


Useful ldentities

U : scalar field: A, B, ... : vector fields.

Vx (VU)=0 V. (VU) =AU
V.(Vx A)=0 Vx (Vx A)=V(V.A)—-AA
L *%r x V
A .
v=1% ~~—’—,;r x L
ror  hre
e L
r or? h2p?

Ax(BxC)=(A.C)B - (A.B)C
AxBxC)+Bx(CxA)+Cx(AxB)y=0
(AxB).(CxD) =(A.C)(B.D)—- (A.D)B.C)

(A x B)x(C x D) =[(A x B).D]C — [(A x B).C]D
= [(C x D). A]B — [(C x D).B]A

vV (UV) = UVV 4+ V VU
A (UV) = UAV + 2(VU). (VV) + VAU
V. (UA) = V.A+ A. VU
Vx(UA) =UVxA+ (VU) x A
V.(AxB) =B.(VxA)— A.(VxB)
V(A.B) =Ax(VxB)+Bx(VxA)+B.Y A+A.V B
Vx(AxB)=A(V.B)— B (V.A)+B.V A-A.V B
N.B. : B.Y A vector field whose components are
. ¢
(B.V A), = B,dA, = ;Bj—az A,

(i =x,v.z2)




An elementary approach
to the quantum theory
of scattering by a potential



OUTLINE OF CHAPTER VIl

A. INTRODUCTION

Ealibadl ) e

Importance of collision phenomena
Scattering by a potential

Definition of the scattering cross section
Organization of this chapter

B. STATIONARY
SCATTERING STATES.
CALCULATION
OF THE CROSS SECTION

. Definition of stationary scattering states

a. Eigenvalue equation of the Hamiltonian

b. Asymptotic form of the stationary scattering states. Scat-
tering amplitude

Calculation of the cross section using probability currents

a. " Probability fluid™ associated with a stationary scattering
state

b. Incident current and scattered current

¢. Expression for the cross section

d. Interference between the incident and the scattered waves

. Integral scattering equation
. The Born approximation

«. Approximate solution of the integral scattering equation
b. Interpretation of the formulas

C. SCATTERING
BY A CENTRAL POTENTIAL.
METHOD
OF PARTIAL WAVES

. Principle of the method of partial waves
. Stationary states of a free particle

a. Stationary states with well-defined momentum. Plane waves

b. Stationary states with well-defined angular momentum. Free
spherical waves

¢. Physical properties of free spherical waves

d. Interference between the incident and the scattered waves

Partial waves in the potential ¥ (r)

a. Radial equation. Phase shifts

b. Physical meaning of phase shifts

. Expression of the cross section in terms of phase shifts

a. Construction of the stationary scattering state from partial
waves
b. Calculation of the cross section

902



A. INTRODUCTION

A. INTRODUCTION

1. Importance of collision phenomena

Many experiments in physics, especially in high energy physics, consist of
directing a beam of particles (1) (produced for example, by an accelerator) onto
a target composed of particles (2), and studying the resulting collisions : the various
particles* constituting the final state of the system — that is, the state after the
collision (¢f. fig. 1) — are detected and their characteristics (direction of emission,
energy, etc.) are measured. Obviously, the aim of such a study is to determine the
interactions that occur between the various particles entering into the collision.

Detector

Incident beam Targ%
-»> - -> B/—\—

articles (1
P (1) particles (2)

Detector

FIGURE |

Diagram of a collision experiment involving the particles (1) of an incident beam and the particles (2)
of a target. The two detectors represented in the figure measure the number of particles
scattered through angles 0, and 6, with respect to the incident beam.

The phenomena observed are sometimes very complex. For example, if
particles (1) and (2) are in fact composed of more elementary components (protons
and neutrons in the case of nuclei), the latter can, during the collision, redistribute
themselves amongst two or several final composite particles which are different
from the initial particles; in this case, one speaks of “rearrangement collisions”.

* In practice, it is not always possible to detect all the particles emitted, and one must often be
satisfied with partial information about the final system.
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CHAPTER VIl SCATTERING BY A POTENTIAL

Moreover, at high energies, the relativistic possibility of the “materialization™ of
part of the energy appears: new particles are then created and the final state can
include a great number of them (the higher the energy of the incident beam, the
greater the number). Broadly speaking, one says that collisions give rise to reactions,
which are described most often as in chemistry :

MHD+QQ—0C)+BH+O)+ .. (A-1)

Amongst all the reactions possible* under given conditions, scattering reactions
are defined as those in which the final state and the initial state are composed of
the same particles (1) and (2). In addition, a scattering reaction is said to be elastic
when none of the particles’ internal states change during the collision.

2. Scattering by a potential

We shall confine ourselves in this chapter to the study of the elastic scattering
of the incident particles (1) by the target particles (2). If the laws of classical mecha-
nics were applicable, solving this problem would involve determining the deviations
in the incident particles’ trajectories due to the forces exerted by particles (2). For
processes occurring on an atomic or nuclear scale, it is clearly out of the question to
use classical mechanics to resolve the problem ; we must study the evolution of the
wave function associated with the incident particles under the influence of their
interactions with the target particles [which is why we speak of the “scattering” of
particles (1) by particles (2)]. Rather than attack this question in its most general
form, we shall introduce the following simplifying hypotheses :

(!) We shall suppose that particles (1) and (2) have no spin. This simplifies the
theory considerably but should not be taken to imply that the spin of particles is
unimportant in scattering phenomena.

(é7)) We shall not take into account the possible internal structure of particles (1)
and (2). The following arguments are therefore not applicable to “inelastic”
scattering phenomena, where part of the kinetic energy of (1) is absorbed in the
final state by the internal degrees of freedom of (1) and (2) (¢f. for example, the
experiment of Franck and Hertz). We shall confine ourselves to the case of elastic
scattering, which does not affect the internal structure of the particles.

(iif) We shall assume that the target is thin enough to enable us to neglect
multiple scattering processes; that is, processes during which a particular incident
particle is scattered several times before leaving the target.

(iv) We shall neglect any possibility of coherence between the waves scattered
by the different particles which make up the target. This simplification is justified
when the spread of the wave packets associated with particles (1) is small compared
to the average distance between particles (2). Therefore we shall concern ourselves
only with the elementary process of the scattering of a particle (1) of the beam by
a particle (2) of the target. This excludes a certain number of phenomena which

* Since the processes studied occur on a quantum level, it is not generally possible to predict
with certainty what final state will result from a given collision; one merely attempts to predict the
probabilities of the various possible states.
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A. INTRODUCTION

are nevertheless very interesting, such as coherent scattering by a crystal (Bragg
diffraction) or scattering of slow neutrons by the phonons of a solid, which provide
valuable information about the structure and dynamics of crystal lattices. When
these coherence effects can be neglected, the flux of particles detected is simply the
sum of the fluxes scattered by each of the .4 target particles, that is, 4" times the
flux scattered by any one of them (the exact position of the scattering particle inside
the target is unimportant since the target dimensions are much smaller than the
distance between the target and the detector).

(v) We shall assume that the interactions between particles (1) and (2) can be
described by a potential energy F(r, — r,), which depends only on the relative
position r = r, — r, of the particles. If we follow the reasoning of §B, chapter VII,
then, in the center-of-mass reference frame* of the two particles (1) and (2), the
problem reduces to the study of the scattering of a single particle by the potential V(r).
The mass g of this “relative particle” is related to the masses m, and m, of (1) and (2)
by the formula :

(A-2)

3. Definition of the scattering cross section

Let Oz be the direction of the incident particles of mass u (fig. 2). The poten-
tial V(r) is localized around the origin O of the coordinate system [which is in fact

Detector D

e
7
Incident beam //
,//
» Lz
V(r) S
> . 0
4
> g > Z

4
— { \d ,r
\ 0 /

-

> Region where the
potential is effective

FIGURE 2

The incident beam, whose flux of particles is F,, is parallel to the axis O:; it is assumed to be
much wider than the zome of influence of the potential V' (r), which is centered at O. Far from
this zone of influence, a detector D measures the number dn of particles scattered per unit
time into the solid angle d(Q, centered around the direction defined by the polar angles 6 and ¢.
The number dn is proportional to F; and to dQ; the coefficient of proportionality (6. @) is,
by definition, the scattering “ cross section” in the direction (6, ¢).

* [n order to interpret the results obtained in scattering experiments, it is clearly necessary
to return lo the laboratory reference frame. Going from one frame of reference to another is a simple
kinematic problem that we will not consider here. See for example Messiah (1.17). vol. L. chap. X. § 7.
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CHAPTER Vill SCATTERING BY A POTENTIAL

the center of mass of the two real particles (1) and (2)]. We shall designate by F,
the flux of particles in the incident beam, that is, the number of particles per unit
time which traverse a unit surface perpendicular to Oz in the region where z takes on
very large negative values. (The flux F; is assumed to be weak enough to allow us
to neglect interactions between different particles of the incident beam.)

