t.

t0= Sqrt[3]

{utan[t0], unorm[t0], ubinorm[t0]}

N[{utan[t0], unorm[t0], ubinorm[t0]}]

{curv[t0], torsion[t0]}

N[{curv[t0], torsion[t0]}]

{at[t0], an[t0] }

N[{at[t0], an[t0]}]
To verify that the tangential and normal components of the acceleration agree with the formulas in the book:

at[t]== speed'[t] /Simplify

an[t]==curv [t] speed[t]* /Simplify
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13.6 VELOCITY AND ACCELERATION IN POLAR COORDINATES

. ¥=3=0=6=0,r=a(l —cos) =i=asinf% =3asind = = 3acos§% = 9acosf
v = (3asinf)u, + (a(l — cos0))(3)uy = (3asinf)u, + 3a(l — cosO)uy
a= (9acos9 —a(l —cos ¢9)(3)2)ur + (a(l — cosf) - 0+ 2(3asin0)(3))uy

= (9acosf — 9a+ 9acosf)u, + (18asinf)uy = 9a(2cosf — 1)u, + (18asinb)uy

2. ‘é—f =2t=0=0=2r=asin20 =i= acosZG-Z‘é—‘f = 4tacos20 = 1 = 4ta (—Sin29-2%) + dacos 260

= —16t%a sin 26 + 4acos 20
v = (4tacos20)u; + (asin26)(2t)uy = (4tacos 20)u, + (2tasin26)uy

a= {( —16t%a sin 260 + 4acos 20) — (asin 20)(2t)2} u, + [(asin26)(2) + 2(4tacos 260)(2t) |uy
= {716t2a sin 20 + 4acos 20 — 4t%a sin 20} u; + [2asin 20 + 16t*acos 26| ug

= [—ZOtza sin 26 + 4acos 26’] u, + [2asin26 + 16t%acos 2] uy = 4a(cos 26 — 5t*sin 26)u, + 2a(sin 26 + 8t* cos 20)uy

3. i—f :2:9@9:0,r:ea‘9$f:eae~a%:2aea9:>'r':2aeag~a% = 4a2 e’
v=(2ae*")u, + (e*?)(2)uy = (2ae*?)u, + (2e*%)uy
a= {(4212 e??) — (ea(’)(Z)z} u, + {(e”)(O) + 2(2aea(’)(2)}u9 = [4&2 ed? — 4630} u, + {04— Saeae] wy

= 4ea9(a2 - Du, + (8aeae)u@

4. f=1—-e'=>fh=e'=>0=—e"'r=a(l +sint) =i =acost =T = —asint
v = (acost)u, + (a(l + sint))(e " )uy = (acost)u, + ae~(1 + sint)uy
a= [( —asint) — (a(1 + sint))(e")z] u + {(a(l +sint))(—e™") + 2(acost)(e™")|ug
= [—a sint —ae (1 + sint)]ur + {—ae"(l + sint) 4+ 2ae 'cost|ug

= —a(sint + e (1 + sint))u; + ae(—(1 + sint) + 2cos t)uy
= —a(sint + e (1 +sint))u, + ae"'(2cost — 1 — sint)uy

5. 0=2t=0=2=0=0,r=2cosdt == —8sindt =¥ = —32cos4t
v = (—8sindt)u; + (2 cos4t)(2)ug = —8(sin4t)u, + 4(cos4t)uy

a= ((—32 cos4t) — (2cos 4t)(2)2)ur + ((2cos4t) - 0 + 2(—8sin4t)(2))uy
= (—32cos4t — 8cos4t)u, + (0 — 32sin4t)uy = —40(cos 4t)u, — 32(sin4t)uy

2
ToV 2 GM(e + 1) GMEe+1) .
6. e=5Gy 1 = Vvi="—"— = Vvo=/——:
Circle: e =0 = vg = ,/—Grfo”l

Ellipse: 0 <e <1 = /M <y < ,/3M
Parabola: e =1 = vy = ,/2?—0M
. 2GM
Hyperbola: e > 1 = vy > T
7. r= GV—IZ’[ = vZ= GTM = v= GTM which is constant since G, M, and r (the radius of orbit) are constant
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8. AA=1|rt+ A x K@ = A2 =1 |xa xr(t)‘ S S HEILEL GRS xr(t)‘
+ At) —r(t t+ At) — A : t+ At) —r(t
1= xr(t)+§r(t)xr(o‘ = 1 |rerto-ro xr(t)‘ = @ = lim 5 |MEEE <
1 |d
=1 |Fxr| =3 r(p) x & &l =3 rxi

; 2, 2 .
9. T= 2“2) Vi—e = T2 = <4r§v%4) (1-¢?) = (“rgzv‘:) [1 - (% — 1) } (from Equation 5)
[ 4n2at 2vi 2 ov3 [ 4n2at 2GMrgv2 —r2vi| _ (4x%a’) (2GM —rv3)
22  G2M? + GM T\ 22 G2M2 - roG2M2

—rovi s T
= (4n%at) <72621:J01\; “) (&) = (4n%a?) (L) (&) (from Equation 10) = T2 = 40 — T0 _ 4r

10. r = 365.256 days = 365.256 days x 24hd°T“yrS x pQminutes . goseconds _ 31 558 1184 seconds ~ 3.16 x 107,

hour minute

G = 6.6726 x 10‘”1\{(“2‘ , and the mass of the sun M = 1.99 x 10 kg. Z—f = ﬁ =a’ =T

= o = (3.16 x 107)* LT (19007 335863335 x 103 = a = /3.35863335 x 10
~ 149757138111 m ~ 149757 billion km

CHAPTER 13 PRACTICE EXERCISES

2 m

1. r(t) =@cost)i+ (\/Esint)j = x=4cost

andy = \/2sint = ’f—é—f—y;:l; /’V?_ B @21

alg v(0)
v = (—4sint)i + (\/Ecost)jand — 5 e
a = (—4 cos )i — (ﬁsint)j;r(O):M,v(O):ﬁ', '1;,/

a(0) = —4i;r (2) =2v2i+j,v () = —2v/2i +],
a(%) :—Zﬁi—j;|v|: \/16sin2t+2c:os?t

_d _ 14 sin t cos t 2 0 _ _ _ a4 _ »H.
= ar = g |v|—7\/m att=0: a; =0, ay = 1/ |a] 0—4,a—0T+4N—4N,n_MQ_Z_Z,

_ . 7 49 w2 7 4/2 _oay 42
att—4.aT—\/m 3,aN— 9 = = ,a—3T—|——N, == 2T

9

2. r(t) = (\/gsect)i—l—(\/gtant)j = x=+/3sectandy = +/3tant = ";—y;:seczt—tath: 1;
= X27y2:3;V:(\/gsecttant)iJr(\/gseth)j 3
and 2
a:(\/gsecttan2t+\/§seCBt)i—<2 SSeCQttant)j; )
r(0) = v/3i, v(0) = \/3j, a0) = /3i; a(0)

V| = /3 secQttanQH— 3 sectt

6sec’ttan’t4 18 sec*ttant . -1
= ar = A\
T= | | 2v/3sec2ttan®t+3sectt

-2
att=0: a; =0,ay = +/|a> — 0= /3,

-3
a:0T+\/§N:\/§N,n:"“—NQ:T3:\%
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3.

4.

10.

Chapter 13 Vector-Valued Functions and Motion in Space
2 2
P it il = v = ) e e o = [ e [<1+t2>’3/2}
L. dlv — dlv —
= 14z - We want to maximize |v]: M (l+2tt2)2 and M =0 = (1+2t?) =0 = t=0. Fort <0, 1+t2)’ > 0; for

occurs whent=0 = |v| =1

max

t>0, (1+t22<0 = |v|

max

r=(e'cost)i+ (e'sint)j = v=(e'cost—e'sint)i+ (e'sint+e' cost)j
= a=(e'cost—e'sint—e'sint—e'cost)i+ (e'sint+e' cost+e' cost—e'sint)j

= (—2e'sint)i+ (2e' cost)j. Let 6 be the angle between r and a. Then 6 = cos™! ( ra )

Ir| Ja]

9t 2 _ _
2e sin t cos t+2e”' sintcos t L) —cos 10 = % for all t

— cos—! — cos—1 (
= COS - - - - = COS W
( \/(e‘ cos t)*4(e! sin t)? \/(—Ze‘ sin t)24(2et cos t)? > 2e

i j Kk
v=3i+4janda=5i+15] = vxa=|3 4 0|=25k = |vxa|=25v[=+32+42=5
5 15 0
:nz‘vlvj:\zg_g:%
— ly"] — X 2x~3/2 de __ ox 2x\—3/2 x|:_§ 2x\—5/2 2Xi|
A= e C (1+e™) = E=c"(1+e™) "+ |—3(1+e™) 7" (2%)
— X (1+62X)_3/273€3x (1+e2x)_5/2:ex(1+e2x)_5/2 [(1+62x)73 2x] 7ex(1+e2x)_5/2(17262x);
e 0= (1-2)=0=e*=! = 2%=-I2=x=-1h2=-ny2 = y:%[ therefore « is at a

maximum at the point (— In \/5, ﬁ)

r=xi+yj = v= % i+ @ J andv-i=y = % =y. Since the particle moves around the unit circle
Xy’ =1,2x 842y 2 dy _0 = i{ =-3 & ‘g =-l=-x Since & =y and £ & — _x, we have
v=yi—xj = at(l,0), v= —jand the motion is clockwise.

gy =x> = 99X =3x2 & = B — 12 & fp—xj4yj, where x and y are differentiable functions of t,

thenv—fl’l‘i—i- j. Hencev i=4 = %—4andv i= ¥ =129 = 1324 =12at(3,3). Also,

: X 2 X
a= ‘(jh;‘ i+ dtZ jand f(lhz,y = (%x) (%) + (%XQ) dt) . Hencea-i= -2 = ‘3;2 = —2and
a-j= WX = % (3)(4)? + 3 L (3)(—2) = 26 at the point (x,y) = (3, 3).

& orthogonal tor = 0= -r=3 & .r+ir- =1 dt(r r) = r-r =K, aconstant. If r = xi + yj, where
x and y are differentiable functions of t, thenr - r = x> +y? = x% + y? = K, which is the equation of a circle

centered at the origin.

(a) (b) v = (m — mcos )i+ (7 sin 7t)j
= - si i I — cos r1)j . . .
ry = (= sin i+ (1 = cos m)'; = a= (r?sin7t)i+ (7% cos mt)j;
; = 7 a2) = 7§ .
Lo e v3) = 2 v(0) = 0 and a(0) = 7°j;
4 — A — v(1) = 2riand a(l) = —7%j;
3 v(2) = 0 and a(2) = 7%j;
v(3) = 2miand a(3) = —
1 1 1 i > X
v(0) = 0] 4 6 8
R et S
al) = -7
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Chapter 13 Practice Exercises 787

(c) Forward speed at the topmost point is [v(1)| = |v(3)| = 2 ft/sec; since the circle makes % revolution per

second, the center moves 7 ft parallel to the x-axis each second =- the forward speed of C is 7 ft/sec.

1. y=yo+ (vosina)t — 3 gt? = y = 6.5+ (44 ft/sec)(sin 45°)(3 sec) — 3 (32 ft/sec?) (3 sec)? = 6.5 + 661/2 — 144

~ —44.16 ft = the shot put is on the ground. Now,y =0 = 6.5 + 22\/§t —16t2 =0 = t=2.13 sec (the
positive root) = x ~ (44 ft/sec)(cos 45°)(2.13 sec) ~ 66.27 ft or about 66 ft, 3 in. from the stopboard

_ (vo sin a)? [(80 ft/sec)(sin 45°)]>
12. ymax7y0+ 02g 77ft+W~57ft

(vo sinayt—21g®  (vosina)— gt
(Vo cos a)t - V(o COS

13. x =(vpcosatandy = (v sina)t——gt2 = tan ¢ = 3 1=

2vq sin a — 2vg cos « tan ¢
g

= Vpcosatan ¢ = vy sin o — % gt = t= , which is the time when the golf ball

hits the upward slope. At this time x = (vj cos ) (ZVO Sin & — 24 006 a0 d’) = (é) (v3 sin a cos o — v} cos® o tan ¢) .

g
vZ sin o cos a — v3 cos? o tan ¢ y

Now OR = 2 = OR = (2) (* - )
o ZV% cos « sina _ cosatan ¢
- g cos ¢ cos ¢
_ [ 2vicosa sin a cos ¢ — cos a sin ¢ .- s
- g cos? ¢ P sl

2v2 cos a ,' ," RI
= ( g‘iosz ) [sin (¢ — ¢)]. The distance OR is maximized . 1

” !
when X is maximized: / a'\ﬁ, :
X

%: <2V°)(cos2a+51n2atanq§)—0 0
= (cos2a+sm2atan¢):O:>cot2a—|—tan¢:O:>cotZa:tan(—(/)):>2a:§+¢:>a:%—|—§

14. (a) x = vp(cos 40°)tand y = 6.5 + vo(sin 40°)t — £ gt? = 6.5 + vo(sin 40°)t — 16t%; x = 262 3 ftand y = 0 ft

= 262 35 = vo(cos 40°)tor vo = 24T and 0 = 6.5 + {fc‘;i-‘;‘o?ﬂ (sin 40°)t — 167 = t2 14.1684

= t = 3.764 sec. Therefore, 262.4167 ~ vo(cos 40°)(3.764 sec) = vy = mm% = vp ~ 91 ft/sec

() Y = Yo + (V“‘“a) ~ 6.5+ % ~ 60 ft

15. r=(2cos )i+ (2sint)j + °k = v = (=2sin )i + (2 cos t)j + 2tk = |v| = /(=2 sin £)2 + (2 cos t)2 + (2t)>

/4 7(/4 2 2
=2 1+t2:>Length:f0 2\/1—|—t2dt:[t\/1—|—t2—|—ln‘t—|—\/1—|—tQHO :§\/1+T—g+ln(§+ 1+7—g)

16. r = (3 cos t)i + (3 sin t)j + 2t*’k = v = (=3 sin t)i + (3 cos t)j + 3t'/’k = |v| = \/(—3 sin £)2 + (3 cos )2 + (3t1/2)?

=v/9+9%=3/14+t = Length:f()33 1 4tdt= [2(1+t)3/2]2: 14

17.r=31+0*%i4+ (1 -0+ itk = v=2(1+0Y%i- 21 -0+ 1k
V= Ba+0 + [~ 20 -0 + (1)’ =1 > T=20+0"% - 21— ') + 1k
TO) =2i—2j+ik; T =10+ 2i+i0-0 = TOo=21i+1j=> |& (0)|_—

4ol

4

1
, : 2
N(©0) = Z7i+ =7§; B(0) = T(0) x N(©) = 5075 VARt Rl
Va2
a=1(14+0"2i+11-07"% = a0)=1i+Lijandv(0)=32i—3j+ 1k = v(0) x a(0)
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788  Chapter 13 Vector-Valued Functions and Motion in Space

V2
= litljtik = [vxal=2 = kO) = = (fg) =2

W= WD e
RalE TN
O wim R/

PRERSTERRIN

a=—-114072i+i1 -0 = a0 =-Lti+lj = r0)="1

18. r=(e'sin2t)i+ (e' cos 2t) j+ 2e'’k = v = (e'sin 2t + 2e' cos 2t) i + (e' cos 2t — 2¢' sin 2t) j + 2e'k
| = \/(et sin 2t + 2et cos 2t)” + (et cos 2t — 2e! sin 2t)” + (2¢

= Iy e =3 = T—
= ($sin2t+ 2 cos2t)i+ (2 cos2t—3sin2t)j+ 3k = T(0)=2i+1j+3k;
% ( cos 2t — sm2t)1+(——s1n2t——cos2t)J = ‘g(O) %l—%j = |%(0)|:%\/§
i j k
NO) = G731 BO)=TO)xNO)=|3 § 3|=-4i+2j- 3k
= N(©) = ( ) _51 \/—.] (0) = T(0) x N(0) = % 3 3 —ml‘FmJ_m 5

i B0
a = (4e' cos 2t — 3e' sin 2t) i + (—3€' cos 2t — 4e' sin 2t) j + 2e'k = a(0) = 4i — 3j + 2k and v(0) = 2i + j + 2k

i j k

= v0)xa0)=[2 1 2|=8i+4j—10k = |vxa|=1/64+ 16+ 100 = 61/5 and |[v(0)| = 3
4 -3 2

= k(0) = O3 = 25,

= (4e' cos 2t — 8e' sin 2t — 3e' sin 2t — 6e' cos 2t) i+ (—3e' cos 2t + 6¢' sin 2t — 4e' sin 2t — 8e' cos 2t) j + 2e'k
= (—2e"'cos 2t — 11e'sin 2t)i + (—11 €' cos 2t + 2¢e' sin 2t) j + 2e'’k = a(0) = —2i — 11j+ 2k

2 1 2
4 -3 2
=2 -2 0 4
= 10)="— 0 == "5

19. r=ti+3e?j = v=it+e¥j = [v|=V1+e" = T= 7 j= T@n2) =

ﬁi
-
Ell

+4t \/1+41

dr _  —2e* . 2% . dT — =32 _ 4 1.
& = e eyl 7w 0D = G Rl = Nind) = - FRt g5

i i k
1 4
B(n2)=TIn2)xN(n2)=| v v5 ©|=k;a=2e"j = a(n2) = 8jand v(In2) = i + 4j
4 1
-7 vm Y
i j k
= v(In2) xa(ln2)=|1 4 0|=8k = |vxa|=8and|v(In2)|=+/17 = k(n2)= 17\/7 ;a4 = 4e™
0 8 O
14 0
0 8 0
. . 0 16 0
:>a(1n2):16‘]$7'(11'12):w:0

20. r = (3 cosh 2t)i + (3 sinh 2t)j + 6tk = v = (6 sinh 2t)i + (6 cosh 2t)j + 6k
= |v| = v/36 sinh? 2t + 36 cosh? 2t + 36 = 61/2 cosh 2t = T= ¥ = (f tanh2t)1+ Li+ (f sech2t)k

= Tn2) = Z3i+ Jj+ ok 9 = (%sech22t>i—(%secthtanth)k = 9T(n2)

2 2
- (%) (&)= (%ﬂ%) (F)k =031~ spsk = [a 2] = \/(28192x%> * (_ 2829435> =%
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Chapter 13 Practice Exercises
i j k
, s 1 8 . .
= N(n2)= 2i— B k;B(n2)=T(n2) x N(In2) = 17§/§ 7 72 :—%wﬁkﬁk;
7 0 7
a=(12cosh20i+ (12sinh 20j = a(ln2) =12 (¥)i+12(L)j=3i+ % jand
i j k
vin2) =6 () i+6(Y)j+ok=2i+3ljrok = v(in2) xaln2)=|% 3 6
51 45
2 3 0
— —135i + 153j — 72k = |vx a| = 153y/2and |[v(In2)| = 3} /2 = k(In2) = ('5*[{)3 =2,
‘ g6
5145
2 2
a = (24 sinh 20)i 4 (24 cosh 20)j = a(In2) = 45i+ 51j = 7(In2) = % =2

21. r=(2+3t+3t%)i+ (4t +4t%)j — (6cos )k = v = (3 + 60)i + (4 + 8)j + (6 sin Hk
= |v] = /B + 602 + (4 + 802 + (6 sin )2 = /25 + 100t + 100t> + 36 sin’t

= 4N — 1254 100t + 1002 + 36 sin2t)"/*(100 + 200t + 72 sin t cos t) = a;(0) = L (0) =

a=6i+8j+ (6costhk = |a] = /62 + 82 4 (6 cos )2 = /100 4 36 cos?t = |a(0)| = \/_6

= ay=/]a]® —a2 = /136 — 102 = /36 = 6 = a(0) = 10T + 6N

2. r=Q+0i+ (t+22)j+ (1+)k = v=i+(1+40j+2tk = |v|= /12 + (1 + 40 + (202
— V2484202 = UM — 124 8i4202) 2@ +400) = a; = P (©0) = 21/2;a = 4j + 2k

= Ja| =42 +22=/20 = ay=/|a)> —a2 = 20—(2\&) =/12=2y3 = a(0) =2/2T + 2/3N

23. r = (sint)i + (ﬁ cos t)j 4+ (sint)k = v = (cos t)i — (\/5 sin t)j + (cos t)k

= |v| = \/(cost)2 2s1nt> +(cost)? =+/2 = T=r5= (ﬁ cost) — (sin t)j + (\/—cost)k
%:(—ﬁsint)i—(cost)j—(\[mnt)k = |4 |—\/< smt) +(—cost)?+(_ﬁsint)2:l
i i K
_ &) _ oo ) . e B _| 24-cost —sint L cost
= N=r=(——Fsint)i—(cost)j— | —=sint|) K;B=TxN=| /2 V2
ol ( vz ) (ﬁ ) —%sint —cost —%sint
i j K

1

:%i—%k;a:(—sint)i—(ﬁcost)j—(sint)k:>an: cos t —\/Esint cost
—sint —\/Ecost —sint

= V2i-V2k = vxal=VA=2 = =l o (\/25)3_\k;a_(Cost)iJr(\/Esint)j(cost)k

cost —y/2sint cost
—sint —y/2cost —sint
—cos t \/5 sint —cost (cos t) (\/E) - (\/E sin t) (0) + (cos t) (7\/§>

|vxal® o 4

= T = =0

24, r=i+ G cost)j+ Bsint)k = v=(=5sint)j+ B cost)k = a=(—5cost)j— (3sint)k
= v-a=25sintcost—9sintcost=16sintcost;v-a=0 = 16sintcost=0 = sint=0orcost=0
= t:O,gorw

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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790  Chapter 13 Vector-Valued Functions and Motion in Space

25. r=2i+(4sini)j+ (3-1)k=0=r-(i—))=2()+ 4sini)(-)=0=2—4sini =>sini=1=1=
= t= % (for the first time)
26. r(t) =ti+2j+ 6k = v=i+2(j+ 3%k = |v|=+/1+42+9t* = |v(])| = /14
= T(1) = ﬁ i+ ﬁ j+ ﬁ k , which is normal to the normal plane
= ﬁ x—1)+ ﬁ (y—1+ \/% (z— 1) =0orx + 2y + 3z = 6 is an equation of the normal plane. Next we
calculate N(1) which is normal to the rectifying plane. Now, a = 2j + 6tk = a(l) = 2j + 6k = v(1) x a(l)
i j k .
—[1 2 3|=6i—6j+2k = |[v(1) x a(l)| = /76 = n(l):@:%;gzw(tn = &
026 (via) v o
= L+ +ot) P (B4 368)| = 2 soa= BTk (5)'N = 2j+6k
_ 22 [i+2j+3k V19 Y14 9
= 22, (H) o (\/14) N = N= (- Hi-$j+2Kk) = ~Ja-D-S0-D+jeE-1
= 0or 11x 4+ 8y — 9z = 10 is an equation of the rectifying plane. Finally, B(1) = T(1) x N(1)
i j k
- (%) (ﬁ) (1) 111 28 3 = 5 Gi-3+K = 3x -1 =3 - D+@E-1)=0or3x—3y+z

= 1 is an equation of the osculating plane.

=NE]

27. r=¢li+ (sin)j+In(1 -k = v=cli+ (cost)j— (1) k = v(0)=i+j—k;r0) =i = (1,0,0) is on the line

= x=1+4t,y =t,and z = —t are parametric equations of the line

28. r= (\/Ecost i+ (\/Esint)jthk = v= (—\/Esint)iJr (\/Ecost)j+k = v(3)

( 2 sin 5) ( 2 cos —) J+ k= —i+j+Kkis a vector tangent to the helix whent = 7 = the tangent line

Z)salsor (3) = (ﬁcos %) i+ (\/5 sin )_] + 3k = the point (1, 1, 7) is on the line

= x=1-ty=1+t,and z = 7 + tare parametric equations of the line

4
is parallel to v (

29. x* = (v} cos? ) t? and (y + %gt2)2 = (visin®a)t? = x*+ (y+ %gtz)2 = vit?

2
o d J33 oz . XX+yy o (XX +y¥y)”
305—& X+y _\/T:>X +y X—|—y —X2+5’2
_ (9 (25D - (BE XYY+ Ry 2keyy | (Y =9 )°
x+y X2 +y x-’+y1

con3/2
(6 +3%)"

|—

..2 ..2 - | . . “l -2 .9
— o2 1% ):% = )‘ = ST = =p
= X“+y N \/.2 ) \/--2 y2 — %2 [xy —yX| K

do

_ _s _ s 1 IRTTRE e
3l.s=af = 0= = ¢=+7 = L=1 = k=] =1lsincea>0
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Chapter 13 Additional and Advanced Exercises

~ DO _ OT 6380
32. (1) ASOT ~ ATOD = D20 =0T — o — 6380 4
= Yo = 6638_107 = Yo %59711{1’1’1
437{ N
(2) VA = f 27Tx1/1—|—( ) dy o
Yo
=onf 63807 — 2 ( — ) dy

7
— 27 ["6380 dy = 27 [6380y] 5!

S (Skylab)

= V(6380)2 — y2
T

6380

5971
= 16,395,469 km? ~ 1.639 x 10" km?;

o 16,395,469 ki
(3) percentage visible ~ W ~ 3.21%

CHAPTER 13 ADDITIONAL AND ADVANCED EXERCISES

1. (a) r(®) = (acos )i+ (asinf)j+bbk = 9 = [(—asin )i+ (a cos §)j + bk] ¥ S vl

2 2 df dg _ 2gb9 4rgb mgb
=Va+bty = g =y 42+b2 =Vare — |e =\ & =2

> X

- Va= |

) , from part (b)

P a? b7
b §=\i% > F=/atpd = 20 =/ +Ct=0=0=0= C=0
2 2.2
= 26 = /At = 0= iz=b0 = 2= P
(¢) v(t) =< = [(—asin 0)i+ (acos )j + bk] = [(—a sin )i + (a cos 8)j + bk] (a2g41:tb2
_ | (—asin )i + (acos 6)j + bk gbt _ gbt .
= V(= { Va? 4 b2 ] (\/a2+b2> Va2 O
d&’r

4T = [(—a cos O)i — (asin §)j] (%‘f) + [(—a sin 0)i + (a cos 6)j + bk] 4 dt2

= (azgftbz) [(—a cos 0)i — (a sin )j] + [(—a sin O)i + (a cos 0)j + bk] (a e bz)

= [amotcweonien] (Y g () [ cos 0 - (sin )]

Ty T+a (az i bz> N (there is no component in the direction of B).

(@) r(0) = (ad cos H)i + (ad sin 0)j + bk =

V= v2ez = |§| = (a +a202+b2)1/2(5) o e
(b)

a2 1 b2 /a2 + b2
:foa\/%+u2du:aj; v/c2 +u? du, where c = a‘;"

= [(a cos 6 — af sin 0)i + (a sin O + af cos )j + bk] ¢ dt ;

4
s—f |v| dt = f (a 4—212924—b2)1/2 94t = j;(a2+a292+b2)1/2 d(9:j;(a24—212u2+b2)1/2 du

0
= s:a[% c2+u2+°2£ln ‘u+\/c2+u2H0: 2 (9\/02+92+02 ln‘6’+\/c2+92‘7021nc)

p= ddem  _ dr _ d+emlesing,

dr _ (1+e)plesing)
1 +ecosf dé 0 =

= sinf =0 = §=0orm. Notethat

—T

7 > 0 whensin 6 >0 and

<9<Oands1n6’>00n0<9<w,rlsamlnlmumwhenﬁ:Oandr(O): %

(a) f(x):x—l—%sinx:O = f(O)z—landf(Z):Z—l—%sinZ

on [0, 2], the Intermediate Value Theorem implies there is a root between 0 and 2
(b) Root ~ 1.4987011335179

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley

(T+ecosf)? >dfd — (1+ecosf)2 — 0 = (I+ejrp(esin 9) =0

7 < 0 when sin 6§ < 0. Since sin < 0 on

3 since [sin 2| < 1; since f is continuous
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792 Chapter 13 Vector-Valued Functions and Motion in Space

5. (@ v=xi+yjandv=rtu +rhus = (£)[(cos O)i + (sin O)j] + (r) [(—sin O)i + (cos H)j] = v-i =xand
v-i=icosf—rfsing = x=icosf —rfsinf;v-j=yandv-j=isinf+récosb
= y=risinf+rhcosd
(b) u, = (cos M)+ (sinh)j = v-u, =xcosf + ysinf
= (# cos § — 10 sin 0) (cos 0) + (i sin 6 + rd cos §) (sin §) by part (a),

= v-u, =1 ; therefore, f = Xcos § + ysin 0;

uy = —(sin )i + (cos )j = v-uy = —xsinf + ycos f
= (fcos 0 —rf sin 0) (—sin 0) + (i sin @ + 0 cos ) (cos 0) by part (a) = v-ug=r10;
therefore, 1 = — X sin 6 + y cos 0
6. r=1f0) = =@ ¥ = I —@p) L ) FO) L v =Gy, 4 Py,
do dr dé r 2 (df 12 Ay 2 1/2 dé
=(cos0 L —rsinh )i+ (sinf L +rcosd L)j = |v|= [(a) +r (E)} = {(f) +f} (%):
lvxa| =[xy — yX|, where x =rcos § and y = rsin §. Then & = (- rs1n0) + (cos ) &
= %‘:(—ZSinG)fj—f%—(rcos@)(@f—(rsinﬁ)d —I—(COSH) dtz;i—{—(rcos&) + (sin ) &
= %z@cos@)‘é—f%—(rsin&)(d—@) —|—(rcos9)d —|—(sm0) .Then|v><a|
= (after much algebra) r (‘jlf) +régd_ didy +2%($) = (%) (f2 f-f”+2(f’)2)
o o = lvxal PR 2(r)?

[v| [(f,)z + fz]:;,z

7. (@) Letr=2—tandf =3t = & =—land ¥ =3 = &&= <% = 0. The halfway pointis (1,3) = t= I;
y=a +rd—9u9 = v(1) = —u, +3uy;a = {% —r(‘é‘f) }u,+ {r%JrZ% %ﬂ uy = a(l) = —9u, — 6uy
(b) It takes the beetle 2 min to crawl to the origin = the rod has revolved 6 radians

= L= [ Juor+rord=[ /-9 + (1) w-= ]
S RVEEE TR \/mdazg[@ (0—6)2+1+%1n|9—6+\/m|]2
374 (V/37-6) ~65in.

8 (a) x=rcosf = dx=cosfdr—rsinfdf;y =rsinf = dy = sin 6 dr + r cos 6 df; thus
dx? = cos? @ dr? — 2r sin 6 cos 0 dr df + r? sin? § d§? and
dy? = sin® § dr? + 2r sin 6 cos 0 dr df + r* cos? 0 d#?> = ds® = dx® + dy? + dz? = dr® +r* d6? + dz?
) r=¢’ = dr=¢e’df (b)

In8
= L= Va2t +dz2

z

:ﬁ‘“*mde
= [ Ve = [V3e] " % *
0 0 /’/’
=8/3-V3=7V3 ok s 2 a2
dl\

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



Chapter 13 Additional and Advanced Exercises
i j k
(@A u,xuwy=| cosf sinf 0|=Kk = aright-handed frame of unit vectors
—sinf cosf O
(b) % = (—sin )i + (cos #)j = uy and % = (—cos i — (sin )j = —u,
(¢c) FromEq.(7),v=1iu,+rfug+7k = a=v= (fu, +1u,) + (féllg + rfuy + rél'lg) +7Zk
= (r —r92> u + (rf +2i0) uy + 2k

dL __ (dr

10. L(t) = r(t) x mv(t) = If(axmv)—k(rxm%) 4L (yxmy)+(rxma)=rxma;F=ma = —

dt

=ma = %ernmer(—ﬁr)z—ﬁ(rxr):O = L = constant vector

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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NOTES:
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CHAPTER 14 PARTIAL DERIVATIVES

14.1 FUNCTIONS OF SEVERAL VARIABLES

1. (@) £(0,0)=0 ) f(—1,1)=0 ) f(2,3)=58
@ f(—3,-2) =33

\ _ V3 _ 1 1y _ 1
2. (@ f(2.8) =% ) £(=3,5) = -2 © f(m.§) =7
@ f(-3,-7) =-1
3. (a f(3,-1,2)=1 () f(1,4, -1 =% () £(0,-1,0) =
@ f(2,2,100) =0
4. (a) £(0,0,0) =7 () (2, -3,6) =0 © f(—1,2,3)=+/35
4 5 6\_ /u
@ f(J5 5 5) = V3
5. Domain: all points (x,y) on or above the line 6. Domain: all points (x,y) outside the circle
y=x+2 X2 +y> =4
Y
3
X+y' =4
/’—2- N
7/ N\
Vi 1 \
1 \
/ ' L
; 3 — -1 1 Ii 3
7 AR ’
N /
\\32- —,/
-3
7. Domain: all points (x,y) not liying on the graph 8. Domain: all points (x,y) not liying on the graph
ofy=xory=x3 of x> +y* =25
y v
A
y=x//,(1.1) ’_6___32+y2=25
s ’;:x3 ,’ 4 \\
s / \
R x / 2 \
I/ /// II ‘l
’0 -6\-4 -2 2 4,6
7 (=1,-1) \ -2 /
\ v
RS ey
-6

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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9. Domain: all points (x,y) satisfying 10. Domain: all points (X, y) satisfying
X2 —-1<y<x*+1 x=1(y+1)>0
vy oy=xi+l Y ox=1
3t
1
21 1
1
1
o
L X
3 -2 -1 P 2 3
------- = m e oy =l
2t |
1
-3
11. Domain: all points (X, y) satisfying 12. Domain: all points (X, y) inside the circle
(x=2)(x+2)(y—-3)(y+3) 0 x? +y? = 4 such that x> + y* # 3
x=-2 y x=2 y
3 _al_ x2+y2=4
y=3 ,///, _‘\\\\\\
. ) N
2 ’ ‘ i Ay =3
1 1
1 x
y=-3 -2y -1 1 12
3 A 11
A o -1 ////
NN v
SO~ s 7
\\ ~_L-- -
~ =2 _=-"

13. 14.

17. (a) Domain: all points in the xy-plane
(b) Range: all real numbers
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18.

19.

20.

21.

22.

23.

(©)
(d
(e
®

(@)
(b)
(©)
(d
(e)
()

(a)
(b)
(©)

(d
(e
()

(a)
(b)
©

(d)
(e)
®

(a)
(b)
(©)

(d)
(e)
®

(a)
(b)
(©)

(d)
(e)
®

(2)
(b)
(©)
(d)

Section 14.1 Functions of Several Variables

level curves are straight lines y — x = c parallel to the line y = x
no boundary points

both open and closed

unbounded

Domain: setof all (x,y)sothaty —x 0 =y x

Range: z O

level curves are straight lines of the formy — x = ¢ wherec 0
boundary is ,/y —x =0 = y = X, a straight line

closed

unbounded

Domain: all points in the xy-plane

Range: z O

level curves: for f(x,y) = 0, the origin; for f(x,y) = ¢ > 0, ellipses with center (0, 0) and major and minor
axes along the x- and y-axes, respectively

no boundary points

both open and closed

unbounded

Domain: all points in the xy-plane

Range: all real numbers

level curves: for f(x,y) = 0, the union of the lines y = =+ x; for f(x,y) = ¢ # 0, hyperbolas centered at
(0,0) with foci on the x-axis if ¢ > 0 and on the y-axis if ¢ < 0

no boundary points

both open and closed

unbounded

Domain: all points in the xy-plane

Range: all real numbers

level curves are hyperbolas with the x- and y-axes as asymptotes when f(x, y) # 0, and the x- and y-axes
when f(x,y) =0

no boundary points

both open and closed

unbounded

Domain: all (x,y) # (0,y)

Range: all real numbers

level curves: for f(x,y) = 0, the x-axis minus the origin; for f(x,y) = ¢ # 0, the parabolas y = ¢ x? minus the
origin

boundary is the line x = 0

open

unbounded

Domain: all (x,y) satisfying x> + y? < 16
Range: z %
level curves are circles centered at the origin with radii r < 4

boundary is the circle x> + y*> = 16

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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24.

25.

26.

27.

28.

29.

30.

(e)
)

(@)
(b)
(©
(d)
(e)
()

(@)
(b)
(©
(d)
(e)
()

(@)
(b)
(©
(d)
(e)
()

(@)
(b)
(©)
(d)
(e
()

(@)
(b)
(©)
(d)
©)
()

(@)
(b)
()
(d)
(e)
()

(@)
(b)
()
(d)

Chapter 14 Partial Derivatives

open
bounded

Domain: all (x,y) satisfying x? + y> < 9

Range: 0 <z <3

level curves are circles centered at the origin with radii r < 3
boundary is the circle x> + y> = 9

closed

bounded

Domain: (x,y) # (0,0)

Range: all real numbers

level curves are circles with center (0,0) and radii r > 0
boundary is the single point (0, 0)

open

unbounded

Domain: all points in the xy-plane

Range: 0 <z <1

level curves are the origin itself and the circles with center (0,0) and radii r > 0
no boundary points

both open and closed

unbounded

Domain: all (x,y) satisfying —1 <y —x <1

Range: —ggzgg

level curves are straight lines of the formy — x = ¢ where —1 <c < 1
boundary is the two straight linesy = 1 +xandy = —1 + x

closed

unbounded

Domain: all (x,y),x # 0

Range: —§ <z < 3

level curves are the straight lines of the form y = c x, ¢ any real number and x # 0
boundary is the line x = 0

open

unbounded

Domain: all points (x,y) outside the circle x> + y* = 1
Range: all reals

Circles centered ar the origin with radiir > 1
Boundary: the cricle x* + y* = 1

open

unbounded

Domain: all points (x,y) inside the circle x> + y? = 9
Range: z < 1n9
Circles centered ar the origin with radiir < 9
Boundary: the cricle x> + y*> = 9
Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



Section 14.1 Functions of Several Variables

(e) open

(f) bounded
31. f 32. e 33. a
34. ¢ 35. d 36. b
37. (a) . (b)

- &

s nn

o=

38. (a) ] ®
LI' v-lg@t\l o
y R
z=+x 3
2
1
%é} -1 3
X y s
-3
39. (a) (b) )
2= +y? y
z=4
/ z=1
AN
-2 -1 1 2
T
40. (a) . (b) y

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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800  Chapter 14 Partial Derivatives

41. (a) (b) s
=2
¥y =-1
z=0
3 z=1
2 z=2
! z=3
0 X
-1
2
-3
42. (a) (b) y
| z2=0
2=3
/AN X
x y
43. (a) ) (b) i
Z=4)52+_,\*2 y
4. () ) (b) .
z=2 _z=0

I
w
I
N
I
.
I
)
IR

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



45. (a)
46. (a)
1=[x|~[y]
47. (a)
l
2
y
48. (a)
z=\x*+y*—4

—>Y

Section 14.1 Functions of Several Variables

(b)

(b)

(b)

=

(b)

801

49. f(x,y) = 16 — x> — y? and (2ﬁﬁ) :»z:16—(2\/§)2—(ﬁ)2:6 = 6=16-x—y2 = x> +y> =10

50. f(x,y) = vx2—1land (1,0)=>z=V12-1=0 = x>-1=0=>x=lorx=—1

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



802  Chapter 14 Partial Derivatives
51, f(x,y) = v/x+y2=3and (3, 1) = 2=1/3+ (-1’ -3=1=x+y’ - 3=1=>x+y* =4

52. f(x,y) = ij'y_fl and (—1,1) = Z:%:S = 3= xiyy_jl = y=—4x—-3

53. 54.

xwy

foryd=2+y+2=1

56.
Z
f(xy2)=2=1
fO,y,2)=x+z=1
57. 58.
¢ 2 2
Sy, =x"+y =1
ﬂ |
59. 60.
z F4

¥ L

5 o —

fixyz2) =35 +7g+5 =1

2 3
/

oy, 0)=z=x*-y*=1

{)A}yhl
y

LA

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



Section 14.1 Functions of Several Variables 803

61. f(x,y,z) = /x—y—Inzat(3,-1,1) = w=,/x—y—Inz;at(3,-1,1) = w=,/3—-(-1)—Inl1=2

= Jx—y—lnz=2

62. f(x,y,z) =In(x*+y+2z*) at(—1,2,1) = w=In(x>*+y+z?);at(-1,2,1) = w=In(1+2+1)=1In4
= nd=Inx2+y+72%) = xX2+y+22=4

2
63. g(x,y,z) = /x> +y*+ 2% at (L*l,ﬁ) =w=/x2+y2+22at (1,71,\5) = w= \/12+(1)2+ (ﬁ)
=2=2=/xX2+y2+22 =>x>4+y +22=4

X — z X — z 1-0+ (-2 X — z
64. g(X,y,Z) = Wyytz at(l,O,—Z) => W= 2x+yytz;at(l,0,—2) = W= 2(1)+0—+7((7)2) = —% = —% = ﬁyy-tz

=2x—-y+z=0

o0 n
_ X _ 1 _ Yy
65. f(X,y) = 2 (y) = m = yTx for < y ):/E
n=0 N ,
\\ /,
. . C s . ~ P
X < 1 = Domain: all points (x, y) satisfying |x| < |y|; \\ pr
~ | 7
at(l,2);>since‘%‘<léz:zf—1:2 —k x
2 .
y _ _ 4 N
y—Xx 72:>y72x //// \\\~V’7X
/// ) i,

66. g(x,y,z) = E CEW _ e(x+3)/2 = Domain: all points (x, y, z) satisfying z # 0; at (In 4,1n 9, 2)

n!z"

= w = e(1n4+1n9)/2 — e(In36)/2 _ oln6 _ 6 = 6= elxty)/z = Xzﬂ —In6

67. f(x,y) = fxy\/% = sin~!'y — sin~!x = Domain: all points y
X, y) satisfying —1 < x < land -1 <y < I; 1
y ymg y

at (0,1) = sin"'1 —sin™'0 = = sin~'y —sin"'x

T G _z in—1 T _x in—1
= Z.Since —5 <sin"'y < 7 and —5 < sin x< T in

2 9
order for sin"'y — sin~'x to equal 7,0 < sin"'y < 7 and T e

—Z2 <sin"'x < 0;thatis 0 <y < land —1 < x < 0. Thus

y =sin(3 +sin"'x) =1 -x%,x <0

68. g(x,y,z) = f:ut” + f 4 == =tan"'y — tan™'x + sin~! (%) = Domain: all points (x, y, z) satisfying —2 < z < 2;
at (O, 1, \/g) = tan"!1 — tan='0 + sin~! (%) =7 = tan'y —tan"'x +sin”! (£) = 2. Since —% <sin"!(%) < 2,
5 <tan”'y —tan~'x < 13—” =z =2sin(f —tan"'y + tan~'x), 5 < tan"'y — tan"'x < 113—2”

69-72. Example CAS commands:

Maple:
with( plots );
f = (x,y) -> x*sin(y/2) + y*sin(2*x);
xdomain := x=0..5*Pi;
ydomain := y=0..5*Pi;
x0,y0 := 3*P1,3*P4j;
plot3d( f(x,y), xdomain, ydomain, axes=boxed, style=patch, shading=zhue, title="#69(a) (Section 14.1)" );

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, orientation=[-90,0],
title="#69(b) (Section 14.1)" ); # (b)

L :=evalf( f(x0,y0) ); # (c)

plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, contours=[L],
orientation=[-90,0], title="#45(c) (Section 13.1)" );

73-76. Example CAS commands:
Maple:
eq = 4*¥In(x"2+y"24+z"2)=1;
implicitplot3d( eq, x=-2..2, y=-2..2, z=-2..2, grid=[30,30,30], axes=boxed, title="#73 (Section 14.1)" );

77-80. Example CAS commands:
Maple:
X = (u,v) -> u*cos(v);
y := (u,v) ->u*sin(v);
z:=(uv) ->u;
plot3d( [x(u,v),y(u,v),z(u,v)], u=0..2, v=0..2*Pi, axes=boxed, style=patchcontour, contours=[($0..4)/2], shading=zhue,
title="#77 (Section 14.1)" );

69-60. Example CAS commands:
Mathematica: (assigned functions and bounds will vary)
For 69 - 72, the command ContourPlot draws 2-dimensional contours that are z-level curves of surfaces z = f(x,y).
Clear[x, y, f]
f[x_, y_]:= x Sin[y/2] + y Sin[2x]
xmin= 0; xmax= 57; ymin= 0; ymax= 57; {x0, y0}={3m7, 37};
cp= ContourPlot[f[x,y], {X, xmin, xmax}, {y, ymin, ymax}, ContourShading — False];
cp0O= ContourPlot[[{[x,y], {X, xmin, xmax}, {y, ymin, ymax}, Contours — {f[x0,y0]}, ContourShading — False,
PlotStyle — {RGBColor[1,0,0]}];
Show/[cp, cp0]
For 73 - 76, the command ContourPlot3D will be used. Write the function f[x, y, z] so that when it is equated to zero, it
represents the level surface given.
For 73, the problem associated with Log[0] can be avoided by rewriting the function as x2 + y2 +z2 - el1/4
Clear[x, y, z, f]
flx_,y_,z_]:= x% + y2 + 72— Exp[1/4]
ContourPlot3D[f[x, y, z], {x, =5, 5}, {y, =5, 5}, {z, —5, 5}, PlotPoints — {7, 7}];
For 77 - 80, the command ParametricPlot3D will be used. To get the z-level curves here, we solve x and y in terms of z
and either u or v (v here), create a table of level curves, then plot that table.
Clear(x, y, z, u, V]
ParametricPlot3D[{u Cos[v], u Sin[v], u}, {u, 0, 2}, {v, 0, 2p}1;
zlevel= Table[{z Cos[V], z sin[Vv]}, {z, 0, 2, .1}];
ParametricPlot[Evaluate[zlevel],{v, 0, 27}];

14.2 LIMITS AND CONTINUITY IN HIGHER DIMENSIONS

3x2—y2+5 _ 302-02+5 _ 5

Yy Moo ¥ T wses <o
2. li X =0 —9
(xy) 20,4) VI VA
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10.

11.

13.

14.

15.

16.

17.

18.

Section 14.2 Limits and Continuity in Higher Dimensions

hm \/X2 Y —1=3+4-1=124=26

. 1 lz— 1 1 2_ lg_i
(xy)11 (2,-3) (X+Y) 7[2—'—(—3)] *(6) — 36

lim _, secxtany = (sec 0) (tan %) =) =1

(xy)— (0,%

: X4y ) 024+0% \ _ _
(X7y)h_r>n(0,0) cos (x+y+l> = cos (0+0+1) =cos0=1

lim P e()—1112 — eln (%) 1
(x,y) — (0,In2) 2

lim  In|l+x%y? =1n|1+1)*1)* =2

lim gsinx lim eV) (802) = 0. |im (82X) =1-1=1
(x,y) = (0,0) ¥ (x,y) = (0,0) ( )( x ) X—0 ( X )

lim cos /Xy = cos y/ (55)m =cos (3) =1
(x,y) — (/27,7 y = cos /(s )

lim xsiny _ I-sin(¥) 12 1
(X y) (] Tr/ﬁ) x2+1 — 1241 — 2 T 4
. cosy+1 _ (cosO)+1 _ 141 —
(X7Y) ll’m(gvo) y=sinx = O_Sin(%) ! ?
. x2—2xy+y? . x—y)? .
1 oty Vg VM (-1 =
) 3 oy Ty Y Ty gy Y= D=0
x#y
2 2
li -y ; G+yE-y) _ : _ —
(%) ?(u) T T My Y oy My GV =AFD=2
X#y
lim Xy—y=2x+2 __ lim x=Dy=2) _ lim N =(1-2)= —
)y L S () v-2=0-2
X X
lim y+4 —_ lim y+4 lim 1 — 1 _ 1
(X y) (2 4) x2y — xy + 4x2 — 4x (X y) (2 4) x(xfl)(y+4) (X y) (2 4) x(x—1) 22-1) — 2
y# —4,x #x2 y# -4, x #x* X #x2
. Xoy+2/x-2y . (VX3 (Vx+y+2)
o) 0.0 VT () 0,0 A e (VD)
X#y XF#y

= (Vo+Vo+2) =2

Note: (x,y) must approach (0, 0) through the first quadrant only with x = y.

: xiyo4 _ o Sy D) (fiy-2) _
)2, VRITT T () 2,2) T )My VXFYEDY
X+y#4 X+y#4 Xx+y#4
:( 2+2+2)=242=4
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805



806  Chapter 14 Partial Derivatives

. V2Xx—y—-2 . V2x—y—2 o . 1
19 (xz,y)ll_lfl;z,“()) x-—y—4 _(x27y)11—1>n;2,40) (V2x—y+2) (V2x—y-2) _(x,y)h—r>n(2,0) Vax—y+2
X—y X—y

1

-1 1
J@2)—0+2  2+2 4

. X—+/y+1 . \[‘\/ﬁ — 1 1
20 (x y)h—I>n(4,3) x—y—-1 ™ (x.,y)lgn(4,3) (Vx+/y+1) (Vx=+/y+1) (x7y)1£n(4.,3) Vit /y+1
x—y#1 x—y#1

3 sin(x* +y*) _ s sin(t?) __ q: 2rcos(r) _ q: 2N

21 ()@y)h_r}n(o 0) Xyl rlgno = rlgrlo TR rlgn0 cos(r’) =1
22. lim 1 —cos(xy) = lim 1—cosu __ lim sinu __ 0

(X-Y)H(Ovo) xy u—0 u u—0 1

3,3 2 2

23. li Y li Gy —xy+y?) li 2 _ 2 ::(p<_ (-1 _12>::

(X7Y) _1{1’(11_1) Xty (X7y) —1>H(11,—1) X+y (X7y) _1>H(11_1) (X Xy+y ) ( )( )+( ) 3
24. lim = lim —_— = lim ! = 1 =4

(x,y) = (2,2) X7 (xy) = (2,2) CEIEEIETEY) T yy S (2,2) GRS T AR T

5., dim(GHpr) =i i= ey

P —(1,3,4)
i xyt+yz _ 2DED+HEDED =241
26. PH(llmjl -1) x2+z22 T 124 (—1)2 =111 T T3

27. 1i(13n3 0 (sin?x + cos?y + sec? z) = (sin?3 + cos?3) +sec’0 =14 12 =2

28. P %I_H:l 1) tan~! (xyz) = tan"! (=1 -7.2) =tan~! (- 1)

29. lim ze™% cos 2x = 3e 2 cos 2 = (3)(1)(1) =3

P — (m,0,3)
30. P—»%izl,n—3.,6) In \/mzln \/mzln \/479:1n7
31. (a) All(x,y) (b) All (x,y) except (0,0)
32. (a) All(x,y)sothatx #y (b) All (x,y)
33. (a) All (x,y) except where x =0ory =0 (b) All (x,y)

34. (a) All (x,y)sothatx? —3x+2#0= (x—2)(x—1)#0=x#2andx # 1
(b) All (x,y) so thaty # x?

35. (a) All (x,y,z) (b) All (x,y,z) except the interior of the cylinder x> + y? = 1
36. (a) All (x,y,z) so that xyz > 0 (b) All (x,y,2)
37. (a) All (x,y,z) withz # 0 (b) All (x,y,z) with x? +z2 # 1
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

(a) All (x,y,z) except (x,0,0)

(a) All (x,y,z)suchthatz > x> 4+ y> + 1

Section 14.2 Limits and Continuity in Higher Dimensions

(b) All (x,y,z) except (0,y,0) or (x,0,0)

(b) All (x,y,z) such that z # /x2 + y2

(a) All (x,y,z) such that x> + y? + z> < 4

(b) All (x,y,z) such that x> + y? + z?

9 except when x> + y? + z? = 25

lim - ——2—=1lm ——2—=Ilim ——F2—= lim —-% = lim N

(x,y) — (0,0) VXY T xS0t VRHC T xS0t V2R xS0t V2x o x o0t V2 V2
alongy = x

x>0

lim - 2 = lim ——2—= lim ——2—= lim L+ =1
(x,y) — (0,0) VXY T x—=0" V2T x—=0" V20 x—=0" V2 V2

alongy = x
x <0
4 4 4 4 4
lim X = lim X5 =1; lim X = lim —* . = lim X =1
(x,y) = (0,0) XF¥ im0 XEC T oy S 0,00 MY xS0 x0T xm0 22
alongy =0 along y = x?
; -yt s S L35 M e o : L .
(X,y)lgn(om Ty = x11LnO T ) xhin0 T — 13 — different limits for different values of k
along y = kx?

lim X — lim x(kx):. k_XZZ. k . . ST
L T T L N ] xlgn0 o] Xlin Ok if k > 0, the limit is 1; but if k < 0, the limit is —1
along y = kx

K#0

. X=y _ 1: x—kx _ 1—k . .. . _
(x7y)11_1>n(070) Xy = xlgn0 o = 13 = different limits for different values of k, k # —1
along y = kx

k# —

. 2 . - . — — . . . .

lim X2 = lim X=K = Jim =k = =K = different limits for different values of k, k # 1
(x,y) — (0,0) *~¥Y  x—0 X~k T x
along y = kx

K% 1

. 2 . 2 . .. .

lim XY — |jm X = kx % = different limits for different values of k, k # 0
(x,y) = (0,00 ¥ x—0 ¥
along y = kx?

K#0

. X2y 1 kx* Kk . .. .

(X?y)lgn(a 0 FA¥ T Xlgllo 1o — 1o — different limits for different values of k
along y = kx?
2 2 2 3

lim Wl — Jim ¥ lim (y +1)=2; lim Wl — Jim Y= = lim (y*+y+1)=3
(xy)— (1) Y=y vyl im, (v + 1) (xy) — (1,1 Y~ y—1 ¥yl im, (" +y+1)
along x =1 alongy = x

lim AL — lim 24 = lim =L =1 lim WL — lim 22l = gim Al
(y) = (1,-1) XY T x—1 Xo o xd 27 (x,y) = (1,—1) =¥ T xo1 ©oxt T G DEEHD
alongy = —1 alongy = —x

3
2

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.

807



808

51.

52.

53.

54.

55.

56.

57.

58.

59.

Chapter 14 Partial Derivatives

1 ify x4
f(x,y) =<1 ify<0
0 otherwise
(a) ( )lim(0 1)f(x, y) = 1 since any path through (0, 1) that is close to (0, 1) satisfiesy =~ x*
X7 y - b
(b) )lim(2 3)f(x, y) = 0 since any path through (2, 3) that is close to (2, 3) does not satisfiy eithery ~ x* ory <0
X?y - 2
(c) lim  f(x,y)=1and lim f(x,y) =0= lim  f(x, y) does not exist
(x,y) = (0,0) &) (x,¥) = (0,0) &) (x,¥) = (0,0) .5)
alongx =0 along y = x?
x> ifx 0
f 9 = .
() {x3 ifx <0
(a) xy) linz3 2)f(x, y) = 3% = 9 since any path through (3, —2) that is close to (3, —2) satisfies x 0
X,y) — s T
(b) (y) 1iII(1 5 1)f(x, y) = (—=2)* = —8 since any path through (—2, 1) that is close to (—2, 1) satisfies x < 0
X,y) = (=24
(©) ( )li o O)f(x, y) = 0 since the limit is 0 along any path through (0, 0) with x < 0 and the limit is also zero along
X,y
any path through (0, 0) withx 0
First consider the vertical line x = 0 = lim 42X Y = lim 2<? )zyz = lim_ 0 = 0. Now consider any nonvertical
(x,y) — (0,0) XY Ty =0 '+y T y—=0
alongx =0
through (0, 0). Th tion of any line through (0, 0) is of the f = mx = lim f(x, y) = li 2y
rough (0, 0). The equation of any line through (0, 0) is of the form y = mx . im 0,0) (x,y) - m(0 o) TEY
along y = mx along y = mX
— 1; 2x%(mx) : 2mx® I SR T 2— _ : 2x? 22Xy
= xlgno X+ (mx)? h_‘?() x*+m2x2 T l]mo x2(x2+m?) xlgno (x2+m?) — 0. Thus (x, y)lin(().o) X +y? =0.
any line though (0, 0)
If f is continuous at (Xg, yo), then lim f(x, y) must equal f(xq, yo) = 3. If f is not continuous at

(x,y) = (0, Y0)
(X0, ¥0), the limit could have any value different from 3, and need not even exist.

i (1-5) =1 and lim =1 lim B XY — 1, by the Sandwich Theorem
Xy) — ) X,y) = ? Xy

22
6 p—

2xy] - (

Ifxy >0, li L S N ¢ S N A F 2— %) =2and
>0 e T T e e Ty e GTF) =2
2 |xy| — 2y —2xy — w2y
lim Z = gim o 2=2;ifxy <0, lim #ﬁf’) SR M
(x,y) = (0,0) ¥ (x,y) = (0,0) (x,y) = (0,0) Y (x,y) = (0,0) Y
o Xy _ - 2] _ : 4= deos /] _ -
= (ny)lgn(()vo) (2+%)=2and (X7y)1£n(070) =2 = (X7y>11_r)n(070) o] = 2, by the Sandwich Theorem

The limit is O since [sin (})| <1 = —1<sin({) <1 = —y<ysin({) <yfory 0,and—y ysin(l) yfor
y <0. Thus as (x,y) — (0,0), both —y and y approach 0 =y sin (1) — 0, by the Sandwich Theorem.

ThehmltlsOSlnce‘cos (y)‘ <1 = —1<cos (y) <1 = —x<xcos (%) <xforx O0,and —x X cos (%) X

for x < 0. Thusas (x,y) — (0,0), both —x and x approach 0 = x cos (%) — 0, by the Sandwich Theorem.

@ GV = Ty = 2l = sin 20. The value of f(x,y) = sin 26 varies with 6, which is the line's

angle of inclination.
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72.

Section 14.2 Limits and Continuity in Higher Dimensions

(b) Since f(x, y)|

y=mx

= sin 26 and since —1 < sin 26 < 1 for every 0, lim(o 0 f(x, y) varies from —1 to 1
x7 y - bl

along y = mx.

xy (x2 = y2)| = [xy| [x* = y*| < x| |y X2+ ¥?| = VX2 /Y2 X2 4+ y2 < /X2 +y2 /x2 +y2 X2+ y?

— (42 212 xy ( —y? X4y 2 2 2 2 xy (¢ —y? 2 2

= +y) = [Ty ’_X2+y =xX+y = —(x*+y’) < X(z+yz)§(X+y)

= lim (xy 2oy ) — 0 by the Sandwich Theorem, since  lim =+ (x? + y?) = 0; thus, define £(0, 0)
(x,y) = (0,0) \"7 X +Y* x,y) = (0,0)
. X —xy _ ’ cos® 0 — (rcos §) (1® sin0) _ . r(cos® § —cos fsin®f) __

(x7y)1£n(070) x2+y? rh_{no 12 cos? 6 +12 sin? 0 - rlgno 1 =0
i x5 —y? Peos?f—r’sin®0 ) _ 1: r(cos’d —sin®g) | _ o

x y)lgn 0.0 cos (m) = hmO cos (m) = rlgno cos { —1 | =cos0=1

( )l'm(O 0 wryr = i . eer'd — lim (sin? §) = sin® ; the limit does not exist since sin” § is between

X,y r— r—

0 and 1 depending on 6

111’11 2r cos 6 = lim 2cosf __ 2cosf .

M 2 rcoss — A0 T cos6 = cosh the limit does not exist for cos 6 =

lim S S——
(x.y) — (0,0) X +x+¥*

1] (|cos 6] + [sin 6]) | .
72 b

lim tan™! {M} = limO tan™ 4

(x,y) — (0,0 Xty r—

ifr — 07, then lim tan~

Ir —

lim tan~! |[LUcosOl+lsindD) | qipy a1 (losftsindl) 71 the fimit is T
r— 0~ r— 0~ 2 2

T —TI

1 [|rcosé’\:2r|rsm6\] _ limO tan~—L [

r—

lim tan~

= %;ifr — 07, then
r— 0F

[\r| (\cos€\+|sin6\)] _ 1 |i\c039|+\sin0|}
r? - r

2 _y2 . — 2 4in2 . . . .
lim > = lim feos’d—r?sin’0 _ Jim (cos?f — sin2@) = lim (cos 20) which ranges between
g
(x,y) = (0,0) ¥T¥"  r—0 r r—0 r—0

—1 and 1 depending on § = the limit does not exist

A 3x2 — x2y2 2 . 2 002 0 — 14 coc2 § <in? 2 gin2
lim ln( X ;(y 2Jr3y ) — lim In (3r cos” § —r* cos’ 2ﬁsm 0 + 3r” sin 9)
(x,y) = (0,0) oy r—0 '

= limo In(3 —r2cos?@sin’f) =1n3 = define f(0,0) = In 3

r —

lim Y i CresOsin0) _ iy 3pcos @sin?f =0 = define £(0,0) = 0
(x,y) = (0,0) ¥ r=0 ' r—0

Let§ =0.1. Then /x2+y? < § = /x2+y2<0.1 =x*>+y?<0.01=|x*+y>—0] <0.01
= [f(x,y) — f(0,0)| < 0.01 = e.

Let 6 = 0.05. Then |x| < 6and |y| <6 = [f(x,y) —f(0,0)| = |25 — 0| = |25 | <yl < 0.05 =€

Let § = 0.005. Then [x| < §and [y| <6 = |f(x,y) —£(0,0)] = |37 — 0] = |24 | < [x+y| < x| + ly]
< 0.005 + 0.005 = 0.01 = €.

Let § = 0.01. Since =1 <cosx <1 = 1<2+4cosx <3 = 1< 2+COSX§1 = ‘x <|21§0ysx|_|x+y|
< |x|+ly|. Then x| < dand|y| <& = [f(x,y) —£(0,0)| = |7 — 0 ’—|2fg03;x| < |x| + |y| < 0.01 +0.01

=0.02 =e.
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810  Chapter 14 Partial Derivatives

73. Let 6 = 0.04. Since y? < x* +y? :>X2+y <l= Xlxjry; <Xl =vVx < VxEP+y2 <= [f(x,y) —£(0,0)]
~0| <004 =e.

= x2+y

74. Let§ = 0.01.If |y| < 1, then y? < |y| = /¥2 < \/x2+y2 o |x| = Vx2 < /x2+y2 = x| +y? < 24/x2 + y2. Since

X2 <x2 4y = <landy?> < x> +y? = < 1. Then ‘x +y| SXz’_‘:yz|x|—|—X2{:y2y2§|X|+y2<26

2+2 2+2

= |f(X7Y) - f(07 O)| =

LS o‘ < 2(0.01) = 0.002 = e.

X2 +y

75. Let § = \/0.015. Then \/x2 +y2 +22 < § = [f(x,y,z) — f(0,0,0)| = [x* +y?> + 722 — 0] = [x® +y? + 7°|
2 2
- (\/x2 T x?) < (\/0.015) —0.015 = c.

76. Let § = 0.2. Then |x| < 4, |y| < é,and |z| <6 = [f(x,y,z) — (0,0,0)| = |xyz — 0| = |xyz| = |x| |y| |z| < (0.2)}
=0.008 =e.

77. Let § = 0.005. Then [x| < 8, |y| < é,and |z| < 6 = [f(x,y,z) — £(0,0,0)] = | =2~ —0

x2+y2+z2+1

- %‘ < |x+y+z| < |x|+ |y + |z < 0.005+0.005 + 0.005 = 0.015 = e.
78. Let 6 = tan! (0.1). Then |x| < é, |y| < é,and |z| < § = |f(x,y,z) — f(0,0,0)| = |tan? x + tan® y + tan? z|
< |tan® x| + |tan? y| + |tan® z| = tan? x + tan®y + tan? z < tan? § + tan® § + tan? § = 0.01 + 0.01 + 0.01 = 0.03 = e.

79. lim f(x,y,z) = lim xX+y—12z)=%x9+Yyo—zo = (X0, y0,29) = f1is continuous at
(x,¥,2) — (X0, ¥0,20) (x,¥,2) — (X0,Y¥0,20)

every (Xo, Yo, Zo)

80. lim f(x,y,z) = lim (x2 +y2 +22) = x3 +y2 + 72 = f(x0,y0,20) = fis continuous at
(X7Y7Z) - (x07y07Z0) (X7Y7Z) - (X07y0720)

every point (Xo, Yo, Zo)

14.3 PARTIAL DERIVATIVES

L G=4x g =-3 2. S=2-y, §=—x+2y
3. R =x(y+2), 5 =x"~1 4. G =5y —14x+3, 5 =5x—2y — 6
5. % =2y(y— 1), 5L =2x(xy — ) 6. 2= 6(2x — 3y, 2 = —9(2x — 3y)?
7. & of — ¥ A Y S|

_ _x of _ _
e TR e T e )

o _ of 1 J _ 1
O BT mw RV = —whe = e HY =~y
10. o — (x% +y?) (1)— x(2x) I et SHN] (X+yH) O — X(Zy) 2xy
" ox (2 +y2)° (2 +y?)* Oy (2 +y?)° ety
11, 9 — — Gy=-DDO-&+yy _ -y’ —1 of _ xy=DM-G+y® _ —x*-1
Toox (xy—1)? T (xy—1?%> 9y (xy — 1)? (xy — 1)?

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



Section 14.3 Partial Derivatives

12, 9L — 1 .Q(z):, y - __ o _ 1 .@(Z): 1 .
T T () ox \x < 1+ ()] EEO T ()T N TSN oY
13. % — elxty+1) | % (x+y+1)=eltyth, g_§ — elxty+1) | (% (X+y+1)=eltyth
14. % =—e *sin(x+y)+e *cos(x+y), % =e *cos(x+Yy)
o _ 1 .9 _ 1 a9t _ _1 .3 _ 1
15. ox T X+y T (XY = X+y’dy — x+y .3_y(x+y)7 Xty
16. % :exy-%(xy)-lny:ye"ylny,% :e"y-a%(xy)-lny—l—e"y-%:xe"”ny—l—%y
17. %&£ = 25sin(x — 3y) - £ sin(x — 3y) = 2 sin(x — 3y) cos (x — 3y) - & (x — 3y) = 2 sin (x — 3y) cos (x — 3y),
g—§ = 2sin(x — 3y) - 8% sin (x — 3y) = 2 sin (x — 3y) cos (x — 3y) - g( — 3y) = —6 sin(x — 3y) cos (x — 3y)
18. &£ =2cos(3x —y?) - Z cos (3x — y?) = —2 cos (3x — y?) sin 3x — y?) - & (3x — y?)
= —6cos (3x — y?) sin (3x — y?),
g—§ =2cos (3x — y?) - a% cos (3x — y?) = —2 cos (3x — y?) sin (3x — y?) - a% (3x —y?)
= 4y cos (3x — y?) sin (3x — y?)
19. 98 = yx!, g—; =x'Inx 20. f(x,y) = {‘;—; = 2= xliy and g—; = y?];“y’)(z
21 5 = (). § = g(y)
22 £05,9) = 3 (9, =1y 7 6= e o (W) = o and
of _ 1 9
oy = o oy T =g
23. fx:yZ,fy:2xy,fZ:—4z 24 fy=y+z,fy=x+zf,=y+x
_ - _ -z
25 fi=1,f, = \/W’fz_ TR
2. f=—x(C+y +22) " =y (R 4y +2) g = (2 4 22)
_ Xy
27. 1, \/1 xyz” y \/1 xyz”fzi\/lf)@yzz2
_ 1 _ z — y
28. fx - [x +yz| \/(x+yz)2—l ’fy - |x + yz| \/(x+yz)2—l ’fz - [x +yz| \/(x+yz)2—l
_ 1 _ 2 _ 3
29. £, = x+2y+3z ’fY T OXx+2y+3z A, = x+2y+3z
30. fy=yz- - HOy) =920 =¥ f —zIn(xy) +yz- & In(xy) = zIn(xy) + ¥ - & (xy) = zIn(xy) + 2,
f,=yln(xy)+yz-Z In (Xy) =y In(xy)
31, f, = —2xe” (YD) £ — _gye (CHYHT) f, — _Dgzem (Hy’H7)
32. fx = —yze ™%, f; = —xze 7V, f, = —xye
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812  Chapter 14 Partial Derivatives

33. fy = sech? (x + 2y + 3z), fy = 2 sech? (x + 2y + 3z), f, = 3 sech® (x + 2y + 3z)
34. f, =y cosh(xy — z?), fy = x cosh (xy — 2%), f, = —2z cosh (xy — z%)

35. & = 2w sin2nt — a), &£ = sin 27t — )

36. 2 = y2el2/Y) . & (2) Z 2yelu) 28 = 2yelu/Y) 12U L 2 (2) = 2yeluY) — 2yeu/Y)

ou v
37. g—};—smqﬁcosﬂ, 56 = pcos ¢ cos 6, %5 = —p sin ¢ sin 0
38. %—1—0059,%—rsm0 8—5:—1
39. Wy =V, Wy =P 55, W,y = Y2 W, = P00 = Vv [y, = o2
N N T SN TITOS S

Al L =14y L =1+x 20 =020 =0 2L = 2L =

Ay dy? > 9yOx — Oxdy
r F 2 . 2¢ . 2 2 .

42. % =y COS XY, g—; = X COS XY, % = —y? sin xy, g—yg = —x? sin xy, 8@5}( = aiafy = COS Xy — Xy sin Xy

dg _ Jg _ (2 ag . g %
43. 52 =2xy +ycosx, 5y — X sin 'y + sin x, ax2 =2y —ysinX, By cos 'y, 8an axay = 2x 4 cos X

oh _ oy oh y Ph _ ) 8h _ oy 8% _ 9%h _ .y
44. 6x_e’8y_xe+1 sz_o’é)yz_xe’ayé)x_(’)xay_e
45 o 1 o 1 9 -1 Pr 1 Fr . 9 -1

T OX T xty’ 9y xty’ Ox? x+y)? > 9y2 — (x+y)?’ 9ydx  9xdy  (x+y)?

e IR AGR G e e B e B A0

s y2x)  _ _ 2xy % _ _—xQ2y)

5 = =

Gyl ~ @y O T ()

= &) | 5| = =i

- X 1+(%)2 - XZ +y2 ’

- Xy s 9% (PHy)(= D+y@y) _ y2 -
(x2+y?)" 7 Oyox — Oxdy (2 +y?)° T4y’

Q)

47. 2% = 2xtan(xy) + x’sec’(xy) - y = 2xtan(xy) + x%y sec?(xy), ‘?)— = x?sec?(xy) - x = x?sec?(xy),
2

9% = 2tan(xy) + 2xsec?(xy) - y + 2xy sec’(xy) + x%y (2sec(xy)sec(xy) tan(xy) - y)

= 2tan(xy) + 4xy sec?(xy) + 2x2y* sec?(xy) tan(xy), 2 3¢ = X (2sec(xy)sec(xy) tan(xy) - x) = 2x"*sec®(xy) tan(xy)

gjgx = gfgy = 3x%sec?(xy) + x3(2sec(xy)sec(xy) tan(xy) - y) = 3x? sec?(xy) + x’y sec?(xy) tan(xy)

48. 2 = = ye¥ 7Y .2x = 2xye® Y, ‘g"yv = (e Y 4yeX Y. (1) =e" V(1 —y),
8_ =2ye Y —|—2xy<ex"y : 2x> = 2yeX (1 4 2x%), %27? = (exz’y . (—1))(1 —y) +e¥ Y(=1)

= ey =2 i = B = (0 ) -y = ke (1 )

49. % = sin(x%y) + x cos(x%y) - 2xy = sin(x?y) + 2x*ycos(xy), %—‘;’ = xcos(x%y) - x* = x>cos(x?y),

627‘2” = cos(x?y) - 2xy + 4xy cos(x?y) — 2x2y sin(x%y) - 2xy = 6xy cos(x%y) — 4x’y? sin(x%y),
gZT“;Y = —x?sin(x%y) - x? = —x sin(x%y), gyzg; = gfg’y = 3x%cos(x%y) — x3sin(x%y) - 2xy = 3x%cos(x%y) — 2x*y sin(x%y)
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Section 14.3 Partial Derivatives

dw _ ¥4y —(x-y@) _ —P42y+y ogw _ EHY)ED-G-y) L —x2—x
ox (2 +y)° (+y)* 7 Oy (2 +y)° (+y)”’
Pw (x2+y)2(72x+2y)7(7x2+2xy+y)2(x2+y)(2x) o 2(x373x2y73xy+y2)
7 = 7 = 3 >
o [ +y)7] (¢ +)
Pw _ (x2+y) — (= =x)2(x>+y)-1 _ 2242 8w _ O’w (x2+y)2(2x+1)7(7x2+2xy+y)2(x2+y)-l
7 = 2 = 3 = = 12
g e S = ]
2x +3x% —2xy y
(2 +y)’
ow _ _ 2 ow __ 3 Pw -6 and IPw -6
Ox — 2x+3y’ dy ~ 2x+3y’ 9ydx — (2x+3y)?°’ dxdy — (2x+ 3y)?
ow W o X _ 1 1 Pw 1 1
6x_e+lny+x’6y_ +lnx’ayax__y+x’and@x6y_y+x

ox > Jyox

oW _ o ow _ ; Pw _ w
ox — SNy +ycosxX+y, 5o =XCcosy+sinx+Xx, 550 =cosy+cosx+ 1, and BxDy cosy+cosx+ 1

(a) x first (b) y first (c) xfirst (d) x first (e) vy first (f) 'y first
(a) Yy first three times (b) Yy first three times (c) y first twice (d) x first twice

. _h— 2
lim h—6(1+2h+h*)+6

fo(1,2) = lim [A+h2)—f12) _ o [I=04h 260407 -2-6) _

h—0 h h—0 h h—0 h
= lim “1=60 — iy (13— 6h) = —
h—0 h—0
f,(1,2) = lim [L2EW=f2) _ iy [Z1FCED SCENIZEZ0 _ iy @=6-20-0-0)
h h—0 h—0

= lim, (-2) =2

fo(~2,1) = lim (24h D= f(=2.1) _ i [A42(=24h) =3 (-24h)] - (=3+2)

— h h—0 h

= lim 2=LWEL— gip =1,
h—0 h—0
f,(~2,1) = lim 2,140 = F(=21) _ 50 [4—4—3(1+h)+2(1+h)*] - (-3+2)
v h—0 h h—0 h
1 (=3-3h+2+4h+2h")+1 _ . h+2h _ 7 _
N hlgno h *hh—ano h hh—r>no (1+2h) =1
f(~2,3) = lim f(72+h.,3})]7f(72,3) — lim \/2(—2+h)+9—hl—\/—4+9—l
’ h=0 h=0
_ V2h+4 -2 (\/2h+4—2\/2h+4+2> T 2 1
7hh—l>n0 h 7h1—I>n() h V2h+4 42 *hlino Va2h+da 42— 2°
f,(—2,3) = lim f(=23+0)-f(=2.3) _ 1 V=433 +h) —1—y/—-4+9-1
- =0 h _h~>0 h

. \/W 2 (\/W 2\/W+2) 1 3 _3
—hlgno —hlgn V3h+4 +2 —hlino VZh+4a+2 4

sin (3 +0)
fx(O O) = lim f(0+h,0)—-f(0,0) _ lim 2o 0 — lim sinh® _ 1
’ h =0

h h—0 h h—o N
sin(0-+14) 0
. — . Yooz . inh* . 4
£,(0,0) = lim (OOHZMO0 _ fim 0 = gim 2 = fim (h-9E) =0-1=0
h—0 h—0 h—0 h—0

(a) Intheplanex =2 = f(x,y) =3=£(2,-1)=3=>m=3
(b) Intheplaney = —1 = f,(x,y) =2=1£,(2,-1)=2=m=2

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

(a) Inthe plane x = —1 = fy(x,y) = 3y* = f,(— 1,1): 3(
(b) Intheplaney = 1 = fy(x,y) = 2x = fy(—1 -1

fz(XO;YO;ZO) — lim f(Xo-,)'O,Zo+h})l*f(xos)’0,lo) :
h—0

£,(1,2,3) = lim 2340 -M0.29) _ iy 2040°220) _ iy Db lim (12 +2h) = 12
h—0 h—0 h—0 h—0
fy (X0, Y0, 20) = hhin() fxo:yo £ b, Zog_f(xo’yo’m) ;
. T f(=1,h,3) —f(=1,0,3) _ 1. (20’ +9h) -0 _
f,(—1,0,3) _hh—I>nO T hh_I)n0 _— hm (2h+9)=9
y+ (32 %)X—I—ZS—Z)/% =0= (3x22—2y)% = —y—Z3:>at(1,l,1)wehave(3—2) =—1—-1lor? S = —2
(B)z+x+ (32 -2x2=0= (z+¥-2x) 2 = —=x=at(l,-1,-3)wehave (-3 - 1-2)Z = —Jor 2 =1
a?=b>+c?—2bccos A = 2a= (2bcsinA) % = %2 = L __:als00=2b—2ccos A+ (2bcsin A) 2
= 2ccos A—2b= (2bcsin A) % = A — ccosAh
i da _ S . ; .
o= b o MR RO g o (5inA) 2 —acosA=0 = & = aA g
(%) g—g =b(—cscBcotB) = g—g = —bcscBcotBsin A
Differentiating each equation implicitly gives 1 = vy Inu+ (¥) uy and 0 = us In v + (%) vy or
1 v
(Inu) vy +(§)ux:1} Ly ’o vl oy
u _ X7 lnu ;| 7 (Inu)(lnv)—1
(Y)vx+ (Inv)u =0 A
Differentiating each equation implicitly gives 1 = (2x)x, — (2y)y, and 0 = (2x)x, — y, or
1 72y
oo -w=11 b
(ZX)XU — Vu =0 = Xu = 2x  =2y| T2x+4xy | 2x—4xy and
2x —1’
2x 1
2x 0 —2x X s ax
Yo = —2x 4 4xy = 72x~2F4xy = 2xz4xy = 1J2 s nexts = X +y = du =2x +2y
1 1 1 2 142
= 2x (2x74xy) +2y (172y) =1y T 1—y2y = 1725
fy) =40 EY 0 (x,y) = 0forall points (x, y); aty = 0, f,(x,0) = lim 0t =0 _ jip, fixh)=0
AN 0 1fy<O ’ ’ h—0 h h—o N
—hm foeh) — 0 because hm M) — Jim & = 0 and hm b — Jim P = 0= fy(x,y) = ' ify 0,
-0 0 h h—0- D —0+ 0 h—0+ D A =2y ify<0’

fyx(x,y) = fxy(x,y) = 0 for all points (x, y)

Atx = 0, f,(0,y) = lim 0+ yli—f(O, Y = fjm b yh) =0 — lim (th) which does not exist because ~ lim (hhy)
h—0

h—0 h—0 h—0—
1 .
) — ifx>0
= Jim® =0and lim ™Y = Jim ¥" = Jim L = 4 o0 = fi(x,y) = { VX ;
o= b ané - hgr B hoor Vb oo (x.3) 2x  ifx <0

f,(x,y) = { 8 K _ 8 = f,(x,y) = 0 for all points (x, y); fyy(x,y) = 0 for all points (x, y), while fy,(x,y) = 0 for all

points (X, y) such that x # 0.
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73.

74.

75.

76.

7.

78.

79.

80.

81.

82.

83.

84.

85.

Section 14.3 Partial Derivatives
of _ of _ of _ _ Pt _y P _ 5 Pf _ _ Pt 9 9 _ _4) —
E‘zx’ Ay _Zy’ oz 4z = ox? =2, dy? =2, 022 4 = 6x2+8y2+822 =2+24+(4H=0
of af af ’f ’f 9’ o | 9 | O
Ix :_6XZ’3_y :—6yZ,§:6Z2—3(X2+y2),W :_62’8_)/2 :—6Z,ﬁ: 12z = W—Fa_yl—"ﬁ
=—6z—6z+12z=0
o _ _na-2y o of _ _na-2y Pt _ _gady Pt _ a2y Pt 9
N = 2e % sin 2X, oy = 2e™ cos 2X, = 4e ¥ cos 2Xx, o2 = 4e % cos 2x = Frelun ay?
= —4e ¥ cos2x +4e ¥ cos 2x = 0
o _ _x ot _ _y P _ y-x Pr_ -y i T S et oy
Ix X2+y2° Oy X2 +y? ° Ox2 (x2+y2)2 > 9y2 (x2+y2)2 Ix2 dy? (x2+y2)2 (x2+y2)2
of _q 9f _ 5 I _ g Of _ P 9 _ —
5_3’8y _z’ﬁxz _0’3y2 =0 = 0x2+8y2 =0+0=0
of _ Uy _ _y o of _ =x/y* _ _—x 9 _ (PHx)0-y2x =2y 9 _ (P+x)0-(=x0)2y _ _ 2xy
- 2 — 2 2 - 2 — 2 2y 2 — 2 - 2 2 2 - 2
9x 1+(§) y x5 9y 1+(3) yihxt? ox (2 +x%) (y?+x2)* 7 9y (y? +x2) (y?+x2)
P 9 _ =2y 2y
= e T W T (2 +x2) + (2 +x2)> 0
of _ 1.2 2 2\—3/2 _ 2 2 N3/2 9f _ 1,2 2 2\—3/2
o= L4y +22) (20 = x (P y2422) S = L2y 22) T (2y)

=—-y(xX*+y’ + 22)_3/2, % - _ % (x2+y2+ ZQ)_3/2(2Z) =—z(xX>+y*+2%)

2=~ (C4y? +2) P (R Y+ 2 S = - () ey (P 22
)73/2

-3/2,
s

—5/2 2 2 2
= (+y +2) P32 (P ey 42T = 2 O

= [y A ey 4 ) [y 4 ) s (0 4y 4 )

81

5

Floee ) P2 Ry 4 2) ] = 3y ) P (3 3 432 (o y 28 P =0
% = 3e3+% cos 5z, g—; = 4e3*H% cos 5z, % = —5&*+% gin 5z; g—ig = 9e3+% cos 5z, g—;g = 16e>**% cos 5z,

g—ig = —25e¥+% cos 5z = g—iﬁ + g—;ﬁ + g—iﬁ = 9e3*% cos 5z + 16e¥+% cos 5z — 25>+ cos 52 = 0

g—‘: = cos (x + ct), %—‘f = c cos (x + ct); %i‘;’ = —sin(x + ct), %2—;; = —c?sin(x+ct) = %Z—t‘z" = c?[—sin(x + ct)] = ¢? %ZTva
O — _2sin(2x + 2ct), P = —2c sin (2x + 2ct); T¥ = —4 cos (2x + 2ct), Z¥ = —4c? cos (2x + 2ct)

= 862—[‘2” = c2[—4 cos (2x + 2¢ct)] = 2 L

Ox2

%—Y = cos (X 4 ct) — 2 sin (2x + 2ct), %—‘f = c cos (X + ct) — 2¢ sin (2x + 2ct);

‘?91‘;“ = —sin(x + ct) — 4 cos (2x + 2ct), %2—2; = —c? sin (x + ct) — 4c? cos (2x + 2ct)

= %ZTZ“ = c?[—sin(x + ct) — 4 cos (2x + 2ct)] = ¢? %iv.}
ow _ 1w _ _c . Pw_ -1 Pw_ ¢ Pw_ 2| -1 | _ .28
Ox — x+ct? Ot T x+ct’ Ix2 T (x+cp)2 92 T (x+ct)? o (x+ct)? | Ox?
ow __ 2 ow __ 2 L OPw 2
S = 2sec” (2x — 2ct), Gt = —2c sec” (2x — 2ct); G7 = 8 sec” (2x — 2ct) tan (2x — 2ct),

éf;—[‘zv = 8c? sec? (2x — 2ct) tan (2x — 2ct) = ux%z—tgV = c?[8 sec? (2x — 2ct) tan (2x — 2ct)] = c? ‘327‘2”
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816  Chapter 14 Partial Derivatives

86. g—‘)‘(’ = —15 sin (3x + 3ct) + e**, %—”lv = —15c sin (3x + 3ct) + ce**; ?;T‘?N = —45 cos (3x + 3ct) + ¥,

%Z—I‘z’“ = —45¢? cos (3x + 3ct) + c?er et = %Z—t‘z” = ¢?[—45 cos (3x + 3ct) + e+*¢] = ¢? %27‘2”

dw _ of du _ Of Pw _ 2 — 2202 . 9w _ Of du _ Of | Pw _ (L) .
87. _3u(ac) = ot = (ac) (8u2>(ac)_ac o> Oox  ouox  ou 4 = ox2 _(aauz) a

Bt~ du Bt
_ 2 9 FPw _ 2.2 9 _ 2 (.2 8 _ .2 0w
=Gz ™ g TAC gz =¢ (a auZ)— x2

88. If the first partial derivatives are continuous throughout an open region R, then by Theorem 3 in this section of the text,
f(x,y) = f(x0,y0) + fu(X0, yo) AX + £,(X0, yo) Ay + e1Ax + e2 Ay, where €7, e — 0 as Ax, Ay — 0. Then as

(X,y) — (X0,¥0), AXx — 0and Ay — 0 = lim ) f(x,y) = f(x0,yo) = fis continuous at every point (X, yo) in R.
X,¥Y) — (Xo; Yo

89. Yes, since fyy, fyy, fyy, and fy, are all continuous on R, use the same reasoning as in Exercise 76 with
fx (X, y) = fx (X0, yo) + fxx (X0, yo) Ax + fxy(X07 ¥o) Ay +eaAx+ EQAy and
fy(x,y) = £,(X0, ¥0) + fyx(Xo, yo) Ax + fyy(Xo, yo) Ay +€1Ax +€Ay. Then lim f(x,y) = fx(X0, Y0)

(x,y) = (x0,¥0)
and lim fy(x,y) = fy(Xo, yo)
(x,y) = (X0, 0)

2

90. To find o and 3 so that u; = Uy, = U, = —3sin(ax)e P! and u, = acos(ax)e ™! = uy, = —a?sin(ax)e™?"; then

U = Uy = —Osin(ax)e Pt = —a?sin(ax)e P!, thus u, = uy only if 3 = a?

h02

2
e f04+h,0)—£(0,0) 1o i@ =0 10 o L F0,04h)—£0,0) 1 @0 1 0 _ q.
91 (0.0 =y OB = iy i = 0:1(0,0 = 0400 — T — gl

( )hm(o 0) f(X’ y) = hmO (k(y]:);)iz)ﬂ = hmo Wiy“ = hmo ey — kzkﬁ = different limits for different

Xy) = U, y— B y— y—

along x = ky?

values of k = lim f(x, y) does not exist = f(x, y) is not continuous at (0,0) = by Theorem 4, f(x, y) is not

(x,¥) = (0,0)
differentiable at (0,0).