We place a detector far from the region under the influence of the potential and
in the direction fixed by the polar angles 8 and ¢, with an opening facing O and
subtending the solid angle dQ2 (the detector is situated at a distance from O which
is large compared to the linear dimensions of the potential’s zone of influence).
We can thus count the number dn of particles scattered per unit time into the solid
angle dQ2 about the direction (6, ¢).

dn is obviously proportional to d2 and to the incident flux F;. We shall define
o(0, @) to be the coefficient of proportionality between dn and F, dQ:

| dn = F,0(0, ) dQ | (A-3)
The dimensions of dn and F; are, respectively, T~ and (L>T)!. 6(0, @) therefore
has the dimensions of a surface; it is called the differential scattering cross
section in the direction (6, ¢). Cross sections are frequently measured in barns and
submultiples of barns :

1 barn = 10724 cm? (A-4)

The definition (A-3) can be interpreted in the following way : the number of
particles per unit time which reach the detector is equal to the number of particles
which would cross a surface (8, ¢) dQ placed perpendicular to Oz in the incident
beam.

Similarly, the total scattering cross section ¢ is defined by the formula:

c = JG(B, @) dQ (A-5)

COMMENTS.

(!) Definition (A-3), in which dn is proportional to df, implies that only the
scattered particles are taken into consideration. The flux of these particles
reaching a given detector D [of fixed surface and placed in the direction (6, ¢)]
is inversely proportional to the square of the distance between D and O (this
property is characteristic of a scattered flux). In practice, the incident beam
is laterally bounded [although its width remains much larger than the extent
of the zone of influence of V(r)], and the detector is placed outside its
trajectory so that it receives only the scattered particles. Of course, such an
arrangement does not permit the measurement of the cross section in the
direction 8 = 0 (the forward direction), which can only be obtained by
extrapolation from the values of 6(6, ¢) for small 6.

(i) The concept of a cross section is not limited to the case of elastic scattering:
reaction cross sections are defined in an analogous manner.
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B. STATIONARY SCATTERING STATES

4. Organization of this chapter

§B is devoted to a brief study of scattering by an arbitrary potential V(r)
(decreasing however faster than 1/r as r tends toward infinity). First of all, in §B-1,
we introduce the fundamental concepts of a stationary scattering state and
a scattering amplitude. We then show, in §B-2, how knowledge of the asymptotic
behavior of the wave functions associated with stationary scattering states enables
us to obtain scattering cross sections. Afterwards, in §B-3, we discuss in a more
precise way, using the integral scattering equation, the existence of these stationary
scattering states. Finally (in §B-4), we derive an approximate solution of this
equation, valid for weak potentials. This leads us to the Born approximation, in
which the cross section is very simply related to the Fourier transform of the potential.

For a central potential V(r), the general methods described in §B clearly
remain applicable, but the method of partial waves, set forth in §C, is usually consi-
dered preferable. This method is based (§C-1) on the comparison of the stationary
states with well-defined angular momentum in the presence of the potential ¥(r)
(which we shall call “partial waves”) and their analogues in the absence of the
potential (“free spherical waves”). Therefore, we begin by studying, in §C-2, the
essential properties of the stationary states of a free particle, and more particularly
those of free spherical waves. Afterwards (§C-3), we show that the difference bet-
ween a partial wave in the potential V(r) and a free spherical wave with the same
angular momentum / is characterized by a “ phase shift” §,. Thus, it is only necessary
to know how stationary scattering states can be constructed from partial waves
in order to obtain the expression of cross sections in terms of phase shifts (§C-4).

B. STATIONARY SCATTERING STATES.
CALCULATION OF THE CROSS SECTION

In order to describe in quantum mechanical terms the scattering of a given
incident particle by the potential V(r), it is necessary to study the time evolution
of the wave packet representing the state of the particle. The characteristics of this
wave packet are assumed to be known for large negative values of the time ¢, when
the particle is in the negative region of the Oz axis, far from and not yet affected by
the potential V(r). It is known that the subsequent evolution of the wave packet
can be obtained immediately if it is expressed as a superposition of stationary states.
This is why we are going to begin by studying the eigenvalue equation of the
Hamiltonian :

H=H, + V() (B-1)
where :
PZ
Hy, = 5; (B-2)

describes the particle’s kinetic energy.
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CHAPTER VIl SCATTERING BY A POTENTIAL

Actually, to simplify the calculations, we are going to base our reasoning
directly on the stationary states and not on wave packets. We have already used
this procedure in chapter I, in the study of “square” one-dimensional potentials
(§ D-2 and complement H,). It consists of considering a stationary state to represent
a “probability fluid” in steady flow, and studying the structure of the corresponding
probability currents. Naturally, this simplified reasoning is not rigorous: it remains
to be shown that it leads to the same results as the correct treatment of the problem,
which is based on wave packets. Assuming this will enable us to develop certain
general ideas easily, without burying them in complicated calculations*.

1. Definition of stationary scattering states
a. EIGENVALUE EQUATION OF THE HAMILTONIAN

Schrodinger’s equation describing the evolution of the particle in the
potential V(r) is satisfied by solutions associated with a well-defined energy E
(stationary states):

Yy, 1) = @(r)e” =7 (B-3)

where ¢(r) is a solution of the eigenvalue equation:

[_ %A + V(r)]qo(r) = E ¢(r) (B-4)

We are going to assume that the potential ¥(r) decreases faster than 1/r as r
approaches infinity. Notice that this hypothesis excludes the Coulomb potential,
which demands special treatment ; we shall not consider it here.

We shall only be concerned with solutions of (B-4) associated with a positive
energy E, equal to the kinetic energy of the incident particle before it reaches
the zone of influence of the potential. Defining:

h2k>
= (B-5)
hz
V() = 3 U (B-6)
enables us to write (B-4) in the form:
[4 + &k = Ur)]e(r) = 0 (B-7)

For each value of k (that is, of the energy E), equation (B-7) can be satisfied by
an infinite number of solutions (the positive eigenvalues of the Hamiltonian H are

* The proof was given in complement J,, for a particular one-dimensional problem ; we verified
that the same results are obtained by calculating the probability current associated with a stationary
scattering state or by studying the evolution of a wave packet describing a particle which undergoes
a collision.
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B. STATIONARY SCATTERING STATES

infinitely degenerate). As in “square” one-dimensional potential problems
(cf. chap. I, §D-2 and complement H,), we must choose from amongst these
solutions the one which corresponds to the physical problem being studied (for
example, when we wanted to determine the probability that a particle with a given
energy would cross a one-dimensional potential barrier, we chose the stationary
state which, in the region on the other side of the barrier, was composed simply of
a transmitted wave). Here, the choice proves to be more complicated, since the
particle is moving in three-dimensional space and the potential V(r) has, « priori,
an arbitrary form. Therefore, we shall specify, using wave packet properties
in an intuitive way, the conditions that must be imposed on the solutions of
equation (B-7) if they are to be used in the description of a scattering process. We
shall call the eigenstates of the Hamiltonian which satisfy these conditions stationary
scattering states, and we shall designate by v{Y"\r) the associated wave functions.

b. ASYMPTOTIC FORM OF STATIONARY SCATTERING STATES.
SCATTERING AMPLITUDE

For large negative values of ¢, the incident particle is free [ V(r) is practically
zero when one is sufficiently far from the point O], and its state is represented by
a plane wave packet. Consequently, the stationary wave function that we are
looking for must contain a term of the form e*?, where k is the constant which
appears in equation (B-7). When the wave packet reaches the region which is under
the influence of the potential V(r), its structure is profoundly modified and its
evolution complicated. Nevertheless, for large positive values of ¢, it has left this
region and once more takes on a simple form: it is now split into a transmitted
wave packet which continues to propagate along Oz in the positive direction (hence
having the form e’*?) and a scattered wave packet. Consequently, the wave function
v{4i(r), representing the stationary scattering state associated with a given energy
E = h%k?/2u,will be obtained from the superposition of the plane wave ¢** and a
scattered wave (we are ignoring the problem of normalization).

The structure of the scattered wave obviously depends on the potential V(r).
Yet its asymptotic form (valid far from the zone of influence of the potential) is
simple; reasoning by analogy with wave optics, we see that the scattered wave must
present the following characteristics for large r:

(/) In a given direction (0, @), its radial dependence is of the form e*'/r.
It is a divergent (or “outgoing”) wave which has the same energy as the incident
wave. The factor 1/r results from the fact that there are three spatial dimensions :
(4 + k%) e'* is not zero, while:

eikr

(4 + k?) -

=0 forr = r, where r, is any positive number (B-8)

(in optics, the factor 1/r insures that the total flux of energy passing through a sphere
of radius r is independent of r for large r; in quantum mechanics, it is the probability
flux passing through this sphere that does not depend on r).

(if) Since scattering is not generally isotropic, the amplitude of the outgoing
wave depends on the direction (6, ¢) being considered.
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CHAPTER VNI SCATTERING BY A POTENTIAL

Finally, the wave function v{4f){r) associated with the stationary scattering
state is, by definition, the solution of equation (B-7) whose asymptotic behavior is
of the form :

! : . eikr
)~ e+ (0, 0) :| (B-9)

, r—oo r
L

In this expression, only the function f£,(60, ¢), which is called the scattering amplitude,
depends on the potential V(r). It can be shown (cf. §B-3) that equation (B-7) has
indeed one and only one solution, for each value of &, that satisfies condition (B-9).

COMMENTS .

() We have already pointed out that in order to obtain simply the time
evolution of the wave packet representing the state of the incident particle,
it is necessary to expand it in terms of eigenstates of the total Hamiltonian H
rather than in terms of plane waves. Therefore, let us consider a wave function
of the form*:

Ylr, t) = J dk g(k) Vi (ry e~ Ext /A (B-10)
0
where :
252
E, = hzﬁ (B-11)

and where the function g(k), taken to be real for the sake of simplicity, has
a pronounced peak at k = k, and practically vanishes elsewhere. ¥(r, f) is
a solution of Schrddinger’s equation and therefore correctly describes the
time evolution of the particle. It remains to be shown that this function indeed
satisfies the boundary conditions imposed by the particular physical problem
being considered. According to (B-9), it approaches asymptotically the sum of
a plane wave packet and a scattered wave packet :

eikr

e~ iEgt/h (B-12)

i 1), ~, j dkglk) ™= ¢ B +j dk g(k) /(0. 9)
0

0

r

The position of the maximum of each of these packets can be obtained from
the stationary phase condition (cf. chap. I, §C-2). A simple calculation then
gives for the plane wave packet -

zylt) = vgt (B-13)
with :
vg = — (B-14)

* Actually, it is also necessary to superpose the plane waves corresponding to wave vectors k
having slightly different orientations, for the incident wave packet is limited in the direction perpendicular
to Oz. For the sake of simplicity, we are concerning ourselves here only with the energy dispersion
(which limits the spread of the wave packet along O:).
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B. STATIONARY SCATTERING STATES

(if)

As for the scattered wave packet, its maximum in the direction (6, ¢) is located
at a distance from the point O given by:

rull. @5 t) = — o (0, @) + vt (B-15)

where o,(0, ¢) is the derivative with respect to k of the argument of the
scattering amplitude f, (0, ¢). Note that formulas (B-13) and (B-15) are valid
only in the asymptotic region (that is, for large [f|).

For large negative values of ¢, there is no scattered wave packet, as can
be seen from (B-15). The waves of which it is composed interfere constructively
only for negative values of r, and these values lie outside the domain permitted
to r. Therefore, all that we find in this region is the plane wave packet, which,
according to (B-13), is making its way towards the interaction region with
a group velocity vs. For large positive values of ¢, both packets are actually
present; the first one moves off along the positive Oz axis, continuing along
the path of the incident packet, and the second one diverges in all directions.
The scattering process can thus be well described by the asymptotic
condition (B-9).

The spatial extension Az of the wave packet (B-10) is related to the momentum disper
sion hdk by the relation :

|
Az ~ — (B-16)
ST
We shall assume that Ak is small enough for 4z to be much larger than the linear dimen-
sions of the potential’s zone of influence. Under these conditions, the wave packet moving

at a velocity r,; towards the point O (fig. 3) will take a time :
Az 1

AT >~ — ~ B-17
v, vgdk ( )
//—\‘
Sy l/ o )
i
N
Zone of influence
of the potential
- dz—— >

FIGURE 3

The incident wave packet of length 4z moves at a velocity v; towards the potential }/(r); it interacts
with the potential during a time of the order of 47 = Az/v; (assuming the size of the potential’s
zone of influence to be negligible compared to 4:).
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CHAPTER VIII SCATTERING BY A POTENTIAL

to cross this zone. Let us fix the time origin at the instant when the center of the incident
wave packet reaches point O. Scattered waves exist only for 1 = — AT/2, i.e., after the
forward edge of the incident wave packet has arrived at the potential’s zone of influence.
For ¢t = 0, the most distant part of the scattered wave packet is at a distance of the
order of Az/2 from the point O.

Let us now consider an a priori different problem, where we have a time-dependent
potential, obtained by multiplying ¥'(r) by a function f(t) which increases slowly
from 0 to 1 betweent = — AT/2 and r = 0. For t much less than — AT/2, the potential
is zero and we shall assume that the state of the particle is represented by a plane
wave (extending throughout all space). This plane wave begins to be modified only
at t ~ — AT/2, and at the instant + = 0 the scattered wavés look like those in the
preceding case.

Thus we see that there is a certain similarity between the two different problems
that we have just described. On the one hand, we have scattering by a constant potential
of an incident wave packet whose amplitude at the point O increases smoothly between
the times — AT/2 and zero; on the other hand. we have scattering of a plane wave of
constant amplitude by a potential that is gradually ““turned on” over the same time
interval [ — 47/2,0]."

If Ak —> 0, the wave packet (B-10) tends toward a stationary scattering state
[g(k) tends toward d(k — k)] ; in addition, according to.(B-17), AT becomes infinite and
the turning on of the potential associated with the function f(#) becomes infinitely slow
(for this reason, it is often said to be “adiabatic”). The preceding discussion, although
very qualitative, thus makes it possible to describe a stationary scattering state as the
result of adiabatically imposing a scattering potential on a free plane wave. We could
make this interpretation more precise by studying in a more detailed way the evolution
of the initial plane wave under the influence of the potential f(¢)V (r).

2. Calculation of the cross section using probability currents
a. PROBABILITY FLUID ASSOCIATED WITH A STATIONARY SCATTERING STATE

In order to determine the cross section, one should study the scattering ol an
incident wave packet by the potential V'(r). However, we can obtain the result much
more simply by basing our reasoning on the stationary scattering states; we consider
such a state to describe a probability fluid in steady flow and we calculate the cross
section from the incident and scattered currents. As we have already pointed out,
this method is analogous to the one we used in one-dimensional “square” barrier
problems: in those problems, the ratio between the reflected (or transmitted) cur-
rent and the incident current yielded the reflection (or transmission) coefficient
directly.

Hence we shall calculate the contributions of the incident wave and the scat-
tered wave to the probability current in a stationary scattering state. We recall that
the expression for the current J(r) associated with a wave function ¢(r) is :

) = LRe [«a*(r) -’j.-wp(r)] (B-13)
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B. STATIONARY SCATTERING STATES

b. INCIDENT CURRENT AND SCATTERED CURRENT

The incident current J, is obtained from (B-18) by replacing ¢(r) by the plane
wave ¢**; J; is therefore directed along the Oz axis in the positive direction, and
its modulus is:

J)| =— B-19
o) =2 (B-19

Since the scattered wave is expressed in spherical coordinates in formula (B-9),
we shall calculate the components of the scattered current J, along the local axes
defined by this coordinate system. Recall that the corresponding components of
the operator V are:

c

V), ==
1 ¢
(V) = 70
1 0
Vo = 50070 (B-20)

If we replace ¢(r) in formula (B-18) by the function f, (6, ¢)e™"/r, we can easily
obtain the scattered current in the asymptotic region:

ho1 1 . o
000 =2 % ke | 1200, 0)55 140, 0)

r

o)y = L g [l Ji, <P)a—i0 0, <P)] (B-21)

p rdsin @ !

Since r is large, (J;), and (J,), are negligible compared to (J,;),, and the scattered
current is practically radial.

C. EXPRESSION FOR THE CROSS SECTION

The incident beam is composed of independent particles, all of which are
assumed to be prepared in the same way. Sending a great number. of these par-
ticles amounts to repeating the same experiment a great number of times with
one particle whose state is always the same. If this state is »{df)(r), it is clear that
the incident flux F; (that is, the number of particles of the incident beam which cross
a unit surface perpendicular to Oz per unit time) is proportional to the flux of the
vector J, across this surface; that is, according to (B-19):

Fo=Cl3 = ch—#"- (B-22)
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CHAPTER VHI SCATTERING BY A POTENTIAL

Similarly, the number dn of particles which strike the opening of the detector
(fig. 2) per unit time is proportional to the flux of the vector J; across the surface dS
of this opening [the proportionality constant C is the same as in (B-22)]:

dn = CJ,.dS = C(J,),r? dQ

7
= c—#’f |10, o) d (B-23)

We see that dn is independent of r if r is sufficiently large.
If we substitute formulas (B-22) and (B-23) into the definition (A-3) of the
differential cross section (6, ¢), we obtain:

o 0.p) = [A0. 0 | (B-24)

The differential cross section is thus simply the square of the modulus of the
scattering amplitude.

d. INTERFERENCE BETWEEN THE INCIDENT AND THE SCATTERED WAVES

In the preceding sections, we have neglected a contribution to the current associated
with v (r) in the asymptotic region: the one which arises from interference between the plane

FIGURE 4

Before the collision (fig. a), the incident wave packet is moving towards the zone of influence of the
potential. After the collision (fig. b), we observe a plane wave packet and a spherical wave packet
scattered by the potential (dashed lines in the figure). The plane and scattered waves interfere
in the forward direction in a destructive way (conservation of total probability); the detector D
is placed in a lateral direction and can only see the scattered waves.
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B. STATIONARY SCATTERING STATES

wave e** and the scattered wave, and which is obtained by replacing @*(r) in (B-18) by e ™

and o@(r) by £ (6. @) e* /r, and vice versa.