92. £:(0,0) = lim RO =00 _ pipy MO _ pipy 11 — 0; £,(0,0) = 1im "EOHH =100 — i FOM L _ i 11 —

h—0 h—0 h—0 h h—0 h h—0 h—0 P
lim f(x,y) = lim 0 =0but lim f(x,y)= lim 1=1= lim f(x, y) does not exist
(x,y) = (0,0) y—0 (x,y) = (0,0) y—0 (x,y) = (0,0)
along y = x> along y = 1.5x%
= f(x, y) is not continuous at (0,0) = by Theorem 4, f(x, y) is not differentiable at (0, 0).
14.4 THE CHAIN RULE
1. (a) %—‘Z = 2Xx, %—"yv =2y, % = —sint, i—f =cost = ‘3—‘;’ = —2xsint+2ycost=—2costsint+2sintcost
=0 w=x>+y’=cos’t+sin*t=1 = ¥ =0
(b) S (m) =0
2. (a) %—‘: = 2X, %—‘; =2y, % = —sint—+ cost, % = —sint—cost = C}T‘:“

= (2x)(—sin t + cos t) + (2y)(—sin t — cos t)
= 2(cos t + sin t)(cos t — sin t) — 2(cos t — sin t)(sin t + cos t) = (2 cos’t — 2 sin®t) — (2 cos® t — 2 sin?t)
=0; w=x>+y? = (cos t +sin )’ + (cos t — sin ) = 2 cos’ t+ 2 sint =2 = & =0

b FO =0
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(a)

(b)

(a)

(b)

(a)

() S

(a)

(b)

()

(b)

(a)

(b)

Section 14.4 The Chain Rule

ow _ 1 9w _ 1 ow _ —(x+y) dx _ _
ox 28y e Z 2 cos tsint, 4

Y = 2sintcost, ¥ =1

s dt
. . ) -
= d—w:—%costsmt—l—%smtcost—i——’;ﬂ—4“’5 ‘“mt:l;w:f—l—%:—""s)t—k—m}‘:t = W

a =T 3w ORNO) a

d _
T3 =1

ow __ 2x ow __ 2y ow __ 27, dx

ox — XT4y2+22° 9y X4yt 0z X+yr4Z20 dt = —sint

dz -1/2
, d[ =cost, §F = 2t
dw —2x sin t 2y cos t 470712 —2 cos tsin t+2sin t cos t+4 (4t1/?) /2
= @ i +

a — Xty X2 +y?+22 Xyt cos? t+ sin? t+ 16t

= % w=In(x*+y? 4+ 2%) = In(cos® t+ sin* t 4+ 16t) = In (1 4 161) = 4 = &=

=1

dyte* x ‘
y + 2e c

21 -

ow X (’)W — DeX ow 1 dx 2t dy 1 dz
- 241 z

ow _ dw _ 1 dx _ dw _
ax — 2y’ =T @S nira—ena=¢ = &=

— @9 <“"121+)](‘2+1) 25;2:1” — z_: =4ttantt+1;w=2ye* —Inz= (2tan ') (+1)—t

= W= (Z7) E+1)+2tan')(2) — 1 = 4ttan 't + 1
=@M (5)+1=m+1

ow _ ow _ 8w_ dx _ dy _
= —YCOS Xy, 5y X COS XY, 5 1, 5 1, i =

dz __ -1 dw __ __ Xcosxy -1
,dt—e = a Yy Cos Xy Er— +e

1
t
—(In t)[cos (tIn t)] — %[“m) +e"'=—(nt)fcos(tlnt)] —cos(tint) +e"'; w =2z — sin xy
=e!'—sin(tlnt) = %_vlv =e"! — [cos(tIn t)] [ln t+t (%)] =e"'—(1+1Int)cos(tint)

TMH=1-(1401)=0

0z __ 0z @ 9z Oy __ cos v 4eX . _ 4etIny 4eX sin v
du — dx + dy du (46 In Y) ( ) + ( y )(Sln V) = u +

ucos v y

_ 4(ucosv)In(usinv) + 4(ucos v)(sinv) __
- u usin v

= (@ cosv)In(usinv)+ 4 cosv;

gi % ox 4 g; gz = (4e* Iny) (7’” Si“V) + (%) (ucos v) = — (4e* Iny) (tan v) + L“y“’”

ucosv

4u cos?

4(u cos v)(u cos V) V.
sinv

usinv
z=4e"Iny=4(ucosv)In(usinv) = % = (4 cos v) In(usin v) + 4(u cos v) (Znov)

ou usin v

= (4 cos v) In(u sin v) + 4 cos v; also % = (—4u sin v) In (u sin v) + 4(u cos v) (w)

usinv

= [—4(u cos v) In (u sin v)](tan v) + = (—4usin v) In (u sin v) +

4u cos’v
sin v

At(2,2): 2 =4cos Z1In(2sin ] T) 4 dcos T =2/21In/242y/2=/2(n2+2);
% = (~H@)sin §In (25in §) + VD — 4224402 = 202124412

-

= (—4usinv)In(usinv) +

&)
Oig

] (—usinv) +

sinv = yr)cm vV _ xsinv _ (u sin v)(cos v) — (u cos v)(sin v) — O;

( X2 4y? x2+y? u?
) ()
y y2

()= (3)

— T2 2y — S -1 (x) — -1 Jz __ 0z __ 1 2
= —sin°v—cos’v= —1;z = tan (;)—tan (cotv)éﬁ—Oanda—(m)(fcsc V)

—_

X
y

yusinv — xucosv __ —(usinv)(usinv)— (ucos v)(ucos v)
x2+y? x2+y? T u?

]UCOSV—

) S——
sin? v + cos? v

At(13,Z): 2 =0and 2 = —1
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818  Chapter 14 Partial Derivatives

9. @ S=G o+ §i+%—”§%:(y+z)(1)+(x+z)(1)+(y+x)(v):x+y+2z+v(y+x)
= @U+V)+ (u—v)+2uv+ v(u) = 2u + 4uy; ¥ = ™ 6x+aw 9y | ow 9z

> Ay ox dy Ov 0z Ov
=Y+ +E+2)(=D+ Y +xW) =y —x+(y+x)u=—2v+ Quu = —2v + 2u’;
w=xy+yz+xz=(u?—v?) + (u¥v —uv?) + (u?v + uv?) = u? — v2 + 2uv = 2 =2u+ 4uvand

d
m:—2v+2u

(b) At(1,1): g—g:2(%)+4(%)(1)=3andg—vvv:—2(1)+2(%)2=—g

2 . 2 : 2
10. (a) g—‘a’ = (m) (e¥ sin u + ue¥ cos u) + (m) (e¥ cos u — ue’ sinu) + <m> (e%)

_ ( 2ue’ sinu

v M A%
uZe?” sin? u + uZe?¥ cos?u + u2e2") (e sin u + ue’ cos Ll)

2ue’ cos u v _ eV o
+ (uze2V sin u + uZe?Y cos? u + uzez") (e cosu —ue sin U’)

2ue" vy __ 2.
+ (uze2v sinZu + uZe?’ cos? u + u2e?" ) (e ) T
ow — (2% ) (ue' sinu) + S — (ue' cosu) + ( o—2%— ) (ue")
v~ \xiyiz Xy iz iy iz
_ ( 2ue’ sinu
u2e? sin? u + u2e?¥ cos? u + u2e?’

2ue’ cos u ) v
+ ( uZe?” sin? u + uZe?” cos? u + uZe?’ (ue Cos u)

2ue vy _ n. _ 2.2V 32 2,2v 2 2,2vy 2,2v
+ (u?ez\'sin2u+u2e2vCos2u+u2eZV) (ue¥) = 2; w = In (u”e”’ sin® u + u“e*’ cos® u + ue*’) = In (2u®e”)

=In24+ 2hu+2v = %—K:%andg_\:zz
(b) At(=2,0): o = % = —1 and%—‘jzz

) (ueY sin u)

ou -2
Qu _ 9udp 4 Oudq  ouor _ 1 , r—p P=q _ q-r+r—p+p-gq _ .
11. (a) ox ~ Jp Ox + dq Ox + or 9x ~ q-r + (q—r1)? + q-1? (q—r1)? =0;
Qu _ Qudp 4 Oudqg ouodr _ 1 t-p 4 p-dq _ q-r-riphp-q _ 2p-2r
dy ~ dp 9y ' Oq or 9y — q-r (@-1* ' (q-1? (q—n? Q-
_ (2x+2y+22)—(2x+2y—22) _ 7z . 0u _ Ou BP + du 9q + ou Or
- (2z — 2y)? ~ @z—y?’dz  9p oz dq 0z or 0z
=1 4 r-p _ p-9q _g-rdrop-ptq _29-2%p _ Ay _ _ _y .
q-r ' (q-1* (qg-1)? (q—1? (q—n)? (22—2y)2 (z—y)?*>
—_pP-q_ 2y _ ¥y du u _ z—y) -yl _ 8u — 2=y -y
U= 0o T 22y — 71—y = & =0, oy — (z—y)? Tz y)2 ’and (z—y)?
_ y
T @yr?
. Ou __ 1 _ ou _ -2 __
) AU(V3,2,1): 2=0,% = Ly = Land 3 = =35 = 2
r zIn Y .
12. (a) % = \/— (cos x) + (re¥" sin~! p) (0) + (qe® sin~! p) (0) = °q SSX — \e/liZ‘i’;;‘X =y if -5 <x< g3
ou P P _Z req‘sm’lp 2 (%) yxX _
5 = ﬂ (0) + (re% sin~! p) (7) + (ge¥ sin~! p) (0) = S = L =xzy
r . . . 1
= \/fq,—pz (0) + (re% sin~! p) 2z Iny) + (qe% sin~! p) (— %) = (2zre¥ sin"! p) (In y) — <52
2 z . . .
=22 (1) (y'x Iny) — CIOI — xyr jny;u= e sin ! (sinx) = xy“if — T <x < T = W=y
g—; = xzy*~!, and % = =xy”Iny from direct calculations

® A3 51 2= = VAR =) DA =2 e = () () () = - e
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15.

16.

17.

— Oz dx 4 0z dy dz _
ox dt + dy dt 14. dt
92
du
u
du
dt
ow ow 9x ow 0Oy ow 9z _
Gu_8x8u+8y8u+8zau (’)v_
ow __ Ow ar ow 8s ot ow
9x — or o + Bs + BN By
m M
a or
t 4
a a
ox u
ow __ Ow Bx + ow Jy ow __
Bu — 9x By Ou ov

Section 14.4 The Chain Rule

9z du dz dv Ix dw
T tovatow a
Z
92
92 oW
ov
v w
v
ot /w
ct
t
ow 9x ow Oy ow 0z
X 8v+é9y é9v+8z v
_ Ow Or ow Os ow It
or 8y+ Ds 8y+ Bt dy
w
.
3 at
as
3 I¢
5
a
oy
y
ow 8x ow 0Jy
ox + By Ov
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820  Chapter 14 Partial Derivatives

ow ow Jdu ow Iv ow __ 9w Ju ow Iv
18. Qx_8u8x+8vé9x By_8u8y+8v8y
w
aw. oW
ou av
u v
u oy
% Y
y
dz __ 0z Ox 9z 9y 9z __ 0z Ox 9z 9y
19. 3t78x8t+6y6t 8578x3€+6y8<
9y _ dy du ow _ dw du Ow _ dw du
20. or — du Or 21. Os ~ du Os ot~ du ot
y w w
dw dw
m— du du
du
u u
u du du
E ds at
ar s t
r
ow ow 9x ow 0y ow 0z ow Ov
22. 8p_8x8p+8y8p+8z6p+6v6p
ow __ 9w dx ow dy __ Ow dx dy _ ow __ 9w dx ow dy __ 9w dy dx _
23 or — 9x dr + Py dr — x dr since dr Bds T 9x ds + Py ds — By ds since ds — 0
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Section 14.4 The Chain Rule 821

ME=REAGE 25. LetF(x,y) =x* =2y’ +xy =0 = Fu(x,y) =3x" +y
: S -
X and Fy(x,y) = =4y +x = %:_%:_(34;1)
g:} . = 21,1 =13
X y
. 9
as as
8
26. LetF(x,y) =xy+y?—3x—3=0 = F(x,y) =y —3and Fy(x,y) = x + 2y = %:—&Z—xyjfy
y

d
= ¥eLn=2

27. LetF(x,y) =x* +xy +y* = 7=0 = F(x,y) =2x+yand Fy(x,y) = x +2y = - & Z4y
d _ _ 4
ya,p=-4

28. LetF(x,y) = xe¥ +sinxy +y —In2 =0 = Fy(x,y) =¢€¥ +ycos xy and Fy(x,y) = xe¥ +x sinxy + 1

dy _ B _ _ _edyeosxy _ dy _
¥ &R T xotxsmnytl 7 o (0,In2)=—-2+1n2)

29. Let F(x, y,z):z3—xy+yz+y3—2:0 = F(x, y,z):—y,Fy(x,y,z):—x+z+3y2,FZ(x,y,z):3z2+y

oz _ _ K _ -y y Z _ __5__7x+z+3y2 _ x—z-3y?
= & F, ~ ~ 32+y  32+y (171’1) 4 ; 6y F, — 322+y T 3224y

Z _ 3
= Z1,1,1)=-3

30. LetF(x,y,z) = 1 + -1=0 = K&y, =-3.hxy,0=-3 FExy2=—-3

—
s
N—

1
= 2————“”‘ &= 5236=-95%=—¢

L =—5 = 2(2,3,6)=—

(-2)

31. LetF(x,y,z) =sin(x+y)+sin(y+z)+sin(x+z) =0 = F({X,y,z) = cos(x+Yy) + cos (X + z),

Iy
> Oy F,

=

Fy(x,y,z) = cos(x+y)+cos(y+z) F,(x,y,z) =cos(y+z)+cos(x+2z) = % = — I;—Z
__ cos(x+y)+cos(x+2) 9z _ By cos(x+y)+cos(y+z) oz
- cos (y +z) +cos (x +z) = 8x (ﬂ— 7T 7T) 1’ 6y FZ - cos (y +2z) + cos (x + z) = 8 (7T T, 7T) -1

32. LetF(x,y,z) =xe"+ye*+2Inx—2-3In2=0 = Fx(x,y,z):ey—i—%,Fy(x,y,z):xey—i—eZ,FZ(x,y,Z):yeZ

&__5__(ey+§) 0z _ 4 .9z _ B xevte? 0z _ 5
= ox ., ye? = m(171n2’1n3)__31n2’8_y__F_Z__ ye* = 8_y(1’]n2’]n3)__31n2

33. Gy = Qu O g Bn G T O 0(x 4y +2)(1) + 2(x + Y + 2)[— sin (f + )] + 20x + y + D)[cos (r + 5)]

=2(x+y+2z)[1 —sin(r+s) +cos(r+s)] =2[r —s + cos(r + s) + sin(r + s)][1 — sin (r + s) + cos (r + s)]
= 3r\m =23)(2) = 12

MGG B L sy (D) 4 x(D+ (D) O =+ () + L = B L= (H) + () =8

SRR R R R 0RO - u-2ven - ] o+ i

ow - _
= ov lu=0,y=0 ~ 7
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38.

39.

40.

41.

42.

43.

44.

Chapter 14 Partial Derivatives

% = gi ox 4 g; glyl = (y cos xy + sin y)(2u) + (x cos Xy + x cos y)(v)

= [uv cos (W¥v + uv?) + sin uv] 2u) + [(u® + v?) cos (udv + uv?) + (u? + v2) cos uv] (v)

0z _ —
= m|u:0w:] =0+ (cos 0+ cos 0)(1) =2
dz __ dz 9x __ 5 u __ 5 u oz _ 5 _n.
Ou T dx Ou (1+x2) ¢ = {1+(e”+lnv)2:| e = 8u|u=1n2,v=1 - [1+(2)2} @) =2
92 _ dz 9 _ (_5 1y _ 5 1 9z _[_s _
v — dx ov (1+x2) (v) - |:1+(e“+1nv)2] (v) = 3\,‘“:1“27‘,:1 - |:1+(2)2] (1) =1
Oz __dz 0q _ (1 VV+3Y) 1 VV+3) 1 = Q| _ 1 _ 2.
Ou ~ dq du ~ \q 1+u? )] 7 \ /v+3tanlu I14+u2 ) 7 (tan~lu)(1+u?) Oulu=ly=—2 " (tan~11)(1+1%) = =’
9z _ dz 99 _ (1 tan'u | _ 1 tan'u | _ 1 = Q| _1
ov dq Ov q 2y/v+3 VVv+3tan~lu 24/v+3 2(v+3) ovlu=ly=—2 " 2

Letx:s3+t2§w:f(s3+t2):f(x):>%—f:‘é—i’%:f() 352 = 3s2es 0, %‘:’:‘é—i’%:f’(x)dt:ZteSS“z

Letx =ts?andy = = w = f(ts?, &) =f(x, y) = %“: = 6‘)’: ax—i—%‘y" gf fi(x,y) - 2ts + fy(x,y) - 1

2\2
= (ts)(3) -2t + B L= ogte g st sl Gu—Gw o B _f(xy) S+ h(xY)

v av dv _ 9V dl | 9V dR dI
V=IR = 5 = = Rand =L g =%Tat+t® &« =R +I dl = —0.01 volts/sec

= (600 ohms) + (0.04 amps)(O 5 ohms/sec) = % = —0.00005 amps/sec

_ dV __ 9V da , 9V db |, 9V d
V=abc = T =g 4+t m a5 &« = (bc) +(ac) +(ab)

= & = (2 m)(3 m)(1 m/sec) + (1 m)(3 rn)(l m/sec) + (1 m)(2 m)(—3 m/sec) = 3 m®/sec

dt la=1,b=2,c=3

and the volume is increasing; S = 2ab + 2ac + 2bc = % = % % + gts) ‘ét[’ + % %

=20+ §+2@+0) gH2a+b§ = Rl

= 2(5 m)(1 m/sec) + 2(4 m)(l m/sec) 4+ 2(3 m)(—3 m/sec) = 0 m?/sec and the surface area is not changing;
_ dD _ 9D d D db |, 8D de _ 1 d db d

D=Va+b’+c = @=3 G+ % a1 % @ = \/m(ad_?+ba+cd_f) = Tliipes

= (ﬁ) [(1 m)(1 m/sec) + (2 m)(1 m/sec) + (3 m)(—3 m/sec)] = — ﬁ m/sec < 0 = the diagonals are
decreasing in length

A H R A+ L0+ &L= f’—{;—%,

TR T L T =0 D+ ] (1)+af(0) o+ and
Gmnn T n Tt —aO+EED+REO=-F+5 => H+g5+5=0

(a) =t ax—I—fy%:fxcos9+fysin9and%—‘g:fx(—rsinﬁ)—I—fy(rcosﬁ) = la—"V:—fxsine—i—fycosﬁ

or X or r 06
(b) %—‘:’sianfxsiHQCOSG—i—f sin? § and (@) g—z:—f sin90059+fy00520
= fy = (sin @) Z¥ + (2) 2 then 2 = f, cos 0 + [(sin 0) 2¥ + (<2£) M] (sin§) = fy cos f
_ %_\: _ (Sil‘l2 9) 8_w _ (sinf)rcoqé)) %_\g — (1 — gin2 9) %_\;»/ _ (sin0rcos9) %_\g = f, = (cos 0) %_\: _ (#) g_\g

© (£ = (cos0) (a—Wf — (angesst) (G Zu) o (50 (50 and

: w2 sin @ cos w Ow cos’ w2 w2 w2
() = vt ) (3 (5ot (32 2) ¢ (220) (B)7 = (6% + 6" = ()" + 2 ()
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46.

47.

48.

49.

50.

Section 14.4 The Chain Rule

— Ow _ Ow Ju 4 9w 9v _ 4 Ow ow — ow 9 (9w 9 (9w
Wx = 5% = du 8x+av Bx_xau+y8v jWX’(_8u+X(’)x(8u)+y(’)x(8v)

_ ow 9*w Ou 3w Ov &’w du O*w v\ _ Ow 3w 9w 3w w
— Ou +Xx (8u2 Ix + dvou Bx) +y (E)u(’)v Ix + ov2 E)x) ~— du +Xx (X ou? +y 6v8u> +y (X Audv +y ov?

)

— 9w 2 Pw P w 2 Pw . — 0w _ 9w du 4 Ow v _ _ Ow ow
78u+x 8u2+2xy8v8u+y 8v2’w)’78y78u 8y+8v dy y8u+X8v
— _ow _ (W du 2w v Pw du 4 P’w v
= Wy = ou y(au2 dy + ovou 0y> +x(8u8v Ay + ov2 8y)
__ow _ - 3w o 9w FPw) _ _ ow 2 *w 3w 2 9w .
- du ( Y ou +X8v8u)+x( yBu[‘)v—i—Xavz) - du +y ou? 2Xy 6v5u+x ov2 ; thus

Wyx + Wyy = (x2 +y?) %QT‘Z’ + (x2 +y?) %ZTVZV = (x2 + y?) (Wau + Wyy) = 0, since Wy, + wyy = 0

v = (D) + gD = ')+ gV) = wy = /WD) + /WD) = W) + g'(v);
O = (D) + V(D) = Wy, = () (2) + g0 (2) = —F"(W) — (V) = Wy + W,y =0

. df £ d fod £ d
fx(x,y,z):cost,fy(x,y,z):smt,andfz(x,y,z):t2—|—t—2 = T = % d—’l‘—i—a—y d—¥+% i

= (cos )(—sin t) + (sin)(cos ) + (P +t—2)(D =+t -2, L =0 = ?+t—-2=0 = t=-2

ort=1;t=—-2 = x =cos(—2),y = sin(—2), z = —2 for the point (cos (—2),sin(—2), -2);t=1 = x =cos 1,

y =sin 1, z = 1 for the point (cos 1,sin 1, 1)

dw — ow dx g—‘;’ % 9u 4z — (2xe® cos 3z) (—sin 1) + (2x%e* cos 3z) (d5) + (—3x%¥ sin 3z) (1)

2x2e? cos 3z
t+2

dw _ 200G
= a (1,In2,0) =0+ 2 0=4

= —2xe¥ cos 3zsint + — 3x2e? sin 3z; at the pointonthecurvez=0 = t=z=10

(@) GF =8x—4yand If =8y —dx = G = J0 & 4 TL L — (8x — 4y)(—sin 1) + (8y — 4x)(cos 1)

= (8 cost — 4 sin t)(—sint) + (8 sin t — 4 cos t)(cos t) = 4 sin’>t — 4 cos’t = &T _ 16 sin t cos t;

de2
%—T:O = 4sin’t—4cos’t=0 = sin’t=cos’t = sint=costorsint= —cost = tz%,%ﬂ,%ﬁ,f

the interval 0 < t < 2m;

~

‘szT  =16sin 7 cos 7 >0 = T has a minimum at (x,y) = (%Eag)’

1
1 LT 16 sin 3 cos ¥ < 0 = T has a maximum at (x,y) = (—é,g);
‘(lftzT s = 16sin%”cos%7T >0 = T has a minimum at (x,y) = (—\/TE,—TZ)Q
“(‘;TQT e 16sin%rcos%ﬂ < 0 = T has a maximum at (x,y) = <727_72>

1

(b) T =4x2 —4dxy +4y> = %I = 8x — 4y, and g—; = 8y — 4x so the extreme values occur at the four points

found in part (a): T (—%,g) :T(é,—§> :4(%) —4(— %) +4(%) = 6, the maximum and
T(@,%) :T(—g,—g) =4(3)—4(3) +4(3) =2, the minimum

(a) %:yandg—;:xj%:%i—’:—kg—;%:y(—z Zsint)—FX(\/ECOSt)
= (\/Esint) (72 ZSint) + (2 2 cos t) (\/Ecos t) = —4sint+4cos’t = —4sin®t+ 4 (1 — sin?t)
a’T dar _

=4—8sin’t = $F = —16sintcostt; § =0 = 4 —8sin’t=0 = sin’t=

1
2
3m 31 It on the interval 0 < t < 27r;
L. interval 0 < t < 2m;
&7
de2

= —8sin2 (g) = —8 = T has a maximum at (x,y) = (2, 1);
=1

&1
de

L= —8 sin 2 (%) =8 = T has a minimum at (x,y) = (=2, 1);

=7

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.

823

:>smt—iﬁ:>t 7’



824  Chapter 14 Partial Derivatives

d’T

de

= —8sin2 (%ﬂ) = —8 = T has a maximum at (x,y) = (-2, —1);
=

d’T
de

= —8sin2 (%’r) =8 = T has a minimum at (x,y) = (2,—1)

—1In
=7

b)) T=xy-2 = g—f =y and % = x so the extreme values occur at the four points found in part (a):

T(2,1) = T(-2,—1) = 0, the maximum and T(—2, 1) = T(2, —1) = —4, the minimum

51 G(u,x) = [ g(t,x) dt where u = f(x) = 99 = 26 &u 4 96 & — oy x)f'(x) + [ g,(t,x) dt; thus

F(x) = fo Vit+x3dt = Fx) = \/(x2)4 + x3 (2x) + fo % Vit x3dt = 2x/x8 +x3 + OX Zﬁ;‘:—ﬁ dt

1 x2
52. Using the result in Exercise 51, F(x) = fo B +x2dt=— fl Vi +x2dt = F(x)

x2 1
= [—\/(x2)3+x2 z—fl %\/t?urxzdt] :fXQ\/XGer?JrLﬁ dt

14.5 DIRECTIONAL DERIVATIVES AND GRADIENT VECTORS

L= 18 =1 vi=—itjifQ D=1 ,
= —1 =y — xis the level curve -
2|
1_
ot
> %: Xzzfyz - %(1’1):1;%: x224¥y2 _y
= Sh=1= vf=i+j;fl,)=mn2 = In2 1 o

V2
/j\{.ﬂ

+ + x
&jg’q’),mz

2 ?
orx +y =2

=In(x?2 +y?) = 2=x?+y?is the level curve

N

3. F=y = EQ-)=1LFE=2xy= F(2,-1)=—4
= ve=i—4j;22,-1)=2= x= jisthelevel

curve
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11.

12.

13.

14.

Section 14.5 Directional Derivatives and Gradient Vectors

of _ 1 of 3
ox \/2x + 3y = ax( 1’2)_ 2./2x + 3y y

1oof _
22 Oy
= L-1,29)=3= vi=Lti+3jf(-1,2=2

= 4 = 2x + 3y is the level curve

4
3
4=2x+3y
X
DN
of . y .
ax_2y2\/_+2x3,2 = a (4 2) 16’
o _ VX of 1 1 s,
A= s @2 =3 = vi=—gi-:

f(4,-2) = -7 = y = —/x is thelevel curve

FEXx+E=> Z0,L,D=3%%=2y > $1,1L,)=25=-4z+hx = F1,1,1)=-
thus 7 f = 3i +2j — 4k

= oxzt oty = G(LLD=—5 % =—6yz = F(1,1,1) =67 =62 -3(x+y) + g7

= X@1,1,)=3sthus wf=—-Yi-6j+1k
of __ of _ 26. of __ 6f
5—*m+ = X(*lyzzfz)—*ﬁ,afy—*er = (12 2)—5j,
of __ z 1 of 26
&—*m‘i’; = E(*l,Z,*Z)—*g,ﬂ’lus Vf—**l+54.]*54k
%:ex”cosz—i—\}% = 5(00 I) = \[—1—1 ——e”ycosz—l—sin Ix = %(0,0,%):4;
%:fe”ysinz = %(0,0,g):f%;thus vi= (@)i+§jf%k
u=f4 = % =i+ 3jifx,y) =2y = (5,5 = 10; fy(x,y) = 2x — 6y = £,(5,5) =
= vi=10i—20j = (Dubp, = vf-u=10(%)-20(3) = -4
u:@—‘:\/%_% i y) =4x = fi(-1,1) = 4 fy(x,y) =2y = f(—1,1)=2
= vi=—-4i+2j = Dup, = vi-u=-2-38=-4

12i+5j 2 . _ 24+ —

u:‘:_‘: \/JTJSQ: gl—i_ 13.] gX(X Y) <X};12) égx(la_l)ZS’gy(X’Y)* (xxy+2)2 :>gy(1 1)7_3
:>Vg:31_3j:>(Dug)P0 Ve “_% %:%

_ _ (2 () V3 Y
Al T VT2 1317f*' P, y) = (§)+1+\/17(ﬁ) = b D=y

4

hy(x,y) = +w(2)ﬁ.) S (D=3 = vh=1it3j= O = vhou=Sn -5

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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826  Chapter 14 Partial Derivatives

15, u=} = et =it Si-ikihxyp=y+z = (1, -1,)=Lfxy)=x+z

= f,(1,-1,2) =3 f,(x,y,20) =y+x = £,(1,-1,2)=0 = Yf=i+3j = Dup, = vi-u=34+2=3

16. _ A i+j+k

Al = \/ﬁ = L\/*l‘f' %j"‘%k;fx(xa)ﬂz):zx = fx(lvlvl)zz;fy(X7Y7Z):4y
1,1)=4;f,(x,y,2) = -6z = f,(1,1,1)= -6 = syf=2i+4j— 6k = Duf)p, = vi-u

fE ) ea(5) e ()

17. u= 4 J%:§i+§j—%k;gx(x,y72)=3excosyz = 2x(0,0,0) = 3; gy(x,y,2) = —3ze* sinyz
= £,(0,0,0) = 0; g,(x,y,2z) = —3ye*sinyz = £,(0,0,0)=0 = yg=3i = Dugp, = Vg-u=2

18 w= g = 22 = fi 3+ ik h(xy, ) = —ysinxy + 1 = by (1,0,3) = I
hy(x,y,2) = —x sinxy + ze"” = hy (1,0, 3) = 3;h,(x,y,2) =ye" + ; = h,(1,0,5) =2 = wh=i+3j +2k

= (D“h)P(J: Vhll:%-l-%—f—%:Z

_ . . _ —i+j _ 1 s 1 s.¢:
19. yf=2x+y)i+Ex+2y)j = wvi-1,)=—i+j = u= \vfl m——ﬁH—ﬁJ,ﬁncreases
. . . . _ . . . . . 1 e 1.
most rapidly in the direction u = —\/E 1+ —ﬁ J and decreases most rapidly in the direction —u = ni- ok

(Duf)p, = V-u=|vf| = /2and (D_yfp, = —/2

20. 7 f= (2xy +ye¥siny)i+ (x> +xe¥siny+eYcosy)j = wf(1,00=2j = u= g—? = j; f increases most
= vi-u=|vf|

rapidly in the direction u = j and decreases most rapidly in the direction —u = —j; (Dyf)p,
=2and (D_,f)p, = —

—1;_ (x i —i_ ~t i—5j—k D N
2 wi=ti-(F42)i-vk= VLD =i-Si-k=su= gy = koo i o ks

. . . . . _ L s i s _ L . .
f increases most rapidly in the direction of u = Wil sad T3 k and decreases most rapidly in the direction

—u=— it it ki D, = Vou=| v f| =33 and Dy, = -3V/3

22, veg=ei+xej+2zk = vg(l,In2,1)=2i+2j+k = u= ‘gi‘ = 72%2122;"]2 =2i+%j+1k;
g increases most rapidly in the direction u = % +3 Zj +3 1k and decreases most rapidly in the direction

—u=—3i-3j- 31k Dulp, = Vg-u—lvg|—3and(D-ug)Po——

_ (1 1) s 1 1) 1 1 9% s [ v/
23. Vf—(;+;)l+(§+§)J+(z+;)k:> Vil,1,1)=2i+2j+2k = u=Jp = \[l—}-\[_]-l-\[k

. . . . . _ L . L . L
f increases most rapidly in the direction u = 71 + VL. + 7 k and decreases most rapidly in the direction

—u= i - Sk Duflp, = VEu=| Vi =2+/3 and (D_yhp, = —21/3

2%. wh= (ijyzfl)w (Xz+y -+ )j+6k = Wh(1,1,0)=2i+3j+ 6k = u= T = Zoiidc
= 2i+ 2 j+ %Kk; hincreases most rapidly in the direction u = 2i + 2 j + $ k and decreases most rapidly in the

direction —u = —2i—3j— Sk; (Dyh)p, = wh-u= |7 h| =7and (D_yh)p, = —

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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25, wf=2xi+2yj = vf(ﬁ,ﬁ) —2/2i+2V2j X wre2ie 20
= Tangent line: 2+/2 (x - \/5) +2¢/2 (y - \/5) =0 /%)

= \/§x+\/§y:4 KJZ u

2
Pryi=a L y=—=x+2V2

2. wf=2xi—j = vf(ﬁ,1):2ﬁi—j
= Tangent line: 2\/5 (x—ﬁ)—(y—l):o
= y=2y2x-3

27, wi=yitxj = Ti2,~2) = —2i+2j y
= Tangent line: —2(x —2)+2(y+2)=0
= y=x—4

Vf=-2i+2j

P

28. vif=02x—yi+Qy —x)j = wif(—1,2) = —4i+5j
= Tangent line: —4(x+1)+5(y—-2)=0
= —4x+5y—-14=0

,“/—Ax.5yo!4-

X »xyoy -7

Vie=d 145

29. vf=02x—y)i+ (—x+2y—1)j
@ wi(l,—1)=3i—4j = | (1, —1)| =5 = Duf(1, —1) = 5 in the direction of u = 2i — %]
b) —vf(l,-1)=-=3i+4j = |vf(l,—1)| =5=Dyf(1,-1) = -5 1nthed1rect1onofu:—§1+%j

(¢) Dyf(1, —1) = 0 in the direction of u = 2i + joru = —2i — Ij

(d Letu=wi+uj=|u=yul+i=1=u}4+ud=1D,f(l,—1)= (1, —1)-u= (3i—4j) - (ui+ uj)
:3u174uz:4$u2:%u171:>u%+(%u171) =1=2 ulf%ul—Oéul—Oorulz%;
u1:Oéuzz—lﬁu:—j,orulz%ﬁuz: :>u—§—£511—25_]

(e) Letu:u1i+uzj:>|u|:\/mzliu%—l—uz—l D,f(1, ) v (1, =1) -u = (3i — 4j) - (u;i + uzj)
:3u1—4u2:—3:>u1:4u2—1:>(uz—l) +u=1=3u-3u=0=uwu=00ru, = %;
u2:Oéu1:fléu:fl,oruz—Eéuz—géu:gﬂrg,]

_ 2y s 2X s
30. vf_(X+y>21 Gy

@ wf(-132)=3i+j=|vf(-13)=V10=Duf(~1,3) = /10 in the direction of u = \/%H— ﬁj
b —wf(—13)=-3i—j = |[vf(-1 )| =V10= Duf(1, —1) = —/10 in the direction of u = fﬁi - ﬁj
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40.

Chapter 14 Partial Derivatives

1 s 3 s

1 3Y —0; - _ 1 3 s _
© Duf(—i, 5) = 0 in the direction of u = Tl Jpdoru= —ﬁl—l— o)
@ Letu=uwitwj=|ul=yu+u=1=u}+u}=1D,(-13)= vi(-132) u=(0Gi+})) (wi+uwj)

=3u +uw
—6+\f -

u; =

——2:>uz——3u1—2:>u%+(—3u1—2)2—1:>10u%+12u1+3:0:>ul:#0\/6

u = 2= 3\[$u—_6+\[1—|—_2 3\[J,oru ——_61_0\/6:>u2:7‘2ﬂ;03ﬁ

—~u= b= \/’+72+3\/'

10

(e) Letu= u11+u2J =u=yu+tu=1=u}+u}=1D(-132)= vi(-132) u=(Gi+})) (wi+uwj)

:3u1+u2:1:>u2:1—3u1:>u%+(l—3u1)2:1:>10u%—6u1:0:>u1:OOru1:§;

5

uy=0=>w=1=u=jory :%:>ll2:—%:>ll:%i—%j
— — v _ 72
vi=yi+&+2y)j = wv{3,2) =2i+7j;avector orthogonalto 7y fisv=7i—2j = u= M= VEr R
= \/% i— \/% jand —u = — \/75 i+ ﬁ j are the directions where the derivative is zero
vi= (xfiy;)z - (Xffyyz)gj = <7 f(1,1) =i— j;avector orthogonal to 7 fisv =1+ j
= u= ‘V7| = \/:ZZ—JIZ = ﬁ i+ ﬁ jand —u = — ﬁ i— ﬁ Jj are the directions where the derivative is zero

vIi=02x=3y)i+(-3x+8y)j = wil,2)=—-4i+13j = | (l,2)] =+/(—4)?2+ (13)2 = 1/185; no, the
maximum rate of change is /185 < 14

vT=2i+02x—2)j—yk= v T,-1,1)=-2i+j+k = |vT(1,—1,1)|:\/(—2)24—12—1—12:\/g;no,the
minimum rate of change is — \/6 > -3

V= (1,2 + (1, 2f andwy = L = Li L = D,001,2) = (1, 2)(\/—)—|—f(1 2)(f)

=22 = £(1,2) +£,(1,2) =4 uy = —j = (D,N(1,2) = £,(1,2)(0) + £,(1,2)(-1) = =3 = —£,(1,2) = —
= f,(1,2) = 3;then f,(1,2) +3 =4 = f(1,2) = I;thus v f(1,2) =i+ 3jandu= ¥ = ——3

1

:7ﬁl*\ﬁ.] = (Db, = vf.uzfﬁf%:f\ﬁ

VT V(=D (-2

7

(a) (Duf)P:2\/§ = ‘Vf|:2\/§;u:ﬁ:\/%—\[l+ \[_] ﬁk;thusu:%
= vi=|vilu= Vf:2\/§<%i+%j—%k):21+2j—2k

b) v=i+j = u=

i+j

f= s =L o Ob = viu=2(L)+2 (L) -20 =212

The directional derivative is the scalar component. With 7 f evaluated at Py, the scalar component of <7 f in the

direction of uis 7 f-u = (D,)y,.

Dif = v f-i={i+fj+ k) -i=1;similarly, Dif = yf-j=f,and Dif = -k =T,

If (x,y) is a point on the line, then T(x,y) = (x — Xo)i + (y — yo)j is a vector parallel to the line = T-N =10
= AX —xg) + B(y — yo) =0, as claimed.

(@ v&h=7

O(kf) »
X

O(kf) » ok v, of\: of _
M+ 20k =k () i+ (9)i+k (L) k=k(Zi+ Li+ LK) =kf
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vd+g = 6(f+g)l+6(f+g)J+8(f+g)k_ (%+%)i+ <%+ )J+ ( +§§)k

=i+ i+ i+ i+ LR+ Ek= (3X1+8yj+8fk)+( i+ %8 _]-i-agk):vf—l-vg
Vv f—g) = v - g (Substitute —g for g in part (b) above)

V) =AMy Mk = (Xt 2r)it (Le+20)i+ (Let 2r)k

:(%g)w(%f)i+(%g)1+(agf)1+(a gk+(Z1)k
:f(a J+8z’k>+g<axl+ayJ+afk):ng+gi

ot a(f o _ g0 of _ o2 of _¢0g
> (;)J‘F g;%) Kk = (goigzt()f)i_,’_ (gd> Zfay)J_i_ (goingoz)k

dx.+gdyj+gd F2i g5 1f %K g(g— +(,)J+(,,k) f(3—§i+§—§j+%k)
- & - & &

A%

f _fve _ gvf-fyue
g g

14.6 TANGENT PLANES AND DIFFERENTIALS

1.

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

()

(b)

(a)

(b)

(a)

(b)

(a)

(b)

v f=2xi+2yj+2zk = <7f(1,1,1) =2i+2j+ 2k = Tangentplane: 2(x —1)+2(y— 1) +2(z—1)=0
= X+y+z=3;
Normal line: x =1+2t,y=1+4+2t,z=1+42t

v f=2xi+2yj—2zk = <7 {(3,5,—4) = 6i + 10j + 8k = Tangent plane: 6(x —3)+ 10(y —5)+8(z+4) =0
= 3x+5y+4z=18;
Normal line: x =3+ 6t,y =5+ 10t,z = —4 + 8t

vi=-2xi+2k = 1(2,0,2) = —4i+ 2k = Tangent plane: —4(x —2)+2(z—2)=0
= —4x+4+2z244=0= -2x+z+2=0;
Normal line: x =2 —4t,y=0,z=2+4 2t

v Ii=02x+2y)i+ 2x —2y)j+2zk = v {(1,—1,3) =4j+ 6k = Tangent plane: 4(y +1)+6(z—3)=0
= 2y+3z2=7;
Normal line: x =1,y = —1+4+4t,z=3+ 6t

v = (—msin mx — 2xy + ze**)i + (—x*> +z)j + (xe** + y) k = 7 f(0,1,2) = 2i + 2j + k = Tangent plane:
2x—0)+2(y—-D+1z—-2)=0=2x+2y+z—-4=0;
Normal line: x =2t,y=1+4+2t,z=2+4t

vi=2x—-yi—-x+2y)j—-k= wvidl,1,—1)=1i-3j— k = Tangent plane:
Ix—D-3y-D—-1z+1)=0=>x—-3y—z=—1,
Normal line: x =1+t y=1-3t,z=—-1—-t

v f=i+j+ kforall points = 7f(0,1,0) =i+ j+k = Tangentplane: I(x—0)+1(y—1)+1(z—0)=0
= x+y+z—-1=0;
Normal line: x =t,y=14tz=t

vVi=2x-2y-Di+Qy—2x+3)j—k = v 1(2,-3,18) =9i — 7j — k = Tangent plane:
Ix—-2)—T7y+3)—1z—-18)=0 = 9x—-Ty—z=21;
Normal line: x =2+9t,y=-3—-7t,z=18—t

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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9. z=1x,y)=In(x®2+y?) = fix,y) = x2+y2 and f,(x,y) = xfjw = £x(1,0) =2 and £;(1,0) = 0 = from

Eq. (4) the tangent plane at (1,0,0)is2(x — 1) —z=0o0r2x —z—2=0

10. z=f(x,y) = e ®") = fi(x,y) = —2xe” ® ") and f,(x,y) = —2ye~ ®**") = £,(0,0) = 0 and £,(0,0) = 0
= from Eq. (4) the tangent plane at (0,0,1)isz—1=0o0rz=1

1L z=1(z,y) = /y—x = fx,y)=—3(y—x"and fy(x,y) = L (y =07 = £(1,2)=— L and fy(1,2) = }
= fromEq.(4)thetangentplaneat(l,Z,1)1s——(x—l)+ y-2)—-z-1)=0=x—-y+2z—-1=0

12. z=f(z,y) = 4x> + y*> = fi(x,y) = 8x and fy(x,y) =2y = f(1,1) =8and fy(1,1) = 2 = from Eq. (4) the
tangent plane at (1,1,5)is8x—1)+2(y—1)—(z—5) =0o0r8x+2y—z—-5=0

13, vf=i+2yj+2k = wvf(l,1,1)=i+2j+2kand syg=iforallpoints;v= yfx g

= V= =2j—2k = Tangentline: x=1,y=14+2t,z=1-2t

=
O N
SN

4. yf=yzi+xzj+xyk = v f(l,1,)=i+j+k wg=2xi+4yj+6zk = v g(,1,1) =2i+4j+ 6k;
i j k

> v=vixyg=1|1 1 1|=2i—4j+2k = Tangentline: x=1+2t,y=1—-4t,z=1+2t

2 4 6

15. vf—2x1+23+2k: v i(1,1,3) =2i+2j+2kand 7 g = jforall points; v= v fx Vg

= v= 772i+2k$Tangentline:x:172t,y:1,z:%+2t

(a2 (SR
— N G
(=R Sy

16. vf—1+2yj+k:> vi(3,1,4) =i+2j+kand 7 g=jforall points;v= v fx Vg

_ e g — 1 _ _ 1
= —i+k = Tangentline: x=35 —t,y=1,z=35+t

= v= !

O = e
— N e
oS -

17. 7= (3x% +6xy?> +4y)i+ (6x%y + 3y? + 4x)j— 2zk = 7 {(1,1,3) = 13i+ 13j — 6k; 7 g = 2xi + 2yj + 2zk

i j k
= wvegld,1,3)=2i+2j+6k;v= yifx yg = v=|13 13 —6|=90i—90j = Tangent line:
2 2 6

x=1490t,y=1-90t,z=3

18. < f=2xi+2yj = vf(ﬁ,ﬁ,4):2ﬁi+2ﬁj; ve=2xit2yj—k = vg(ﬁ,ﬁ,4)

i J k
:2\/5i—|—2\/§j—k;V:vf>< veg=>Vv= 2\/5 Zﬁ 0|=-2 2i+2\/§j:>Tangentline:
202 2v/2

=V2-2/2ty=V2+2\/2tz=4

19. vf= (Xgﬂxﬁ)H-(m)j*'(m)ké V1iG,4,12) = it 15+ g ks

3i+46j — 2k
u:%‘:\/ﬁﬁ 2i48j-2k = yi-u= g anddf = (v f-u)ds= (55) (0.1) ~ 0.0008
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21.

22.

23.

24.

25.

26.

27.

28.

29.
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vf—(e COS}’Z)]*(ZC smyz)Jf(ye sinyz) k = v £(0,0,0)=i;u= M *\/%

anddf—(vf u)ds = \[(01)~00577

S\

veg=(0+cosz)i+ (1l —sinz)j+ (—xsinz—ycosz)k = v g2,—-1,0)=2i+j +k;A=P0_P>1:—2i—|—2j+2k

—2i+2j+2k =(0)(0.2)=0

— — Ly iy 1L ‘u= = .
= u= M Ty ﬁl+\ﬁj+\/§k:> veg-u=0anddg=(7 g-u)ds

v h = [—7y sin(7xy) + z°]i — [rx sin (7xy)] j + 2xzk = 7 h(—1,—1,—1) = (7 sin 7 + 1)i + (7 sin 7)j + 2k
. —2 . . ititk . .

=i+2k;v=PPy =i+j+kwhereP; = (0,0,0) = u= = s = it Joj+ kK

= vh-u:%:\/ganddh:(vh-u)ds:\/g(O.l)N 1732

i

T2

Y

(a) The unit tangent vector at (%, 4 i—

v T = (sin 2y)i + (2x cos 2y)j = vT(%,\/TT)—(sin ) cos\/g)j éDJ(%,?)sz-u

= é sin \/5 — % cos f ~ 0.935° C/ft

(b) r(t) = (sin 20i + (cos 20 = V(1) = (2 cos 20)i — (2 sin 20)j and |v| = 2; 4T = ST d&x 4 gj &

i

B[
ot o

) in the direction of motion is u =

:vT-v:(vT >|V| (D“T)|V\,whereu:ﬁ;at(%,?)wehaveu fl——_]frompart(a)
é%f(\[sm 3——cosf) \/gsin\/g—cos 3 ~ 1.87° C/sec

(@ wT=@x—y2i—xzj—xyk = 7T(8,6,—4) = 56i + 32j — 48k ; r(t) = 2t%i + 3tj — t?k = the particle is
at the point P(8,6, —4) whent = 2; v(t) = 4ti+ 3j — 2tk = v(2) =8i+3j—4k = u= \TV|

_ 8 g3 & 4 4y - w— L AV 136 o
= Loit Lj- bk = DTE,6,—4) = vT-u=[56-8+32:3 48 (—4)] = Z&°C/m
(b) 9T — 9T dx 4 oT &y _ v(2):(736)\/ — 736° C/sec

dt T 9x dt dy dt

VT-v=(vT-w| = att=294 =

(@) (0,0) = 1, fu(x,y) = 2x = £,(0,0) = 0, f,(x,y) =2y = £,(0,0)=0 = L(x,y) = 1 + 0(x — 0) + Oy — 0) = 1
(b) f(1,1) =3,f(1,1) =2,£,(1,1) =2 = Lx,y) =3+2x — 1) +2(y — 1) = 2x + 2y — 1

(@) f(0,0) =4, fu(x,y) =2(x +y +2) = £x(0,0) =4, fy(x,y) =2(x +y +2) = £,(0,0) =4
= Lx,y)=44+4x—-0)+4(y —-0)=4x+4y+4

(a) f(0,0) =5, fi(x,y) = 3 forall (x,y), fy(x,y) = —4 forall (X,y) = L(X,y) =5+3(x—-0) —4(y —0) =3x —4y +5

(b) f(1,1) =4, f,(1,1) =3, f,(1,1) = —4 = L(x,y) =4+3(x— 1) —4(y — 1) =3x —4y +5

(@ f(1,) =1,1fkx,y) = 3)&2y4 = i(1,1) =3,f;(x,y) = 4)&3y3 =fy(1,1) =4
=Lx,y)=14+3x—D+4y—1)=3x+4y—-6
(b) 1(0,0) =0,1(0,0)=0,1,(0,00=0 = L(x,y)=0

(a) 1(0,0) = 1,fi(x,y) = e* cosy = £,(0,0) = 1, fy(x,y) = —e* siny = £,(0,0) =0

=Lxy)=1+1x-0)+0y -0 =x+1
(b) £(0,3) =0,£(0,3) =0,f, (0,5) =1 = Lx,y) =0+0x—-0)—1(y—3)=-y+1
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30. (@) f(0,0) =1, fx(x,y) = —e¥™* = £,(0,0) = —1, fy(x,y) = 2e¥* = £,(0,0) =2

31.

32.

33.

34.

35.

36.

37.

= Lx,y)=1—-1x-0+2(y—0)= —x+2y+1
(b) f(1,2) = €3, fx(1,2) = —€3, f;,(1,2) = 2e3 = L(x,y) =3 —e3(x — 1) + 2e3(y — 2) = —e3x + 2e%y — 2¢3

(@) W(20 )_ 11°F; W(30, —10) = —39°F; W(15, 15) = O°F
(b) W(10, —40) = —65.5°F; W(50, —40) = —88°F; W(6O 30) = 10.2°F;
() (25 5) = —17.4088°F; 3% = — 372 4 00684 — 9W (25, 5) = —0.36; I¥ = 0.6215 + 0.4275v"1°
= W(25,5) = 1.3370 = L(V, T) = —17.4088 — 0.36(V — 25) + 1.337(T — 5) = 1.337T — 0.36V — 15.0938
) i) W(24,6) ~L(24,6) = —15.7118 ~ —15.7°F
i) W(27,2) ~ L(27,2) = —22.1398 ~ —22.1°F
ii) W(5, —10) ~ L(5, —10) = —30.2638 ~ —30.2°F This value is very different because the point (5, —10) is not
close to the point (25, 5).

(50 —20) = —59.5298°F; 2% = — 3722 4 0004 — 9V (50, —20) = —0.2651; Z¥ = 0.6215 + 0.4275v"1°
= 2W(50, —20) = 1.4209 = L(V, T) = —59.5298 — 0.2651(V — 50) + 1.4209(T + 20)
= 1.4209T — 0.2651V — 17.8568
(a) W(49, —22) ~ L(49, —22) = —62.1065 ~ —62.1°F
(b) W(53, —19) ~ L(53, —19) = —58.9042 ~ —58.9°F
(c) W(60, —30) ~ L(60, —30) = —76.3898 ~ —76.4°F

f2,1) = 3, fu(x,y) =2x = 3y = £2, 1) =1, fy(x,y) = —3x = £(2,1)= -6 = Lx,y) =3+ 1(x—2)—6(y — 1)
=7+ x = 6y; fux(x,y) = 2. y(x,y) = 0, fiy(x,y) = =3 = M = 3; thus [Ex, )| < (5) 3) ()x =2/ + |y — 1])”
< (3) 0.1+ 0.1)* = 0.06

f2,2) =11 fi(x,y) =x+y+3 = (2,2 =7.f,(x,y) =x+ -3 = f(2 2)=0
= Lx,y) = 11 +7(x = 2) + 0(y — 2) = 7x = 3; fiu(x,y) = 1, fy(x,y) = 5, fiy (x,y) = 1
= M= [;thus [E(x,y)| < (3) (D (|x = 2] + ]y —2])* < (§) (0.1 +0.1)? = 0.02

f(0,0) = 1, fy(x,y) = cosy = £(0,0) =1,fy(x,y) =1 —xsiny = £,(0,0) =1
= Lx,y)=14+1x-0+1y -0 =x+y+ L fx(x,y) =0, fyy(x,y) = —xcosy, fy(X,y) = —siny = M =1,
thus [E(x,y)| < (3) (D (]x] +]y)* < (1) (0.2 +0.2)*> = 0.08

f(1,2) =6, fi(x,y) = y2 —ysin(x — 1) = fi(1,2) =4, fy(x,y) = 2xy + cos(x — 1) = ,(1,2) =5
= LX,y) =6+4(x — 1)+ 5(y — 2) = 4x + 5y — 8; fix(X,y) = —y cos (x — 1), fyy(X,y) = 2x,
fry(x,y) =2y
Ifux(x,y)| on R is 2.1, the max of |fyy(x, y)| on R is 2.2, and the max of |fxy(x,y)| on R is 2(2.1) — sin (0.9 — 1)
<43 = M = 4.3; thus |E(x,y)| < (%) @3)(x=1]+ 1y — 2|)2 < (2.15)(0.1 +0.1)2 = 0.086

f(0,0) = 1, fy(x,y) = e* cosy = £,(0,0) = 1, fy(x,y) = —e*siny = f,(0,0) =0

= LXx,y) =1+ 1x—-0)+0(y —0) =1 +x; fxx(X,y) = e* cosy, fyy(X,y) = —e* cos y, fxy(X,y) = —€* sin y;
x| <0.1 = —0.1 <x<0.landl|y|<0.1 = —0.1 <y <0.1; thus the max of |fix(x,y)| on R is e*! cos (0.1)
< 1.11, the max of [fyy(x,y)| on R is €*! cos (0.1) < 1.11, and the max of [fx,(x, y)| on R is €*! sin (0.1)

<0.12 = M= L11; thus [E(x,y)| < (3) (1.1D) (|x] + ly])? < (0.555)(0.1 +0.1)2 = 0.0222
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39.

40.

41.

42.

43.

44.
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f(1,1) =0, fx(x,y)Z% = fx(1,1)= l,fy(x,y):§ = (I, D)=1= Lx,y)=0+1x-D+1y—1
:x+y72;fxx(x,y):fé,fyy(x,y):f%,fxy(x,y):O; [x — 1] < 0.2 = 0.98 < x < 1.2 so the max of

[fix (X, y)| on R is

(0.9;3)2 <1.04;]y—1/ <02 = 0.98 <y < 1.2 so the max of |fyy(x,y)| on R is

Gor < 1.04 = M = 1.04; thus [E(x, y)| < (3) (1.04) (]x — 1] + |y — 1])* < (0.52)(0.2 + 0.2)* = 0.0832

(a)

(b)
(©)

(a)

(b)

(©)

()

(b)

©

(a)

(b)

(a)

(b)

©)

(a)

(b)
()

f(1,1, D=3, &1, L, D =y+z[;,;, =21, 1,1 =x —|—Z|(17111) =2, 6L LD =y+x| ;=2

= LKXx,y,2)=34+2x—D4+2y-1)+2z—-1)=2x+2y+2z-3
f(1,0,0) = 0, £x(1,0,0) = 0, £,(1,0,0) = 1, £,(1,0,0) = 1 = LX,y,z2) =0+0x—-D+y-0O+z-0=y+z
£(0,0,0) = 0, £1(0,0,0) = 0, £,(0,0,0) = 0, £,(0,0,0) = 0 = L(x,y,z) =0

f(1,1,1) =3, fx(1,1,1) = 2x|(17171) =2,1,(1,1,1) = 2y|(171?1) =2,f,(1,1,1) = 22\(17171) =2

= LXx,y,2)=34+2x—-1)+2(y—-1)+2(z—1)=2x+2y+2z—-3
f(0,1,0) = 1, £(0,1,0) = 0, £,(0,1,0) = 2,£,(0,1,0) = 0 = L(x,y,2) = 1 + 0(x = 0) +2(y — 1) + 0(z — 0)
=2y—1
f(1,0,0) = 1, £x(1,0,0) = 2,£,(1,0,0) = 0, £,(1,0,0) = 0 = L(x,y,z) = 1 + 2(x — 1) + O(y — 0) + 0(z — 0)
=2x—1

f(1,0,0) = 1, £x(1,0,0) = =1,£(1,0,0) = —5— =0

7)( =
VXY 2 100) VY2 00

£,(1,0,0) = =0 = L(x,y,2) = 1+ 1(x — 1) + 0(y — 0) + 0(z — 0) = x

Vx2+yi+22 (1,0,0)

f(1,1,0) = /2, £(1,1,0) = ﬁ,fy(l, 1,0) = %,fz(l, 1,0)0=0

= L0y, = V2+ - D+ B - D0z -0 = Jx+ oy

f(1,2,2) =3,£(1,2,2) = 1, £(1,2,2) = 2,£,(1,2,2) = 2 = Lx,y,2) =34+ 1Gx-D+3@y-2+3@z-2)

~dxr iy i

f(3,1,1) =16(51,1) :y‘(g,l,l) =0,y (5,1,1) = 3% (3,1,1) =0,
fz(g,1,1):$ (ﬁ“):—l = Lx,y,2)=140(x—-5)+0y—-D—-1z—-1)=2—-z
PER)

f(2,0,1) = 0, £,(2,0,1) = 0, £,(2,0,1) = 2, £,(2,0,1) = 0 = L(x,y,2) = 0+ 0(x —2) + 2(y — 0) + 0(z — 1) = 2y

£(0,0,0) = 2, £4(0,0,0) = | ©0,0,0) = 1, £(0,0,0) = —sin(y + z)| 000 =0,
£,(0,0,0) = —sin(y—i—z)\(O,O’O) =0 = LKXyz2=2+1x-0+0y—-0+0z—-0)=2+x

£(0,%,0) = 1,£(0,3,0) =1,£,(0,5,0) = —1,£,(0,5,0) = =1 = L(x,y,2)

=1+1x-0—-1(y—3)-1z-0)=x—-y—z+7+1
10,55 =L6(0,53) =L (0,55 =-1L£(0,5,7) = -1 = Lkxy,2)
=1+1x-0—-1(y—2)-1(z—-23)=x—-y—z+2I+1

f(1,0,0) =0, £x(1,0,0) = ):O,fy(1707()): =0,

_yz Xz
(xyz)?+1 (1,0,0 (xyz)? +1 (1,0,0)

_ Xy
£,(1,0,0) = m‘ (1,0,0)

f(1,1,0) = 0, fx(1,1,0) = 0, f;(1,1,0) = 0, £,(1,1,0) = 1 = L(x,y,2) =0+0x—1)+0y — )+ 1(z—0) =z
f(1,1,H)=2,f(1,1, D=5 £, L, D=3 60,1, D=1} = Lx,y,20=7+ix-D+i@y-D+3iz-1
=xtdyietiog

=0 = LKXx,y,2)=0
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f(x,y,z) =xz - 3yz+2atPy(1,1,2) = 1(1,1,2) = -2;fy = z,fy = —3z,f, =x - 3y = LX,y,2)
=-242x-1)—-6(y—1)—2z—-2)=2x—-6y —22+6;f =0,f,, =0,f, =0,f, =0,f, = -3
= M = 3; thus, [E(x,y,2)| < (1) (3)(0.01 + 0.01 + 0.02)> = 0.0024

fix,y,2) = x>+ xy+yz+ 322 atPy(1,1,2) = f(1,1,2) =5 f, =2x+y, fy=x+zf,=y+ 1z
= L(x,y,2) =5+3x— D+3(y— D+2z—-2)=3x+3y+2z—5fx =2,f,, =0,f, = L, f;, = 1. f, =0,
fy, =1 = M =2;thus [E(x,y,2)| < (3) (2)(0.01 +0.01 + 0.08)* = 0.01

f(x,y,z) = xy + 2yz — 3xz at Ps(1,1,0) = f(1,1,0) = 1;fx =y — 3z, fy = x + 2z, f, = 2y — 3x
= L(X7y7Z):1+(X71)+(y71)7(270):X+y7Z71;fxx:O,fyy:(),fzz:o’fxy: L, fy, = =3,
fy, =2 = M = 3; thus |E(x,y,2)| < (%) (3)(0.01 + 0.01 4+ 0.01)?> = 0.00135

f(x,y,z) = \/Ecos x sin(y + z) at Py (0,0, %) = f(0,0, %) =1;f; = —\/E sin X sin (y + z),

f, = V2 cos x cos(y +2), f, = /2 cosx cos(y +2) = L(x,y,z) = 1 —0(x — 0) + (y — 0) + (z—1%)
=y+z-— % +1;fx = —\/Ecos x sin(y + z), fyy = —\/Ecos xsin(y +z), f,, = —\/Ecos x sin(y + z),

fyy = — \/E sin X cos (y + z), fx, = ,\/E sin x cos (y + z), fy, = ,\/E cos x sin (y + z). The absolute value of
each of these second partial derivatives is bounded above by \/5 = M= \/5; thus |E(x,y, z)|

< (3) (V2) ©01 + 001 + 001 = 0.000636.

Te(x,y) =¢" +e ¥ and Ty(x,y) = x (e¥ —e™¥) = dT = Ty(x,y) dx + Ty(x,y) dy

= (¥ te?)dx+x (e’ —e¥)dy = dT|y,,) = 2.5dx+3.0dy. If [dx| < 0.1 and [dy| < 0.02, then the
maximum possible error in the computed value of T is (2.5)(0.1) + (3.0)(0.02) = 0.31 in magnitude.

V,=2mthand Vy = 1> = dV =V, dr+ Vy dh = &Y = 2mhdremcdh — 2 gy 1 g now |9 - 100 < 1 and

[P -100] <1 = [§F-100] < [(2 %) (100) + () (100)| <2 [¥- 100 + [P - 100] <2(1)+1=3 = 3%

& <002, <0.03

(@) S =2x%+4xy = dS = (4x + 4y)dx + 4xdy = (4x* + 4xy) L + 4xy % < (4x% + 4xy)(0.02) + (4xy)(0.03)
= 0.04(2x%) + 0.05(4xy) < 0.05(2x%) + 0.05(4xy) = (0.05)(2x> + 4xy) = 0.05S

(b) V =x%y = dV = 2xydx +x*dy = 2x%y & + x?y ¥ < (2x%)(0.02) + (x?y)(0.03) = 0.07(x*y)=0.07V

V=% +rr*h=dV = (4nr? + 2rth)dr + nr’dh;r = 10,h = 15,dr =  and dh = 0 =
dv = (47r(10)2 ton (10)(15)) (1) + 7 (10)2(0) = 3507 cm?

V. =2rthand V, =12 = dV =V, dr+ V,dh = dV =2arhdr+ nr* dh = dV|51) = 1207 dr 4 257 dh;
|dr] < 0.1 cmand |dh| < 0.1 cm = dV < (1207)(0.1) + (257)(0.1) = 14.57 cm?; V(5, 12) = 3007 cm?®

. : 14.57 _
= maximum percentage error is & 355" x 100 = +£4.83%

2 2
@ f=p+dt = —FdR=—LdR - LR, = dR:(R%) dR1+(%) dR,

2

(b) dR =R [() dRy + () dRa| = AR (00 = R? [tz dR1 + g dRs| = R will be more

1

o, . . . . . 1
sensitive to a variation in Ry since {1002 > @00z
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2 2
(¢) From part (a), dR = (%) dR; + (5) dR5 so that R; changing from 20 to 20.1 ohms = dR; = 0.1 ohm

and Ry changing from 25 to 24.9 ohms = dRy = —0.1 ohms; é = RLI + RLZ = R= 100 ohms

100 100
= dR| ws) = ((290))2 0.1) + ((295))2 (=0.1) ~ 0.011 ohms = percentage change is 4 | (1025, X 100

x 100 =~ 0.1%

- (%)

835

A =xy = dA =xdy+ ydx;if x > ythen a 1-unit change in y gives a greater change in dA than a 1-unit change in x.

Thus, pay more attention to y which is the smaller of the two dimensions.

(a LKExy)=2x(y+1) = fx(l,O):2andfy(x,y):x2 = fy(1,00=1 = df =2dx+ 1dy = dfis more
sensitive to changes in x
(b) df =0 = 2dx+dy=0 =25 +1=0= §=—3

(@ rP=x"+y? = 2rdr=2xdx+2ydy = dr=2dx+¥dy = drgs = () (£0.01)+ () (£0.01)
L

3
5
oo T @
i dy = g = (57) (£0.01) + (55) (£0.01) = %"‘%%
= maximum change in df occurs when dx and dy have opposite signs (dx = 0.01 and dy = —0.01 or vice
007 —1(4Y ~ 9 _ 0.0028
versa) = df = 27 ~ +0.0028; 6 = tan~! (§) ~ 0.927255218 = |% x 100| = | ;5228 x 100|
~ 0.30%

(b) the radius r is more sensitive to changes in y, and the angle 6 is more sensitive to changes in x

=+ 27 = +0.014 = |¥x 100 = |+ 2% x 100| = 0.28%; df =

= dx +

y +x2

(a) V=ar’h = dV =2nthdr+7r’dh = atr=1andh =5 we have dV = 107 dr + 7 dh = the volume is
about 10 times more sensitive to a change in r
(b) dV=0 = 0=2nthdr+ardh=2hdr+rdh=10dr+dh = dr= — % dh; choose dh = 1.5
= dr=—0.15 = h=6.5in. and r = 0.85 in. is one solution for AV ~ dV =0

a b
d

|a| is much greater than |b|, |c|, and |d|, the function f is most sensitive to a change in d.

f(a,b,c,d) =

‘—adbc = f,=d,fy = —c,f.=—-b,fy=a = df =dda— cdb — bdc+ add; since

uy =e,uy =xe¥ +sinz,u, =ycosz = du=e’ dx+ (xe¥ +sinz) dy + (y cos z) dz
= du] (m33) = 3dx+7dy+0dz=3dx+ 7dy = magnitude of the maximum possible error
< 3(0.2) + 7(0.6) =

Qo= (307 (2).0u = (59)° (3) . ana 0, = § (49 (5)

h
— dQ = 1(ZIEM) 1/2( )dK—|— (ZKM) 1/2( )dM—l— 1 (ZKM) 1/2( 2KM) dh

1/2
= % (%) / [% dK + % dM — 2];;\/1 dh] = dQ‘ (2,20,0.0.05)

—1/2
=1 [@)3%3(520)} {(20),%250) dK + 3 dM — G2 dh] (0.0125)(800 dK + 80 dM — 32,000 dh)

= Q is most sensitive to changes in h

A=1absinC = A, =3bsinC,A,=1asinC, A, = 1abcosC

= dA = (1bsinC) da+ ($asinC) db+ (1 abcos C) dC; dC = |2°| = |0.0349) radians, da = [0.5] ft,
db = |0.5] ft; at a = 150 ft, b = 200 ft, and C = 60°, we see that the change is approximately

A = £ (200)(sin 60°) [0.5] + 3 (150)(sin 60°) [0.5] + 3 (200)(150)(cos 60°) [0.0349| = -+ 338 ft*
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63. z=1(x,y) = g(x,y,2) =1(x,y) —z2=0 = g(x,y,2) = f(X,y), gy(X,y,2) = fy(x,y) and g,(x,y,2) = —
= gx(X0, Yo, (X0, ¥0)) = 1x(X0, Yo), gy(X0, Yo, I(Xo, o)) = fy(Xo, Yo) and g,(Xo, Yo, (X0, yo)) = —1 = the tangent
plane at the point Py is fx(Xo, yo)(x — Xo) + fy (X0, Yo)(y — yo) — [z — f(X0, yo)] = 0 or
z = fx (X0, Yo)(X — Xo) + fy(X0, Yo)(y — yo) + (X0, Yo0)

64. 7 f=2xi+2yj=2(cost+tsint)i+ 2(sint—tcost)jandv = (tcost)i+ (tsint)j = u= ﬁ

(t cos )i + (t sin t)j

= e P (cos t)i+ (sint)jsincet >0 = (Dyf)p, = v f-u
= 2(cost+ tsint)(cost) +2(sint — tcos t)(sint) = 2

65. v f=2xi+2yj+2zk=(2cost)i+ (2sint)j+2tkandv = (—sint)i+ (cost)j+k = u= 1‘

(— sin 0i + (cos )j + k

T Ve s+ 2 (_\%[) i+ (&\/S—t)j‘i' 7k = (Dub)p, = v f-u
= @eos ) (=) + @siny (<) + @0 (L) = % = Ob(F) = 575 DuHO) = 0 and
O () = 572

66. r=/ti+ /ti—-1t+3k = v=1t2i+ 12— lkit=1 = x=1,y=1Lz=-1 = Py=(1,1,-1)
andv(l):%i—l—%j—%k;f(x,y,z):x +y?—z-3=0= wif=2xi+2yj—k
= v f(l,1,—1) =2i+ 2j — k; therefore v = %(vf) = the curve is normal to the surface

67. r=/ti+ i+ Q2t—Dk = v=1t2i+ 1t 2j+2k;t=1 = x=1Ly=1Lz=1 = Py=(1,1,1)and
v()=3i+3j+2Kk:f(x,y,2) =x+y?—z—1=0 = yf=2%i+2yj—k = f(l,1,1)=2i+2j—k;
now v(1) - sy f(1,1, 1) = 0, thus the curve is tangent to the surface when t = 1

14.7 EXTREME VALUES AND SADDLE POINTS

. Hix,y)=2x+y+3=0andfy(x,y)=x+2y—-3=0 = x=-3andy =3 = critical point is (-3, 3);
fix(=3,3) = 2, £,4(-3,3) = 2, £4,(=3,3) = 1 = f,fyy — ffy =3 > 0andfyx >0 = local minimum of
f(—3,3) = —

2. fy(x,y) =2y — 10x+4 =0and fy(x,y) =2x —4y+4=0 = x=32andy = 3 = critical pointis (3,%);

fuo (3,%) = —10, £y (3,3) = —4.£y (5.3) =2 = fufyy — 2 =36 > 0and f, <0 = local maximum of

3. fix,y)=2x+y+3=0andfy(x,y)=x+2=0 = x=-2andy =1 = critical point is (-2, 1);
fix(—=2,1) =2, fy(=2,1) = 0, £,y (=2, 1) = 1 = ffyy — ffy = —1 < 0 = saddle point

4. fu(x,y) =5y — 14x+3 =0and fy(x,y) =5x —6 =0 = x=Sandy = £ = critical pointis (¢, £);

fo (3, 8) = —14.6,y (§,8) = 0.1y (£, R) =5 = fufyy — 2 = —25 <0 = saddle point

5. f(x y) =2y —2x+3=0andfy(x,y) =2x —4y=0 = x=3andy = 3 = critical pointis (3,3);
fix (3,2) = fiy (3,3) = —4.1y (3,3) =2 = fufyy — f2, =4 >0andf, <0 = local maximum of
g
6. Lix,y)=2x—4y=0and fy(x,y) = —4x+2y+6=0 = x=2andy =1 = critical point is (2, 1);
fx(2,1) =2, £,y(2,1) =2, £,(2,1) = =4 = ffyy — ffy —12 < 0 = saddle point
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fx(x,y) =4x+3y —5=0and fy(x,y) =3x+8y+2=0 = x=2andy = —1 = critical pointis (2, —1);
fx(2, =) =4,1y(2,-1) =8, £y(2, —1) =3 = fifyy, — ffy =23 > 0and fyx > 0 = local minimum of f(2, —1) = —6
fx(x,y) =2x -2y —2=0and fy(x,y) = —2x +4y+2=0 = x=1andy = 0 = critical point is (1, 0);

fx(1,0) = 2, £y, (1,0) = 4, £, (1,0) = =2 = fyfyy — ffy =4 > (0and fyx >0 = local minimum of f(1,0) =

fx(x,y) =2x —2=0and fy(x,y) = -2y +4 =0 = x=1landy = 2 = critical point is (1, 2); fxx(1,2) = 2,

fyy(1,2) = =2, £,(1,2) =0 = fifyy — 3 = —4 <0 = saddle point

fx(x,y) =2x+2y =0and fy(x,y) =2x =0 = x=0andy = 0 = critical point is (0, 0); £xx(0,0) = 2,

f,(0,0) = 0, £y (0,0) =2 = fyefyy — 2, = —4 <0 = saddle point

- -8 . o
fi(x,y) = \/% —8=0andfy(x,y) = \/W# = 0 = critical point is (1—6 0)~

fxx(g,O) = 185"f (16’0) 15’f (16 O) =0 = fufyy — f =

bt 225 > Oand f,, < 0 = local maximum of

fx(x,y) = W =0andf,(x,y) = ﬁ = 0 = there are no solutions to the system fx(x,y) = 0 and

fy(x, y) = 0, however, we must also consider where the partials are undefined, and this occurs when x =0 and y = 0

= critical point is (0,0). Note that the partial derivatives are defined at every other point other than (0, 0). We cannot use
the second derivative test, but this is the only possible local maximum, local minimum, or saddle point. f(x, y) has a local
maximum of £(0,0) = 1 at (0,0) since f(x,y) = 1 — /x> + y2 < 1 forall (x,y) other than (0, 0).

fo(x, y)—3x2—2y:0andf(x y)=-3y?-2x=0 = x:Oandy:O,orx:—éandy:% = critical points

are (0,0) and (— 2, 2) :for (0,0): £x(0,0) = 6x] (o) = 0, £y(0,0) = —6y| ;o) = 0. fxy(0,0) = —

= fufyy —f2 = —4 <0 = saddle point; for (—$,3): fu (- 3,5) = —4.fy (-5, %) = —4. fxy( 3 =-2
= fuxfyy — ffy 12 > 0 and f,;, < 0 = local maximum off(—% %) = %

fu(x,y) = 3x* + 3y = O and fy(x,y) =3x+3y? =0 = x=0andy = 0,orx = —landy = —1 = critical points
are (0,0) and (—1, —1); for (0, 0): fx«(0,0) = 6x] ©0,0) = 0, fy(0,0) = 6y| 00) =0 fxy(0,0) =3 = fifyy — ffy
= -9 < 0 = saddle point; for (=1, —1): fix(—1,—1) = =6, fy(—1,—-1) = =6, f(=1,—-1) = 3 = ffyy — ffy
=27 > 0and fx < 0 = local maximum of f(—1,—1) =1

fu(x,y) = 12x — 6x? + 6y = O and fy(x,y) =6y + 6x =0 = x =0andy = 0,0orx = landy = —1 = critical
points are (0, 0) and (1, —1); for (0, 0): fxx(0,0) = 12 — 12x]| 0,0) = 12, £3y(0,0) = 6, £,y(0,0) = 6 = fifyy — ffy
=36 > 0 and fxx > 0 = local minimum of f(0,0) = 0; for (1, —1): fx(1,—1) =0, f,(1,—-1) =6,
fiy(1,—1) =6 = fifyy — ffy = —36 < 0 = saddle point
fu(x,y) =3x>+6x=0 = x=00rx = —2;f,(x,y) =3y? —6y =0 = y=0o0ry =2 = the critical points are
(0,0), (0,2), (—2,0), and (—2 2); for (0, 0): £4x(0,0) = 6x + 6| (0,0) = 6, fyy(0,0) = 6y — 6| 00) = —6,
£y(0,0) =0 = ffy — Xy = —36 < 0 = saddle point; for (0, 2): £(0,2) = 6, £,,(0,2) = 6, £,,(0, 2) =0

= fxxfyy — f2 =36 > 0and fyx > 0 = local minimum of f(0,2) = —12; for (—2,0): fix(—=2,0) = —

Xy
fyy(=2,0) = =6, fxy(—=2,0) = 0 = fxfyy — ffy =36 > 0and fx < 0 = local maximum of f(—2,0) = —4;
for (=2,2): fx(—2,2) = =6, fy(—2,2) = 6, fy(—2,2) = 0 = fxfyy — ffy = —36 < 0 = saddle point
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17. fx(x,y) = 3x> + 3y> — 15 = 0 and f,(x,y) = 6xy + 3y> — 15 = 0 = critical points are (2, 1), (-2, —1), (O, \/g), and

(o, —\/g);for (2,11 f(2,1) = 6x] () = 12, £yy(2,1) = (6x + 6y)] () = 18, fyy(2,1) = 6y] () = 6
= fifyy — £2 = 180 > 0and fx > 0 = local minimum of f(2, 1) = —30; for (=2, —1): fix(—2,—1) = 6x| (—2,-1)

Xy
= 12, £y (<2, 1) = (6x +6y)[ _y ;) = —18. iy (~2, 1) = 6y] L, ) = 6= fefyy — 2 = 180 > Oand
fox < 0 = local maximum of f(—2, —1) = 30; for (o, ﬁ): fo (0, \/5) - 6x‘ 00) 0, fyy (0, ﬁ)

= (Ox+6)l (5 = 61/5. fiy (o, ﬁ) = 6y‘ 00 = 6v/5 = fufyy — 2 = —180 < 0 = saddle point;
for (0, —ﬁ): foe (o, —ﬁ) - 6x’ 0-v5)

fiy (0, _ \/5) - 6y‘ 0v5) —61/5 = fufyy — 2, = —180 < 0 = saddle point.

=0.65(0.-V/5) = (@x + 69, _5) = ~6V5.