Nevertheless, we can convince ourselves that these interference terms do not appear
when we are concerned with scattering in directions other than the forward direction (0 = 0).
In order to do so, let us go back to the description of the collision in terms of wave packets (fig. 4),
and let us take into consideration the fact that in practice the wave packet always has a finite
lateral spread. Initially, the incident wave packet is moving towards the zone of influence
of V(r) (fig. 4-a). After the collision (fig. 4-b), we find two wave packets : a plane one which
results from the propagation of the incident wave packet (as if there were no scattering potential)
and a scattered one moving away from the point @ in all directions. The transmitted wave thus
results from the interference between these two wave packets. In general, however, we place
the detector D outside the beam, so that it is not struck by transmitted particles; thus we
observe only the scattered wave packet and it is not necessary to take into consideration the
interference terms that we have just mentioned.

Yet it follows from figure 4-b that interference between the plane and scattered wave
packets cannot be neglected in the forward direction, where they occupy the same region of
space. The transmitted wave packet results from this interference. It must have a smaller
amplitude than the incident packet because of conservation of total probability (that is, conser-
vation of the number of particles : particles scattered in all directions of space other than the
forward direction leave the beam, whose intensity is thus attenuated after it has passed the
target). It is thus the destructive interference between the plane and forward-scattered wave
packets that insures the global conservation of the total number of particles.

3. Integral scattering equation

We propose to show now, in a more precise way than in §B-1-b, how one can
demonstrate the existence of stationary wave functions whose asymptotic behavior
is of the form (B-9). In order to do so, we shall introduce the integral scattering
equation, whose solutions are precisely these stationary scattering state wave
functions.

Let us go back to the eigenvalue equation of H [formula (B-7)] and put it in
the form:

(4 + k%) o(r) = Ulr) o(r) (B-25)

Suppose (we shall see later that this is in fact the case) that there exists
a function G(r) such that:

(4 + k) G(r) = d(r) (B-26)

[G(r) is called the “Green’s function” of the operator 4 + k*]. Then any
function ¢@(r) which satisfies:

pr) = @or) + JtPr'G(r —r)u(r) o(r) (B-27)
where @,(r) is a solution of the homogeneous equation:

(4 + k?)@o(r) =0 (B-28)
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obeys the differential equation (B-25). To show this, we apply the operator 4 + k?
to both sides of equation (B-27); taking (B-28) into account, we obtain:

(4 + k2 o(r) = (4 + k?) fd3r’G(r —r)ur') o(r') (B-29)

Assuming we can move the operator inside the integral, it will act only on the
variable r, and we shall have, according to (B-26):

u+kﬂwn=ffwu—vnmvmn
= Ur) o(r) (B-30)

Inversely, it can be shown that any solution of (B-25) satisfies (B-27)*. The
differential equation (B-25) can thus be replaced by the integral equation (B-27).

We shall see that it is often easier to base our reasoning on the integral equation.
Its principal advantage derives from the fact that by choosing ¢,(r) and G(r)
correctly, one can incorporate into the equation the desired asymptotic behavior.
Thus, one single integral equation, called the integral scattering equation, becomes
the equivalent of the differential equation (B-25) and the asymptotic condition (B-9).

To begin with, let us consider (B-26). It implies that (4 + k*)G(r) must be
identically equal to zero in any region which does not include the origin [which,
according to (B-8), js the case when G(r) is equal to e*/r]. Moreover, according
to formula (61) of appendix II, G(r) must behave like — 1/47r when r approaches zero.
In fact, it 1s easy to show that the functions :

1 eiikr
G.l) = — == (B-31)
are solutions of equation (B-26). We may write:
AG (l') —_ eiikrA __1_ __I_A(eiikr)
* 4zr 4nr
1 +ikr
+ 2[V< 4nr>] [ Ve**#] (B-32)
A simple calculation then gives (cf. appendix II):
AG,(r) = — kG .(r) + &(r) (B-33)

which is what we wished to prove. G, and G _ are called, respectively “ outgoing and
incoming Green’s functions”.

The actual form of the desired asymptotic behavior (B-9) suggests the choice of
the incident plane wave e*“ for ¢, (r) and the choice of the outgoing Green’s function

* This can be seen intuitively if one considers U(r)e(r) to be the right-hand side of a differential
equation : the general solution of (B-25) is then obtained by adding to the general solution of the
homogeneous equation a particular solution of the complete equation [second term of {B-27)].
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G, (r) for G(r). In fact, we are going to show that the integral scattering equation
can be written :

U(,?im(l') — eikz + J\d3rrG+(r _ l',) U(l") vkuim(rr) (B-34)

whose solutions present the asymptotic behaviour given by (B-9).

To do this, let us place ourselves at a point M (position r), very far from the
various points P (position r') of the zone of influence of the potential, whose linear
dimensions are of the order of L* (fig. 5):

r > L
rs L (B-35)

FIGURE 5

Approximate calculation of the distance |r — r'| between
a point A very far from O and a point 7/ situated in the
zone of influence of the potential (the dimensions of this
«-——L-———— > zone of influence are of the order of L).

Since the angle between MO and MP is very small, the length MP (that is, |r — r’|)
is equal, to within a good approximation, to the projection of MP on MO :

~r—u.r (B-36)

r—r
where u is the unit vector in the r direction. It follows that, for large r:

1 eiklr—r’l 1 eikr

G,r —1r)= g kur (B-37)

_@|r—r’\':ﬂo 4 r

* Recall that we have explicitly assumed that U(r) decreases at infinity faster than 1 r.
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Substituting this expression back into equation (B-34), we obtain the asymptotic
behavior of v{d"(r):

ikr

i . 1 e
k=
r¢t(r) o, e 47 -

J‘dsrf e~ ik u.r’ U(l") lJ;:lifl‘)(l.') (B_38)

which is indeed of the form (B-9), since the integral i1s no longer a function of the
distance r = OM but only (through the unit vector u) of the polar angles 6 and ¢
which fix the direction of the vector OM. Thus. by setting :

0. @) = — % fd%’ e”* T U ofi(r) (B-39)

we are led to an expression which is identical to (B-9).

It is therefore clear that the solutions of the integral scattering equation (B-34)
are indeed the stationary scattering states*.

COMMENT:

It is often convenient to define the incident wave vector Kk, as a vector of
modulus k directed along the Oz axis of the beam such that:

eiks — aikir (B-40)

In the same way, the vector k; which has the same modulus & as the incident
wave vector but whose direction is fixed by the angles @ and ¢ is called the
scattered wave vector in the direction (0, ¢):

k, = ku (B-41)

Finally, the scattering (or transferred) wave vector in the direction (6, ¢) is the
difference between k, and k; (fig. 6):

K =k, — k; (B-42)
(3
k 4 K
FIGURE 6
0 » Incident wave vector k,, scattered wave vector k,
k. and transferred wave vector K.

* In order to prove the existence of stationary scattering states rigorously, it would thus be
sufficient to demonstrate that equation (B-34) admits a solution.
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4, The Born approximation

a. APPROXIMATE SOLUTION
OF THE INTEGRAL SCATTERING EQUATION

If we take (B-40) into account, we can write the integral scattering equation
in the form:

i) = efkir 4 jd3r'G+(r — F)U(r) c8io(r) (B-43)

We are going to try to solve this equation by iteration.
A simple change of notation (r == r’ ; r' = r") permits us to write:

vy = etk + [d3r"G+(r’ — ") U(r") o) (B-44)
Inserting this expression in (B-43), we obtain:
edifi(r) = e™r + jd3r’G+(r —r)ur)et
+ Ja“r’ Jd“r”GJr —r)Uur')G, (¥ — r)U") ci0") (B-45)

The first two terms on the right-hand side of (B-45) are known ; only the third one
contains the unknown function ¢[*™(r). This procedure can be repeated : changing r
tor” and r' to r” in (B-43) gives v{dif)(r"), which can be reinserted in (B-45). We then
have :

rYif(r) = gk + Jd3r'G+(r —r)u(r)etr
+ Jd“r' Jd3r”G+(r - r)U)G, (v — ryU(r")ekr

+ Jd‘*r’ [d“r” Ja’l‘r"’G+(r —r)u(r)G (v — ") U[")
X G (" — ") U@E") i) (B-46)

where the first three terms are known; the unknown function v,ﬁ“‘“"(r) has been
pushed back into the fourth term.

Thus we can construct, step by step, what is called the Born expansion of the
stationary scattering wave function. Note that each term of this expansion brings
in one higher power of the potential than the preceding one. Thus, if the potential
is weak, each successive term is smaller than the preceding one. If we push the
expansion far enough, we can neglect the last term on the right-hand side and thus
obtain v{!i"(r) entirely in terms of known quantities.
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If we substitute this expansion of »{*(r) into expression (B-39), we obtain
the Born expansion of the scattering amplitude. In particular, if we limit ourselves
to first order in U, all we need to do is replace v¥™(r') by ™" on the right-hand
side of (B-39). This is the Born approximation :

f;(B)(H, (P) —- _ _l_ d3rf e—ik u.r’U(r/) eil&,..r’

= — Ly emimakar U(r')
- _ _L d3rr e—iK.r’ U(l") (B-47)

o

where K is the scattering wave vector defined in (B-42). The scattering cross section,
in the Born approximation, is thus very simply related to the Fourier transform of
the potential, since, using (B-24) and (B-6), (B-47) implies :

2 2

(B) __H
i (0, ) = Anht

jd3r e Kry(r) (B-48)

According to figure 6, the direction and modulus of the scattering wave
vector K depend both on the modulus & of k; and k, and on the scattering
direction (0, ¢). Thus, for a given 6 and ¢, the Born cross section varies with £,
that is, with the energy of the incident beam. Similarly, for a given energy,
6 (B)varies with 6 and ¢. We thus see, within the simple framework of the Born
approximation, how studying the variation of the differential cross section in
terms of the scattering direction and the incident energy gives us information about
the potential ¥(r).

b. INTERPRETATION OF THE FORMULAS

We can give formula (B-45) a physical interpretation which brings out very
clearly the formal analogy between quantum mechanics and wave optics.

Let us consider the zone of influence of the potential to be a scattering medium
whose density is proportional to U(r). The function G, (r — r’) [formula (B-31)]
represents the amplitude at the point r of a wave radiated by a point source situated
at r’. Consequently, the first two terms of formula (B-45) describe the total wave
at the point r as the result of the superposition of the incident wave e’ and an infi-
nite number of waves coming from secondary sources induced in the scattering
medium by the incident wave. The amplitude of each of these sources is indeed
proportional to the incident wave (e™***') and the density of the scattering mate-
rial [ U(r')], evaluated at the corresponding point r’. This interpretation, symbolized
by figure 7. recalls Huygens’ principle in wave optics.

Actually, formula (B-45) includes a third term. However, we can interpret in
an analogous fashion the successive terms of the Born expansion. Since the
scattering medium extends over a certain area, a given secondary source is excited
not only by the incident wave but also by scattered waves coming from other
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FIGURE 7

Schematic representation of the Born
approximation: we only consider the
incident wave and the waves scattered
by one interaction with the potential.

secondary sources. Figure 8 represents symbolically the third term of the Born
expansion [c¢f. formula (B-46)]. If the scattering medium has a very low
density [U(r) very small], we can neglect the influence of secondary sources on
each other.

e
FIGURE §

P T
Schematic representation of the
second-order term in U in the Born
expansion: here we consider waves
which are scattered twice by the poten-
tial.

COMMENT:

The interpretation that we have just given for higher-order terms in the
Born expansion has nothing to do with the multiple scattering processes
that can occur inside a thick target: we are only concerned, here, with
the scattering of one particle of the beam by a single particle of the target,
while multiple scattering brings in the successive interactions of the same
incident particle with several different particles of the target.

C. SCATTERING BY A CENTRAL POTENTIAL.
METHOD OF PARTIAL WAVES

1. Principle of the method of partial waves

In the special case of a central potential ¥(r), the orbital angular momen-
tum L of the particle is a constant of the motion. Therefore, there exist stationary
states with well-defined angular momentum: that is, eigenstates common to H,
L? and L,. We shall call the wave functions associated with these states partial
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waves and we shall write them ¢, , .(r). The corresponding eigenvalues of H,
L? and L_ are, respectively, h2k>/2u, [(/ + 1)h? and mh. Their angular dependence is
always given by the spherical harmonics YJ(0), ¢); the potential V(r) influences
only their radial dependence.

We expect that, for large r, the partial waves will be very close to the common
eigenfunctions of H,. L* and L_. where H, is the free Hamiltonian [formula (B-2)].
This is why we are first going to study, in § C-2, the stationary states of a free particle,
and, in particular, those which have a well-defined angular momentum. The corres-
ponding wave functions ¢}, (r) are free spherical waves : their angular dependence
is, of course, that of a spherical harmonic and we shall see that the asymptotic
expression for their radial function is the superposition of an incoming wave ¢ ~*"/r
and an outgoing wave ¢*"/r with a well-determined phase difference.

The asymptotic expression for the partial wave ¢, , .(r) in the potential V(1)
is also (§C-3) the superposition of an incoming wave and an outgoing wave.
However, the phase difference between these two waves is different from the one
which characterizes the corresponding free spherical wave: the potential V(r)
introduces a supplementary phase shift o,. This phase shift constitutes the only
difference between the asymptotic behavior of ¢, ,, and that of ¢%, . Conse-
quently, for fixed A, the phase shilts o, for all values of / are all we need to know
to be able to calculate the cross section.

In order to carry out this calculation, we shall express (§C-4) the stationary
scattering state t{Yif(r) as a linear combination of partial waves @, , ,(r) having the
same energy but different angular momenta. Simple physical arguments suggest
that the coefficients of this linear combination should be the same as those of the
free spherical wave expansion of the plane wave e™ ; this is in fact confirmed by an
explicit calculation.

The use of partial waves thus permits us to express the scattering amplitude.
and hence the cross section, in terms of the phase shifts J,. This method is parti-
cularly attractive when the range of the potential is not moch longer than the wave-
length associated with the particle’s motion, for, in this case, only a small number of
phase shifts are involved (§C-3-b-B).

2. Stationary states of a free particle

In classical mechanics, a free particle of mass 4 moves along a uniform linear
trajectory. Its momentum p, its energy E = p?/2u and its angular momentum
& = r x p relative to the origin of the coordinate sysiem are constants of the
motion.

In quantum mechanics, the observables P and I. = R x P do not commute.
Hence they represent incompatible quantities : it is impossible to measure the
momentum and the angular momentum of a particle simultaneously.

The quantum mechanical Hamiltonian H is written:

H, = — P2 (C-1)
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H, does not constitute by itself a C.S.C.O.: its eigenvalues are infinitely dege-
nerate (§2-a). On the other hand, the four observables :

Hy. P P, P, (C-2)

form a C.S.C.O. Their common eigenstates are stationary states of well defined
momentum. A free particle may also be considered as being placed in a zero central
potential. The results of chap. VII then indicate that the three observables:

Hy L2 L (C-3)

form a C.S.C.O. The corresponding eigenstates are stationay states with well-
defined angular momentum (more precisely, L* and L. have well-defined values,
but L and L _do not).

The bases of the state space defined by the C.S.C.0.’s (C-2) and (C-3) are
distinct, since P and L are incompatible quantities. We are going to study these
two bases and show how one can pass from one to the other.

a. STATIONARY STATES WITH WELL-DEFINED MOMENTUM.
PLANE WAVES

We already know (¢/. chap. 11, E-2-d) that the three observables P, P, and P,
form a C.S.C.O. (for a spinless particle). Their common eigenstates form a basis
for the { | p > } representation:

Plp)=p|p> (C-4)

Since H, commutes with these three observables, the states | p > are necessarily
cigenstates of H,,:

Hdp>=:%ﬂp> (C-5)

The spectrum of H, is therefore continuous and includes all positive numbers
and zero. Each of these eigenvalues is infinitely degenerate: to a fixed positive
cnergy E there corresponds an infinite number of kets | p > since there exists an
infinite number of ordinary vectors p whose modulus satisfies :

pl = V2uE (C-6)

The wave functions associated with the kets |p ) are the plane waves
(¢/. chap. I1, §E-1-a):

<rlo> = (55) < ()

We shall introduce here the wave vector K to characterize a plane wave:

p
k=2 (C-8)
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and we shall define:
k> =(m"|p> (C-9)

The kets | k ) are stationary states with well-defined momentum:

72k>
Holk) ==k (C-10-2)
P|k)=rk|k) (C-10-b)

They are orthonormal in the extended sense:
(k|k'y =8k — k) (C-11)

and form a basis in the state space:

jfﬂk><k|=1 (C-12)

The associated wave functions are the plane waves normalized, in a slightly
different way :

1 3/2
(rlk) = (—2-;) el ks (C-13)

b. STATIONARY STATES WITH WELL-DEFINED ANGULAR MOMENTUM.
FREE SPHERICAL WAVES

In order to obtain the eigenfunctions common to H,, L? and L_, all we have
to do is solve the radial equation for an identically zero central potential. The
detailed solution of this problem is given in complement Ay, ; we shall be satisfied
here with giving the results.