18. fi(x,y) =6x>—18x =0 = 6x(x —3) =0 = x:Oorx=3;fy(x,y):6y2—|—6y— 12=0= 6(y+2)(y—1)=0
= y=—2ory =1 = the critical points are (0, —2), (0, 1), (3, —2), and (3, 1); fxx(X,y) = 12x — 18,
fyy(x,y) = 12y + 6, and fyy(x,y) = 0; for (0, —2): f;x(0,—2) = —18, f,,(0, =2) = —18, £, (0, -2) =0
= fufy — ffy =324 > 0 and f;x < 0 = local maximum of (0, —2) = 20; for (0, 1): fxx(0,1) = —18,
fyy(0,1) = 18, £,y(0,1) = 0 = fifyy — 2 —324 < 0 = saddle point; for (3, —2): £xx(3,—2) = 18,
fyy(3,—2) = —18, f,y(3,=2) = 0 = fifyy — f2 = —324 <0 = saddle point; for (3, 1): f,(3,1) = 18,

Xy:
Xy:

fyy(3,1) =18, f,y(3,1) = 0 = fifyy — ffy =324 > 0 and fyx > 0 = local minimum of f(3,1) = —34

19. fx(x,y) =4y —4x* = 0and fy(x,y) =4x -4y’ =0 = x=y = x(1 —x?) =0 = x=0,1,—1 = the critical
points are (0, 0), (1, 1), and (—1, —1); for (0,0): fx(0,0) = —12x?| (0,0) = 0, fyy(0,0) = —12y?| 00) = 0,
fy(0,0) =4 = fufyy — f2, = —16 < 0 = saddle point; for (1, 1): fy (1, 1) = —12, fyy(1, 1) = —12, f,(1, 1) = 4

Xy
= fixfyy — ffy =128 > 0 and fyx < 0 = local maximum of f(1, 1) = 2; for (—1, —1): fix(—1,—1) = —12,
fyy(—=1,—1) = =12, fiy(—=1,-1) =4 = ffyy — fXQy =128 > 0 and fyx < 0 = local maximum of f(—1,—1) =2

20. fu(x,y) =4x3 +4y =0and fy(x,y) =4y’ +4x =0 = x=-y = —x*+x=0= x(1-x})=0 = x=0,1, -1
= the critical points are (0,0), (1, —1), and (—1, 1); fx(x,y) = 12x?, fyy(x,y) = 12y?, and fiy(X,y) = 4;
for (0, 0): £x(0,0) =0, f,y(0,0) = 0, fy(0,0) = 4 = ffyy — f2 = —16 <0 = saddle point; for (1, —1):

xy —

fix(1,—1) = 12, fyy (1, =1) = 12, £, (1, 1) = 4 = ffyy — ffy =128 > 0 and fx > 0 = local minimum of
f(1,—1) = —=2;for (—1, 1): f5,(—1,1) = 12, f,,(—1,1) = 12, £, (—=1,1) = 4 = f,f, — ffy =128 > 0 and

fyx > 0 = local minimum of f(—1,1) = —2

21. fi(x,y) = m = 0and fy(x,y) = m =0 = x=0andy =0 = the critical point is (0, 0);
4% —2y* 42 —2x> +4y* 42 8x
fx = (x2+y2y:;)‘3 Sy = x2 ++y2y, 1+)3’ ey = (x2+y2y, nE £x(0,0) = =2, £,4(0,0) = =2, £(0,0) =0
= frxfyy — ffy =4 > 0 and fyx <0 = local maximum of f(0,0) = —1

22. fx(x,y):—éer:Oandfy(x,y):xf%:0 = x=1landy =1 = the critical pointis (1, 1); fux = 3, fyy = %

fy = L1, D) =2,£,(1,1) =2,f,(1,1) = 1 = ffy, — fxzy =3 > 0andf, >2 = local minimum of f(1,1) =3
23. fx(x,y) =ycosx = 0and fy(x,y) =sinx =0 = x =nm, naninteger,andy = 0 = the critical points are
(nm, 0), n an integer (Note: cos x and sin X cannot both be 0 for the same X, so sin x must be 0 and y = 0);
fxx = —ysinx, fyy = 0, f;y = cos x; fix(n7m,0) = 0, fyy(nm,0) = 0, fyy(nm,0) = 1 if nis even and fyy(n7m,0) = —1
ifnisodd = ffy, — ffy = —1< 0 = saddle point.
Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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f(x,y) = 2e** cos y = 0 and fy(x,y) = —e** siny = 0 = no solution since e** # 0 for any x and the functions

cos y and sin y cannot equal O for the same y = no critical points = no extrema and no saddle points

fio(x,y) = (2x — 4)eX’ +¥' =% = 0 and fy(x,y) = 2ye¥ T¥' = = 0 = critical point is (2,0); fxx(2,0) = 2, fxy(2,0) = 0,

fiy(2,0) = & = fifyy — 2

o5 = % > Oand fy, > 0 = local mimimum of f(2,0) = %

fi(x,y) = —ye* = 0 and fy(x,y) = e — e* = 0 = critical point is (0,0); fx(2,0) = 0, fy(2,0) = —1, f,y(2,0) =1
= fxfyy — f4 = —1 < 0 = saddle point

fu(x,y) = 2xe™ = 0 and fy(x,y) = 2ye ™ — e ¥(x*> + y?) = 0 = critical points are (0, 0) and (0, 2); for (0,0):
fc(0,0) = 267 g.0) = 2. £y(0,0) = (267 — dye™ + e (x* +¥2))| 0) = 2. y(0,0) = —2xe™¥| ) = 0

= fufyy — £, =4 > 0and f,, > 0 = local mimimum of £(0,0) = 0; for (0,2): fx(0,2) = 2¢7Y| 02) = Z,
fy(0,2) = (2e7 —dye™ + eV +y2))| g = — 3+ Fy(0,2) = ~2xe Y| g, = 0= fefyy —£2, = —% <0

= saddle point

fi(x,y) = e*(x*> — 2x +y*) = 0 and fy(x,y) = —2ye* = 0 = critical points are (0,0) and (—2, 0); for (0, 0):

fx (0,0) = e*(x% + 4x + 2 — y?)| 00) =2 fyy(0,0) = —2¢*| 00) = -2, fy(0,0) = —2ye*| 00) = 0

= fufy — £ = —4 < 0and f, > 0 = saddle point; for (—2,0): fix(=2,0) = e*(x* + 4x +2 = y*)[ _,) = — &
fyy(=2,0) = 2%, = — 2, fiy(—2,0) = —2ye¥| (—20 = 0= fadyy — 3, = 4 > 0and fyx < 0 = local maximum
of f(—2,0) = %

fi(x,y) = -4+ 2 =0and fy(x,y) = -1 + 5 = 0 = critical pointis (3, 1) ; fux(3, 1) = =8, fyy (3, 1) = —1,
fxy(%, 1) =0 = fify — f2 =8 > 0and f,, < 0 = local maximum off(%, 1) =—-3—-2In2

Xy
fx(x,y) =2x + Hl_y =0andfy(x,y) = -1+ H'_y = 0 = critical point is (—%, %) ;fxx(—%, %) = l,fyy(—%, %) =-1,
fiy (=1, 3) = =1 = fiufyy — £3 = —2 < 0 = saddle point
(i) OnOA, f(x,y) =f(0,y) =y* —4y+1on0 <y < 2;

f'0,y) =2y —4=0 = y=2;
f(0,0) = 1 and f(0,2) = -3
(i) OnAB, f(x,y) =1f(x,2) =2x> —4x —30n0 < x < I;
f'(x,2) =4x—4=0 = x=1;
f(0,2) = —3 and f(1,2) = —5 £
(iii) On OB, f(x,y) = f(x,2x) = 6x> — 12x + 1 on r
0 < x < 1; endpoint values have been found above;
f'(x,2x) = 12x — 12 =0 = x = 1 and y = 2, but(1, 2) is not an interior point of OB
(iv) For interior points of the triangular region, fx(x,y) = 4x —4 =0 and fy(x,y) =2y -4 =0

= x = landy = 2, but (1, 2) is not an interior point of the region. Therefore, the absolute maximum is
1 at (0, 0) and the absolute minimum is —5 at (1, 2).
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Chapter 14 Partial Derivatives

OnOA,D(x,y) =D(0,y) =y?*+1on0 <y <4
D'(0,y) =2y =0 = y =0;D(0,0) =1 and

D(0,4) =17
On AB, D(x,y) = D(x,4) = x> —4x + 17 on
0<x<4,D(x,4)=2x—4=0 = x=2and (2,4) R R x

is an interior point of AB; D(2,4) = 13 and
D(4,4) = D(0,4) = 17

OnOB,D(x,y) =D(x,x) =x>+10on0 < x < 4;
D'(x,x) =2x =0 = x = 0andy = 0, which is not an interior point of OB; endpoint values have been found

above

For interior points of the triangular region, fx(x,y) = 2x —y = 0 and fy(x,y) = —x+2y =0 = x=0andy =0,
which is not an interior point of the region. Therefore, the absolute maximum is 17 at (0, 4) and (4, 4), and the
absolute minimum is 1 at (0, 0).

On OA, f(x,y) = f(0,y) = y2 on0<y<2;

f'(0,y) =2y =0 = y = 0and x = 0; f(0,0) = 0 and
f(0,2) =4

On OB, f(x,y) = f(x,0) = 2on0<x<1;
f'(x,00=2x=0 = x=0andy = 0; f(0,0) = 0 and J
f(1,0) =1 .
On AB, f(x,y) = f(x, —2x +2) = 5x> — 8x + 4 on i
0<x<1;f'(x,-2x+2) = 10x—8=0:>x:%

andy = 2;f(%,%) = £; endpoint values have been found above.
For interior points of the triangular region, fx(x,y) = 2x = 0 and fy(x,y) =2y =0 = x = 0andy = 0, but (0,0) is

not an interior point of the region. Therefore the absolute maximum is 4 at (0, 2) and the absolute minimum is O at
0,0).

On AB, T(x,y) = T(0,y) = y?>on -3 <y < 3; y
T0,y) =2y =0 = y=0and x = 0; T(0,0) =0,
T(0,—-3) =9, and T(0,3) =9

OnBC, T(x,y) = T(x,3) =x> = 3x+90n0 < x < 5;
T'(x,3)=2x—3=0 = x=3andy=3;

T (3,3) = Zand T(5,3) = 19

On CD, T(x,y) = T(5,y) =y*> + 5y — 5on
—3<y<3TG,y=2y+5=0= y=—3and
x=5T(5,-3)=-%,T65,-3) = —11and T(5,3) = 19
OnAD, T(x,y) =T(x,-3) =x> - 9x4+90n0<x < 5;T(x,-3)=2x—9=0 = x=2andy = —3;
T(3,-3)=—%,T(0,-3)=9and T(5,-3) = —11

For interior points of the rectangular region, Tx(x,y) =2x +y -6 =0and Ty(x,y) =x+2y =0 = x =4

andy = —2 = (4,—2) is an interior critical point with T(4, —2) = —12. Therefore the absolute maximum
is 19 at (5, 3) and the absolute minimum is —12 at (4, —2).
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On OC, T(x,y) = T(x,0) = x? — 6x + 2 on y
0<x<5T(x0=2x—6=0 = x=23and
y =0;T(3,0) = -7, T(0,0) =2, and T(5,0) = -3 !
On CB, T(x,y) = T(5,y) = y?> + 5y — 3 on
—3<y<0;T(GS,y)=2y+5=0 = y=—3and
x=5T(5-3)=-3andT(5,-3) = -9
On AB, T(x,y) = T(x,—3) = x> = 9x + 11 on
0<x<5Tx-3)=2x-9=0 = x—iand
=-3;T(3,-3) =—3 and T(0,-3) = 11
On AO, T(x,y) = T(0,y) = y* +20on -3 <y < 0; T'(0,y) =2y = 0 = y = 0 and x = 0, but (0,0) is
not an interior point of AO

For interior points of the rectangular region, Tx(x,y) =2x +y -6 =0and Ty(x,y) =x+2y =0 = x =4
and y = —2, an interior critical point with T(4, —2) = —10. Therefore the absolute maximum is 11 at
(0, —3) and the absolute minimum is —10 at (4, —2).

On OA, f(x,y) = f(0,y) = —24y’on 0 < y < 1; y
f'(0,y) = —48y =0 = y =0and x = 0, but (0,0) is 1
not an interior point of OA; f(0,0) = 0 and Ji
£(0,1) = —24
X

On AB, f(x,y) = f(x, 1) = 48x — 32x3 — 24 on
0<x<1;f'(x,1) =48 —96x2 =0 = x:%and

yzl,orx:—\/—andy—lbut< \/—, )isnotin
the interior of AB; f(\/—, ) = 16\/_— 24 and f(1,1) = —8
On BC, f(x,y) = f(1,y) =48y —32 — 24y’ on0 <y < 1;f'(1,y) =48 —48y =0 = y=landx = 1, but
(1, 1) is not an interior point of BC; f(1,0) = —32 and f(1,1) = —8
On OC, f(x,y) = f(x,0) = —32x30on 0 < x < 1;f'(x,0) = —96x> = 0 = x = 0and y = 0, but (0, 0) is not an
interior point of OC; f(0,0) = 0 and f(1,0) = —
For interior points of the rectangular region fo(x,y) = 48y — 96x? = 0 and f, y(X,y) =48x — 48y =0
= x=0andy =0,0orx = 5 andy = %, but (0,0) is not an interior point of the region; f (3, 3) = 2.
Therefore the absolute maximum is 2 at (%, %) and the absolute minimum is —32 at (1, 0).
On AB, f(x,y) =f(1,y) =3cosyon — 7 <y
f'(l,y)=—-3siny=0 = y=0andx = [;
£1,00=3,£(1,— ) = 22 and £ (1,%) = 3
On CD, f(x,y) = (3, y)—3cosy0n—% <y
f'3,y) = —3siny=0 = y=0and x = 3;

™ 32 s 3y/2
£3,00=3,£(3,— %) = 22 and f (3,7) = 22
OnBC, f(x,y) =f(x,%) = ? (4x — x%) on
1<x<3f(x,1) =v22 -0 =0 = x=2andy = 7;f(2,7) =2v/2,f(1,7) = 22 and
13,5 =29

14

IN

INE

I
E

A ]

s
4

On AD, f(x,y) = f (x,— £) = L2 (4x = x®)on 1 <x < 3; ' (x,— %) = /22— x) =0 = x =2andy = — T ;
F2,- 1) =22, f(1,- 1) = 32 and (3, 7) = 32
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(v)  For interior points of the region, fx(x,y) = (4 — 2x)cos y = 0 and fy(x,y) = — (4x — x*)siny =0 = x =2
and y = 0, which is an interior critical point with f(2,0) = 4. Therefore the absolute maximum is 4 at

(2,0) and the absolute minimum is Lf at (3, — %) , (3, %) , (l, — %) , and (1, }) .

(i OnOA, f(x,y)=f0,y) =2y +1on0<y<1; 24
f'(0,y) = 2 = no interior critical points; f(0,0) = 1 1
and £(0, 1) = 3

(i) OnOB, f(x,y) =1f(x,0) =4x+1on0 <x < 1;
f'(x,0) =4 = no interior critical points; f(1,0) = 5

(iii) On AB, f(x,y) = f(x, —x + 1) = 8x> — 6x + 3 on -
0<x<Lf(x,—x+1)=16x—6=0 = x=13 ]
andy =3;f(3,3) =% .f(0,1)=3,and f(1,0) = 5

(iv) For interior points of the triangular region, f,(x,y) =4 —8y = 0and f,(x,y) = —8x+2=0

11

= y= % and x = % which is an interior critical point with f (Z’ 3

(1, 0) and the absolute minimum is 1 at (0, 0).

) = 2. Therefore the absolute maximum is 5 at

Let F(a,b) = fa b(6 — x — x?) dx where a < b. The boundary of the domain of F is the line a = b in the ab-plane, and
F(a,a) = 0, so F is identically O on the boundary of its domain. For interior critical points we have:
F——(6—a—a’)=0=>a=-32and % =(6-b—b*)=0 = b=—3,2. Sincea < b, there is only one
interior critical point (—3,2) and F(—3,2) = f 723(6 — x — x?) dx gives the area under the parabolay = 6 — x — x that is
above the x-axis. Therefore,a = —3 and b = 2.

Let F(a,b) = j;b(24 —2x — x2)1/3 dx where a < b. The boundary of the domain of F is the line a = b and on this line F is
1/3

identically 0. For interior critical points we have: % = — (24 —2a—a?)

OF _ (24 —2b—b2)"/*

=0 = a=4,—6and
=0 = b =4, —6. Since a < b, there is only one critical point (—6,4) and
4
6

Therefore,a = —6 and b = 4.

F(—6,4) = f, (24 — 2x — x?) dx gives the area under the curve y = (24 — 2x — x2)1/3 that is above the x-axis.

Tu(x,y) =2x — 1 =0and Ty(x,y) =4y =0 = x = andy = O with T (},0) = — ; ; on the boundary
Xy =1: T(x,y) = —x* —x+2for =1 <x <1 = T(x,y)=-2x—1=0 = x=—fandy = :I:?;
T(—1 ﬁ) :%,T(—l —ﬁ) =9, T(~1,0)=2,and T(1,0) = 0 = the hottestis 2 1 ° at (—%,ﬁ) and

2772 27 2 2

IS

3. : o
(—%,— g ),thecoldestls—}—‘ at (1,0).

fx(X,y)=y+2—%:0andfy(x,y)zx—§20 = X:%andy:2;fxx(%,2) :)‘2—2

(12 =%

fyy (%,2) = % (12 = 7. 1xy (%,2) =1 = fidy fffy =1>0andf >0 = alocal minimum off(%,Z)

=2-Ini=2+m2

(@) fx(x,y)=2x—4y=0andfy(x,y) =2y —4x=0 = x=0andy = 0; £x(0,0) = 2, £,,y(0,0) = 2,
fxy(0,0) = —4 = ffyy — ff = —12 < 0 = saddle point at (0, 0)

(b) fu(x,y) =2x—2=0and f,(x,y) =2y —4 =0 = x = Landy = 2; fi(1,2) = 2, f,(1,2) = 2,

fxy(1,2) = 0 = fxyfyy — ffy =4 > 0and fyx > 0 = local minimum at (1, 2)
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(©) fx(x,y) =9x> -9 =0and i(x,y)=2y+4=0 = x= £landy = -2; f;,(1,-2) = 18x|<],_2> =18,
fyy(1,-2) = 2,1,(1,-2) = 0 = f,f,, — ffy =36 > 0 and fyx > 0 = local minimum at (1, —2);
fix(—1,=2) = =18, £y (=1, =2) = 2, fxy(—1,-2) = 0 = ffyy — Xy = —36 < 0 = saddle point at (—1, —2)

(a) Minimum at (0, 0) since f(x,y) > 0 for all other (x, y)

(b) Maximum of 1 at (0, 0) since f(x,y) < 1 for all other (x, y)

(c) Neither since f(x,y) < 0 for x < 0 and f(x,y) > O forx > 0

(d) Neither since f(x,y) < 0 for x < 0 and f(x,y) > 0 forx > 0

(e) Neither since f(x,y) < Oforx < Oandy > 0, but f(x,y) > 0forx > 0andy > 0
(f) Minimum at (0, 0) since f(x,y) > 0 for all other (x,y)

Ifk = 0, then f(x,y) = x* + y* = fx(x,y) = 2x = 0 and fy(x,y) =2y = 0 = x = O and y = 0 = (0, 0) is the only
critical point. Ifk # 0, f(x,y) =2x+ky =0=y = —Zx;f(x,y) = kx +2y =0 => kx + 2 (— 2x) =0
ks —2=0=(k—2)x=0 = x=00rk= +2 = y=(—2)(0)=0o0ry = +x;inany case (0,0)isa

critical point.

(See Exercise 45 above): fi(x,y) = 2, fyy(x,y) = 2, and fyy(x,y) = k = fiifyy — ffy = 4 — k2; f will have a saddle point
at (0,0)if4 — k2 < 0 = k >2ork < —2; f will have a local minimum at (0,0) if 4 — k% > 0 = —2 < k < 2; the test is

inconclusive if 4 — k2 =0 = k= +2.
No; for example f(x, y) = xy has a saddle point at (a, b) = (0,0) where f, =, = 0.

If fy«(a, b) and fyy(a, b) differ in sign, then fx(a, b) fyy(a,b) < 0 s0 ficfyy — ffy < 0. The surface must therefore have a
saddle point at (a, b) by the second derivative test.

We want the point on z = 10 — x2 — y? where the tangent plane is parallel to the plane x + 2y + 3z = 0. To find a normal
vectortoz = 10 — x> — y?let w = z + x?> + y?> — 10. Then 7 w = 2xi + 2yj + k is normal to z = 10 — x> — y? at
(x,y). The vector 7 w is parallel to i 4 2j + 3k which is normal to the plane x+2y+3z=0if

6xi+6yj+3k:i+2j—|—3k0rx:%andy: % Thusthepointis( 10———%) or (%,%,%)

6° 3’
We want the point on z = x% + y? + 10 where the tangent plane is parallel to the plane x + 2y — z = 0. Let
w=2z—x?—y>—10,then 7 w = —2xi — 2yj + k is normal to z = x> + y> + 10 at (x, y). The vector 57 w is parallel
to i + 2j — k which is normal to the plane if x = % and y = 1. Thus the point (%, 1, }1 + 1+ 10) or (%, 1, %) is the point
on the surface z = x% + y? + 10 nearest the plane x + 2y —z = 0.

d(x,y, z) = \/(x —0)* 4 (y — 0)* + (z — 0)* = we can minimize d(x, y, z) by minimizing D(x, y, z) = x2 + y2 + z%;
3X+2y+z2=6=2=6-3x—2y=>D(x,y) =x2+y>+ (6 — 3x — 2y)* = Dy(x, y) = 2x — 6(6 — 3x — 2y) = 0
and Dy(x, y) =2y — 4(6 — 3x — 2y) = 0 = critical pointis (2, $) = z = 2; D (3, &) =20, Dyy (3. 1) = 10,

Dy (4, 1) = 12 = DuDyy — D2, = 56 > Oand Dy, > 0 = local minimum of d(2, §, 3) = /14

d(x,y, z) = \/(X —2)+ (y+1)* 4 (z—1)* = we can minimize d(x, y, z) by minimizing

D(x,y,z) = (x =2+ (y+ 1)+ @z—1Dix+y—z=2=z=x+y—-2

=D, y)=x=2 4+F+1) +Ex+y—3)7 =Dy(x,y) =2(x—2) +2(x+y—3)=0

and Dy(x, y) =2(y + 1) + 2(x + y — 3) = 0 = critical pointis (3, —1) = z = 1; D«(3, —1) =4, Dy (%, —1) =4,
Dyy (3. —3) =2 = DyDyy — D% = 12> 0and Dy > 0 = local minimum of d(%, -3, §) = %
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s(x, 9,2) =xX24+y2 + 22 x4+y4+2=9=2z2=9—x—y=s(x, y) = x>+ + (9 —x —y)’

= 5(X,y) =2x—2(9—x—y) =0and sy(x, y) =2y — 2(9 — x —y) = 0 = critical point is (3, 3) = z = 3;
sxx(3,3) = 4,5,y(3,3) = 4,5,(3,3) =2 = s58yy — 55, = 12> 0and s, > 0 = local minimum of s(3, 3, 3) = 27
p(X,y,2) =xyz;x+y+z=3=z=3-x—-y=px y) =xy3—x—y) =3xy — x’y — xy*

= px(X, y) = 3y — 2xy — y? = O and py(x, y) = 3x — x> — 2xy = 0 = critical points are (0, 0), (0, 3), (3, 0), and
(1, 1); for (0,0) = z = 3; px(0,0) = 0, pyy (0, 0) = 0, pyy(0,0) =3 = PuPyy — P2y = —9 < 0 = saddle point;
for (0,3) = z = 0; px(0,3) = —6,pyy(0,3) = 0, pxy(0,3) = =3 = puPyy — Piy = —9 < 0 = saddle point;

for (3,0) = z = 0; px(3,0) =0, pyy(3,0) = =6, pxy(3,0) = =3 = puPyy — piy = —9 < 0 = saddle point;

for (I,1) = z=1; pw(l, 1) = =2, pyy(1, 1) = =2, pxy(1, 1) = =1 = puPpyy — pzy =3 > 0and pyx < 0= local

maximum of p(1, 1, 1) =1

s(X,¥,2) =xy+yz+x2;x+y+z=6=>z2=6—-x—y=>5s8(x,y) =xy+y6—x—y) +x(6 —x —y)

=6x + 6y —xy — x> —y?> = s4(x, y) =6 —2x —y = 0 and s,(x, y) = 6 — x — 2y = 0 = critical point is (2, 2)
=2=2;5x(2,2) = =2,50y(2,2) = —2,5¢(2,2) = =1 = s5Syy — 8
5(2,2,2) = 12

iy =3 > 0and sy, < 0 = local maximum of

d(x,y, z) = \/(X +6)> 4 (y — 4)* + (z— 0)> = we can minimize d(x, y, z) by minimizing

D(x, y. 2) = (x+ 6] + (y 41 + 22 2= /X T ¥ = Dlx, y) = (x + 6 + (y — 4> 42+ y°

=2x> + 2y + 12x — 8y + 52 = Dy(x, y) = 4x + 12 = 0 and Dy(x, y) = 4y — 8 = 0 = critical point is (—3, 2)
= 2= /13: Dy (=3, 2) = 4, Dyy(—3,2) =4, Dy (—3,2) =0 = Dy Dy, — D

minimum 0fd<—3, 2, \/B) = \/%

=16 > 0and Dy, > 0 = local

2
Xy

V(x,y,2) = (2x)(2y)(2z) = 8xyz; x> + y? + 22 =4 = 2= /4 — x2 — y2 = V(x, y) = 8xy /4 — x2 — y2,

x Oandy 0= Vi(x,y)= % = 0and Vy(x, y) = 210 =8¢ _  — critical points are

Ty
0, 0), (f f) (%—%) (—7,7) and( Z, f) Only (0, 0) and(\/— f) satisfy x Oandy 0
V(0, O)anndV(%, 23 33 Onx =0, 0<y<2=V(0,y)=8(0)y\/4 — 0% —y? = 0, no critical points,

V(0,0)=0,V(0,2)=0;0ny = 0 0<x<2=V(x, 0) =8x(0)v/4 — x> — 0> = 0, no critical points, V(0, 0) = 0,

2
V(0, 2):O;Ony:\/4—x2,0§x§2:>V(x, \/4—x2) —8X\/4—x2\/4—x2— \/4—x2) =0

no critical points, V(0, 2) = 0, V(2, 0) = 0. Thus, there is a maximum volume of f4[ if the box is \[ 7 X %

S(x, y, z):2xy+2yz+2xzxyz:27éz:géS(x Y, z):2xy+2y(g)+2x<ﬂ) :2xy+$+$ x>0,
y > 0; Sx(x, y) =2y — 23 = O and Sy(x, )—2x———0:>Cr1tlcalp01ntls(3 3)=z=3; Sx(3,.3) =4,

Syy(3,3) =4, Dxy(3,3) =2 = DyDyy — D;, = 12 > 0and Dy, > 0 = local minimum of S(3, 3, 3) = 54
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59. Let x = height of the box, y = width, and z = length, cut out
squares of length x from corner of the material See diagram

at right. Fold along the dashed lines to form the box. From
the diagram we see that the length of the material is 2x 4y z

and the width is 2x + z. Thus (2x + y)(2x +z) = 12

2(6 —2x2+xy)
2x+y

2xy (6 —2x2 +xy) X X
iy where x > 0,y > 0.

= V(x,y) =
4(3y? — 4x3y — 4x2y? — xy?
Valn,y) = AR

Vy(x,y) = 2126 72:;;‘;?7)‘2%) = 0 = critical points are <\/§, 0), ( V3, O) (\[ \[)

and (_%’ _%) Only (\/5, 0) and (ﬁ, \%) satisfy x > 0 and y > 0. For (\/_, O): z = 0; Vi (\/5 O) 0,
Vyy(\/g, 0) = -2\/3, ny( ) = —4/3=> VixVyy — Vi, = —48 < 0 = saddle point. For (L\[ %) =

=z= .Since V(x,y,z) =xyz d

=0and

() =
v

Vi < 0 = local maximum of ( 4 4

) = s v ) = o Ve v =
L — _16_
V3B ﬁ) YA

60. (a) (i) Onx=0,1fx,y)=f0,y)=y> —y+1for0<y < 1;f(0,y) =2y —1=0 = y:%andx:O;

£(0,1) =2,£(0,0)=1,and f(0,1) = 1

(i) Ony:I fx,y) =fx, 1) =x>+x+1for0 <x < I; f'(x,) =2x+ 1 =0 = x:—%andyzl,but
(= 3,1) is outside the domain; f(0,1) = 1 and f(1,1) =3

(i) Onx=1,f(x,y) =f(l,y)=y*’+y+1for0<y < 1;f'(1,y) =2y +1=0 = y:—%andx:l,but
(1,— 3) is outside the domain; f(1,0) = 1 and f(1,1) =3

(iv) Ony=0,fxy) =f(x,00=x>—x+1for0 <x < 1;f'(x,00) =2x -1 =0 = x:%andy:O;
f(1,0) = 2;1(0,0) =1, and f(1,0) = 1

(v)  On the interior of the square, fy(x,y) =2x+2y — 1 =0and fy(x,y) =2y +2x -1 =0 = 2x+2y =1
= (x+y) =3. Thenf(x,y) =x>+y>+2xy —x—y+ 1 = (x +y)? = (x + y) + 1 = 3 is the absolute
minimum value when 2x 4 2y = 1.

(b) The absolute maximum is f(1,1) = 3.

61. (a) ‘é{ %‘;—’:4—2; g—‘é’t‘+dy——251nt+2003t—0 = cost=sint = x=y

(i)  On the semicircle x*> +y> =4,y 0, we have t = jandx =y = \/5 = f(\/i \/E) = 2\/5. At the
endpoints, f(—2,0) = —2 and f(2,0) = 2. Therefore the absolute minimum is f(—2,0) = —2 when t = T;
the absolute maximum is f (\/5, \/5) =2v/2whent= 7.

(ii)) On the quartercircle x> +y> =4,x Oandy O, the endpoints give f(0,2) = 2 and f(2,0) = 2.
Therefore the absolute minimum is f(2,0) = 2 and f(0,2) = 2 when t = 0, Z respectively; the absolute

maximumisf(\/i \/5) =2v/2whent= 7.
(b) % gf ‘é’;-i—gi ‘3’: y & —|—xdy = —4sin’t+4cos’t=0 = cost= £sint = x= +y.

(i) On the semicircle x> +y?> =4,y 0, we obtainx =y = ﬁatt: 7and x = —ﬁ,y = \/Eat
=37 Theng (ﬁ ﬁ) —2andg (f\/i, ﬁ) — —2. At the endpoints, g(—2,0) = g(2,0) = 0

o . . _ _ 37T . . .
Therefore the absolute minimum is g (—\/5, \/5) = —2 when t = 77 ; the absolute maximum is

g(ﬁ,ﬁ) =2whent= 7.
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(i)  On the quartercircle x> + y> =4,x Oandy 0, the endpoints give g(0,2) = 0 and g(2,0) = 0
Therefore the absolute minimum is g(2,0) = 0 and g(0,2) = 0 when t = 0, T respectively; the absolute

maximum is g (\/5, \/5) =2whent= 7.

(© % = % ‘é—’t‘ + g'y‘ i{ 4x & dX +2y 5 dy — = (8cost)(—2sint) + (4sint)(2cost) = —8costsint=10
= t=0, 7, m yielding the points (2,0), (0,2) for 0 <t < 7.

(i)  On the semicircle x> +y?> =4,y 0 we have h(2,0) = 8, h(0,2) = 4, and h(—2, 0) = 8. Therefore,
the absolute minimum is h(0,2) = 4 when t = g ; the absolute maximum is h(2,0) = 8 and h(—2,0) = 8
when t = 0, 7 respectively.

(ii)) On the quartercircle x> +y> =4,x Oandy O the absolute minimum is h(0,2) = 4 when t = g ; the

absolute maximum is h(2,0) = 8 when t = 0.

62. () =G+ L X=-2%43F = —6sint+6cost=0 = sint=cost = t=Ffor0<t<m
(1)  On the semi-ellipse, %2 + y; =1,y 0,f(x,y)=2x+3y=6cost+6sint=06 (@) +6 (%) = 6ﬁ
att = % . At the endpoints, f(—3,0) = —6 and {(3,0) = 6. The absolute minimum is f(—3,0) = —6 when
t = ; the absolute maximum is f (%ﬁ, \/5) = 6\/5 whent = 7.
(i)  On the quarter ellipse, at the endpoints f(0,2) = 6 and f(3,0) = 6. The absolute minimum is f(3,0) = 6
and f(0,2) = 6 when t = 0, J respectively; the absolute maximum is f ( f ) = 6ﬁ whent = 7
(b) d—’f = % ‘é—’l‘ + g—§ % —ydx +xdy = (2sint)(—3 sin t) + (3 cos t)(2 cos t) = 6 (cos’t — sin’t) = 6 cos 2t = 0

= tz% ﬁforO<t<7r.

(i)  On the semi-ellipse, g(x,y) = xy = 6sintcost. Then g ( \/_) =3 whent= 7, and

g (— %, \/5) = —3 whent= % . At the endpoints, g(—3,0) = g(3,0) = 0. The absolute minimum is

g (7 #, \/5) = —3whent = %‘7 ; the absolute maximum is g (#, \/5) =3 whent= 7.
(i)  On the quarter ellipse, at the endpoints g(0,2) = 0 and g(3,0) = 0. The absolute minimum is g(3 0)=0
and g(0,2) = 0 at t = 0, 7 respectively; the absolute maximum is g ( \/_ ) =3 whent =

() b —dhdej g‘; &= 2x & 4 6y D = (6cos t)(—3sint) + (12sint)(2 cost) = 6sintcost =0
=1t=02= 5, mfor 0 <t <, yielding the points (3, 0), (0, 2), and (-3, 0).
(1)  On the semi-ellipse,y 0 so that h(3,0) = 9, h(0,2) = 12, and h(—3,0) = 9. The absolute minimum is
h(3,0) = 9 and h(—3,0) = 9 when t = 0, 7 respectively; the absolute maximum is h(0,2) = 12 whent = 7.
(i)  On the quarter ellipse, the absolute minimum is h(3,0) = 9 when t = 0; the absolute maximum is
h(0,2) = 12 whent = 7.

63 =G S +Ha=yq+xq
(i) x=2tandy=t+1 = % =(t+ D)+ 2)(1)=4t4+2=0 = t= —% = x=—1 andy:%with
f (—1, %) =— % . The absolute minimum is f (—l, %) =— % whent = — % ; there is no absolute maximum.
(i) Forthe endpoints: t = -1 = x=—-2andy =0 withf(—2,0) =0;t=0 = x=0andy = | with
f(0,1) = 0. The absolute minimum is f (—1,1) = — § when t = —  ; the absolute maximum is f(0, 1) = 0

and f(—2,0) = 0 when t = —1, O respectively.

(iii) There are no interior critical points. For the endpoints: t =0 = x =0andy = 1 with f(0, 1) = 0;
t=1 = x=2andy = 2 with f(2,2) = 4. The absolute minimum is (0, 1) = 0 when t = 0; the absolute
maximum is f(2,2) = 4 whent = 1.
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df _ 9f dx , Of d
64. (a) T a—;dt—i—a—yd—%—Zx —|—2y
(i) x=tandy=2-2t = 4 =Q01)+22-20(-2) =
f(2,2) =284 L =1 The absolute minimum s f (£,2) = £ when t = £; there is no absolute
maximum along the line.

(i) For the endpoints: t=0 = x =0andy =2 withf(0,2) =4;t=1 = x=1andy = 0 with f(1,0) = 1.

The absolute minimum is f ( 2, 5) = % at the interior critical point when t = % ; the absolute maximum is
f(O 2) = 4 at the endpoint when t = 0.

g dx Jg dy __ —2x dx -2 d
O G=Fu+5y= oty ot iy ¥

() x=tandy=2-2t = x> +y? =52 —8t+4 = & = _ (5¢ — 8t +4) 2[(—20(1) + (—2)(2 — 20(~2)]
— (52— 8t+4) (10t +8) =0 = t= i = x=1%andy=Zwithg (%, 32) = (i = 2. The absolute

5)
maximum is g (%, %) = % when t = ‘5—‘ ; there is no absolute minimum along the line since x and y can be

as large as we please.

(i) For the endpoints: t =0 = x =0andy = 2 with g(0,2) = %;tzl = x=landy = 0 with g(1,0) = 1.

The absolute minimum is g(0,2) = 1 when t = 0; the absolute maximumis g (2,2) = 2 whent = %.

65. w=(mx;+b—y;)’ + (mx+b—yy)’ + -+ (mx, + b—y,)’
= §—X =2(mx; +b—y;)(x1) +2(mxy +b—y2)(x2) + -+ +2(mx, + b — yu)(xn)
= %—‘g =2(mx; +b—y)(1)+2(mxy +b—y2)(1) + -+ + 2(mx, + b — y,)(1)
g—r‘g =0= 2[(mx1 +b—y)(x)+ (mxz+b—y2)(x2) + - + (mxn—l—b—yn)(xn)] =

:>mx%+bx1 —X1y1+mx3+bxa—xoya+ - +mx2+bx, —X,y, =0
= m(x} + X3 4+ x0) + DX+ x4+ xn) = (XiyrFXaya+ o+ Xaya) =0

=mY_ (x7) +bXx — X (xyk) =0

k=1 k=1 k=1
‘Z—‘g :OéZ[(mxl +b7y1)+(mX2+b7y2)+~~+(mxn+b7yn)] =0
=>mx;+b—y+mxx+b—-y,+---+mx, +b—-y, =0

=mx; +Xa+ -+ X))+ (b+b+--4+b)—(yi+y2+--+ya) =0
émZxk—i—bZl—Zyk—OémZxk—i-bn—Zyk—Oéb— —<Zyk—m2xk).

k=1 k=1 k=1 k=1 k=1

n n n n
Substituting for b in the equation obtained for 2% we get mz () +1 <Zyk —my, Xk> > oxk— . (xkyk) = 0.
k=1

Xk — 1N Z(Xk)’k) =0

Multiply both sides by n to obtain mn " (x7) + <Zyk — mZx
k=1

k=1 k= k=1

e

gt s () (B -m(En) nFowm =

1

() (E)
= mlni (xp) — <anxk>2] = nzn:l(kak — (an:le> (an:I >
o S (Ex) (5n)  (En)(En) e

03 (x2)— (Zu)z (z)—z<>

k=1

To show that these values for m and b minimize the sum of the squares of the distances, use second derivative test.

k=1

= mn3 () - (ZXk)ZZHZ(XkYk)—
)

a—w—Zx +2x3 4+ +2x3 —22( ) 6m8b—2x1—|—2x2+ +2xn—22xk, abz =242+4---4+2=2n
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n

@w_<%%y_Pé&ﬂ@m_PZMF_ﬂQ;@_<émy]

k=1

n n 2
Now, ny- (xg) — (Zxk> =n(x{ + X3+ x7) = (X1 + X2+ o+ X)) (X1 + X2+ X)
2

k=1 k=1
— nx2 2 2 g2 _ _ _ _ )
=nXjy+nx;+---+nx; — X7 — X1Xp — -0 — XXy — XX — X5 — o — XXy — XpX| — XpXp — - X5
=n-D)x2+m-1)x3+-+(n—1)x2—2x1% — 2XyX3 — -+ — 2X1 Xy — 2XpX3 — -+ — 2 XXy — -+ — 2 Xp_ Xy

= (x3 —2x1% +x3) + (x3 — 2x;x3 + X%)-ﬁ-'--—l—(x%—2X|Xn+X121)+(X%—2X2X3—|- x%)+-~~—|—(x%—2x2xn+xg)
o (X2 — 2Xpo1Xn + X2)
=(x1—x2) 4+ (X1 = x3) 4+ (X —Xn) A (Ko —X3)TH o (Ko —Xn) T F o+ (X1 —Xn)® O

2 n n 2
Thus we have : (g;"g)(%ﬁ) — (a?j‘gb) =4[nd>(x}) — (Zxk) ] 4(0) =0.If x; = x5 = --- = X, then
k=1 k=1

2 5 n
(WW)(yW)-(@“’) =0.Also, 2% =25 (x2)  0.Ifx; =X = -+ = X, = 0, then Z% = 0.
k=1

om? ‘b2 Om b > dm? om?

Pw Pw Pw

2
Provided that at least one x; is nonzero and different from the rest of xj, j 7 i, then (W) ( o2 ) — ( 3 ab) > 0 and

2 . e .
% > 0 => the values given above for m and b minimize w.

66. m — Q®=36) _ 3

= 73 = 3 and k Xk Vi x2 XYk
1 -2 0 4 0
b=5[—30]=3 2 0 2 0 0
= y=3x+3;y|_, =4
Y=13 35 Y] xes 3 3 2 3 4 6
% 0 5 8 6
67. m= 7(2)8)?_}3(55)14) = — % and k X Vi x2 XYk
_ 1 20 _ 9 1 —1 2 1 -2
b=3[-1-(-R) @] =% 5 0 © 0 5
= y=_20y4 9. | —_71
Yy=-5 3= =713 3 3 4 9 12
b 2 -1 10 —14
68. m= % =3 and k X, Vi x2 Xi Vi
1 0 0 0 0
b=3[5-303]=5% > 2 I 2
=y=3x+1iy| _,=%Z
y=3 6°Y =4 = % 3 2 3 4 6
b 3 5 5 8

69-74. Example CAS commands:

Maple:
f:=(xy) > x2+y”3-3*x*y;
x0,x1 :=-5,5;
y0,yl :=-5,5;

plot3d( f(x,y), x=x0..x1, y=y0..y1, axes=boxed, shading=zhue, title="#69(a) (Section 14.7)" );
plot3d( f(x,y), x=x0..x1, y=y0..y1, grid=[40,40], axes=boxed, shading=zhue, style=patchcontour, title="#69(b)
(Section 14.7)" );

fx := D[1](f); #(c)
ty := D[2](f);

crit_pts := solve( {fx(x,y)=0,fy(x,y)=0}, {x,y} );

fxx := D[1](fx); #(d)

fxy := D[2](fx);
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fyy := D[2](fy);
discr := unapply( fxx(x,y)*fyy(x,y)-fxy(x,y)"2, (x,y) );
for CP in {crit_pts} do #(e)
eval( [x,y,fxx(x,y),discr(x,y)], CP );
end do;
# (0,0) is a saddle point
#(9/4, 3/2) is a local minimum
Mathematica: (assigned functions and bounds will vary)
Clear[x,y,f]
flx_y_l=x*>+y> —3xy
Xxmin= —5; xmax=J5; ymin= —5; ymax=5;
Plot3D[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, AxesLabel — {x,y, z}]
ContourPlot[f[x,y], {X, xmin, xmax}, {y, ymin, ymax}, ContourShading — False, Contours — 40]
fx=D[f[x,y], x];
fy=DIf[x,y], yI;
critical=Solve[ {fx==0, fy==0},{x, y}]
fxx= D[fx, x];
fxy= D[fx, y];
fyy=DIfy, yI;
discriminant= fxx fyy — fxy?
{{x, y}, f[x, y], discriminant, fxx} /.critical

14.8 LAGRANGE MULTIPLIERS

1.

vi=yi+xjand yg=2xi+4yjsothat Yf=A Ay g = yi+xj=A2xi+4yj) = y=2x\and x = 4y
= x=8x\? = \= :l:#orx:O.
CASE 1: If x = 0, then y = 0. But (0, 0) is not on the ellipse so x # 0.
2
CASE2: x#0 = A= i# = X = i\/Ey = (iﬁy) +2y2 =1 = y= i%.

Therefore f takes on its extreme values at ( + \/75, %) and ( + #, — %) . The extreme values of f on the ellipse

are :tg.

vi=yi+xjand v g=2xi+2yjsothat yf=Awg = yi+xj=A2xi+2yj) = y=2x)and x =2y

= x=4x\ = x=0o0rA= +1.

CASE 1: Ifx = 0, then y = 0. But (0, 0) is not on the circle x> +y? — 10 = 0 so x # 0.

CASE2: x#0 = A==£) = y=2x(£1)=2x = 2+ (£x)°-10=0 = x=£/5 = y= £./5.
Therefore f takes on its extreme values at (i \/5, \/§> and (i \/_ ,—\/5). The extreme values of f on the

circle are 5 and —5.

Vi=-2xi—2yjand \yg=1i+3jsothat Yf=A Ay g = —2xi—2yj=Ai+3j) = x:—%andy:—%

= (— %) +3 (— %) =10 = A=-2 = x=1landy =3 = ftakes on its extreme value at (1, 3) on the line.
The extreme value is f(1,3) =49 — 1 — 9 = 39.

vi=2xyi+x’jand \yg=i+jsothat f=Ayg = 2xyi+x%j=Ai+j) = 2xy=Aand x> =\

= 2xy=x> = x=0o0r2y = x.
CASE1l: Ifx=0,thenx+y=3 = y=3.
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CASE2: Ifx #0,then2y =xsothatx+y=3 = 2y4+y=3 = y=1 = x=2.
Therefore f takes on its extreme values at (0, 3) and (2, 1). The extreme values of f are f(0,3) = 0 and f(2,1) = 4.

5. We optimize f(x, y) = x> + y?, the square of the distance to the origin, subject to the constraint
g(x,y) =xy? —54 =0. Thus 7 f=2xi+2yjand v g = y%i + 2xyjsothat \yf= A7 g = 2xi+ 2yj
= A (y%i +2xyj) = 2x = Ay? and 2y = 2)\xy.
CASE 1: Ify = 0, then x = 0. But (0, 0) does not satisfy the constraint xy?> = 54 so 'y # 0.
CASE2: Ify #0,then2 =2Xx = x=1 = 2(5) =Ay? = y? =% . Thenxy’ =54 = (}) (%) =54
= M=% =2 A=1=x=3andy’=18= x=3andy = +3v/2.

Therefore (3, + 3\/5) are the points on the curve xy? = 54 nearest the origin (since xy? = 54 has points increasingly

far away as y gets close to 0, no points are farthest away).

6. We optimize f(x, y) = x? + y?, the square of the distance to the origin subject to the constraint g(x,y) = x’y — 2 = 0.
Thus W f = 2xi +2yjand v g = 2xyi + x%jsothat 7 f= A g = 2x = 2xy\ and 2y = x?\ = A = 2, since
x =0 = y=0(but g(0,0) # 0). Thus x # 0 and 2x = 2xy (i—X) =x2=2y’ = (2y’)y—-2=0 = y=1(since
y>0) = x= =+ \/5 . Therefore ( + \/5, 1) are the points on the curve x?y = 2 nearest the origin (since x?y = 2 has

points increasingly far away as x gets close to 0, no points are farthest away).

7. () yf=i+jand yg=yi+xjsothat yf=Ayg=i+j=Ayi+xj)=1 :/\yandlz)\x:>y:§and
X=1= 5% =16=>X= %1 Usel=1sincex >0andy > 0. Thenx =4 and y = 4 = the minimum value is 8
at the point (4,4). Now, xy = 16, x > 0, y > 0 is a branch of a hyperbola in the first quadrant with the x-and y-axes
as asymptotes. The equations x + y = c give a family of parallel lines with m = —1. As these lines move away from
the origin, the number c increases. Thus the minimum value of ¢ occurs where x + y = c is tangent to the hyperbola's
branch.

by vif=yi+xjand yg=i+jsothat yf=Ayg=yi+xj=AMi+j)l=y=A=xy+y=16=>y=28
= x =8 = f(§,8) = 64 is the maximum value. The equations xy =c(x >0andy >0orx <Oandy <0
to get a maximum value) give a family of hyperbolas in the first and third quadrants with the x- and y-axes as
asymptotes. The maximum value of ¢ occurs where the hyperbola xy = c is tangent to the line x +y = 16.

8. Letf(x,y) = x? + y? be the square of the distance from the origin. Then 7 f = 2xi + 2yj and

vVeg=02x+yi+QRy+x)jsothat yf=Avy g = 2x=A2x+y)and 2y = A2y +x) = Z;ix =

= 2x = (2;1X>(2x+y) = xQy+x)=y2x+y) = xX>=y? = y= £x.

CASEl: y=x = X4+ xx)+x>-1=0 = x= :I:%andyzx.

CASE2: y=—Xx = X>+x(—x)+(—x)?—-1=0 = x= +landy = —x. Thusf( ,%) =2

S

:f(_%7—%) and f(1, —1) = 2 = f(—1, 1).
1 1

Therefore the points (1, —1) and (—1, 1) are the farthest away; (W’ —3) and (— %, —

L ) are the closest

S

points to the origin.

9. V=nmr’h = 16 = ar’h = 16 =r’h = g(r,h) =r’h — 16; S = 27th + 271> = <7 S = (27h + 4mr)i + 271j and
v g = 2rhi +r’jso that 7 S = A\ 7 g = (27th + 47r)i + 27rj = A (2rhi + r%j) = 27rh + 47t = 2rh\ and 27t = Ar?
= r=0o0r\= 27” But r = 0 gives no physical can, sor #0 = A\ = 27" = 27h + 4nr :2rh(%) =2r=h
= 16 =r(2r) = r =2 = h = 4; thusr = 2 cm and h = 4 cm give the only extreme surface area of 247 cm?. Since
r=4cmandh=1cm = V = 167 cm® and S = 407 cm?, which is a larger surface area, then 247 cm? must be the

minimum surface area.
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For a cylinder of radius r and height h we want to maximize the surface area S = 27rh subject to the constraint
g(r,h) =12 + (g)2 —a?=0. Thus 7S =2rhi+27jand 7 g =2ri+ jsothat S =A<y g = 27h=2\rand

27rr:% = ”Th:)\and27rr:(”7h) (%) = 42=h? = h=2r = r2+47‘2:a2 =2t=a = r=

= h=ay/2 = S=2r (%) (aﬁ) = 2ma?.

Nig

:(2)()(2y):4xysubjecttog(x,y):%4—y 1=0; VA=4dyi+4xjand v g=gi+ 9‘]sothath
=Ave = dyitdxj=A(3i+2j) = dy= () Nanddx= (¥)X = A= and4x = (¥) (&)

2 E=BY 2 . .
:>y::|:§X:> %—}-(;) =1 $x2—8z>x—:|:2\/7 We use x = 2+/2 since x represents distance.
Theny = 3 (2\/_> 3\[ , so the length is 2x = 4+/2 and the width is 2y = 3/2.

P:4x+4ysubjectt0g(x,y):z—j—f— —1=0; yP=4i+4jand Vg—i’z‘l—f—bz_]sothat vP=\Avg

S 4= () randd=(F)A = A= anda=(3) (¥) = y=(%)x = —+<b> —1 = 540

X

— 2 1 h2) 2 — gt _ b? b? At — 0y — 20
=1= (a*+b)x*=a :x—m,smcex>0:>y—( )X_Jm—m:>W1dth_2x_¢m—m

and height = 2y = \/% = perimeter is P = 4x + 4y = % =4\/a% + b2

vi=2xi+2yjand v g=(2x—2)i+ 2y —4)jsothat 7 f = Ay g =2xi + 2yj = A\[(2x —2)i + 2y — 4)j]

= 2x=A2x—2)and2y =AQ2y —4) = x =7 andy= 2 A#1 = y=2x = x> —2x+(2x)? —4(2x) = 0
=x=0andy =0, or x =2 and y = 4. Therefore f(0,0) = 0 is the minimum value and f(2,4) = 20 is the maximum
value. (Note that A = 1 gives 2x = 2x — 2 or 0 = —2, which is impossible.)

vi=3i—jand yg=2xi+2yjsothat Yf=Ayg=3=2 xand—1=2 \y=> A= and-1=2(3)y

=y=—-3 =>x +(—§) =4 = 10x)=36=x= i\/—l—o = x:Tandy:—ﬁ,orx:—L and

é

y = \/LTO Therefore f (ﬁ, — \/2—) \F +6 =24/10 + 6 ~ 12.325 is the maximum value, and f (— ﬁ, LIO)

= —2+/10 4+ 6 ~ —0.325 is the minimum value.

T = (8x —4y)i+ (—4x +2y)jand g(x,y) = x> +y?>—25=0 = yg=2xi+2yjsothat yT=Ayg
= (8X—4y)l+( 4x +2y)j = A2xi +2yj) = 8x —4y =2Axand —4x +2y =2y = y =2 A #1
= 8x—4(:2) =2\ = x=0,or A=0,0r A =5.
CASE1: x =0 = y = 0;but (0,0) is not on x> + y> = 25 so x # 0.
CASE2: A=0 = y=2x = x>+ (2x)? =25 = x= ++/5andy = 2x.
CASE3: A=5 = y==2= 324 (-5? =255 x= +2/5=x=2/5andy = —/5,orx = —2/5
andy:\ﬁ.
Therefore T (\/g, 2\/5) =0°=T (—\/5, —2\/5) is the minimum value and T (2\/3, —\/5) = 125°

=T (—2\/5, \/§> is the maximum value. (Note: A =1 = x = 0 from the equation —4x + 2y = 2\y; but we

found x # 0 in CASE 1.)

The surface area is given by S = 47r? + 27rh subject to the constraint V(r, h) = 3 4 713 4 7r*h = 8000. Thus
v S = (8nr + 27h)i + 27rj and 7 V = (4nr? + 27rh) i + 7r?j so that 57 S = A 7 V = (871 + 27h)i + 271j
= A[(4nr® 4 2nrh) i + 7r%j] = 8mr+ 2wh = A (471 + 27rh) and 27 = A = r=0o0r2 =r\. Butr #0
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S02=1\ = A= % = 4r+h= % (2r2 +rth) = h=0 = the tank is a sphere (there is no cylindrical part) and

475 = 8000 = r=10(2)"",

Let f(x,y,z) = (x — )2 + (y — 1)?> + (z — 1)? be the square of the distance from (1, 1, 1). Then
vi=2x—-1Di+2(y—1Dj+2(z— Dkand syg=1i+2j+3ksothat yf=Avyg

= 2(x— Di4+2(y — Dj+2z— Dk =i +2j+3K) = 2(x—1)=\2(y — 1) =2),2(z — 1) = 3\

= 2y - D=22(x—Dland2(z— D) =32(x - D] = x =2 = z+2=3 (1) orz= 2 thus
42y +3(21) —13=0 = y=2 = x=3andz= 3. Therefore the point (3,2, 3) is closest (since no
point on the plane is farthest from the point (1, 1, 1)).

Let f(x,y,z) = (x — 1)2 + (y + 1)®> + (z — 1)? be the square of the distance from (1, —1, 1). Then
vi=2x—-1Di+2(y+1Dj+2(z— Dkand sy g =2xi+2yj+2zksothat Yf= Ay g=x—1=Axy+ 1=y
ndz— 1=z x= .y =~ phyandz— o £ 1 () ()" + () =4

= 5= j:% = x:%,y:—%,z:%orx:—%,y:%,z:—%. The largest value of f

occurs where x < 0,y > 0, and z < 0 or at the point (— % , % , — %) on the sphere.

Let f(x,y,z) = x> + y? + 22 be the square of the distance from the origin. Then <7 f = 2xi + 2yj + 2zk and

V g =2xi —2yj—2zksothat Y f= Ay g = 2xi+ 2yj+ 2zk = A(2xi — 2yj — 2zk) = 2x = 2x\, 2y = 2y,
and2z = —2z\ = x=0o0or A =1.

CASEl: A\ =1=2y=2y=y=0;2z2=-22 = z=0=x>-1=0= x>-1=0=x= £ landy=z=0.
CASE2: x =0 = y? —z? = 1, which has no solution.

Therefore the points on the unit circle x> 4 y? = 1, are the points on the surface x? + y? — z? = 1 closest to the origin.
The minimum distance is 1.

Let f(x,y,z) = x> + y? + 22 be the square of the distance to the origin. Then 7 f = 2xi + 2yj + 2zk and
veg=yi+xj—ksothat yf=Ayg = 2xi+2yj+2zk=Ayi+xj—Kk) = 2x = Ay,2y = Ax,and 2z = —\

= x=% = 2y:/\(%) = y=0o0rA= +2.

CASEl: y=0=x=0= —z4+1=0= z=1.

CASE2: A=2 = x=yandz= -1 = x> —(=1)+1=0 = x?+2 =0, 50 no solution.

CASE3: A =-2 = x=—-yandz=1 = (—-y)y—14+1=0 = y =0, again.

Therefore (0, 0, 1) is the point on the surface closest to the origin since this point gives the only extreme value
and there is no maximum distance from the surface to the origin.

Let f(x,y,z) = x> + y? + z2 be the square of the distance to the origin. Then 7 f = 2xi + 2yj + 2zk and

VvV eg=-yi—xj+2zksothat \yf=Ay g = 2xi+ 2yj+ 2zk = A\(—yi — xj + 2zk) = 2x = —y\, 2y = —x\, and
22z=2z\ = A=1lorz=0.

CASE1l: A=1 = 2x=-yand2y=-—x = y=0andx=0 = z2—-4=0 = z= +2andx =y =0.

2

CASE2: z=0 = —xy—4=0 = y=—2% Then2x =%\ = A=% and— & = —x\ = —gz—x(%‘)

= xt=16 = x= +2. Thus,x =2andy = —2,orx=—2andy = 2.
Therefore we get four points: (2, —2,0), (—2,2,0), (0,0,2) and (0,0, —2). But the points (0, 0, 2) and (0, 0, —2)

are closest to the origin since they are 2 units away and the others are 2\/5 units away.

Let f(x,y,z) = x? + y? + z2 be the square of the distance to the origin. Then 7 f = 2xi + 2yj + 2zk and
vV g =yzi+xzj+xyksothat 7y f= A g = 2x = \yz, 2y = Axz, and 2z = Axy = 2x% = Axyz and 2y? = \yxz
= x*=y’ > y=+x = z=+x = x(£x)(£x)=1 = x= £ 1 = thepoints are (1, 1, 1), (1,—1,—1),
(-1,-1,1),and (-1, 1, —1).
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vi=i—2j+5kand sy g =2xi+2yj+2zksothat sy f =A<y g =1i—2j+ 5k = A(2xi + 2yj + 2zk) = 1 = 2x),
—2 =2y and 5 =2z\ = x:%,y:—%:—Zx,andz:%sz = X2+ (=2x)2+5x)? =30 = x= £ 1.
Thus,x =1,y=—-2,z=50rx = —1,y = 2,z = —5. Therefore f(1, —2,5) = 30 is the maximum value and

f(—1,2,—5) = —30 is the minimum value.

vf=i+2j+3kand 7 g =2xi+2yj+2zksothat 7 f= A7 g = i+ 2j + 3k = A2xi + 2yj + 22k) = 1 = 2x\,

2 =2yA,and 3 = 2z\ = x:%,y:§:2x,and22%:3x = xX2+2x)2+03x)P2=25 = x= :t\/iﬁ.

Thus, x = 15 — 10 Sy — 13 Therefore f (L

T R s - E &L)
V14’ V14’ V14 V14’ V14 V14" V14’ V147 /14
— ; - _ .5 _ 10 _ 15 ) _ _ ; ni

= 54/ 14 is the maximum value andf( moRimv R \/ﬁ) = —5+/14 is the minimum value.

f(x,y,z) =x>+y?’+z%andg(x,y,z2) =x+y+2z—9=0 = f=2xi+2yj+2zkand 7 g =i+ j+kso that
vi=Aveg = 2xi+2yj+2zk=Ai+j+k) = 2x=A\2y=Nand2z=A=x=y=z=>x+x+x—-9=0
= x=3,y=3,and z = 3.

f(x,y,z) =xyzand g(x,y,z2) =x+y+2>—16=0 = <y f=yzi+xzj+ xykand 7 g =i + j + 2zK so that
vVi=Aveg = yzi+xzj+xyk=Ai+j+22k) = yz=Axz= )\ andxy=2zZA\=>yz=xz=z=0o0ry =x.
Butz > 0sothaty = x = x? =2z)and xz = \. Then x®> = 2z(xz) = x = 0 or x = 2z%. Butx > 0 so that

x=27 = y=27 = 222422 +722=16 = z= i%. Weusez:%sincez>0. Thenx = £ andy = £

P 32032 4 ) _ 409
which yields £ (2,3, &) = 4%
V=xyzand g(x,y,z) = x> +y>+2> — 1 =0 = ¢V = yzi + xzj + xyk and 7 g = 2xi + 2yj + 27k so that
VV=Aveg = yz=A,xz=JAy,andxy = Az = xyz=Mx’andxyz=\y? = y= £x = z= £x
= xX2+x2+x2=1= x= % since x > 0 = the dimensions of the box are %by ﬁ by ﬁ for maximum

volume. (Note that there is no minimum volume since the box could be made arbitrarily thin.)

V = xyz with x,y, z all positive and 2 + ¥ + 2 = I; thus V = xyz and g(x, y, z) = bcx + acy + abz — abc = 0

= v V=yzi+xzj+xykand 7 g =bci+acj+abksothat 7 V=X g = yz= Abc, xz = Jac, and xy = Aab
= Xyz = Abcx, Xyz = Aacy, and xyz = Aabz = A # 0. Also, Abcx = Aacy = Aabz = bx = ay, cy = bz, and
cx=az = y="2xandz=¢x. Then 2 +{4+¢=1= 241 (0x)+1(¢x)=1= =1 = x=1

= y= (g) (%) :%andz: (g) (%) =3 = V=xyz= (%) (g) (%) = a%is the maximum volume. (Note that

there is no minimum volume since the box could be made arbitrarily thin.)

v T =16xi+4zj+ (4y — 16)k and 7 g = 8xi + 2yj + 8zk sothat ¢y T =A<y g = 16xi+ 4zj + (4y — 16)k
= A(8xi + 2yj + 8zk) = 16x = 8x\,4z =2y\, and4y — 16 =82\ = A =2o0rx=0.
CASEl: A=2 = 4z2=2y(2) = z=y. Thendz— 16 =16z = z=—3% = y=—3. Then
424 (-4 +4(-4)° =16 = x= +¢.
CASE2: x=0 = A=% = 4y—16:82<%) = y2—dy =422 = 4002 +y> + (y> —4y)— 16 =0
= y2-2y—-8=0= (y—-4dHy+2)=0 = y=4ory=—-2. Nowy =4 = 472 =42 — 4(4)
= z=0andy=—2 = 422 = (=2)> —4(=2) = z= +/3.

The temperatures are T (4, — 4 —4) = 6422", T(0,4,0) = 600°, T (o, 2, \@) - (600 _ 24\/§) , and

T (0, -2, —\/§> = (600 + 24\/5) = 641.6°. Therefore ( + % ,— ;—‘ ,— ‘3—‘) are the hottest points on the space probe.
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v T = 400yz%i + 400xz?j + 800xyzk and <7 g = 2xi + 2yj +2zk sothat v T= Ay g
= 400yz%i + 400xz%j + 800xyzk = A(2xi + 2yj + 2zk) = 400yz> = 2x), 400xz> = 2y, and 800xyz = 2z)\.

Solving this system yields the points (0, £+ 1,0), (£ 1,0,0), and ( + %, + %, + @) . The corresponding
temperatures are T (0, +£1,0) =0, T (4 1,0,0) =0, and T ( +3,+4, £ 4) = +50. Therefore 50 is the

maximum temperature at (% 5, £ #) and (— 1%, =+ ?) ; —50 is the minimum temperature at

1 1 V2 11 V2
(ifiv iT) and (*575’ iT)~
vU=(@F+2i+xjand yg=2i+jsothat yU=A Ay g = (y+2i+xj=A2i+j) = y+2=2\and
X=A=>y+2=2x => y=2x—2 = 2x+(2x —2) =30 = x = 8and y = 14. Therefore U(8, 14) = $128
is the maximum value of U under the constraint.

VM= (6+2)i-2yj+xkand g =2xi+2yj+2zksothat Yy M=\ g = (6+2)i—2yj+xk
=A2xi+2yj+2zk) = 64z =2x\, -2y =2yA\,x=2zA = A=—-lory=0.
CASEl: A\=—-1 = 6+z=-2xandx= -2z = 6+z=—-2(—2z) = z=2andx = —4. Then
(=42 +y2+22-36=0 = y= +4.
CASE2: y=0,6+z=2x\andx =22\ = A=% = 6+z=2x (%) = 6z+2> =x*
= (62+2*)+0*°+22=36 = z=—60orz=3. Nowz= -6 = x> =0 = x=0;z=3
= x2=27 = x= +3/3.
Therefore we have the points ( +3/3,0, 3) , (0,0, —6), and (—4, +4,2). Then M (3 V3,0, 3) —27/3 460

~ 106.8, M (—3\/5, 0, 3) — 60 — 27v/3 ~ 13.2, M(0,0, —6) = 60, and M(—4,4,2) = 12 = M(—4, —4, 2). Therefore,
the weakest field is at (—4, +4,2).

Letgi(X,y,z) =2x—y=0and g2(x,y,2) =y+z=0 = g =2i—j, vg=j+k,and v f=2xi+2j—2zk
sothat Vf= A g + 178 = 2xi+2j — 27k = AQ2i — j) + p( + k) = 2xi+ 2j — 22k = 2X\i + (u — \)j + pk
= 2x=2\2=p— AN and—2z=p = x=A. Then2=-2z—x = x=-2z—2sothat2x —y =0

= 2(—2z—-2)—y=0 = —4z—4 —y = 0. This equation coupled with y + z = 0 implies z = — 3 and y = § . Then
x = 2 sothat (3,3, — %) is the point that gives the maximum value f (3, %, —3) = (%)2 +2(%) - (- %)2 =3
Letgi(X,y,2) =x+2y+3z—6=0and g2(x,y,2) =x+3y+92-9=0 = g =i+2j+3k,

Ve =i+3j+9k,and 7 f=2xi+2yj+2zksothat =\ g + 1 g = 2xi+2yj+ 2zk
=AMi+2j+3K) +pui+3j+9k) = 2x = A+ pu,2y =2\ +3p,and 2z = 3\ + 9. Then0=x+2y+3z—6
=10 +w+A+3w+ GA+Zp) -6 = TA+17p=6,0=x+3y+9z2—9

= %(A+u)+ (3/\+ %u) + (277/\+871u) —9 = 34X\ +91u = 18. Solving these two equations for A and p gives

__ 240 _ 18 _ A+p 81 _ 22 +3p 123 _ 3 +%m 9 st :
A= 9 and pu = 5 > X="5r=5,y="F5-=% ,and z = == =35 The minimum value is
f (g—é , % , 59—9) = 215;27 L = % . (Note that there is no maximum value of f subject to the constraints because

at least one of the variables X, y, or z can be made arbitrary and assume a value as large as we please.)

Let f(x,y,z) = x? + y? + 22 be the square of the distance from the origin. We want to minimize f(x, y, z) subject to the
constraints g;(X,y,z) =y +2z — 12 = 0 and gs(X,y,z) =x+y — 6 = 0. Thus v f = 2xi + 2yj + 2zk, v g1 = j + 2k,
and \yge =i+jsothat Yyf=Avg+pvg=2x=u2y=A+pand2z=2A. Then0=y+ 2z — 12
=G+ 42—+ iu=102=50+p=240=x+y-6=L4+(3+4) 6= A+pu=6

= A+ 2p = 12. Solving these two equations for A and i gives A =4andp=4 = x =5 =2,y = MT“ =4, and

z = A = 4. The point (2,4, 4) on the line of intersection is closest to the origin. (There is no maximum distance from the
origin since points on the line can be arbitrarily far away.)
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36. The maximum value is f (% , % ,— %) = ;—‘ from Exercise 33 above.

37. Letgi(x,y,z) =z—1=0and g2(x,y,z2) = x> +y?+22 - 10=0 = g =k, W g = 2xi + 2yj + 27k, and

v = 2xyzi + x?zj + x’yksothat Y f= Ay g1 + ¢V & = 2xyz + x%zj + x2yk = A\(K) + p(2xi + 2yj + 2zk)
= 2Xyz = 2Xp, X’z = 2yp, and X’y = 2z + A = xyz=xpu = x=0o0ryz=p = pu=ysincez = 1.

CASEl: x=0andz=1 = y>—9=0(fromgy) = y = = 3 yielding the points (0, £ 3, 1).
CASE2: p=y = x’z=2y*> = x> =2y’(sincez=1) = 2y’ +y>+1—-10=0(fromgy) = 3y?—-9=0

= y= :l:\/g = x2:2(:|:\/§)2 = X = :I:\/gyieldingthepoints(j:\/g, :l:\/g,l).
Now f (0, £3,1) zlandf(i\/g, i\/g,l) :6(i\/§) +lzli6\/§. Therefore the maximum of f is

14 6y/3at (i V6,13, 1),andtheminimumoffis 1—6/3at (i \/8,—\/5,1).

38.

(a) Letgi(x,y,2) =x+y+z—40=0and g2(X,y,2) =x+y—2z=0= yg=i+j+k, yg=i+j—k,and
VW=yzi+xzj+xyksothat yw=Avyvg+pveg = yzi+xzj+xyk=Ai+j+Kk) +pui+j—k)
= vyz=A+u,xz=A+p,andxy=A—pu = yz=xz = z=0o0ry =Xx.

CASE1l: z=0 = x+y=40and x+y =0 = no solution.

CASE2: x=y = 2x+z—-40=0and2x—z=0 = z=20 = x=10andy = 10 = w = (10)(10)(20)
= 2000
i j k
) n=1 1 1]|=-
1 1 -1

2i + 2j is parallel to the line of intersection = the line is x = —2t + 10,

y =2t + 10, z = 20. Since z = 20, we see that w = xyz = (—2t + 10)(2t 4+ 10)(20) = (—4t2 + 100) (20)
which has its maximum whent =0 = x = 10,y = 10, and z = 20.
39.

Let gi(x,y,z) =y —x = 0and go(x,y,z) = x>+ y? + 22 —4 =0. Then sy f = yi +xj +2zk, sy g = —i+j, and

V g =2xi+2yj+2zksothat Yf=Ay g1 +puv g = yi+xj+2zk = A(—i+j) + p2xi + 2yj + 2zk)
= y=—A+2xpu, x=A+2yu,and2z=2zy = z=0o0rp=1.

CASE1l: z=0 = x>+y?—4=0 = 2x> —4=0(sincex=y) = x = :tﬁandy: :I:\/Eyieldingthepoints
(iﬁ, iﬁ,o).

CASE2: p=1=y=-2A4+2xandx=A4+2y = x+y=2x+y) = 2x=22x)sincex=y=x=0=y=0
= 72 —4=0 = z= 2 yielding the points (0,0, +2).

Now, £(0,0, £2) =4 and f ( + \/5, + \/E, 0) = 2. Therefore the maximum value of f is 4 at (0,0, & 2) and the
minimum value of fis 2 at ( + \/E, + \/5, O) .

40.

Let f(x,y,z) = x> + y? + z2 be the square of the distance from the origin. We want to minimize f(x, y, z) subject

to the constraints g;(X,y,z) = 2y + 4z — 5 = 0 and g5(X,y, z) = 4x*> + 4y? — z?> = 0. Thus vy f = 2xi + 2yj + 2zk,
Ve =2j+4k,and 7 go =8xi+ 8yj—2zk sothat Y f= Ay g1 +pv g = 2xi+ 2yj+2zk
= A(2j + 4k) + p(8xi + 8yj — 2zk) = 2x = 8xu, 2y = 2\ + 8yp, and 2z = 4\ — 2z = x:Ooru:i.

— 2 yielding the points (0, 1,1) and (0,—2,3).
CASE2: j=1

= y=A+y = A=0=22=4(0)-22(}) = 2z=0 = 2y+40) =5 = y=3and
2

CASE1l: x=0 = 402 +4y? —-22=0 = z= +2y = 2y+4Q2y)—5=0 = y:%,or2y+4(72y)7520
5
= y=

4

(0> =4x*+4(3)" = no solution.
Thenf (0,3,1) =3 andf(0,—2,3) =25(% + 3) = 22 = the point (0, 3, 1) is closest to the origin.
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41. wyf=i+jand yg=yi+xjsothat Yyf=Avyvg =i+j=Ayi+xj) = l=ylandl =x\ = y=x
= y2=16 = y= +4 = (4,4) and (—4, —4) are candidates for the location of extreme values. Butasx — oo,
y — ooand f(x,y) — oojasx — —oo,y — 0andf(x,y) — —oo. Therefore no maximum or minimum value
exists subject to the constraint.

4
42. Letf(A,B,C) =5 (Ax, +By, +C—-2)>=C’+B+C—- 1>+ (A+B+C— 1>+ (A+C+1)% We want
k=1

to minimize f. Then f,(A,B,C) =4A 4 2B + 4C, f3(A,B,C) = 2A + 4B + 4C — 4, and
fc(A,B,C) = 4A + 4B + 8C — 2. Set each partial derivative equal to O and solve the system to get A = — % ,

B = %,andC = — L or the critical point of f is (—%,%,—%).

43. (a) Maximize f(a, b, c) = a?b%c? subject to a® + b% + c? = 12. Thus 7 f = 2ab?c?i + 2a’bc?j + 2a’b%ck and
W g = 2ai+2bj+ 2cksothat 7 f = A7 g = 2ab’c? = 2a), 2a’bc? = 2b), and 2a’b’c = 2c\
= 2a’b%c? =2a°A =2b2A =2c¢2\ = A=0ora’=b>=c2
CASE1l: A =0 = a’b*c?2=0.

2\ 3
CASE2: a? =b? =c¢? = f(a,b,c) = a’a%a’? and 32> = 1> = f(a,b,c) = (%) is the maximum value.

(b) The point (\/E, \/l_), \/E) is on the sphere if a + b + ¢ = r2. Moreover, by part (a), abc = f (\/5, \/E, \/E)

2

3
< <%) = (abc)'/3 < % = % , as claimed.

44. Let f(x1,Xg, ... ,X,) = > aX; = ajX] + asXg + ... + a,X, and g(X1,Xg, ... ,X,) = x> + x> + ... + x> — 1. Then we

i=1

want Vf=Awg = a = A2x1), a0 = AQXa)s o3, = AL A A0 = xx = & = S Ay s

n n 1/2 n n n n 1/2
= 42 =3 a = 2)‘_(251?) = f(X1,X2,... ,X) =D aX = > & (;—‘A)—Z—KZa?—(Za?) is
i=1 i i

i=1 i=1 i=1 i=1

the maximum value.

45-50. Example CAS commands:
Maple:

f:=(x,y,z) > x*y+y*z;
gl = (x,y,z) -> x"2+y"2-2;
g2 = (X,y,z) -> x"2+772-2;
h := unapply( f(x,y,z)-lambda[1]*g1(x,y,z)-lambda[2]*g2(X,y,z), (X,y,z,Jambda[1],]lambda[2]) ); # (a)
hx := diff( h(x,y,z,lambda[1],lambda[2]), x ); #(b)
hy := diff( h(x,y,z,lambda[1],Jlambda[2]), y );
hz := diff( h(x,y,z,Jambda[1],lambda[2]), z );
hll := diff( h(x,y,z,lambda[1],Jambda[2]), lambda[1] );
hl2 := diff( h(x,y,z,lambda[1],lambda[2]), lambda[2] );
sys := { hx=0, hy=0, hz=0, h11=0, h12=0 };

ql := solve( sys, {X,y,z,Jambda[1],Jambda[2]} ); #(c)
q2 = map(allvalues,{ql })7
for pin q2 do "o

eval( [x,y,z.f(x,y,2)], p );
“=evalf(eval( [x,y,z,f(x,y,2)], p ));
end do;
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Mathematica: (assigned functions will vary)
Clear[x, y, z, lambdal, lambda2]
flx_y_,z]li=xy+yz
gllx_y_z J=x>4+y> -2
e2[x_y_z_l=x>+2722 -2
h =[x, y, z] — lambdal gl[x, y, z] — lambda2 g2[x, y, z];
hx= DIh, x]; hy= D[h, y]; hz= D[h,z]; hL1=D[h, lambdal]; hL.2= D[h, lambdaZ2];
critical=Solve[ {hx==0, hy==0, hz==0, hL1==0, hL.2==0, g1[x,y,z]==0, g2[x,y,z]==0},
{x,y, z, lambdal, lambda2 }]//N
{{x,y, z}, f[x, y, z] }/.critical

14.9 TAYLOR'S FORMULA FOR TWO VARIABLES

1. fx,y)=x&¥ = £y =¢&,1f;, =x&, fxx =0, fxy = &, £y = x&’
= f(x,y) = f(0,0) + x£;(0,0) + yfy(0,0) + 5 [x*fxx(0, 0) + 2xyfyy (0, 0) + y*fyy (0, 0)]
=0+x-14+y-0+ % (x2-0+2xy -1 +y?-0) = x + Xy quadratic approximation;
fxxx = O’ fxxy - 0’ fxyy = ey’ fyyy = xe’
= f(x,y) ~ quadratic + § [x*fyxx(0, 0) 4 3x%yfyyy (0, 0) + 3xy?fryy (0, 0) + y>fyyy (0, 0)]
=x+xy+ é (x3-04+3x%y -0+ 3xy?- 1 +y*-0) = x +xy + %ny, cubic approximation

2. f(x,y) =e*cosy = fy =e*cosy, f, = —€e*siny, f,x =e*cosy, fyy = —€*siny, f;, = —e* cosy
= f(x,y) = (0, 0) + x£(0, 0) + yf,(0,0) + % [x*fxx (0, 0) + 2xyfyy (0, 0) + y*fyy (0, 0)]
=1+x-14y-0+31[x*-1+2xy-0+y?-(—=1)] =1+x+ 1 (x* —y?), quadratic approximation;
fux = €* cosy, fixy = —€* siny, fiyy = —€* cos y, fyyy = €* siny

= f(x,y) ~ quadratic + ¢ [X*fxx(0, 0) + 3x2yfxy (0, 0) + 3xy*fyyy (0, 0) + y3fyyy(0, 0)]
=14+x+ix2—y)+2i[x3-143x%-0+3xy?- (=) +y>- 0]
=1+4+x+3(x*—y?) + ¢ (x* = 3xy?), cubic approximation

3. fx,y) =ysinx = fy =ycosx,fy =sinx, fiy = —ysinx, fiy = cos x,fyy =0
= f(x,y) = (0, 0) + x£(0, 0) + yf,(0,0) + % [x2£4x (0, 0) + 2xyfyy (0, 0) + y*fyy (0, 0)]
=0+x-0+y-0+1(x*-0+2xy-1+y?-0) = xy, quadratic approximation;
fxxx = —y cos X, fxyy = —sin x, fyy = 0, fyyy =0
= f(x,y) & quadratic + § [x*fyxx(0,0) 4 3x%yfyyy (0, 0) + 3xy?fryy (0, 0) + y>fyyy (0, 0)]
=Xy + % (x? - 0+ 3x%y - 0 + 3xy? - 0 + y3 - 0) = xy, cubic approximation

4. f(x,y) =sinxcosy = fy =cosxcosy,fy = —sinxsiny, fyx = —sinxcosy, fyy = —cos x siny,

fyy = —sinxcosy = f(x,y) =~ f(0, 0) + x£,(0, 0) + yf,(0, 0) + % [x2fxx (0, 0) + 2xyfyy (0, 0) + y*fyy (0, 0)]

=0+x-14+y-0+1(x*-0+2xy-0+y?-0) = x, quadratic approximation;

fuxx = —cos X cos y, fixy = sinx siny, f,y = —cos x cosy, fyyy = sinxsiny

= f(x,y) ~ quadratic + % [x3fixx (0, 0) + 3X2yfxxy(0, 0) + 3xy2fxyy(0, 0)+ y3fyyy(0, 0)]

=x+ ¢ [x*- (=) +3x%y - 0+ 3xy? - (=1) + y* - 0] = x — § (x* 4 3xy?), cubic approximation
5. fyy=eln(d+y) = h=e"In(+y).fy =55 ="l +y).fy = 155 . by = — 753
= f(x,y) = £(0,0) + xfx(0, 0) + yf,(0,0) + % [x2f4x (0, 0) + 2xyfyy (0, 0) + y*fyy (0, 0)]
=0+x-04+y-1+1[x*-0+2xy-1+y*- (=] =y+ 1 (2xy — y?), quadratic approximation;

_ _ X _ X _ 2X
foo = €I +¥). foy = 155 fy = — i - Ty = @9
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= f(x,y) ~ quadratic + é [x3fxxx (0, 0) + 3x%yfyxy (0, 0) + 3xy>fxyy (0, 0) + y>fyyy (0, 0)]
=y+52xy—y) 4+ [x*- 04 3x%y - 1 +3xy* - (=) + y* - 2]
=y+ 1 (2xy — y%) + & (3x%y — 3xy® + 2y?),, cubic approximation

— _ 2 _ 1 _ —4 _ —2
6. f(X,y)—ln(2X+y+1)ifx—m,fy—m,fxx—m,fxy—m,
fiy = ey = f6Y) = £(0,0) + x£x(0,0) + y£y(0,0) + 3 [x* (0, 0) + 2xyfyy (0, 0) + y*fyy (0, 0)]

=0+x-24y- 14+ 5[ - (= +2xy- (=2 +y*- (=D] =2x +y + 5 (—4x> — 4xy — y?)

=2x+y)— % (2x + y)?, quadratic approximation;

f _ 16 f _ 8 f _ 4 f _ 2
XXX 77 2x+y+ 132 XXy 7 2x+y+ 132 XYY T 2x+y+ D3V T 2x+y+ 1)?

= f(x,y) ~ quadratic + § [x*fxx(0, 0) + 3x%yfyyy (0, 0) + 3xy?fxyy (0, 0) + y>fyyy (0, 0)]
=Q2x+y)—2@x+yP+:(x*-16+3x% -8+ 3xy? -4 +y*-2)

=(@2x+y) — 5 2x+y)*+ 1 (8x3 + 12x%y + 6xy? +y?)

=02x+y)— % 2x +y)? + % (2x 4 y)3, cubic approximation

7. f(x,y) =sin (x? +y?) = fx = 2x cos (x* +y?), fy = 2y cos (x? + y?), fx = 2 cos (x* + y?) — 4x? sin (x* + y?),

foy = —4xy sin (x> + y?), fyy = 2 cos (x? + y?) — 4y? sin (x* + y?)

= f(x,y) & £(0,0) + X£;(0, 0) + yEy(0,0) + L [x2£,(0, 0) + 2xyfyy (0, 0) + y*f, (0, 0)]

=0+x-0+y-0+ % (x2-242xy -0+ y?-2) = x? + y2, quadratic approximation;
fox = —12x sin (x* + y2) — 8x® cos (x? + y?), fxy = —4y sin (x? + y?) — 8x%y cos (x> + y?),
fyy = —4x sin (x? + y?) — 8xy? cos (x* + y?), fyyy = —12y sin (x* + y*) — 8y cos (x* + y?)

= f(x,y) & quadratic + § [x*fyxx(0,0) 4 3x%yfyyy (0, 0) + 3xy?fryy(0, 0) + y>fyyy (0, 0)]

=x?+y?+ ¢ (x*- 0+ 3x%y - 0+ 3xy? - 0+ y* - 0) = x* + y?, cubic approximation

8. f(x,y) =cos(x*+y?) = fx = —2xsin (x> +y?), fy, = =2y sin (x* +y?),

fox = —2sin (x> 4+ y?) — 4x2 cos (x> + y?), fry = —4xy cos (x> + y?), fyy = —2 sin (x2 + y2) — 4y? cos (x> + y?)
= f(x,y) & f(0,0) + X£;(0,0) + yEy(0,0) + L [x2£4(0, 0) + 2xyfyy (0, 0) + y2fy (0, 0)]
=1+x-04+y-0+1[x*-0+2xy-0+y?-0] = I, quadratic approximation;

fox = —12x cos (x? + y?) + 8x3 sin (x? + y2) , fxxy = —4y cos (x* + y?) + 8x?y sin (x> + y?),

fryy = —4x cos (x* +y2) 4 8xy? sin (x? + y?), fyyy = —12y cos (x* + y?) + 8y? sin (x* + y?
= f(x,y) ~ quadratic + % [x3fxxx(0, 0) + 3x2yfyxy (0, 0) + 3xy>fxyy (0, 0) + y>fyyy (0, 0)]
=1+ ¢ (x*-0+3x% -0+ 3xy*-0+y*-0) = I, cubic approximation

~—

9. f(x,y) = 1_;_y = f, = ﬁ = fy, fix = ﬁ
= f(x,y) ~ £(0,0) + xf; (0, 0) + y£,(0,0) + 5 [x*fxx(0, 0) + 2xyfyy (0, 0) + y*fyy (0, 0)]
=1+x-14+y-1+3(x>-2+42xy-2+y*-2) =14+ x+y + (x> +2xy +y?)
=14+Ex+y)+Ex+ y)Q, quadratic approximation; fyxx = ﬁ = fixy = fayy = fyyy
= f(x,y) ~ quadratic + § [X*fxxx(0, 0) + 3x2yfyxy (0, 0) + 3xy*fyyy (0, 0) + 3£y, (0, 0)]
=1+ &+ +E+y>+1(x*-643x%-6+3xy>-6+y%-6)

=14+ x+y)+&+y)?+ (3 +3x%y +3xy? +y3) = 1 + (x +y) + (x +y)? + (x + y)?, cubic approximation

=ty =1y

_ 1 _ -y _ 1—x _ 21 —y)®
10. f(X7y)_lfxfy+xy = fx_(lfxfywtxy)z’f}’_(17);7y+xy)2’fx"_(lfxnyrxy)3’
T 1 T 2(1 — x)?
7T A-x—y+xy?? W T (Q-x—y+xy’

= f(x,y) = 1(0,0) + x£x(0, 0) + yf,(0,0) + % [x*fxx(0,0) + 2xyfyy(0,0) + nyyy(O, 0)]
=1+x-14+y-1+3(x*-2+2xy-1+y*-2) =1+x+y+x*+xy+ y?, quadratic approximation;
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T — 6(1 —y)° [4(l—x—y+xy>+6(1—y)(l—X>](1—y)
XXX T T x—y +xy)t 2 Xy = 1—x—y+xy!

f _ [=40 —x—y+xy)+6(0 —x)(1 -y = x) f 6(1 —x)*
Xy — (1—x—y+xy) WY T U—x—y+xyt

= f(x,y) ~ quadratic + § [x*fxx(0,0) + 3x%yfyyy (0, 0) + 3xy?fxyy (0, 0) + y>fyyy (0, 0)]
=14+x+y+x2+xy+y*+L(x*-643x%y-2+3xy*-2+y>-6)
=14+x+y+x>+xy+y>+x3+x%y + xy? + y3, cubic approximation

f(x,y) =cosxcosy = fy = —sinxcosy,fy = —cosxsiny, f; = —cosxcosy, f,, =sinxsiny,
fyy = —cosxcosy = f(x,y) ~ f(0,0) + xf(0,0) + yfy (0, 0) + 3 [x 2fxx(O 0) + 2xyfyy (0, 0) + y*fyy(0, 0)]

=1+x-04+y-0+1[x*-(=D+2xy-0+y>-(=D]=1- —q — ¥, quadratic approximation. Since all partial

derivatives of f are products of sines and cosines, the absolute Value of these derivatives is less than or equal
ol = E(x,y) < §[(0.1)* +3(0.1)* + 3(0.1)* + 0.1)%] < 0.00134.

f(x,y) =e*siny = fy =e*siny,fy =e*cosy,fix =¢e*siny, f;y =e*cosy,f;, = —e*siny

= f(x,y) ~ f(0,0) + X, (0, 0) + y£, (0, 0) + 1 [ (0, 0) + 2xyfiy (0, 0) + y2£, (0, 0)]
=0+x-0+y-1+1(x*-0+2xy-1+y?-0)=y+ xy, quadratic approximation. Now, fyx = €* sinyy,
fuy = €* cosy, fyyy = —e* siny, and fyy, = —e* cos y. Since [x| < 0.1, [e* siny| < |e%! sin 0.1] ~ 0.11 and
le* cos y| < [e”! cos 0.1] ~ 1.11. Therefore,
E(x,y) < £[(0.11)(0.1)* 4 3(1.11)(0.1)® + 3(0.11)(0.1)* + (1.11)(0.1)*] < 0.000814.