Free spherical waves are the wave functions associated with the well-defined

angular momentum stationary states | ¢{},, > of a free particle; they are written :
©) ’/% ; m
Pitmt) = \/7 Jitkr) YT(6, ¢) (C-14)

where j, is a spherical Bessel function defined by :

oo v ,l_ilsinp )
i) = ( l)p(pdp> : -15)

The corresponding eigenvalues of H,, L? and L, are, respectively, h2k?/2u,
I(I + 1)h% and mh.
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The free spherical waves (C-14) are orthonormal in the extended sense :

2 . - ,
O | O > == kK j Jilkr) juer) 72 dr f 4@ YI(0, @) YF (0. 9)
0
=0k — k") Oy Oy (C-16)

and form a basis in the state space:

© X +1
0 0 —
dk Y Y | oilm > <Conl =1 (C-17)
o (=0 m=-1
c.  PHYSICAL PROPERTIES OF FREE SPHERICAL WAVES

o.  Angular dependence

The angular dependence of the free spherical wave (p,ﬁ?,)’m(l’) is entirely given

by the spherical harmonic Y7'(6, ¢). It is thus fixed by the eigenvalues of 1> and L,
(that is, by the indices / and m) and not by the energy. For example, a free s(/ = 0)
spherical wave is always isotropic.

B.  Behavior in the neighborhood of the origin

Let us consider an infinitesimal solid angle d€2, about the direction (0, ¢¢);

when the state of the particle is | ¢/%,, >, the probability of finding the particle in

this solid angle between r and r + dr is proportional to:
r? ji(kr)| YT(6,, (po)l2 drdQ, (C-18)

It can be shown (complement Ay, §2-c-a) that when p approaches zero:

{

: p
i) = Gr v (C-19)

This result (which the discussion of chapter VII, §A-2-c would lead us to expect)
implies that the probability (C-18) behaves like r?'*2 near the origin; hence, the
larger [ is, the more slowly it increases.

The shape of the function p?jZ(p) is shown in figure 9. We see that this
function remains small as long as:

p < VIl + 1) (C-20)

We may thus assume that the probability (C-18) is practically zero for :

r< V) (C-21)
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Ap? jHp)

FIGURE 9

Graph of the function p?j?(p) giving the radial dependence of the probability of finding the particle

in the state | %), >. At the origin, this function behaves like p?'*?; it remains practically zero

as long as p < I+ 1),

This result 1s very important physically for it implies that a particle in the
state | %), > is practically unaffected by what happens inside a sphere centered

at O of radius:

by(k) = —;J i+ 1 (C-22)

We shall return to this point in §C-3-b-B.

COMMENT

In classical mechanics, a free particle of momentum p and angular
momentum £ moves in a straight line whose distance » from the point O
is given (fig. 10) by:

5 zl_l-‘péll (€-23)

b 1s called the * collision” or “impact parameter” of the particle relative to O;
the larger |£| is and the smaller the momentum (i.e. the energy), the larger b is.

If |£| is replaced by i \//(/ + 1) and |p| by ik in (C-23), we again find expres-
sion (C-22) for b,(k), which can thus be interpreted semi-classically.
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AY

FIGURE 10

Definition of the classical impact parameter 5 of
a particle of momentum p and angular momen-
tum & relative to O.

Y. Asymptotic behavior
It can be shown (complement Ay,,,. §2-c-B) that as p approaches infinity:
P x P

Jp) ~ L sin (p -1 g) (C-24)

Consequently, the asymptotic behavior of the free spherical wave "/, (r)is:

3 —ikr QT ikr —il2
k- 2 —e e 2

2 m € €
ol 0.9) ~, = \/—;‘ Y70, ¢) >ikr (C-25)

At infinity, ¢.%, therefore results from the superposition of an incoming

wave ¢~ ®/r and an outgoing wave ¢™®/r, whose amplitudes differ by a phase
difference equal to /n.

COMMENT:

Suppose that we construct a packet of free spherical waves, all correspon-
ding to the same values of / and m. A line of reasoning analogous to that
of comment (/) of §B-1-b may be applied to it. The following conclusion
results: for large negative values of ¢, only an incoming wave packet exists;
while for large positive values of ¢, only an outgoing wave packet exists.
Therefore, a free spherical wave may be thought of in the following manner :
at first we have an incoming wave converging towards O: it becomes
distorted as it approaches this point, retraces its steps when it is at a distance
of the order of b (k) [formula (C-22)], and gives rise to an outgoing wave
with a phase shift of /.
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d. EXPANSION OF A PLANE WAVE
IN TERMS OF FREE SPHERICAL WAVES

We thus have two distinct bases formed by eigenstates of H,, : the { | k > } basis
associated with the plane waves and the {| ¢{%,, > } basis associated with the free
spherical waves. It is possible to expand any ket of one basis in terms of vectors
of the other one.

Let us consider in particular the ket | 0, 0, k >, associated with a plane wave
of wave vector k directed along O::

1 3/2
(r]0,0,k) = (§;> efks (C-26)

| 0, 0, k > represents a state of well-defined energy and momentum (E = h2k2/2u ;
p directed along Oz with modulus 7k). Now :

eikz — eikrcose (C-27)

- . h o . .
is independent of ¢; since L, corresponds to s the { |r > } representation,
2

the ket | 0, 0, k ) is also an eigenvector of L_, with the eigenvalue zero:
Lz|0, 0,k>=0 (C-28)

Using the closure relation (C-17), we can write:

[ o) +1

10,0,k > = J di’ Y Y | o> o] 0,0,k (C-29)

0 1=0 m=—1

Since | 0,0, k > and | ¢/%,, > are two eigenstates of H,, they are orthogonal if the
corresponding eigenvalues are different; their scalar product is therefore propor-
tional to 6(k’" — k). Similarly, they are both eigenstates of L, and their scalar
product is proportional to J,, [¢/. relation (C-28)]. Formula (C-29) therefore
takes on the form:

e ¢]

10,0,k> =3 | 0hlo> (C-30)

1=0

The coefficients ¢, , can be calculated explicitly (complement Ay, §3). Thus
we obtain :

Zre"‘z = i '~/ 4n(2l + 1) ji(kr) Y2(6) (C-31)

; 1=0

A state of well-defined linear momentum is therefore formed by the superposition of
states corresponding to all possible angular momenta.
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COMMENT:

The spherical harmonic Y (@) is proportional to the Legendre polynomial
P/(cos 8) (complement Ay, § 2-e-a):

Y(6) = ;Q:;_l_) P(cos 0) (C-32)

\/

Hence the expansion (C-31) is often written in the form:

e = i it 2 + 1) j(kr) Pjcos 6) (C-33)

=0

3. Partial waves in the potential V(r)

We are now going to study the eigenfunctions common to H (the total
Hamiltonian), I? and L, ; that is, the partial waves @, , ,.(r).

a. RADIAL EQUATION. PHASE SHIFTS

For any central potential V(r), the partial waves ¢, , ,(r) are of the form :

Primlt) = Rer) Y6, 0) =+ u, (1) YT(6, 0) (C-34)

where u, ,(r) is the solution of the radial equation:

B & Il + R n2k?
[— B&E Ui, V(r)]uk,m IR0 (C-35)
2u dr 2ur 2u

satisfying the condition at the origin:
u,(0) = 0 (C-36)

It is just as if we were dealing with a one-dimensional problem, where a
particle of mass y is under the influence of the potential (fig. 11):

2
r +-—————l(l+1)h forr >0
Vg(r) infinite forr <0 (C-37)

For large r, equation (C-35) reduces to:
dZ
[— + kz]uk,,(r) = 0 (C-38)
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Vcrr(rM

|
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FIGURE 11

The effective potential }/;(r) is the
sum of the potential I'(r) and the

I+ 1A

N
2ur-

centrifugal term

whose general solution is :

U (r) ~ Ae* + Be i (C-39)

Since u, ,(r) must satisfy condition (C-36), the constants 4 and B cannot be arbitrary.
In the equivalent one-dimensional problem [formulas (C-37)], equation (C-36) is
related to the fact that the potential is infinite for negative r, and expression (C-39)
represents the superposition of an “incident” plane wave e * coming from the
right (along the axis on which the fictitious particle being studied moves) and a
“reflected” plane wave e propagating from left to right. Since there can be no
“transmitted” wave [as V(r) is infinite on the negative part of the axis], the
“refiected” current must be equal to the “incident™ current. Thus we see that
condition (C-36) implies that, in the asymptotic expression (C-39):

4| = |B| (C-40)
Consequently:
w(r) >, |A| [e" et + 71 efen] (C-41)

which can be written in the form:
u (r) >, Csin(kr — f) (C-42)
The real phase f, 1s completely determined by imposing continuity
between (C-42) and the solution of (C-35) which goes to zero at the origin. In the

case of an identically null potential V(r), we saw in §C-2-c-y that §, is equal to /r/2.
It is convenient to take this value as a point of reference, that is, to write:

U (r) ~. Csin (kr - zg + 5,) (C-43)
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C. CENTRAL POTENTIAL: PARTIAL WAVES

The quantity d, defined in this way 1s called the phase shift of the partial wave
@« .1.m(r): it obviously depends on A, that is, on the energy.

b. PHYSICAL MEANING OF PHASE SHIFTS

. Comparison hetween partial waves and free spherical waves

Taking (C-34) and (C-43) into account, we may write the expression for the
asymptotic behavior of ¢, , ,(r)in the form:

O (1) C sin (kr — In/2 + 9))
k.l.m g .

r— x ;

Y7(0. o)

—ikr i (1%~ ke i [1T 4
=Y. ) &= s 6')2_,.,.Ck SGR)

(C-44)

We see that the partial wave ¢, , ,.(r). like a free spherical wave [formula (C-25)],
results from the superposition of an incoming wave and an outgoing wave.

In order to develop the comparison between partial waves and free spherical
waves in detail, we can modify the incoming wave of (C-44) so as to make it
identical with the one in (C-25). To do this, we define a new partial wave @, , ,(r)
by multiplying ¢, ,.(r) by e (this global phase factor has no physical importance)
and by choosing the constant C in such a way that :

— ikr cilfr/l _ eikr e—iln/l 2id;

o2
2ikr

~ €
Pram(r) >, — Y10, 9) (C-45)

This expression can then be interpreted in the following way (¢/. the comment
in § C-2-c-y): at the outset, we have the same incoming wave as in the case of a free

particle (aside from the normalization constant \/2k2/n). As this incoming wave
approaches the zone of influence of the potential, it i1s more and more perturbed
by this potential. When, after turning back, it is transformed into an outgoing wave,
it has accumulated a phase shift of 20, relative to the free outgoing wave that
would have resulted if the potential V(r) had been identically zero. The factor ¢*/
(which varies with / and &) thus finally summarizes the total effect of the potential
on a particle of angular momentum /.

COMMENT:

Actually, the preceding discussion is only valid if we base our reasoning on a wave
packet formed by superposing partial waves ¢, , ,(r) with the same / and m, but slightly
different k. For large negative values of 1. we have only an incoming wave packet ; it is
the subsequent evolution of this wave packet directed towards the potential’s zone of
influence that we have analyzed above.

We could also adopt the point of view of comment (if) of §B-1-b: that is, we
could study the effect on a stationary free spherical wave of slowly “turning on” the
potential V(r). The same type of reasoning would then demonstrate that the partial
wave @, ; ,(r)can be obtained from a free spherical wave ¢, ,,(r) by adiabatically turning
on the potential V(r).
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B.  Finite-range potentials

Let us suppose that the potential ¥(r) has a finite range r, ; that is, that:
Viry=0 for r >r, (C-46)

We pointed out earlier (§C-2-c-p) that the free spherical wave %), scarcely
penetrates a sphere centered at O of radius b,(k) [formula (C-22)]. Therefore, if we
return to the interpretation of formula (C-45) that we have just given, we see
that a potential satisfying (C-46) has virtually no effect on waves for which :

by(k) > (C-47)

since the corresponding incoming wave turns back before reaching the zone of
influence of V(r). Thus, for each value of the energy, there exists a critical
value /,,; of the angular momentum, which, according to (C-22), is given approxima-
tely by:

Vil + 1) = kr, (C-48)

The phase shifts 6, are appreciable only for values of / less than or of the order
of /.

The shorter the range of the potential and the lower the incident energy, the
smaller /,,*. Therefore, it may happen that the only non-zero phase shifts are those
corresponding to the first few partial waves : the s(/ = 0) wave at very low energy,
followed by s and p waves for slightly greater energies, etc.

4, Expression of the cross section in terms of phase shifts

Phase shifts characterize the modifications, caused by the potential, of the
asymptotic behavior of stationary states with well-defined angular momentum.
Knowing them should therefore allow us to determine the cross section. In order
to demonstrate this, all we must do is express the stationary scattering state vdiff\r)
in terms of partial waves**,and calculate the scattering amplitude in this way.

a. CONSTRUCTION OF THE STATIONARY SCATTERING STATE
FROM PARTIAL WAVES

We must find a linear superposition of partial waves whose asymptotic
behavior is of the form (B-9). Since the stationary scattering state is an eigenstate
of the Hamiltonian H, the expansion of v{4ifXr) involves only partial waves having

* [, is of the order of kr,, which is the ratio between the range r, of the potential and the
wavelength of the incident particle.

** 1f there exist bound states of the particle in the potential V' (r) (stationary states with negative
energy), the system of partial waves does not constitute a basis of the state space; in order to form
such a basis, it is necessary to add the wave functions of the bound states to the partial waves.
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the same energy %i2k*/2. Note also that, in the case of a central potential V'(r), the
scattering problem we are studying is symmetrical with respect to rotation around
the Oz axis defined by the incident beam. Consequently, the stationary scattering
wave function v{%f(r) is independent of the azimuthal angle ¢, so that its expansion
includes only partial waves for which m is zero. Finally, we have an expression
of the form :

e8]

00 = Y ¢ Brsolt) (C-49)

=0

The problem thus consists of finding the coefficients c,.

o.  Intuitive argument

When F(r) is identically zero, the function v{f)r) reduces to the plane
wave e, and the partial waves become free spherical waves ¢,%,,(r). In this case,
we already know the expansion (C-49) : it is given by formula (C-31).

For non-zero V(r), v{df)(r) includes a diverging scattered wave as well as a
plane wave. Furthermore we have seen that @, , o(r) differs from % o(r) in its
asymptotic behavior only by the presence of the outgoing wave, which has the same
radial dependence as the scattered wave. We should therefore expect that the
coefficients ¢, of the expansion (C-49) will be the same as those in formula (C-31)*,

that i1s:

o (r) = 'J 4r(2l + 1) Gy ofr) (C-50)

l

COMMENT :

We can also understand (C-50)in terms of the interpretation offered in comment (ii)
of §B-1-b and the comment in §C-3-b-a. If we have a plane wave whose expansion is
given by (C-31) and we turn on the potential V(r) adiabatically, the wave is transformed
into a stationary scattering state : the left-hand side of (C-31) must then be replaced
by vim(r). In addition, each free spherical wave j,(kr)Y ¥(6) appearing on the right-hand
side of (C-31) s transformed into a partial wave @, , o(r) when the potential is turned on.
If we take into account the linearity of Schrédinger’s equation, we finally obtain (C-50).

B.  Explicit derivation

Let us now consider formula (C-50), which was suggested by a physical
approach to the problem, and let us show that it does indeed supply the desired
expansion.

First of all, the right-hand side of (C-50) is a superposition of eigenstates
of H having the same energy h2*k?/2u; consequently, this superposition
remains a stationary state.

* Note that the expansion (C-31) brings in j,(kr)Y?(6), that is, the free spherical wave %,

divided by the normalization factor ~/2k?/n ; this is why we defined @, ,,,(r) [formula (C-45)] from
expression (C-25) divided by this same factor.
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Therefore, all we must do is make sure that the asymptotic behavior of the
sum (C-50) is indeed of type (B-9). In order to do this, we use (C-45):

l:0 =0

2llk’ [e~ ik l; _ eikre” it 5 g2 ] (C-51)

In order to bring out the asymptotic behavior of expansion (C-31), we write:
e =1 + 2ie'%sin g, (C-52)

and, regrouping the terms which are independent of 9,, we have:

S a2l 1) Fold) ~ — Y i an(2l + 1)Y(0)
1=0

=0

—ikr Lilm/2 tkr  —iln/2 ikr 4
e e — e'*re e 1 —-al o . .
_ — 2 @idt -
x [ S Ter i e 'sin 9, | (C-53)

Taking (C-25) and (C-31) into consideration, we recognize, in the first term of the
right-hand side, the asymptotic expansion of the plane wave e**, and we obtain
finally :

ikr

TN 1) Bule), € 1) S (C-54)
with* :

I o

o) = 1 3 ar0l 5 1) e sin o, Y20) (C-55)

We have thus demonstrated that the expansion of (C-50) is correct and have
found at the same time the expression for the scattering amplitude f,(6) in terms
of the phase shifts o,.

b. CALCULATION OF THE CROSS SECTION

The differential scattering cross section is then given by formula (B-24):

2

= | O = Z V4n(2l + 1) e sin 3, YO(0) (C-56)

n !
* The factor ' is compensated by ¢ "2 = (- i) = (—)
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from which we deduce the total scattering cross section by integrating over the
angles:

- J dQ o(0) = kl— Y 4ny/ (21 + 1) + 1)e® 5" sin 3, sin 8.
L
x f dQ YO*(0) YO0) (C-57)

Since the spherical harmonics are orthonormal [formula (D-23) of chapter VI},
we have finally :

i + 1) sin (C-58)

"I:.