14.10 PARTIAL DERIVATIVES WITH CONSTRAINED VARIABLES

1.

2.

w=x>+y?+z%andz = x> +y%:

y X = X(y,z)

w Ox 0, z Z z X

(a) <Z)—> y=y _’WZ><?9_‘;)Z*%X gy—i—g‘;’az—i—%—‘:g—y;a—y Oanda —2xa —|—2y
z=1

X

=% P42y = 0=y = B=—t = (g—y)zz(zx)(—%)+(2y)(1)+(2z)(0):—2y+2y:o

X=X
o (3) = [yven | cws G =R b moma g =g g
7Z=17

1=y % o B L () (2x)(0)+(2y)< )+(22)(1)—1+22
, X = X(y, 2)
_ 0 ow 8x ow 0 ow 0z. O 8z Ox
© <Z> - y= - v = (a_‘:)y— X 0T oy o T 9 00 5 —Oand G =2x 5 X2y
= 1=2x5 = F=53 = (3), =20 (5) + O +2)(1)) = 1 +2z

w=x>+y—z+sintandx+y=t

X=X
X
@ (y] = 32) | =wv=(8) =Rt R+ e e+ o ms=0%=0um
VA
t=x+y
f=1 = (3) = @00+ 1))+ (DO + (cos (1) = T +cos t = 1 +cos (x +3)
Y X;:t;y ow ow 9x ow Oy ow 0z ow Ot. 9z ot
(b) f - 7 — 7 _’W:><W> =ox oy Tayay T o ay T B oy oy —0and 5o =0
t=t

dy dy

> B B o (g—y) = 20)(=1) + (D(1) + (—1)0) + (cos )(0) = 1 — 2(t —y) = 1 + 2y — 2t

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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X X=X
y=y ow Ow Ox | Dw 0% 4 Ow 0r 4 Ow Bt Ox oy _
(c) y — L= — W = (E)x,y_ax z+8y 3Z+E8z+ 25 aZ_Oand =0
z
t=x+y

= (2Y),, = 20)(0) + (1)(0) + (= 1)(1) + (cos )(0) =

N

Z=17
t=t

= (32),, = @00) + (1)) + (=1)(1) + (cos H(0) = —

y X=t—y
y=y ow Ow 9x | Ow 9y | Ow dz | Ow Ot. Oy _ o
) ()—’ —w= (), =aat Nt ato 59 =0adg =0

-

Z=17
t=t

= (5),, = @00) + (1) + (=1)(0) + (cos )(1) = 1 +cos t

(f) ot ox ot ot’ dt

Z=17
t=t

3—“’)%‘ = (2x)(1) + (DO) + (—1D(O0) + (cos t)(1) =cost+2x =cost+ 2(t — y)

-

X X=X
y=t—x dw Ow 9x , Ow Oy | Ow 9z | Ow Ot. Ox _ 9z _
(e) (Z) - - W= (W) =% o Taata ata asa —0andg =0

X=t—y
y _
z)_> PV s ws (), =Rl Qe By O 0y O L g and & =0
= (

t

3. U=f(P,V,T)and PV = nRT

P=P
P
@ ()~ (Y= ) v B HE W R E - DO )
~ mR

P =125t
Vv v
® (1) = [ VeV | U= B R E R R IR W O+
T=T
- (%) (%) + %

4, w=x>+y*+7z*andysinz+zsinx =0

X =X
X _ ow ow 6x ow dy | Ow dz. dy
(a) (}’)_) y=y HW:(E)y_ ox +8y 8x+_zm 6x_oand
zZ = 7(X,y)
(ycosz) +(s1nx) c+zcosx =0 = %:ﬁ. At(O,l,w),%::—T:ﬂ

= (%?Z)ﬂ o = @O+ 2O + D] g, =27

X = x(y,2)
(b) (Z) = y=y | ows (), =RE TR E TS =205 @O+
7 =127

(2x) >+ 2z. Now (sin z) 5 Y 4 ycosz+ sinx + (z cos X) 5 ax =0 and =0

ox _ Ox __ —ycosz—sinx 1.0 1
:>yCOSZ+8mX+(ZC°“)%—O:> &= At(O = o
ow _ 1 .
= (E)y\ o01,m =20) (1) +2m =27
5. W=X2y2+yz—z3andx2+y?+z?:6
X X=X
w OX 0 7
(@) <y>—> y=y —>w:>(g—vyv)x:g_xg_y+g\;a§+%\:g_y

z=1z(X,y)
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= (2xy*) (0) + (2% +2) (D) + (y = 32%) 52 = 2%y + 2+ (y — 32%) 2. Now (2x) 35 +2y + (22) 52 = O and
BF=0=2+Q2) % =0= Z=-t Atw,xy,)=421,-1),%=-L =1 = (g_vyv)

=@M + (=D} +[1 =31 (1) =5

(421,-1)

y x=10,2) 3 w 9 ow 9 ow Oz
o ()= T3mr) v () -naensens
Z=17

= (2xy?) B+ 2%y +2) () + (y — 32%) (0) = (2x%y) 3 + 2x%y + 2. Now (2x) ¥ +2y + (22) £ = O and

0= @) P42y=0= 2 =-L Atw,xy,)=@4,21,-1,2=-1 = (3—W)

dy dy — 9 /)l @a21,-1
=@M (- 3) + QM+ (- =5
6. y=uv = I:Vg—;—i—ug—;;x:uQ—f—VQandg—;:O = 0:2ug—;+2vg—; = g—;: (—%) g—; =1
_ Ou udu) _ [ vi—u? ou ou __ v _ ou __ 1 _
—Va+”@vw)—(v)$:¢@—?T%“@”—@ﬁJ)W‘pwﬁf_q

du _
= (&) =1

" (g) - (;:iﬁg) = (5)y=coshix’ +yP=r = X2y F=uFadF=0= An=2f

or __ Jr X

= ﬁ_f = (m)y: /X2 +y2

8. Ifx,y, and z are independent, then (‘9—‘”)yZ — Ow Ox 4 Ow Oy %_\;/ % 4 Ow 2t

0x Iox Ox By Ox ot 0x
= 2x)(D) + (=2)0) + D0 + (1) (&) =2x+ &. Thusx +2z+t=25 = 140+ 2 =0 = & =1
= (%—W) = 2x — 1. On the other hand, if x, y, and t are independent, then (%—W)
X /yz X /y,t

= e+ O ow Bz g Ow Ot — (0x)(1) + (—2y)(0) + 4 22 + (1)(0) = 2x + 4 Z. Thus, x + 2z +t = 25

=S 142F4+0=0= F=—§ = (3, =2x+4(-3) =2x-2.

9. If x is a differentiable function of y and z, then f(x,y,z) =0 = 9L 0% 1 o0 Oy 4 ot 0z _ ¢ _ Of 4 90 Oy _

0x dy Ox ox dy Ox
ax\ _ _ oMy i ey : : : dy\ _ _ ooz e

= (6y)Z = — 35, Similarly, if y is a differentiable function of x and z, (az ) = oio andifzisa

: : : oz _ of/ox ox dy oz
differentiable function of x and y, (ﬁ)y =~ 5ty Then (8_y)z <E)x (&)y

_ (__ ofigy (_ 8f/8z) _oflox ) _ -1

- ofl0z of/ox oflgy | — .

— = 9z _ df du _ dt. 9z _ df u _ 4 df 9z _ 0z

10. z=z+f(wandu=xy = =1+ 50 =1+y g,;also B =0+ g oy = X d sothatx g7 —y By

=x(I+y§) —y(x§) =x

11. If x and y are independent, then g(x,y,z) =0 = 9¢ 0x 4 O Oy 4 08 @zoand%:O = %84 080 _

ox dy dy dy Jz dy y dz dy =
9z \ _ _ 0gldy :
= (ay)x =~ B, * 3 claimed.

12. Let x and y be independent. Then f(x,y,z,w) =0, g(x,y,z,w) = 0 and % =0

of 9x 4 of Oy | Of 9z 4 Of ow _ Of | Of 9z 4 Of dw _
:>8x6x+6y6x+6z6x+8w6x_6x+626x+8w8x_0and
Og 9x 4 Og 9y | Og 9z  Og Ow _ Og 4 Og 9z 4 Og 9w

+ + + =24 +

Ox Ox dy Ox 9z Ox dw Ox 9z Ox ow ox Olmply

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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of Oz 4 Of ow _ _ of e o ) )
92 0x T ow ox —  ox = (%) "o o] _ R ER R E-RE . laimed
92 0z 4 02 ow _ D2 ox)y = T ik oL os O o0 . oros_orop @S ClAIMEd.
972 Ox ow Ox x Zz %\: dz Iw 9z Iw Jz Iw ow 0z
% o
ikewi — — ox _ Of Ox 4 Of 9y | 0Of 9z 4 Of Ow
Likewise, f(x,y,z,w) = 0, g(x,y,z,w) = 0 and oy = 0= 35 oy T oy oy v 9, 9y T ow ay
— of | of 9z 4 Of Ow _ imi Og 4 08 0z 4 98 Ow _ ()
=T ooy toway = 0 and (similarly) o T o, oy T ow oy — 0 imply
o _ ot
0z dy
of 0z 4 of ow _ _ of dg o) : o : o
628y+é9w8y_ dy ow _‘i}z _ﬁ _‘%%‘Fg—gg_‘y__%%_g_‘y% laimed
9 07 , Oz ow _ g = \oy) T Jor o[ T mm_ma — — o a oo > as claimed.
o ay + Tw ay = 3y X gg %\g dz Ow dz Ow dz Ow ow 0z
3 ow
CHAPTER 14 PRACTICE EXERCISES
1. Domain: All points in the xy-plane
Range: z O
Level curves are ellipses with major axis along the y-axis
and minor axis along the x-axis.
2. Domain: All points in the xy-plane
Range: 0 <z < o0
Level curves are the straight lines x + y = In z with
slope —1, and z > 0.
3. Domain: All (x,y) suchthatx #Qandy # 0 2
Range: z # 0
z=1
Level curves are hyperbolas with the x- and y-axes *
as asymptotes.
4. Domain: All (x,y)sothatx’> —y 0

Range: z O

Level curves are the parabolasy = x> —c,c 0.

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



10.

11.

12.

13.

14.

Domain: All points (X, y, z) in space
Range: All real numbers

Level surfaces are paraboloids of revolution with
the z-axis as axis.

Domain: All points (x,y, z) in space
Range: Nonnegative real numbers

Level surfaces are ellipsoids with center (0, 0, 0).

Domain: All (x,y,z) such that (x,y,z) # (0,0, 0)
Range: Positive real numbers

Level surfaces are spheres with center (0, 0, 0) and
radius r > 0.

Domain: All points (X, y, z) in space
Range: (0, 1]

Level surfaces are spheres with center (0, 0, 0) and
radius r > 0.

lim e'cosx =e" cosm = (2)(—1) = -2

(x,y) = (m,In2)

; 24y 240
(x y)lE»n(O.O) x+cosy ~ O+cosO

lim oY = lim _X=y i
("’Y)Jf’” -y (x,y);iu,l) ®=NEEY T (xy) — (1,1) XY
X y X y
lim x*y? — 1 _ lim (xy =D}y +xy+1) _
(xy) = (L1 =1 (xy) = (1,1) xy -1

lim
P— (1,—1,e)

Injx+y+zl=In|l+(-1)+e/=Ilne=1

Chapter 14 Practice Exercises

2z

R

SRR

S &1@%‘&&;\
SR ER R

1

1+1

1
2

fay,=xt+y*—z=-1
or
z=x+y*+1

- rr
X +yY +2 +1

2 2 2
or X +Y +2 =1

LM B

Xy 4+xy+ 1) =12-1241-1+1=3

lim tan'(x+y+z)=tan ' (1 + (=D + (=) =tan~' (=1) = -7

P—(1,—1,-1)

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Lety =kx?, k # 1. Then( )lim(0 0 T = K %im 0,0) sz,xf(xz = % which gives different limits for
x,y) — (0, x,kx?) — (0,
y#x

different values of k = the limit does not exist.

4 kx)? 14K

Lety = kx, k # 0. Then lim XAy - which gives different limits for

= lim o
(x.y) = (0,00 ¥  (x,kx) — (0,00 *%
xy # 0

different values of k = the limit does not exist.

_ . x2—y o 2_k’)2_ 1—k2 . . . .. .
Lety = kx. Then (x7y)lgll(0,0) Ty T Tk T I which gives different limits for different values

of k = the limit does not exist so f(0, 0) cannot be defined in a way that makes f continuous at the origin.

. . in (x — . : 1, x>0 e .
Along the x-axis, y = 0 and lim SnX=y) _ iy Sinx — , so the limit fails to exist
g y
(x,y) — (0,0)  [xI+Iyl x—0 MK -1, x<0
= fis not continuous at (0, 0).
9% — cos®+sinf, 2 = —rsinf+rcosd
or > 00

R 1
of _ 1 (_2x Jr(x? =Xy o X=y of _1(_2y ) (x =Y 4 — Xty
ox — 2 \xX2+y? 1+ (1) 7 4y 4y T XAy 9y T2\ 1+ (57 7 Xy x’+y T x24y?

of _ 1 of _ _ 1 of 1

OR; R,Q’E)Rg__R_E’E)_Rg_ R%

h,(X,y,2z) = 2w cos 2mx +y — 3z), hy(X,y,z) = cos 2mx +y — 32z), h,(X,y,z) = =3 cos 2mx + y — 3z)

oP RT OP _ nT 0P _ nR QP __ nRT

on ~ V*®OR V9T _ V°>oV V2

£, 6, T, W) = — 57\ 7> B LT, W) = — 5/ 25 (0, 6T, w) = (5) (\/ﬁ) (ﬁ)

= i = e A R LT W = () T (- hw ) = - g /X

Pg_ P _x g g 1
2

> Jy?2 ¥y dydx — 9xdy y

U
< lo3
Il
<l
ST
o3
Il
—
|
<
Q‘>
><N)

g(x,y) =e' +ycosx, g(x,y) =sinx = gu(X,y) =€ —ysinx, g,(X,y) =0, g.,(X,y) = gx(X,y) = cos X

2 of _ o _ 2-2x* 9% o _ 0% _
1°dy — X = a2 30x + (2412 ay? =0, dyox — Oxdy 1

fix,y) = -3y, fi(x,y) =2y = 3x —siny + 7¢ = f(X,y) =0, f,(X,y) =2 —cosy+ 7e", f,(x,y) = fx(X,y) =

g—‘::yCOS(Xy‘i‘ﬂ') ow _XCOS(Xy+7T), dt:et’d_: !
= [YCOS(Xy+7r)]e +[xcos(xy+7r)]( ) t=0 = x=1landy =0

= ‘1]—“; o =0-1+[-(=D](5) =1

%—;V—eY,%—‘;—xeY—f—smz, ¥ =ycosz+sinz, ——t 1/2, i{flﬂ-;,%zw
= ‘fj—‘:“:eyt—lm-i-(xe%l—smz) (1+;)—|—(ycosz—|—smz)w;t:1 = x=2,y=0,andz=r1
= Slo =1 1+Q2 1-0@ +0+0r=5
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Chapter 14 Practice Exercises

a—‘: =2cos(2x —y), ‘g—‘;’ = —cos(2x —y), % =1, % = COS s, % =s, % =r

= %—W [2cos(2x —y)](1) +[—cos2x —y)I(s);r=mands =0 = x=mandy =0

= %—Vg o = (2 cos 2m) — (cos 2m)(0) = 2; I = [2 cos (2x — y)](cos 5) + [— cos (2x — y)](r)
= v ‘ = (2 cos 2m)(cos 0) — (cos 2m) (M) =2 — 7

ow __ dw 9x (x

du dx ou  \T+x2

g—yzi—y%z(ﬁ—ﬁ)(—ze“sinv) = av!(,or(g—g)w):o

%:y+z,g—§:x+z,%:y+x, & = —sint, 4 Y =cost, &= —2sin2t
- %:—(y—|—z)(sint)+(x—|—Z)(COSt)—2(y+X)(Sin2t);t:1 = x=cos 1,y =sin1,and z = cos 2
= % —; = —(sin 1 + cos 2)(sin 1) + (cos 1 + cos 2)(cos 1) — 2(sin 1 + cos 1)(sin 2)
ow __ dw 35 dw 0w __dw 9s __ dw __ dw ow ow __ dw dw __
F(x,y)=1—-x—y? —sinxy = F,=—1—ycosxyandF, = —2y — x cos xy = %:—ﬁz—%
= e = at(x,y) = (0,1) we have § o= o |

_ X _ X _ X dy _ F _ 2y +e*tY
F(x,y) =2xy+e*Y —2 = Fy=2y+e*YandFy = 2x + 'Y = d_i—_F_y—_by(Jr—Zw

_ dy 2In2+2 _
= at (x,y) = (0,In 2) we have 3 omy 0F2 T —(n2+1)
V= (=sinxcosy)i—(cosxsiny)j = Vvf|:. :——l——J = |wvf|l= (—%)2-1-(—%)2:%:72;

u= % = \[ \[ j = fincreases most rapidly in the direction u = — @1— i_] and decreases most
rapidly in the direction —u = ‘[H- \[ ; Duhp, = | | = and (D_,f)p, = —

| w|§

b
A

W=y = e it Dubi - vi-w=(=3) (%)+(—%) (3)=-1

Vi=2xe i) 5 il =20-2 = | Vil= V2P =2vZu= g = i

= fincreases most rapidly in the direction u = L\/— i— L\/— j and decreases most rapidly in the direction

_u:—\%i+%j;(Duf)P[|:|vf|:2 2and (D_,Dp, = —2v/2: H:J%_T \%j
= Duy, = v -u = (L) + 2 (L) =0
vi= (2X+32Y+6Z>1+<m)j+<m)k:> Vf\u 1,1) = 2i + 3j + 6k;

_ vf _ 2it3j+ek _ 2 3 6 _ 25, 35,6
U= = Vrreare — 1+7 Jj+ 7k = fincreases most rapidly in the directionu = £i+ 2 j + 5Kk and

decreases most rapidly in the direction —u = — = 1 - —j -2 k ; (DU, = |7 f| =7, (D_uD)p, = =7,
w=py=7i+3i+3k = Duby :<Duf)pu =7

vi=2x+3y)i+Gx+2)j+ (1 —-22k = Vf|(000)—2J+k u= ‘g;‘ = \/gj—l—%k = fincreases most

rapidly in the direction u = % i+ 7 k and decreases most rapidly in the direction —u = — % i— ﬁ k;
i+j+k . .
(Dufe, = | 7 1] = VS and O-ubr, = —/5 5w = = 7y = J5i+ i+ 5k
ST N
= Ouby = vi-u=0(%)+2 (%) +<1>(f) 2 =3
Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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41.

42.

43.

44.

45.

46.

47.

48.

49.

r = (cos 30)i + (sin 30)j + 3tk = v(t) = (-3 sin 30i + (3 cos 30)j + 3k = v (5) = —3j+ 3k

= u:—%j—i—%k;f(x,y,z):xyz = W [ =yzi+xzj + xyk; t = % yields the point on the helix (-1, 0, )

= Vi o= -7 = Vi u=(—7j)- (fﬁjJr\%k):\%

fx,y,z) =xyz = wf=yzi+xzj+xyk;at(l,1,1)weget yf=1i+j+k = the maximum value of
Duf|(1.1,1) = | Vf\ = \/3

(a) Let sy f = ai+ bjat (1,2). The direction toward (2,2) is determinedby vi =2 — 1Ni+ (2 —-2)j=i=u
sothat sy f-u=2 = a=2. The direction toward (1, 1) is determined by vo = (1 — )i+ (1 —2)j= —j=u

sothat 7 f-u=—-2 = —b= -2 = b=2. Therefore 7 f=2i+2j;f(1,2) =1£,(1,2)=2.

(b) The direction toward (4, 6) is determined by vs = (4 — )i+ (6 —2)j =3i+4j = u= % i+ ;—‘j
14

= v f- u= 3 -
(a) True (b) False (¢) True (d) True
vi=2xi+j+2zk = X
\V4 f| 0,-1,-1) — .] -2k, Wo-p=i+2
\vai 000 — i i
\v4 f|<0’71’1> =j+2k j

y

V£lo,1,-1y=i- 2k

v =2yj+2zk =

\Y4 f| 220) — 4j,
Vf|(z, 20) = —4j,
v f| 2,02 — 4k,

v f|(2,0,72) = —4k

vif=2i—-j—-5k = vf|(2.7|,]):4i—j—5k = Tangent Plane: 4x —2)—(y+1)—5(z—-1)=0
= 4x —y —5z=4;Normal Line: x=24+4t,y=—-1—-t,z=1-—>5t

vi=2xi+2yj+k = vf|(],1,2):2i—|—2j—|—k = Tangent Plane: 2(x — 1) +2(y— 1)+ (z—2)=0
= 2x+2y+2z—6=0;Normal Line: x=142t,y=14+2t,z=2+t
0z __ _2x oz

9x — xX2+y? = x

|(010) = 0and g—; =2 = By = 2; thus the tangent plane is
b )

2y—1)—(z—-0=0o0r2y—z—2=0

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



50.

51.

52.

53.

54.

55.

56.

57.

58.

Chapter 14 Practice Exercises 867

-2
9 — —2x (x*+y?) 3%“ )

planeis—%(x—l)—ﬁ(y—l)—(z—%):Oorx+y—|—22—3:0

— % and g—; =2y (x> + y?)*2 = ¢ Nl % ; thus the tangent

vVi=(-cosx)i+j = wf|,, =i+]j = the tangent
lineis(x—m+(y—1)=0 = x+y=m+1; the
normal lineisy — 1 =1(x—7m) = y=x—-7m+1

vi=—xit+yj = wvf|,,=-1+2j = the tangent
lineis —(x — 1) + 2(y — 2)—0:>y——x—i-3 the normal
lineisy—2=-2x—-1)=y=-2x+4

Let f(x,y,z) = x> + 2y + 2z — 4 and g(x,y,z) = y — 1. Then Vf—2X1+2J+2k| —2i—|—2j+2k
i j k
and vg=j = vixveg=|2 2 2|=-2i+2k = thelineisx:1—2t,y:1,Z:%+2t
01 0
Let f(x,y,z) = x +y? +z — 2 and g(x,y,z) =y — 1. Then vf_1+2y_]+k| 1Y) _i+2j+kand
i j k
ve=j=> vixwveg=|1l 2 1|=-i+k = thelineisx:%—t,y:I,Z:%—i—t
01 0
f(5,5) =3.% (g,%)—cosxcosy| (nfama) = fy(g,g):—sinxsiny\(ﬂ/47ﬂ/4):—%
= Lx,y) =1+ %(x—g)—i(y—z)_§+§x—%y;fxx(x,y):—sinxcosy,fyy(x,y):fsinxcosy,and
fyy(X,y) = —cos x sin y. Thus an upper bound for E depends on the bound M used for |fy|, |fxy|, and [fyy|.

With M = 2 we have [E(x, )| < 5 (42) (|x— 5|+ |y = 5])° < %2 027 < 00142,
with M = 1, [E(x,y)| < (D) (|x = Z| + |y — 2))* = 1 (0.2)2 = 0.02.

f(l,l)zO,fX(l,l):y|(171):l,fy(l,l):x 6y| 1) S =Lxyy=x—-1)-=-5(y—-1)=x-5y+4
fx(X,y) =0, fyy(X,y) = —6, and fxy(x,y) = 1 = maximum of |f|, |fyy|, and |fy|is6 = M =6
<O (x — 1|+ ]y —1])* = 3 (6)(0.1 +0.2)> = 0.27

f(1,0,0) = 0, £,(1,0,0) = y — 37| (100) =0, f,(1, 00)=x+2z|(100)=1 f,(1, 00):2y—3x|(100)=—3
= Lx,y,0)=0x-1)+(y—-0—-3z—-0) =y -3z 1(1,1,0) =1,£(1,1,0) = 1,£,(1,1,0) = 1, £,(1,1,0) =
= Lxy,2)=1+4x-1D)+Fy-D)—-1z-0=x+y—2z—1

F0.0.5) = 15.(0.0.5) = —VAsinxsing 40| =0.6(0,0,5) = Vieosxeosty 12| =1,

i)—l:>L(x,y,z):1+1(y—0)+1(z_g):1+y+2_§,
fG 5 ):i R b5 50 = F ol

40 y %7
S Ly )= - Lx-)+L -1+ 2

!% [
~~
N
|
\/
Il
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59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

Chapter 14 Partial Derivatives

V=m*h = dV =2athdr+m dh = dV] ;. = 2(1.5)(5280) dr + m(1.5)? dh = 15,8407 dr + 2.257 dh.

You should be more careful with the diameter since it has a greater effect on dV.

df = 2x —y)dx + (—=x +2y)dy = df| 12 = 3dy = fis more sensitive to changes in y; in fact, near the point

(1,2) a change in x does not change f.

dl=gdV—gdR = dlf ,, = 15dV — 15 dR = dI| ;| ., = —0.01 + (480)(.0001) = 0.038,

or increases by 0.038 amps; % change in V = (100) (= &) ~ —4.17%; % change in R = (— 2%) (100) = —20%;
I= 2L =024 = estimated % change in I = ¢ x 100 = %238 x 100 ~ 15.83% => more sensitive to voltage change.
A =mab = dA=nbda+madb = dA| (10,16) = = 16mrda+ 10mrdb;da= 4+ 0.1 anddb = £0.1

= dA = +267m(0.1) = £2.6mand A = n(10)(16) = 160 = |9 x 100| = | £ x 100| ~ 1.625%

() y=uv = dy = vdu+ udyv; percentage change inu < 2% = |du| < 0.02, and percentage change in v < 3%
= Jav] <0.03; & = vautud g b 85 100| = |9 5 100+ & x 100] < [ x 100] -+ [4 x 100]

<2%+ 3% = 5%

_ dz __ dut+dv __ _du dv du dv (.:
b z=ut+v = F="T"=i5tiy =L+ 5 Ginceu>0,v>0)

= [4 % 100] < [% % 100+ % x 100] = | x 100)
CZW = Cw:% andch_%
= dC = W dW+ W dh thus when w = 70 and h = 180 we have
dC| (70,180) ~ —(0.00000225) dw — (0.00000149) dh => 1 kg error in weight has more effect

fi(x,y) =2x —y+2=0and fy(x,y) = —x+2y+2=0 = x=-2andy = —2 = (-2, —2) is the critical point;
fix (=2, -2) = 2, fyy (2, -2) = 2, f1y(—2, -2) = =1 = ffyy — fXQy =3 > 0andf,, >0 = local minimum value
of f(—2,-2) = —

fx(x,y) =10x +4y +4 =0and fy(x,y) =4x —4y -4 =0 = x=0andy = —1 = (0, —1) is the critical point;
fix (0, —1) = 10, fyy (0, —=1) = =4, (0, —=1) = 4 = ffyy — ffy —56 < 0 = saddle point with f(0, —1) =2

fx(x,y):6x2+3y:0andf(x y)=3x+6y’=0 = y772x2and3x+6(4x4):0 = x(1+8x3) =0
= x=0andy =0,orx = —jandy = — 3 = the critical points are (0,0) and (— 3 ,— %) . For (0,0):

£(0,0) = 12x] () = 0, fy (0, 0 = 12y) 00 = 0. Fig(0,0) =3 = fiufyy — £, = 9 <0 = saddle point with
f(0,0) = 0. For (— 5, —3): fix = —6,fyy = =6,y =3 = fifyy — 3 =27 > 0and fx <0 = local maximum

value of f (— 5, — 1) =%

fu(x,y) =3x> =3y = 0and fy(x,y) =3y* = 3x =0 = y=x?andx —x=0 = x(x>— 1) =0 = the critical
points are (0, 0) and (1, 1). For (0,0): fxx(0,0) = 6x| 0,0) = 0, fyy(0,0) = 6y|(00 =0, fy(0,0) = —

= —9 <0 = saddle point with f(0,0) = 15. For (1, 1): fx(1,1) = 6, fyy(1,1) = 6, f,(1,1) = —
=27 > 0and fx > 0 = local minimum value of f(1,1) = 14

= fudyy — xy
= fixfyy — fxy
fu(x,y) = 3x> + 6x = 0 and fy(x,y) =3y —6y =0 = x(x+2)=0andy(y —2)=0 = x =0orx = —2and
y=0ory =2 = the critical points are (0, 0), (0, 2), (—2,0), and (—2,2). For (0,0): fx(0,0) = 6x + 6] 0,0)

=6, fy(0,0) = 6y — 6| 00) = -6, £4,(0,0) = 0 = ffy — Xy = —36 < 0 = saddle point with f(0,0) = 0. For
(0,2): 1xx(0,2) = 6, £,4(0,2) = 6, 1,,(0,2) =0 = fifyy — fxy =36 > 0 and fyx > 0 = local minimum value of

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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71.

72.
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£(0,2) = —4. For (—=2,0): fx(—=2,0) = —6,f,y(=2,0) = —6, fy(=2,0) = 0 = ff,y — ffy =36>0andfx <0

= local maximum value of f(—2,0) = 4. For (—2,2): fx(-2,2) = —6, f;y(—2,2) = 6, f,y(-2,2) = 0

= fudyy — ffy = —36 < 0 = saddle point with f(—2,2) = 0.
fix,y) =4x3 —16x=0 = 4x (x> —4) =0 = x=0,2, —2;fy(x,y) = 6y — 6 =0 = y = 1. Therefore the critical
points are (0, 1), (2, 1), and (=2, 1). For (0, 1): fxx(0,1) = 12x> — 16| 0.1) = —16,fyy(0,1) = 6, £;y(0,1) = 0

= fudyy — ffy = —96 < 0 = saddle point with f(0, 1) = —3. For (2, 1): fx(2,1) = 32,f,y(2,1) = 6,
fiy2,1) =0 = fxfyy — ffy =192 > 0 and fyx > 0 = local minimum value of f(2,1) = —19. For (-2, 1):
fix(=2,1) = 32, fy(=2,1) = 6, {1 (=2,1) = 0 = ffyy — ffy =192 > 0 and fx > 0 = local minimum value of
f(—2,1) = —19.

(i) OnOA, f(x,y) =f(0,y) =y> +3yfor0<y<4 y
= f'(0,y)=2y+3=0 = y=—3. But (0,—3)
is not in the region.
Endpoints: f(0,0) = 0 and f(0,4) = 28.
(i) OnAB, f(x,y) = f(x, —x +4) = x> — 10x + 28
for0<x<4 = f'(x,—x+4)=2x—-10=0
= x =15,y = —1. But (5, —1) is not in the region.
Endpoints: f(4,0) = 4 and £(0,4) = 28.
(iii) On OB, f(x,y) = f(x,0) = x* = 3xfor0 < x <4 = f(x,00=2x—3 = x=3andy=0 = (3,0)isa
critical point with £ (3,0) = — 2.
Endpoints: f(0,0) = 0 and f(4,0) = 4.
(iv) For the interior of the triangular region, f,(x,y) =2x+y -3 =0and f(X,y) =x+2y+3=0 = x =3

and y = —3. But (3, —3) is not in the region. Therefore the absolute maximum is 28 at (0, 4) and the
absolute minimum is — § at (3 ,0).

(i) OnOA, f(x,y) = f(0,y) = —y? + 4y + 1 for y
0<y<2= f'(0,yy=-2y+4=0 = y=2and
x = 0. But (0, 2) is not in the interior of OA.
Endpoints: f(0,0) = 1 and f(0,2) = 5.

(i) OnAB, f(x,y) =f(x,2) =x? —2x +5for0 < x < 4
= '(x,2)=2x—2=0 = x=landy =2
= (1,2) is an interior critical point of AB with
f(1,2) = 4. Endpoints: f(4,2) = 13 and f(0,2) = 5.

(iii) OnBC,f(x,y) =f@,y) = —y> +4y+9for0<y <2 = f'(4,y)= 2y+4=0 = y=2andx = 4. But
(4,2) is not in the interior of BC. Endpoints: f(4,0) = 9 and f(4,2) = 13.

(iv) OnOC, f(x,y) =f(x,0) = x> —2x+ 1 for0 < x <4 = f'(x,0)=2x—-2=0 = x=1landy =0 = (1,0)
is an interior critical point of OC with f(1,0) = 0. Endpoints: f(0,0) = 1 and f(4,0) = 9.

(v)  For the interior of the rectangular region, f;(x,y) = 2x —2 =0 and f,(X,y) = -2y +4 =0 = x =l and

y = 2. But (1,2) is not in the interior of the region. Therefore the absolute maximum is 13 at (4,2)
and the absolute minimum is 0 at (1, 0).
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73. (i) OnAB, f(x,y) = f(—2,y) = y?> —y — 4 for y
—2<y<2 = f(-2,y)=2y—1 = y=1and
X=-2 = (72, %) is an interior critical point in AB
with f (=2, 1) = — 7. Endpoints: f(—2,—2) =2 and
f(2,2) = —2. S

(i) OnBC, f(x,y) =1(x,2) = —2for -2 < x <2
= f'(x,2) = 0 = no critical points in the interior of
BC. Endpoints: f(—2,2) = —2 and f(2,2) = —2.
(iii) OnCD, f(x,y) = f(2,y) = y? — 5y + 4 for
—2<y<2 = f'2,y)=2y—5=0 = y =3 andx = 2. But (2, 3) is not in the region.
Endpoints: f(2,—2) = 18 and f(2,2) = —2.
(iv) On AD, f(x,y) = f(x,—2) =4x + 10 for —2 < x <2 = {’(x,—2) =4 = no critical points in the interior
of AD. Endpoints: f(—2,—2) =2 and f(2, —2) = 18.
(v)  For the interior of the square, f;(X,y) = -y +2 =0and f;(X,y) =2y —x -3 =0 = y=2andx =1
= (1,2) is an interior critical point of the square with f(1,2) = —2. Therefore the absolute maximum

is 18 at (2, —2) and the absolute minimum is — 7 at (—2,1).

74. (i) OnOA, f(x,y) =f(0,y) =2y —y*for0 <y <2 y
= f'(0,y)=2-2y=0 = y=1landx=0 =
(0, 1) is an interior critical point of OA with
(0, 1) = 1. Endpoints: f(0,0) = 0 and £(0,2) = 0.
(i) OnAB, f(x,y) = f(x,2) =2x — x> for0 < x <2
= f'(x,2)=2-2x=0 = x=1landy =2
= (1,2) is an interior critical point of AB with
f(1,2) = 1. Endpoints: f(0,2) = 0 and f(2,2) = 0.
(iii) OnBC,f(x,y) =f2,y) =2y —y?’for0 <y <2
= f'2,y)=2—-2y=0 = y=landx =2
= (2, 1) is an interior critical point of BC with f(2,1) = 1. Endpoints: f(2,0) = 0 and f(2,2) = 0.
(iv) OnOC, f(x,y) = f(x,0) =2x — x> for0 < x <2 = f/(x,00=2—-2x=0 = x=landy =0 = (1,0)
is an interior critical point of OC with f(1,0) = 1. Endpoints: f(0,0) = 0 and f(0,2) = 0.
(v)  For the interior of the rectangular region, f;(x,y) =2 —2x =0 and f,(x,y) =2 -2y =0 = x=1land
y =1 = (1, 1) is an interior critical point of the square with f(1,1) = 2. Therefore the absolute maximum
is 2 at (1, 1) and the absolute minimum is O at the four corners (0, 0), (0, 2), (2,2), and (2, 0).

75. (i) On AB, f(x,y) = f(x,x + 2) = —2x + 4 for y
-2<x<2 = f/(x,x+2)=—-2=0 = no critical
points in the interior of AB. Endpoints: f(—2,0) = 8
and f(2,4) = 0.

(i) OnBC, f(x,y) =f2,y) = —y>+4yfor0<y <4
= f'Q2,y)=-2y+4=0 = y=2andx =2
= (2,2) is an interior critical point of BC with
f(2,2) = 4. Endpoints: f(2,0) = 0 and f(2,4) = 0.
(iii) On AC, f(x,y) = f(x,0) = x> — 2x for —2 < x < 2
= '(x,00=2x—2 = x=1andy =0 = (1,0) is an interior critical point of AC with f(1,0) = —1.
Endpoints: f(—2,0) = 8 and f(2,0) = 0.
(iv) For the interior of the triangular region, f,(x,y) =2x —2 =0and f,(x,y) = -2y +4 =0 = x=1and
y =2 = (1,2)is an interior critical point of the region with f(1,2) = 3. Therefore the absolute maximum
is 8 at (—2, 0) and the absolute minimum is —1 at (1, 0).
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Chapter 14 Practice Exercises 871

On AB, f(x,y) = f(x,x) = 4x? — 2x* + 16 for y
—2<x<2 = f'(x,x)=8x—-8x*=0 = x=0

andy =0,orx=1landy=1l,orx =—landy = —1
= (0,0), (1,1), (=1, —1) are all interior points of AB

with £(0,0) = 16, £(1, 1) = 18, and f(—1, — 1) = 18.

Endpoints: f(—2,—2) = 0and f(2,2) = 0.

On BC, f(x,y) = f(2,y) =8y —y*for -2 <y <2
= '(2,y) =8—-4y =0=y=+/2andx =2

= (2, ﬁ) is an interior critical point of BC with

f (2, \/5) — 6y/2. Endpoints: (2, —2) = —32 and £(2,2) = 0.
On AC, f(x,y) = f(x,—2) = —8x —x*for -2 < x <2 = f'(x,—-2) = -8 —4x* =0=x=/—2andy = -2
= ( /=2, —2) is an interior critical point of AC with f <\3/ -2, —2) = 6 v/2. Endpoints:

f(—2,—2) = 0 and (2, —2) = —32.

For the interior of the triangular region, f,(x,y) = 4y — 4x3 = 0 and f,(x,y) = 4x —4y> =0 = x =0 and
y=0,orx =1andy =1orx = —1and y = —1. But neither of the points (0,0) and (1, 1), or (—1,—1) are
interior to the region. Therefore the absolute maximum is 18 at (1, 1) and (—1, —1), and the absolute minimum is
~32at (2, -2).

On AB, f(x,y) = f(—1,y) = y> — 3y? + 2 for
—1<y<l= f(-1L,y) =3y’ —-6y=0 = y=0
andx = —l,ory=2andx = —1 = (—1,0)isan
interior critical point of AB with f(—1,0) = 2; (—1,2)
is outside the boundary. Endpoints: f(—1,—1) = -2
and f(—1,1) = 0.

On BC, f(x,y) = f(x, 1) = x3 4 3x%> — 2 for
—1<x<1 = fxD=3x>+6x=0 = x=0
andy =1l,orx=—-2andy=1 = (0,1)isan
interior critical point of BC with f(0, 1) = —2; (=2, 1) is outside the boundary. Endpoints: f(—1,1) = 0 and
f(1,1) = 2.

OnCD, f(x,y) = f(1,y) = y> = 3y> +4for—1 <y <1 = f/(1,y) =3y —6y=0 = y=0andx = 1, 0r
y=2andx =1 = (1,0) is an interior critical point of CD with f(1,0) = 4; (1, 2) is outside the boundary.
Endpoints: f(1,1) =2 and f(1,—1) = 0.

On AD, f(x,y) = f(x,—-1) =x3 +3x> —4for -1 <x <1 = f/(x,-1)=3x>+6x=0 = x=0andy = —1,
orx=—2andy = —1 = (0, —1) is an interior point of AD with (0, —1) = —4; (—2, —1) is outside the
boundary. Endpoints: f(—1,—1) = —2 and f(1,—1) = 0.

For the interior of the square, f,(x,y) = 3x?> + 6x = 0 and f,(x,y) = 3y> —6y =0 = x=0orx = —2, and

y=0o0ry =2 = (0,0)is an interior critical point of the square region with f(0,0) = 0O; the points (0, 2),
(—2,0), and (—2, 2) are outside the region. Therefore the absolute maximum is 4 at (1, 0) and the
absolute minimum is —4 at (0, —1).
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78. (i) OnAB, f(x,y) =f(—1,y) = y> =3y for -1 <y < 1
= f(-1,y) =3y’ -3=0=y= +landx = —1
yielding the corner points (—1, —1) and (—1, 1) with
f(—1,—1)=2and f(—1,1) = —2.

(i) OnBC, f(x,y) = f(x, 1) = x> + 3x + 2 for
—1<x<1=fx1D=3x>+3=0 = no
solution. Endpoints: f(—1,1) = —2 and f(1,1) = 6.

(iii) OnCD, f(x,y) = f(1,y) = y* + 3y + 2 for
—1<y<1 = f1,y)=3y’+3=0 = no
solution. Endpoints: f(1,1) = 6 and f(1, —1) = —2.

(iv) OnAD, f(x,y) =f(x,—1) =x3 —=3xfor -1 <x<1 = f'x,-1)=3x>-3=0 = x= £ landy = —1
yielding the corner points (—1, —1) and (1, —1) with f(—1, —1) =2 and f(1, —1) = -2

(v)  For the interior of the square, f,(x,y) = 3x*> + 3y = 0 and f,(x,y) =3y?* +3x =0 = y = —x®and

x}+x=0 = x=0o0orx=—-1 = y=0o0ry=—1 = (0,0) is an interior critical point of the square
region with f(0,0) = 1; (—1, —1) is on the boundary. Therefore the absolute maximum is 6 at (1, 1) and
the absolute minimum is —2 at (1, —1) and (—1, 1).

79. s f=23x%+2yjand 7 g = 2xi+2yjsothat \yf= A7 g = 3x%i +2yj = A2xi + 2yj) = 3x® = 2x)\ and
2y =2yA = A=1lory=0.
CASEl: A=1 = 3x>=2x = x=0o0rx=3;x=0 = y= =+ 1yielding the points (0, 1) and (0, —1); x = 3

= y= = é yielding the points (% , ‘/TE) and (% ,— \/TE) .
CASE2: y=0 = x>~1=0 = x= = 1 yielding the points (1,0) and (—1,0).

Evaluations give f (0, £ 1) = 1, f (% , £ é) =2 £(1,0) = 1, and f(—1,0) = —1. Therefore the absolute

maximum is 1 at (0, =+ 1) and (1, 0), and the absolute minimum is —1 at (-1, 0).

80. wf=yit+xjand \yg=2xi+2yjsothat Yy f=Aw g = yi+xj=A2xi+2yj) = y=2\xand
Xy =2)y = x =2A2Ax) =4)\?>x = x=0o0r4)\? = 1.
CASE 1: x =0 =y = 0but (0,0) does not lie on the circle, so no solution.
CASE2: 4X?=1 = A=jJorA=—3. ForA=3,y=x = 1=x2+y"=2x = x=y= j:ﬁyieldingthe

points(%,ﬁ)and(—ﬁ,—ﬁ),For,\:_%,y:_x:> l=x24y2=2x2 = x= :l:%and

y = —x yielding the points <— % , %) and (% ,— ﬁ )

Evaluations give the absolute maximum value f % , 7) =f (— ﬁ ,— L) = 1 and the absolute minimum

2
valuef(—%,%> :f(%,_%) _

N

81. () f(x,y)=x2+3y>+2yonx®’+y?’=1 = syf=2xi+(6y+2)jand 7 g = 2xi + 2yjsothat Y f=\Ayg
= 2xi+ (6y +2)j = A2xi+2yj) = 2x =2x and 6y +2 =2y\ = A=1lorx =0.

CASEl: A=1= 6y+2=2y = y:—%andx: :I:%yieldingthepoints(:I:é,—%).

CASE2: x=0 = y?=1 = y = = 1 yielding the points (0, £ 1).

Evaluations give f ( + ? ,— %) =1,1(0,1) =5, and f(0, —1) = 1. Therefore } and 5 are the extreme

values on the boundary of the disk.
(i1) For the interior of the disk, f;(X,y) = 2x = 0and f(X,y) =6y +2 =0 = x=0andy = — %
= (0, — %) is an interior critical point with f (0, — %) = - % . Therefore the absolute maximum of f on the
disk is 5 at (0, 1) and the absolute minimum of f on the disk is — } at (0,— 1) .
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() fx,y)=x2+y?-3x—xyonx’+y?=9 = yf=02x—-3—-y)i+ 2y —x)jand 7 g = 2xi + 2yj so that
vi=Aveg = 2x-3-yi+Qy—x)j=A2xi+2yj) = 2x —3 —y=2xAand 2y — x = 2y
= 2x(1—-AN—y=3and —x+2y(1 -\ =0 = 1 - A= 2 and(2x)( )—y=3:>x2—y2=3y
= x2=y?*+3y. Thus,9=x>+y? =y?* +3y+y? = 2y +3y—-9=0 = QQy—-3)(y+3) =
= y=-3,3. Fory=-3,x>+y? =9 = x = 0yielding the point (0, —3). Fory =3 ,x?+y? =9
éXQJr =9 = x’= iléx—j:%‘[ Evaluations give f(0, 3’)—9f<7i §) 942 \[

~ 20.691, andf(f é):9 V3 2,691,
(i1) For the interior of the disk, f;(x,y) =2x =3 -y =0and f,(X,y) =2y —x=0 = x=2andy =1
= (2, 1) is an interior critical point of the disk with f(2, 1) = —3. Therefore, the absolute maximum of f on
the disk is 9 + 274—\/5 at < 3‘/— , 3) and the absolute minimum of f on the disk is —3 at (2, 1).
vf=i—j+kand vg:in+2yj+21ksothat vi=Aveg = i—j+k=A2xi+2yj+2zk) = 1 =2x),
—1=2y\,1=2z\ = x= —y:z— L Thusx*+y*’+22=1 = 3x*>=1 = x= + \/—yleldmgthepomts

(% - % , ﬁ) and (— % , ﬁ = ﬁ) . Evaluations give the absolute maximum value of

f(% ,— ﬁ , %) = % = /3 and the absolute minimum value off(— % , % ,— %) =—/3.

Let f(x,y,z) = x> + y? + z2 be the square of the distance to the origin and g(x,y,z) = x?> — zy — 4. Then

v Ii=2xi+2yj+2zkand 7 g =2xi —zj —yksothat Yf=Ay g = 2x =2Xx,2y = —\z, and
2z=—-Ay = x=0o0r A= 1.

CASE I: x:Oézy:—4:>z:—3andy:f§ = 2(73) =-Ayand2 (- %) =-Xz= § =y>and

$=72= y’=72" = y= 4z Buty =x = z? = —4leads to no solution, soy = —z = z*> =4

= z = = 2 yielding the points (0, —2, 2) and (0, 2, —2).
CASE2: A=1=2z=—-yand2y=-—z2=2y=—(—3})=4y=y=y=0=2=0 = x*—4=0 =
x = = 2 yielding the points (—2, 0, 0) and (2, 0, 0).
Evaluations give (0, —2,2) = £(0,2, —2) = 8 and f(—2, 0, 0) = f(2,0,0) = 4. Thus the points (—2,0,0) and
(2,0,0) on the surface are closest to the origin.

2 2

The cost is f(x, y, z) = 2axy + 2bxz + 2cyz subject to the constraint xyz = V. Then yf=Ay g
= 2ay + 2bz = A\yz, 2ax + 2cz = Axz, and 2bx + 2cy = Axy = 2axy + 2bxz = Axyz, 2axy + 2cyz = Axyz, and
2bxz + 2cyz = Axyz = 2axy + 2bxz = 2axy + 2cyz = y = (2) x. Also 2axy + 2bxz = 2bxz + 2cyz = z = () x.

C
Thenx (2x) (2x) =V = x* = CZ—: = width = x = (C:—g’)l/g, Depth =y = (2) (CZ—V)I/S = (bz—v)l/s, and

ab ac
5 1/3 1/3
heigh = = (2) (22" = ()"

The volume of the pyramid in the first octant formed by the plane is V(a,b,¢) = 1 (3 ab) ¢ = ¢ abc. The point

(2,1,2) on the plane = % + % + % = 1. We want to minimize V subject to the constraint 2bc + ac 4 2ab = abc.

Thus, 7V ="2i+%j+2®kand g=(c+2b—bc)i+(2c+2a—ac)j+(2b+a—abksothat YV=Avg
= % = X(c+2b—bc), € = A\2c+2a—ac),and L = A2b+a —ab) = ¢ = \(ac + 2ab — abc),

% = A(2bc + 2ab — abc), and f“%c = A(2bc + ac — abc) = Aac = 2Abc and 2\ab = 2Abc. Now A # 0 since

a#0,b#0,andc #0 = ac =2bcand ab =bc = a = 2b = c. Substituting into the constraint equation gives

§+%+§:1 = a=06 = b=23andc = 6. Therefore the desired planeis ¥ +3 + 2 = lorx+2y +z = 6.
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87. vf=G+2i+xj+xk, yg=2xi+2yj,and syh=7zi+xksothat yf=Ayg+pwvh
= Y+ 2i+xj+xk=A2xi+2yj)+ pzi+xk) = y+z=2 x4+ pz,x =2\y,x = pux = x=0orpu=1.
CASE 1: x = 0 which is impossible since xz = 1.
CASE2: p=1=y+z=2Xx+z = y=2 xandx=2\y = y=2M)2\y) = y=0or
4X2 =1. Ify =0,thenx? =1 = x = = 1 so with xz = 1 we obtain the points (1,0, 1)
and (—1,0,—1). If4X\? = I, then A = £ . ForA=—1,y=—xsox’+y’ =1 = x* =}

=+ = = 1
= X = \[ withxz=1 = z= =+ \/ 2, and we obtain the points ( AR \/5) and

_ 1 1 _ _ 1 x2=1 _ 1 _ _
( AR \/5) For A 3,Y =X f2:>x7:|:ﬁw1thxzf1:>2f:|:\/§,

and we obtain the points -4 -1 —\/5 .
V2 2
Evaluationsgivef(l,O,l):l,f(—l,O 1)71 f(% -2 :%,f(—%,%,—\/i) =1,

f (% , % , \/E) = % ,and f (— % ,— % , —\/E) = 5 . Therefore the absolute maximum is % at

(% , % , \/5) and (7 % ,— 4, ,\/E) , and the absolute minimum is % at (f % == ,\/E) and

(- 3)

88. Let f(x,y,z) = x> + y? + z? be the square of the distance to the origin. Then <7 f = 2xi + 2yj + 27k,
veg=it+jt+k,and yh=4xi+4yj—2zksothat yf=Ayg+puvh = 2x =\ +4xu, 2y = )\ + 4dyy,
and2z = X —2zp = A =2x(1 —2p) =2y(1 —2u) = 2z(1 + 2u) = X:yoru:%.

CASEl: x=y = 22=4x> = z= i2xsothatx+y—|—z—l = x+x—|—2x:lorx—|—x—2x:l
(impossible) = x = 1 = y = 1 andz = 1 yielding the point (1,1 ,1).

CASE 2: ,u:% =>A=0=0=2z(1+1) = Z—Osothat2x +2y?=0 = x =y = 0. But the origin
(0,0, 0) fails to satisfy the first constraint x +y +z = 1.

Therefore, the point (1,1, 1) on the curve of intersection is closest to the origin.

S}

: . Y24y w2 2 ow __ Ow 9Ox ow 9y ow 0z
89. (a) vy, zare independent with w = x“e” andz = x* — y* = 3y = ox oy T oy oy T 9z oy

= (2xe*) g—; + (zx%e7) (1) + (yx?e?) (0);z = x* —y? = 0 =2x g—; -2y = g; = ¥ therefore,

(3), = @xen) (1) + %" = 2y + ) e

¢
2 ow 87w&+8w y+8w82

yz — ow
e”and z = x y = 0z — Ox dy 0z oz

= (2xe") (0) + (zx2eyz) + (yx eyz)(l) z=x>—-y? = 1=0-2y 8y = % =— 2—y ; therefore,

(3), = (e (- ) + e e (5 5)
— 87W & + aW Oy

: : — y2ayz 2 _ 2 ow 0z
(c) z,y are independent with w = x“e” andz = x* —y* = az =% ooy ot 9 o
ox

= (2xe”) 2 4 (zx%7) (0) + (yx%e?)(I);z=x—y? = 1=2x 2 -0 = 2 = L therefore,

(52), = (2xe”) (55) +yxe” = (14 xy) e

(b) z, x are independent with w = x

90. (a) T,P are independent with U = f(P,V,T) and PV = nRT = %Y = 2 o | U ov 4 U o1
:( )(O)+( )(g¥) (ﬁ) (1); PV =nRT = Pav =nR = g—\T/ = %;therefore,
(%), = () (%) + 5

(b) V, T are independent with U = f(P, V, T) and PV = nRT = g—g = g—g g—s + gl\i % + g—lTj 3—3
=(E)(E)+ (X)) D+ () 0;PV=nRT = VE+P=@uR)(F) =0 = £ =— L therefore,

(%) = (%) (=) + 5
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92.

93.

94.

95.

96.

97.

98.

99.

Chapter 14 Practice Exercises 875

Note thatx =rcosfandy =rsinf = r=/x2+y?and § = tan"! (¥). Thus,
ow _ dw or . Ow 90 _ (9 o - _ o ingy ow .
Q= fr oy 20— (3 () + (%) () = (cos ) B2 — (20) %

Ow _ Ow Or 4 Ow 06 _ (Ow y ow X — (si ow cosf) Ow
dy — or 8y+ 00 oy — (6r) (‘/x2+y2>+(66) (x2+y2) = (sin 0) or +( 3 ) a0

zo=f, ¢ +1, 5 = af, +af,,andz, = f, P +1f, 5 = bf, — bf,

du _ Qu _ ow _ dw Ju _ 4 dw ow _ dw Qu _ pdw 1 ow _ dw 1ow _ dw
8_y_band3x_a:>8x_du8x_aduand8y_du3y_bdu:>a6x_duandb8y_du
L ow _ 19w oW _ 4 0w
é;m_bay:bﬁx_aﬁy
ow __ 2x _ 2(r+s) o 2(r+s) _ 1 ow _ 2y _ 2(r—s) _ r—s
Ox — x24y?+42z T (r+s)P+@—s)P+4rs  2(r2+2rs+s2) ~ r+s? dy ~ x2+y2+2z T 2r+s)2 T (r+s)??
ow 2 — 1 Ow _ Ow Ox | Ow Oy | Ow dz _ 1 r—s 1 — 2r+2s
and 9z — xX2+y2+2z2 7 (r+s9)? = or — 0x Or + dy Or + 9z Or ~ r+s + (r+s)? + {(r+s)2:| (25) T (r+s)?
-2 Ow _ Ow Ox 4 Ow Oy | 9w 9z _ 1 _ r—s 1 -2
T or+s and Os ~— Ox Os + dy 0Os + 9z 9s ~ r+s (r+s)? + |:(r+s)2:| (21') T or+s
u _ u du u o OV 1. al _ u o ou u ov __
elcosv—x=0 = (e"cosv) g — (e"sinv) §F = l;e"sinv—y =0 = (e"sinv) 5 + (e cos v) 5% = 0.
. . . a o — a . — . . . o
Solving this system yields 5@ = e™ cos vand 5 = —e™" sin v. Similarly, e" cos v —x =0
= (e"cosv) g—; — (e" sin v) g—; =0ande"sinv—y=0 = (e"sinv) g—; + (e" cos v) g—; = 1. Solving this

i ou _ a-u g v _ o-u Ougy Qus) (Ovyy Ovi
second system yields gy —e 'sinv and gy =€ 'cosv. Therefore (8)( i+ 5 J) (ax 1+ 5 J)

=[(e™cosv)i+ (e "sinv)j]-[(—e " sinv)i+ (e cosv)j =0 = the vectors are orthogonal = the angle
between the vectors is the constant 7 .

g _ Of Ox | Of Oy _ (L of of
26 — ox 06 T 9y 57 = (—1sin0) 5 + (r cos 6) By

= % = (—rsin ) (g—ig %—1— a%fx %) —(rcos&)%—i—(rcos@) (a‘?jgy %—i—g—;g %) —(rsin@)%
= (—rsin 0) (% + %) — (rcos @) + (rcos 0) (% + %) — (rsin 6)

=(—rsinf +rcosf)(—rsinf +rcosf)—(rcosf +rsinf) = (-2)(—-2)—(0+2)=4—-2=2at
r,0)=(2,3).

Y+22+@z—x?2=16 = wf=—2(z— x)i+ 2y +2)j+ 2(y + 2z — x)k;; if the normal line is parallel to the
yz-plane, then x is constant = % =0=> 2z-x)=0=>z=x = (y+2°2+@z—-2>=16 = y+z= +4.

Letx=t = z=1t = y = —t+ 4. Therefore the points are (t, —t & 4, t), t a real number.

Let f(x,y,z) = Xy + yz + zx — x — z> = 0. If the tangent plane is to be parallel to the xy-plane, then 7 f is
perpendicular to the xy-plane = sy f-i=0and \yf-j=0. Now Yf=Fy+z—-Di+ x+2)j+(y+x—22k
sothat Yf-i=y+z—-1=0=y+z=1=y=1—-zand Yf-j=x4+z=0 = x= —z Then
—z1-2+(1-2z24+2(-2)—(—2)—2>=0 = z2-22°=0 = Z:%OI‘Z:O. NOWZ:% = x:—%andy:
= (—1,5,3) isonedesired point; z=0 = x=0andy =1 = (0, 1,0) is a second desired point.

v = Axi+yj+zk) = % =X = fx,y,z) = %)\XQ + g(y, z) for some functiong = Ay = g—§ = 3—5
= g(y,2) = 3 A\y* + h(z) for some functionh = Az = % = % =h'(z) = h(z) = } Az + C for some arbitrary
constant C = g(y,z) = $ Ay? + (§ A2 + C) = f(x,y,2) = 3 Ax* + § A\y* + 3 Az2 + C = (0,0,a) = 3 \a? + C

and f(0,0, —a) = % M—a)®> +C = £(0,0,a) = f(0, 0, —a) for any constant a, as claimed.
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876  Chapter 14 Partial Derivatives

df _ . (0 4 suy, 0 + sug, 0+ su3)—1(0, 0, 0)
100. ( s )umo)o) = 11mO S

S —
\/s%u? + s2u3 + s2u — 0
>0

S b}

,s>0

= lim
s— 0

. sy/uf +u3+ul .
lim +—— = lim_|u|=1;
s—0

s— 0 s

however, 7 f = k fails to exist at the origin (0, 0, 0)

X 0 y . z
51 ——
VX 4y 47 + \/x2+y2+22‘]+ VXY + 72

101. Letf(x,y,z)=xy+z—2 = wwif=yi+xj+k. At(1,1,1), wehave sy f =i+ j+ k = the normal line is
x=1l4+t,ty=14+t,z=1+tsoatt=—-1 = x =0,y =0, z= 0 and the normal line passes through the origin.

102. (b) f(x,y,z2)=x>—y>+22=4
= v f=2xi—-2yj+2zk = at(2,-3,3)
the gradient is 7 f = 4i + 6j + 6k which is
normal to the surface
(c) Tangent plane: 4x + 6y + 6z = 8 or
2x+3y+3z=4
Normal line: x =2 +4t,y = -3+ 6t,z =3 + 6t

CHAPTER 14 ADDITIONAL AND ADVANCED EXERCISES

1. By definition, £,,(0,0) = hlimO w so we need to calculate the first partial derivatives in the
—

numerator. For (x, y) ;é (0, 0) we calculate f,(x, y) by applying the differentiation rules to the formula for

X X)— X27 2 X
fx, ) £i0x,y) = S + (xy) BRRERE ORI = vy g B = 0 = — = —h
For (x,y) = (0,0) we apply the definition: f,(0,0) = limO w = hlim0 oh;o = 0. Then by definition

£,(0,0) = lim_ =0 — _, Similarly,fX(O,O) = lim LOOLOD 56 for (x,y) # (0,0) we have

f,(x,y) = X;;nyf — o fy(h,0) = b =h; for (x,y) = (0, 0) we obtain f,(0,0) = Jim Ob-10.0

(x*+y?)”
= Jim 9-0 — 0. Then by definition f,,(0,0) = Jim h=0 — 1. Note that fy(0,0) # fyx(0,0) in this case.
2. P =1+eXcosy = w=x+e cosy+g(y); & =—elsiny+g(y)=2y—e'siny = g(y) =2y

= g(y) =y? +C,w_1n2whenx:ln2andy—0 = In2=In2+e"?cos0+0*+C = 0=2+C
= C=—2. Thus,w=x+e*cosy+g(y) =x +e*cosy+y> —2.

3. Substitution of u + u(x) and v = v(x) in g(u, v) gives g(u(x), v(x)) which is a function of the independent

variable x. Then, g(u,v) = [[fode = ¥ =2 @ 2 & — (2 [Troa) &+ (2 [foa) &

= (-2 [oa) &+ (2 [Toa) & = i) &+ 1) & = e & - fue) @
: : df or &\ (or\2 | df O Qi @ (or df 9%
4. Applying the chain rules, f, = § & = f, = (d_rg) (W) + 4 21 Similarly, f,, = (P) (ay> +4 2 and
_ (&) (o2, df & or X P _ 247 L or
f = () (0" + 4 5 Moreover, = oty = 52 ened o T Vs
= P Xhr and O =z O XY Next, fiy + fyy + £, = 0

W T (i) N M N N )
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=

d2 x2 df 2+ 2? d2f 2 df x2 + 72
= (%) (vaem) + () ((¢y+T)> +(5) (o) + () ((\/mf)

dr

(a)

(b)

(a)

(b)

(©)

(a)
(b)

()
(d)

(e)

df x2+y? _ d2f 2 _ d2f | 2 df _
( )(x2+y+z) (dr)<7(m)3>_0:>@+(7m)a 0= @t+tia=0
(f

= @)= (-2)f , wheref' =& = &€ = _2& = Jnf'= 2Inr+InC = ' =Cr2or

& —Cr? = fr) = — % +b = £ + b for some constants a and b (setting a = —C)

Letu = tx, v =ty, and w = f(u, v) = f(u(t, x), v(t,y)) = f(tx, ty) = t“f(x, y), where t, X, and y are

independent variables. Then nt"'f(x,y) = 6[ = g—‘l‘l’ % + a—“’ v — x 9w 50 TY %—VVV. Now,

g_;v:g—;v%+mgz(—)(t>+(a—W)(0):t8Wé%—LV:(z)(%—lv)-Likewise’
%_\;/:%_\:g_lyx+g_\3/g; ( )(0)+( )(t)ﬁg—y:(%)(%—‘;’).Therefore,

ne G Y) = x 54y B = (3) (32) + () (§2) Whent=1,u=xv =y andw = fx,y)

0w — 98 gnd O — _ . of ot .
= 5 = g and 3¢ = 50 = nf(x,y) =x 5. +y 5, as claimed.

From part (a), nt"~ ]f(x, y) =X au vty 3 aw leferentlatmg with respect to t again we obtain

n— Pw 9?2 8 9?2 Iol *w 9 9?2 9?
n(n — Dt 2f(w)=xa—$§3‘€+xav§’u Sty Ry S = P+ uxy L +y 5.

Oudv ot av? ot Ou?
Also from part (@), 53 = % (51) = & () =t B vl S =e 5 5 = 5 (5)
=5 (5) =8 §;+t%x 5=t Bsz,andﬁysmi () =% (&) =tRE+ 55
=egu = () S =5 () 5 = 5 and (B) 5 = 2

= n(n— HE2f(x,y) = (t—z) (% ) (2) (23) + (%) () fort# 0. Whent= 1, w = f(x, ) and

we have n(n — Df(x,y) = x> ( + 2xy (axay) +y? (g—;ﬁ) as claimed.

sin 6r sin t

lim &> = lim - =1, where t = 6r
r—0 o t—0 ¢

. sin6h) _ | _ _
£(0,0) = lim [©Fh0=f0.0 _ ;5 &)=l _ ) sin6h—6h _ i 6cos6h=6

: —36 sin 6h T .

= hlznO == =0 (applying I'Hopital's rule twice)
sin 6r sin 6r

£(r.0) = lim [0+ -fwo _ 11 () — (%) — lim 2=0
o(r,6) = lim, h h—0 h h—o0 B

r=xi+yj+zk=r=r|=/x2+y?+2z2and Vi= it mismit mirs k=1
r":(\/m)n

= v () =nx(x2+y?+7? i+ny(24+y2+2)" 4z (24 y2+22)" 'k = oo
Letn=2inpart (b). Then} v () =r = v (3)) =r = g:l(x2+y2—|—22)isthefunction

dr = dxi+dyj+dzk = r-dr=xdx+ydy+zdz,anddr =r,dx +r,dy +1,dz = 2 dx + L dy + 2 dz
= rdr=xdx+ydy+zdz=r-dr

A=ai+bj+ck = A-r=ax+by+cz = (A-r)=ai+bj+ck=A

(n/2)-1,
)

__ of dx of dy

f(g(t),h(t) =¢c = 0=4 E ox a T oy at = (%H— %j) . (%H— dtJ) where ‘é—’t‘i+ Y j is the tangent vector

= v/ fis orthogonal to the tangent vector

877

f(x,y,z) =xz2> —yz+cosxy — 1 = yf= (22 —ysinxy)i+ (—z—xsinxy)j+ (2xz —y)k = v {0,0,1)=1i—j
= the tangent planeisx —y = 0;r = (In i+ (thj+tk = = ({)i+nt+ Dj+k;x=y=0,z=1
=t=1=r()=i+j+k. Since(i+j+Kk)-(@{i—j) =1r(1)- 7 f=0,ris parallel to the plane, and
r(1) =0i + 0j + k = ris contained in the plane.
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878  Chapter 14 Partial Derivatives
10. Letf(x,y,z) =x3+y3 +2° —xyz= = (3x>—yz)i+ 3y’ —xz)j+ (32> —xy) k= v f(0,—1,1) =i+ 3j+ 3k
= the tangent plane is X + 3y +3z = 0;r = (% —2>i+ (3 =3)j+ (cos(t—2)k

- r’:(ﬁ)l—(—) C(sin(t—2)k;x=0,y=—1,z2=1 = t=2 = F(2)=3i—j. Since

r'(2) - v f = 0 = ris parallel to the plane, and r(2) = —i + k = r is contained in the plane.

11. %:3)(2—9y:0andé92 3y2—-9x =0 = y=3 Lx and3( ) -9 =0 = %x4—9x:0

= x(x*-27)=0 = x=0o0rx=3. Nowx =0 = y=0o0r(0,0)andx =3 = y =3 or(3,3). Next

2
&z _ &z _ &z __ %z 9%z 9%z _ .
= 6x, oy = 6y, and Ixdy = —9. For (0,0), oxI By T ( axay) = —81 = no extremum (a saddle point),

o 2
and for (3,3), 2% 2% — (25) =243 > 0and 2% = 18 > 0 = alocal minimum.
12. f(x,y) = 6xye~ &) = f (x,y) = 6y(1 — 2x)e" ) = 0 and f,(x,y) = 6x(1 — 3y)e”>**» =0 = x = 0and
y=0,0orx = jandy = I. The value f(0,0) = 0 is on the boundary, and f (3, 5) = % . On the positive y-axis,
f(0,y) = 0, and on the pos1t1ve x-axis, f(x, O) =0. Asx — ocoory — oo we see that f(x,y) — 0. Thus the absolute
maximum of f in the closed first quadrant is % at the point (1, 1).

13. Letf(x,y,z) = 2—2 + ,‘{,—2 +5-1= vf= 2i‘i—i— J—|— 2k = an equation of the plane tangent at the point
Po(x0, Yo, Yo) is (2) x (2y°)y+(2z°) :2;;°+2y°+2z” 2or (B)x+ (B)y+(%)z=1.
b2

The intercepts of the plane are ( ,0 0) (0 = ,0) and (O, 0, 5) . The volume of the tetrahedron formed by the

(b—z) (i> = we need to maximize V(x,y,z) = % (xyz)™!

Zy

plane and the coordinate planes is V = (1) (1) (ﬁ>
1

. . 2 2 2 be)? be)? 2
subject to the constraint f(x,y,z) = % + ¥ + % = 1. Thus, {— %} (%ﬂ) =Z), {— %} (ﬁ) =2

and {— @} ( L .)) = Z X. Multiply the first equation by a?yz, the second by b’xz, and the third by c?xy. Then equate

xyz?

the first and second = a’y? = b’x*> = y = > x x > 0; equate the first and third = a?z®> = ¢?x*> = z=¢ S X, x> 0;

substitute into f(x,y,z) = 0 = x = %= = y:% = z=7 = V:%abc.

4. 2x—u) = -\, 2(y—V) = A, —2(x —u) = g, and —2(y — v) = —2uv = xfu:vfy,xfu:fg,and
y—v=pv=x—-u=—pv=-45 = v=1Torpu=0.
CASEl: p=0 = x=u,y=v,and A =0;theny=x+1 = v=u+4+landvi=u = v=vi+41
= vV2-v4+1=0= v:1i27174 = 1o real solution.
CASE 2: V:%andu:V2:>u=%;x—%———yandy—x—l—léx—%:—x—%:Zx:—%é)(Z—%
=y=¢. Thenf(— 8,;,}“;):(—%—%)2—1—(%—%)2 2(3) :theminimumdistanceis%\/i.
(Notice that f has no maximum value.)
15. Let (Xo,yo) be any point in R. We must show lim f(x,y) = f(xq, yo) or, equivalently that

X,y) = (Xo,Yo0)

h, k)l o, |f(Xo +h,yo + k) — f(xo, yo)| = 0. Consider f(x¢ + h, yo + k) — f(x0, yo)

= [f(xo + h, yo + k) — (X0, yo + k)] + [f(X0, yo + k) — f(Xg,y0)]. Let F(x) = f(x,yo + k) and apply the Mean Value
Theorem: there exists £ with xg < £ < Xo + h such that F'(§)h = F(xg + h) — F(xg) = hf,(£,yg + k)

=f(xo +h,yo + k) — f(x0,yo + k). Similarly, kf,(xo,n) = (X0, yo + k) — f(X0, yo) for some 1 with

yo < n < yo+k. Then |f(xg + h,yo + k) — f(x0,y0)| < |hf (&, 50 + k)| + |kf,(X0,7)|. If M, N are positive real
numbers such that |f,| < M and |f,| < N for all (x, y) in the xy-plane, then |f(xo + h, yo + k) — f(X0, y0)|

<M Ih|+ N [k|. As(h,k) — 0, [f(xo + h,yo + k) — f(x0,y0)| — 0 = (b k)lim(o 0 |f(xo +h, yo + k) — (X0, yo)|

=0 = fis continuous at (Xg, o).
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21.

22.

Chapter 14 Additional and Advanced Exercises 879
dr df

At extreme values, 7 fand v =  are orthogonal because 3 = 7 T - ‘é—{ = 0 by the First Derivative Theorem for

Local Extreme Values.

dg _

5. =0 = f(x,y) = h(y) is a function of y only. Also, ay

—)f( =0 = g(x,y) = k(x) is a function of x only.

Moreover, gf = % = h'(y) = K'(x) for all x and y. This can happen only if h'(y) = k/(x) = c is a constant.

Integration gives h(y) = cy + ¢; and k(x) = cx + ¢,, where ¢; and ¢, are constants. Therefore f(x,y) = cy + ¢;
and g(x,y) = cx+co. Thenf(1,2) =g(1,2) =5 = 5S=2c+c; =c+ce,andf(0,0) =4 = ¢c; =4 = c= %
= Cy = %. Thus, f(x,y) = %y+4andg(x,y) = %x—i— g.

Let g(x,y) = D f(x,y) = fi(x, y)a + f,(x, y)b. Then D,g(x,y) = g«(X, y)a + g,(X, y)b
= (X, y)a2 + £ (x, y)ab + £ (X, y)ba + £, (x, y)b2 = f. (X, y)a2 + 2f,(x, y)ab + f,,(x, y)b2.

Since the particle is heat-seeking, at each point (X, y) it moves in the direction of maximal temperature
increase, that is in the direction of 57 T(x,y) = (e  sin x)i+ (2e™ cos x) j. Since W7 T(x,y) is parallel to

2e~% cos x

the particle's velocity vector, it is tangent to the path y = f(x) of the particle = f'(x) = Z=>2* = 2 cot x.

2
Integration gives f(x) =2 1In [sinx| + Candf (§) =0 = 0=2In|sin 5|+ C = C=—21In \/— =1In (ﬁ)

= In 2. Therefore, the path of the particle is the graph of y = 2 In |sin x| + In 2.

The line of travel is x = t, y = t, z = 30 — 5t, and the bullet hits the surface z = 2x> + 3y> when
30-5t=224+3t2 = 24+t—6=0 = (t+3)(t—2)=0 = t=2(sincet > 0). Thus the bullet hits the
surface at the point (2,2, 20). Now, the vector 4xi + 6yj — k is normal to the surface at any (X, y, z), so that

n = 8i + 12j — k is normal to the surface at (2,2, 20). If v=1i+ j — 5k, then the velocity of the particle

after the ricochet is w = v — 2 proj, v=v — (2|:1—|§‘> n=v— (Z)n=(G+j—5k) — (Ni+ Wj— k)

1914 391: 995 )

——l——

209 209 209

(a) kis a vector normal to z = 10 — x> — y? at the point (0, 0, 10). So directions tangential to S at (0, 0, 10) will
be unit vectors u = ai + bj. Also, 7 T(x,y,z) = 2xy +4)i+ (x> +2yz+ 14)j+ (y>* + )k
= v T(0,0,10) = 4i + 14j + k. We seek the unit vector u = ai + bj such that D, T(0, 0, 10)
= (4i + 14j + k) - (ai + bj) = (4i + 14j) - (ai + bj) is a maximum. The maximum will occur when ai + bj
has the same direction as 4i 4+ 14j, oru = \/% (21 + 7j).
(b) A vector normal to S at (1,1,8)isn = 2i+2j+ k. Now, sy T(1,1,8) = 6i + 31j + 2k and we seek the unit

vector u such that D, T(1,1,8) = <7 T - u has its largest value. Now write 57 T = v 4+ w, where v is parallel
to 7 T and w is orthogonal to 7y T. ThenD,T= sy T-u=(v+w)-u=v-u+w-u=w-u. Thus

D,T(1, 1, 8) is a maximum when u has the same direction as w. Now,w = 7 T — (T{I“) n

=6i+31j+2k) — (82 2) Qi+2j+k) = (6 - 2)i+ (31 -F)j+ (2- D)k

_ 98 127 1 i i
=-Bj4 .]——k=>ll—|‘ ~ 7057 (981 = 127j + 58K).

Suppose the surface (boundary) of the mineral deposit is the graph of z = f(X,y) (where the z-axis points up into the air).
Then — ﬁ i—& J + k is an outer normal to the mineral deposit at (x,y) and af i+ 3 of J points in the direction of steepest

ascent of the mlneral deposit. This is in the direction of the vector 3 o 1 + 3 A § J at (0, 0) (the location of the 1st borehole)

that the geologists should drill their fourth borehole. To approximate this vector we use the fact that (0, 0, —1000),
(0, 100, —950), and (100, 0, —1025) lie on the graph of z = f(x, y). The plane containing these three points is a good

i J k
approximation to the tangent plane to z = f(x, y) at the point (0,0,0). A normal to this planeis | O 100 50
100 0 25
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= —2500i + 5000j — 10,000k, or —i + 2j — 4k. So at (0, 0) the vector % i+ %j is approximately —i + 2j. Thus the

geologists should drill their fourth borehole in the direction of ﬁ (—1i + 2j) from the first borehole.

w =e"sin mx = w; = re" sin 7x and wy = e cOS TX = Wiy = —m2e™ Sin TX; Wxx = C% w,, where c? is the
positive constant determined by the material of the rod = —m2e™ sin 7x = % (re™ sin 7x)
. 2. 20 .
= (r+c?r?)etsinmx =0 = r=—c*n? = w=¢e°""'sinmx
w =e"sinkx = w; = re" sin kx and wy, = ke cos kx = wy = —k%e™ sin kx; wyx = 01—2 Wi

= —k’e"sinkx = L (re"sinkx) = (r+c’k?)etsinkx =0 = r=—c’k> = w=e“ 'sinkx.
Now, w(L,t) =0 = e “¥ginkL =0 = kL = nr for n an integer = k = Moo ow= e~ LY gin (3 x).

: . 2022 2
Ast — oo, w — Osince [sin (3 x)| < lande "™V — 0.
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CHAPTER 15 MULTIPLE INTEGRALS

15.1 DOUBLE AND ITERATED INTEGRALS OVER RECTANGLES

[u—y

N

w

&

e

=)

=

o0

e

10.

11.

12.

13.

14.

15.

W

16.

@)}

2 4 5 )
. fl j;)nydydx:fI [Xyz]ngZf, 16XdX:[8x2]? —24

j:fjl(x—y)dydx:j: [xy — 1y, dx=j:2x dx = [x2)2 =4
[y Dady = [ S +yx+x} dy= [ @y+2)dy=[y?+2y]" =1
JL (= axay= [T =y = [ (- 5 )av= [ - %] =3
[a-yyayax= [ {4y—y;]02dx: [Tsax =[x} =16

ff (x2y — 2xy) dydx_f\[;—xy]Ogdxzﬁ3(4x—2x2)dx:{2)(2_27*3]2:0

Y12 4 ¢ 12 83214 92
ff (5 + Vo) dxdy = [ (57 +xy/5] dy = [ (4 +4y2)dy = [y + 377} = %

1 1 1 1
) 2 dxdy = [+ xy[lhdy = [ Inf1 +yldy = [yln|l +y| —y +In[1 +y|}} =202~ 1

fln2f1n5e2x+y dv dx = flnz[eszry]lns dx — fan(Sezx _ e2x+1) dx = [iezx _ 1e2x+1]1n2 _ 3(5 — e)
0 yax=J, 1 —Jo o ? °

1 2 1 1
j;flxye" dydx:j; [%xyze"]?dx:‘ﬁ)%xexdx: [%xe"—%ex]é =3

f f ysmxdxdy—f [~y cosx];/ dy:ijdy:[%yz]:zg

2w ™ 2 2
fw j;(sinx—i—cosy)dxdy:j; [—cosx + xcosy|; dy—j; (2 +mcosy)dy = [2y + 7siny]”"

1 2 1 1
J[ 6y —2x)da= [ [(6y> —2x)dydx = [ [2y* —2xylidx = [ (16 - 4x)dx = [16 x — 2%,
R

[ fan= [0 ayan = [[[-6] ax= [lperax= (5], -4
ff XycosydA:fj]j:xycosydydx:fj][xysiny+xcosy]gdx=fj](—2x)dx: [_X2]11
R

. 0 & . 0 .
ff ysin(x +y)dA = fqﬁ ysin(x +y) dydx = f [—ycos(x+y) + sin(x + y)]; dx
g ; -

0
= fi_(sin(x + ) — mweos(x + m) — sinx)dx = [—cos(x + 7) — wsin(x + 7) + cos x|’ =4

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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882  Chapter 15 Multiple Integrals

In2 pln2 In2 In2
17. fRf e VdA = j; j; e Vdydx = j; [—e* Y0 dx = j; (—e* 2 eX)dx = [—e* " 4]t =1

2 1 2 1 2
18. ffoyeXysz:j;j; xyeXyz dydx:fo {%exyz}odx:ﬁ(%ex—%) dx = [%ex—%x]z:%(ez—3)
1 1
19. szdA [ 2 ayax= [ L&Yiw] dx= [ do=20nx2 + 1)) =212
1 1 1 1
20. fRf xzyz%dA:j;j; (xy)y2+1 dxdy:‘/;[tan’l(xy)](]) dy:j;tan’lydy: [ytan’ly—%ln|l+y2|}; :g—%ln2

2 2 2 2
ot [ Layax=[Tan2—mDdx=@n2) [ Ldx=(n2y
1 T 1 1
22. foj; ycosxydxdy:j; [sinxy]gdy:f;sinﬂydy:P%coswy]é:f%(flfl):%

1 1 1 1
23. V= fRf f(x,y)dA = f,lf,l(x2+y2) dydx = fil[xzy—l— %y3] 1_] dx = f71(2x2+ %) dx = [%xz’—l— %x] 1_] :%

24, V:fRff(x,y)dA:f()zj;z(l6—x2,y2)dydx:foz[16y—x2y7%y3]zdxzﬁz(%8—2x2)dx: [8x— 25

— 160
-3

25. V= fffxy dA = ff —X—Yy dydx—j;l[2y—xy—%yz];dx:‘/;l(%—x)dx:[%x—%xz]ézl
26. V= fffxy dA = ffo dydx—f:[y;]de:j:ldx:[x]3:4

27. V= fRf f(x,y)dA = j:/Z‘/:MZ sinxcosydydx = ‘/;/2[2 smxsmy f (fsmx) {—\/Ecosx} 2/2
-2

1 2 1 1
28. V:fRff(x,y)dA:fofo(4—y2)dydx:f0 [4y—_§y3]§dx:fo(13—6)dx: [lox] 2 = 16

15.2 DOUBLE INTEGRALS OVER GENERAL REGIONS
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10

11

12

13

x= sin’ly

@ [, [ dydx
. (@) f03 j:xdydx
@ [ [ ayax
@ [ dyax

. (a) fog j;)\/;dy dx
® J, [Laxdy

Y

Section 15.2 Double Integrals Over General Regions

(b) f; foymdxdy
() foé fy 3/2dxdy
(b) f; fy \//jdxdy

(b) f1 fI:ydx dy

[ NCY

&

o ——————=1\I

»®
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884  Chapter 15 Multiple Integrals

/4 pl
4. @ [ [ dydx y J=tanx
1 ptanly y=1
® [ [, Tdxdy ,
|
|
|
:
> x
In3 pl
15. @ [ [ dydx v
1 In3 y=1
(b) j‘l/3f—lndedy :
I
I
| —x
y=e
|
} X
1n3
1 1 e 1
16. @ [ [ aydx+ [ [ dydx v i
y=Inx
1 pe¥ =1
® [ [ dxdy i
|
|
|
:
A .

17. (a) j:f:_zxdydx
(b) fOl [ axay + ff f()(3_Y)/2dx dy

18 @ [0 [ ayax y
(b) fOl ff@ dx dy + ff fy \idxdy

N —— — — — —

19. f()“ﬁ(xsiny)dydx:f“h [—xcosy|; dx
:j:(x—xcosx)dx: [";—(cosx—i—xsinx)}

(m, m)
T T

0
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Section 15.2 Double Integrals Over General Regions

y

y = sinx

Crred
(LA
Voersrrrszr

I x

> X

y

In8 Iny In8 In8
21. ﬁ ﬁ) e dxdy = L [eX+Y] IOY dy = j‘l (ye! —e¥) dy In8 7(1;‘1;,8,1.18)

=[(y—1e' —e]*=8In8—1)—8+e

=8In8—16+e

u [ seniayax= [ xev] Y ax
—3e-1 [ Vxdx=[e-D(2) ) =7 - 1) 3

1 x=Iny

0 Inln 8

A -
y=2 | @2/ 24

y=1
> X
2
X=Yy
y
1 1,1
=e—2
X=y2
R B
0 1
Y
{
2 y2 = X
1
AN
1 2 3 4

2 2x 2 )
25. flfx ?dydx:fl[xlny]ixdxz(lnz)fl XdXZ%an

1 1—x 1 1—x 1 1
26. j; j; (x?2 +y?)dydx = j; [x2y + y;} dx = j; [x2(1 —X) + —(1_3’()3} dx = j; [xQ —x3 4 —(1_3’()3 dx
0

e _x_ o 1_(1_1
- 3 4 12 0 - \3 4

Il
/
D=
m|‘=
C
i
~
©
_l_
[
o
~
S
N——
o
=1
|
—

|:I —2utu? _\/‘(1_11)} du
2
3u

1
3/2 2 52
/+§u/}o_
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886  Chapter 15 Multiple Integrals

2 pint 2 2 R 2
28. [ [Temudsdi= [ [eslnt]f)"'dt:f](tlntflnt)dt:[%lntfﬁ—tlnﬂrt1

=Q2In2—-1-2m2+2)—(—3+1) =4

29. f [C2apav=2["fp]; av=2" —2vav
—2[v ]7 -8 ) PRed
. v
2.2 2 2,-2)
30. flfﬂfitdtds:f 42" ds y

—f41—s ds = [s——}o—g e Vhos?

=1 1

31. f”/3 fw3 cos tdudt = f (3 cos tul !

- f; 3dt = 27

\4 1

32 g
~ [T (3 2u)du=[u—u2) =3 v=4-2u

3/2 p4 2u 3 N
32 J, fl %dVdu:fO [2u74]4 4

-2
4 pa-y)/2
33. j;j; ’ dx dy 1
4
y=4-2x
2 1,2)
of i *
0 x+2 y
4. [ [ dyax
2
y=x+2
-2 | 1
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1 X
35. fo Ldydx ()

3. [ nlydx dy % wo

38. flzj;mdydx r

0.5
-1

-1.5

9. [0 16x dxdy .

y=9—4x2

X

40. f:fomydydx

-

?
.

-3
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41. fj]j;m?ay dy dx

42. fij;ﬂ&( dx dy

1 pe
43, dxd ;
Jo o xy axay ,
1 1
|
|
|
|
:
% ..
m f1/2fsin"y 2d d
- Jo Jo xy* dx dy y y=sinx
(R
|
|
|
|
|
|
"r x
6
e 3
45. fl ﬁnx (x +y)dydx y ,
1 Y=
- |
|
y=Inx I
|
|
I
> x
1 &3
/3 p/3
46. +/Xxydydx y
\f() \ftanx y y y=‘\/§ /
|
|
:
|
y=tanx |
I
1> x
z
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47. forfstmTy dydx:f(ffoysmTy dXdy:j:Sinydy:2 A

Ty (7, )

48. f:ijyz sin xy dy dx = J:LYZyQ sin xy dx dy

2 2
= fo [—2y cos xy|; dy = fo (—2y cos y* +2y) dy
= [—siny2+y2]g =4 —sin4

—» X
1 1 1 X 1
49. j;fyx%‘y dxdy:‘/;j; x2e dydx:j;[xe‘y]f,dx
1 2 2 2 1 _
:j;(xe* —x)dx:[%e —%}0:%
2 pd4—x? e 4 /Ay e y
0. [0 )T dyax= [ [ 722 axdy .
[ e VA I _|e¥ 4_68—1 y=ook
_-[;[2(4*”}0 dy_ﬁ?dy_[T}o_ 4 2
-2 -1 ’I 1 2 L
2y/In3 /I3 ) Vin3 p2x y
51. j; fy/z e dxdy:j; j;e dy dx - 2 (3, 2473)
Vins v in =
:f 2xe*‘dx:[e*‘]gﬂ:e‘"3—1:2
0
0 \In3 *

52. j:f\l/m e’ dydx = j;lf;yg e dxdy

! s 511
:j;3y26y dy =[], =e—1

1/16 172 12 pxt ,
53 j:) ‘];,1/1 cos (167{')(5) dX dy — j; ﬁ CcOoS (167TX5) dde
172 5 i 5y1 1/2 0.0625 (0.5, 0.0625)
= j; xt cos (167x°) dx = {Sm(;g:x )] o= L 4
y=x
0 05 *
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y
54. ff\/_y4+]dydx—f‘/;y+ldxdy )
, (8,2)
= J, y4+l dy =1 [In(y* + 1)]g = 12 <
;I Y S S
55. [ [ (y—2x)dA X
R
1
folf (y —2x*) dy dx —|—ff (y—2x2)dydx
—x+y=1 x+y=1
:jll[%y2 2xy]xld —I—f 2xy] *dx
:fj[%(x—l—l)2—2x2(x+1)—5(—X—1)2+2x2(—x—1)]dx I 1 *
—|—f01[ (1 —x)? = 2x%(1 —x) — 3(x — D? +2x*(x — 1)] dx I x-y=1
] j)l(x3+x2)dx—|—4j;l(x3—x2)dx -1
0 4 1 v SRt
=algey] ey on] =[G =B ==
56. ffxydA fmfzxxydydx—l— f fz Xxydydx },
2/3 y=2x
= [T T ax ) T?] ax sPNR xye2
/3
:‘/;2%(2X3__x)dx+ 2/2[ x(2—x)2__x3] dx AW
:f:ﬂ%x?’dx —|—‘/;l/3(2x—x2)dx é ] X
3
1
=B 3L, = R - -G @ =g+ -G-8 =8
57. V:j;lf:ﬂ (x2 +y?) dydx:ﬁl[x2y+y§} jﬁx dx:j;1 [2){2 I +(zgx)}dx— [%"37%7(21}*)4
=G-%-4)-0-0-19)=1
58. V:szf:ixzﬂdydx:f[ o dx—f (2x? —x' = x%) dx = [3x3 éx5—ix4]12
=G-5-9)-CF+¥-P=GE "o o) Ot H ") =% =%
. V= [ [T xrdyayax = [y + 4yt dx:f14[x(47x2)+4(4fx2)73x2712x] dx
— [ =T —8x16) dx = [ A = I —axt 4 16x] L, = (- T4 12) — (% —64) =
2 pVa—x? 2 Va—x2 2
60. V= [ [ G-wdyax= [[y-5] " a= [[va—e - (57)] ax
:[%X\/4—X2+6sin’1(%)72x+%3}(2):6(§)—4+%:37r—%—9T§8
o1 V= [ [T(4—y?)dxdy = [ax—yx3dy = [[(12=3y?) dy = [12y —y*]2 = 24— 8 = 16
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62.

63.

64.

65.

66.

67.

V= fozj:**z (4 —x%—y)dydx = L2{(4_x2)y_ y;} :*xl e — J:)z%

__ 480—320+96 __

_ 4.3 1,512 _ 32, 3R
= [8x—5x*+ %], =16 — ¥ + 3%

v= [ [T 12 -3y dyax = [ 12y -y

Section 15.2 Double Integrals Over General Regions

(4—x2)2dx=f()2(8—4x2+%") dx

30 15

2
=20
0

2 4
ran= [ 24— 12x— 2 — 0 dx = [24x —6x2 (2;—)‘]

0 x+1 1 1-x 0 1
v=[ [ 6-30ddx+ [ [ 3-30dydx=6f (1-x)dx +6 [ (1-x2dx=4+2=6

2 1/x 2 2
v [T o nayax= [Ty ax= [Tk

=2(1+1In2)

V:4f0n/3j:acx(1 +y2) dydx:4j:/3{y+

= 2 [71n |sec X + tan x| —l—secxtanx]g/3

=2
-3 -3

69.

1 pi/1-x2
70. fflffum Qy + 1) dydx =

71.

fl‘xﬁlx% dydx:ﬁx[lz—g]:xdx

1/ (1-x

f,]l [y* +y]

= 4blin%7 [sin~'b — 0] = 27

—1/(1—

I etraxay =2 [ (1) (i

lim tan"'b — tan10) = (2m) (5) = *

:27r(
b

— 00

- (—1—%)]dx:2f12(1+%) dx =2[x +Inx]7

37 secx /3 3
y3} dx:4f (secx—i——“eg") dx
0 0

70 (2+v3) +2v3]

y
x 2+y* =16
_ . 11b . | B
= lim [{]]=— tim (1) =1
z)l‘z I X | . b
- dx:f,lﬁ dx:4bli>mr [sin™!x]
. . » . .-
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72. f: f:xe’("+2y> dxdy = j;ooe’zy lim [—xe™ —e*];dy = j;me’zy lim (—be®—e™*+1)dy

73.

W

7 [y da s [FG D +EG D+ D+ )] = £ @+31+33+35) = 12

75.

76.

77.

78.

79.
80.

81.

00
= f c
0

b— oo

wdy = % 11rn (—e™®+1)=:3

JJ oy dAm 51 (=3.0) + 0.0+ 5£(5.0) =5 () + 5 (0+3) = —%

The ray 6 = ¢ meets the circle x2 + y? = 4 at the point (\@, 1) = the ray is represented by the line y =

V3 VA V3 N
fRff(x,y)dA:fO 3[)(/\4/3 \/4—x2dydx=‘f; 3[(4—){2)—%\/4—)(2} dx = [4X—%3+(4gi%

LI

=6 hm f —— —=)dx=6 hm [ln(x—l)—lnx}§:6blim [In(b—1)—Inb—1In1+1n2]
— 00
:6[b15n00 1n(1—%)+ln2}:61n2

1 2—-x 1 2—x
V:j;fx (x* +y?) dydx:f;) {x2y+y§3] dx
: 7x3 @—x?* 2x3 7x* @-x? !
- o[2x2_T+T]dx:{T___ 12}0

(G- f-h) - 0-0-19) =

1 . 0o 3(y_1)1 37 2 . 0o
(x2—x) (y—1)2/3 dde - j; |: (x2—x) :|0 dx = .j; (xzfx x(x 1)

f(tan X — tan~ de—ff 1+y dydx—ffy/ dxdy—l—f f/ Tz dxdy

=/

= (5

)~
=2tan 27 —2tan"' 2 — 5 In(1 4 4n?) + 113

To maximize the integral, we want the domain to include all points where the integrand is positive and to

1Jyd —|—f27 ) l)[ln(l—{—y)] [2 tan! y—i—ﬂln(l—i—y)]2

1+y H—y
)1n5+2tan127r—gln( +4m?) —2tan' 24 ;- In'5

3/2
)

exclude all points where the integrand is negative. These criteria are met by the points (X, y) such that

4 —x? —2y>  0Oorx?+2y? <4, which is the ellipse x? + 2y? = 4 together with its interior.

To minimize the integral, we want the domain to include all points where the integrand is negative and to

exclude all points where the integrand is positive. These criteria are met by the points (x, y) such that

X2_|_y2

No, it is not possible. By Fubini's theorem, the two orders of integration must give the same result.

—9 < 0orx?+y? <9, which is the closed disk of radius 3 centered at the origin.

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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Section 15.2 Double Integrals Over General Regions

82. One way would be to partition R into two triangles with the a
line y = 1. The integral of f over R could then be written
as a sum of integrals that could be evaluated by integrating g

first with respect to x and then with respect to y:

fRf f(x,y) dA

L r2-(y/2) 2 r2-(y/2)
= J ) feoydxdy + [0 fxy) dxdy.

Partitioning R with the line x = 1 would let us write the

1.2

Re=2-y/2

integral of f over R as a sum of iterated integrals with
order dy dx.

83. [ [levraxay= [ [leveraxdy= [ e ( [l dx> dy = ( [e

dx> < [l dy)

oL, \? I I
= ( fibe*“ dx) = (2 fo e dx) =4 ( fo e dx) ; taking limits as b — oo gives the stated result.

84. ffo(y s dydx = ffo(y s dxdy = fw 1)23{%3];@:%]03#

85-88. Example CAS commands:
Maple:
f:=(xy) > 1/xly;
ql = Int( Int( f(x,y), y=1..x ), x=1..3);
evalf( ql );
value( ql );
evalf( value(ql) );

89-94. Example CAS commands:

Maple:
f:=(xy) > exp(x"2);
c,d:=0,1;
gl =y ->2%y;
g2 =y ->4;
g5 := Int( Int( f(x,y), x=g1(y)..g2(y) ), y=c..d );
value( g5 );

plot3d( 0, x=g1(y)..g2(y), y=c..d, color=pink, style=patchnogrid, axes=boxed,

scaling=constrained, title="#89 (Section 15.2)" );
15 := Int( Int( f(x,y), y=0..x/2 ), x=0..2 ) + Int( Int( f(x,y), y=0..1), x=2..4);
value( r5);
value( g5-15 );

85-94. Example CAS commands:
Mathematica: (functions and bounds will vary)

You can integrate using the built-in integral signs or with the command Integrate. In the Integrate command, the
integration begins with the variable on the right. (In this case, y going from 1 to x).

b
%bl. 1*\/; - )’3 + 3blin}+ j; ﬁ - bhrr}* [(y_1)1/3]2+bli>n%+ [(y— 1)1/3]2
- [ lim  (b— 1)/3 7(71)1/3} - [ lim (b 1) f(2)1/3] —0+1)— (of \‘/E) —1++/2

orientation=[-90,0],
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Clear[x, y, f]

flx_ y_I:=1/(xy)

Integrate[f[Xx, y], {x, 1, 3}, {y, 1, x}]
To reverse the order of integration, it is best to first plot the region over which the integration extends. This can be done
with ImplicitPlot and all bounds involving both x and y can be plotted. A graphics package must be loaded. Remember to
use the double equal sign for the equations of the bounding curves.

Clear[x, y, f]

<<Graphics ImplicitPlot®

ImplicitPlot[ {x==2y, x==4, y==0, y==1},{x, 0, 4.1}, {y, 0, 1.1}];

flx_, y_l:=Exp[x*]

Integrate[f[X, y], {x, 0, 2}, {y, 0, x/2}] + Integrate[f[x, y], {x, 2, 4}, {y, 0, 1}]
To get a numerical value for the result, use the numerical integrator, NIntegrate. Verify that this equals the original.

Integrate[f[x, y], {x, 0, 2}, {y, 0, x/2}] 4+ NIntegrate[f[x, y], {x, 2,4}, {y, 0, 1}]

Nlntegrate[f[Xx, y], {y, 0, 1},{x, 2y, 4}]
Another way to show a region is with the FilledPlot command. This assumes that functions are given as y = f(x).

Clear([x, y, f]

<<GraphicsFilledPlot®

FilledPlot[{x2, 9},{x, 0,3}, AxesLabels — {x, vil;

f[x_, y_]:= x Cos[y?]

Integrate[f[x, y], {y, 0, 9}, {x, 0, Sqrt[y]}]

85. [ [ L dydx ~0.603 86. [ [l dydx ~ 0.558

L el 1 pVi-x?
87. J. [ tan~'xy dydx ~ 0.233 88. [ [ T3/Tx —yldydx ~3.142

89. Evaluate the integrals: The following graph was generated using
Ll Mathematica.
j; X j; ye dx dy

2 X2 4 1 2
:fofo e dydx+f2foe* dy dx 1y
= 1Lt — 2 /merfi(2) 4 2. /7 erfi(4))
~ 1.1494 x 10°

0.8

0.6

0.4
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Section 15.2 Double Integrals Over General Regions 895

90. Evaluate the integrals:

3 ?x cos(y?)dydx = ’ Vryx cos(y?)dx dy
\f() x2 0Jo

= 6D~ _0,157472

91. Evaluate the integrals:

2,42y 8 pUx
fo fy (x%y — xy*)dxdy = fo fm(xzy — xy’)dy dx

67,520

92. Evaluate the integrals:

’ 47yze"y dxdy = ’ me"y dy dx
S, .
~ 20.5648

The following graph was generated using
Mathematica.

0.5 1 1.5 2 2.5 3

The following graph was generated using
Mathematica.

Y
2t

1.5

0.5

The following graph was generated using
Mathematica.

b 4
2

1.5

0.5
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896  Chapter 15 Multiple Integrals

93. Evaluate the integrals:
2 x? 1
]:.J; ;I§ d)’dX
1 2 4 2
_ 1 1
= o i axay+ [ s axay

—1+1n(%) ~ 0.909543

94. Evaluate the integrals:

f:f;\/#—yzdxdy:flsfl%\/#—yzdydx
~ 0.866649

15.3 AREA BY DOUBLE INTEGRATION

2

L = [fe-na= [x-y] =

orﬁzf%ydxdy:f(2(2—y)dy:2
0 0

2. j:f;dydx - foz(4 —2x) dx = [4x — X2}z — 4,

0rf4fy/2dxdy:f4§dy:4
0 0 0

Copyright © 2010 Pearson Education Inc.

The following graph was generated using
Mathematica.

]

H N W s 0 @
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The following graph was generated using
Mathematica.

Yy
2.5
2
1.5
1
0.5
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y
2
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0| 2 *
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2 py-y? 2 512
a [L [ axay= [Jay -y ay= [y~ ¥]
— 4

=438
=4-3=3

5. folnzfoexdde: folnzex dx=[e] =2-1=1

e 2Ilnx e
6. flf]nx dydx:fllnXdX:[Xth—x]T
=k—-e)-0-DH=1

| p2y—y? .
7. j;j;zyydxdy:j;(zy_z}ﬂ)dy:[yQ_%yg](l)
1

3

8. f,llf;; dxdy = f,ll(y2 —1-2y*+2)dy

= [0-yay=[y-¥] 1_1 =¢

9. fozij] dxdy = foz x]2dy
2

= J, 2y)dy = [’y = 4

2 Iny 2 In
0. [ [ 1dxay = [P dy
2 2
— 22— 1

2

1

Section 15.3 Area by Double Integration

y

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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898  Chapter 15 Multiple Integrals

[y [0 vayaxt [ [0 1ayax )
= f 2dx+f x/2 *dx IR y=2vorx=dy

—f dx—l—f (3——x)dx Py IO

2
= [3xy + [Bx— 3¢ =3

12. flfﬁldydx+fl4fx\ildydx y

= f \/;dx—l—f4 y]ﬁde

1

_f f+xdx+f x—x—|—2)d

= [+ B+ [0 - 3 = &

=36-3°=12 (2.
X
0 12
NOT TO SCALE
o } 2 3.2 1.3]3 4
14 fof dydx—fo(Sx—x)dx:[ix—gx]O )
by 9
-2 -9= 2
y=-x°
N y =2X =X
N 4
A x

15. f a [ dyax

/4
= J, (cosx —sinx)dx = [sin x + cos x|

= (L+¥)-0+n=v2-1 y=sinz

/4

6. [ axay = [ly+2-yay =[5 +2y-%] }
=(2+4-5)-(G-2+3)=5-3=3 ‘e

NNNAN
NN X
N
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17. fjf:xxdydx +j:f:/:dydx
= [Ca+wdc+ [(1-3) de

[X“ﬂiﬁ[ "12=—(—1+%)+(2—1)=3

2

— x__I

18, 7 dydx +f:f0ﬁdydx
=f02(4—x2)dx +ﬁ4x1/2dx
[ox= 3]0+ B = (8- 9) 4 4 -

32

3

3

Section 15.3 Area by Double Integration 899

y

“1,2,]
=1-
y=-2x 4 *
1 1
©,0 2 *
@-1
_x
Y 72
y
4 2
y=x-4

19. (a) average = % j:‘]:sin(x—f—y)dydx: 4 j;ﬁ[—cos(x—l-)/)]gdx: 4 j:[—cos(x+7r)+cos x] dx
= L [=sin(x + 7) + sin x]] = & [(— sin 27 + sin ) — (— sin 7 + sin 0)] = 0
T /2 T T
(b) average:@ﬁfn sin(x+y)dydx:%f0 [*COS(X+y)}7oT/2dXz%j; [fcos(x+g)+cosx] dx
2
=% [—sin(x+ %) +sinx]; = Z[(—sin ¥ +sin7) — (—sin 5 +sin0)] = %
1 pl Ir. 971 1
_ _ xy _ _1_ (95
20. average value over the square = j;j;xy dydxfj; [T]OdX* Ogdxf 7 = 0.25;
. 3 1 pVi-x2 4 1 xy? 1—x?
average value over the quarter circle = 6] j; j; xy dydx = ~ j; [TL dx
1 1
=2 fo (x—x%)dx =2 {% — ’ﬂ = s~ 0.159. The average value over the square is larger.
1 h~h_1f2f22 2dd_1f22 y32d_1f222 8) dx — 1 [ w]? s
. average height = 7 | 0(x +y°) dydx = ; XY+ S Jx=13 O(X +8 =1 |5+% ,=3
1 2In2 2In2 1 1 2In2 In 2In2
22 average = W \/;nZ In2 E dde = W -[l‘nZ |:Ty:| In2 dx
. 1 2In2 1 o 1 2ln2dX . 1 2In2
= oy [ tn2+4hmh2-nh2dx= (%) [ % = () Inx]"
=(75)(In2+Inn2—-Inln2) =1
> 10,000 _ oy [P o [0 _ax  dx
3. [ [ 0 dydx = 10,000 (1 —e ) - = 10.000(1 —e )[ffs S, + [ 1%}
=10,000(1 —e?) [-2In (1 - 3)]". +10,000(1 —e?) 2In (1 +3)]}
=10,000(1 —e72) [2In (1 + 3)] + 10,000 (1 —e~2) [2In (1 + 3)] = 40,000 (1 — e~2) In (}) ~ 43,329
1 2y—y? 1 2 1 1
24, fofy 100(y + 1) dxdy = [ [100(y + Dx]2 * dy = [ 100y + 1) (2y —2y2) dy = 200 [ (y —y*) dy

¥

, 1
=200[% —¥| =00 (}) =50
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900  Chapter 15 Multiple Integrals

25. Let (x;,y;) be the location of the weather station in county i fori = 1,... ,254. The average temperature
254
> Ty AiA

in Texas at time ty is approximately '*'f , where T(x;, y;) is the temperature at time t, at the

weather station in county i, A;jA is the area of county i, and A is the area of Texas.

b i) b b
26. Lety = f(x) be a nonnegative, continuous function on [a, b], then A = [ [dA = f j; dydx = f [y]o dx = f f(x) dx
R a a a
15.4 DOUBLE INTEGRALS IN POLAR FORM
L 24y’ =9=2r=9=7<60<2r,0<r<9

2. ¥4y =P=r=1, 4y =4#=1r=4=-5<0<5,1<r<4

SE

3. y:xéé):%,y:—xﬁﬂz%,yzl#rzcso@é%§9§¥,0§r§csc€
4, x:lér:secﬁ,y:ﬁxé@z%éogegg,ogrgseCQ

5. x2—|—y2:12:>r:1,x:2\/§:>r:2\/§secﬂ,y:2:>r:20309;2\/55609:20509:>0:%
=0<0< ¢, 1<r<2y3sech; g <0<7,1<r<2v3csc

6. x2+y2:22:>r:2,x:1:>r:secﬂ;2:seCQ:>9:%0r6’z—§:>—§§0§%,sec@§r§2
7. x2+y?=2x=>r=2cos = -5 <H<37,0<r<2cosh

8. X>’+y?=2y=>r=2sin0=0<0<m0<r<2sinf

fjlﬁ)mdydx:ﬂ:ﬁ)lrdrdﬂz%f;dgzg
10. fol j;m (x2 +y?) dxdy:j;mj;l B drd — % j;m a0

1. fozfom (x* +y?) dxdy:foﬁ/zfoer drd0:4j:/2d9:27r

b

a Val—x2 T [a T
2 [0 Cayax= [T [T rarao = 2 [T a0 = ra?
6 ry /2 6cesch /2 /2
13. j;j;xdxdy:f_ﬂj; 12 cos 0 drdf = 72 -[—./4 cot § csc® 6 df = —36 [cot* ], = 36
14. f:j:ydydx = j;meQSMrQ sin 6 drdf = % j:mtanﬁsecQHdQ =3
15. fl\/gflx dydx = f;? CSC\/jgecgrdrdﬁ = f;?(%seCZQ— Lesc?) dg = [3tan 6 + Lcot 6] ;;: =2-./3
16. f;f;m dydx — f;fj;zcswrdrw: S ese0 —2)d0 = [2cotd — 46] =2~ %

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



Section 15.4 Double Integrals in Polar Form

7 ayan= [ 2w =2 [ [0 - ) aran=2 [T (- n2) a0

=10 —-In2)r

18. ffF l+x+y>dydx—4f A s drd9—4f

Aalldo=2 [Tao=x

2 /(272 —y? T3 /2 rln2 . /2 -
19. j; j; edexdy:f0 fo re drdH:J; (2ln2-1)dd=35(2In2-1)

20ffly

21.

—

/4

2. f Ik e . zdydx_f”“j;:je r4rdrd9—f/4[

[ 0+ —sm2971ta 0]”425

23. j:j;m xydydx or

folfoﬂ xydxdy

1 /3y
24. fl/zfﬂxdxdyor

\[0\/3/2]\;@ xdde+f\/\/;/2];l/\/§Xdydx

2 prx
25. j;j; y?(x? +y*)dy dx or

N f; y*(x* +y?) dx dy

(x? +y? +1)dxdy—4f”/2f

/2
24 rdrdd =2 (Ind—1)d6=n(n4 1)

IV VT kkay) dydx—f’ﬂf (reost -+ 2rsing) rdrad = [ [§0089+%Sin9]fd9

= " (2\[00594- \[sme)dﬁ— {zfsm& \[cosﬁ}lzzw

/4

#]?eosedez _ (™ (3 cos? 8 — g sec? §) df

1 y=q1-x% or ~’C=\]l—yz

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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3 4
26. j;j; (x* +y2)’ dydx or v
a3 3 " y=4
j;j;) (x* +y*) dxdy .
2 x=3
1
X
1 2
7/2 (2\/2—sin20 /2
27. [ rdrdd =2 [ (2 sin26) df = 2 — 1)
/2 1+cosf /2
28. Azzj; fl rdrdezj; (2 cos 0 + cos®§) df = 2£7
w/6 12 cos 36 /6
20. A=2 [ ["" rardo =144 [ cos?30 d9 = 121
2 40/3 27
30. A= [ rdrag =38 [To2d0= 5

31.

32. A

33.

34.

35.

36.

37.

38.

39.

40.

A:‘/’:r/Zj;lesingrdrde: % ‘[()W/Q(%—f—zslne—%) de: 3%_’_1

—a [T rardo =2 [(3—2c0s 0+ 252y a0 = ¥ — 4

average = -5 j:ﬂj: rva2 —r2drdf = % j:/za‘a‘ do =2
T/2 ra /2
average:%j; j;errdH:S;‘?j; a®dp = 2
Lo 2 2
average = —- f—af—\/ﬁ mdydx— wa2f f r2drdf = 2 3 f dG— 2

averagezlff (1 —x)? +y*]dydx = 2 f f (1 — 1 cos 0)> +r? sin? 0] r drdd

f f 2rzcose+r)drd9:%j;w(%—ch’sa)dﬁ——[

0 2

]27_3

fo%f.ﬁ( Z)Ydrdo—f f 21nrdrd9—2f [rinr —r; d"—zf Vel(z +1]d6=2m(2-\/e)
fof( )drd@-ff

m/2 [ l4cos /2

j: r2c039drd0:3f0 (3 cos? 0 + 3 cos® O + cos? ) df
/2
0

27 aye 2
= [ lno?);do= [ do =2x

<

Il
— N
c>°|<n> b

1% + sin 260 + 3 sin 6 — sin® + S2H] 7 = 4 4 7

/4 V2 cos 20 /4
v=4["[ V2 2drdd =4 [7 2~ 2cos 2002 — 257 dg
- —2“;/5 — 2 fm( —cos?6) sin 0 df = 2”‘/— 2 {C"S”"’ cos 9] T —6”ﬁ+‘;°ﬁ‘64
0

3 T3 T3
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Section 15.4 Double Integrals in Polar Form 903

41. (a) P = f f (< +y) dxdy_fﬁﬂf ( )rdrdﬁzﬁ)ﬂ/z[blimm j;bre‘rzdr] do

/2 T s r \/;
=—%j; ble (eb—l)dezlfo =1 = 1=

o]

(b) 11m \/— dt \/— f (%) (@) = 1, from part (a)

42, f f 1+x2+y dxdy_f’/zf 1+ drdﬂ—% ll)moof 1+r~ ri%bli»moo [7ﬁ]g

:%blimoo (1_ l+b2):4
3. 2 pV/3)2 2 1 V3/2
43. Over the disk x* +y? < 3 ffl ; dA = f f = drdQ:fO [—3In(1—2%)] )" db
—f d9—(ln2)f 49 = 7 in4
Over the disk x? + y? < I: ff1 Loda= [ e arae= [ [ tim [ dr] o
2w
_ . _ . 1 _ . .
=/, algr}f [~ 3In(1—a?)] d0—27r-alin{7 [~ 3 1In(1 —a?)] =2 - 00, so the integral does not exist over
XX +y? <1

8 pf6) 8 (6) g 8
44. The area in polar coordinates is given by A = f j; rdrdd = f E] do =1 f £2(0) df = f 512.do,
« [e3 0 o «
where r = f(6)

45. average = -1 f f [(rcos 6 —h)*> +1?sin? 0] rdrdf = L, f f (r* — 2r’h cos 6 + rh?) drdf

2T 2w
_ 1 al _ 2a%hcosd | a’h? __f a2 _ 2ahcosf , h? __ 1 |a’@ _ 2ahsing l12_t9
= 0(4 3 +2)d9*rr o \ % ) do =14 3 T3

a2

=1 (a’ +2h%)

0

3m/4

2sin 6 3m/4
a6. A= [ [ rdrdo=1 [T (dsin? 0 —csc? ) do

/4

=120 —sin20 +cot 0]} = 3

3n/4 /4

r=2sin@

- T x
47-50. Example CAS commands:
Maple:
f:=(xy) > y/(x"2+y*2);
ab:=0,1;
fl :=x->x;
f2:=x->1;
plot3d( f(x,y), y=f1(x)..f2(x), x=a..b, axes=boxed, style=patchnogrid, shading=zhue, orientation=[0,180], title="#47(a)
(Section 15.4)" ); # (a)
ql :=eval( x=a, [x=r*cos(theta),y=r*sin(theta)] ); # (b)

q2 :=eval( x=b, [x=r*cos(theta),y=r*sin(theta)] );

q3 :=eval( y=f1(x), [x=r*cos(theta),y=r*sin(theta)] );
g4 = eval( y=f2(x), [x=r*cos(theta),y=r*sin(theta)] );
thetal := solve( g3, theta );

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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theta2 := solve( ql, theta );

rl :=0;

12 :=solve( g4, 1);

plot3d(0,r=r1..r2, theta=thetal..theta2, axes=boxed, style=patchnogrid, shading=zhue, orientation=[-90,0],
title="#47(c) (Section 15.4)" ),

P := simplify(eval( f(x,y), [x=r*cos(theta),y=r*sin(theta)] )); #(d)
g5 = Int( Int( fP*r, r=r1..r2 ), theta=thetal..theta2 );
value( g5 );

Mathematica: (functions and bounds will vary)
For 47 and 48, begin by drawing the region of integration with the FilledPlot command.
Clear[x, y, 1, t]
<<GraphicsFilledPlot®
FilledPlot[{x, 1}, {x, 0, 1}, AspectRatio — 1, AxesLabel — {x,y}];
The picture demonstrates that r goes from O to the line y=1 or r = 1/ Sin[t], while t goes from 7/4 to 7/2.
fi=y /(x> +y?)
topolar={x — r Cos|[t], y — r Sin[t]};
fp= f/.topolar //Simplify
Integrate[r fp, {t, 7/4, 7/2}, {r, 0, 1/Sin[t]}]
For 49 and 50, drawing the region of integration with the ImplicitPlot command.
Clear[x, y]
<<Graphics ImplicitPlot®
ImplicitPlot[ {x==y, x==2 — y, y==0, y==1}, {x, 0, 2.1}, {y, 0, 1.1}];
The picture shows that as t goes from 0 to /4, r goes from 0 to the line x=2 — y. Solve will find the bound for r.
bdr=Solve[r Cos[t]==2 — r Sin[t], r]/Simplify
f:=Sqrt[x + y]
topolar={x — r Cos|[t], y — r Sin[t]};
fp= f/.topolar //Simplify
Integratelr fp, {t, 0, 7/4}, {r, 0, bdr[[1, 1, 2]]}]

15.5 TRIPLE INTEGRALS IN RECTANGULAR COORDINATES

1. folj;l Xfx;F(x,y,z)dydzdx :folj;l Xfxlﬂ dy dz dx :folj;l x(lfxfz)dzdx

= L0 x990 Jax= [ o= [0

2. folfozf: dzdydx:folfo23dydx:fol6dx:6,f02folf:dzdxdy,f;f:foldxdydz,f:f:foldxdzdy,
. dy dx dz, ‘ dy dzdx
NN NN

3 ‘/;l j:)l—lxﬁ}—}xfhﬂ dZdde
1 2-2x
:j;fo (373Xf%y)dydx
= [T =%-20 =0 = 2401 —%?] dx

=3 [ —xrdx=[-1 - =1,

f:f;)17Y/2f0373X73Y/2dz dx dy, fol‘/;sfsx](-)zfzxfzz/s dy iz dx,
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j:)3\[[.)1,,/3j;272x727./3dydXdZ’ fo2‘f03—3y/2ﬁl—y/277./3dxdZdy’ ‘[031;272#3‘/;14/277/3 dxdydz

f(:f:fow drdndy, j:j;mj:dydzdx, j:fomj:dydxdz, fozf:fow dxdy dz, f:fozfow dx dz dy

f fﬂ j:;iyzdzdydx:4j:j;wg‘[::;LyZ dzdy dx
:4fo Js : XZ[S—Z(X2+y2)] dy dx
=38 fozfom(“ —x* —y?) dydx
= 8]::/2]:)2(4—r2)rdrd9: 8 j;m{z@ _ ﬂzda
-3 f”zde:n(ﬂ) ~ 16m,
I f L draxay,

‘ dxdzdy + dxdzdy,
T T
f4f\/2 f Vi y? _ dxdydz +f f\/gif C— dxdde, fiﬁjfi\;;i dy dz dx +f f f\/s;xl dy dz dx,
ff fﬁdyd"dl+ff e i dydxdz

6. The projection of D onto the xy-plane has the boundary
x2+y? =2y = x?+(y — 1)> = 1, which is a circle.
Therefore the two integrals are:

fof zzyy yyf2y dzdxdy andf me ,dzdydx

7. folj:j;l (X2+y2+22)dzdydx:j;1j;l (x2+y2+%)dydx:fol(XQ—l—%)dx:l

V2 —x%-y? V2 Ji
s, zf:yfx;yzy dzdxdy = [ 78— 22 —ay?) dxdy = [ [8x - 2x — dxy?]  dy

/3
= [ 24y — 18y —12y%) dy = [12y? - B y"] P =24 -30= 6

9. ffffzfle‘%yzdxdydz:flefl*[l;x} aydz= [ 3dydz—f{17]jzdz:flegdz:6

1 3-3x 3—3x— 1 3-3x 1 1
0. [ [0 dzayax= [ [ TG -3x—ydydx= [ [3-302 - 13 -3x] dx =3[ (1 - %7 dx
— 30 =%p =3
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16.

@)}

17.

1

(o]

1

el

20

21.

22.

23.

Chapter 15 Multiple Integrals

ﬁéff y51nzdxdydz—f/6f Sysmzdydz——fomsinzdz:5(2_4\/5)

. f—l‘folj;j(x—i—y—i_Z)ddedZ:fjl‘];l [xy + 3 y* —|—Zy] dxdz—f f (2x +2 +2z) dxdz

1 1
= [ v ox+2ux]pdz= [ (3+22)dz=[3z+22 =6

: LSLmLmdzdydx:fo3f0ﬂ\/9—x2dydx:f03(9—x2)dX= [9x—";}3:18

f f fzw dz dxdy — f f . z(2x +y)dxdy = f; X2 + xy]f; dy = f:(4 ~y)"@y) dy

= [F1a-") =@ =

T wdyax = [T e—x—pdydx= [ [e—x2—te -0 d =1 [ @-x?dx

= [Fie-wY =~ +i=3

1 1—x? 4—x’—y 1 1-x2 1 9 1 9
O A N (S T Py T
311
- [rool -

‘/:‘/:j:cos(u—i—v—kw) dudvdw = ‘/:j:[sin(w—f—v—mr) —sin(w + v)] dvdw

= j:[(_ cos (W + 27) + cos (W + 7)) + (cos (W + m) — cos w)] dw
= [~ sin(w + 27) + sin(w + 7) — sin w + sin(w + )] ] = 0

. j;lj:\/;fleseslnrant—l)zdtdrds:j;lfl\/;(seslnr)[%(lntﬂTdrds:j;]fl\/;%eslnrdrds:fl = [rlnr—r]\[ds

2= [Tos 2= Ver s sl 2-0/e
= — j;seds—T[se —e’], = =%+

/4 plnsecv 2t T/4 plnsecv T/4 plnsecv /4 1 " 1
T [ eaxatav= [T [ dim (@ —eydidv= [ [ erdtav= [ (beter— L) dv
b— —o0 0 0 0 2

=5
/4

_ sec’v 1 __ [tanv vi7/4 1 iy

-/, (2 g)dv—[z -3 =21-%

: j:j:j;ﬂ r—?—l dpdqdr = j:j:q\/:? dqdr = j: 3a+1) [ (4—q )3/2} z dr = % j:r-ﬁ%l dr= 5% =8In2
@ [ dydeax o [ [0 [ ayaxa @ 7 axaya

(d f“lfoliyf:@ dx dzdy ©) f;lf:@ foliydzdxdy

@ [ [ [ dydsax o [ [ [ dydxds © [ [V axdyds
@ [ [ dxdzdy @ [ [ daxay

Ve UL e oo = flox=
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

w

Section 15.5 Triple Integrals in Rectangular Coordinates

V:j;lj;lixf;mzdydzdx:folfolix(Z—Zz)dzdx:fol[Zz

_Zz]éfxdx:j;l(l_xg)dxz [X_%3:|1:%

V:f;foer ozjydlddeZf:fom (2fy>dydx:f0“[z 4—X—(4%")} dx
4=3

= [ fE 02 LE %Y, =@ - e = 2 -

veo [0 [Tazdya= 2 [ [1 ydyde= [ (1-x)dx =2

V— ﬁlﬁ27zxﬂ)373X73Y/2 dzdydx _ j;lfozfzx 3_ag_ 3 y) deX _ j;l [6(1 B X)2 B % 41— X)2] ©"

= [0 —xPax =[x =1

V= f fl xfw\(—X/z dzdydx = f f cos dydx = j;l (COS %) (1 —x)dx

/2 _
= Cos(ﬂ)d"_ﬁJ xcos (Z) dx = [2 sm—];—%j; ucosudu=2— % [cosu+usinul;”

Sl RO

V:Sj;lfomj;m dzdydx:Sj;lfOﬂ\/l—xzdydx:Sfol(lf)@)dx:

»|5

V= ff“f“ dzdydx—ffﬁx —xZ—y) dydx—f[( —x)Q—%(4—x2)2]dx

~1 - )dx_f(8—4x+ ¥)dx =12

4 r(V16-y2) /2 pd—y 4 (V/16—y2) /2 4 —
v=[[ Caxdzdy = [ @4y dzdy = [ V%4 —y)ay

4 4
=f02\/16—y2 dy ——f y\/16 y2dy = [yy/16 — y2 + 16 sin™* %} [é(]é—y2)3/2}

=16(3) — £ (16)%% =8 — %

0

V:fzzfa: OHdzdydx:fifi\;\/;(S—x)dydx:2fi(3—x) 4 x? dx

:3[7222w/4—x2dx—2szx r4—X2dX=3{X /4 — x2 + 4 sin~! %}2_2 + {%(4_)(2)3/2}2

= 12sin' 1 — 12sin"! (=) = 12(Z) — 12 (= 2) = 127

f;fz xfz jxyz/yzdzdydx—ff 7177 dydx

_f (1-3)@-x-22-x?%d
:fo[6—6x+3i—@}dx

= lox -3 4 4 O ’”} —(12- 124440 -2 =2

Copyright © 2010 Pearson Education Inc.
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34, V:j:fzsfzgizdxdydz:f:ﬁg(S—Zz)dydz:f()4(8—21)(8—z)dz:J:)4(64—24z+222)dz

35. V

36.

37.

38.

39.

40.

41.

_

42.

N

4

W

44.

45.

W

= [642—1222—1—%23]3:3%

=2 fij;\/@/zfoﬁz dzdydx =2 fij;\/@/z(erz) dydx = fi (x +2)V4 — x2 dx

= [ava et [xvaac= [wWae rasint 3] 4 [Fraoe)

—4(5)-4(-5) —4r

szf'f"y“’f*“ dZdXdy_sz (x2+y?) dxdy =2 {3+xy2};7yzdy

1
_2f 17y {%1—y)+y]dy_2f (1—y )(%+%y2+%y4)dy:%fo(lfyﬁ)dy

average = 1 [ [7 [ (2 +9)dzaydx =1 [ 7 (2x2 +18) dydx = L [ (4x? + 36) dx = 2
average = 1 [ [ [“x+y—ndzdyax=1 [ [ x+2y-2dyax=1 [ @x—Ddx=0
average = [ [ ['6¢ +y2 42 dzdydx = [ [ (¢ +y2+ 1) dydx = [ (3 +2) dx =1
average = 1 [ [*[* xyzazayax =1 [ [T xydyax =1 [Txdx=1
fffzy“""” axaydz = [ 7 [ 20 gy dxdz = [ [ res dxdz_f4('i“4

= [(sin 4)21/2] =2sin4

)2’1/2 dz

1

1
=3[ (¢ —2)dz=3[ 1], =36

. j;lf\;j:m e Siyl;(ﬂyz) dxdy dz — flﬁl 47rsi;2(7ry2) dydz — j;lj;y‘ 47TSin12(7Ty2) dz dy

— fol47ry sin (my?) dy = [~2 cos (7y? )]0 =-2(-D+2(1)=4

ffzt— j; sin 2z dydzdx_ff xsm2z dZdX_ff sm22 XdXdZ_j:(szZ)Z(“'_Z)dZ

:[_100822] [ Z_’_§SIHQZ]0:SH124
‘folf4—afxif4—x2—dedde:% N f1f47a7xz _X2_y_a) deX:is
= Jle-a- -t -a-]a= o d [le-a- ) ao= = -0 - 2¢@ -0 e xlax

=% = [(4—a)2x—- x3(4 —a)+ % ]1:%:»(4—a)2—§(4—a)+§:%:»15(4—a)2—10(4—a)—5:0

= 3@4-a’-2d-a)—-1=0= Bd-a)+1][4-a)—1]1=0 = 4—a=—Iord—a=1=a="ora=3

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



Section 15.6 Moments and Centers of Mass 909
46. The volume of the ellipsoid "2 4 3 bz +5=1is 43"% so that w =8r = c=3.

47. To minimize the integral, we want the domain to include all points where the integrand is negative and to exclude all
points where it is positive. These criteria are met by the points (X, y, z) such that 4x? + 4y? 4+ z2 —4 < 0 or
4x% 4 4y? + 7% < 4, which is a solid ellipsoid centered at the origin.

48. To maximize the integral, we want the domain to include all points where the integrand is positive and to exclude all

points where it is negative. These criteria are met by the points (x,y,z) such that 1 — x> —y? —z2> OQor

x2 +y? +z% < 1, which is a solid sphere of radius 1 centered at the origin.

49-52. Example CAS commands:

Maple:
F = (x,y,z) -> x"\2*y"2*z;
ql := Int( Int( Int( F(x,y,z), y=-sqrt(1-x*2)..sqrt(1-x"2) ), x=-1..1 ), z=0..1 );
value( ql );
Mathematica: (functions and bounds will vary)
Clear[f, x, y, z];

Integratel[f, {x,—1,1}, {y,—Sqrt[1 — x2], Sqrt[1 — xz]}, {z,0, 1}]
N[%]

topolar={x — r Cos|[t], y — r Sin[t]};

fp= f/.topolar //Simplify

Integrate[r fp, {t, 0, 27}, {r, 0, 1},{z, 0, 1}]

N[%]

15.6 MOMENTS AND CENTERS OF MASS

M= ff 3dydx_3f —% %) dx—%;My:f‘,lfo 3xdydx:3f01 (xy);™ dx

2—x? 1 9 1
:3f 2x — x° —x)dx:%;MX:j;j; 3ydydx:%ﬁ)[y2]37X dx:%j; (4—5x2+x4)dx:%
:>i:—andy——

2. M=6 [ [Tdyax=5 [3ax=951,=6 [ ['y*dyax=s [ [%}de:m;

3 3 3 3
Iyzéfoj;x2dydx:6j;[x2y]gdx:6j;3x2d);:276

3. M:fozf;:dxdy:f“z@fyfy;)dy:H'M :ﬂ)zﬁj;yxdxdy:%f;[x?]y/zdy
:%ﬁ2(16—8y+y2—§)dy_%,M . ydxdy:foz(4y )y =10

— o4 V=23
= X=3andy=2

4, ff dydx:f3(3—x)dx:g;My:‘f:jjixxdydx:LS[xy]g’xdx:ﬁ3(3x—x2)dx:%

=l andy = 1, by symmetry

= X=y= 3“ , by symmetry

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



910  Chapter 15 Multiple Integrals

6. M= [ [Tayax= [[sinxax=2M, = [ [Tyayax =1 [ dc=1 [ sin?x dx

:%foﬂ(l—cosh)dx:% = X=Tandy=1

271 3 4—x? 2 3/9
7. I, = f f i y2 dydx = f,z [%} dx = 2 f72(4 —x2)*? dx = 4m; 1, = 4x, by symmetry;

_Ja—x?

Iy = I + 1, = 87
2r (sin?x) /x? 2 o2
8. Iy:f_j; x2dydx:j:(sin2x—0)dX:%f_(1—COSZX)dXZg

9. M:f;ﬁexdydx:fjxe* dx:blinjoo j:)exdx:l—biirgoo e’ = l;My:ijJ:xxdydx:f;xexdx

: 0 X : X x]0 - b b 0 ¢
= lim  xetdx=_lim [xe*—¢] =—-1— lim (be —e):—l;MX:fmj; y dy dx

b— — b— —c0 b— —

0 0
-1 2% = 1 1 2x = 1 X = — vV = 1
=3 fﬂxe dx bl}n}oo j;e dx=; = X landy = ;

ol

0o e b , )
108, = [ xayax = tim [k ax= = tim [k 1] =1

2 py-y 21, y—y2 2, . \ 2
M= [ ey aay =[5 40 dy:fo(y?—2y3+zy2)dy:[?—o—%ﬁﬂ =&
2 27,22 y-y? 2/ 6
=L v = [T o] 0= (52 ) g

V3/2 V12—4y? V3/2 2 V12-4y* 5 V3/2 9 1
12. M = fmﬁz 5xdxdy75f\[/2{7} L day=3 [ 024 —16y") dy = 231/3

1 2—x 1 1
13. M= [ [ 6x+3y+3dydx = [ [oxy + 3y +3y]7 dx = [ (12— 12¢%) dx = 8;
1 2—x 1 1 2—x
M= [ [ xx+3y+3dydx= [ (12x— 12x%) dx =3 M, = [ [ y(6x + 3y +3) dydx

1

1 1 2y—y? 1
14. M = ff (y+1)dxdy—f0(2yf2y3)dy:%;Mx:fofyz y(y+1)dxdy:f(2y2*2y4)dy:%'
2y—y? 1 2y—y?
M= [T sy axay = [Ty -y ay = = k= fandy= S [0 R0+ D axay

1
=2];(y3—y5)dy=%

ol

1 6 1 1 6 1
15 M= [ [[x+y+Ddxdy= [ 6y +24)dy =27 M, = [ ['yox+y+Ddxdy = [ y6y +24)dy = 14;
1 6 1
M= [ x(x+y+l)dxdy:fo(18y+90)dy:99 = i:g—landy_%,ly—ff K2(x +y+ 1) dxdy

0

_216f 1) dy = 432

16-M:flf'<y+1>dydx:*fl(ﬁﬂt%)d X =13 M = ffﬂyﬂ)dydx—fl(%*xsj*%)dx

s 1 el
—sm = [ [ xo+ndydx= [ (%—%—XS)dx:Oéi:Oandy:%;Iy:filﬁg X2y + 1) dy dx

— K3 S SR — 16
*f,l(z 2 X)dX*35

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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17. M:fjlj;xz(7y+l)dydx:f] (“ +x)dx—3—5 M= [ f y(7y+1)dydx—f (%Jr%) dx =13,
1 px? 1 .
M=/ x(7y+1)dydx:fil(7—;d—|—x3) dx=0 = i:Oande%;IYfoJ; x2(7y + 1) dy dx

1
:ffl(%+x4) dx = 1

18. M f S s) ayax= [T g ax=oomo= [T [y (04 3) dyax= [ (14 3) Y;)r_ldx:o;
f f 2O)dydx—\[:o<2x—|—’1‘—(2)) dx = 20 = X:%and?:O;IX:fomﬁll y2 (1+ %) dydx
=2 ( )dx—20
3Jo

1 1 1
19. M= [ [" o+ Ddedy = [[ 2y +2y) dy = 35 M, ff yly+1dxdy =2 [ (y*+y?) dy = 1;
0

1 y 1 y 1
M= [ [ xog+1dxdy= [0dy=0 = Y:Oandy:f—o;lxzfoj:y Yy + Ddxdy = [ (2y* +2y%) dy

1 y 1
=5iL=[ [ Ro+ndday=Lf @y +20)dy =3 = L=L+1,=

1 1 1
20. M= [ [ 3x*+ 1) dxdy = [[(2y° +2y) dy = 35 M, ff Y3+ 1) dxdy = [ (2y' +2y?) dy = 16

M, = ff (3x)+1)dxdy=0 = x=0andy = %,I—ff y? (3x2 + 1 dxdy—j;l(2y5+2}’3)d)/:%§

I_ff (3x2 +1dxdy_2f Cy+iy)dy=U 1, =1, +1,=¢
a rb c a rb a
2. L= [ [ [ 2+ 2) dzdydx=ff(cy2+i)dydx=f(°3ﬁ+%")dx=w
=¥ (b2 +c?) where M = abc; I, = ¥ (a? + ¢?) and I, = ¥ (a® + b?), by symmetry

(4-2y)/

22. The plane z = 2 2y is the top of the wedge = I, = f f f4/3 (y? + 2%) dzdy dx

:f3f4[si—zl+8(28+”+%}dydx:fil%dx:zo&ly—fff:/jmx +22) dzdy dx

—f Jh[es g Resam ety el ayax = [ (1252 4+ 2) ax = 280;

f f f:/;w%x +¥?) dZdde—f f (x —i—y)(%—%) dydx:12fi(x2+2)dx:360

B M=4 [ [ [ acayax=a [ [[a—ay)ayax=16 [ 2ax=2:M =4 [ [ [ zdazayax

:2f1f1(16—16y4)dydx— lzsfdx—@ = zZ=12 andX =y = 0, by symmetry;

0o Jo 5 5 5

Ix=4j;1f0'L;(y?+z?)dzdydx=4j;fO[4y +5) — (4! %)}dydx:ﬁ W76 gy — 190,
:4f01flfz X2 + 72 dzdydx:4flfl[4x2+64 = (axty? 4 240 dydx =4 [ ($x2 4 128) dx
:%,I 4ffﬁyx+y dzdydx—léffxfxy +y? —y*) dydx

_ 2x __ 256
_16f0(7+g)dx_g

2. (a) M= ff “2/2 “dzdydx—ff ”2/2(2 vdyds= [[@ - (Va- <) dx =am
M, f f, Va—x® /zfz deZdde_f f 2X(Z—X)dydx—fiX(Z—x)<\/4—x2> dx = —2m;

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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ff—4x/2 zxdedde_f f74x Y(2—X)dydx
—f (2—x>[-
o My = [ [ rwaya = 1) 0w aya= t [l (Vi) ax

74x

22 =0 = i:—%andyzo

£l

=51t => z2=

25 @ M= [ [ [ wayax—a [T [razaran—a [ [Tar -y aras =4 [ado —sm:
M,y fhffzrdzdrd@—f f (16 —r* drd9—32f dH—%éiz%,andizyzo,bysymmetry
0 M=8r = ar= [ [ [razarao = [7 [T (er—pyarao= [(Sa0= 5 2= 5 c=2/2,

sincec > 0

26. M =8; M, = fflf:fflzdzdydx:fjlf;[zz—z} il dyds=0:M, = [ [ [ xdzdydx
—2 [ [xayax=4 [ xax=0M, = [ [[yazayax=2 [ [ yayax=16 [ ax=3
= x=0y=47=0L= [ [ [ (2 +72)dzaydc= [ [ (2 +2)dydx=2 [ 100dx = %0,
L= [ [T [ ¢ +2)azayax= [ [ (¢ +2) aydc=4 [ (3 +1)ax =1,
L= [ 2+y)dzdyax=2 [ [ +y?) dayax=2 [ (2x + %) dx = 40

o - f2 f4 f(ny)/2 9 9
27. Theplaney +2z =2isthe topof the wedge = L= | | | — [(y—6)° +2z°]dzdydx
2 pa 4
= ffszz[w‘@;(“‘” + @0 g} dyds;lett=2—y = I, =4 fz(% + 52 + 16t + %) dt = 1386;
M = ; (3)(6)(4) = 36

2 4 2 y)/2
28. The plane y + 2z = 2 is the top of the wedge = I, = f,zf,gf,l [(x — 4)% + y?] dzdy dx
2 4 2
=1 [ ) =816 +y2) (@ -y dydc = [ (9x2 —72x + 162) dx = 696; M = L (3)(6)(4) = 36

20 @ M= [ [ [ axdzaydx = [ [ tax — 2 — 2xy) dydx = [ (x3 - 4x? + 4x) dx = &
b My= [ [ [ azdzayax = [ [ x@-x—ydydc= [0 ax = Eom, = £ by
symmetry; M,, = j:j:ixfokw 2x2 dzdy dx = j;zj;H 2x2(2 —x —y)dydx = j; (2x—x2)2 dx = 2
2

éi:%,and?:izg
0. @ M= [ [ [ kxydsayax =k [ [V xy 4= x2) dyax = § [T@x - xt)yax = 2
(b) MYZ:fofo f4xkxydzdde:kff x%y (4 — x?) dydxzkf2(4x3—x5)dx:%
:>i:%;MXZ ff f: zkxy dzdydx_kff dde—ff2(4x5/2—x9/2)dx
:% = 7:4077\/—;1\/1xy ff; f kxyzdzdydx_fof dydx

2
:5‘/;(16x2—8x4+x)d>(—% =z=1=

31. (a) M:folfolfol (x+y+z+1)dzdydx:folj;l (x+y+%)dydx:fol(x+2)dx:%

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



32.

33.

34.

35.

36.

37.

38.

Section 15.6 Moments and Centers of Mass

(b) Mxy:folfolfolz(x+y+z+1)dzdydx:%ff dydx_—f;l(er%)dx:%

= My, =M, =M, = %,by symmetry = X =y =2Z=

© IZ:ﬁ'f()lf()l(x2+y2)(x+y+z+1)dzdydx_j; (2 +y?) (x+y+3) dydx
:ﬁl(x3+2x2+%x+%) dx=4 = L =1 =1, =4, by symmetry

The plane y + 2z = 2 is the top of the wedge.

@ M= [ [ [ &+ Dazayax = [ [Tx+ 1 (2 3) dyds =

o M, = [ [ [ xx+ Dazayax = [ [T xec+ 1) (2 - 3) dydx = 6;
Moo= vk nazayas= [y (2 - 3) dyax=o,
M, = [ z(x+1)dzdydx:lf]f4(x+l)(y——y) dydx =0 = X =

© L=/ [ 7" x4nE+2) dzdydx—ff(x+l)[2y2+% Lil(1- %)}dydx—45
I_fff P x D)2+ dzdydx_ff (x+1)[2x2+§ Ty—i—%(l——)]dydx—lS

L= L7 ae e ey azayac= [ e D@ 3) 62 +y?) dydx =42

,andy=z=0

W=

M=j;]fz:zfoﬁ(2y+5)dydxdz:flj;ljz Z+5\/2 dxdz = f12(1+5\/2) (1—2)dz

=2 fol(szm 4z —5232 Z2) dz =2 [10 3/2 4 _ 0752 _ ] -9 (% _ 5) —3

4x‘ 162x+y
M= ffﬁ e VY dzdydx = [ fF x2+y2[16 — 4 (x? +y?)] dydx

—4 [ ra—e)rardo=4 [ [——g}[)d9—4f & g — Si2n

@ X=3r=0= [[[xéx,y,2)dxdydz=0 = M, =0
R

® L= [[[Iv=hi"dn= [[[lec—nyi+yildm= [[[ (&~ 2xh+h>+y?) dm
D D D
=[[[(+y)dm —2h [[[xdm +h® [ [[dm=1 —0+h’m=L, +h’m
D D D

I, =1, +mh?= —ma + ma?

wn|

=z ma

2 2 2 ﬂCZlZ 2
@ &7,2)=(%,%9) = L:IC_m_+abc( %+%) = o =, — 20

__ abc(a®+b*)  abc (a2+b2) abc (a2 +b?) 212—&-b2
- 3 4 12 Cm -

2
b 2 __abc(a®+b?) abc (% +9b%) _ abc (4a% +28b?)
(b) IL_Im+abc< I+(5—2b)) = P+ R = B

_abc (a2 +7b%) | o L a2 + 7b?
- 3 sRu=1/% = 3

(4-25)/ 3 b7 4 3
_ 2 _ _ .
fm ‘drdydx= [ [ 2a—ydyax= [ 2 {4y—y7] . de=12 [ dx =172
2 2
0 from Exercise 22 = I, = 1., + 72 (\/ 02 + 02) =In = =L, +72 (, /16 + %6)

160) — 1488

Il
V)
S
o0
_|_
~J
[\)

/—\

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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914

15.7 TRIPLE INTEGRALS IN CYLINDRICAL AND SPHERICAL COORDINATES
R A e e Al A
SACEIEE
R A " azraras = [T [r(18 =) — 5] aras = [T[-1 18- - %]zda

_ 9w(8\§—— 7)

2w o
1 er]) =3 [ () do

f:ﬁfﬁ/%fwrz dz rdrdf — fohf:/%(3r+z4r3) ardo = [ 2

0° 177

3 2
=3 [1%2 + 2074 =5

— (4 —-1%)] rdrd9—4ff 4r — 1) drdd

—r

IN

T 3wzdzrdrde—ff€/%
:4ﬁ{2r2—ﬂ0ﬂ:4f0(2:; L) do =3

) eladn =3 [T - -] :) d

L saraan=3 [ [ [re-

5.
=3 [7(V2-4) a0 =r(6v2-3)
6 [ )0 [ sin20 422 dzrarao = [ [ (P sin0 4 ) drao = [ (520 4 L) ao =3
. [ [T ) arardodz= [ [T 20+ cos 02 dodz = [ 6rdo = 12r
o. [ [V 7@ coso+2) rdvards= [ [ [ 4 2 4 520) Trdrdz= [ [V (n 1 2mi?) drdz
o

TZ _ T
_2+ 4]0_3

_f [wr +mz2]0 dz—fol< +7rz)dz—{

Via 2
2nrdzdr = 2n || [r (4

0. [ [T asing+ nravazar= [Cf°

2
—27r{—%(4—r2)3/2—%3—|—r2}0:27r[—§+4+%(4)3/2] — 8

)22y Zr} dr
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Section 15.7 Triple Integrals in Cylindrical and Spherical Coordinates 915

11. (a) f()%folj;mdzrdrde
(b) f:ﬁfoﬁj:rdrdzdﬂ +f02f;f0¢r r drdzdf
© folfoﬂT f:”rdedzdr

12. (a) ‘/:ﬁj;] frhzdzrdrde
(b) j:)%j;lj:rdrdzde —|—j;2ﬁflzj;mrdrdzd9
(© j;l‘ﬁhﬁj;zwrd@ dzdr

13. f/; fogf; f(r, 0, ) dz r dr df

o [ e dearan = [T [ et cosaran =1 [ cospdn =2

15. f(:fomgf:ﬂ"gf(r,a,z) dzrdrdd 16. f—:zf:wf;msef(r,@,z) dzrdrdd
i [T 6.2 derdra 8. [ i 0.2) derdrag
o [ 0,2 dzrdrdo /:2 [ [ b, 0,2) dzr drdo

21. fff“‘"‘“p Sll’l¢dpd¢d9—3ff Sln4¢d¢d9—3f <|:_ sin Uwoso]()—l—%j:sin?gbdgﬁ) do

=2 ["["singdgdg = [ [0 2T a0 = [rdg=n

2. [T 7 (pcos ) sinddpdodd = [ [ acos ¢ sing dpao = [ [2sin2g]5/ a0 = [ a0 = 2x
23. j:ﬁj:f(licw)/z p? sin ¢ dpdgd = 5 f%fr(l — cos ¢)® sin ¢ d¢p df = 5 j:ﬁ[(l —cos ¢)!]; db

L [Tty d=1 [Ta=Lem-=
" fosﬁ/zj;ﬂﬁl 503 sin® ¢ dpdep df — % f:mj;ﬂsmgd)d(bd@ _ % j:m({_ W’%”’}Z—F % j:rsin(bd(b) de

31/2 3r/2
_ 5 m _ 5 __ 57
76‘[;) [—cosqﬂodegj; d9f§

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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25. fff(f”f:wsp?sinqsdpdqs d9zﬁ2ﬂﬁﬂ/3(8—sec3¢) sin ¢ dgdd = [ [~8cos ¢ — L sec? 6] 7% af

= [Tl—4-2— (-8-1)]a=3 [Tao=>5r

—1 [Tap=z

2
=27
0

26 [ psingcospdpdpdo =1 [ [Man g sec? g dpad =1 [ [Lean2 6] 7" d

. [ f/4p sin2g dpdodp = [ [ g [ 2] :ﬁdedp_ff “dodp= [ ”dp:[%f“}

28. f'“f::;mffp? sin ¢ 40dpdg =2 [ T sin g dpdg = 2 f (% sin ¢]25°7 d = 1= f;z}cs&qﬁdq&:%
20. [T [ 120510 6 dg a0 dp = folf(:(12p [zsitgemse] Z/4+8p j;msinQde?) dodp

- [ (———spcos¢]"/4)d9dp_ff <8p—m7”>d9dp—7rf (8p—%)dp_w[4p —7};

:(4\/_—)7r
V2

/2 pr/2 2 . /2 pr/2 X /2 pT/2 .
30. f [ ) 5ptsin® ¢ dpdbdg = f/é ffﬂ/2(32 —csc® @) sin® ¢ df dgp = f/6 B | (325sin® ¢ — esc? ) dO dg

,/2

7r .9 ; 7T/2 ,
™) (32sm qﬁ—csc?(b)d(é—ﬂ{ w}ﬂ/e‘—i_ %f/é Sln¢d¢+71’[00t¢]ﬂ/2

=7 (50) S leosal s~ (V3) = Fmt (%) (F) = U532 = 113

31. (a) x24+y2=1 = p’sin?¢p=1,andpsing =1 = p = csc ¢; thus
2r r7w/6 T/2 ese
f f f p? sin ¢ dp d¢p d +f f f Op sin ¢ dp d¢ df

w [ f“"l“/"p singdodpdd + [ [ [ g2 sin ¢ dg dpag

2 pw/4 secd . b4
32.@ [ [T p2sing dpdgde , .
27 1 pr/4 . Z=1,0r = pcose
® [ [ psing dpdpd V<
2 V2 /4
2 \
+f0 fl fmwﬂ)p sin ¢ de dp df e
3 Y

33. vzf:”fo”zfcjwﬁ sin ¢ dpdgdd = 1 [ [ (8 = cos® ¢) sin ¢ dg a6

m cost ] ™/ n 17
=1 [ [8coso+oye] Tan=14 [T(8- 1) o= (})em =2k

0

34 v = [T prin g dpdgao = L [ [ (3 cos 6+ 3 cos? ¢ + cos? ) sin ¢ deydo
Z%Lh[—%coﬁq’)—cosrﬂﬁ 1cos qﬁ]ﬂ/ do = j:ﬂ(%—i-l—l— d9—”f dg = (4)em=

35, V= fozwfoﬂﬂfwxﬂ sin ¢ dpdpdf = 1 f:f;“ — cos )% sin ¢ dpdf = % foh {w} ; a0
— Lo fohde =iem=%

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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36.

37.

38.

39.

40.

41.

42.

43. V

44. V

45. V

46.

Section 15.7 Triple Integrals in Cylindrical and Spherical Coordinates

2 pw/2 1—cos ¢ X 2 /2 . 27 _ )4 7T/2
v= [T [ psingdodpdo =1 [ [ (1~ cos ¢ sing dpdo =1 [ {WL do

V= [T g sing dpddo = 8 j:ﬂf;fcossqﬁsincbd(ﬁd&: gff[— T@] 7 40

w/4

Ve [T e singdpdsan =5 [T [singasas =3 [T[-cosg]72do =4 [Tap =t

() sf(fﬂj;mfp‘zsingbdpd(ﬁde (b) 8f ff “dzrdrdf

(©) 8]:j;mj;mdzdydx

@ f(:/zf(:/ﬁfrdefdrd@ o [ g2 sin g dpdodo
© [T 2 singdpdsds =9 [ [ sing dpao = 9 j;m(ﬁ —1) a0 = _9”(2;@

(b) V= j;%foﬁflm dzrdrdf

2 /3 2 .
@v=["] fsme sin ¢ dp do df
V3-x2 VaA—xI—y?
(c) V= ff iy dz dy dx

v ,
@ V= [ [ ey }drde—ff[_%_g]oSdg_foz,.(_%_%%do
=§f0”dez%ﬁ

(a) Izzfohfolfomﬂ dzrdrdd

917

2 pr/2 el
) I, = fo fo fo (p? sin? ¢) (p? sin ¢) dp de db, since r? = x? + y? = p? sin? ¢ cos? § + p? sin® ¢ sin? @ = p? sin® ¢

Rt (e N A T L A

=5 2m =1

—a [ [ drracag=a [T [sr—ad —Pyarag =4 [T -1-1do=a [Tap=1

fT/sz dzrdrd9:4fmf](r_r2+r 1— rg) drd9—4f [——g—%(l—ﬂ)?’/?}l

—4 Gt a =2 T =2(3) =

wzfscosgfﬂmgdzrdrdH = fwzf“osg —r?sin 6 drdf = j:;z(*9 cos® ) (sin 0) df = [2 cos’ 0]
= = 70_ I
i 3

v=a [ [ [Tazraras=2 [ [ aras =2 [T 27cos 6 06

=—18 <[COS26TSW9} :/2 + % j;:zcosﬁdﬂ) = —12[sin 9]2/2 =12

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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918  Chapter 15 Multiple Integrals

47. V:f;/zf:i”fomdzrdrdezfomfnﬂr\/mclrde:fo””{_%(l_rz)sm} :”de
=-3 ﬁm [(1 — sin? )™ — 1] g =1 f/z(cosw ~1)dg=—1 ([729} Z/Z +2 j:/zcosede) + 8]0

= —2[sing]]/* + T = =4t
4.V = f7/2f°°‘”f3\/ﬁ dzrdrde—fmfmw mdrde_f {_(1_r2)3/2]:>$9 40
(T 1—cos20)? + 1] do = m/ | — sin8) dg — 9+§m29m9 T2, r/zsinede
0 ( ) ( ) . 2 [
:%+%[cose1§/2—gf§:3w;4

290.v= [0 [ prsingdpagdn= [T [T £ ingdpas = £ [T-cos )2 a0 =% [ (4 + 1) ao = 222
0. V= [ [ [ p2singapagdo =€ [ [ sinpagpdo = £ [Tdp = iz

51V = fozwfomf:m 2 sin & dpdi do 12
1 /3 . 9 2
§f0 fo (8 sin ¢ — tan ¢ sec? ¢) dg do

:%LZW[_g cos ¢ — —tan2¢>] 7r/3

2
. [—4—%<3>+81d0:§f0 ra=jon=7%

/2 pr/4 2sec T/2 /4
s2v=d [T [T [ p2singdpdsds =4 [ [T (8 sec?  — sec® ¢) sin g dpdf
w/2 pw/4 . w/2 pw/4 /2 /4 /2 -
:%j{; fo sec3¢sm¢d¢>d0:23—8fo fo tan¢sec2¢d¢d0:23—gj; [%tan%ﬁ]o/ dg =14 . o=

3.v=a [T [Tazrarao =4 [ [P arao = [Tao -1
saov=a [T [Taararao =4 [ [ rarao =2 [Tao ==

55. stfoﬁ/zflﬁfor dzrdrd@:sﬁ”/zflﬁrz)drdezts(z = fomda:‘”(z#_l)

s6. v=s [ [ fzrdzrdrd9_8f7/f nW2-rdd=3 [ [ L2 )3/2} T

s.v= [ [ aarardo = [ [Car—isin0)ardo =8 [ (1— 528) a9 = 167

27 2 4—r1 cos f—r sin A 27 2 27
58. V:j; J; j; dzrdrd@:j; j; [4r—r2(cos9+sin9)]drd9:%j; (3—cosf@ —sinf)dd = 167

59. The paraboloids intersect when 4x? + 4y?> =5 —x?> —y?> = x> +y?>=1landz =4

= V:4f0"/2f01f4:rzdzrdrd0:4fomfol(5r—5r3)drd9:20f(f/2{§—g;‘]zdozsf(f/zdaz57”

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



Section 15.7 Triple Integrals in Cylindrical and Spherical Coordinates 919

/2 3 9—r?
. The paraboloid intersects the xy-plane when 9 — x> —y?> =0 = x> +y? =9 = V=4 j; fl j; dz rdrdf

:4f0”/2f13(9r—r3)drd9=4j;"/2{92i—%}jd9=4ﬁﬂ/2(%‘—%) a0 = 64 ["a0 = 32

2 Va—r2 1
dzrdrdd =8 Parao =8 [[- L @) a0
T o YL SO
™ 4r (8-3/3
:—gj; (33/2—8)d9:¥
. The sphere and paraboloid intersect when x* + y> + 7> =2andz=x>+y? = 22 +z2—-2=0

= (z+2(z—-1)=0 = z=1lorz=-2 = z=1sincez 0. Thus, x> +y? = 1 and the volume is

/2 pl pyV2-r /2 pl
given by the triple integral V = 4 f f f dzrdrdd =4 fo j; [r (2 - r2)1/2 — 13| drdd

:4](‘)#/2{_%(2_ )3/2_%} - 4f (———)daf (8\/65—7)
. average = 5- hff 2dzdrd0—2ﬂf f2r2drd9_3rf a6 =2

. average = 4~ fhf f\/ﬁ r2dzdrd9:if2ﬂfl2r2‘/1—r2drd9
:%sz{gsin_lr—gr\/l—r2(1—2r2)] =2 [TGErow=2 (o= (3)en=1x

.average:(%j;hf;ﬁlpg)sinqﬁdpdd)dﬂflﬁﬂf fsmgbdd)dﬁ—gwf do =3

. average = (3? f;ﬂfoﬂ/zfol p® cos ¢ sin ¢ dpdpdf = & f;ﬁfoﬁ/z cos ¢ sin ¢ dp df = & foh[mié} 2/2 do
27
=i [Ta= (L) en =3

M=4 [ [azrardr=4 [ [ earao=2% [Tao=2:m,= [[ [zdzrdras

3
5]; ﬁ)r3drd0:§j; do =7 :;z:%:(g)(%)f% and X =y = 0, by symmetry

. M:f;mfozj:dzrdrdezf(f/zj:errdH:%j;mdez%;Mﬂ:foﬁ/zﬁzj:xdzrdrda
= j:/z j;er Cosedrd9:4ﬁﬁ/20059d9:4; sz:f(:/zfozforydzrdrdﬂ = j:/zj: r? sin 6 drdd

—4 [Tsinoa0=amy = [ [ [zazrarag =1 [T ards =2 [Tdo=n 5 x=M2 =3,

y = M“ %,andi:%:%
- 2r r7/2 /2 2 3 . 2 /2 .
- M= M, f f fzp 51n¢dpd¢d9—f f j;p cos¢sm¢dpd¢d9:4j; L/3 cos ¢ sin ¢ d¢ df
2 w/2
:41; {s‘“z@}w d0_4f -3 Gzéfo d9:7réZ:“ﬁ;{y:(W)(%):%,andi:y:O,bysymmetry

M= [T o aasan =5 [T smoaoan =1 [ a0 =,
" :szfT/A‘fp Sln¢cos¢dpd¢d0— f f“‘Slnqﬁcostd(z)dg— 16f d9—_

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



920  Chapter 15 Multiple Integrals

1= () [ 0 () 2

y = 0, by symmetry

M= [ [ drarao = [T o ara0 = [Tao =25 My = [T [ 2dzrards

:%‘/;\[Qddefnf g =91 = 7= N}y 2 and X =y = 0, by symmetry

72. M f ffﬁdzrdrde—f”/gf /1 -drdg = [ };[—%(l—ﬁ)s/ﬂlde
[T - @) =M= [T eeosoazaras =2 [T [V T- P cos b aras
:2f//:[§ sin~'r — %rﬂ(pzr?)]ocoseda: z f;ﬁcosadezg[sm 07", = (%) (2%) =3
= x = = %5 andy =7 =0, by symmetry

73. We orient the cone with its vertex at the origin and axis along the z-axis = ¢ = 7. We use the the x-axis
1

2 1
which is through the vertex and parallel to the base of the cone = I, = f f j: (r% sin? 0 + z%) dzr drdf

2 1 X 3 2 9 2
=[S (Psino—rtsinto 5 — ) drao = [ (S50 + ) a0 = [ — B2+ 5]y = F+ 5=

%= f aaras= [ 0vE  Raan=2 [ [(~5-2)@-»] d0=2 [ 2aia0

—'\1

8ma’®
15

75.1—f2"ff (x2 +y2) dzrdrd@—fhf ff 3dzdrde—ff( h—j)drdezfohh[%‘—;—ﬂ;de
_f2~r (__—)dg_haf dg = m™a

76 @ M= [ [ [ zazrardo= [T [ trado =% [Tao=2my= [T [ 2 azraras
[T ardo = [Ta6=5 = 7=1,andx = =0, by symmetry; , = [ [ [ 2% dzdrdo
1 7drd0:%f%d0:

o M=["[ f 2dzardd = [ [ rarag=1 [ dH—%;MXy:j;%LIK 2r2 dzdr df
1 [T wardo =4 [[a6=12 = 7= 3, andx =3 = 0,by symmetry; 1, = [ [ [" ' dzaras

= [T wdrag =1 [Tap= 2
7. (a)M:f”f]flzdzrdrdezlf%f'r—r3 d:% Ta=1:My = [ [ [ 2dzrdras

fzwf (r—rt drde—lof =3 = z= ,andi:y:O,bysymmetry;L:j:wfofr zr® dzdrdf
:_fhf (r* —1%) drdB:ﬂj;dezg
(b) M= f f f z2dzrdrdf ”frompart(a)‘MXy:fzwf1 fl ‘ridzrdrd@:%j:ﬁj;l (r—r°) drdd

=I =7z=2,andx=Yy= Obysymmetry,I-fQ—ff 3dzdrd9:%j;hj:(r?’—rﬁ)drde

i

O\I

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



Section 15.7 Triple Integrals in Cylindrical and Spherical Coordinates 921

78 @ M= [ [ [Tptsingdpdeds =< [ [singdpas =2 [Tag =421, = [T 7[5 sin® ¢ dpde s

=4 [T 71— cos? qb)sm(ﬁdq’)dG——j:ﬂ{ COS(HCOM} a0 = [*ap— i
) M= [ [ [ prsingdpagds = & [T [ 0en20) gy g — m [T g = =
L= f ff p®sin* ¢ dpdgdf = % f fsm4¢d¢d9

2([M} 3 f sin qﬁdqﬁ) de__f I:%_Sin42¢:|(7)rd9:ﬁ1iﬁj;2ﬁd9:aGgﬂ—z

Il
%
S— -

Iy

79. MZJ;ZWfﬂ ﬁ\/azfrldzrdrdH:fhfa %rmdrdQ:%fZW{—%(aQ—rQ)S/QrdG

0

:gj;zwi?dg: 2; M,, fzwff zzdzrdrdG—Zagf f (a’r —r?) drdd

2w
:h—zf; (34 4) dG—% = zZ= (#) (ﬁ):gh,andi:y:O,bysymmetry

80. Let the base radius of the cone be a and the height h, and place the cone's axis of symmetry along the z-axis

2m
with the vertex at the origin. Then M = %5 " and M,, = f f f zdzrdrdf = f f (h2 3) drdf

__ h? 2 2 rt a __ h? m a2 a h2 2 _ a/ M, _ [ h¥ain 3 _
-, [7‘@}0d9—?f0 (7‘?)‘19— f o =+ ﬁz—v—( i )(m)—zh’and

X =y =0, by symmetry = the centroid is one fourth of the way from the base to the vertex

81. The density distribution function is linear so it has the form 6(p) = kp + C, where p is the distance from the
center of the planet. Now, §(R) =0 = kR 4+ C =0, and 6(p) = kp — kR. It remains to determine the constant

kM= [ [ "o —xR) p?sinp dpdpds = [ [ [kﬁ—ka’—”}:siwd(bde

2w T us 4
= [ ['x (——%)sm(bdqsda_ﬁ ~ERi[—cosgfdd= [ —ERIdI= MR o k=M
= 0(p) = WR4p+ TR4R At the center of the planet p = 0 = 6(0) = ( )R: %.

82. The mass of the plant's atmosphere to an altitude h above the surface of the planet is the triple integral
27 T h h 2T T
My = [ [ [ e sing dpdgdo = [ [ [ poemr P2 sin ¢ dg dgdp
b —c(p—R) ,2 a h cR ,—cp 2 cR " —cp 42
:j;fo [,uoe (P p(fcosqb)]odﬂdp:Zj;j; poet e p= dfdp = dmrpge fRe p°dp

. h
— R Ze=r  2pe= Qe
= 4mpoes [— i T}

_ R hZe—¢h 2he—" 2¢~¢h RZ%e~R 2ReR 2e—R
_47T/j,oec (777T7c73+?+c72+073 .

(by parts)

! : _ _ R2 , 2R, 2
The mass of the planet's atmosphere is therefore M = N leOC M(h) = 4mpyg (? +a+ C—3> .

83. (a) A plane perpendicular to the x-axis has the form x = a in rectangular coordinates = rcos = a =r = 5

= r = asec 0, in cylindrical coordinates.
(b) A plane perpendicular to the y-axis has the form y = b in rectangular coordinates = rsin 0 =b =r = 35

=1 = besc 6, in cylindrical coordinates.

84. ax +by =c = a(rcos ) +b(rsinf) =c =r(acos +bsinb) =c=r= g Hms

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



922 Chapter 15 Multiple Integrals

85. The equation r = f(z) implies that the point (r, 6, z) (.82 z

= (f(z), 0, z) will lie on the surface for all 4. In particular
(f(z), @ + 7, z) lies on the surface whenever (f(z), 6, z) does
=> the surface is symmetric with respect to the z-axis.

86. The equation p = f(¢) implies that the point (p, ¢, 6) = (f(¢), ¢, 0) lies on the surface for all §. In particular, if
(f(¢), ¢, 0) lies on the surface, then (f(¢), ¢, @ + 7) lies on the surface, so the surface is symmetric wiith respect to the

Z-axis.
15.8 SUBSTITUTIONS IN MULTIPLE INTEGRALS

l. (@ x—y=uand2x+y=v = 3x=u+vandy=x—u = x=1@u+v)andy = 1 (—2u+v);

+

oo

1
3

Nl

W= L=

1
oxy) _ 3
owyv) — | _2

(b) The line segmenty = x from (0,0) to (1, 1)isx —y =10
= u = 0; the line segment y = —2x from (0, 0) to
(1,-2)is2x +y =0 = v = 0; the line segment x = 1
from(1,Dto(1,-2)isx—y)+2x+y)=3
= u + v = 3. The transformed region is sketched at the

right.

2. (@ x+2y=vuvandx—y=v = 3y=u—vandx=v+y = y:%(u—v)andx:%(u+2v);

1 2
Oy _ |3 3| _1_2__1
duv) |1 _1|T T8 793773
3 3
(b) The triangular region in the xy-plane has vertices (0, 0), M
(2,0), and (2, %) . The line segment y = x from (0, 0) ) (2,2)
2 2 3 — — . 1 (4
to (3,3)isx—y=0 = v=0;the line segment .y
y = 0 from (0,0) to (2,0) = u = v; the line segment ’;f;;;/g,
x+2y=2from (},%) t0(2,0) = u=2. The ,a:;;;f,’s’;;’,,z "
S 0

transformed region is sketched at the right.

3. (@ 3x+2y=uandx+4y=v = —5x=-2u+vandy=3u—3x) = x=1Qu—-v)andy = 15 3v — w);

2 1
oxy) _ 5
o(u,v)

5
3
10

S

(b) The x-axisy =0 = u = 3v;the y-axisx =0
= v=2u;thelinex+y=1
= tQu-v)+50Gv—u=1
= 2Qu—v)+Bv—u)=10 = 3u+v=10. The
transformed region is sketched at the right.

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



Section 15.8 Substitutions in Multiple Integrals

4. (@) 2x—3y=uvand x+y=v = —x=u+3vandy=v+Xx = x=—-u—3vandy = —u—2v;

oxy) _
o(u,y)

-1 -3
-1 -2

—2-3--1

(b) Thelinex=-3 = —u—3v=—-3oru+ 3v=23;
x=0=u4+3v=0y=x = v=0y=x+1

= v = 1. The transformed region is the parallelogram
sketched at the right.

s [«

dxdy_f“{xzi,

341 4
¥ e =1 [

—§L<y+1—y>dy=%ﬁdy:§<4>=z

6. ff(Zfoxyfyz) dxdy:ff(xfy)(Zery)dxdy
R

.

vel
l ] u+3v=3
(‘3’1) g !’-’ff'".%’-'/\
TGy
u+3v=0

1) = () = G+ )y +()y] ey

y
:y =X +1
X, 3 ==\
—ffuv‘ggu\y,; dudv:%foquudV; 5| y=-2x+7
We find the boundaries of G from the boundaries of R, y= -2141 ly=x-2
shown in the accompanying figure: i 2 \é\’ x
xy-equations for Corresponding uv-equations Simplified
the boundary of R for the boundary of G uv-equations
y=-2x+4 I2u+v)=—2@u+v+4 v=4
y=-2x+7 I2u+v)=—3@W+v+7 v=7
y=x-—2 %(—Zu—l—v):%(u—i—v)— u=2
y=x+1 I2u+v)=1@+v)+1 u=—1
2 7 2 7 2 2
1 _1 _1 v2 _ 1 _ (1 2 _ (1
= 5fouvdudV—gfilj;uvdvdu—gfilu{7}4du— filudu—(7) {“7] ) (T)(4_1)__
7. [ [ (3x% + 14xy + 8y?) dxdy A
R
X
= [ [ Gx+2y)(x + 4y) dxdy /'y=-z+1
R
— O(xy) _ . 83
= ffuv ‘a@.,i) dudv = % ffuv dudv; (0,1) (‘5"5‘) T
G G / y=-5x
We find the boundaries of G from the boundaries of R, — «
shown in the accompanying figure: 4 1 (A2, 3
xy-equations for Corresponding uv-equations Simplified
the boundary of R for the boundary of G uv-equations
y=—-3x+1 LEGv-—w=-—3F@Qu-v)+1 u=2
y=-3x+3 HBV-—wW=—3Qu-v)+3 u=6
y=—1x FOV-W=—HQu-v)  v=0
y=—-1x+1 HF@V-—w=—FHQu-v)+1 v=4

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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924  Chapter 15 Multiple Integrals

1OffuvdudV—loff uvdvdu—— {V;}idu:%j:udu:(%) [%}22(%)(18—2):—

8. fRf 20x —y)dxdy = [ [ —2v \Ziﬁzii
G

= fo —2vdudv = j;lf::v —2vdudv = j;l —2v(3 -3v+3v)dv = j;l —6vdv = [—3V2](1) =-3

dudv = f f —2v dudv; the region G is sketched in Exercise 4
G

-1 _uv—2

u

2

2. 0x.y) =vilu4+viag= TH;

9. x:%andy:uv = %:VQandxy:u ; 8(UZV)ZJ(11,V):

y=X = uv:% = v=l,andy=4x = v=2;xy=1 = u=1l,andxy =9 = u = 3; thus
3 2 3 2 3
fRf(\/g—i—\/x_y) dxdy:f;fl(v—i—u)(%“) dvdu:flfl<2u—|—2—32) dvdu:fl[2uv—|—2u2lnvﬁdu

3
= [Qu+20?m2)du=[u?+2un2]} =8+ 2(26)(In2) =8+ Z(In2)

10. (a) ggg; =J(u,v) =

=u, and

the region G is sketched at the right

[+4
<
"

~N

[+
<
it

b) x=1=uv=Landx=2 =u=2%y=1 = u=1= v:l andy=2 = uv=2 = v:%;thus,

ffl yd)’dx-ff1 ) udvdu—ffZ/uuvdvdu—flzu{%]Tiudu:flzu(%—ﬁ)du

:%flzu(%)duzg[lnu =3In2; ff ydydx—f {i%]?dx:% f‘%:%[lnxﬁ:%an

acosf —arsin@
bsinf  brcos@

11. x=arcosfandy = arsinf = g((’r‘jg)) =J,0) = ’ = abr cos? § + abr sin? § = abr;

2T 1
Io_ff (x> +y?) dA = f f (a® cos?  + b sin? 6) |J(r,9)|d1rd¢9:£J fo abr? (a% cos? § + b sin? 9) dr df

. . . 2w 2 2
_ ab 2 2 2 ab | a0 | a’sin20 | b%9 _ b’sin26 __ abm(a®+b?)
=2 0(acos&—i—b 51n9)d074{2+ =+ % . .= 7

axy)
12. B(ui) J(u,v) =

4 0‘_abA ffdydx_ffabdudv_ff _ abdvdu

= 2ab [ \/1—u” du = 2ab [5V1= w2+ L sin? u] 1 =absin 1 —sin~! (~1)] = ab [§ — (= )] = abr

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



13.

14.

- — — 2 — 2. 9y _ — |V
15. x=yandy=uv = I =v andxy—u,a(z’z)—J(u,V)—‘ v

Section 15.8 Substitutions in Multiple Integrals

The region of integration R in the xy-plane is
sketched in the figure at the right. The
boundaries of the image G are obtained as
follows, with G sketched at the right:

xy-equations for Corresponding uv-equations Simplified
the boundary of R for the boundary of G uv-equations
X=y %(u—i—ZV):%(u—v) v=20
Xx=2-2y %(u—|—2v):2—%(u—v) u=2
y=0 0:%(u7v) v=u

2/3 p2-2 2 pu
Also, from Exercise 2, ggz; =Ju,v=-1= j; j; ’ (x +2y)e¥ ™ dxdy = fo j; ue™

2 2 , 2
:%j; u[—e’v]gdu:%j;u(l—e’“)du:%{u(u—ke’“)—%—f—e’“]oz

=5 (3e?+1) ~ 04687

x=u+zandy=v = 2x—y=(2u+v)—v=_2uand
1

dxy) _ _|1 2
auX,,Z)—J(qu)—‘O :

=x —  and v =y, so the boundaries of the region of

y

:1;next,u:X—2

integration R in the xy-plane are transformed to the

boundaries of G:

xy-equations for Corresponding uv-equations Simplified
the boundary of R for the boundary of G uv-equations
X=73 Uty =73 u=20
x=3+2 uty=35+2 u=2
y=0 v=20 v=20
y=2 v=2 v=2

4

/2
l(e16—1>[v_]2—e16_1
4 i B

-1 v

-2

s

— %| dvdu

IR@+e?)—2+e?—1]

y=2x-4, or

x=%+2

2
=2X,
o R
or x=%\
0 2 -

2

0

=viu4viu=

2u .

v

y=x=u=7 = v=lady=4x = v=2xy=1 = u=l,andxy =4 = u=2;thus

2 y 4 4/y 2 2 2 5 2 2 ud
fl fl/y(x2 +y?) dxdy + fz j;/4 (x* +y?) dxdy = fl f1 (3—2 +u2v2) (2) dudv = fl fl (V—‘; + 2u3v> dudv
Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.

2 rly/2)+2 2 p2 N 2 ) 2
fo ‘/; v3(2x —y) ey dxdy = j; j; viQu)e® dudv = j; v3 [% e4“] dv = % fo v3 (e —1)dv

925
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2 4 2 2 2
Yl IV (s vy gy = [oas 1]t s
_fl[w—kzuv}ldv—fl(zvg—i-z)dV—{4Vz+ 4]1—16

2 oY) _ |20 “2v|_ 2 2 2.
16. x =u?> —v?andy = 2uv; g = J(u,v) = o =4u* +4v- = 4(u* + v7);
y=2V1-x =2y?=4(1-x) = Quw) ' =4(1-w2-v?))=u=+1;y=0=>2uv=0=u=0o0rv=0;
x=0=u?>—v?>=0= u=voru= —v; This gives us four triangular regions, but only the one in the quadrant where

both u, v are positive maps into the region R in the xy-plane.

LI v aay= [ 0w a0 avan = af) [T ) avao

— 2203 4 15 — 12 75 9y = H271,6]1% _ 56
—4f1uv—|—3uv—|—5v]0du—15f1udu—1[6u}1—45

cCoOsV —usinv

_ _ : oxy) _ _ 2 02
17. () Xx=ucosvandy =usinv = =1 =ucos’v+usin°v=u
@) y A(u,v) sinv  ucosv +
. sin v ucosv .
(b) x=usinvandy =ucosv = g(x’”: X = —usin’v—ucos’v=—u
(u,v) cosv —usinv
cosv —usinv 0
18. (a) x=ucosv,y=usinv,z=w = g((;(vy;))* sinv ucosv O|=ucos?v+usin’v=u
0 0 1
2 0 0
1 ox,y,2) __ 1\ _
b) x=2u—1y=3v—4z=1Lw-4) = 222 _10 3 0 =203 (3) =3
00 1

singpcosf pcospcosf —psin¢sinf
19. |sin¢sinf pcos¢psinf psin ¢ cosf

cos ¢ —psin ¢ 0
sin ¢ cos § —p sin ¢ sin 0
singsinf  psin ¢ cos 6

_ pcos¢cos —psin ¢ sin b .
= (cos 9) pcosgsin®  psin ¢ cos f +(psin9)

= (p? cos ¢) (sin ¢ cos ¢ cos® @ + sin ¢ cos ¢ sin? ) + (p? sin ¢) (sin? ¢ cos? @ + sin® ¢ sin® 9)
= p? sin ¢ cos® ¢ + p? sin® ¢ = (p? sin @) (cos® ¢ + sin® ¢) = p? sin ¢

(b)
20. Letu=g(x) = J(x) = =¢'(x) = f f(u) du = f?) f(g(x))g'(x) dx in accordance with Theorem 7 in

+

Section 5.6. Note that g’(x) represents the Jacobian of the transformation u = g(x) or x = g~ (u).
1+(y/2)
v ayar= [T By n -3 +1) dyde

21. ffj;l+(y/2) (=2 %)dxdydz_ff[%_% .

2 2 2 3
:fO[Lj“ fijr%}odz:j;(%+%*%)dz:ﬁ(2+%)dz: 22+%] =12

22. J(u,v,w) = = abc; the transformation takes the ellipsoid region 5 4y 5 —|— > <1lin XyZz-space

OO
S o O
o OO

into the spherical region u? + v + w? < 1 in uvw-space (which has volume V = 4 )
= V= [[[ dxdydz= [ [ [ abc dudvdw = 4z2be
R G

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



23. Ju,v,w) =

Chapter 15 Practice Exercises 927

OO
S o O
o OO

= abc; for R and G as in Exercise 22, fff |xyz| dx dy dz
R

w2 pr/2 el
= fff a’b>c?uvw dw dv du = 8a%b?c? f f f (p sin ¢ cos 0)(p sin ¢ sin 0)(p cos ¢) (p? sin ¢) dp d¢ d§

= 4alt’c f f sin @ cos 6 sin® ¢ cos ¢ dp df = 2 j: sin § cos  df = ¥

1 0 0
24.u:x,v:xy,andw:3zéx:u,y:ﬁ,andz:%w:>J(u,v,w): —:—2 % 0 —i;
0 O %
fff (x%y + 3xyz) dxdydz—fff ) +3u(¥)(3)] |J(u,v,w)|dudvdw:%f:fozfl2 (v+ ) dudvdw

)12 3 , 3
ff(v+vw1n2)dvdw_ f(1+w1nz) M dw :%fo(1+wln2)dw:§{w+w7ln2]o
—3(3+gln2)_2+3ln2_2+ln8

25. The first moment about the xy-coordinate plane for the semi-ellipsoid, :_; + ty)—: + i—; = 1 using the

26.

transformation in Exercise 23 is, M,, = fffz dzdydx = fff cw [J(u, v, w)| dudvdw
D G

= abc? féfw dudvdw = (abc?) - (M,, of the hemisphere x* +y* + 2> = 1,z 0) = ¥

: : 4 3o 2aber = _ [ abc’m 3 _3
the mass of the semi-ellipsoid is 22T = 7 = ( < ) () = 3¢

A solid of revolution is symmetric about the axis of revolution, therefore, the height of the solid is solely a function of r.
That is, y = f(x) = f(r). Using cylindrical coordinates with x =r cos , y = y and z = r sin 6, we have

V= [ rayanar = L7 cayaode= [*[ eyl doar = [ [ rt) doar = [“eos(r) 7 o

j; 27rf(r)dr. In the last integral, r is a dummy or stand-in variable and as such it can be replaced by any variable name.

b
Choosing x instead of r we have V = fa 2rxf(x)dx, which is the same result obtained using the shell method.

CHAPTER 15 PRACTICE EXERCISES

1.

10 pl1fy 10 1 y
eYdxdy = [ [e¥]Vd

fl (;0 y xdy fl [e™],” dy 10} (1110, 10)

= [ - Ddy=9 -9

(CR)]
—l—)] X
NOT TO SCALE

|-

(¢}
>
S
|
X[
I
—
Il
©
|
¥}

y=x®

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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9—4t

3/2 pV/o—at 3
3. fo e tdsdt:fo [y
3/2 32
= j; 2t7/9 — 412 dt = [7%(974{2)3/2}0

e LARCVEL S

4, j;lfkﬁxydxdy: j;ly {";} ;\ﬁ dy

0 pd4—x2 0
5. f,zsz“ dydx = LQ(—)(2 —2x) dx
0
=5 =G =

4 ply-a0 4
j;fii/mdxdy:j;(¥+\/4—y)dy

1 f 1
6. j;j;y\/;dxdy:j;[%xiw]yﬁdy

1 1
=3, 07 -y ay =3 3y - 3y

3 p(1/2)V9-x 31 97 (172V/9—x2
— y
7 fiS . ydydx-f%{j]o dx
— 1 2 _ | 9% x* 3
= [ EO—x*) dx i
27 _ 2 27, 27\ _ 21 _ 9
) - CF+R)=9=3

V9 —ay?
312
—_1.2 213/2 1,932 _ 21 _9
= —7 - 5(9-4y?) ) 9 5

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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-

y=X

s +42=9

y={x-2)?

1
1 2

=1

(1,mn

xz+4y

2=9




9.

1

—_
—

1

[\S]

13.

15.

16.

17.

18.

20.

21.

22.

e

Chapter 15 Practice Exercises

ff4cos ) dxdy = ff 4 cos (x dydx—focos x2) dx = [sin (x?)]; = sin 4

fozfyl/zexz axdy = [ [Tt dydn= [ 2xe" dx =[]} e~ 1

: j:)sf;;ﬁdydx:ﬁzj;y}ﬁdxdy:%j:yuldy_lnl

ff 2 sin (mx* dxdy—ff 2 sin (mx? dde—fZTFXSIH(TrX)dX:[7COS(7TX2)](1):7(71)7(71):2

A:fifz:jdydx:fi(—xQ—Zx)dx:% 14. A:fl4f2f dxdy:fl4(\/§—2+y) dy = 32

2 p6 X2 2 ) 2
V:fﬁf x? dydx:fig[XQy]: i dx:f72(6x2fx4fx3) dx = 12
1 1 1 1 1
average value:‘/;j; xydydx:j; [%} dx:fO %dx:%

averagevalue— ff e xydydx = 4 f {L} FdeX:%j;.(X_Xg)dX:%

f fﬂ (1+x22+y2)2dydxzj;h\ﬁ) 132)2 drde—fh[ 1+r2] d = 3 f o ==

f f e (x2+y2+1 )dxdy—fzwf rin(r l)drdezfo%ff%lnududezéf;n[ulnu—uﬁde

=1 fo 2In2-1)d0 =[In(4) — 1]~

/4 cosZ
(x2 + y2) —(x2—y*) =0 = r* —r?cos 20 =0 = r? = cos 20 so the integral is f f a drdf

TP
/4 \/M /4 /4
—fﬂ[zwg} w=t [T (- k) d0=1 [T (1- k) 0

By TN P

@ [f ey = [T e aran= [T - k] a0
S R PR A Pt P A
[t 3] e

(b) ff 1+X2++y2)2dxdy:fﬁ/zfoo ﬁdrd@:fW/zbEmw
_f lim {— 2(1+b ]de— f dg_,

b— oo

[SIE

1 b
|:_ 2(1+r2):|0 de

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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23. foﬁj:foﬁ cos(x—l—y—i—z)dxdde:j:j;n [sin(z+y+ m) —sin(z+ y)] dydz
:j:[—COS(Z—l—ZTF)—l-COS(Z—I—ﬂ')—COSZ+COS(Z—|—7T)]dZ=O

f]1n7 fanjl-lnS (xty+2) dzdy dx — f1n7f1n2 (x+y) dy dx — fl:: X dx = 1

24,

EN

2

W

26.

=)

27.

28.

29.

30.

31.

32.

33.

34.

. folfoxlfow(zx—y—z)dzdydx:folfo‘z(gi—%z) dydx= [0 (% - %) dx =%

ffj; dydzdx_ff 1dzdx—flnxdx—[xlnx—x] =1

V=2 fomfiosy Ji dzaxdy =2 f(fﬂfiosy —2xdxdy =2 [ co?y dy =2 [+ 222] / _

V=

vl

s L dayac=a [T @) dyax =4 @ -2

[ (4— 3/2+6X\/4*X2+2481n1%:| =24sin"t1 =127
0

average:lflfgf1 30xz\/x2+ydzdydx——ff 15x4/x% + dydx——ff 15x4/x% + y dxdy

1 3
O NEIESERI Ly =14 [+ y¥ =5y dy = 4 201+ 9P =20 ) = L 2@ —23)°2 2]

3 [2(31-37)]

average:ﬁj:wj:j;a 0% sin ¢ dpdep df = 167rf f sin ¢ dgdg = 3 f;"dez%

()
(b)
()

(a)
(b)

(a)
(b)

(a)
(©
(d

f\[f L s drdxay

f%f%f 3p? sin ¢ dpd¢ df

fz'f f“'23dzrdrd9—3f f [ 1/2 }drdeSf [ %47r2)3/27§](:/§d9
:fo (292~ 23/2 4 43/2) g9 = (8_4\/§)f0 . (8—4ﬁ)

f f 21(r cos O)(r sin #)? dzrdrdﬁ—f f f 2113 cos 6 sin? 6 dz r drdé

ff 2113 cosHs1n29dzrdrd9—84f f r s1n2900s9drd9—12f sin?f cos 0 df = 4
fﬁ/Afmop sin ¢ dpd¢ df

T e sing dpdedd = 1 [T [ see gsec g tan 6 dpdd = L [ [Lan?g) a0 =L [Ta0 = 1

%% %gj

VxEry? ©/2 1 pr .
f f f (6 + 4y) dzdy dx ® [ [ [ (6+4rsin6)dzrdrd
/2 pescd
f f L7 6+ 4psin ¢ sin 6) (o sin ¢) dpd df
/2 . /2 prl . /2 .
fo j;j; (6+4rsm9)dzrdrd9:ﬁ j; (6r2 + 413 sin 0) drd@:j; [2r% 4 r* sm@]éd@
/2
= fo (2+sin6) dd = [2t9fcos0]g/2 =r+1

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



35.

36.

37.

38.

39.

40. 1

41.

42.

43.

44.

Chapter 15 Practice Exercises

ffmfAX yzyxdzdydx+f f3xzf4xz Zzyxdzdydx

(a) Bounded on the top and bottom by the sphere x? + y? + z2 = 4, on the right by the right circular
cylinder (x — 1)2 +y? = 1, on the left by the plane y = 0

w [ dz rdrdo

(@) V= fhffgrdzrdrde—fhf( 8 12— )drdezK”[—%(S—r?)‘“’/?—r?}zcle
— [T t@pr—ar i@ o= [ (—2—3+2\/§) do =4 (4ﬁ—5) :ch:is”(‘f*s)
(b) V= fhfmfzmp smq/)dpd¢d6—8f f (2 2 sin ¢ —sec® ¢ s mq§>d¢d9
:_gfohfom(zﬁsiw—tawsec2¢)d¢>d9:§fo[ 2 cos ¢ — 1tan2¢]z/4de
N R o Py O p e

2 /3 2 A . 2 /3 2 .
L= [ [7 [ (osing)? (p*sing)dpdgdd = [ [ [ ptsin® ¢ dpdgdb
2n /3 2r 1 7/3
:%j; j; (sin¢—cosQ¢sin¢)d¢d9:%ﬁ {—COS(Z)-F—COZS@}O dg =8

2r pw b
With the centers of the spheres at the origin, I, = f f f 8(p sin ¢)? (p? sin ¢) dpdeg do
= ) f [ sin® ¢ dgdg = ‘a°>f 7 (sin ¢ — cos? ¢ sin ¢) dg df

g

2
6(b5—a)f0 [_COS¢+COZO} d9_4éb7a f da_Sﬂ'ébfa)

_ ‘fohj:j;lfcosﬂ (p sin ¢)2 (,02 sin ¢) dpd¢ do — j;zwj:f()me p4 sin3¢)dpd¢ »
— L [T (1 —cos g sind g dpdd = || [7(1 = cos $)°(1 + cos ¢) sin & ds d6;

[gu:;s;lc;zz] - %fz”fzu%z—u)dudo:gff[%f—u;]jdezgff( ~1)2%do

—L[Ter -2 [Tap- o
M= [ [layax=[2-2ax=2-mam = [ [ xayax= [x(2-2)a=1
2 2

4 p2y—y? 4 4 p2y—y 4 3 114
szf dxdy:f(4y—y2)dy:%Mx:fofdy ydxdy:fo(4y2—y3)dy= [‘%—%} =4,

M, = ff2y yxdxdy—f [(Zy ) _2},2} dy = h_s_y;]z;:_% ~ i:%:_%andy:%zz
L,:j;zfzi(x?—ky?)e)dydx 3f (4X . “2*)dx=1o4

@ L= [ [0y ayan= [+ ) an =4

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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a b a b a b .
(b) IX:JLaJLby2 dydx:fiaszzdx:“"Q‘TW;Iy:jlbfia x? dxdy:fib%gdy:% = lL=L+]

— dab® | dah _ dab(b’ta?)
- 3 3 3

s m=s [ [Tayax=s [ 2ax=ssn=0 [ [y ayax =5 [axc= (%) (3) =26

1 X 1 1 X 1
46. M:j;fxz(x—l—l)dydx:j;(x—x3)dx:%;Mx j;j;jy(x—i—l)dydx:%fo(x?’—xs—l—x?—x‘*)dx:%;
1 X 1 1 X
My:foj;gx(x+l)dydx:j;)(x2—x4)dx:%éiziandyzﬁ' :ff y2(x + 1) dy dx
1
:%L(x‘l—x?—l—x?’—xﬁ)dx:%:>Rx:1/ll\—j[ O,Iy:ff 2(x—f—l)dydx—f(x - x")dx = 5

47. M = fillfj] (x*+y?+3) dydx = fjl (2x* + 3) dx = 4; My = f,llf,ll y (x> +y*+3) dydx = fjl 0dx = 0;
M, = fjlfjl X (x2 —i—y2 + %) dydx = fjl(2x3 + %x) dx =0

48. Place the AABC with its vertices at A(0, 0), B(b, 0) and C(a, h). The line through the points A and C is
a— by/h+b

y=12 x the line through the points Cand Bisy = — (x —b). Thus, M = f( X j; 6 dxdy

y/h

—b5f 177 dy_ébh I 7fj;yz;hby/h+by26dxdy:béj;(y27%) dyzf

9. M= [ [Tracan=3 [ a0 =3mm = [T [Ti2eostaran=9 [ cos9a9=91/3 = x= 35,

™

and y = 0 by symmetry

/2 3 /2 /2 3 /2
50.M:j; f]rdrd0:4f0 d9:27r;My:f0 fl rQCOSGdrdﬂz%fo cos@d@:%ﬁéizﬁ,and

3m

y = % by symmetry

/2 1+cos @
st @ M=2 " [""rdras (b)
r=1+cosf

/2

:f 2COSG+1+00829) d0:8+7r; 1 ,
/2 I+cos 0 =

M, = fr/zf (rcos f)rdrdd m

/2
= f (00529—1—00539—1— %) de =118
_ %2+15 ~ _ 157432
=5 = X= Gias - and 3

y = 0 by symmetry

52. (a) M= f f rdrd9—f do = a’a; M, f f (rcos@)rdrde—f:‘a%;’”dez233?““

= 23 sm o _ —
= X = , and ¥ = 0 by symmetry; 11}11}7 X = N ler;Tf

(b) X:S—ﬂandy:O H

2asin o
3a =0

cm. (0.130) whena =« ¥

o
8e-’g

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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53. x=u+yandy=v = x=u+vandy=v

11
= J(u,v) = 0 1= 1; the boundary of the
image G is obtained from the boundary of R as
follows:
b
‘/”/ll‘ v, .
Il/’,” /’:"4
’,’r’/” :‘l'll/,.
raws ’4' ‘s 0,
u=0 /,'/, -,,:,',"
v 8 ns
',l/ 0 "I ;’l/
N
R NN IRYN’ u
v=0
xy-equations for Corresponding uv-equations Simplified
the boundary of R for the boundary of G uv-equations
y =X v=u-+v u=0
y = 0 vV = 0 vV = 0
= f f “f(x —y, y)dydx—f f =) f(u, v) dudv
54. If s = ax + By and t = yx + 8§y where (a§ — 37)? = ac — b?, then x = Cf;:g; ,y = ;gsfﬁ(;t ,
(5 _ﬁ 1 _( +t2
and J(S t) W —y o = ozé 3 = f f S dt

27 0o 2r
_ 1 - _ 1 _ T ™ _ K2 2
_7mﬁ)ﬁ)re drdH—Qm Odﬂ—i\/ﬁ.Therefore,m_léac b® = 7°.

CHAPTER 15 ADDITIONAL AND ADVANCED EXERCISES

L@ v=[ [ xaydx b V=77 azdydx

@ V= [T e [T e o ooy 5] =

2. Place the sphere's center at the origin with the surface of the water at z = —3. Then

9=25—-x%>—-y? = x?+4y? = 16 is the projection of the volume of water onto the xy-plane

= V= fzwf f\mdzrdrdﬁ—f f( 25 —12 — 3r)drda:LZW[*%(ZS—rQ)B/QerQ]ALdQ

- j; [—1(9)%% — 24 + 1 (25)%?] dH:f:ﬁ 249 = 2

2—r(cos 6 + sin 6)

2 1 2T 1
3. Using cylindrical coordinates, V = j; f fo dzrdrdf = fo j; (2r — r? cos @ — r? sin 6) drdf

:f:ﬂ(l_%cose—%sine) df = [9—%Sin9+%c059]§7‘_:2ﬂ.

. V_4fT/2ff dzrdrdd = 4f”/2f( —err)drd9—4f { L 5]

0
4 [P 2 ar= (2 [T =D

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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5. The surfaces intersect when 3 — x> — y? = 2x% + 2y? = x? + y?> = 1. Thus the volume is

v=4 [ [" Xzf;;yy azdyds=4 [ ' [ “dzrarao =4 [ [ar-38)ardo =3[ a0 = %

/2 pm/2 p2sind . /2 p7/2
6. V=8 [ [T [T psingdpdgpdd = [T [ sin' ¢ dgdo
/2 a3 T/2 /2 T2, . /2 /2
_ 64 sin® ¢ cos ¢ 3 . _ sin 2¢ _ _ 2
—af [_+‘O +3f 51n2¢d¢] =16 [ [¢ - 02" g =4r [ do=2r

7. (a) The radius of the hole is 1, and the
radius of the sphere is 2.

W V=2 [T rarazas = [T [T G- ) azab =23 [T a6 =4y/3n
8. V= ffgf Cdzrardo = (00 —errdQ:ﬁﬂ{—%@—rz)sﬂzswdﬁ

_f [—% 9—9sin29)3/2+§(9)3/2} =9 [1—(1—sin29)3/2} =9 (1 cos®0) db

— [7(1 = cos 0+ sin2 6 cos 0) df = 9 Gfsin0+mﬂz97r
0 3 0

2 2 . . . . .
9. The surfaces intersect when x2 + y2 = XY 1 — 2 4 v2 — | Thus the volume in cylindrical coordinates is
y B y y

V:4[0”/2f01frfrm)/zdzrdrd9:4]?2]0](5—g) drd9=4f(f/2[§—§]id9=%foﬂ/zdezg

7/2 2 r’sindcosf /2 P2 T2 47 2
10. V:j; flj; dzrdrd@zj; fl r3sin900s9drd9:j; [ﬂlsinHCOSGdQ

2
71'/_l

/2 . 9
=L sinfcos 0 df =2 |sl) =L
i Jo iz |, 8

11. j; SR dx—f f Xydydx—ff Xydxdyf hmC>C j:e’xydx> dy
b

= lim {fﬂ} dy—f] lim (%f%ﬂ)dy j;%dy:[lny}::ln(g)

a t— o0 a t— oo

~

12. (a) The region of integration is sketched at the right

asin 3 a’—
:>f j; : (x2 +y?) dxdy af---.(acosB,asinsg)

cot 3

*ff rln (r?) drdf; x = {cot B)y

u=r2 e
[du—Zrdr] — 2f0f0 In u dudf

:lf“’[zfﬁlna*at Jim, tlnt} d9:ajf’(Zlnafl)dﬁzazﬂ(lnafé)
S A S LT W AT
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Chapter 15 Additional and Advanced Exercises

13. fo ’ j; em(x—1) f(t) dtdu = j; " fl xem(X*O f(t) dudt = j; X(X _ t)em(xfl) f(t) dt; also

L) om0t dedudy = [ [ [Tent-0 g0 dudvdr = [ ["(v — 0em f(o) dvat

fo[%(v—t)Q = fp)] " dt = f (0" em(x=0) f(g) dt

14. fol f(x) (foxg(xfy)f(y) dy) dx= [ 1 [ ex—pfeofiy) dy dx
= [ [ ex—ytcotcy) axdy = [ fiy) ( [ -yt dx> dy:

[ gx=yh ooty axdy = [ [ so—ytooty) dyds + [ [ ely—xtcofcy) dy dx
= [ [ etyieony) axdy + [} [ ay-0teofty) dy dx
= [ [ sx-yreot) dedy + [ [ sx-yfteo dxdy

simply interchange x and y
variable names

1 1
=2 j; j; g(x—y)f(x)f(y) dx dy, and the statement now follows.

a 37 x/a’ a 4 a
15. I,(a) = ff (x2 +y? dydx:f(}[nyerg}o dx:fo(§ x—ﬁ)dX*[%;Jr%]o

2 _ _ 4 . _
:az+112a Zl@=1a—;a’=0=a'=5 = a= \/g:%\/; Since I(a) = £ 4+ §a~* > 0, the

w

value of a does provide a minimum for the polar moment of inertia I,(a).

16. L,:j;zfzi(x2+y2)(3)dydx f( 2_ 148 %) dx = 104

0 a 4 a2 b2 y
17. M = f,gﬁmg rdrdf = f, (7 — ¥ sec? 9) dé a‘

=a’ —b*tan 6 = a’ cos™! (2) — b’ (@)
=a’cos! (2) —byva2 - b4 1, = fiﬁasecg  drdé
=1 fj}(a4 + b sec 9) do

= %fi[a‘l + b (1 + tan? 0) (sec® §)] dO

0
|: 49 b4 tan 6 — bltdn50:|

-0
ald  b'tanf _ bitan’d

2 2 6

_ %b?’« /a2 _ b2 — %b?’ (32 _ b2)3/2

2 (¥*/2) 2 2 372 2 r2-(y'/2)
— — Yy _ y _ 8. _
18. M_f f " dxdy_f72(1—z) dy = {y—l—} _2_§,My_f72flf(y_,/4) x dx dy

271 072 (4/2) 2 2
= LH ay= [ @-ya =5 [L06- sy ey ay= 3 [tey - ¥+ ¥

Il
—

&
(S

Q

]

72}
L
—~
o
~

0
B4 B) = (3) (3) =4 - x= % = (8) () = $.a005 ~ by symmeny

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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936  Chapter 15 Multiple Integrals

a a b
— b b? 2y2 1 b2 1 a2y2 1 b2a2 1 a2b?
= [ e et [T Gy) oy = [ (et ] =g (¢ - 1) + g (1)

20, [ [0 axdy = [ 250 ”} = [ 20 — ] 4y = [Fxy,y) — Fxo, Y1)

= F(x1,y1) — F(Xo, y1) — F(x1, yo) + F(Xo, yo)

21. (a) (i) Fubini's Theorem
(i) Treating G(y) as a constant
(iii) Algebraic rearrangement
(iv) The definite integral is a constant number

2 pw/2 In2 /2
(b) j; j; e* cosy dydx = (j; et dx) (j; cosydy) = (e"?—¢’) (sin § —sin0) = (I)(1) =1
2 1 X 2 1 2 2 1
© [ poay=(fre) (Sixa) = [-10[5] = CaenG-p -0
22. (a) syf=xi+yj = D, =uix + uyy; the area of the region of integration is %
1 1—x 1
= average = 2]; f (ux +uwy)dydx =2 f [ulx(l —X)+ %uQ(l — X)Q] dx
3
ol (5 9) - (o) ] =2 G ) = L

(b) average = ﬁ ff (urx +upy) dA = . - ffx dA + 22 e ffy dA =u; (ﬁ) + uy (%) =wX + uy
R

23. (a) 1 f f X+y)dxdy_f/2f e*)rdrdo = [ [blimoo dr] do
:—%j;‘/z hm (e — f =1 = :i
®TE)=/" r1/2 “tdp = f (y2)*1/2e*y @y dy=2 [ eV dy=2 (4) = /7. where y = /1

2r R 3 2m . 3 - kRS
24. Q= [ ["ke2(1 —sin ) drdf = & [ (1 sin6) df = & [0 4 cos )27 = 2K

h
25. For a height h in the bowl the volume of wateris V = f - \/W iyt dzdy dx
Vi Vit 2 4]V 2o 2
— hr r _ h __ bz
= [ ==y yayax= [ [V - raras = [ | —g] Tao= [ a0 =22
Since the top of the bowl has area 107, then we calibrate the bowl by comparing it to a right circular cylinder

whose cross sectional area is 107 from z = 0 to z = 10. If such a cylinder contains th cubic inches of water

to a depth w then we have 107w = hT’ = W= X) . So for 1 inch of rain, w = 1 and h = 1/20; for 3 inches of
rain, w = 3 and h = 1/60.
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Chapter 15 Additional and Advanced Exercises

26. (a) An equation for the satellite dish in standard position i

isz =} x*+ 1y? Since the axis is tilted 30°, a unit
vector v = 0i + aj + bk normal to the plane of the ’30/
water level satisfies b = v - k = cos (¥) = 4 5 0.1,
QS LI

> a= VI =} = v=-}j+ K P

= ly- 4 E ) =0 L ,
= 2= Jy+ (5= )
is an equation of the plane of the water level. Therefore X

Iz y+i— lz . . . .
the volume of water is V = f f f?w i dz dy dx, where R is the interior of the ellipse
R Xy

x2+y2—%y—l+%:O. Whenx:O,theny:aoryzﬁ,wherea:f
2[4 _y L,l Ivtl=Z-y HYti
and 3 = Vi \3 i (ﬁ -~ V= f f - - L/;xbr%yz 1 dzdx dy
b) x=0 = Z:%y2 andg—;:y,yzl = %:1 = thetangentlinehas slope 1 or a 45° slant

= at 45° and thereafter, the dish will not hold water.

27. The cylinder is given by x2 + y? = 1 fromz = 1 to oo = fff 22 +22) " av
D

e 1 o0 2 1 a
2m a 27r
allmoc f { _% r2+rzz)3/2] ) drdf = aIme f |: _% r2+d>3/2 + ( ) W} drdé

. 2n 1/2 —1211 ~1/2 _ ~1/2
= lim | [3( +a%)” /—%(rQ 1) /}Odgz [ /_%(2 1/2)_%(212) /_1_% do

+
a— o0

. -1/2 2 1(1 1| _ 1 1 2
=, Hm, 2”[%(1“‘2) —%(T) —3(;)+§] *277[3—(5) %}
28. Let's see?

1
The length of the "unit" line segment is: L = 2]0 dx = 2.
The area of the unit circle is: A = 4]; j; dy dx = 7.

The volume of the unit sphere is: V. = 8 j; J:) j;

Therefore, the hypervolume of the unit 4-sphere should be:

Vhyper_16ff Ixzf Ve zf o dewdzdydx.

Mathematica is able to handle this integral, but we'll use the brute force approach.

Vigper = 16ff ”f ”yf 1”chwdzdydx—léff lxzf S ey A dady dx

z

:mﬁﬁ1U;yxﬁﬂhﬁﬁ_ﬁ%ﬂmwhﬂa_fﬁ?%giimJ
:16f]fm1—x2—y2 ;—msmadedydx:16f1fm(1—xz—yz)ﬁfz—sinzadedydx
—16ff 21— x> —y?) dydx =47 | (\/l—xz—xz\/l—xz—%(1—)(2)3/2)dx
:47TIUM[(1 zgwj;(l—xz)mdx:{ x = cosf }z—%ﬂf;sin“ﬁdﬁ

dx = —sin 6 df
0 0 0
—%me (L2t _°2°S2‘9)2d9 = —%wfm (1 — 2 cos 26 + cos?26)df = —%wﬁ/z (3 —2cos 20+ =4)dg = ”72

dzdy dx = %W.

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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NOTES:
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CHAPTER 16 INTEGRATION IN VECTOR FIELDS

16.1 LINE INTEGRALS

. r=ti+(1—-t)j = x=tandy=1—-t = y=1—-x=(c)

2. r=i+j+tk = x=1Ly=1landz=t = (e)

3. r=(2cost)i+ (2sint)j = x=2costandy =2sint = x*+y? =4 = (g
4. r=ti = x=ty=0,andz=0= (a)

5. r=tit+tj+tk = x=t,y=tandz=t= (d)

6. r=tj+(2—-2t)k = y=tandz=2-2t = z=2—-2y = (b)
7.r=C-1Dj+2tk > y=t—landz=2t = y=2 —1=(f)

8. r=(2cost)i+ (2sint)k = x=2costandz=2sint = x*>+z>=4= (h)

9. r() =ti+(1-1)j,0<t<1 = F=i—j= |%|:\/§j;x:tandy:l—t = x+y=t+(1-0=1

= [ fx,y,2)ds= [ f(t,1-1,0) g{|dt:f01(1)(ﬁ) dt = [\/Et};:\/i

10 r)=ti+(1-0j+k,0<t<1 = F=i-j = |%|:\/§;x:t,y:1—t,andz:1 = xX—-y+z-2

() +1-2=2t-2 = fcf(x,y,z)ds:fol(zt—z)\/idt:\/E[t?—zt]éz—\/i

1L r@=2t+G+Q2—-20k,0<t<1 = & =2i+j—2k = |[¥=\/4+1+4=3;xy+y+z
1
=@+ t+Q2-20 = [ fxy,ds= [ (22 —t+2)3dt=32¢ -1+ =3(2-1+2) =1
12. r(t) = (4 cost)i+ (4sint)j+ 3tk, 27 <t <27 = % = (—4sin t)i + (4 cos t)j + 3k
2
= & = \/16sin? t+ 16 cos?t+ 9 =5, /X2 +y2 = /16cos? 1+ 1652t =4 = [ f(x,y,20ds= [ @) dt
= 2047, = 807

13, r® =G+ 2§ +3K) +t(-i—3j -2k =1 —0i+2-30j + 3-20k,0<t<1 = &= _j_3j-2k
= U = /149+4=/14;x+y+2=(1-D+Q2-30+B-20=6—6t = fcf(x,y,z)ds
1 ,1 1
:j;(6—6t)\/ﬁdt:6\/ﬁ{tf%}0:(6\/ﬁ) (1) =3,/14

4. r=ti+tj+tk,1<t<oco = F=i+j+k = %|:\/§;X2+‘y/§+z2 :[2+\t/§+[2 :3—\/f

= Jotwyads= [T()V3di=[- 1T = tim (=i+1) =1
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15. Ci: r(t) = ti + t%j,
1
sincet 0 = [ fx,y,2) ds = [ 26/T+ 40 dt = { 1+4t2)3/2]021(5)3/271:—

16. C;

17. r) =ti+j+tk,0<a<t<b = &

18. r(t) = (acost)j+ (asint) k,0 <t <27 =

19. (@ r() =ti+1,0<t<4 = &

it = %] =140 = [ xds= [ 1y/T+40d

Chapter 16 Integration in Vector Fields

dt

Cor)=i+j+tk0<t<1l = =k = [¥)=Lix+,f-2=1+/I-=2-¢
= [ fxynds= [ @-@)Mdi= 20— 1]} =21 = 3;therefore [ f(x,y,7) ds
= [ fxyzds+ [ fooy,ds =35+ 3

r — g = %|:1;x—|—\/§—22:0-|-\/6—t2=—t2

=Kk, 0<t<1 = =Kk

i 471
= [ty ds = [ (—2) () dt= [_%]Oz_g;
Corr® =1 +k0<t<1l = F=j= ¥ =Lx+,y-22=0+t—-1=1-1

1
= [ty pds = [ (Vi- 1) de= 267 - };_§—1:—§
F=i=|§=Lx+,y-7 —t+/1-1=t

Cr=ti+j+k,0<t<1 = &
! 1
= [ foyds = [loma= 5] =}

1
6

dr L OXtytz  thtdt
a=ititk = ‘dl _\/§’x2+y2+z2 T erl+eE T

= Lf(x,y,z)dszﬁb(%)\/gdt:{\/gln|t|] =/31n(2),since0 <a<b

Lo [y, pds= [ fds [ fds+ [ fds=—1

0<t<1 = E=it2fj = [&)=V1+42x+ -2 =t+V2-0=t+]| =2
(55 )

dr — (—asint)j+ (acost)k =

o = Va2 sin?t + a2 cos?t = | ;

int, 0<t< T ~ ” '
la| sint, 0 <t<m jj‘cf()%yjz)dszj;7|a|2811’1tdt+£ |a|251ntdt

_ 2 2 — _ 26in2t = J
VX 4z v/ 0+ a? sin“ t { la| sint, ™ < < 2

= [a%(—1) — a?] — [a® — a%(—1)] = —4a’

= [a2 cos t] ; — [a? cos t]
£ ir g o |4 =

) r(t) =ti+t%j,0<t<2 = &
2
_ {%(1 +4t2)3/2]0: 17\/11?—1

20. (@) r(t) =ti+4,0<t<1 = ¢

1 1
= V17 [ Vordt=3y17 [ tdi= {2\/_9/3} — 217
b Ci:r() =t,0<t<1 = F=i= [F=1Crr{)=i+,0<t<1 = &

L,/x+2yds:fq\/x+2yds+L2\/x+2yds:ﬁ Vt+2(0) dt+f; V1+2(t)dt

1) _5y5+1
=73

2
= [y Vides [TV aa= 3R] [0 2] =3 (20 -

21 r(t) =4 —3tj, -1 <t<2= & =4i - 3j =
15,16 _ 15

2 2
- 1624 — [ 1501627 _ 15 .64 16 _
= 15]‘71 te'®dt = [ »e ]71 =—5e¥ 4+ 35e % =3 ¢

64)

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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dr| 5 fc yet ds= [ (=30)e’ - sdt

HES|

V3 iﬁxds:fjt?dt:#f:tdt: [éﬁ]

a_jg4j = | _Jﬁ:,f Vxtayds= [ o200/ 17d



22.

23.

24.

25. C

26.

27.

28.

29.

30.

Section 16.1 Line Integrals 941

r(t) = (cost)i+ (sint)j, 0 < t <27 = 4 = (—sint)i + (cost)j = || = V/sin? t + cos?t = 1 :>fc(x—y+3) ds
2
—f (cost —sint+3) - 1dt = [smt+cost+3t]2"—67r

r(t):t2i+t3j T<t<2= 4 =243 = 5] = /207 + (07 = /a9 = [ as
/4492 dt = f VA4 + 92 dt = {%4+9t2)3/2}?:M
r() =i+t ;<t<l=§F=3¢i+4) = |§ (32)° + (46)? = ey/9 1 168 = [ L ds
1/2\/? 9+ 166 dt = ft 9+16t2dt:[f(9+16t2)3/2}1/2:_125—4183\/1?
=t +2,0<t< 1= E =it 2= (5] = VITH45 G r() = (1 -0i + (1 - 05,0 <t <

I VY SV, P S Y Ay
:fol <t+\/t_2)v 1+4t2dt+fl ((l—t)+\/:> \/Edt:fOIZt\/lJr4t2dt+f01 (1—t+\/:) V/2dt

32 ! . .
:[%(1+4t2 /] +\/—{ t)s/z}ozs\/z 1+%§:5\/§+Zﬁ 1
Cir()=t,0<t<1=%=i= | =LCrr@=i+4.0<t<I=>F=j=|F =1
Cs: r(t):(l—t)i+j,0§t§1:> %Z—lé’ | =1;Cy r(t)—(l—t).],0<t<1:> E=——j=> ¥ =1L

= cx2+y +1ds fc, x2+y +1ds—|— C, x2+y +1ds—|— s x2+y +1ds—|— I x2+y +1ds

- ot°+1+fot+2 f dt+2+f Z07 1

-t o () ()] 05 ()

r)=xi+yj=xi+%j,0<x<2 = Fojtxj= ¥ =/1+x2;6(x, y)_f< ) = (é) = 2x éfcfds
2
= [ e0V/TH 2 dx = {%(1+x2)3/2]0_%(53/2 1) = 10v5-2
4
D=(1-0i+ 1 -0%,0<t<1 = &= /14+1-0%:1 =f(1—t11—t2)=w
r(t) = ( )1+2( )73 0<t< |dt +( )75 6 y) ( )’2( ) /14 (1-1)°

= [ tds= fﬁ«/u@tydt_ﬁl((lt) i(pt))dt:[—%(14)27%(1—05];
=0-(3-%)==mn

r(t) = (2cos )i+ 2sin0)j,0<t <7 = §F =(-2sin)i+2cost)j = || =2:f(x,y) =1f(2cost,2sint)
/2
=2cost+2sint :>fcfds:f0 (2 cost+ 2sint)(2) dt = [4smt—4cost]7r/2—4—(—4):8

r() = @2sini+ Q2cos)j,0<t< T = E=2cost)i+(—2sint)j = |&|=2;f(x,y)=1f(2sint,2cost)
/4
=4sin’t—2cost = fcfds:j; (4 sint — 2 cos t) (2) dt = [4t — 2 sin 2t — 4s1nt]”/4—7r—2(1+\/§)
.y=x2,0§x§2:>r(t)=ti+t2j,0§t§2:> =i+2tj= =+/1+42 => A= ffxy

= [ (x+ as= [ (t+\/t3)mdt:f 2tmdt [ +4t2)3/2}0: NS
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942 Chapter 16 Integration in Vector Fields

32. 2x+3y=6,0<x<6=r(t) =t + (2—20)j,0 < VB A= [ f(x.y)ds
= [@+3x+oyds = [ (4+3t+2(2— 20) DLa= YE [ (84 3 :£[8t+ 32]° = 26,/T3

=
o
A
A
N
4
&
I
|
(LS

Qoo
4
&
I

33.r0= (- )j+2k,0<t<1 = & =2+2k= ¥ =22+ M= [ 8(x,y,2)ds = j;lé(t)(Z t2+1)dt
=[Gy (2 t2+1)dt:[(t2+1)3’2} =232 1=2y2-1

34, I‘(t)Z(tQ—l)j—l—th,—lgtgl :%:2@4_2]( z

&l — 22+ ;M = [ 6(x,y,2) ds
- [ (sy@=1172) (;\/t2 1) dt
= [30@+1)d=[30(5+1)] il =60 (L +1) =80; () 21k
M, = [ ysxy,2rds = [ (= 1)[30( + 1)] dt
ot va-fo(s-)], -w-

=48 = y= ":—%:—Q'Myz:foé(x,y,z)ds:meSds:O = X = 0; Z = 0 by symmetry (since 6 is

independent of z) = (X,¥,2) = (0,— 2,0)

35. 1) = V2t + V2 + (4 -k, 0<t<1 = &= 242 -2k = |&| = /242442 =2/1+0;
() M:fcéds:fo@t)(z 1+t2) dt:[2(1+t2)3/2}:):2(23/2—1):4\/5—2
(b)M:fcéds:j:(l)(2 T+8) de=[toy/1+E+1n (t+ 1+t2>] [V2+1n (14 2)] = (0+mn1)

:\/§+1n(1+ﬁ)

, +3/5, 0)

36. r =ti+2+ 267k, 0<t<2 = T =j42j+t%k = ¥ =/1+4+t=5+¢
M:fcéds:fo(S 5+9) (\/5+t)dt:j:3(5+t)dt:[ 5+ 022 =3 (72— 52) = 3 (24) = 36;
My, = [ x6ds= [ 3G +ordi= [ (15t4+32) dt =[S +¢)7 =30 +8 = 38;

My = [ysds= [ 2036 +01dt =2 [ (15t+32) dt=76: My, = [ z8ds = [ 26235 + 0] de
:foz(l()t3/2+2t5/2) dt:[4t5/2+§t7/2] =422+ 22 =162+ 2/2=18 /2 o 5=

38 _ 19 - _ My _ 76 _ 19 = My 1442 _ 4
3% 130 Y = = *9’andZ*M*7-36* V2

—acost, =0

37. Letx =acostandy = asint, 0 <t < 27, Then fasmt, dt .

= \/(%)2—#(%)2—1—(%)th—adt;lz—fc(x2—i—y2)6ds—j:w(a2 sin? t + a% cos® t) ad dt

2
= fo a6 dt = 2méa’.

38 0=+ 20k, 0<1<1 = E—j_2k = [&] = /5M= [ sds= [ 6/5d=06V/5;

L=[ 2 +2)6ds= [ [E+@—2076v/5dt= [ (5 —8t+4)5/5di=5/5 [3¢ — 4 +4( ) = £61/5;
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(2 +2)6ds = [[0°+@—207)6v/5di= [ (4€ — 80+ 4)5y/5di=51/5 [£6 — 4 + 4] | = 4615
Iz:fc(X2+y2)6ds:fol(02+t2)5\/§dt:6\/§ H;: Lsy/5

K<P—1
Il
a

39. r(t) = (cos i+ (sint)j +tk,0 <t <27 = & = (—sini+ (cos)j+k = |&| = +/sin2t+ cos?t+ =2
2
(a) IZ:fC(x2—|—y2)6ds:j; (cost + sint) 61/2 dt = 2761/2
® L= [ (2+y) 6ds_f0 §1/2 dt = 4n6+/2

40. r(t) = (tcos t)i + (t sin t)j + 2\/—t?’/Qk 0<t<1 = % =(cost— tsin )i+ (sint+tcost)j +/2tk
! 1
= o= et P =t 1for0<t< M= [ sds= [+ Ddt=[La+ 1], =1022-12) =2,
1 1
Mxy:fczéds:j; (%ﬁtm) (t+1)dt:23ﬁf0 (072 4 ¢32) dt:M [3t7/2+%t5/2](1)

=R =2E () =L 2= = (92) ) = 5L = e+

3 3 M 105 °

1 1 1
:j;(t200s2t+t2sin2t)(t+1)dt:f;(t?’—l—tQ)dt:[%+§}O=3¢+ =

Wi
S~

41. 6(x,y,z) =2 —zand r(t) = (cos t)j + (sin )k, 0 < t <7 = M = 27 — 2 as found in Example 3 of the text;
also || = L = [ (2 +22)8ds= [ (cos?t+sin>t) @ —sinnydt= [ 2 —sint)dt=2r -2

2. kO =ti+ 22024 Ek,0<t<2 = iy 2024tk = &= VIt2a+e= /A0 =1+tfor

o<t<aM=[sds= [ (L) a+vd=[d=2M,= [ xsds= [ t(L) 1 +0dt= H =2
szzfcyéds:f;¥t3/2dt: {%ﬁ/ﬂo:” M, fczédwfjgdt: HZ:% = X =,

15°
572
N}y:%;Ixzfc(yZ—FZQ)éds:j;(§t3—|—%t4)dt:[%t4+§—0]0=%+%=%;
572
)6 ds = f( +th)dt= {3+;0}0:§+% ?‘S‘,I—fc(x2+y2)6ds

2
:fo(t2+§t3)dt: [§+§t4}0:

=

y = :1—6 andzZ =

wloo

_|_

ol
w
a

43-46. Example CAS commands:
Maple:

f = (x,y,z) -> sqrt(1+30*x*2+10*y);
gi=t->t
h:=t->t"\2;
k=t ->3%"2;
ab:=0,2;
ds := (D(g)*2 + D(h)*2 + D(k)"2 )*(1/2): #(a)
'ds' = ds(t)*'dt’;
F :=f(g,h,k): # (b)
F(t)' =F(v);
Int( f, s=C.NULL ) = Int( simplify(F(t)*ds(t)), t=a..b ); # (c)
** = value(rhs(%));
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944 Chapter 16 Integration in Vector Fields

Mathematica: (functions and domains may vary)
Clear[x, y, z, 1, t, f]
flx_,y_,z_]:= Sqrt[1 + 30x2 + 10y]

{a,b}= {0, 2};
x[t_]:=
ylt_l:=1
z[t_]:= 3¢

= {x[t], y[t], z[t]}
v[t_]:= D[r[t], t]
mag[vector_]:=Sqrt[vector.vector]
Integrate[f[x[t],y[t],z[t]] mag[v[t]], {t, a, b}]
N[%]

16.2 VECTOR FIELDS, WORK, CIRCULATION, AND FLUX

-1/2 of —3/2

1. f(x,y,2) = (x> + y* +7?) = T =—Jx+y + 22) P (2x) = —x (2 + y? + 22) %, similarly,
aof _ -3/2 af _ -3/2 _ —xi—yj—7k
8—§f—y(x2+y2+z2) and &L = —z (x* +y? + 7% = vffm

2. f(X,y,Z):ln\/X2+y2+Z2:lln(X2+y2+ZQ) = %:—(m)(b{) m,

.. o _ 8f _ z _ xityj+zk
similarly, oy = 7x~+y2+z2 and 3~ = T E = vi= o
2 4 2 9 2 3 2 3
3. g(x,y,z) =e* —In(x +y)é8—§:fx+xyo,ag - jyzand = =¢

= ve= ()i (2)i+ex

4. g(x,y,z) =Xy +yz+xz = gg—y—FZ, 6y—x—|—z andag—y+x = ve=F+oi+(@+2j+x+yk

5. |F]| inversely proportional to the square of the distance from (x, y) to the origin = \/ (M(x, ¥))? + (N(x, y))?

= +y2 , k > 0; F points toward the origin = F is in the direction of n = Nee i = i— \/X2y+ = J
Zay
= F = an, for some constant a > 0. Then M(x,y) = \/ﬁ and N(x,y) = RS
= \/(M(x, )2+ NE,y)2=a = a= xhliyZ = F= = ;i’;)s/z i— @ nyQ)” j, for any constantk > 0

6. Givenx®+y? =a?+b? letx = /a2 +b2costandy = —+/a2 +b? sint. Then
r= (\/ a2 + b2 cos t) i— <\/ a2 4 b2 sin t) j traces the circle in a clockwise direction as t goes from 0 to 27

= v= (f\/ a2 + b? sin t) i— ( v/ a2 4+ b? cos t) j is tangent to the circle in a clockwise direction. Thus, let
F=v = F=yi—xjand F(0,0) =0.

7. Substitute the parametric representations for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector
- d
field F, and calculate fC F- 4
1
(@ F=3t+2+4tkand € =i+j+k = F- =0 = [ otdt=3

1
(b) F=3C%+2tj+4t')kand & =i+2(j+ 4k = F- & =724 160" = j;(7t2—|—16t7) dt = [%t3+2t8](1)
-3+2-
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10.

11.

12.

Section 16.2 Vector Fields, Work, Circulation, and Flux

(¢) rp=tit+tjandry =i+ j+tk; F1—3t1+2t_]anddr1*1+_] = F; drl*St = fStdt %;

Fo=3i+2+4tkand 2 —k = F,- 92 —4t > [4ra=2 = 342-9

Substitute the parametric representation for r(t) = x(t)i + y(t)j 4+ z(t)k representing each path into the vector
- d
field F, and calculate f F-q.

@ F=(z)jand ¥ =it+j+k=F- & dt = [tanflt]gz

s
_12+1$ 0 t2+1 4

2t
0 t2+1

=

b F=(z1)jand & =i+2(+4Pk = F- & = 2 (@4 1))y =1n2

=[In
() rp=tit+tjandry =i+ j+tk;F; = (tQH)Janddrl =i+j=>F;- d—lztoil;FQ:%jand%:k

= F-&=0= dt =

0o 1 + 1
Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector

field F, and calculate fc F- % .

@ F=ii—2j+kand % —i+j+k = F-£=2/i—2 = [ 2/i-2)di=[$¢2-¢]) =1
(b) F=t%i—2tj+tkand & =i+2tj+4°k = F- & =4t' -3¢ = f1(4t4 —3t%) dt = [26° — %] —_—
(¢) ri=ti+tjandr, =i+ j+tk;F; = —2tj+\/kand n —j+j = F- d—l = -2t = j;l =2tdt = —1;

Fo=Vi-2j+kand 2 =k = F,- % =1 = [ld=1= —14+1=0

Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector
: d
field F, and calculate fc F-q.

1
(@ F=2it+j+ckand € =itj+k = F- =32 = [32d=1
1
(b) F=¢i—t%j+kand & =i+2j+ 4k = F- & =6 +207 4+ 4¢ :>f0(t3+2t7+4t8)dt
1
_ | 8 4 _ 17
—{%+%+§t9} =18
1

() ri=ti+tjandry, =i+ j+tk; Fl—t21anddr1:1+_] = F - drl—t2 :>j;t2dt:%;

Fo=i+tj+tkand 2 =k = F,- d”—t:>ftdt 3= 3t3=2

Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector
field F, and caleulate [ F- 4.

1
@ F=(3-30)i+3tj+kand F =i+j+k = F-§F=32+1 = f 324 1) dt = [ 4] =2
(b) F= (3 =30)i+3tlj+kand & =i+2tj+4°%k = F- & =6° +4¢5 + 3t — 3t

2

© rp=ti+tjandro=i+j+tk;F =32 -3)i+kand & =i+j = F - & =3¢ -3t

1
= f;(6t5+4t3+3t273t)dt:[t6+t4+t37§t2]0:§
1 1 . 1
= [l -30di=[¢-3¢], = LiF=3jt+kad =k = F,- =1 = [di=1
=-1+1=1

Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector
: d
field F, and calculate fc F- &

1
(@ F=2(+2+2kand ¥ =i+j+k = F-&=6t = [ 6td=[32;=3

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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946  Chapter 16 Integration in Vector Fields
b F=E+tYi+ (" +0j+ (t+)kand F =i+2+4°k = F-§ =6t° 4 5t* + 3¢
1
= [(66° + 5t +32) dt = [1O + ¢ + ] = 3
(© rp=ti+jandro=i+j+tk;F =ti+(j+2tkand & =i+j = F - & —2t:>f 2tdt = 1;

Fo=(+0i+t+Dj+2kand 2 =k = F,- & =2 :>j;2dt:2: 1+2=3
3 3 3
13. x:t,y:2t+1,0§t§3:>dx:dt:>fc(x—y)dx:f0 (t—(2t+1))dt:f0 (—t—1)dt=[—3¢ —t] = —

14. x:t,y=t2,1§t§2:>dy=2tdt:>j;§dy:ft2(2t dt= [2dt=[2 =2

15. Cl:x:t,y:O,Ogtg3:>dy:0;C2:x:3,y:t,O§t§3:>dy:dt$fc(xz—l-yz)dy
2 2 2 2 0 2 Par 2 } 2 1,313
= [ @y dx+ [ R4y dx= [ (@402 -0+ [ (F+)di= [(9+)dt=[or+ 1]} =36

16. Ciix=t,y=3,0<t<1=>dx=dt;Co:x=1—-1y=3,0<t<1=dx=—-dt;C3:x=0,y=3-1,0<t<3
:>dx:0:>f VxX+y dx:f VxX+y dx—i—f \/Fdx—i-fcz\/mm(
- [ \/t+3tdt+f\/l—t “Dde+ [ 3-0 0= [ 2vdt— [ Va—td
= [4eF], + [3a- )2/*} (2\/ 1) =2y/3-4

17. r() =ti —j+k,0<t<1=dx=dt,dy =0,dz = 2tdt
! |
(a) fC(x+y—z)dx:fO(t—l—tz)dt:[%tz—t—%ﬁ]oz—g
! 2
® [ (xty-2dy=[ @-1-2)-0=0
1 1
(©) fc(x+y—z)dz:f0(t—l—tz)ztdt:fo(2t2—2t—2t3)dt: :[%t3—t2—%t4]1:—%

18. r(t) = (cost)i+ (sint)j — (cost)k,0 <t < 7w = dx = —sintdt, dy = costdt, dz = sintdt
_ [ - [ o teintdf — |1 31" _ 2
(a) fcxzdxfﬁ) (cost) (—cost)(—smt)dtff0 cos” tsintdt = [—g(cost) }0 =3
" _ .2 — [1ian?® _ wntl —
(b) fcxzdy—j; (cost) (—cost)(cost)d ——f cos® tdt = f (1 —sin*t)costdt = [§(s1nt) —smt]O—O
(c) fcxyzdz:fo (cost)(sint)(fcost)(sint)dt:ffo cosztsinztdt:f%f0 sin22tdt:fif0 Locosdt g
= —%f:(l — cos4t)dt = [—gt+ ssindt] = —Z

19. r=ti+t%j+tk,0<t<1,andF =xyi+yj—yzk = F=~2i+t}j—kand & =i+ 2+ k
1
= F-&=20 = work= [ 20dt=1

20. r = (cos )i + (sint)j + ¢ k,0 <t < 2w, and F = 2yi + 3xj + (x + y)k
= F = (2sin )i+ (3 cos t)j + (cos t+ sin )k and §F = (— sin )i + (cos )j + t k = F- &

2
=3cos’t—2sin? t+ ¢ cost+ ¢ sint = work :j; (3cos?t —2sin® t+ & cost+ ¢ sint) dt

_ I3 3 o sin2t | 1 o 1 2 _
—[Et—l—zs1n2t—t+T+€smt—gcost]0 =7
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22.

23.

24.

25.

26.

27.

28.

29.

Section 16.2 Vector Fields, Work, Circulation, and Flux

r=(sint)i+ (cost)j+tk,0 <t<2m,andF =zi+xj+yk = F =ti+ (sint)j+ (cos t)k and
2
%:(cost)i—(sint)j—i—k = F-% =tcost—sin’t+cost = work :j; (tcos t — sin® t + cos t) dt

2777
o — T

= [cos t+ tsint— § + S22 4 gin (]
r=(sint)i+ (cos)j+ tk,0 <t <2m and F = 6zi + y*j+ 12xk = F =ti+ (cos*t)j + (12 sin Hk and

% :(cost)i—(sint)j+%k = F-i—f =tcost—sintcos’t+2sint

2 . . . 27
= work = j; (tcost—sintcos®t+2sint) dt = [cos t+ tsint+ § cos’t —2cost] ;" =0

x=tandy=x>=t> = r=ti+t}j,-1<t<2,andF=xyi+(x+y)j = F=2+ (t+t*)jand

de

Z[%t4+%t3]2_1:(12+13—6)—(%— =548 _©

3 7 4

Along (0,0)to (1,0): r=ti,0<t< lLandF=(x—yi+x+y)j = F=ti+{jand & =i = F- & =y
Along (1,0)to (0,1): r=(1 —-ti+tj,0<t<L,andF=(x—-y)i+ x+y)j = F=(1 —-2ti+jand
&r— _j+j = F-&=2g

Along (0,1)t0(0,0): r=(1—-1j,0<t<l,andF=x—-y)i+x+y)j = F=(—Di+ (1 —t)jand

d . d 1 1 1 1

o joF- =1 [ x-pd+atrydy= [ td+ [2dit [« Ddi= [ @D

—Re—=2-1=1

r=xi+yj=y%i+yj.2 vy —1,andF:x2i—yj:y4i—yj:>g—;:2yi+jandF-g—;:2y5—y

1 1 _
= [FTas=[ F-oay=[ @ -yay=[1y -1y, =1 - - (¢-9=3-9=-3

r=(cost)i+ (sint)j,0 <t < %, and F = yi —xj = F = (sin t)i — (cos t)j and % = (—sin t)i 4 (cos t)j

SF-& = sitt-cot=—1 > [Fedr= [ (-di=—73
r=@G{+j)+ti+2)=0+0i+1+20j,0<t<1,andF =xyi+(y—x)j = F=(1+3t+2t%)i+tjand
E—it2j=> F-F=1+5t42¢ = work:fCF-%dt:fol(1+5t+2t2)dt: t+3¢+26] =3
r =Qcost)i+2sint)j,0 <t<2m andF = 7 f=2(x+y)i+ 2(x + y)j

= F = 4(cos t + sin t)i 4 4(cos t + sin t)j and% =(—2sint)i+ (2cost)j = F- %

= —8(sintcos t + sin’t) + 8 (cos® t + cos t sin t) = 8 (cos? t — sin®t) = 8 cos 2t = work:fC v f-dr

2w
= JoFga= [ s cos2di= fasin2057 =0

(@ r=(cost)i+ (sint)j,0 <t<2m Fy =xi+yj,and Fy = —yi+xj = %:(fsint)iqt(cost)j,

F; = (cos )i + (sin 1)j, and Fy = (—sin )i + (cos )j = F; - ¥ =0and F, - & = sin’t + cos’ t = 1

27 27
= Circ; = fo 0dt=0and Circ, = | dt=2mn=(cost)i+(sint)j = Fi-n= cos’t+sin?t = 1 and

2 2
F,-n=0 = F1ux1:f0 dt:27randFlux2:j; 0dt =0

(b) r=(cost)i+ (4sint)j,0 <t <21 = % = (—sin t)i + (4 cos t)j, F; = (cos t)i 4+ (4 sin t)j, and

2
Fy = (—4sin )i+ (cos)j = F;-§ = 15sintcostand Fy- & =4 = Circl:‘/;J 15 sin t cos t dt
. 2 . 2 . . .
= [§ sin?t] ;" = 0 and Circ, = , 4dt=8mn= (% cost)H—(\/% Slnt)J = Fi-n

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.

& i = F- =01 20+20)=3¢+22 = [ xydx+ x+ydy= [ F-Ta= [ (3¢+20) a
2
3
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30.

31. F

32.

33.

34.

35.

Chapter 16 Integration in Vector Fields

2r
*f os2t+%sin2tanng n—fﬁsmtcosté Fluxl—f (Fy-n) |v|dt = fo (ﬁ) v/ 17 dt
= 8m and Fluxy = f (Fy-m) |v|dt = f (f 1—\/?— sin t cos t) V17dt= [— L sin t] =0

r=(acost)i+ (asint)j,0 <t <2m F; =2xi—3yj,and Fo =2xi+ x —y)j = % = (—asin t)i + (a cos t)j,

F; = (2acost)i — (3asint)j,and Fy = (Qacost)i+ (acost—asint)j = n |v| = (acos t)i+ (asint)j,
F; - n|v| = 2a% cos? t — 3a” sin’t, and F5 - n |v| = 2a% cos? t + a® sin t cos t — a? sin® t

2 . < 2
= Flux; = J; (2a? cos® t — 3a? sin? t) dt = 2a% [{ + %Zt] —3a? [§ — 2] 7 = —ra? and

2w
_ 2 24 22 o; a2 2 A 2t sin20]27 | a2 227 ot sin2t]27 _ 2
Fluxzfj; (2a% cos’ t —a? sin t cos t — a? sin? t) dt = 2a” [§ + 32| © 4 & [sin®t] " — a® [} 2] " =ma

= (acos i + (asint)j, G drl = (—asint)i+ (acost)j = F; - d“ =0 = Circ; =0;M; =acost,
N; =asint,dx = —asintdt,dy =acostdt = FluXI:fCMldy—Nl dX:j;(aQCOSQt-i-a? sin? t) dt
:j:ag dt = a%r;
Fo=t, % =i= F-% =t Cir= [ td=0:My=t, Ny =0,dx =dt,dy =0 = Flux,

= fc My dy — Ny dx = f 710 dt = 0; therefore, Circ = Circ; + Circs = 0 and Flux = Flux; + Flux, = a?7

F; = (a? cost)i + (a’ sin®t) j, 5 dri — (—asin t)i + (a cos t)J = F; - d—l = —adsintcos®t + a° cos t sin?t
éC1rcl_f —a3 sin t cos? t + a® cos tsin? t) dt = ;Mlza cos?t, N; = a? sin?t, dy = a cos t dt,
dx = —asintdt = Flux; = f M; dy — Ny dx = j; (a3 cos?’t—i—a3 sin®t) dt = % a®;

F=0Ci, @ =is F-®=¢ = Cig= [ Cd=2:M=2CN,=0dy=0dx=dt

= Fluxy = fC M, dy — Ny dx = 0; therefore, Circ = Circy + Circy = 0 and Flux = Flux; 4 Flux, = % ad

Fi = (—asin )i + (acos ), & = (—asin )i+ (acos j = Fy- % = a’sint + a® cos’ t = a’

= ClI‘Cl:j;a dt = a’7;M; = —asint, N; =acost,dx = —asin tdt,dy = acos t dt
= Fluxlzfchdy—Nldx:f”( a® sin t cos t + a? sin t cos t) dt = 0; Fg—tj,%_l = F, drz =0

= Circo =0; My =0,Ny =t,dx =dt,dy =0 = Flux, = fc My dy — No dx = fﬂ —t dt = 0; therefore,
Circ = Circ; + Circ, = a7 and Flux = Flux; + Flux; =0

F; = (—a%sint)i + (a coszt),],ddrl1 = (—asint)i+ (acost)j = Fy- d1 =a’sin®t+ a® cos3t
= Circ; :fo.(a3 sin® t + a3 cos® t) dt = %a:’);Mlzfa2 sin?t, Ny = a2 cos?t, dy = acos tdt, dx = —asin t dt
= Fluxlzfchdy—Nldx:f( a3 cos tsin? t + a® sin t cos? 1) dt = 2 a?; Fg—tQ‘],ddrt2 =i=F d“ =

= Cir; =0;My =0, Ny =, dy = 0,dx = dt = Fluxp = [ Mydy ~Nodx = | —€dt= — 2 a% therefore,
Circ = Circy + Circy = % a and Flux = Flux; + Fluxs = 0

(@ r=(costi+ (sint)j,0<t<mandF=x+yi—(x>+y?)j = % = (—sin t)i + (cos t)j and

F = (cos t + sin )i — (cos?t+sin’t)j = F- % = —sintcos t — sin’ t — cos t :>fCF-Tds
:j:(—sintcost—sin2t—cost)dt: [—%Sini’t—%—%%—sintm:—%
) r=(1-20i,0<t<lLandF=(x+yi—(+y2)j = &= diandF = (1 —20i — (1 - 20%j =

r ! 1
F-&—4t-2= [[F-Tds= [ (4t—2)di=[¢-20,=0
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© r=0-0i—t,0<t<l,andF=(x+yi—(x2+y})j = % =—i—jandF = (I — 20i — (1 — 2+ 22%) j
= F-9 = Q- 1)+ (1-2t+20) =2 = Flow; = | F- an [T dat= 21, = —ti+ (- j,
0<t<LandF=@x+yi—(x*+y)j=> L =—i+jandF=—i— (C+—-2t+1)j
= i- (2024 1)j = F- =1 (22 -2t+1)=2-2¢ = Flow, = [ F- &_f 2t —22) d

= [t2—§t3]é=§ = Flow = Flow; + Flow, = 3 +1 =1

36. From (1,0)t0 (0,1): r; = (1 —0i+1¢j,0<t< LandF=(x+yi— (x> +y})j = & =—i+j,
1
F=i—(1-2t+2®)j,andny |vi|=i+j = F-ny |vq| =2t—2¢ = Fluxlzfo(zt—th)dt
= [¢ -3¢0 = 1
From (0, 1) to (—1,0): 1o = —ti+ (1 - 0j,0<t< LandF=(x+yi— (X2 +y?)j = & =—i—j,
F=(-20i— (1 -2t+2%)j,andny [vo| = —i+j = F-ny|vo| = 2t — 1)+ (=1 + 2t — 2t%) = —2 + 4t — 2¢?
1
= Fluxy = [ (-2+4t-20)dt=[-20+22 - 26, =~ 2,
From (—1,0) to (1,0): r3 = (=1 +20i,0<t<l,andF = x +y)i— (x> +y?)j = ddrf =2i,
F=(—1+20i—(1—4t+42)j,andng |vs| = —2j = F-n3 |vs| =2 (1 — 4t + 42)

1
= Flux3:2j;(1—4t—|—4t2)dt:2[t—2t2+%t3](1)=% = Flux = Flux; + Fluxs + Flux; = 1 — 2 +

Wi
W

37. (a) y:2x,0§x§2:>r(t):ti+2tj,0§t§2:>%:i+2tj:>F-%:((2t)2i+2(t)(2t)j)-(i+2j)
2
=4€ +82 =122 = Flow= [ F-®di= [ 122 dt=[40]] = 32
b) y=x3,0<x<2=r()=t+j,0<t<2=F=i+2j=F- & = ((t2)2i+2(t)(t2)j) - (i 4 2tj)
2
=t 44t =5¢ > Flow= [ F-Ta= [ 5¢di=[]; =32
(c) answers will vary, one possible pathisy = %x3, 0<x<2=r()=ti+ %t3j ,0<t<2 > % =i+ 3t%

= F- 4 = (30)5i+200(30)5) - (+38)) = J0+ 3¢ = Jee ~ Flow = [ F-%at= [ 16d=[4]]

=32

38. (@ Ciir()=(1-0i+j,0<t<2=F=-i=F-F =i+ ((1-0)+2(1))j)-(-i)=—1;
Crr()=—-i+(1-10j,0<t<2=>E = j=F- &= ((1-0i+((—1)+2(1—1)j)- (—J )=2t—1;
Cy:r(t) = (t—1)i—j, 0<t<2:>——1:>F-j—{:((—1) (t=1)+2(=1))j) - () =-—
Coar() =i+ (t—-1)j,0<t<2=F=j=F- % =((t— i+ ((1)+2(t—1))j)- (J)zzt—l

= Flow = [ F- 4 dt— CIF-adtJrf F-dit [ F-det [ F-d
2

2 2 2 2 2
:j;(fl)dt+f0(2t71)dt+f0(— dt+f 2t —1)dt = [t + [ — {5 + [t ¢+ [ — 1
=-242-242=0

(b) x*+y*=4=r(t) = (2cost)i+ (2sint)j, 0 < t < 27 = & = (—2sint)i + (2cost)j
= F- & = ((2sint)i + (2cost+ 2(2sint))j) - ((—2sint)i + (2cost)j) = —4sin’t + 4cos’t + 8sintcost

2T

= 4eos 2t + 4sin2t = Flow = [ F- 4 dt= [ (dcos 2t + 4sin20) dt = [2sin 2t — 2c0s2() 2" = 0

(c) answers will vary, one possible path is:
Cir()=t,0<t<1=>%E=i=F-9=(0)i+(t+2(1)j)) 1) =0;
Crr()=(1-0i+§,0<t<I=>E=—j+j=>F-E=(d+((1-0+20j) (-i+j)=1
Car()=(1-0j,0<t<1=F=—j=>F-E=((1-0i+0+2(1-1)j) (=j)=2t—1;
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950  Chapter 16 Integration in Vector Fields

1 1 1
= Fow= [ F-&a=[ F-a+ [ F-dat [ F-oa=[©d+ [ 1)d+ [ (@-1)d

=0+ [+ -ty =14 (-1)=0

39. F= — \/Xzyﬂz i+ \/X2x+y2j on x> 4 y? =4,

at (2,0), F = j; at (0,2), F = —i; at (2, 0),
F=—j;at(0,—2),F _lat(\/f) F=—Litlj

(V2o E) 0 i (2 ﬁ),
F_—él—lj,at( f—f) 1——_]

40. F=xi+yjonx?+y?=1;at(1,0),F =1i; y
at (—1, 0) F:—i;at(O 1) F:j;at(O,—l),

1 3 1 V3 ..

at (—5,7),1?7—51-’—7.],
—x

1 3 __1 3

at(—i,—T),F——il—T‘]

41. (a) G =P(x,y)i+ Q(x,y)j is to have a magnitude v/a2 + b? and to be tangent to x> + y> = a + b%in a
counterclockwise direction. Thus x? +y? =a? +b%? = 2x+2yy' =0 = y = — % is the slope of the tangent
line at any point on the circle = y’ = — & at(a,b). Letv = —bi +aj = |v| = \/a2—|——b2, with vin a
counterclockwise direction and tangent to the circle. Then let P(x,y) = —y and Q(X,y) = x
= G = —yi+xj = for(a,b)onx+y> = a’+b* we have G = —bi + aj and |G| = /a2 + bZ.

) 6= (VxZ+y)F=(VaZ+b)F

42. (a) From Exercise 41, part a, —yi + Xxj is a vector tangent to the circle and pointing in a counterclockwise
direction = yi — xj is a vector tangent to the circle pointing in a clockwise direction = G = y)'(z;f"y,
is a unit vector tangent to the circle and pointing in a clockwise direction.

(b) G=-F

43. The slope of the line through (x,y) and the originis 2 = v = xi + yj is a vector parallel to that line and

pointing away from the origin = F = — % is the unit vector pointing toward the origin.

44. (a) From Exercise 43, — \;;;Tyij is a unit vector through (X, y) pointing toward the origin and we want

|F| to have magnitude 1/x2 +y2 = F = y/x% 4 y? (— \}%—”yz) =—xi—yj.
(b) We want |F| = \/—TyZ where C # 0 is a constant = F = \/X2C+y2 (— Xty ) =-C (Xi+yj>.

VX2 +y? x*+y?
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45.

46.

Section 16.2 Vector Fields, Work, Circulation, and Flux

Yes. The work and area have the same numerical value because work = fc F-dr = fc yi-dr
= f [foi] - [i+ < j] dt [On the path, y equals f(t)]

= j; f(t) dt = Area under the curve [because f(t) > 0]

r=xi+yj=xi+fx)j = g—i =i+ x)j;F = \/ﬁ—yz (xi + yj) has constant magnitude k and points away

o kx kyf'(x) _ kx+kfx)fx) _ 1 d b} 2 .
from the origin = F - = ey + e = e Ter k 3. v/ X + [f(x)]%, by the chain rule

= [ F-Tds= [ F-EdXZf KL/ IOP dx = k [/ + [0

=k (/b2 + [f(D)]? — /a2 + [f(a)]?) , as claimed.

2
F= 46 + 82 + 2kand & =i +2(j = F- & = 12¢ = Flow= [ 126 dt=[3']; = 48

47.
1
48. F = 12%j+ 9k and & =3j+ 4k = F- & =72¢ = Flow = f072t2 dt = [24¢%] ) = 24
49. F = (cos t — sin t)i + (cos t)k andd—r = (—sint)i+ (cost)k = F - % = —sintcost+ 1
= Flow—f (—sintcost+1)dt = [ cos t—i—] =@G+n)-(G+0)=n
50. F = (—2sint)i — (2cos j + 2k and & = 2sin )i + (2 cos )j + 2k = F- & = —4sin’t—4cos’t+4 =0

51.

52.

53.

54.

= Flow =0

Ci:r=(cos)i+(sint)j+tk,0<t< 5 = F:(2005t)i+2tj+(25int)kand% = (—sin )i + (cos t)j + k
= F-% = —2costsint+2tcost+2sint= —sin2t+2tcost+ 2sint

/2 T
= Flowlzj; (—sin 2t + 2t cos t+ 2 sin t) dt = [ cos2t+2tsmt+2c:ost—200st] /2 =—-1+4m

Coir=j+2(1—-0k,0<t<1= F=n(l-0j+2kand ¥ =Tk = F-& =
= FIOWQZ‘];I —rdt = [-7t]§ = —m;

Cyr=ti+(1-0j,0<t<1 = F=2ti+2(1-tkand F =i—j = F- & =2

= F10W3:j;12tdt: (2], =1 = Circulation = (=1 +m) —7+1=0

F-o&—xd&pyd "’Z%_%%"i'ai Oy 2l yhere f(x,y,z) = s (X2 +y2 +x2) = F- & = d(f(r(1)))

b
by the chain rule = Circulation = fc F-&dt= j; 4(f(r(t))) dt = f(r(b)) — f(r(a)). Since C is an entire ellipse,

r(b) = r(a), thus the Circulation = 0.

Let x = tbe the parameter = y=x>=t?andz=x=t = r=ti+t%j+tk,0 <t < 1from (0,0,0)to (1,1, 1)

951

1
= ¥ —jt+2j+kandF=xyi+yj—yzk=ti+¢j—k = F- E=c+20-=2¢ = F1ow=f02t3dt

dt

=1
2

@ F= Vi) = B = S B 2t ey 0 =0yt > fF S a

f ( (r(t))) dt = f(r(b)) — f(r(a)) = 0 since C is an entire ellipse.
) L= 7 8 (y2)y at= ey 2 = @R DF - () = 2 1= -3

1,1,1)
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952  Chapter 16 Integration in Vector Fields

55-60. Example CAS commands:
Maple:
with( LinearAlgebra );#55
F =1 -> <r[1]*r[2]76 | 3*r[1]*(r[1]*r[2]"5+2) >;
r:=t-><2*cos(t) | sin(t) >;

a,b :=0,2%Pi;

dr := map(diff,r(t),t); # (a)
F(r(t); # (b)
ql := simplify( F(r(t)) . dr ) assuming t::real; #(c)
q2 :=Int(ql, t=a..b );

value( g2 );

Mathematica: (functions and bounds will vary):
Exercises 55 and 56 use vectors in 2 dimensions
Clear[x, y, t, f, 1, v]
fIx_ y_l:= {xy% 3x (x y° + 2)}
{a, b}={0, 27};
x[t_]:= 2 Cos|t]
y[t_]:= Sin[t]
r[t_J:={x[t], y[t]}
v[t_]:=r'[t]
integrand= f[x[t], y[t]] . v[t] //Simplify
Integrate[integrand,{t, a, b}]
N[%]
If the integration takes too long or cannot be done, use NIntegrate to integrate numerically. This is suggested for exercises
57 - 60 that use vectors in 3 dimensions. Be certain to leave spaces between variables to be multiplied.
Clear[x,y, z, t, f, 1, v]
flx_,y_,z ]={y+yzCos[xyz], x2 + x z Cos[x yz],z+ xy Cos[x y z]}
{a, b}={0, 27};
x[t_]:= 2 Cos|t]
y[t_]:= 3 Sin[t]

z[t_]:=1
rlt_]:={x[t], y[t], z[t]}
v[t_]:=r'[t]

integrand= f[x[t], y[t],z[t]] . v[t] //Simplify
Nlntegrate[integrand, {t, a, b}]

16.3 PATH INDEPENDENCE, POTENTIAL FUNCTIONS, AND CONSERVATIVE FIELDS

1. g—};:x:%—rj,%—t’[:y:g—z,g—?:Z:a—hf:>C0nservative

oP _ — ON oM _ — 0P ON _ g, M i
2. Gy =XCOszZ= G, Gr =ycCosz= 5o, 50 =sinz= 3y = Conservative

0) — ON i ON _ 1= i
3. oy = 1 # 1 =7 = NotConservative 4. oo =1#-1= oy = Not Conservative

5. g—f =0#1= %—];4 = Not Conservative

oM

6. Z=0=N M_g=® N_ _xXgpy= 9, = Conservative

dy T 0z> 9z — YT 9x’ ox
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11.

13.

14.

15.

. Let F(X y7Z) = 2xi — }’2,] - (ﬁ) k dy bz > 0z ox

Section 16.3 Path Independence, Potential Functions, and Conservative Fields 953

% —2x = fx,y,)=x+gy,2) = L=L=3y = gy,2=2 +h@ = fx,y,2=x>+ % +h(z)
= %—h’(z)zétz = h(z) =22+ C = f(x,y,z) = x* —|—3%+22 +C

h=Yytz = () =GFoxtenn > Foxtg=xtz= F=2= gy =y +h@)
= f(x,y,z2) = (y+2)x +zy + h(z) = %:x—i—y—l—h’(z):x—l—y = h(z)=0 = h(z)=C = f(x,y,2)
=@y+2x+zy+C

of 2 2 of 2 2 2 0,
5 =& = Xy, 2) =xe" 4+ g(y,2) = F=xedTF 4 F=xed = E =0 = fx,y,2)

=xeVt” 4 h(z) = % =2xeV"” 4 1 (z) = 2xe¥* = W(z) =0 = h(z) = C = f(x,y,z) = xe¥** + C

%:ysinz = f(x,y,z) =xysinz+ g(y,z) = %—x31nz+ag =Xxsinz = g—‘i:O = g(y,z) =h(z)

= f(x,y,z) = xysinz+ h(z) = % =xycosz+h'(z) =xycosz = hW(@z)=0 = h(z)=C = {(x,y,2)
=xysinz+C

% 7 T = Xy, 2) = 1ln(y2+z2)+g(x,y) = %— gﬁ =Inx+sec?(x+y) = gXx,y)
=((xInx —x)+tan(x +y)+h(y) = f(x, yaz)zlln(y2+z )+ (x In x — x) + tan (x +y) + h(y)
= =i b x+y) HH () =sec? x+y) + pip = W) =0 = h(y) =C = f(x,y,2)

:%ln(y +72?)+(xInx —x)+tan(x +y)+ C

% = 1+}>Is2y2 = f(x,y,z) = tan"! (xy) + g(y,2) = g_; = P + ag

= 1+))(c2y2 + \/I—ZW

= g—s =t < ey = sin"! (yz) + h(z) = f(x,y,z) = tan_1 (xy) + sin™! (yz) + h(z)
= Ezﬁﬁ-hl(l):\/%ﬁ—l—% = h@z=1%=h@=hz+C
= f(x,y,z) = tan"! (xy) + sin"! (yz) + In |z| + C

LetF(x,y,2) =2xi+2yj+2zk = F =0=37, G =0=F, 51 =0= % = Mdx+Ndy+Pdzis

exact;ﬂ:2x = f(x,y,z) = x> + g(y,z) = g—§— ag—2y = g(y,z) =y?+h(@) = f(x,y,z) = x> +y> =h(z)
(2,3,-6)

= T =W@z)=2z = h@ =22 +C = f(x, y,z>—x +y 422 4C = f( 2x dx + 2y dy + 2z dz

=f(2,3,-6) — £(0,0,0) = 22 + 32 4+ (—6)> =

Let F(x,y,z) = yzi + xzj + xyk = ‘3—1;—)(*%1;1,%1\3 y,% %—szf%—M = Mdx+Ndy+Pdzis

exact; 3 of L =YyZ = f(x,y,z) = xyz+ g(y,z) = g—; —xz—l—ag =Xz = g—i =0 = g(y,z) =h(z) = fx,y,2)

=xyz+ h(z) = % =xy+h(@) =xy = Wz =0 = h(z)=C = f(x,y,2) =xyz+C

(3,5,0)
= f( yzdx + xzdy + xy dz = {(3,5,0) — f(1,1,2) =0—-2 = -2

Let F(x,y,z) = 2xyi + (x> — 2?) j — 2yzk = g—ly) —2z=0 M_og=22 N_ 2)(—‘2,1‘;I
= Mdx + Ndy + Pdzisexact; £ =2xy = f(x,y,2) = x’y + g(y,2) = g—§:x2+a—§:x2_22 = 2_5 —72
of

= g(y,z) = —yz’ + h(z) = f(x, y,z) =x’y—yz?+h(z) = & = -2yz+h(z) = -2yz = W(z)=0 = h(z) =

= f(x,y,z) = x’y —yz —I—C:>f 2xydx—|—(x2—22)dy—2yzdz:f(1,2,3)—f(0,0,0):2—2(3)2:—

(0,0,0)
:>3P_0 ON aM_O_@B_N O:%—l\}:{

= Mdx 4+ N dy + P dz is exact; ax_2X = f(x,y,2z) = x> + g(y,z) = g—;— 6g——y = g(y,z) = —y;—|—h(z)

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



954  Chapter 16 Integration in Vector Fields
4 = h(z)=—4tan'z+C = f(x,y,2)

= f(x, y,z):x2_Y_3_|_h(Z) = %:h/(z):_u—z—
=X =% —dun ”C;‘foom 2x dx —y? dy — 1 dz = (3,3, 1) — £(0,0,0)
=(9-Z-4-1)~(0-0-0)=—
F=0=3,91=0=9, 5 =cosycosx = G

17. LetF(x,y,z) = (siny cos x)i + (cos y sinx)j + k = oy
= de+Ndy—|—szisexact;ﬁ:sinycosx = f(x,y,z) =sinysinx + g(y,z) = %_cosys1nx+—
=cosysinx = 3—5*0 = g(y,z) =h(z) = f(x,y,z) =sinysinx + h(z) = %—h’(z)zl = h(z)=z+C
=1(0,1,1) - 1(1,0,0)

. . (0.1,1)
= f(x,y,z) =sinysinx+z+4+C = (100)

—O0+D-0+0)=1

sin y cos x dx + cos y sin x dy + dz

18. LetF(x,y,z):(2cosy)i+(—72xs1ny)t|+( )k = %:0:%,%—?:0:%,%—?272siny:%4
ﬂ:—2xsiny—|—%

= Mdx + Ndy + P dz is exact; & 9 = 2cosy = f(x,y,z) = 2xcosy + g(y,z) = ay
o —p(z) =1

—;—2xsiny = %:% = g(y,2) =In|y|+h(z) = f(x,y,2) =2xcosy+In|y|+h(z) = %

In|z| + C = f(x,y,z) =2xcosy+In|y| +1n|z| + C

= h(z) =
(1,7/2.2) . ) .
.ﬁo,z,l) 2cosydx—|—(;—2xsmy>dy—l—zdz—f(l,g,Z) (0,2,1)
=(2-04+In5+In2)—(0-cos2+In2+Inl)=Inj
oP ON oM _ 9P ON __ M
Ny T mr e =0T 50 =0=%

2

19. Let F(x, y,z)f3x1+( )J—l—(ZZlny)k > P2
= de+Ndy+Pd21sexact;%:3x = f(x,y,2) = x> + g(y,z) =

dy ~— Oy y

= f(x,y,z) =x3+2’Iny +h(z) = % =2zIny+h(z)=2zIny = W@ =0 = h(z) =C = {(x,y,z)
=x>+22 lny+Céflll 3x2dx+%dy+221nydz:f(1,2,3)7f(1,1,1)
=(1+9mMm24+C)-(1+0+C)=9In2

20. LetF(x,y,2z) = 2xIny — y2)i + (——xz)‘]—(xy)k: g—]; —x=0 M__y_ 2P N_ 27"_2258_1;’[
= de—|—Ndy—|—sz1sexact'—:2xlny—yz = f(x,y,z) = x>Iny — xyz + g(y,z) = g—fl:";—xz—kg—ﬁ

:;—XZ:> 8g—0:>g(y,z) h(z) = f(x,y,z) =x*Iny — xyz+ h(z) = 5=
= h(z) =C = f(x,y,z) = x> lny—xyz—i—C:>f121 2xIny — yz)dx—l—(——xz) dy — xy dz

—f(2,1,1)—£(1,2,1) =@In 1 -2+ C)—(In2—2+C) = —In2
21 LetFioy 2 = (H)it (L-2)j- (H)k = F=-b =0 Moo= N__1 o
= Mdx +Ndy+Pdzisexact; ji = v = f(x,y,2) =} +2(y,2) = g_g— +3g—§—;—2
Bl s = RO S =4 b = B = N@ = = M) =0 > h) =
22)
S oy D=5+ 40 [T bk (- a) dy - 2 dz=12,2,0 10, 1,)= (3+2+C) ~ (1 + 1 +0)
—0

2xi + 2yj + 22k 22 2 2 9p _x 9 _y 9 _z
(andletp =Xty +z° = 9x  p’dy _p’0z _ p

22. LetF(x,y,2) = “g o
apP 6N__4¥:3_M = Mdx +Ndy+szisexact;

0P _ Ay _ON OM _ _ 4z _ P 0N
ay /)"1 - 02 ) az - /14 - 8)( ’ ax - P ay

of _ 2x _ 2 2 2 of _ 2y

ox — X2+y 422 = f(X7Y7Z) - h’l(X +y +z )+g(y7Z) = oy — x2+y2+z2 + = Xyt

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.

of _ds _ 2 _ a(y,z) =22 Iny + h(z)
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23.

24.

25.

26.

27.

28.

29.

30.

Section 16.3 Path Independence, Potential Functions, and Conservative Fields

= 3—5—0 = ¢y, =h(@) = fxy,2) = (X +y +2) +h@) = % = % +h(@)
=gz 2 W@ =0 = h@=C = fx,y,2) =In(x*+y* +2°) +C

(222) X dX Z dZ
= Jo o TR =12,2,) ~ (-1, -1, - =In 12~ In3 = In4

r=G+j+k) +ti+2j—2k) =1 +0i+ 1 +20j+(1 —20k0<t<1 = dx =dt, dy =2dt, dz = —2 dt

(2,3,-1) 1 1 ) 1
= [ ydckxdy+ddz= [ QU Ddt+ @+ DR ) +4(-2) dt = [ @4 —5)di=[2¢ - 5] = -3

(0,3,4)
r=tGj+4k).,0<t<1 = dx=0,dy=3drdz=4dt = [ x2dx+yzdy+(Y—;) dz

= [ (120)Gdn + (%) @dy = [ 542 ae = [182) = 18

P ON OM 9P HN _ M . . .
6—y_0_ 5 5, =2z = X B = O—a_y = Mdx+ Ndy + Pdzisexact = F is conservative

= path independence

oP _ yz _ON oM _ _ Xz _ 0P ON _ _ Xy _ oM
oy (VX +y )’ 0z 0z (V/aZtyl+)  0x 0x (VEyr+z)’ Oy
= Mdx + Ndy + Pdzisexact = F isconservative = path independence

apP ON OM __ 8P ON _ _2x _ M : : : _ .
3y =0=95,,.9, =0=5..% = T oy F is conservative = there exists an fso that F = </ f;

B=X o fxy=S4y) = F=-5+dm=15 = dyn=% = sy=—1+C
2

= fy)=%-14+C= F= v(g_,l)

9P _ _ON M _(_ 9P N _ e _ oM : : : _ !
E—COSZ—E’E—O—W’E—7—W = Fis conservative = there exists an f so that F = <7 f;

of of 6g

& =¢Iny = f(x;y,z) =e*Iny + g(y,2) = a—y— ~ 4 —e +sinz = g—fzsinz = g(y,2z)

=ysinz+h(z) = fx,y,z) =e*Iny+ysinz+h(z) = %—ycosz—f—h’(z):ycosz = h'(z)=0

= h(z)=C = f(x,y,z2)=¢e*Iny+ysinz+C = F= sy (e*Iny+ ysinz)

g—'; =0= %’j, %“Z’[ =0= g]; g—’j 1= %“y’[ = Fis conservative = there exists an f so that F = <7 f;
F=x+y = f(x V) =3 +xy+ey,) = F=x+E=y+x = F=y = oy,0 =1y’ +h®
of

= f(x,y,z) = X +xy+3y + h(z) = E_h’(z)*ze = h(z) =ze* —e*+C = f(x,y,2)
:§x +xy+§y +ze* —e"4+C = F = v(gx +xy+§y + ze* fe)
B B
(a) work:fA F-%dt:fA F-dr= [%x3—|—xy+%y3+zez—ez](1'01)
=1
(1,0,1
(1,0,0

(1,0,1
(1,0,0

B
(b) work:fAF-dr:[%x3+xy+%y3+zez—ez] =1

)
)
) _
>—1

B
(©) work:fA F-dr=[1x3+xy+1yd+ze” — ¢

B
Note: Since F is conservative, j; F - dr is independent of the path from (1,0, 0) to (1,0, 1).

P _ .yz yz ON oM yz __ OP ON _ _.yz _ OM : : :

dy = Xe’" + Xyze’” + cosy = 0 B YO = 50 gy — 287 = Dy = F is conservative = there exists an f so
_ L of _ _ of _ 0g _ og _

that F = 7 f; 5, =¥ = f(x,y,2) =xe"” + g(y,2) = oy = xzeY” 4 3 = xze¥* +zcosy = 9y — 2COsy

= g(y,z) =zsiny +h(z) = f(x,y,z) =xe¥ +zsiny + h(z) = % = xye¥* + sin y + h'(z) = xye¥* +sin y
= h(@#z)=0 = h(z) =C = f(x,y,z) =xe*+zsiny+ C = F = s (xe¥* + zsiny)

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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31.

32.

33.

34.

35.

36.

37.

Chapter 16 Integration in Vector Fields

B

(@) work = [ F-dr = [xe” +zsiny] 1777 =1 +0)~ (1 +0)=0
B

(b) work:fA F-dr= [xeyz—l—zsiny]gig/f)0> =0

B
(c) work = f F - dr = [xe¥” + z sin y] 8 8/12) D=0

s

Note: Since F is conservative, f F - dr is independent of the path from (1, 0, l)to( 5 O).

(@ F= v (x3y?) = F = 3x%y%i + 2x%yj; let C; be the path from (—1,1) to (0,0) = x =t — 1 and
y= 4+ L0<t<1 = F=3(t— D2—t+ D%+ 2(t — D3(—t+ Dj = 3t — D% — 2(t — 1)

1

andr; = (t— Di+ (—t+ Dj = dry=dii—dij = [ F-dry= [ [Bt— D* +20— DY) dt

1
:j; 5t — 1)? dt:[(t—1)5]é: 1; let C, be the path from (0,0) to (1,1) = x=tandy =,

1

0<t<1 = F=3ti+2jandr=ti+(j = dy=dti+dj = [ F-do= [ (3t +2t") dt

1
_ 4 _ _ _
= [ stat=1 = [[Foar= [ Fodri+ [ Fodr=2

(1.1)
(b) Since f(x,y) = x®y? is a potential function for F, j;q ) F-dr=1(1,1)—f(—1,1)=2

P _ ON M a_P ON _ s 8M . . . _ .
ay = 0= 5 =0= = 2x siny = oy = F is conservative = there exists an fsothat F = </ f;

%szcosy = f(x,y,z) = x>cosy + g(y,z) = g—;:—XZSiny+g—§:—x siny = 25:0 = g(y,z) =h(z)

= f(x,y,z) = x’cos y + h(z) = %:h’(z)zo = h(z) =C = f(x,y,z) =x?cosy+C = F= v (x*cosy)

(@) f2xcosydxfx251nydy:[xzcosy]gg’ég:O—l:—l
(b) f2xcosydx—x siny dy = [x? cosy]glo))—l—(—l):2
@) fc2xcosydxfx siny dy = [x? cosy]g_’l?()):lflzo

(d) fC2xcosydx—x2sinydy:[xQCosy]Eig;:1—1:0

(a) If the differential form is exact, then 35 = %—Ij = 2ay =cyforally = 2a=c, %71\24 = % = 2cx = 2cx for
all x, and & = %—1;4 = by =2ayforally = b=2aandc=2a

(b) F= sy f = the differential form with a = 1 in part (a) isexact = b=2andc =2

(x,y,2) (x,y,z
F:vf:>g(xy,z):f ’ F-dr:f( g dr = f(x,y,2) — f(0,0,0) = % =2 _ (98 = 200, and

(0,0,0) 0,0,0)
9g _

9 *32 -0 = wg= wi=F,asclaimed

The path will not matter; the work along any path will be the same because the field is conservative.

The field is not conservative, for otherwise the work would be the same along C; and Cs.

Let the coordinates of points A and B be (xa, Ya, za) and (Xg, B, zg ), respectively. The force F = ai + bj + ck is
conservative because all the partial derivatives of M, N, and P are zero. Therefore, the potential function is

f(x, y, z) = ax + by + cz + C, and the work done by the force in moving a particle along any path from A to B is
f(B) — f(A) =f (XB, ¥YB. ZB) — f(XA, YA, ZA) = (axB =+ byB 4+ czg + C) — (axA + byA + Ccza + C)

—
=a(xg —xa) + b(yg —ya) +c(zg —za) = F-BA

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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38. (@) Let -GmM=C = F=C| o omit ot omit ard
S S WA S 0 N S AT S 0 S e = e = F= v
somef;%:m = f(x,y,z):—m-l-g(y,z) = %:W—Fg—s
=G T 5 =02 ) =h0 > §= e ) =
= h(z) =C; = f(x,y,z) = — m +C;. LetC; =0 = f(x,y,z) = % is a potential

function for F.
(b) If s is the distance of (X, y, z) from the origin, then s = y/x2 4+ y2 4 z2. The work done by the gravitational field

P, Py
Fiswork:f F-dr= | —-SaM__ = GmM _ GmM _— GmpM (L — L) | as claimed.
P, VX2 +y2 422 P, S S1 S S1

16.4 GREEN'S THEOREM IN THE PLANE

1. M=—-y=—-asint, N=x=acost,dx = —asintdt,dy =acostdt = %—TzO,%—l\y’I:—l,%—f:l,and
AN _ .
» =0

27 27
Equation 3): § Mdy ~Ndx = [ [(—asint)(acos t) — (acos )(—asin ] dt= [ 0dt=0;
fRf (0 + ) axdy = fRfo dxdy = 0, Flux
27 27
Equation (4): fc Mdx + Ndy = j; [(—a sin t)(—a sin t) — (a cos t)(a cos t)] dt = j; a2 dt = 2ma?;
a Va?—x? a a
ff (g—f—%—l\;) dxdy:fafC 2dydx:fa4 a2—x2dx:4[§ 212—7(2—|—§sin’1 ﬂ
R a
=2a’ (3 + §) = 2a’m, Circulation
2. M=y=asint, N=0,dx = —asintdt,dy =acostdt = %—1;4 =0, %—1;4 =1, ‘g—lj :O,and‘g—l;l =0;
2r T
Equation (3): fc Mdy — Ndx = j; a? sin t cos tdt = a® [{ sin? t]z =0; [ [ 0dxdy = 0, Flux
R

2w

Equation (4): fc Mdx 4+ Ndy = fo (—a? sin’t) dt = —a’ [§ — S22] (2; = —ma?; ff(%—lj - %—l\y’[) dx dy
R

= ff —ldxdy = fohf: —rdrdf = fokf % df = —ma?, Circulation
R

3. M=2x=2acost,N=—3y = —3asint,dx = —asintdt,dy =acostdt = %—1;4 =2, %—1\; =0, g—ij =0, and
AN _ _ 4.
oy = 7%
2
Equation (3): fc Mdy — Ndx = j; [(2a cos t)(a cos t) + (3a sin t)(—a sin t)] dt

27 . .
= j; (2a’ cos? t — 3a? sin’ t) dt = 2a? [{ + 02| ? —3a% [§ — ] ?)ﬂ = 2ma? — 3ma? = —ma?;
27 a 2T -
M | N\ _ _ _ a’ _
fRf(a +3) = Jf —1axay = [T )7 rardo = [~ £ do = —a?, Flux
27
Equation (4): §c Mdx +Ndy = fo [(2a cos t)(—a sin t) + (—3a sin t)(a cos t)] dt

2
= j; (—2a? sin t cos t — 3a” sin t cos t) dt = —5a* [1 sin’ (] (Q]F =0; ff 0 dxdy = 0, Circulation
R

4. M= —X2y = —a’ cos?t, N = Xy2 = a3 cos tsin?t, dx = —a sin t dt, dy = acostdt
M _ OM 2 ON _ 2 ON __ .
= E_—ny,a—y——x,m—y,and6—y—2xy,

2w

y 2
Equation (3): fc Mdy —Ndx = j; (—a* cos®tsint +a’ cos tsin®t) = [% costt + "‘Z‘ sin? t] =0
0

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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ff(%—MJrg—I;) dxdy = [ [ (—=2xy + 2xy) dxdy = 0, Flux
R R

2w 2m
Equation (4): fCde—i—Ndy: j; (a* cos? tsint + a cos? t sin? t) dt = j; (2a* cos? t sin® t) dt
2 4 4 47
:j; %a4sin22tdt:%f0 sin udu—%[%—““zu = ff(———)dxdy—ffy+x)dxdy

2r ra 2
- j; j; r?-rdrdf = j; % do = ”7“4 , Circulation

1 1
5. M=x-—y N=y-x= M= Mo [ N_ j N_| Flux:fszdxdy:fofozdxdyzz;

Circ= [ [[~1 - (~Dldxdy =0
R

6. M=x2+dy, N=x+y’ = M=o M_yg N_| N_oy = Flux= [ [ @x+2y)dxdy
R

1 1 1 1 1 1 .
:j;j;(2x+2y)dxdy:j;[X2+2xy]0dy:j;(l—i—Zy)dy:[y—i—yQ]O:2;C1rc:fRf(1—4)dxdy

:j;lj;l—dedy:—

T M=y X N=xPfy? = B g Mgy BN gy N gy Fluxszf<—2x+2y>dxdy
3 X 3 3 .
:f;j;(—2x—|—2y) dydx:f;(—2x2+x2) dx = [—%x3]0:—9; Clrc:fRf(Zx—Zy) dx dy
— [ [ex-2ypdydx = [x*dx =09
—Jo Jo y)dydax = J, -
8. M=x+y N=—(+y?) = M =1 M_p N_ o N gy Flux:fRf(l—zy)dxdy
1 X
—ff(l—Zy)dydx—f(x—x)dx:%;Circ:fRf(—Zx—1)dxdy:j;f;(—2x—l)dydx
—f —2x% —x)dx = —
9. szy+y2,N:x—y:>%—l;"—y, 6y—x+2y,% 1,%1;]:—1:>Flux—ff (y+ (—1)) dydx
1 py/x 1
=f0f (y—l)dydxzﬁ(%x—\/?—%x“ﬂ?) dx = — é(l),Circ:fRf(l—(x—|—2y))dydx

:f:j;z\/;(l—x—2y)dydx:j;l(\/;—x3/2—x—x2+x3—|—x4) dx = — &

[N

1. M=x+3y,N=2x—y = M= M_3 N_ 2,?91;:—1:>F1ux—ff )) dydx =0

C1rc—ff -3) dydx—f\[f Ve 1) dydx = %fiﬁ\/zfﬂdx:fwx/i

V2=x2)/2

11. M=x’* N= xy:>%—i4—3x2y2,%M—2xy, _2xy, :—x:>F1ux_ff 3xy—|— 1x4 dydx

:f:j;ﬂ@xzyz—i—%x“) dydx:f()z(3x5—%x6+3x7—x8) dx:%;Circ:ff (2x}y — 2x%y) dydx = 0
R
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12.

13.

14.

15.

16.

17.

18.

19.

20.

Section 16.4 Green's Theorem in the Plane

X M _ 1 oM _ _—2xy ON ON _ 1 _ff 1 1
M= l+y2’N tan™ y = ox T+y2> 0y — (1+y2)> 0x =0, By — T+y? = Flux = g 1+y? + 1+y? dxdy

:fjlf_% %yzdxdy:filél\l/jr;—y dx = 4m\/2 — 4r; Cer—ff (O— ( l_f’;y )) dy dx

N ffllf—% ((12+ny2>2) dydx = fj1<0) dx =0

— X o _ X oM __ X of oM __ ON __ ON __ .
M=x+e*siny, N=x+e*cosy = G- =1+e smy,——excosy,g—1+e"cosy,a—y—7e"smy

@Flux—ffdxdy—f f
C1rc—ff 14+e*cosy—e* cosy)dxdy—ffdxdy—f f

cos 2

r rdeff7r ( cosZG)dG:[%SinZG]i/:M:%;

cos 2

rd rdﬁffﬁ (3 cos26) df =}

—tapn—1 Y _ 2 2 M _ -y M _ _x ION_ _2x 9N _ _2y
M = tan X,N—IH(X +)’) = ax  XayIc Oy X4y Ox X4y’ 9y . xiy?

= Flux—ff(x 2 Xiyy2> dxdy:fﬂflz(”ri—?e)rdrdezfoﬂsinedQ:Z;

Circ:fRf(ﬁ—xzﬂ)dxdy—f [ (=20) rdrdo = ["cos 9.9 =0

1 X
M:xy,N:y2:>3M Yy, ay—x,ax O,ZI;I—Zy:>Flux:ff(y—i—Zy)dydx:j;f;E3ydydx

Zfol(%q—%i) —% Clrc—ff—xdydx_ff _Xdydx—fol(—X?-i-x?’)dx:—ll—Q

- —gi - M _n M _ _ ON _ ON _ _ x i
M= —siny,N=xcosy = 5 =0, Gy = TCOSY, gy =COsYy, 5n = —Xxsiny

2

= Flux:ff(—xsiny)dxdy:foﬂj;/z(—xsiny)dxdy:LI;m(—%smy) dy = — %
R

=

. /2 pm/2 /2 . .
Clrc:fRf[cosy—(—cosy)]dxdy:j; j; ZCosydxdy:fo 7rcosydy:[7rs1ny]0/2

M=3xy - 7. N=¢"+tan~ ly = M3y 12,%:#
(1+cos®)
= Flux_ff (3y - iy + i52) dxdy_ff3ydxdy*f [ Grsin gyrdrdo

— [ 431 +cos 6)*(sin 0) 49 = {— £ (1 + cos 0)4] 077 — 423 — (—4a%) =0

y

— [ —aya=— [~ (D) ax= [ 2) de= - 4

M=y+e iy, N=¢ = Mo14¢ Noe o cie=[[[¢-(1+¢)] dedy = [ [ (1) axay
R R

M = 2xy?, N = 4x%y? = %—1\; = 6xy?, ¥ = 8xy? = work = § 2xy3 dx + 4x2%y? dy = ff(8xy2 — 6xy?) dx dy
R
1 x? 1
_ 2 _ 2104, _ 2
7‘/;1; 2Xy dydxf‘/; sxVdx =35

M=4x -2y N=2x—dy = Q1 =-2, 5 =2 = Work:fC (4x — 2y) dx + (2x — 4y) dy
= [[12—(-2)1dxdy =4 [ [ dxdy = 4(Area of the circle) = 4(r - 4) = 167
R R

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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2. M=y N=x? = Mgy M_2x > 3§Cy2dx+x2dy: fRf(zx—zy)dydx

1 I-x 1 9 3 9 1
zj;j; (2x—2y)dydx:f0(—3x +4x—1)dx =[—x*+2x* —x],=—-14+2—-1=0

2. M=3y,N=2x = M=3 N_» :>f3ydx+2xdy—ff2 3dxdy_ff“"x 1)dy dx

:—j:sinde:—Z

23. M=6y+x,N=y+2x = =6 =2 ;»j§c(6y+x)dx+(y+2x)dy:fRf(2—6)dydx

= —4(Area of the circle) = — 167

24 M=2x+y,N=2xy+3y = S =2y, N—2y = fc(2x+y2)dx+(2xy+3y)dy:ff(2y—2y)dxdy:0
R

25. M=x=acost, N=y=asint = dx = —asintdt,dy =acostdt = Area = % fc x dy —y dx

2m
(a cos’ t + a? sin? t) dt = 3 fo a’ dt = ma®

D=
=}

26 M=x=acost, N=y=bsint = dx = —asintdt,dy =bcostdt = Area:%fcxdy—ydx

2w
(ab cos® t + ab sin’ t) dt = 1 j; ab dt = 7ab

DO
o

27. M = cos®t, N =y =sin’t = dx = —3 cos?tsin t dt, dy = 3 sin? tcostdt:>Area——f xdy —y dx
2 4n
% . (3 sin® t cos? t) (cos? t + sin’ t) dt:%j; (3 sin® t cos? t) dt:%j; sin® 2t dt:%j; sin? u du
3 4T _ 3
=[5 -], =37

28. C:M=x=tN=y=0=dx=dt,dy=0;C;: M=x= 27 —t) —sin2nr —t) =27 —t+sint, N=1y
=1-cos(2r—t) =1 —cost = dx = (cost — 1) dt, dy = sintdt

:>Area:%fcxdy—ydx:%fclxdy—ydx—l—%fczxdy—ydx

2ﬂ' 2'” 2'/T
:lf (O)dt—i—%j; [(27r—t—|—sint)(sint)—(1—cost)(cost—l)]dt:—lj; (2cost+ tsint — 2 — 2w sint) dt

2Jo 2

= —1[3sint— tcost — 2t — 2mcost];” = 3

29. (@) M=1(),N=g(y) = 2 =0, =0 :>3§ f(x)dx+g(y)dy—ff(———) dxdy—fdexdy—o
() M=ky,N=hx = M=k N_p :>§kydx+hxdy—ff(———) dx dy

= f f (h — k) dxdy = (h — k)(Area of the region)
R

30 M=xy’, N=x’y +2x = %—1\;:2xy,% =2xy+2 éf xy? dx + (x%y + 2x) dy-ff(———) dx dy

= f f (2xy +2 — 2xy) dxdy =2 f f dx dy = 2 times the area of the square
R R
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31. The integral is O for any simple closed plane curve C. The reasoning: By the tangential form of Green's

Theorem, with M = 4x®y and N = x*, ‘¢‘C4x3y dx +x*dy = fRf {% (x1) — a% (4x3y)} dxdy

_ff 3) dxdy = 0.

32. The integral is O for any simple closed curve C. The reasoning: By the normal form of Green's theorem, with

M=x3andN=—y? ¢ —y3dy+x’dx = [Q (—y?) - 2 (x?’)] dxdy = 0.

ﬁ; fRf Ix dy
0 0
— _ M _ N _ _ M | ON

3. LetM=xandN=0 = M= and N =0 = fCMdy—NdX—fRf (20 +2¢) dxdy = §, xdy

= ff (1+0)dxdy = AreaofR:ffdxdy: fcxdy; similarly, M=yand N =0 = %—l;’l = 1and

R R
N :>§Cde+Ndy:fRf (35+2) dydx = ¢ ydx :fRf(O—l)dydx > —§ ydx

= ffdxdy:AreaofR
R

b
34, f. f(x) dx = Areaof R = —fc y dx, from Exercise 33

ffxé(xy)dA ffdi ffdi

— M, —
35. Let§(x,y) =1 = X = ¢ = ”é(xy)dA = .';.fdA =& = Ax:ffdi:ff (x + 0) dx dy

dy,Ax—ffdi ff(O—I—x)dxdy——fxydx andAx—ffdi ff( x + 1x) dxdy

= C§X2dy—§xydx = §fcx dy:—fcxydx:gfchdy—xydx:Ai

36. If&(x,y):l,thenly:ff x25(x,y)dA:ff x2dA:ff (x2 +0) dydx:%fe x3 dy,
ffdi ff 0+ x? dydx——fxydxandffdi ff dydx

=9 Zx3dy—zxydx:zfcx3dy—xydx = §§Cx3dy:—fcxydx:zfcx:’)dy—nydx:Iy

31. M= 5. ,N=— gié%—gzi}é,%—g:—g—gé Cgidx——dy—ff (—W——>dxdy 0 for such curves C

3. M=1x?y+ Ly3 N=x = M L1424 2 N | Curl—a—N—a—M—l— 1x2 1 y2) > 0in the interior of the
4 y 3y Oy 4 y ox ox 4 y
ellipse 3 x* 4+ y? = 1 = work = fCF-dr: ff (1 — § x* — y?) dxdy will be maximized on the region

R

R = {(x,y)|curl F} 0 or over the region enclosed by 1 = % X% +y?

39. (a) wf= (x2+y )1+ (x<+y )J = M= m ,N = ﬁyyz ; since M, N are discontinuous at (0, 0), we
compute fC W f - nds directly since Green's Theorem does not apply. Let x =acost,y =asint = dx = —asin tdt,
dy =acostdt, M = %cost,N: % sint, 0 <t< 27r,sofcvf-nds: fCMdy—Ndx

2w
= f 2 cost)(acost) — (2sint)(—asint)|dt= fo 2(cos? t + sin? t)dt = 4. Note that this holds for any
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(b)
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a>0,so fC W f - nds = 4r for any circle C centered at (0, 0) traversed counterclockwise and fc Vv -nds=—4r
if C is traversed clockwise.

If K does not enclose the point (0, 0) we may apply Green's Theorem: fC vi-nds= fC Mdy — N dx

= fRf<%—1;4 + %) dxdy = fRf(z((ytﬁ) + 2(()(27?2)) dxdy = fRf 0 dxdy = 0. If K does enclose the point

24yt (2 4y)’

(0,0) we proceed as follows:
Choose a small enough so that the circle C centered at (0, 0) of radius a lies entirely within K. Green's Theorem

applies to the region R that lies between K and C. Thus, as before, 0 = f f <%—T + ‘3—1;]) dx dy
R

= fK Mdy — Ndx + fC M dy — N dx where K is traversed counterclockwise and C is traversed clockwise.

Hencebypart(a)O:[fKMdy—Ndx]f47ré47r: LMdy—Ndx:j;(vf-nds.Wehaveshown:

[ wtmas= {0 O OliesinsideK
«V ~ | 47 if (0,0) lies outside K

40. Assume a particle has a closed trajectory in R and let C; be the path = C; encloses a simply connected region

41.

R; = C; is asimple closed curve. Then the flux over R; is fc F - n ds = 0, since the velocity vectors F are

tangent 0 C1. But0 = §, F-nds=§ Mdy—Ndx= [ [ (2 +2) dxdy = M, +N, =0, whichis a
1 1 Rl

contradiction. Therefore, C; cannot be a closed trajectory.

2(y) d  paly) d
[ B dxdy =N,y - N,y = [ [ (B d)dy= [ N@m),y - N,y dy
= de N(g2(y),y) dy — fcd N(g1(y),y) dy = fcd N(ga(y),y) dy + fd N(g1(y),y) dy = fc Ndy + fc N dy

:f;dy = ﬁNdy:fRf%—Iidxdy

42. The curl of a conservative two-dimensional field is zero. The reasoning: A two-dimensional field F = Mi + Nj

can be considered to be the restriction to the xy-plane of a three-dimensional field whose k component is zero,

and whose i and j components are independent of z. For such a field to be conservative, we must have

ON

%= %—1;4 by the component test in Section 16.3 = curl F = & — By =

_ ON aM_O

43-46. Example CAS commands:
Maple:

with( plots );#43

M := (x,y) -> 2¥X-y;

N = (x,y) -> x+3*y;

C:=x"2 + 4%y =4;

implicitplot( C, x=-2..2, y=-2..2, scaling=constrained, title="#43(a) (Section 16.4)" );

curlF_k := D[1](N) - D[2](M): # (b)
‘curlF_k' = curlF_k(x,y);
top,bot :=solve( C, y ); #(c)

left,right := -2, 2;
ql := Int( Int( curlF_k(x,y), y=bot..top ), x=left..right );
value( ql );

Mathematica: (functions and bounds will vary)
The ImplicitPlot command will be useful for 43 and 44, but is not needed for 43 and 44. In 44, the equation of the line
from (0, 4) to (2, 0) must be determined first.
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Clear([x, y, f]

<<Graphics  ImplicitPlot"

fIx_, y_l:={2x —y, x + 3y}

curve= x> + 4y ==4

ImplicitPlot[curve, {x, —3, 3},{y, —2, 2}, AspectRatio — Automatic, AxesLabel — {x, y}];
ybounds= Solve[curve, y]

{yl, y2}=y/.ybounds;

integrand:=D[f[x,y][[2]], x] — D[f[x,y][[1]], y]//Simplify

Integrate[integrand, {x, —2, 2}, {y, y1, y2}]

N[%]

Bounds for y are determined differently in 45 and 46. In 46, note equation of the line from (0, 4) to (2, 0).
Clear[x, y, f]
flx_, y_I:= {x Exply], 4x* Log[y]}
ybound =4 — 2x
Plot[{0, ybound}, {x, 0,2. 1}, AspectRatio — Automatic, AxesLabel — {x, y}];
integrand:=D[f[x, y][[2]], x] — D[f[x, y1[[1]], y]//Simplify
Integrate[integrand, {x, 0, 2}, {y, 0, ybound}]
N[%]

16.5 SURFACES AND AREA

1. In cylindrical coordinates, letx =rcos 0,y =rsin 6,z = (\/XQ + y2)2 = 2. Then r(r,0) = (r cos )i + (r sin 0)j + r’k,
0<r<20<6<2m.

2. In cylindrical coordinates, let x =rcos §,y =rsinf,z=9 — x> —y?> =9 —r2. Then
r(r,f) = (rcos )i+ (rsind)j+ 9 —-r’)k;z 0 =9-1r> 0=r"<9 = -3<r<30<60<2r But
—3 <r <0 gives the same points as 0 <r < 3,s0let0 <r < 3.

3. In cylindrical coordinates, let X =rcos f,y =rsin 6, z = —VX;J”y? =z= % The
For0<z<3,0< % <3 =0 <r <6;to getonly the first octant, let 0 < 0 <

=

r(r, ) = (rcos 0)i + (rsin 0)j + (£) k.

r
2

rolx

4. In cylindrical coordinates, let x =rcos 0,y =rsin 6,z = 2,/x2 +y2 = z = 2r. Then
r(r,0) =(rcos)i+ (rsinf)j+2rk. For2 <z<4,2<2r<4 = 1 <r<2,andlet0 <0 < 27.

5. In cylindrical coordinates, let x =rcos §,y = rsin 0; since x> +y> =1r> = 22 =9 — (x> +y?) =9 —r?
= z=v9—12,z 0. Thenr(r,0) = (rcos §)i+ (rsin 0)j + /9 —r2k. Let 0 < 0 < 27. For the domain
ofr: z=/x2+y?andx* +y* +722 =9 = x2+y2+(\/x2+y2)2:9 = 2(x2+y}) =9 = 2’ =9
_ 3 3
= r= 72 = 0<r< ek

6. In cylindrical coordinates, r(r, #) = (r cos 0)i + (r sin §)j + /4 — 2k (see Exercise 5 above with x> + y? + 7> = 4,
instead of x* + y* 4+ z* = 9). For the first octant, let 0 < § < 7. For the domain of r: z = /x? 4 y? and

Ay 4 =4 = Xy 4 (V) =4 =5 2Py =4 = 2 =4 = r=/2 Thus lety/2<r <2
(to get the portion of the sphere between the cone and the xy-plane).
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10.

11.

12.

14.

Chapter 16 Integration in Vector Fields

In spherical coordinates, x = psin ¢ cos 6,y = psinpsinf, p=+/x2+y>+22 = p*=3 = p=1/3

= Z:\/§COS¢f0rtheSphere;Z:§:\/§COS¢ = cosd):% = (;S:g;Z:—TS = — 5 :\/gcosd)
= cos¢p=—3 = ¢=2%. Thenr(g,0) = (ﬁsinqbcos@)i—i—(ﬁsincbsin@)j—i—( 3cos¢)k,
T<¢p<Tand0 << 2m

In spherical coordinates, x = p sin ¢ cos #,y = psin ¢ sin @, p = \/m = pP’=8 = p= \/§:2ﬁ
= X = 2\/5 sin¢g cos b,y = 2\/5 sin ¢ sin #, and z = 2\/5 cos ¢. Thus let

r(¢,0) = (2ﬁsin¢cos9)i+(2 251nq5sin9)j+(2\/§cos¢)k;z:—2 = —2:2\/§cos¢

= cosp=— T = ¢=3T12=22 = 2/2=2y/2cos¢ = cosp=1 = ¢ =0. Thus 0 < ¢ < 3T and
0<6<2m.

Since z = 4 — y?, we can let r be a function of x and y = r(x,y) = xi +yj+ (4 —y?)k. Thenz =0
= 0=4—-y?> = y= 42 Thus,let2<y<2and0<x <2.

Since y = x2, we can let r be a function of x and z = r(x,z) = xi + x?j + zk. Theny = 2
= x2=2 = x= :I:\/E. Thus,let—ﬁgxg 2and 0 <z < 3.

When x = 0, let y? + z? = 9 be the circular section in the yz-plane. Use polar coordinates in the yz-plane
= y=3cosfandz=3sinf. Thusletx=uandd =v = r(u,v) = ui+ (3 cos v)j + (3 sin v)k where
0<u<3and0<v<2m.

When y = 0, let x? + z? = 4 be the circular section in the xz-plane. Use polar coordinates in the xz-plane
= x=2cosfandz=2sinf. Thuslety =uvand § =v = r(u,v) = (2 cos v)i + uj + (3 sin v)k where
—2 <u<2,and 0 < v < 7 (since we want the portion above the xy-plane).

. (@ x4+y+z=1=2z=1-—x—y. Incylindrical coordinates, let x =r cos § and y = r sin

=z=1—-rcosf —rsinf = r(,0) =(rcosf)i+ (rsind)j+ (1 —rcosf —rsin )k, 0 < 0 < 27 and
0<r<3.
(b) In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let
y =ucos v,z =usinvwhere u = 4/y? + z2 and v is the angle formed by (x,y, ), (x, 0,0), and (x,y, 0)
with (x,0,0) as vertex. Sincex+y+z=1 = x=1—-y—z = x=1—ucosv—usinv,thenrisa
function ofuand v = r(u,v) = (1 —ucosv—usinv)i+ (ucosv)j+ (usinv)k,0 <u<3and 0 <v < 27.

(a) In afashion similar to cylindrical coordinates, but working in the xz-plane instead of the xy-plane, let
X =ucos v,z = usin v where u = \/x2 + z2 and v is the angle formed by (x,y, z), (v, 0,0), and (x,y, 0)
with vertex (y,0,0). Sincex —y+2z=2 = y =x+ 2z — 2, then r(u, v)
=(ucosv)i+ (ucosv+2usinv—2)j+ (usinv)k,0 <u < \/gandogv < 2m.

(b) In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let
y =1ucosV,z=usinv where u = \/}m and v is the angle formed by (x,y, z), (x, 0, 0), and (x, y, 0)
with vertex (x,0,0). Sincex —y+2z=2 = x=y —2z+ 2, then r(u, v)
=(@cosv—2usinv+2)yi+(ucosv)j+(usinv)k,0 <u< ﬁando <v<2m.

.Letx =wcosvandz=wsinv. Then (x —2)2 4+ 22 =4 = x2 —4x+22 =0 = w?cos?v — 4w cos v+ w? sin® v

=0=>w2—4wcosv=0=>w=00orw—4cosv=0 = w=0orw=4cosv. Noww=0 = x=0andy =0,
which is a line not a cylinder. Therefore, let w =4 cos v = x = (4 cos v)(cos V) = 4 cos?> v and z = 4 cos v sin v.
Finally, let y = u. Then r(u,v) = (4 cos? v)i+uj+ (4cosvsinv)k, — g <v< g and0 <u < 3.
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16. Lety =wcosvandz =wsinv. Theny?> +(z—5)2? =25 = y>+ 22— 10z2=0
= w2cos?v+w?sin?v—10wsinv=0 = w2 —10wsinv=0 = w(w—10sinv)=0 = w=0or
w=10sinv. Noww =0 = y = 0and z = 0, which is a line not a cylinder. Therefore, let w = 10 sin v
= y = 10sinvcos vand z = 10 sin? v. Finally, let x = u. Then r(u,v) = ui + (10 sin v cos v)j + (10 SiHZV)k,
0<u<l0and0<v <.

17. Letx =rcos § andy = r sin §. Then r(r,0) = (r cos 0)i + (r sin 0)j + (%TT“"@)k,ogrg land 0 <6 <27

= 1, = (cos 0)i + (sin 0)j — (%22) k and ry = (—r sin 0)i + (r cos O)j — (=2¢) k
i j k
_sing

2
__rcosf
2

= r.xrp=| cosf sin 0
—rsinf rcosf

_ (7rsin290059+(Sin9)(2rC°Sl9))i+ (rsi§20+rconQB)j+(rcos20+rsin20)k: §j+1’k
_ > 7\/gr - 21l \/gr - 2 \/grz 1 B 2 B
:>|rrxr9|—\/%+f2—T;‘A—fofoTdrde—fo Toda_fo do =

18. Letx =rcosfandy =rsinf = z=—x=—-rcos#,0<r<2and0 <6 < 27. Then
r(r,0) = (r cos 0)i + (r sin #)j — (r cos )k = r, = (cos 6)i + (sin H)j — (cos A)k and
rg = (—r sin 0)i + (r cos #)j + (r sin H)k
i j k
= rXrg=| cosf sinf —cosf
—rsinf rcosf rsinf

= (rsin?60 +rcos? 0) i+ (rsin 6 cos @ — r sin 6 cos 0)j + (r cos? @ + r sin® ) k = ri + 1k

= exrl=vV24+2=1V2 = A:fomf:rﬁdrdt?:f:ﬁ[rz\fﬁd@:ﬁ%%/idezmﬁ

5
<5,

19. Letx =rcosfandy =rsinf = z=2/x2+y2=2r,1 <r<3and0 <6 <27. Then
r(r,0) = (r cos 0)i + (r sin )j + 2rk = r;, = (cos )i + (sin 0)j + 2k and ry = (—r sin )i + (r cos 0)j
i i k
= r,Xryg=| cosd sinf) 2| = (—2rcos )i — (2r sin 0)j + (r cos? § + r sin? §) k
—rsinf rcosf O

=(—2rcos )i — 2rsin§)j+1k = |r, X ry| = \/41r2 cos2 6 + 4r2 sin2 0 + 12 = /512 = r\/g

= A:j:ﬁfl}r\/gdrdﬂzﬁzw[%ﬁ}deZLZW“\/gd@:SW\/g

20. Letx =rcosfandy =rsinf = z:ivxz;yzzg,?agr§4and0§0§27r. Then
r(r,d) = (r cos 0)i + (r sin G)j—i—(%)k = 1, = (cos )i + (sin 9)j+(%)kandr9:(—r sin 0)i + (r cos 0)j

i i K
= rxrg=| cosf sinf 1|=(—3rcosd)i— (rsinf)j+ (rcos’f+rsin?6)k
—rsinf rcosf O
=(—Lrcosf)i— (irsinf)j+rk = |5 xro|=1/2r2cos20+ Lr2sin26 + 12 = /102 — V10
3 3 9 9 9 3

6

I RN (T eviol? 0 [T VI0 4y 7m/10
= A= [ [0 drag = [[200] a0 = [T10 ag = Ty

21. Letx =rcosfandy=rsinf = > =x>+y?>=1,1<z<4and 0 < @ <27 Then
r(z,0) = (cos 0)i + (sin §)j + zk = r, = kand ry = (—sin )i + (cos 0)j
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i i kK
= rgXr,=|—sinf cosf 0= (cos i+ (sinh)j= |ryg xr,] =+/cos?f+sin?=1
0 0 1

= A= ["[1ardo= [3d0=6r

22. Letx =ucosvandz=usinv = u?=x>+22=10,-1<y <1,0<v <27 Then
r(y,v) = (ucosv)i+yj+ (usinv)k = (\/ 10 cos v>i+yj+ (\/ 10 sinv)k
i j k
:>rV:(—lesinV)i—f—(VlOcosv)kandry:j = Iy Xry=|—/10sinv 0 +/10cosv
0 1 0

= (—@cosv)i— (\/Esinv)ké |l'v xry\ = \/E = A:j:ﬂfjl\/mdudvz‘/;h{\/ﬁu] 1—1 dv
— ["2v/10dv = 47/10

23. z=2-x>—y?andz=/x2+y? = z2=2-2> = 224+2-2=0 = z=—2o0rz= 1. Sincez= /x2+y? 0,
we get z = 1 where the cone intersects the paraboloid. When x = 0andy =0,z =2 = the vertex of the
paraboloid is (0,0, 2). Therefore, z ranges from 1 to 2 on the “cap" = r ranges from 1 (when x> +y?> = 1)to 0
(when x = 0 and y = 0 at the vertex). Letx =rcos#,y =rsin 6, and z =2 — r2. Then
r(r,0) = (rcos )i+ (rsinf)j+ (2 —-r>)k,0<r<1,0< 6 <21 = 1, = (cos )i+ (sin #)j — 2rk and
i J k

rg =(—rsinf)i+ (rcos@)j = r, xryg=| cosb sinf  —2r

—rsinf rcosf O

= (2r2cos 0)i+ (22 sin 0)j+ 1k = |r; X rg| = \/4rt cos? 0 + 4rt sin2 0 + 12 = r\/4r2 + 1

o e [ o - [ s ] o [ (S a0 £ (35 1)

24, Letx =rcosf,y=rsinfandz = x> + y?> = 2. Thenr(r,0) = (rcos )i+ (rsin )j +r’k, 1 <r <2,
0<60<21 = r; = (cos )i+ (sin H)j + 2rk and ryg = (—r sin 0)i + (r cos 0)j
i ik
= rxrp=| cosf  sinf 2r|=(-2r"cosf)i— (2r¥sinf)j+1k = |r; X 1y
—rsinf rcosf O

— VAt cos 0+ At s 04 2 =r/A2 + 1 = A:f;hflzr\/4r2+ldrd0:j:ﬁ{é (@2 4+ 1) jd&
= ﬁz(@) a6 = 7 (17V/17 - 5/5)

25. Letx =psingcosf,y=psin¢sinf,andz=pcos¢p = p= \/m: \/Eonthe sphere. Next,
XX +y’+z22=2andz=/x2+y? = 2+22=2 = z2>=1 = z=1sincez 0 = ¢ = 7. For the lower
portion of the sphere cut by the cone, we get ¢ = 7. Then
I'((f),o):(\/ESiH¢COS9)i+(\/ESiH¢SiH9)j+(\/§COS¢)k,ES(f)SW,OSGSZTF
ér(ﬁ:(\/Ecoscbcosﬂ)i—l—(ﬁcosqbsin@)j—(\/Esinqb)kandrg:<—\/§sin¢sin0)i+<\/§sin¢cos9)j
i J k
= Iy XTIy = ﬁcosqﬁcos@ \/Ecosd)sinﬂ —\/Esinqb

—\/Esin¢>sin9 \/Esincﬁcosﬂ 0
= (2 sin® ¢ cos 0) i + (2 sin® ¢ sin 6) j + (2 sin ¢ cos Pk
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= |ry x 15| = /4 sint $ cos? 0 + 4 sint § sin? O + 4 sin2 ¢ cos? ¢ = /4 sin2 ¢ = 2 |sin ¢| = 2 sin ¢

- A:ﬁ2ﬂﬁj425in¢d¢d0:ﬁ)h(2+\/5) o = (4+2\/§)7r

26. Letx = psin¢cos b,y =psin¢sinf,andz=pcos ¢ = p=+/x>+y?+ z2 = 2 on the sphere. Next,

z=—-1 = —1=2cos ¢ = cosd):—% = cb:%";z:\/g = \/§:ZCOS¢ = cosqﬁz@ = ¢ = ¢ . Then
r(¢,9):(2sin¢>cos€)i+(2sin¢sin9)j+(2cosq/))k,%§¢§%,0§9§2W
= 14 = (2 cos ¢ cos 0)i + (2 cos ¢ sin §)j — (2 sin $)k and
rg = (—2 sin ¢ sin 0)i + (2 sin ¢ cos 0) j
i j k

= ryXrg=|2cospcosf 2cos¢psind —2sin¢

—2sin ¢ sinf 2 sin ¢ cos 0
= (4 sin? ¢ cos 0) i+ (4 sin? ¢ sin @) j + (4 sin ¢ cos H)k
= |ry x 19| = /16 sin? ¢ cos? § + 16 sin* ¢ sin? 0 + 16 sin? ¢ cos? ¢ = /16 sin® ¢ = 4 |sin ¢| = 4 sin ¢

= A:fff:/:”“iwwd@:foh(2+2\/§) o = (4+4\/§)7r

27. The parametrization r(r, 8) = (r cos 0)i + (r sin 0)j + rk z e
atPO:(ﬁ,ﬁ,z) = 9=2,r=2 T
rr:(cosﬁ)i+(sin9)j+k:§i+\/7§j+kand E
ro = (—rsin 0)i + (r cos 0)j = —/2i + 1/2j 5.2 — T #4y- =0

i j k
= rxry= |22 V212 1 : ’

V2 V2 0

= —ﬁi — \/Ej + 2k = the tangent plane is
0= (—ﬁi—ﬁj+2k) : [(x—ﬁ)i+(y—ﬁ)j+(z—2)k] = V/2x+ /2y —22=0,0rx +y — /22 = 0.

The parametrization r(r,f) = x =rcosf,y =rsinfandz=r = x?+y? =1’ =7z? = the surface is z = \/x? + y2.

28. The parametrization r(¢, 6)
— (4 sin ¢ cos 0)i + (4 sin ¢ sin 0)] + (4 cos P)k V2 x+V2 y+2/3 216 Bay? s 2216

atPo = (v2,12,2/3) = p=4andz=2\/3
(

=4cos¢p = qﬁzg;alsox:ﬁandy:\/i
= 0 =7. Thenr,
= (4 cos ¢ cos 0)i + (4 cos ¢ sin §)j — (4 sin p)k
= /6i + /6j — 2k and x y
rg = (—4 sin ¢ sin 0)i + (4 sin ¢ cos 6)j
i j k

:—ﬁi—i— 2jatPy = ry x1rg = \/6 6 -2

V2 V2 0
= 2\/§i + 2\/§j + 4\/§k = the tangent plane is

(2\/§i+2\/§j+4\/§k)-[<x—\/§)i+(y—ﬁ)j+(z—2\/§)k] —0 = V2x+ /2y +232 =16,

orx+y-+ \/gz = 8\/5. The parametrization = x = 4 sin ¢ cos 0, y = 4 sin ¢ sin 0, z = 4 cos ¢
= the surfaceis x> +y> + 22 =16,z 0.
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29. The parametrization r(f,z) = (3 sin 260)i + (6 sin® §) j + zk
atPy = (ﬁ 2 O) = 6= Zandz = 0. Then

9 59 P2+ (y-3%=9

rg = (6 cos 20)i + (12 sin 6 cos 0)j Vx4 y=9
= -3i+ 3\/§j andr, = k at Py

i j k )
= rxr,=|-3 3,/3 0|=33i+3j ' /@)\

0 0 1 (3—‘25,9/2,0) ’

= the tangent plane is
(3v3i+3i) - [(x= 22) i+ (y— )i+ @—0k| =0
= \/gx +y = 9. The parametrization = x = 3 sin 26

andy = 6sin20 = x2+y? = 9sin220 + (6 sin’ )’
=9 (4 sin? 0 cos?0) +36sin' 0 =6 (6sinf) =6y = x> +y?—6y+9=9 = x2+(y—3)2=9

30. The parametrization r(x,y) = xi + yj — x’k at
Po=(1,2,—1) = r, =i—2xk = i— 2kand r, = j at P,

i j k
= ryxry=|1 0 —2|=2i+k = the tangent plane
01 0

SRi+k)-[x—=Di+(y—-2)j+@+DKk]=0
= 2x +z = 1. The parametrization = x =X,y =y and

7z = —x% = the surface is z = —x2

31. (a) An arbitrary point on the circle Cis (x,z) = (R+rcosu,rsinu) = (X,y,z) is on the torus with
x=(R+rcosu)cosv,y=(R+rcosu)sinv,andz=rsinuy,0 <u<27,0<v <27
(b) ry = (—rsinucos v)i — (rsinusin v)j + (r cos u)k and ry = (—(R + r cos u) sin v)i + (R -+ r cos u) cos v)j

i j k
= Iy XTIy = —rsinucos v —rsinusinv rcosu
—(R +rcosu)sinv (R+rcosu)cosv 0

= —(R 4+ rcos u)(rcos vcosu)i — (R+rcosu)(rsinv cos u)j + (—r sin u)(R + r cos u)k
= |ry x ry|* = (R +rcos u)? (r2 cos? v cos?u + 12 sin? v cos?u + 12 sinu) = |r, X ry| = r(R 4 r cos u)

o2 2T 2m
= A= j; j; (rR 4 1% cos u) dudv = j; 27mR dv = 472R

32. (a) The point (x,y,z) is on the surface for fixed x = f(u) when y = g(u) sin (3 — v) and z = g(u) cos (5 — V)
= x =1(u),y = g(u)cosv,and z = g(u) sinv = r(u,v) = f(u)i+ (g(u) cos v)j + (g(u) sin v)k, 0 < v < 27,
a<u<b
(b) Letu=yandx=u? = fw)=uv?andgu) =u = r(u,v) =vli+ (ucosv)j+ usinvk,0<v<2r,0<u

33. (a) Letw2+§zlwhereW:cosqﬁand%:sind) = §+§:c052¢ = gzcosqbcosﬁand%:cosqﬁsinﬁ

= x=acosfcos ¢,y =Dbsinf cos ¢, and z = ¢ sin ¢
= r(0,¢) = (acos  cos ¢)i + (b sin 6 cos ¢)j + (¢ sin @)k
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(b) ry = (—asin f cos @)i+ (b cos b cos ¢)j and ry = (—a cos 6 sin p)i — (b sin  sin ¢)j + (c cos p)k
i j k
= Irg Xxrgy=|—asinfcos¢ bcosfcose 0
—acosfsing —bsinfsing ccoso
= (bc cos 0 cos® @) i+ (ac sin 6 cos? @) j + (ab sin ¢ cos p)k

= |y x 1y|* = b2c? cos? § cos? ¢ + a%c? sin? O cos? ¢ + a®b? sin? ¢ cos? ¢, and the result follows.

2r o 2 T
A:>fO j; |r9><r¢\dq§d9:f; f; a?b? sin? ¢ cos? ¢ + b%c? cos? 0 cos? ¢ + a%c? sin® 6 cos* ¢ ] de df

34. (a) r(f,u) = (coshu cos )i + (cosh u sin 6)j + (sinh u)k
(b) r(f,u) = (acoshu cos 6)i+ (b cosh u sin 0)j + (c sinh u)k

35. r(f,u) = (5 cosh u cos #)i + (5 cosh u sin #)j + (5 sinh u)k = ry = (—5 cosh u sin #)i + (5 cosh u cos 6)j and
= (5 sinh u cos #)i + (5 sinh u sin #)j + (5 cosh u)k
i J k
= rg Xry=|—5coshusinf 5 coshucosé@ 0
Ssinhucosf® Ssinhusinf 5coshu
= (25 cosh?u cos )i + (25 cosh? u sin 6) j — (25 cosh u sinh u)k. At the point (xo, yo, 0), where x3 + y2 = 25
we have 5 sinhu=0 = u=0and x) =25cos 0, yp =25sin§ = the tangent plane is
5(xoi + yoj) - [(x — x)i+ (y — yo)i +zk] =0 = xox — x3 + yoy — y2 =0 = Xox + yoy = 25

2 . Z .
36. Letz—z—wzzlwherefzcoshuandW:smhu = w2= ?—l—y—z = gzwcosﬁand%:wsmﬁ

o

= x =asinhucosf,y =bsinhusinf, and z= c coshu
= r(f,u) = (asinh u cos )i + (b sinh u sin #)j + (c cosh )k, 0 < 6 <27, —c0o < u < 0

37. p=k, yf=2i+2yj— k = |y f|= \/(2x)2+(2y)2+(—1)2: \/4x2+4y2+1and|vf-p|: 1;

z=2 = X2+y2:2,thUSS:ff“vvtfll" dA:ff 4X2+4y2+1dxdy
R R
2 ﬁ 2 \/5
:ff\/4r2cos29+4r2sin29+1rdrd9:j; [FVarsirardo = [ [%(4r2+1)3/2]0 W
_f2~r _3
3

= S—ff ot d4A = ff\/4x2+4y 1 dxdy—ff\/élr? 1rdrd9_f ff 42 + 1rdrdd

= J {%(4r2+1)3/2}£d9=ﬁ%%d9:4?9#

39. p=k, vf=i+2j+2k = | f|=3and | f-p|=2;x =y?>and x = 2 — y* intersect at (1, 1) and (1, —1)

- s:fR T dA:fngdxdy:fflfyf’ygdxdy:fi(3—3y2) dy =4

Avai
[f-p] dA

:fRf—zvﬁ“ dxdyzfoﬁj:\/mddeZfo xV/X2 + 1 dx = [% )3/2}(:/5:%(4)3/2—%:;

40. p=k, vf=2%i—-2k = |vf|=V4x2+4=2/x>+land | f-p|=2 = s_ff

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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41. p=k, yf=2xi—2j-2k = |y f|= \/(2)()2+(72)2+(72)2 = \/4)(2 +8=2yx>+2and |y f-p|=2

. 2
= 5= [[ S a=[[ 252 avay= [0V T avax= [a/i a0 10

=6y6-2\2

p=k, vf:in—|—2yj+ZZk:>|vf|:\/4x2—|—4y2—|—422:\/§:2 2and |7 f-p| =2z, x> +y? + 2> =2 and

42.
— /21y = < 4y? = 1 thus, s—ff ‘vvffll)‘dA:fRf %dA:ﬁfRf L dA
27
:ﬁfRfmdA:ﬁfO f(}%:\/ﬁfo (71+\/§)d0:2ﬂ(27\/§)
B.p=k, vi=ci-k = |vfl=V+land|vf-pl=1=S=[[ FLda=[[ /24 1dxdy
R R
:jjﬂj;] \/02—1—lrdrdQ:ﬁfﬁ—ch+1 df =m\/c2 + 1
44, p=k, v f=2xi+2zj = |vf\:\/(Zx)2+(2z)2:2and|vf |—sz0rtheuppersurface,z 0
f 12 p1/2 1/2
= s=/] gwmeaa=/[ 3 =2f ) A dvax= [, i dx
= [sin”" 1/3/2:%—(—%):%
45. p=i, vf=i+2yj+27k = |vfl=/12+Qy)?+ Q222 = /1 +4y2 +422and |y f-p|=1;1<y>+ 72> <4

= S_ff ||vvf dA = ffv1+4y +422dydz—f f\/l+4r2cos29+4r251n29rdrd9
:fffl \/1+4r?rdrd9:j; [§(1+4r2)3/2}1d9=ﬁ)2”%(17 17—5\/5) dezg(nﬁ—sﬁ)

46. p=j, wi=2xi+j+2zk = | f|=V4x2+4z22 + land |y f-p|=L;y=0and x> +y+ 22 =2 = x>+ 22 =2;
2T 1

thus,S:fRf% dA:fRf\/4x2+4ZQ+1dxdz:j:ﬂj;ﬁ\/élr?—i—lrdrdH:fo Bdp="Lr
p_k,vf_(ZXi)i+\/ﬁjké|vf|_\/(2xi)2+( 15) F(-D2=/ax2+8+ 4 =/ (2x+ 2

=2x+2,onl<x<2and|wf-pl=1= S=[[ L da= [[(2x+2x7")dxdy
R R

1 1
_ff 2x+2x ) dxdy = [ [ +2Inx}dy= [ G+2In2dy=3+2In2

48. p=k, VE=3yXi+3,/5j—3k = |Vl =/Ox 0y +0=3/xty+ land|vf-p|=3
= s= [ [ dA:fRf«/x—l—y—Fldxdy:fol‘f;lw/x—i-y—kldxdy:f()l[%(x+y+l)3/2](1)dy

Ivipl
R
= [ Bo+272 =3+ D7) dy = [+ 272 - &+ D7) = & [0 - @7 - @2+ 1]

:%(9\/§—Sﬁ+1)
f(x,y) =2, f,(x,y) =2y = (/f2+ 12+ 1= /42 +4y2 + 1 = Area= [ [/4x> +4y2 + 1 dxdy
R

:ﬁ”foﬁ\/mrdrdezg(m\/ﬁ—l)

47.

49.
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50. fy(y,2) = =2y, f,(y,2) = —2z = /2 + 2+ 1= /4y’ +422 + 1 = Area= [ [\/d4y? +422 + 1 dydz
R
27 1
=[] \/4r2+1rdrd9=g(5\/§—l)

51. fx(x,y):\/ﬁ,f(xy) \/7:>\/f2+f2+1—\/X2+y2+xz+yz+l—fﬁArea—ff\/_dxdy

X)’

=2 (Area between the ellipse and the circle) = \/5 6r —m) = 5m/2

52. Over Ryy: Z:2—%x—2y = fx(x,y):—%,fy(x,y):—Z = \/ff+f}?+1:\/g+4+1:%

= Area= [ [ 7dA = (Area of the shadow triangle in the xy-plane) = () (3) = 1.

Xy

OverRy: y=1-1x-1z = fix,)=-1 . fx,)=-1 = /E2+02+1=/b+14+1=1

= Area = f f % dA = % (Area of the shadow triangle in the xz-plane) = (%) B)=3

OverRy: x=3-3y— 37z = fi(y,2) = —3,f,(y,2) = — 3 = \/fy2+f22+1: \/9+g+1:g
= Area= [ [ dA = I (Area of the shadow triangle in the yz-plane) = (3) (1) = 3

yz

53, y=27% = f(x,2) =0,f,(x,2) =2z"/? = /P24 2+ 1=+/z4+1;y=18 = 162,372 5 ;-4
y 3 X z y 3 3 3

- Area:j:j;l\/z+ldxdz:j:\/z—i—ldz:%(5\/_—1>

54 y=d—z = L0 =0f0x)=—1 = /E2+2+1=12 = Area= [[ \/EdA:foszHz\/dedz
RK7.
_\ff dz_m

55. r(x,y) =xi+yj+ixy)k=r(xy) =i+ &(xy) kry(xy) =j+f(x,y)k
i j Kk
=>rnxry=|1 0 fi(xy)|=—fhxyi-fxy)j+k
0 1 fy(x,y)
. 2 2 2 2 2
= Iyl = (R )+ (yoy) + 12 = Ry (y) 1

= do = \/h(xy) +h(xy)’ +1dA

56. S is obtained by rotating y = f(x), a < x < b about the x-axis where f(x) 0
(a) Let (x,y,z) be apoint on S. Consider the cross section when x = x*, the cross section is a circle with radius r = f(x*).
The set of parametric equations for this circle are given by y(6) = rcosé = f(x*) cosf and z(#) = rsin6
= f(x*) sin @ where 0 < § < 27. Since x can take on any value between a and b we have x(x, 6) = x, y(x, 0)
= f(x) cos 0, z(x, ) = f(x) sinf where a < x < band 0 < § < 27, Thus r(x, §) = xi+ f(x) cos 8 j + f(x) sin 6 k
(b) rx(x,0) =i+ f'(x)cos ¢9j + f'(x) sin Ok and ry(x, ) = —f(x) sin 6 j + f(x) cos 0 k
i k
=>rxrp=|1 f'(x )cos@ f'(x)sin@ | = f(x) - f'(x)i — f(x) cos 8 j — f(x) sinf k
0 —f(x)sind f(x)cosf

= |1y X 19| = \/( f(x) - £/(x)) 4 (—f(x) cos 0)* + (—f(x) sin§)* = f(x)1/ 1 + (f'(x))*

A_j;bf()%f(x)\/l+(f/(x))2d0dx_j;b[<f(x) 1+(f/(x))2>ardx_fahzwf(x) L1 (F(0) dx
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16.6 SURFACE INTEGRALS

i j Kk
1. Let the parametrization be r(x,z) = xi + x’j +zk = r,=i+2xjandr,=k = r,xr,=|1 2x 0
0 0 1
3 2 3 2
=2xi+j = [noxr= VA + 1 = [[Gryndo= [ [[xV/ae+Taxdz= [/ [ @+ 1" o
S
:fi(n 1771)dz:@
o 12 4
2. Let the parametrization be r(x,y) = xi+yj+ /4 —y’k, 2<y <2 = r,=iandr,=j— 4y7y2k
ij Kk
— |1 0 0 — Y O - _2
= I, XTIy, = 0 1 _ _mj+k¢|rxxry|_ 47y2—|—1_ ey
= [ [ A=y (=) dydx =24
= foG(x,y,z)daffljl2 4—y (m) ydx =

. Let the parametrization be r(¢, §) = (sin ¢ cos 0)i + (sin ¢ sin 6)j + (cos ¢)k (spherical coordinates with p = 1
on the sphere), 0 < ¢ < 7,0 <0 <271 = 1, = (cos ¢ cos O)i + (cos ¢ sin 0)j — (sin $)k and

i j k
rg = (—sin¢sin @i+ (sinpcosh)j = ry Xxrg=| cosgpcosf cos¢@sing —sin¢
—sin ¢ sin 6  sin ¢ cos 6 0

= (sin® ¢ cos 0)i + (sin? ¢ sin 0) j + (sin ¢ cos p)k = [r, x rg| = \/sin* ¢ cos? O + sin’ ¢ sin? @ + sin2 ¢ cos? ¢
2 T
— sin¢:x = sind cos § = G(x,y,z) = cos20 sin? ¢ = foG(x,y, 21do = [ [ (cos? 0 sin? §) (sin ) do df

=TS oo 1o gy sinaraoan: | U750 | = [ o) 0 1) s

2w -1 2 . T
= fo (cos®0) [“; _UL df = 3% fo cos’0df =% [4+ 51"429]2 =4

0~ 3

. Let the parametrization be r(¢, ) = (a sin ¢ cos #)i + (a sin ¢ sin )j + (a cos ¢)k (spherical coordinates with p = a,
a 0, onthe sphere),0 < ¢ < 7 (sincez 0),0 <60 <27 = ry = (acos ¢ cos )i+ (acos ¢ sin 0)j — (a sin ¢)k and

i j k
rp=(—asingsind)i+ (asingpcosd)j = ry xrg=|acospcosfd acos¢singd —asing
—asin¢sinf asin ¢ cos 6 0

= (a® sin® ¢ cos 6) i+ (a? sin ¢ sin 0) j + (a® sin ¢ cos )k

= |ry x 15| = y/al sint ¢ cos? 0 + al sint ¢ sin2 O + al sin2 ¢ cos? ¢ = a’ sin ¢; z = a cos ¢

2 p7/2
= G(x,y,z) = a’cos’ ¢ = ffG(x, y,z)do = j; j; (a% cos? ¢) (a? sin ¢) dpdf = %’7‘(34
S

Let the parametrization be r(x,y) = xi+yj+ @4 —x—y)k = rr=i—Kkandry, =j—k

i j Kk
S roxry=[1 0 —1|=i+j+k = [rxr,|=13 = ff]?(x,y,z)da:fo1 01(4—x—y)\/§dydx
01 -1 S
1 571 1 1
:j;\/g[4yfxyfy2:]0dx:fo\/g(%fx)dX:\/g[%xf";]o—3\/§
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Let the parametrization be r(r,0) = (rcos )i+ (rsinf)j+1k,0 <r <1 (since0 <z <1)and 0 <0 <27
i j k
= 1, =(cos )i+ (sinf)j+kandry = (—rsinf)i+ (rcosh)j = r, xry=| cosb sinf 1
—rsinf rcosf O

= (—rcos 0)i — (rsin 0)j + 1k = |r; X rg| = \/(~1cos 0)2 + (—rsin 6)2 + 12 = r\/E; z=randx =rcosf
2w 1 2 1
= F(x,y,z)=r—rcosf = ff F(x,y,z)do = j; j; (r —rcos 0) (rﬁ) drdf = ﬁj; j; (1 —cos @) 12 drdd
S
_ /2
=73
Let the parametrization be r(r, §) = (r cos 6)i + (r sin 8)j + (1 — rZ) k,0<r<1(since0<z<1)and0 <6 <2m
i j k
= 1, = (cos 0)i+ (sin 0)j — 2rk and ry = (—rsin )i+ (rcos #)j = r. xrg=| cosf sinf —2r
—rsinf rcosf O

= (2r’cos 0)i+ (2r* sin0) j+ 1k = |r; X rp| = \/ 212 cos 0)° + (22 sin 0) + 12 = ry/1 + 412,z = 1 — 2 and
x=rcosf = H(x,y,z) = (1’ cos’ ) /1 + 4r2 = ff H(x,y,z) do

:j;zwj;l (r? cos? 0) (\/1+4r2) ( \/1—|—4r2> drdg_f f (1+412) cos® 0 drdf = 111_277

Let the parametrization be r(¢, ) = (2 sin ¢ cos )i + (2 sin ¢ sin 0)j + (2 cos ¢)K (spherical coordinates with
p = 2 on the sphere), 0 < ¢ < %;x +y?’+z22=d4andz=\/x2+y? = 22+722=4 = 2=2 = z= \[(since
z 0) = 2cos¢ = \/5 = cos ¢ = ‘/TE = ¢=175,0<0<2mr, = (2cos ¢ cos )i+ (2 cos ¢ sin )j — (2 sin p)k
i j k
andrg = (—2sin ¢ sinf)i+ (2sinpcosh)j = ry, Xxrg=|2cospcosf 2cospsing —2sin¢
—2sin ¢ sinf 2 sin ¢ cos @ 0

= (4 sin® ¢ cos 0) i+ (4 sin® ¢ sin @) j + (4 sin ¢ cos )k
= |ry x rg| = /16 sin* ¢ cos? @ + 16 sin? ¢ sin? @ + 16 sin2 ¢ cos ¢ = 4 sin ¢; y = 2 sin ¢ sin § and

2r /4
z=2cos$ = Hx,y,2) =4cos¢psingsing = [ [ Hx,y,2do= [ [ (4cos ¢ sin ¢ sin 6)(4 sin ¢) d df
S

27 /4
:\[; fo 16 sin® ¢ cos ¢ sin 6 dpdf = 0

The bottom face S of the cube is in the xy-plane = z=0 = G(x,y,0) =x+yand f(x,y,z) =z=0 = p=Kk
and wf=k = |wf|=1and | f-p|=1 = do=dxdy = fdea:ff(x+y)dxdy

= foaj: x+y)dxdy = j: (%) + ay) dy = a®. Because of symmetry, we also get a® over the face of the cube

in the xz-plane and a® over the face of the cube in the yz-plane. Next, on the top of the cube, G(x,y, z)
=G(x,y,a) =x+y+aandf(x,y,z)=z=a = p=kand yf=k = |vyf|=1land |y f-p|=1= do =dxdy

foGda:fRf(x—l—y—i—a)dxdy:j:j: xt+y+taddy= [ [Tty dxdy+ [ [ adxdy =24,

Because of symmetry, the integral is also 2a® over each of the other two faces. Therefore,
[[x+y+2)do=3(a® +2a%) = 9a°.

cube

On the face S in the xz-plane, we havey =0 = f(X,y,z) =y =0and G(x,y,2) = G(x,0,z) =z = p=jand\yf=]j
1 2 1
= |vil=lad|vf-pl=1=do=dcdz= [[Gdo=[[y+ndo= [ [ zdxdz= [ 2zdz=1.
S S

On the face in the xy-plane, we have z = 0 = f(X,y,z) =z=0and G(x,y,z) = G(X,y,0) =y = p=kandy f=Kk

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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1 2
= |vil=land|vf-pl=1= do=dxdy = [[Gdo= [[ydo= [ [ ydxdy=1.
S S
On the triangular face in the plane x = 2 we have f(x,y,z) = x = 2 and G(x,y,z) = G(2,y,z) =y+2z = p=iand
1 1—
vi=i=|vfl=land|vyf-p|=1 = do=dzdy = fdeU:ff(y—i—Z)da:foj; y(y—l—z)dzdy
S S

1
=J, s (1-y)dy=3.
On the triangular face in the yz-plane, we have x = 0 = f(x,y,z) = x = 0and G(x,y,z) = G(0,y,z) =y + z
= p=iand vf=i= |vf[=land|vf-p|=1 = do=dzdy = [[Gdo= [[(y+2)do
S S

1 1-y
:j;j; (y—l—z)dzdy:%.
Finally, on the sloped face, we havey+z=1 = f(x,y,z) =y+z=1and G(x,y,z) =y+z=1 = p=Kkand
vi=j+k = |vfl=v2ad|vf-p|=1= do=+2dxdy = [[Gdo= [[(y+2do
S S

:folf:\/idxdyzzﬁ. Therefore, [ [ G(x,y,z)do=1+1+1+14+2/2=842\/2

wedge

11. On the faces in the coordinate planes, G(x,y,z) = 0 = the integral over these faces is 0.
On the face x = a, we have f(x,y,z) = x = aand G(X,y,z) = G(a,y,z) =ayz = p=iand yf=i = |vf|=1

c rb 5 9
and |y f-p|=1 = do=dydz = fdea:ffayzda:fofo ayzdydz:“b;‘C .
S S
On the face y = b, we have f(x,y,z) = y = band G(x,y,z) = G(x,b,z) =bxz = p=jand v f=j = |vf|=1
and |7 f-p|=1 = do =dxdz = fdeO':fbeZdO':j:j:bXZdXdZ:a24LC2.
S S

On the face z = ¢, we have f(x,y,z) = z = cand G(x,y,z) = G(x,y,c) =cxy = p=kand wf=k = |yf|=1
b ra 5
and |y f-p|=1 = do=dydx = fdea:ffcxydo:foj;cxydxdy:az%c. Therefore,
S S

fsf G(x,y,z) do = w

12. On the face x = a, we have f(x,y,z) = x = aand G(x,y,z) = G(a,y,z) =ayz = p=iand v f=i = |vf|=1
b c
and |y f-p|=1 = do=dzdy = fdeoszayzdazfibfic ayz dzdy = 0. Because of the symmetry
S S

of G on all the other faces, all the integrals are 0, and ff G(x,y,z)do = 0.
S

13. f(x,y,2) =2x+2y+z=2 = vf=2i+2j+kand G(x,y,z) =x+y+2—-2x—2y)=2—x—-y = p=Kk,
|vfl=3and|vf-p|l=1= dr=3dyd;z=0 = 2x+2y=2=y=1-x= [[Gdo= [[C—x-y)do
S S
1 1—x 1 1 2
=3/ [ (2—x—y)dydx:3f0[(2—x)(1—x)—%(1—x)2]dx:3f0(g—zx+%)dx:2
14. f(x,y,z) =y*+4z=16= yf=2yj+4k = | f|=/4y?+16=2/y?+4andp=k = |y f-p|=4

= do = 2 gy dy :»foGda:f:fO'(x\/y2+4) (L5 axdy = [ [ 2052 dxay

4 :
= [ty =g [5+ay] =3 (%110 =¥

4
0
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15. f(x,y,2) =x+y*—z=0= wf=i+2yj — k= | v f| = /4y2 + :\/5\/2y2+1andp:ké|vf-p|:l
= do = Y2V dxdyéfdeo:fOlj;y(x+y2—x)\/E«/2y2+1dxdy:ﬁﬂlﬁyyzw/2y2+ldxdy
VAl T Ty = i

16. f(x,y,z2) =x>+y—z=0= vi=2i+j—k=|vfl=v4a+ :\/5\/2X2+1andp:k:>|vf-p|:1
:>d0:\[7vlzx+ldxdy:>fdeU:fllj;lx\/E\/ZXQ—i—ldxdy:\/EIIIJ;IX\/ZXQ—i—ldXdy

S
1
:3¢€6—\/5f0 dy:3¢€3—ﬁ
17.

f(x, y, z )—2X+y+z—2:> Vi=2i+j+k=|vfl=6andp=k=|vf-p|=1=do=YCdydx

:>fdeU—ff xy(2—-2x—y \/7dydx—\/7ff2 " (2x y — 2x%y — x y?) dy dx
_ff Zx —2x2 4+ 2x° — )dx-‘/g

18. f(x,y.2) =x+y=1= yf=i+j=|vi=v2adp=j=|vf-p =1
\/5 1 1 1 1
:>d0:szdx#fdeU:fofO(x—(l—x)—z)\/idzdx:\/Ej;fo(Zx—z—l)dzdx
S
:\/EJ;I(ZX—%)dx:—%
19.

Let the parametrization be r(x,y) = xi+yj+ (4 —y>)k,0<x<1,-2<y<2;z=0 = 0=4—y

i j Kk
= y=*2%r=iandry=j—-2yk = ryxry=|1 0 0 |=2yj+k = F-ndo
0 1 —2y
. ‘;zig‘ Irx X ry| dy dx = (2xy — 3z) dy dx = [2xy — 3(4 —

y)]dydx = [[F-ndo
S

1 2 1 1

= [ [ exy+3y2 —12)dydx = [ [xy? +y* — 12y)°, dx = [ —32dx = 32

20. Let the parametrization be r(x,y) = xi+x2j 47k, -1<x<1,0<z<2 = ryr=i+2xjandr, =Kk
i j Kk

= rxr,=1 2x 0 =2i-j = F-ndo=F- o
0 O

:>ffF ndo—ff—x dzdx——%

ry X 1, dzdx = —x? dzdx

21. Let the parametrization be r(¢, ) = (a sin ¢ cos 6)i + (a sin ¢ sin 0)j 4 (a cos ¢)k (spherical coordinates with
p=aa 0,onthesphere),0 < ¢ < g (for the first octant) , 0 < 6 < g (for the first octant)

= 1, = (acos ¢ cos 0)i + (a cos ¢ sin A)j — (a sin ¢)k and ry = (—a sin ¢ sin 0)i + (a sin ¢ cos 0)j
i

j k
= ry Xrpg=|acos¢pcosf acos¢psinf —asing
—asin ¢ sinf asin ¢ cos 0
= (a% sin? ¢ cos 0) i + (a® sin? ¢ sin ) j + (a® sin p cos ) k = F-ndo = o 0

T [rs x rp| dOde
/2 /2 3
= a3 cos? ¢ sin ¢ df d¢ since F = zk = (a cos )k = ffF-nda:j; j; a% cos? ¢ sin ¢ dp df = >
S
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22. Let the parametrization be r(¢, ) = (a sin ¢ cos )i + (a sin ¢ sin 0)j + (a cos ¢)k (spherical coordinates with
p=aa 0,onthesphere),0 < ¢ <7,0<6< 27
= 1y = (acos ¢ cos )i + (a cos ¢ sin #)j — (a sin ¢)k and ry = (—a sin ¢ sin )i + (a sin ¢ cos 0)j

i J k
= Iy, XTrpg=|acos¢pcosf acos¢sinf —asing@
—asin ¢ sin§ asin ¢ cos 6 0
= (a?sin? ¢ cos )i+ (a® sin® ¢ sin 0) j+ (a’ sin p cos )k = F-ndo =F - ;:ii:‘ Iry x rg| dOd¢

= (a3 sin® ¢ cos? ¢ + a3 sin® ¢ sin® O + a3 sin ¢ cos? ¢) df dp = a® sin ¢ df d¢ since F = xi + yj + zk
2T ™
= (asin ¢ cos 0)i + (a sin ¢ sin 0)j + (acos p)k = foF-ndo = j; j; a3 sin ¢ d¢p df = 4rwa’

23. Let the parametrization be r(x,y) = xi+yj+2a—x—yk,0<x<a,0<y<a = ry=i—kandr,=j—Kk

i j k
= rxry=[1 0 -1 :i+j+k:F-nda:F-‘:i—ig‘\rxxrﬂdydx
0 1 -1

= [2xy 4+ 2y(2a — x — y) + 2x(2a — x — y)] dy dx since F = 2xyi + 2yzj + 2xzk
=2xyi+2ya—x—y)j+2xQa-x—yk = [[F-ndo
S

= [ [ 2xy +2y@a —x —y) +2xQa —x — y)ldydx = [ [ (day — 2y? + dax — 2x? — 2xy) dy dx

:j:)a(%a3+3a2x—2ax2)dx:(‘3_‘_1_%_%) 4:%34

24. Let the parametrization be r(6,z) = (cos 8)i + (sin 6)j +zk,0 <z < a,0 < 6 < 27 (wherer = \/x2+y2 =1 on

i j k
the cylinder) = ry = (—sin )i+ (cos@)jandr, =k = rgxr,=|—sinf cosd 0| = (cos 0+ (sin 0)j
0 0 1

= F-ndo=F- 2% |ry x r,| dzdf = (cos® 0 + sin? ) dzdf = dzdb, since F = (cos )i + (sin 0)j + zk

’ [rgxr,|

N ffF-nda:fO%anldzdezzwa
S

25. Let the parametrization be r(r, ) = (rcos 8)i+ (rsin 0)j +rk,0 <r < 1 (since0 <z<1)and0 <0 <27

i j k
= 1, =(cos )i+ (sinf)j+kandry = (—rsin )i+ (rcos#)j = rg xr,=|—rsinf rcosf O
cos 0 sinf 1

= (rcos O)i + (rsin0)j —rk = F-ndo =F- 125 |rg x r;| df'dr = (1” sin 6 cos? § +r*) df dr since

F = (r? sin  cos 0) i — rk :>ffF-nda:j:Wj;](r3sin000329+r2)drd9:j:ﬂ(% sin 6 cos? 6 + 1) do
S
S heosos g)E ok

26. Let the parametrization be r(r, ) = (rcos 8)i+ (rsin €)j +2rk, 0 <r < 1 (since 0 <z <2)and 0 < 6 < 27

i J k
= 1. = (cos )i+ (sin 0)j + 2k and ry = (—rsin )i+ (rcos §)j = rg xr, = | —rsinf rcosf O
cos 0 sinf 2

=Q2rcos )i+ Q2rsind)j—1k = F-ndo =F - ‘:Zii’l [rg X r| dOdr
= (2r% sin? @ cos O + 413 cos 0 sin 6 + r) df dr since
2m 1
F=(r?sin?0)i+ (2r’cos ) j —k = foF-ndo: j; j; (2r® sin® 0 cos 6 + 4r3 cos 0 sin 0 + r) drdf
2w .
:j; (% sin?6 cos 6 + cos § sin 6 + 3) df = [+ sin30+%sin29+%9]§“ =7
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Section 16.6 Surface Integrals

27. Let the parametrization be r(r,0) = (rcos )i+ (rsin0)j+1k, 1 <r <2 (since 1 <z<2)and0 <0 <27

i j k
= 1. =(cos )i+ (sinf)j+kandry = (—rsinf)i+ (rcosf)j = rg xr,=|—rsinf rcosf 0
cos 6 sinf 1

=(@cosi+ (rsinf)j—1k = F-ndo =F - =k

[rg x|

rg X ;| dfdr = (—1? cos? @ — r? sin®? § — 1*) df dr

2 2
= (—r?> —13) df dr since F = (—r cos 6)i — (r sin 6)j + 1’k :>ffF-ndJ:j; fl (—r* —r¥)drd§ = — ¢
S

28. Let the parametrization be r(r, #) = (r cos 0)i + (rsin 0)j +r’k, 0 <r < 1 (since 0 <z < 1)and 0 < § < 27

i j k
= 1, = (cos )i+ (sin §)j +2rkandry = (—rsinf)i+ (rcos #)j = rg xr,=|—rsinf rcosf 0O
cos 0 sinf 2r

= (2r* cos 0)i+ (2° sin ) j —tk = F-ndo =F - 1275 [rg x 1| df dr = (8r° cos® ¢ + 8r° sin® 6 — 2r) df dr

27 1
= (8% — 2r) dfdr since F = (4r cos )i + (4rsin0)j + 2k = [ [F-ndo= [ [ (8% —2r)drdf =21
S

2. g(x,y,2) =zp=k = veg=k = |veg/ =land|vg-p|=1= Flux= [ [F-ndo= [ [(F-k dA

S R
:j:j:3dydx:18

30. gx,y,2)=y,p=—j = veg=j=|veg=land|yg-p=1= Flux:ffF-ndU:ff(F-—j)dA
S R

= [*[(2dazax = ["27 -2 dx =102 + 1) = 30
— [ [2aax= [T20 -2 =100+ 1) =

o |N,

31 weg=2xi+2yj+27k = |wgl =/4x2+4y? + 422 =2a;n = ;’\‘};ﬁ”yjjzzl; = Xi+yg+2k = F-n=
Ve k=2 = do=2dA = F1ux=fRf (2) ® dA:fszdA:fRf«/a2—(X2+y2)dxdy
T/2 a
:j; j;\/aQ—rQrdrdQ:%

2. ve=2xi+2yj+2k = | gl = VA £ Ay 42 = 2qn= IR _ N0k o g oy n

=0;|veg k=22 = do=2dA = Flux= [ [F-ndo= [[0do =0
S S

33. FromExercise3l,n:WanddozgdA = F-n=2_342_12 4 Flux:ff(z) (2) dA

~ [froa=7

34, FromExercise31,n:WanddozgdA = F-n:ﬁ—i—ﬁ—i—%:

o
8
b b
L
N
—
>
8
+
<
8
+
N
L
~—
©
N

= Flux = ff (za) (2) dxdy = ff a? dxdy = a’*(Area of R) = 1 ma*
R R

35. FromExercise31,n:WanddazgdA = F-n=%+YX 4+%2 =3 = Flux
9 P T/2 a
:fRfa(g)dA:fRf %dAszfﬁdAzﬁ ) rdrd
= j:/zaZ [—\/a2 frZ] ; do = %‘3

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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978  Chapter 16 Integration in Vector Fields

36. From Exercise 31, n = W anddo =2dA = F-n=

a a /2 ra a a
= Flux:fngdxdyZIRfmdxdyz‘ﬂ j;) ﬁrdrdezg

37. gx,y,2) =y’ +z=4 = wveg=2yj+k = |veg =V4i+1 = n:%y‘jyjfl
2xy — 3z
4y? +1’

_ff(zxjyzjz>mdA [ @xy=3ndAz=0andz =4y = y* =4

2
= Flux:fRf [2xy — 3 (4 — y?)] dA:j;fiz(ny—12+3y )dydx:j;[xy — 12y +y%]°, dx

= F-n= p=k = |wvg-p=1= do=+4y>+1dA = Flux

— [—32d40=-32

38. g(X,y,Z):x2+y2_Z:0 = Vg:2xi+2yj—k = |Vg|:\/4xz+4y2+1:\/4 X2—|—y2)+1
_ xi42yj—k . 8x2+8y2—2 _ = ARy 11
:>n—74(2+y)+1:>Fn W,p k= |wvegp=1=do (x2+y?) dA
= Flux—ff( Sxxfiyy‘ )\/ (xX+y2) +1dA = ff(sx +8y?—2)dA;z=1land x> +y2 =z

= x*+yl=1= Flux:f“‘f()(8r2—2)rdrd0:27r

39. gxy, )=y - =0= veg=—¢itj = [ve=ver+1 = n= L = F.n= 722,

e+ 1 e 41

= |veg-pl=¢ = daziveg+1 dA = Flux:fRf(fzexfzy) (Vezx+ )dA ff =2¢ =3¢ dA

\/ez"Jrl er
— [[-4da= [ [~4dydz——4
R

40. g(x,y,2)=y-Inx=0 = yveg=—-1li+j = |vegl= %+1:—V2"szsincelgx§e

(7 %i+j) —i+xj 2xy . /T+x2
= n= ( ?x_) = iy = F-n—m,p i=|vepl=1=do=Y""dA

= Flux_ff( 2y (LY aa= [ [Toyaxdz= [ [ 2mxdzax = [21nxdx

2xInx—x]{ =2(e—e)—2(00—-1)=2

41. Onthefacez = a: g(x,y,z) =z = wg=k = |wvg/l=1Lin=k = F.-n=2xz=_2axsincez = a;
do =dxdy = Flux:ffZaxdxdy:j:j:Zaxdxdy:a‘l.
R

On the facez =0: gx,y,2) =z = wvg=k = |vg/=1;n=-k = F-n= —-2xz=0sincez = 0;

do =dxdy = Flux = [ [0dxdy =0.
R

Onthe facex = a: g(x,y,2) =x = wg=i= |vg =1Ln=i= F-n=2xy=2aysincex = a;
do =dydz = Flux:fodfodZaydde:a‘l.

Onthe facex =0: g(x,y,2) =x = wvg=i= |vg=Ln=-i= F-n=-2xy=0sincex=0
= Flux = 0.

Onthe facey = a: gx,y,2)=y = wvg=j = |vegl=Ln=j = F-n=2yz=2azsincey = a;
do =dzdx = Flux:j;aj(‘)a2azdzdx:a4.

Onthe facey = 0: g(x,y,2)=y = wvg=j = |vegl=Ln=-j = F-n=—-2yz=0sincey =0
= Flux = 0. Therefore, Total Flux = 3a?.
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Section 16.6 Surface Integrals 979

= veg=2xi+2yj+2zk = |wvgl =/4x2+4y2+422 =10

;p=k = |vg-p|=2zsincez 0 = do=12dA

42. Across the cap: g(x,y,z) = x> +y? + 22 =

25 =
_ ve _ xityj+zk T Xz vz
= M=y = 5 = Fon=7"+"%5+

$
— Flux, = ffF nda—ff(“ 2 ) (A= [[ 4y )axdy = [ [ @+ 1) rdrd
R

2
= [ 77249 = 1447,
Across the bottom: g(x,y,z2) =z=3= ywg=k=|vg=1l=n=-k=F-n=-Lp=k=|vyvg-p =1
= do =dA = FluX,mem = f f F-ndo = f f —1 dA = —1(Area of the circular region) = —167. Therefore,

bottom

Flux = Flux,,, + FluXygom = 1287

43. 7 f=2xi+2yj+2zk = | f| = \/4x2 +4y2 + 422 =2a;p=k = |y f-p| =2zsincez 0= do = 32dA
:gdA;M:fochJ:g(surfaceareaofsphere): égaz; xy—ffzédor—(‘iffz dA—aéff dA

/2 ra ; . _ o
=ad | j; rdrdf = % = 7 = I\I/f/}" = (5”7‘13) (%) = 2. Because of symmetry, X =y = & = the centroid is

bma?
(5:5.%)-

4. gf=2yj+2zk = |Vi|=\4y2+422=\/4(y>’+22)=6;p=k = | f-k|=2zsincez 0=do=2LdA
—2dAM = fflda—f Ozdxdy—ff\/—dxdy—%ery—ffzda—ff ) dxdy = 54;

M, = fydo—ff dxdy—ff\/—dxdy_OMyz_ffxda ff

%’r) 3o 54 _ 6
o = 35.y=0,andzZ =G =2

Therefore, X =

45. Because of symmetry, X =y =0;M = [ [ 6do =6 [ [ do = (Areaof $)6 = 3m\/26; 7 f = 2xi + 2yj — 22k
S S

:>\Vf|:\/4x2—|—4y2+422:2\/x2+y2+l2;l’=k=>|Vf'P|:2ZZ>dU:@dA

/R ) . VX2 +y? _ VX =

_MdA—@dAjMxy_éffz<w>dA_6ff\/§ x? +y? dA
R R

. 14"/55
_5f2 f V212 drdd = 14"f5 = (%*ﬁ) == (xy2=(002%). Next,lzsz(x2+y2)5da

= [ w4y (fv"”y)édA—éfffxﬂ aa=sv2 [ [ ¥ drdo = ISTféjR_\/%—

(=)

46. f(x,y,z):4x2+4y2—22:0 = v f=8xi+8yj—2zk = | f|=/64x2+ 64y2 + 472
16x%2 4 16y? + 72 = 2+/472 + 22 =2+/5zsincez O;p=k = |y f-p|=2z = dazz‘z/zgsz:\ﬁdA

:>Iz_ffx +y?) 6da—6fffx +y?) dxdy—é\/_f IZLM:‘drdG 3‘/§m

47. (a) Let the diameter lie on the z-axis and let f(x,y,z) = x> +y?> + 22> = a?, z 0 be the upper hemisphere

= wvi=2xi+2yj+2zk = | f|=4x>+4y2+422=2a,a>0;p=k = |vf p| =2zsincez 0
_a _ 2 a x% +y?

= do=2dA = L= [ 00 +y) (2) o—aéff\/mdA aéff _ rdrdy
2m

—a&f { Va2 — 12 - §(a2—r2)3/2}0d9:a5ﬁ) 2a*df = %F a'6 = the moment of inertia is %7 a*¢ for

the whole sphere
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980  Chapter 16 Integration in Vector Fields

(b) Ty = I.;m + mh?, where m is the mass of the body and h is the distance between the parallel lines; now,

Iem = 7 a%6 (from part a) and 2 :fféda:(szf(g) dA = a6 fRfim dy dx
—aéfhf rdrd0—a6f [ V 27r2];d9:aéfohadt?:ZﬂaQéandh:a

=1 =2 Ta 46+47ra26a = 207"2146

48. Letz—— x? + y? be the cone fromz = 0 to z = h, h > 0. Because of symmetry, X = 0 and y = 0;
b/xE 4y = f(x,y,2) = (X +y)-22=0 = Vf:2;§21+%1722k
= \vf|:¢4%f“+%+4z2:2¢; (2 +32) + 5 (2 +32) = 29/ (%) (62 +y2) (5 +1)
=2/22 ("42) = (%) \/h2 + a2sincez O;p=k = |vf-p|=2z = do = L/ +a “2:2+32dA
= yr+e hifaz dA;M:fde:ff—v h2a+a2 dA = VX re h2a+a2 (ma?) = ma\/h? + a2;

ffzda—ff ( “”az) dA = Vh”asz VR dxdy = WL [T [ grag

/2 2 _ M,
= M = zZ=2=2 = the centroid s (0,0, %)

16.7 STOKES' THEOREM

i j ok
L curlF=vw xF=|& & &|=0i+0j+Q2—-0k=2kandn=k = curlF-n=2 = do =dxdy
x?2 2x 7°

= § F-dr= fRf 2 dA = 2(Area of the ellipse) = 47

i k
2. clF= xF=|4%& & & |=0i+0j+3-2k=kandn=k = curlF-n=1 = do = dxdy

2y 3x —z7°
= fc F-dr = fRf dxdy = Area of circle = 97

i j Kk
3. curlF=y xF=|2 2 2 :—xi—2xj+(z—1)kandn:% = curlF-n
y xz x°

=& (- x—2xtz-1) = do=dA = § F- dr—ff S (-3x+z-1)1/3dA

:ffl X[_3X+(1—X_y)_l]dde:‘[OfO*K(_él.)(—y)dde:j;—[4x(1_x)+%(1_x)2] dx
= f (3 +3x—2x%) dx=-2

i j k
4 culF = xF=| x = 5 :(2y—22)i+(2z—2x)j+(2x—2y)kandn:—i+\j/%rk

y2+22 X2+22 X2+y2
= curl Fon= 22 (2y—22+22—2x+2x = 2y) = 0 ;stF-drszdeO—:o
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Section 16.7 Stoke's Theorem 981

i i
5 curlF=v xF=| £ = o
y2_|_22 X2+y2 X2_|_y2
1
1

1 1
= cunrlF-n=2x-2 = do=dxdy = § F-dr= [ [ @x—2pdxdy= [ [x—2xy]", dy

Kk
9 | =2yi+(2z—2x)j+ (2x —2y)kand n = k

1

= [ —ayay=0
i j Kk
9 a 0 . . 2xi + 2yj + 2zk xi j+zk

6. cul F = v xF = % oz :O]—|—O_]—3X2y2k and n = 2\1/;rlyj+zz = l+yi+
x%y? 1
=curl F-n=— %x2y22; do = % dA (Section 16.6, Example 6, witha = 4) = fc F-dr = ff (_ %x2y22) (%) dA
R

27 2 2m 2 2T 4T
-3 2 cos?0) (r? sin @) rdrdd = -3 2| (cos Osin0)2do = —32 [ Lsin220d0=—4 | sin?udu
o Jo o L6]g 0o 4 0

]471'

o = 81

_ u _ sin2u
4[5 -

x=23costandy =2sint = F = (2sin )i+ (9 cos’t)j+ (9 cos’t + 16 sin? t) sin eV(snt«s V0K at the
= —6sin’t+ 18 cos® t

7.
base of the shell; r = (3cost)i+ (2sint)j = dr =(—3sint)i+ (2cost)j = F - ‘é—f =—
2
=[] v ><F-ndazf0 (—6sin2t+ 18 cos® t) dt = [~3t + 3 sin 2t + 6(sin 1) (cos t + 2)] 2" = —6m
S
i j k
8. culF= v xF=| # > 2 = 2jifx,y,2) =4x® +y+22 = v f=8xi+]+2zk
_Z+2<1Fx tan_ly X_'_4}rz
f . f . _

= n=Zrandp=j = |vf-p|=1= do= Sl dA=|vfldA; v xF-n= L5 (-2- vH=rF

= v xF-ndo=-2dA = [[wv xF-ndo= [[ ~2dA = —2(Areaof R) = —2(r - 1 - 2) = —4n, where R

S R
is the elliptic region in the xz-plane enclosed by 4x> + 7> = 4.
9. Flux of v XF:ff \v4 ><F~nd0:fCF-dr,soletheparametrizedbyr:(acost)i+(asint)j,
S
0<t<2r = ¥ =(-asindi+ (acost)j = F- < =aysint+ axcost=a’sin’t+a’ cos’t = a’
2T
= Flux of ><F:§£CF~dr:f0 a® dt = 27a®
i j k
. a 9 9 oo E X4 2yi422k s e
10. v xOD)=|7 7 = :fk,n—‘g—ﬂ—%—x1+y_]+zk
0 O

y
= ¥ % (yi)-n =~z do = 1 dA (Section 16.6, Example 6, witha= 1) = [ [ 7 x (yi)-ndo
S

= ff (-2) (L dA) = - ff dA = —m, where R is the disk x? + y? < 1 in the xy-plane.
R R

11. Let S; and S, be oriented surfaces that span C and that induce the same positive direction on C. Then

J[v xFndoy=§F-dr=[[ v xF-nydoy
Sl 52
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12. fsfv X F-ndo = fsfv ><F-nda+fsfv x F - n do, and since S; and S» are joined by the simple
1 2

closed curve C, each of the above integrals will be equal to a circulation integral on C. But for one surface
the circulation will be counterclockwise, and for the other surface the circulation will be clockwise. Since the
integrands are the same, the sum willbe 0 = f f Vv XF-ndo=0.

S

i j k
13. v xF=|g5& & & |=>5i+2j+3k:r = (cos0)i+ (sin0)j — 2rk and ry = (—r sin 0)i + (r cos 0);]
2z 3x Sy
i J k
= I, Xrp=| cosd sin —2r| = (2rfcos )i+ (2r’sinf)j+rk;n = |r'”" and do = |r; X rg| drdf

. I XTI
—rsinf rcosf O

= v xF-ndo=(w xF)-(r; xrg)drdd = (10r? cos 6 + 4r sin § + 3r) drdf = ffv x F-ndo
S

2 2 2T
f (10r% cos 6 + 41 s1n9—|—3r)drd9—f (L1 cos @+ 3r s1n9+32] do

0

=

f%(gs_o cos 0 + 32 sin 4 6) df = 6(2m) = 127

0
i J k
4. 7 xF = % 5% % =i—2j—2k;r xrg = (2r% cos )i+ (2r? sin 6) j + rk and
Yy—z Z—X X+2

Vv XF-ndo=(sy xF)-(r; X ry)drdf (see Exercise 13 above) = ffv X F-ndo
S

2 3 27
:j; j;(—2r20059—4r2sin0—2r)drd9:j:) [—%r30039—‘3—‘r3sin9—r2]§d9

2
:j; (=18 cos @ —36sin§ —9) dd = —9(27) = — 18~

i j k i i Kk
150 v xF=| & & &Zl=-2y%i+0i—xkir, xrp=| cos® sinf 1
X’y 2y’z 3z —rsinf rcosf 0

=(—rcos0)i— (rsinf)j+rkandsy X F-ndo = (7 X F) - (r; X ry) drdf (see Exercise 13 above)
27 1
= ffv xF-ndo = ff (2ry? cos 0 — rx?) drdf = j; j; (2r* sin® 6 cos § — 13 cos? §) drdf
S R

= j:w(% sin® 0 cos @ — 1 cos?0) df = [ sin* 0 — 1 (4 + Sm42€)](2)7r =i

i J k i j k
16. v xF = % 3% % =i+j+k;r,xry=| cosf sinf —1
X—y y—z z—X —rsinf rcosf O

=(rcos )i+ (rsinf)j+rkandsy X F-ndo =(sy X F)- (r; X ry) drdf (see Exercise 13 above)
= ff xF-ndo—fznfs(rcos9+rsin9+r)drd9—fzr[(cosé'+sin0+l)ﬁ}5d9—(é)(27r)—257r
S v —Jo Jo —Jo 7], T\ =

i J k i J k
17. v xF= % a% % =0i+0j—5k; ry Xy = ‘ﬁcosqﬁcos@ \/gcosd)sinﬂ —\/gsingb
3y 5-2x z22-2 V3singsin® +/3sin ¢ cos 6 0

= (3sin® ¢ cos )i+ (3sin®psinf)j+ (3singcos p)k; v x F-ndo = (7 x F)-(r, x rg) dp df (see Exercise
21 p7l2 2T
13above):»fsfv xF-ndo=["[ —15cos¢sin¢d¢d9=fo [Bcos?g)f?do= [~ 15 do=—15x

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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i j k i j k
18. v xF= % 8% % =—2zi—j—2yk; ry xrg=|2cos¢pcosf 2cos¢singd —2sin¢
y2 22 x —2sin¢sinf 2 sin ¢ cos § 0

= (4 sin® ¢ cos 0) i+ (4 sin® ¢ sin ) j + (4 sin ¢ cos p)k; v x F-ndo = (7 x F) - (r, x ry) dp df (see Exercise
13 above) = ffv ><F.ndo':ff(f8zsin2¢)cosﬂf4sin2¢)sin078ysin¢cosﬁ)d¢d0
S R
2 /2
:f f (—16sin® ¢ cos ¢ cos § — 4 sin? ¢ sin 6 — 16 sin’ ¢ sin 6 cos §) d¢ df
—f sm3¢>cos0 4( —M)(Sinﬁ)—16(9—M)(Sin00050)}ﬂ/2d0
—f 18 cos 6 — 7 sin @ — 47 sin 0 cos 0) df = [— 1 sin  + 7 cos 6 — 2 sin® 9] =0

19. () F=2xi+2yj+22k = culF=0 = § F-dr= [ [ xF-ndo=[[0do=0
S S
(b) Letf(x,y,z) =x%*y’2’ = v xF= ¢ x vf:0:>curlF=0:>§CF-dr:ffv xF-ndasz 0do
S S
=0

(© F= v x(i+yj+K)=0= v xF=0=§ F-dr=[[ v xF-ndo=[[ 0do=0
S S

d F=vf= yxF=vyv xvf=0 :>fCF-dr:ff \v4 xF-ndo:fdea:O
S S

20 F= wi=-1(+y +22) @i— L (2 +y* +22) Py - L (@ +y* +2) 2ok

= x(C+y+2) iy 4y +22) (R +y + ) mk
(@ r=(acost)i+ (asint)j,0 <t <21 = %:(—asint)i—i—(acost)j

= F- &= _x(x>+y’+ 22) " (—asint) —y (x2 +y2 +22) " *(acos t)
*(7“0“)( asint) — (“"‘t)(acost)—O éfF dr=20
(b) §.F- dr_ffvxF nda_ffvxvf nda_ffo ndU—fdea—

i j Kk
21 LetF =2yi+3zj—xk = v xF= |5 & £ |=-3i+j—2k;n=232k
2y 3z —x

= v xF-n=-2 = £2ydx+3zdy—xdz:£F-dr:ffV XF'ndU:ff —2do
S S

=-2 ff do, where ff do is the area of the region enclosed by C on the plane S: 2x +2y +z =2
S S

i j k
9 a9 2
22. v xF= ox 9y 0z =0
X y z
23. Suppose F = Mi + Nj + Pk exists such that 57 x F = (g—}; — %—g)i—f— (94— 22y j+ (%—T — %—l\y’[> k
—xi+yj+zk. Then 2 (%) =20 = 25— 2% = 1. Likewise, 2 (% — %) = 2.(y)
= g';g/lz ayax =1land 2 5, (%1: — %—I‘;{) =22 = gzé\; — g;g/ly = 1. Summing the calculated equations
= ( a‘fay - Bay_(gx) ( aé)z_g( - gfgz) (g;gi — gzg[y) = 3 or 0 = 3 (assuming the second mixed partials are

equal). This result is a contradiction, so there is no field F such that curl F = xi + yj + zk .
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984  Chapter 16 Integration in Vector Fields

24. Yes: If 7 x F = 0, then the circulation of F around the boundary C of any oriented surface S in the domain of
F is zero. The reason is this: By Stokes's theorem, circulation = fc F-dr= ff Vv XF-ndo= ff 0-ndo=0.
S S

25. r= xQ—i—y2 St =4y = F= v(4)—4x(x2+y2)i+4y(x2+y2)j=Mi+Nj
= § (') -nds=§ F-nds=§ Mdy - Ndx—ff( ) axdy

= [[ 4 +y?) +82 +4 (x> +y?) + 8y’ dA = ff16x+y dA = 16ffx2dA+16ffy
R

16, + 16I,.
P N M __ n OP ON _ y*—x* oM _ y*-x? y-x2 y —x? o
26 B =0, P =0 P =0, % =0 P = LN, Mo 2 P [L - 20 k=0,

However, x> +y?> =1 = r = (cos t)i + (sint)j = % = (—sin t)i + (cos t)j

2
= F=(—sint)i+ (cost)j = F-% =sin’ t+ cos’t = 1 :>£F-dr:£ 1 dt = 27 which is not zero.

16.8 THE DIVERGENCE THEOREM AND A UNIFIED THEORY

L F= 4 = divF = 2 =0 2. F=xit+yj = divF=1+1=2
— _ GMi+yj+zk) : _ Ry + 23 (2 4y )
3. F= iy = divF = GM[ i ier

—GM 4y + 2 3y (3 y? )| GM (ay2+ ) 32 4y )
2\3 2\3
(x?+y2+12%) (x% +y? +2%)

_ (24y2+22)° =3 (2 +y*+22) (x2+y2+22):| -
= —GM |: (x2+y2 +22)7/? =0

4. z =a? — % in cylindrical coordinates = z=a>— (x> +y?) = v=(a> = x> =y’ )k = divv=0
5. 2060-0=-1L2@-y=-1L2G-0=0= v - F——2:>F1ux_fff—2dxdydz—— (2%) = —16

6. & (x?) =2x, ay(y2):2y,%(22):2z = v -F=2x+2y+2z

@ Fux= [ [ [T ox+2y+2madydz= [ [ x4 2x+2lbdydz= [ [ (1+2y+22)dydz
— [[wa+20+y)bdz= [ @+20dz=2+72} =3

w Fux= [ [ [ ox+oy+2ndcaydz= [ [ [ +oxy+2)" dydz= [ [ y+42)dydz
*f [2y2 + 4yz] dz—f 8zdz = [422]', =0

(c) In cylindrical coordinates, Flux = f f f (2x + 2y + 2z) dxdydz
—f f2—f (2rcos9+2rs1n9—|—2z)rdrd9dz—f f cosH—i—%r 31n9—|—zr] df dz
*ff 18 cos 6 + 18 sin 6 + 4z) dt9dz:j;1 [48sing — 12 c059+429] dz:fo87rzdz:[47r22](1):47r

7. %(y)zo, %(xy):x,%(—z): -1 = v -F=x-1;z=x>+y?> = z=r%incylindrical coordinates
2 2 2 2 2
= Flux:fgf (xfl)dzdydx:f0 fof; (rcostl)dzrdrdt?:fO f()(r?)cosﬁer)rdrdG
2 5 4 2 2
:j; [gcosﬂ—z}odﬂzfo (35—2c0s9—4)d9—[ sin @ — 49] —8m
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Section 16.8 The Divergence Theorem and a Unified Theory = 985
Z()=2E02)=0,203)=3 > v -F=2%x+3 = Flux_fff (2x +3)dV
= fozwj:foz(zﬁ) sin ¢ cos 6 + 3) (p? sin ¢) dpdp df = fo f; {% sin ¢ cos 6 + p } . sin ¢ d¢ dd

LT e - Mo (6 sin20 i 2”
:j; fo (8s1n¢>cos€+8)sm¢d¢d0:f0 [8(577)c05978cos¢}0d0:f0 (41 cos @ + 16) df = 327

& (%) = 2%, & (=2xy) = =2x, £ (3x2) = 3x = Flux = fff 3x dx dy dz

T/2 T2 2 . . X /2
:j; j; j; (3p sin ¢ cos 0) (p? sm¢)d,0d¢d9:j; j; 12 sin? qﬁcos@dqbdé':j; 3mcos #df = 3w

%(6x2—|—2xy) 12x—|—2y, (2y+x Z)—Z,%(4x2y3):0 = v -F=12x+2y+2

= Flux:fff(12x—|—2y+2)dV:j:)j:/zf:(lhcos&+2rsin9+2)rdrd9dz
D

— [ (32cos 0+ 6 sin 0+ 4) dodz = [ (32427 + 9) dz = 112+ 6

. % (2xz) = 2z, % (—xy) = —x, % (-2)=-22 = v -F=-x = Flux= f%f X

:fozfo o f: ’ —xdzdydx:j:fo o (xy—4x)dydx:LZ[%X(16—4x2)—4X\/16—4x2] dx

2
3/2
= [4X27%X4+%(1674X2)/}0:7%‘)

F () =3 5 () =3 5, (2) =32 = v -F=3x"+3y"+32> = Flux= [[[ 3(x* +y*+72%)dV
D

=3 [T [ 02 (0P sing) dpagad =3 [ [ L singdpd =3 [ % ap = 12z

Let p = /x> +y2 + 22 Thena”—i a—;’ %,a—é’:i = ax(px) ( )x+p——+p 8y(py) (g—g)y—i-p

Ltp 2 (p) = (—”)Z+p=%2+p:> v cF =500 4 3) — dp since p = /X2 +y? + 22

N Flux_fff4pdv f e fl “p) (p sm¢)dpd¢d9_f0'f0'3sin¢d¢de:f0%6d9:12w

_ 2 2 2 Op _x Op _y Op _z O (xyY_1_(x\o% _1_% Qimi
Letp=+/x*+y JFZ-Thenax—,,’ay 5o 6_pz>3x<p)_/) (p2)6x_p p3.Slm1larly,
o (yY_1l_¥Ypqd(zy=1_2 v - —3_xX+y+2 _ 2
33’()7/’ P’ d81<)*n g P P Tp

= Fux=[[[ 3 av = fff()psm 9)dpdpdd = [ ["3singdpdo = [ 640 = 12n

% (5x3 + 12xy?) = 15x2 + 12y?, (y +e¥sinz) = 3y? +e¥ sinz, (SZ +e¥cosz) = 1522 — e sinz
= v -F=15x 4 152 + 1522 = 150> = Flux:fgf 15p2 dV = j; R fl (1502) (p* sin ¢) dp de 6

= [ [ (12v2-3) sinpdpao = [ (24v26) do = (482 12) n

=

A= g 2 )= 00) [l | < ) =

= v -F= x2+y _x22+Zy2+VX2+y2 = Flux:fff (x22+xy2 — +y~+ X2_|_y2) dz dy dx
D
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—fzwf f (Zegst — 2 4y dzrdrd@:j:wj:ﬁ(6cost97%+3r2) drde
:jﬂé( 2—1)0050—3lnﬁ+2\/§—1} d0:27r(—%1n2+2ﬁ_1)

17 @ G=Mi+Nj+Pk > v xG=culG= (2 - )i+ (Y- P)k+ (L -k = v-v xG

— 9 (0P _ 90N o (oM _ 0P 9 (oN _ oM
= div(curl G) (ay 87) + dy ( 0z 6x) + 9z (8x ay )
_ 0P _ 9N *M 9°P + 9°N *M
— 0xdy Ox0z dydz ~ Bydx 920x ~ 9zdy
(b) By the Divergence Theorem, the outward flux of 57 x G across a closed surface is zero because

outward flux of 7 xG:ff (v xG)-ndo
S

= 0 if all first and second partial derivatives are continuous

= fff VvV -V xGdv [Divergence Theorem with F = 7 x G]
D

= g J @av=o0 [by part (a)]

18. (a) LetF; = Mji+ Nyj + P1k and F; = Msi + Noj + Pok = aF; + bF,
= (aM; + bMy)i + (aN; 4+ bNy)j + (aP; + bPy)k = <7 - (aF; + bFy)

= (a 8M1+b8M2) ( 6N1+b6N2) (a 8P1+b8Pz)
(8M1+8N1+8P1)+b(8M2+8N2+8P2) —a(v -F)+b( -F)
(b) Define F; and Fy asin parta = 7 X (aF; + bFy)
=[(a 2 +62) — (2B +520)|i+ [(a DL +b D) — (a % +b %))
+ (@B +o2e) — (a4 b2 ) [ k=al(%B - )i+ (B0 — ) j+ (50— O]

+b[(apz_aN2)l+( 2 BPz)JJF(%_Ba—“y)k} =av xF1+bv xF

X

i j k
(©) Fi xFy= My Ny Pr|=NPy —PNpi— MPy — PiM2)j + M Ny — NiMo)k = 7 - (F1 x Fy)
M; Ny Py
= WV - [(N1Py — PiNp)i — (M Py — P1My)j + (M;Ns — N1 Mp)K]
= 5 (N\Py — PINo) — £ (MiPy — PiMa) + £ (MiN2 — NiMy) = (Po G0 + Ny G2 — No Gt — Py G

(M1 6P2 + P2 6M1 P1 BM) 1\/[2 6P1) + (Ml 6N2 + N2 6M1 N1 8M2 M2 6N1)

=M, (ﬁ—@)+N (3§41—@)+P (%—%)+M (@—%)+N (82 — M)

Z ox oz

+P1<a§§2_%):F2'v vl

19. (@) divigF) = v -gF = 2 (M) + 2 (N) + 2 (gP) = ( x+Mf”—§) (gay—i—N ) (gaz—i—P )
=(MZ+NZP2 )+g(%—§4+3—y+ P)—gv F+veF
(b) vx(gF>:[MgP)—%(gN)}H[%(gM)—%(gP)]H[%(gm—a@y(gM)}k
(PR+el-NE—e® )it (ME+e-PE—eZ)i+(NE+eB-ME -2k
(PE-NZ)i+(e2—gB)it (ME-PE)j+(e2-eP)i+(NE-MZ)k

+(g‘3—’j—g%—“y‘)k=gv xF+ v gxF
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20. Let F1 = Mll + Nl.] + Plk and FQ = MQl + N2.] + P2k .
(@) F1 x Fy = (N1Py — P1No)i + (P1My — M Py)j + (M1N2 — NiMp)k = 7 x (Fy x Fg)

= |5 (MINo = NiMy) — 2 (1M = MiPy) i+ [ (NiPy = PINo) — 2 (MiN — NiMy)
+ [% (P1My — M Py) — a% (N1 Py — P1N2)} k
and consider the i-component only: @ (M;Ny; — N1My) — @ ~ (P1My — M Py)
— N 3M1 + 1\/[1 3N> M2 E)Nl N 3M0 1\/[2 8P1 P aMz + PQ Bé\/h + M BP’)
= <N2%+P2LNZII) — (N1%+P1 8§§2)+(@+%)le (%ﬂL%)Mg

6M1) <M1 8Mz> T (8{;\/12 aN2 T BPQ) M,

(aMl + aNl + am) M,. Now, i-comp of (F2 - v )F; = (M2 Bx +N, 2 5y T P2 E) M;

— (M oM, 4 N, My

(Mg P4 4+ Ny Bh + Py 3M1) : likewise, i-comp of (F; - w7 )Fy = (M1 M 4 N, B 4 py 3(19\22) ,
i-comp of (7 - Fo)F; = (5M° + 5N2 + BPQ) M; and i-comp of (7 - F)Fy = <‘9M1 +2 BNI + BPI) M.

Similar results hold for the j and k components of v X (F; x F3). In summary, since the corresponding
components are equal, we have the result
V X (F1 xF)=Fy- v)F1 —(F1- V)F2 +(V -F)F; — (v -F)F;
(b) Here again we consider only the i-component of each expression. Thus, the i-comp of <7 (F; - F)
= 2 (MiM; + NNy + P1Py) = (M; 2% M, B 4 Ny o 4 N, 2 4 py 22 4 p, 91

i-comp of (F, - v )F, = (M1 M | N, B 4 Py WZ) ,

i-comp of (Fy - 7 )F; = (Mg 68Mx1 + N, 65\31 + Py 8Ml>

i-comp of F; x (7 x Fg) = N; (M—agﬁz) Pl(%_%) and

icomp of Fy x (7 x F1) = Ny (0 — B8 ) — py (B8 — o).

Since corresponding components are equal, we see that
VE -F)=F - v)Fo+F- V)FI+F x (v xFy)+Fy x (7 xFyp), as claimed.

21. The integral's value never exceeds the surface area of S. Since |F| < 1, we have [F -n| = |[F| |n| < (1)(1) = 1 and

[[[~ -Fdo =[[ F-ndo [Divergence Theorem]
’ < fsf F -n| do [A property of integrals]
gfsf (1) do ([F-n| <1]
:Asrea of .

22. Yes, the outward flux through the top is 5. The reason is this: Since ¥ -F= v - xi—2yj+(z+3)k=1-2+1
= 0, the outward flux across the closed cubelike surface is 0 by the Divergence Theorem. The flux across the top is
therefore the negative of the flux across the sides and base. Routine calculations show that the sum of these latter fluxes is
—5. (The flux across the sides that lie in the xz-plane and the yz-plane are 0, while the flux across the xy-plane is —3.)
Therefore the flux across the top is 5.

B.@ E2X0=L2N=LL@=1= v -F=3 = Flux= [ [ [ 3dv =3 [ [[ dV = 3(Volume of the solid)
D D
(b) IfF is orthogonal to n at every point of S, then F - n = 0 everywhere = Flux = f f F - ndo = 0. But the flux is
S

3 (Volume of the solid) # 0, so F is not orthogonal to n at every point.
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24,

25.

26.

27.

28.

29.

30.

31.

Chapter 16 Integration in Vector Fields

a b 1 a b
v F=-x—dy-6z+12=Flux= [ [ [ (-2x—dy -6z + 12)dzdydx = [ [ (~2x —4y + 9) dydx
—f 2xb—2b2+9b)dx:—a2b—2ab2—|—9ab:ab(—a—2b+9):f(a,b);%:—Zab—2b2+9band

9 = —a>—4ab+9asothat &£ =0and &£ =0 = b(—2a—2b+9)=0anda(—a—4b+9)=0 = b=0or

—2a—2b+9—0,anda:Oor—a—4b—|—9:O. Nowb=0o0ora=0 = Flux =0; —2a —2b+9 = 0 and
—a—4b+9=0 = 32a—-9=0 = a=3 = b= 3 sothatf(3,3) = Z is the maximum flux.

[[¥F-ndo=[[[<v -Fav=[[[3dv = L [[ F-ndo= [[[ dV = Volume of D
F=C= v -F=0= Flux=[[F-ndo= [[[ v -Fav=[[[0dv=0

(a) FromtheDivergenceTheorem,ff vf-nda:fff \vAl Vde:fff VQde:fIIOdV:O
S D D D
(b) From the Divergence Theorem, f f fvf-ndo= f f f v -fsvfdV. Now,
S D
fof=(F2)i+ (f )J+(f Nk = v -fvf= [f§—i§+(%)2} - [f§§£+ (3;)2] -+ [fggu(g)?}

= f7 o+ ||’ =0+|w f|” since f is harmonic = ff fvf'ndcr:fff | 7 f]* dV, as claimed.
S D

From the Divergence Theorem, ff vif-ndo = fff v - v fdv = fff (giﬂ + g;z + 82t) dV. Now,
S D

_ /<2 2 2 1 2 2 2 of _ X of _ __y ot _ __ z
f(X y’Z)_ln Xty +z —2111(X +y +Z) = Ox — x24y2+22° 09y T x24yi+472° 9z T x24yi+z2

- % _ X4y 4 9 Xy 8 x*yi-7 8t + 82t +82t
Ix2 (X2+y2+22)2 > 9y (x2+y2+22)2 > 922 (x2+y2+22)2 P ox2 dy? 922

/2 ) 2 G
= (X::yyzizzzz)z =X2+y1+z_ = ff \vAa nda_fff x2+y — _j; Zj; 2]; p;l_znfi) dpde do

:ﬁﬁ/zfomasinqﬁdqﬁdﬁzfo [—a cos ¢]7/2 dezj;' adg—

fffvg‘“dU:fffV'fvng:fffv-( iR+ K) AV
SIS (s e g 8o

=SS (5 ’%+§i%)+(6—§ Foariar)av=[[[ (vt vi- vy
D

y Oy

By Exercise 29, ff fvg-ndo= fff (fw%g+ v f- v g) dV and by interchanging the roles of f and g,
S D
f f gvf-ndo= f f f (g7 f+ v g- wf)dV. Subtracting the second equation from the first yields:
S D

fsf(fvg—gvf)-ndo:fj];f (fvig—gv ) dVsince vf- veg= ve- v

(a) The integral f f f p(t, x,y,z) dV represents the mass of the fluid at any time t. The equation says that
D

the instantaneous rate of change of mass is flux of the fluid through the surface S enclosing the region D:
the mass decreases if the flux is outward (so the fluid flows out of D), and increases if the flow is inward

(interpreting n as the outward pointing unit normal to the surface).
(b) fff apdV d[fffpdV:—ffpv-nda:—fff v -pvdV = %:—v - pv

Since the law is to hold for all regions D, 7 - pv + 3 ap =0, as claimed
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32. (a) <7 T points in the direction of maximum change of the temperature, so if the solid is heating up at the
point the temperature is greater in a region surrounding the point = <y T points away from the point
= — v T points toward the point = — <7 T points in the direction the heat flows.
(b) Assuming the Law of Conservation of Mass (Exercise 31) with —k 57 T = pv and c¢pT = p, we have

% fff cpT dV = — ff —ky T-ndo = the continuity equation, 7 - (—k<7 T) + % (cpT) =0
D S

- CP%—T:_V (kv TD=kvT = %—T:% v ’T = K v *T, as claimed

CHAPTER 16 PRACTICE EXERCISES

1. Pathl: r=ti+tj+tk = x=ty=tz=t0<t<1 = f(g(t),h(t),k(t)):3—3t2and‘(’1—’t‘:l,d—yzl,

t
2
RN \/(%)2+<j—{) + (%) de=3dt = [fxy,nds= [ /33 -32)dt=2\/3

Path2: r =ti+tj,0<t<1 = x=t,y=tz=0 = f(g(t),h(t),k(t)):2t—3t2+3and‘é—’t‘:1,%:1,

() = \/(i—f)?+(§—{)2+(%)2dt—ﬁdt = [y, ds = [ V/2(20— 38 +3) de = 3v/2;
C

p=itj+tk = x=Ly=1z=t = fgt),h),k®) =2—2tand & =0, ¥ =0, & = |

= \/(‘é’f)QJr(‘g)ZJr(‘;f)th—dt = [ty nds= [ @—20di=1
= [y, ds = [y, ds+ [ fx,y,2) =3V2+1

2. Pathl: rj=ti = x=t,y=0,z=0 = f(g(t),h(t),k(t)) = t* and%: 1’?1_{ :O’%:O

2 1
= \/(%)2+(3—{) + (%) d=dt = [ fxyzds= [ Cdt=1;
=it = x=Ly=tz=0 = f(g®,h®,k®) =1+tand &L =0, L =1, =0

2
= W‘;ﬁ)ﬁ(‘;{) (@ d=d = [ foy,nds= [0+ 0di=1;

r;=i+tj+tk = x=1y=1lz=t = f(gt),h®t),k®) =2—tand £ =0,2 =0, £ =1

2
= \/(g—f)QJr(%) () d=dt = [ fxy.nds=[ @-ndi=3

= f(x,y,z)ds:fCl f(x,y,z)ds+L2f(x,y,z)ds+fcxf(x,y,z)ds:%0

Path 1

Path2: ry=ti+tj = x=t,y=t,z=0 = f(g(t),h(t),k(t)):t2—|—tand‘é—:=1,%=1
2 2 2 !

= \/(‘;—f) +(j—{) + (%) d=2dt = [ foy,nds= [ V202 +0di=3V2

r; =i+ j+ tk (see above) = fcf(x,y,z)ds:%

= f(x,y,z)ds:fcx f(x,y,z)ds—i—fcl f(x,y,z)ds:%ﬁ—l—%: 5\[2+9

Path 2

dz __
’dt_o

Path3: r; =tk = x=0,y=0,z=10<t<1 = f(g),ht),kt)) = —tand £ =0, % =0, % =1

> dt > dt
= ¢(ﬂ—f)2+(%>2+(%)2dt—dt = [ty pds= [ —tai= -1,

ro=ti+k = x=0,y=tz=1,0<t<1 = f(g®,ht),k®) =t—land ¥ =0, =1,% =0

dt
2
= \/(g_);)u(g_{) + (&) dt=dt = [ fxy,z)ds = [ (t=1de=—1;

rr=ti+j+k = x=ty=1,z=10<t<1 = fg®),ht),kt) =Cand ¥ =1, =0, L =0
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= @ () @ ama s [ya= [ eas

= Jons f(x,y,z)ds:fgf(x,y,z)ds—!—fcﬁ f(x,y,z)ds—}—fCTf(x,y,z)ds:—%—%4—%:—%

3. r=(acost)j+(asint)k = x =0,y =acost,z=asint = f(g(t),h(t),k(t)) = m:ﬂsinﬂ and
‘é’t‘*O,?j{*fasmt,dt—acosté \/ (Q)th:adt
= fcf(x,y,z)ds:fz‘ a® [sin t| dt = j; s1ntdt—|—f —a? sin t dt = 4a’

4.

r =(cost+tsint)i+ (sint—tcost)j =

X=cost+tsint,y=sint—tcost,z=0
f(g(t), h(t), k(1)) = \/(cost—i—tsin t)2 + (sint — t cos t)2 = \/1 + 2 and d—x = —sint+sint+tcost
=tcost, 4 Y =cost—cost+tsint=tsint, £ =0 = \/d— (‘é—) dt
3
= /2 cos?t + 2 sin2 t dt = |t| dt = tdtsince 0 < t < /3 :>fcf(x,y,z)ds:f; tv1+2dt=
5. B =ty + = M= x4y +) = = xty+) =G
. 3
= Mdx + Ndy + P dzis exact; &£ = W = f(x,y,2) =2 /x+y+z+gly,z = §§ = \/m+a—§
_ 1 9
T /Xty +z Jy

% =0 = g(y,z) =h(@ = fx,y,2) =2/x+y+z+h@z) = %— m+h/(z)
_ (4=3,0) dx+dy +dz
C= fxyn=2/xtytz+C= [ =~ &tdid

_Jﬁ = W(x) =0 = h(z) =

(—1,1,1) VX+y+z
=f(4,-3,0) — f(—1,1,1) =2/1 —=2\/1 =0
6. F=—1m=% 5 =0=5.5 =0=9" = Mdx+Ndy+ P dzisexact; J|

s =1 = f(x,y,2)
=x+gly,2) = §—§ ag —\/5 = gly,z) = -2,/yz+h(z) = f(x,y,2) = x—2,/yz+h(z)

= B=— [T4H@ ==/ 5 H@® =0 5 h2) =C = f(x,y,2) =x—2,/¥2+C

(10,3,3)
= Jo dx—\/gdy—\/gdz:f(10,3,3)—f(l,1,1):(10—2-3)—(1—2-1):4+1:5
7. %—I\Z/I:—ycosz#ycosz:@

5 = F is not conservative; r = (2 cos t)i + (2 sint)j —k,0 <t <27

2m
= dr = (—2sint)i — (2 cost)j = fc F-dr= j; [—(=2sint)(sin(—1))(—2sint) + (2 cos t)(sin(—1))(—2 cos t)] dt
2w
=4 sin(l)fO (sin® t + cos? t)dt = 8 sin(1)
8. g_on_ ON oM —0= oP  ON
y

2_ M : . A
5 > =3x* = oy = F is conservative = fCF dr=20

LetM =8xsinyand N = —8y cosx = M —

dy —8xcosyandg—lj =g8ysinx = fCSXSinydxf8ycosxdy

. 72 /2 . 72 9 . 9 9
:fRf(Sysmx—8xcosy)dydx:f0 fo (8ysmx—8xcosy)dde=j:) (m?sinx —8x)dx = -7+ 72 =0
10. LetM =y?and N = x> = %IZ}/&Hd%—TZZX :>nyQdX—l—X?dy:fRf(Zx—Zy)dxdy

2w 2 o
:\/; ‘/;(2rcos9—2rsin9)rdrd9:f0 lT6(cosé?—sin9)d9—
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IL Letz=1-x—y = f(x,y) = —landf,(x,y) = —1 = /f2+£2+1=1/3 = Surface Area= [ [ /3 dxdy
R

= \/g(Area of the circular region in the xy-plane) = 7r\/§

12. 7f=-3i+2yj+2zk,p=i = |Vf|l=+9+4y>+4z2and |y f-p|=3
- St v = [ [ gy [ [P o [ (/0 2) = £ (T 9)

13. wif=2xi+2yj+2zk,p=k = |vf|=4x>+4y2+422 =2/x2+y> 4+ 22 =2and | v f- p| = |2z| = 2z since
_ 2 _ 1 4a _ 1 _ T
Z 0= SurfaceArea—fRf ZdA_ff EdA—fRf \/Tﬁdxdy— ‘/; ‘/; mrdrda

_fzf[ l_rQ]O/ﬁdezf:(1_7)(19_%( ﬁ)

14. (a) wf=2xi+2yj+2zk,p=k = \vf|—\/4x2+4y2+422—2\/x2+y2+22:4and|vf~p|:ZZSince
/2 2cos
2 0 = Surface Area= [ [ 4 dA = ff aa=2 [ [ Aordrdd—4r -3
R

(b) r=2cosf = dr= —2sinf df; ds> = r2 df? + dr? (Arc length in polar coordinates)
= ds? = (2cos §)? df? + dr’> = 4 cos? 0 df? + 4 sin? § d9? = 4 d9?> = ds = 2 db; the height of the

/2
cylinderis z = /4 — 12 = \/4 — 4 cos20 = 2 |sin ] = 2sin 0if 0 < < 5 = Surface Area = /zh ds

-2 fo (2 sin 0)(2 df) = 8

15. f(x,y,2) = + %+§:1:>vf:()+()J+()k=>|vf| \/)—I—% Cl-zandp:k:>|vf-p|:%

sincec >0 = SurfaceArea:ff—”;)J(erdA:c\/al—z—i-é—i-C%ff dA:%abc\/al—z—i-é-i-clz,
R c R

since the area of the triangular region R is % ab. To check this result, let v = ai + ck and w = —ai + bj; the area can be

found by computing £[v x w/.

16. (a) wf=2yj—k,p=k = |vf|=+4y?’+land |y f-p/=1 = do=/4y? + 1 dxdy
1 3
= fsfg(x,y,z)dazfRf\/A&QZT \/4y2+1dxdy:fRf y(y271)dxdy:f71f0(y37y) dx dy

2

:f7‘l3(y37y)dy:3{yzdfyﬂl_l:o

(b) fsf g(x,y,z)do = fRf \/ﬁ V4y?2 + 1dxdy = filfo (y2 —1)dxdy = f713 (y2 —1)dy

3

=3[5 4], =4

17. vf=2yj+2zk,p=k = | f| =4y +422 =2./y2+ 22 = 10and | 7 f- p| = 2z sincez 0
= dU:%dxdy:%dxdy:ffg(x,y,z)da:ff (x1y) (y —l—z)(z)dxdy

_ff xy(25)( )dxdy—ff 125y xdxdy_f:\/%dy_SO

18. Define the coordinate system so that the origin is at the center of the earth, the z-axis is the earth's axis (north is the
positive z direction), and the xz-plane contains the earth's prime meridian. Let S denote the surface which is Wyoming so
1/2
y?)

then S is part of the surface z = (R? — x? . Let R,, be the projection of S onto the xy-plane. The surface area of

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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Wyonﬁngisfflda—ff\/1+(%)2+(%) dA = ff\/RQ—xz—yz_'_Rz—})/(zz z—i—ldA ff e
Ryy

Rsin 49°
= j; L e r2)_1/ 2 rdrdo (where 6, and 0, are the radian equivalent to 104°3’ and 111°3’, respectively)
- f _R(R? - 2)'? = [R(R? —R?sin?45°)"/* — R (R? — R? 5in?49°)
R sin45° 1

= (f — 61)R?(cos 45° — cos 49°) = fg{) R2(cos 45° — cos 49°) =

Rsin 49° 2 1/2 1/2 d9

180 T (3959)%(cos 45° — cos 49°) &~ 97,751 sq. mi.

19. A possible parametrization is r(¢, 8) = (6 sin ¢ cos 0)i + (6 sin ¢ sin 0)j + (6 cos ¢)k (spherical coordinates);
nowp=6andz=-3 = -3 =6cos ¢ = cosqﬁz—% = ¢ = %’randZ:3\/§ = 3f:6c0s¢

= cosgzs:@ = ¢=2 = I<¢< Falso0<H<2r

20. A possible parametrization is r(r, #) = (r cos 0)i + (r sin 0)j — (g) k (cylindrical coordinates);

nowr = x2+y2éz:fgandf2§z§0é72§f§§0é4 P 0= 0<r<2sincer O;
also0 < 0 < 2w

21. A possible parametrization is r(r, ) = (r cos )i + (r sin 8)j + (1 + r)k (cylindrical coordinates);
nowr=+/x24y?2 = z=1+rand1 <z<3 = 1<1+4r<3 = 0<r<2also0<0<2x

22. A possible parametrization is r(x,y) = xi + yj + (3 —X— %) kfor0<x<2and0<y<?2
23. Letx = ucos vand z = usin v, where u = y/x2 + z2 and v is the angle in the xz-plane with the x-axis

= r(u,v) = (ucos v)i + 2u?j + (u sin v)K is a possible parametrization; 0 <y <2 = 2u’ <2 = u? <1
= 0<u< lsinceu 0;also, for just the upper half of the paraboloid, 0 < v < 7

24. A possible parametrization is (\/ 10 sin ¢ cos 9) i+ (\/ 10 sin ¢ sin H)j + (\/ 10cos )k, 0<¢p < Zand0 <0< 7

i j Kk
25. ry=it+j,ry=i—j+k=>rxr,=(1 1 0 :i—j—2k:>\ru><rv|:\/g
1 -1 1

= SurfaceArea:ff ry ><I'V|dlldV:j:j;1 V6dudv = /6

uv

26. ff(xy—zQ)dcr:j;lfO1 [(u—f-v)(u—v)—vZ]\/gdudv:\/gfolj;l(u?—2v2)dudv
S
:\/8]:)‘{%3—2uv} dv—\/_f ——2V dV:\/g[%V_%V?)]é:_é:_ %

i j k
27. v, =(cos B)i+ (sinB)j, rg =(—rsin )i+ (rcosd)j+k = r, xry=| cosb sinf 0
—rsinf rcosf 1

= (sin 0)i — (cos O)j +rk = |r x rg| = /sin20 +cos20+12 = /1 +12 = SurfaceArea—ff v, X ry| drdf
Ry

N A e e O I N e I OOl
:W[\/E+1n(1+\/§)}
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Chapter 16 Practice Exercises

ff x2+y2+1d0:ﬁ2wﬁl\/r200529+r2sin20+l\/1+r2drd0:fohfol(1+r2)drd6’
S

27 1 27
-/ [r+§]0d9:fo fdo=13n

P _ng_9N M_ng_09 N _ng_ M ;
dy =0= 5 ° B2 =0= =0= dy = Conservative

P _ —3zy — ON oM _ —3xz — 0P ON _ —3xy — M i
9y T (x24y4z2) 02T 02 0z T (x2yy2 +22>*5/2 TO0X 0x T (x24y24g2) 02 T Oy = Conservative
oP _ _ ON :

5 = 0 #ye* = 57 = Not Conservative

oy

o _x _ON M _ _ -y _ 9 ON_ _ -z _ M ;
Oy — (x+yz? T 0z’ 9z — (x+yz)? T 9x’ Ox ~ (x+yz? ~ dy = Conservative

h=2= oy =2tey0) = F =3 =2y+tz > g0 =y +2y +h@)

= f(x,y,z) =2x+y> +zy + h(z) = %:y+h’(z):y—|—1 = hW@z)=1= hizy=z+C
= f(x,y,z2) =2x+y? +zy+z+C

X =zcosxz = f(x,y,2) = sinxz +g(y,z) = %:%:ey = g(y,z) =¢' +h(z)

= f(x,y,z) =sinxz+¢e¥ + h(z) = % =xcosxz+h'(z) =xcosxz = hW(@z)=0 = h(z)=C

= f(x,y,z) =sinxz+e¥ +C

OverPath I: r=ti+tj+tk,0<t<1 = x=t,y=t,z=tanddr=({i+j+k)dt = F=2%1+j+tk

1
= F-dr=(3+1)dt = Work= [ (32 +1)dt=2;
OverPath2: rj =ti+tj,0<t<1 = x=t,y=tz=0anddr, =@{i+j)dt = F1:2t2i+j+t2k

993

1
= Fy-dr; = (22 +1)dt = Workl:fo(2t2+1)dt:g;r2zi+j+tk,0§t§1 = x=1,y=1,z=tand

1
dry=kdt = F;=2i+j+k = Fp-drp =dt = Worky = [ dt=1 = Work = Work; + Work, = 3 + 1 =

OverPathl: r=ti+tj+tk,0<t<1 = x=ty=tz=tanddr=(>{i+j+k dt = F=2%i+t}j+k
= Fodr=(3¢+1)d = Work= [ (3 +1)dt=2;

Over Path 2: Since f is conservative, fc F - dr = 0 around any simple closed curve C. Thus consider

[ Foar= fc F-dr+ [ F-dr, where C is the path from (0,0,0) to (1,1,0) to (1, 1,1) and C; is the path
from (1,1, 1) to (0,0,0). Now, from Path L above, [ F-dr=-2 = 0= [ F-dr= fClF-dr—k(—Z)
= [ Fedr =2

(@ r=(e'cost)i+ (e'sint)j = x =e'cost,y =e'sintfrom(1,0)to (*,0) = 0<t< 27

dr _ (at oAt o s t o t . _ o xityj (e'cost)i+ (e'sint)j
= G = (e'cost—e'sint)i+ (e'sint+e' cost)jand F Ry = oot trc sy
. . . 2 . > . _
:(%;t)l"‘(sgzlgt).] = F_%: (coes‘l_smlefost_’_%‘t_'_smte[cosl) — et
2
= Work = fo etdt=1—e"
_ _xityj o _ X (g2 22 of _ y [
®) F= (x2+y2)*? = o = (x2+y2)*? = fx,y,2) = = (x* +y7) tely,2) = Iy T (x24y2)*? T ay

= W = g(Y7Z) =C = f(x7y7Z) = - (X2 + y2)71/2

= £(e",0) — f(1,0) = 1 — 2"

is a potential function for F = fc F-dr

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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994  Chapter 16 Integration in Vector Fields

38. (a) F= v (x?ze¥) = Fisconservative = fc F - dr = O for any closed path C

39.

40.

41.

42.

43.

44, 7 =

(1,027 )
(b) fc F-dr= j;l,(),()) V (x*ze) - dr = (x?zeY))| (102m) — (X28%)[ (109 = 2m =0 =27

i J k
_|& 2 9| _ - uni o — 2+6j-3k _ 2+, 61 3
VvV xF=|5 3 9z | = —2yk; unit normal to the planeisn = ——=—= = 2i+ 3j— 7k
5 j 3,2 VA+36+9
y y 2z
= v xF-n=S$y;p=kandf(x,y,2) =2x+ 6y —3z = [V f-p| =3 = do= L dA=TdA

= § Foar=[[Sydo=[[ (Sy)(Zan)=[[2yaa= [ [Torsinordrdd= [ Zsin0do=0
R R R

i j k
v xF= % 3% % = 8yi; the circle lies in the plane f(X,y, z) = y 4+ z = 0 with unit normal

xX2+y x+y 4y’-z
n=bj+k= v xF- n_o:,der_ffvxF nda_fdea_o

@ r=20+V2(j+@-2k,0<t<1 = x=12ty=2tz=4 tzé%:fdy—ﬁ,dt:

> dt
= \/(%)QJF(‘;—{) + (%) dt=Va+ald = M= [ sxynds= [ 3t/4+40dt= [ 4+402])
=422
1 1
) M= [ 6x,y2ds= [ Va+a2di= [t\/1+t2+ln(t+ 1+t2>}0:\/§+ln(1+\/§)

)

r=ti+2(j+ 267k, 0<t<2 = x=ty=2z=20 = S = L =p &_p

2
N W‘jﬁ)ﬁ(‘j{) + (&) di=ViFsdt = M= [ 6y, nds = [ 35+ /iFsdt
2 2 2
= [ 3 +35d=36M,= [ xsds= [ 3ut+5d=38M,= [ ysds= [ 6ut+5) dt=76

2 44/
My= [ zods= [[202a+5di=1#2 5 x=r=8-1 - :%=%,z:“ﬁ"=(736 )
:%ﬁ

r:ti+(23ﬁt3/2)j+(§)k,0§t§2 = x=t, :2\[t3/2 =0 o & b 2 by

= \/(%)2+(ﬂ—{)2+(%)2dt:¢1+2t+t2 dt = /(t+ )2 dt = |t + 1] dt = (t + 1) dt on the domain given.
ThenM= [ sds= [ () @+ Ddi= [ d=2M, = [ xods= [ t(L5)t+Ddi= [ tae=2
szzf yods= [ (22 02) () @+ D= [T2E 02 a= 2 My = [ 20 ds

2 — My, 2 = My
(15> t+l (t+1)dt:j;>t§dt:% :>X:ﬁy:2 Ly= MM:(S):%;Z: M

0
:%:%,Ix:j;(y2+z2)5dszfol( 6 )dt Z.q, _fc(x2+22)5dszj;
Iz:fc(y2+x2)5ds:foz(t2+§t3)dt:

]
~~
-

[\

_|_

NS
N——
o
-t
I

5I2
alR

0 because the arch is in the xy-plane, and X = 0 because the mass is distributed symmetrically with respect

2
to the y-axis; r(t) = (acos t)i+ (asint)j, 0 <t <7 = ds = \/(‘él—’t‘)2 + <i—¥) + (‘é—f)Q dt

= \/(—asint)2 +(acost)?dt=adtsincea O;M= fC 6ds = fc Ra—y)ds = ﬂw(Za—asint)adt
Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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—2a7r—2a,MXZ:ny6dt:fCy(2a—y)ds:j:(asint)(Za—asint)dt:fﬂ(ZaQSint—a sin®t) dt

2
. o _ 4a? — T B o
= [~2a% cost —a? (§ — %) | [ = 4a’ — &7 = y=%—fﬂ_ﬁ = (%y,2) = (0, 575,0)
45. r(t) = (e'cost)i+ (e'sint)j+ek,0<t<In2 = x=c'cost,y=e'sint,z=e" = & = (e'cost—e'sint),
‘é{*(e sint+¢e'cost), £ =e' = \/ (%)2dt

:\/(e‘cost—e‘sint) + (et sin t 4 et cos t)? dt:\/3e2‘dt:\/ge‘dt;M:fcéds: j;ln2\/§e‘dt

33

Z\ﬁ;Mx = z6 ds = " \/get (e") dt = lzﬁeZ‘dt:%:Z:M“:(2>
y C 0 0 2

M 3
In2 In2
I, = fc (x2+y?)ods = j; (e* cos?t + e? sin’t) (ﬁe‘) dt = fo V3edtdt= 73ﬁ

[ 1198

s

46. r(t) = (2sint)i+ (2cost)j +3tk,0 <t <27 = x =2sint,y =2cost, z =3t = &

, Y = ,Z= G = 2cost, dl_—Zsint,
T YN \/ a2 d_y 2+(Q)2dt:\/4+9dt:\/ﬁdt;M:fC sds= [ 6y/13 di = 278:/13;
My = [ z5ds= [ (30 (5v/13) dt = 66m*/13: M, = [ x6ds= [ @sinp (5v/13) ar=

My, = | yéds:f0 (2 cos t) (&/13) dt=0 = X=y=0andz =" = 2‘;”2%_% = (0,0,37) is the
center of mass

47. Because of symmetry X =y = 0. Let f(x,y,z) = x> + y? + 2> =25 = <7 f=2xi+ 2yj + 27k
= |vfl=v4x2+4y>+422=10andp=k = |y f-p|=2zsincez 0 = M:ffé(x,y,z)da
R

_ff (32) fRf zédo:fRfssz
:ffS 25—x2_y2dxdy:‘l;hj; (5‘/25—r2>rdrd9:j;' 43ﬂd9_980 (@ﬂ)
R

371':>Z—
= (X,5,2) = (0,0,5)

dA f f 5 dA = 5(Area of the circular region) = 807; Myy =

_ 49

80r 12
Z—ffx +y)5da—ff5 (2 +y?) dxdy = [ [ 5P drag = [ 320 d0 = 640r

48. Onthefacez=1: gx,y,z)=z=landp=k = wg=k = |vg =land|vwyg-p|=1 = do=dA
/4 sect
> 1= (+y)da=2[" [ fdrdg =
R

35

Onthe facez =0: g(x,y,2)=z=0 = yg=kandp =Kk
|vegl=1=|wvegp=1=do=dA = I:ff (x2—|—y2)dA:%;Onthefacey:O' gx,y,2)=y=0
R

1 1
= wveg=jandp=j = |vg=1= |vg-p\:1:>da:dA:>szf(XQ—i—O)dA:ff Zdxdz =}
R
Onthe facey =1: g(x,y,z)=y=1 = wyg=jandp=j = |wveg=1=|veg-p=1=do=dA
:>I—ffx +1%2)dA = ff (x2+1 dxdz—i Onthefacex = 1: gx,y,z)=x=1 = wyg=iandp=i

1 1
|vg|:1;»|vg-p|:1;sda:dA:>I:fRf(12+y2)dA:f0f 1 4y?) dydz = %; On the face

x=0: gx,y,2)=x=0 = wyg=iandp=i= |vg=1=|vegp=1=do=dA
1 1

= 1= [[(+y)da=[ [ ydydz=1

R

] > L=53+5+5+5+5+5=4

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley



996  Chapter 16 Integration in Vector Fields

49. M=2xy+xandN=xy—y = G0 =2y + 1L 31 =2 G =y, 57 =x—1 = Fluxsz (5 +5) axay
1 1 3 N
:fRf (2Y+1+X—1)dde:j;j; Qy +x)dydx = 3; Clrc—ff (———) dx dy

:fRf (Y—Zx)dydx:j;lj: (y—2x)dydxz_%

S0. M=y—6xandN=x+y? = B = —12x, 2 = |, N =1, D=2y = Flux= [ [ (D + ) dxdy
R

3
ClI‘C—ff (@——)dxdy—ff (1 —1)dxdy =0

aJy X ox X

I (38 vty [ (- 5) oy o

51 M= —=YandN =Inxsiny = OM _ siny gpg ON — siny éﬁjlnxsinydy—%dx

2@ LetM=xandN=y = § =1, =0 R =05 =1 Fu= [/ (0 +9Y) dxdy

= [ (1 + 1) dxdy =2 [ [ dxdy = 2(Area of the region)
R R

(b) Let C be a closed curve to which Green's Theorem applies and let n be the unit normal vector to C. Let
F = xi + yj and assume F is orthogonal to n at every point of C. Then the flux density of F at every point

of Cis 0 since F - n = 0 at every point of C = %1;4 + gN = 0 at every point of C

= Flux = fRf (%—l\f + g_r;l) dxdy = fRf 0 dxdy = 0. But part (a) above states that the flux is

2(Area of the region) = the area of the region would be 0 = contradiction. Therefore, F cannot be
orthogonal to n at every point of C.

53. Fxy) =2y, £y =22, L (2x0) =2x = v -F=2y+22+2x = Flux:fjgf (2x + 2y + 2z) AV
:folfolfol (2X+2y+ZZ)dxdydz:folfo1 (1+2y+2z)dydz:f01(2+22)dZ:3

54 S =2, Gn=241=0= v -F=2 = FluX:fgf 271 drdf dz
:‘I:Tj:j;m 2Zdzrdrd9:j:ﬁj:r(m—rQ)drdG:‘/:)2764d9:1287r

SS.Q(—ZX): ’8y( 3y) = ,az(z)—1:>v F=-4x+y’+22=2andxX>+y’ =z = z=1

= xhyi=1 s A= [ 4dV_—4fzwff2rdzrdrd9——4fzwf< — 0 drdo
——af" (-5 +2 f)da_% (7-8v2)

56. 2 (6x+y) =6, 3y( x—2)=0,2@yz)=4y = v -F=6+4y;z= /x> +y? =1
1
N Flux:fgf (6+4y)d\/:f0 fof0 (6+4rsin9)dzrdrd9:fo fo(6r2+4r3sin0)drd0

w2
:fo (2 +sinf)dd =7+ 1
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57. F=yi+zj+xk = v -F=0 = Flux= [ [F-ndo= [[[ v -FdV=0
S D
58 F=3x2li+yj— 2’k = v -F=322+1-322=1= Flux= [ [ F-ndo= [[[ ¥ -FadV
S D

:jjj;mnj;mldZddeZ‘l:(lefgz) dx = {x_§}4:§

0

59. F=xy’i+x%yj+yk = v -F=y>+x*+0 = Flux= [ [F-ndo= [ [[ ¥ -FaV
S D

=/ (X2+y2)dV=J;zwfolfj]rzdzrdrde:foznfolzr?sdrdg:j:”%dezﬂ
D

60. () F=Gz+ 1)k = v -F=3 = Fluxacrossthehemisphere:ffF-nda:fff \v/ .FdV:fff 3dVv
S D D

~3(2) (¢me) = 2m
) f(x,y,2) =x2+y?+22—a?=0 = vf=2xi+2yj+2zk = || = /4x2 + 4y? + 422 = \/4a2 = 2a since
a 0= n= 222k _xnitk o pop=3z41)(2);p=k = vi-p=vi-k=2
= |wvf-p|=2zsincez 0 = do= YL =28da=2dA = [[F-ndo= [[ Gz+1)(%)(?)dA
S Ry

[vipl = 2z
= [ Grivaxdy= [[ V@ -y + 1) dxdy = [ ["(3v/aF — 2+ 1) rdrae
Ry Ryy

2m 9
= fo (% + a3> df = wa® + 2ma®, which is the flux across the hemisphere. Across the base we find

F = [3(0) + 1]k = k since z = 0 in the xy-plane = n = —k (outward normal) = F -n = —1 = Flux across the
base = f f F-ndo = f f —1 dxdy = —ma?. Therefore, the total flux across the closed surface is
S Ry,

(ma? 4 2ma’) — ma® = 2ma’.
CHAPTER 16 ADDITIONAL AND ADVANCED EXERCISES

1. dx =(—2sint+ 2 sin 2t) dtand dy = (2 cos t — 2 cos 2t) dt; Area = %fcxdyfydx
2T
= % j; [(2 cost — cos 2t)(2 cos t — 2 cos 2t) — (2 sin t — sin 2t)(—2 sin t + 2 sin 2t)] dt
27 27
=1 [7 16— (6costcos 2+ 6sintsin20]dt=1 [ (6~ 6cost)dt = 6r

2. dx=(—2sint—2sin2t) dtand dy = (2 cos t — 2 cos 2t) dt; Area = % fc x dy —y dx
2
= %j; [(2 cos t + cos 2t)(2 cos t — 2 cos 2t) — (2 sin t — sin 2t)(—2 sin t — 2 sin 2t)] dt

2 2
=1 72— 2costeos 2t —sintsin20]dt =1 [ (2~ 2cos3pdt=1 [20— 2sin 3]} = 2r

3. dx:cos2tdtanddy:costdt;Area:%fC xdy—ydx:%j: (1 sin 2t cos t — sin t cos 2t) dt

= %fo [sin t cos® t — (sin t) (2 cos? t — 1)] dt = 3 fo (—sintcos’t+sint)dt =1 [ cos’t —cost] ;= —5+1=3

4. dx = (—2asint — 2a cos 2t) dt and dy = (b cos t) dt; Area = % fc xdy —ydx

2w
fo [(2ab cos? t — ab cos t sin 2t) — (—2ab sin® t — 2ab sin t cos 2t)] dt

DO
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998  Chapter 16 Integration in Vector Fields

27 2m
=1 j; [2ab — 2ab cos? t sin t + 2ab(sin t) (2 cos® t — 1)] dt = 1 j; (2ab + 2ab cos? t sin t — 2ab sin t) dt

= 1 [2abt — 2 ab cos® t + 2ab cos (] 3” = 27ab

5. (a) F(x,y,z) = zi+ xj + ykis 0 only at the point (0,0, 0), and curl F(x,y,z) =i+ j+ Kkisnever 0.
(b) F(x,y,z) =zi+ykisOonlyonthelinex =t,y =0,z = 0and curl F(x,y,z) =i+ jisnever 0.
(¢) F(x,y,z) = ziis 0 only when z = 0 (the xy-plane) and curl F(x,y,z) = jis never 0.

6. F =yz%i+ xz%j + 2xyzk and n = \/X;ffyfjkzz = X”ylgﬂk , so F is parallel to n when yz? = &, xz? = ¥,
and 2xyz = & = %:%zhy =y =x=>y=dxadz’= £ 5 =2x = z= +v/2x. Also,

XX4+y?+22=R?* = x> +x*+2x> =R? = 4x> =R? = x = £ & Thus the points are: <%>%:@),

R R _ V2R _R _R VR _R _R _ VYR R _R V2R R R _ VR
2720 2 ’ 2 27 2 ’ 2 27 2 ’ 2 27 2 ’ 2 27 2 ’
_R R VR) (R R _ VR

27297 2 ’ 2720 2

7. Set up the coordinate system so that (a,b,c) = (0,R,0) = 6(x,y,z) = \/x2 +(y—R)2+22
= /x2+y? +72 — 2Ry + R2 = \/2R? — 2Ry ; let f(x,y,z) = x> + y> + 22 —R?and p = i

= wvi=2xi+2yj+2zk = |y f|=2 x2—|—y2+22:2R:> do :‘|vafi\‘ dzdy = R dzdy

= Mass-ff O(x, y,z)do—ff \/2R? — 2Ry dzdy Rff \/7“ dzdy

R27y2
VR 2R2 2R _
—ar [ [ R qdy=ar [ R Rysin ! ()| dy
0
R
— 27R f VJ2R? — 2Ry dy = 2R (51) (2R? — 2Ry)"”*| = lor®
R
i ik

8. r(r,) =(@cosMi+ (xsind)j+60k,0<r<1,0<0<2mr = r;xrg=| cosb sind 0
—rsinf rcosf 1

= (sin 0)i — (cos O)j + 1k = |r; X 1| = \/1+r2;6:2\/x2+y2:2\/r200529+r2 sin§ = 2r

= Mass:fsfé(x,y,z)do:fffolzr\/uﬂdrda:ff [%(1+r2)3/2};d9:j:ﬁ§(2 2-1)df
5 (i)

9. M=x%+4xyandN = —6y = %—2x+4yand6N —6 = Flux—ff(2x+4y 6) dx dy

= j;b (a® + 4ay — 6a) dy = a’b + 2ab? — 6ab. We want to minimize f(a, b) = a’b + 2ab> — 6ab = ab(a + 2b — 6).

Thus, f,(a, b) = 2ab 4+ 2b?> — 6b = O and f,(a,b) =a’ +4ab —6a=0=bRa+2b—6)=0=b=0o0rb = —a+ 3.
Nowb=0 = a2 -6a=0 = a=0ora=6 = (0,0)and (6,0) are critical points. On the other hand, b = —a + 3
=a’+4a(—a+3)—6a=0= —3a’+6a=0=a=0o0ra=2= (0,3)and (2,1) are also critical points. The flux at
(0,0) = 0, the flux at (6,0) = 0, the flux at (0, 3) = 0 and the flux at (2, 1) = —4. Therefore, the flux is minimized at (2, 1)
with value —4.

10. A plane through the origin has equation ax + by + cz = 0. Consider first the case when ¢ # 0. Assume the plane is given

by z = ax + by and let f(x,y,z) = x?> + y? + z? = 4. Let C denote the circle of intersection of the plane with the sphere.
By Stokes's Theorem, fC F-dr = f f Vv X F-ndo, where n is a unit normal to the plane. Let
S
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i j k
r(x,y) = xi + yj + (ax + by)k be a parametrization of the surface. Thenry xry=|1 0 a|= —ai—bj+k
01 b
i j k
8 9 2 . ai +bj—k
= do = |rx X ry| dxdy = /a2 +b? 4 1 dxdy. Also, 7 x F = m 5 9| =it+ij+kandn= ﬁ
Xy

= fsfv xF-ndU:fRX{ S Va1 b dxdy—ff (a+b—1)dxdy—(a+b—1)ff dxdy. Now

x4+ y?+ (ax +by)? =4 = (%) x4 (E’T“) y2 + (—) xy = 1 = the region R,, is the interior of the ellipse

Ax? 4 Bxy + Cy? = 1 in the xy-plane, where A = =H B =2 and C = . The area of the ellipse is
2 _ 47 R _ _ 4m(@a+b-— (a+b—1)7 .
Jiac B~ Voo = f F-dr =h(a,b) = 7\/247 Thus we optimize H(a,b) = 7757

OH __ 2(d+b71)(b2+1+d ab) —Oand aH 2(a+b71)(d +1+b—ab)

da (a2 +b2 +1)2 (a2 +b2+1)°
anda’+1+b—ab=0 = a+b—1:0,0ra2—b2+(b—a):0 = at+b—-1=0,or(a—b)a+b—-1)=0
= a+b—1=0ora=b. The critical valuesa+ b — 1 = 0 give a saddle. Ifa=b,then0=b2+1+a—ab

=0 = a+b—1=0,orb®*+14+a—ab=0

= a’+1+a—a>=0 = a=—1 = b= —1. Thus, the point (a,b) = (-1, —1) gives a local extremum for fCF -dr
= z=—X—Yy = Xx+Yy+z=0is the desired plane, if ¢ # 0.
Note: Since h(—1, —1) is negative, the circulation about n is clockwise, so —n is the correct pointing normal for

the counterclockwise circulation. Thus f f Vv X F - (—n) do actually gives the maximum circulation.
S

If ¢ = 0, one can see that the corresponding problem is equivalent to the calculation above when b = 0, which does not
lead to a local extreme.

11. (a) Partition the string into small pieces. Let A;s be the length of the i piece. Let (x;,y;) be a point in the
i piece. The work done by gravity in moving the i™ piece to the x-axis is approximately
W, = (gx;y;Ais)y; where x;y;A;s is approximately the mass of the i piece. The total work done by

gravity in moving the string to the x-axis is X' W; = Ei]gxiy?Ais = Work = fC gxy? ds
72 /2
(b) Work = f gxy? ds = j; g(2 cos t) (4 sin? t)\/4 sin t + 4 cos? t dt = 16g j; cos t sin® t dt
/2
16 (sm t):| _ 16
[ £ 0 3 8

d d . . .
(c) X= f}x(xyl > and y= ij(xy: " ; the mass of the string is fC xy ds and the weight of the string is
o Xyds o Xyds

g fc xy ds. Therefore, the work done in moving the point mass at (X, y) to the x-axis is

W:(gfc xyds)_:gfC xy?ds =g

12. (a) Partition the sheet into small pieces. Let A;o be the area of the i piece and select a point (x;, y;, ) in
the i piece. The mass of the i™ piece is approximately x;y;A;0. The work done by gravity in moving the

i piece to the xy-plane is approximately (gx;yiAi0)z; = gxiyiziAic = Work = f f gxyz do.
S

(b) ffgxyzdo:gff xy(1 = x —y/T+ (1P + (D2 dA = 3g [ [ (xy = xty — xy?) dydx

Ve [ T - b a1l = Vi L - b 1 e
= Vi [ X+ i = ) = Vi (- ) = 6
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13.

14.

15.

17.

18.

(c) The center of mass of the sheet is the point (X,y,z) where Z = My with M,, = xyz do and
p y M y y
S

M = f f xy do. The work done by gravity in moving the point mass at (X, ¥, Z) to the xy-plane is
S

eMz = gM (%) =gM,, = fsfgxyz do = %.

(a) Partition the sphere x> + y? 4 (z — 2)> = 1 into small pieces. Let Ao be the surface area of the i piece and let
(xi, Vi, z;) be a point on the i piece. The force due to pressure on the i piece is approximately w(4 — z)A;o. The

total force on S is approximately > w(4 — z,)A;o. This gives the actual force to be f f w4 —z)do.
1
S

(b) The upward buoyant force is a result of the k-component of the force on the ball due to liquid pressure.
The force on the ball at (x,y, z) is w(4 — z)(—n) = w(z — 4)n, where n is the outer unit normal at (x,y, z).
Hence the k-component of this force is w(z — 4)n - k = w(z — 4)k - n. The (magnitude of the) buoyant force

on the ball is obtained by adding up all these k-components to obtain f f w(z —4)k -ndo.
S
(c) The Divergence Theorem says f f wiz—4)k-ndo = f f f div(w(z — 4)k) dV = f f f w dV, where D
S D D
isx?+y?+(z-2°<1 = [[wz-4dk-ndo=w [[[ 1dV = 27w, the weight of the fluid if it
S D

were to occupy the region D.

The surface S is z = /x2 + y2 from z = 1 to z = 2. Partition S into small pieces and let A;o be the area of the
i™ piece. Let (x;,Vi,7) be a point on the i™ piece. Then the magnitude of the force on the i™ piece due to
liquid pressure is approximately F; = w(2 — z,)A,0c = the total force on S is approximately

EF =Xw2 —-z)Ao = theactualforcelsffW(Z—Z)do—ff 2—\/X2—|—y \/l X2+y2+X2+y dA

ZfRfﬁw ~ /X1y dA = fffw(z—r)rdrde_f Vaw[R - 1) g = [ 200 gp = 4o

Assume that S is a surface to which Stokes's Theorem applies. Then fc E-dr= f f (v XE)-ndo

= f f -ndo =— £ f f B - ndo. Thus the voltage around a loop equals the negative of the rate of

change of magnetic flux through the loop.

. According to Gauss's Law, ff F - n do = 47GmM for any surface enclosing the origin. Butif F = 7 x H
S

then the integral over such a closed surface would have to be 0 by the Divergence Theorem since div F = 0.

f‘c fvg-dr= ff VvV x(fwvg-ndo (Stokes's Theorem)
S
= ff v xveg+ vix vg-ndo (Section 16.8, Exercise 19b)
S
= [[1HO) + vix vel-ndo (Section 16.7, Equation 8)
S

=[[(vix vg-ndo
S

VvV XFi=vw xFy= v x(Fy—F;)=0 = Fy —F;isconservative = F, — F; = sy f;also, v -F;1 = v -F,

= v -(Fy —F)) =0 = <7 2f =0 (sofis harmonic). Finally, on the surface S, 57 f-n= (F, —F;)-n
=Fy-n—F;-n=0. Now, v -(fy ) = wf- v+ 2fsothe Divergence Theorem gives
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[[[vtPav+ [[[tv*dv=[[[ v -EvDHdV=[[fwf-ndo =0, andsince 7 *f =0 we have
D D D S
[[[|Ivtfav+0=0= [[[|F~F|*dV=0 = F,—F; =0 = F,=Fy,as claimed.
D D

i k

i
19. False; letF=yi+xj#0 = v -F=Z M+ 2x=0and v xF=|4 & 5|=0i+0j+0k=0

x y O

20. |ry x 1y|* = |ro]? [ry)? sin? 0 = |ro]” [1y]* (1 = cos?8) = |r]? [ry|* — |ru]? [ry]* cos2 0 = |ry|* |ry]” — (ry - 1y)?

= |r, xr,]* =EG - F? = do = |r, x 1| dudv = \/EG — F? dudv

2l r=xityj+zk = v -r=1+1+1=3= [[[ v -rav=3[[[dv=3V = vVv=1L[[[ ¢ -rav
D D D

= % fo r - n do, by the Divergence Theorem
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