Thus the terms resulting from interference between waves of different angular
momenta disappear from the total cross section. For any potential V(r), the

W .. 4m C o . : : : o\
contribution F(ZI + 1) sin? 9, associated with a given value of / is positive and

. 4
has an upper bound, for a given energy, of l\—f (2 + 1)

In theory. formulas (C-56) and (C-58) necessitate knowing all the phase
shifts d,. Recall (¢f. §C-3-a) that these phase shifts can be calculated from the radial
equation if the potential V'(r) is known; this equation must be solved separately
for each value of / (most of the time, moreover, this implies resorting to numerical
techniques). In other words, the method of partial waves 1s attractive from a
practical point of view only when there is a sufficiently small number of non-zero
phase shifts. For a finite-range potential V' (r), we saw in §C-3-b-f that the phase
shifts §, are negligible for / > /,,, the critical value /,, being defined by formula (C-48).

When the potential V(r) is unknown at the outset, we attempt to reproduce
the experimental curves which give the differential cross section at a fixed energy
by introducing a small number of non-zero phase shifts. Furthermore, the very
form of the #-dependence of the cross section often suggests the minimum number
of phase shifts needed. For example, if we limit ourselves to the s-wave,
formula (C-56) gives an isotropic differential cross section (Y is a constant). Thus
if’ the experiments in fact imply a variation of ¢(0) with 0, it means that phase
shifts other than that of the s-wave are not equal to zero. Once we have thereby
determined, from experimental results corresponding to different energies, the
phase shifts which do effectively contribute to the cross section, we can look for
theoretical models of potentials which produce these phase shifts and their energy
dependence.

COMMENT:

The dependence of cross sections on the energy E = h?k?/2u of the
incident particle is just as interesting as the #-dependence of ¢ (). In particular,
in certain cases, one observes rapid variations of the total cross section o
in the neighborhood of certain energy values. For example, if one of the
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phase shifts d, takes on the value n/2 for E = E, the corresponding contri-
bution to ¢ reaches its upper limit and the cross section may show a sharp
peak at E = E,. This phenomenon is called “scattering resonance”. We can
compare it to the behavior described in chapter I (§ D-2-c-B) of the transmission
coefficient of a “square” one-dimensional potential well.

References and suggestions for further reading:

Dicke and Wittke (1.14), chap. 16 ; Messiah (1.17), chap. X ; Schiff (1.18), chaps. 5
and 9.

More advanced topics:

Coulomb scattering: Messiah (1.17), chap. XI; Schiff (1.18), §21; Davydov (1.20),
chap. XI, §100.

Formal collision and S-matrix theory: Merzbacher (1.16), chap. 19; Roman (2.3),
part I, chap. 4; Messiah (1.17), chap. XIX; Schweber (2.16), part 3, chap. 11.

Description of collisions in terms of wave packets: Messiah (1.17), chap. X,
§ 4, 5, 6; Goldberger and Watson (2.4), chaps. 3 and 4.

Determination of the potential from the phase shifts (the inverse problem): Wu
and Ohmura (2.1), § G.

Applications: Davydov (1.20), chap. XI; Sobel’man (11.12), chap. 11; Mott and
Massey (2.5); Martin and Spearman (16.18).

Scattering by multi-particle systems in the Born approximation and space-time
correlation functions: Van Hove (2.39).



COMPLEMENT Ay

Complement Ay,

THE FREE PARTICLE:

STATIONARY STATES
WITH WELL-DEFINED ANGULAR MOMENTUM

1. The radial equation

2. Free spherical waves
a. Recurrence relations
b. Calculation of free spherical waves
c. Propertics

3. Relation between free spherical waves and plane waves

We introduced, in §C-2 of chapter VIII, two distinct bases of stationary states
of a free (spinless) particle whose Hamiltonian is written:

P2
Ho =5, (1)
2p

The first of these bases is composed of the eigenstates common to H, and the three
components of the momentum P ; the associated wave functions are the plane waves.
The second consists of the stationary states with well-defined angular momentum,
that is, the eigenstates common to H,, L? and L., whose principal properties we
pointed out in §§ C-2-b, ¢ and d of chapter VIII. We intend to study here this second
basis in more detail. In particular, we wish to derive a certain number of results
used in chapter VIII.

1. The radial equation

The Hamiltonian (1) commutes with the three components of the orbital
angular momentum L of the particle:

[Ho.L] =0 (2)

Consequently, we can apply the general theory developped in §A of chapter VII
to this particular problem. We therefore know that the free spherical waves
(eigenfunctions common to H,, L? and L_) are necessarily of the form:

Polm(®) = R} YT(0. 0) (3)

The radial function R!%(r) is a solution of the equation:

h*1 d? (I + 1)h?
[ cr + L2 oy = £, R @)
2u r dr 2ur
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where E_, is the eigenvalue of H, corresponding to ¢” (r). If we set:

RSN = 7wl (5

the function %) is given by the equation:

d* Il +1)  2uE,,
+ =y = 0 6
Lﬁ T )

to which we must add the condition :
40) = 0 (7)

It can be shown, first of all, that equations (6) and (7) enable us to find the
spectrum of the Hamiltoman H,, which we already know from the study of the
plane waves [formula (C-5) of chapter VIII']. To do this, note that the minimum
value of the potential (which is, in fact, identically zero) is zero and that consequently
there cannot exist a stationary state with negative energy (¢/. complement M,,,).
Consider, therefore, any positive value of the constant E, , appearing in equation (6),
and set :

=%¢@F‘ (8)

As r approaches infinity, the centrifugal term /(/ + 1)/r* becomes negligible
compared to the constant term of equation (6), which can thus be approximated by :

d-’- ‘(0) ~
e fuin =, 0 o)

Consequently, all solutions of equation (6) have an asymptotic behavior (linear
combination of ¢* and e~ *7) which is physically acceptable. Therefore, the only
restriction comes from condition (7): we know (c¢/f. chap. VII, §A-3-b) that there
exists, for a given value of E, |, one and only one function (to within a constant fac-
tor) which satisfies (6) and (7). For any positive E, ,, the radial equation (6) thus has
one and only one acceptable solution.

Thus, the spectrum of H, indeed includes all positive energies. Moreover,
we see that the set of possible values of E, , does not depend on /; we shall therefore
omit the index / for the energies. As for the index k. we shall identify it with the
constant defined in (8); this allows us 10 write :

E, = ”22 L k=0 (10)

Each of these cnergies is infinitely degenerate. Indeed, for fixed k. there
exists an acceptable solution u1%)(r) of the radial equation corresponding to the
energy E, for every value (positive integral or zero) of /. Moreover, formula (3)
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associates (2/ + 1) independent wave functions ¢.%,.(r) with a given radial

function %) (r). Thus, we again find in this particular case the general result
demonstrated in §A-3-b of chapter VII : H,, L* and L, form a C.S.C.O. in &,,
and the specification of the three indices k, / and m gives sufficient information
for the determination of a unique function in the corresponding basis.

2. Free spherical waves
The radial functions R{®)(r) = -rl- u)(r) can be found by solving equation (6)

or equation (4) directly. The latter is easily reduced (comment of §2-c-B below)
to a differential equation known as the “spherical Bessel equation” whose
solutions are well-known. Instead of using these results directly, we are going to see
how the various eigenfunctions common to H,, L? and L, can be simply deduced
from those which correspond to the eigenvalue 0 of L2.

a. RECURRENCE RELATIONS

Let us define the operator:
P, =P, +iP, (1)

in terms of the components P, and P, of the momentum P. We know that P is a
vectorial observable (c¢f. complement By,, §5-c), which mmplies the following
commutation relations* between its components and those of the angular momen-
tumL:

[L..P.] =0
[L..P,] = ihP, (12)
[L.,P,] = — ihP,

and the equations which are deduced from these by cyclic permutation of the
indices x, y, z. Using these relations, a simple algebraic calculation gives the
commutators of L_ and L? with the operator P, ; we find:

[L.,P.] =nP, (13-a)
[L%, P,] =2R(P.L, — P,L,)+ 2R*P, (13-b)

Consider therefore any eigenfunction ¢, ,,(r) common to H,, L? and L_, the
corresponding eigenvalues being E,, /(I + 1)h? and mh. By applying the operators L,
and L _, we can obtain the 2/ other eigenfunctions associated with the same energy E,

and the same value of /. Since H, commutes with L, we have, for example:

H,L, (P;((,)l),m(r) =L,H, <P§3z’,m(l‘) =EL, (P;c(,)l),m(r) (14)

* These relations can be obtained directly from the definition L = R x P and the canonical
commutation rules.
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and L, ¢, (r) (which is not zero if m is different from /) is an eigenfunction of H,
with the same eigenvalue as ¢°),,(r). Therefore:

L @2 m(¥) € @ s 1(F) (15)

Let us now allow P, to act on ¢.%,(r). First of all, since H, commutes

with P, we can repeat the preceding argument for P, ¢°, . Moreover, from rela-

tion (13-a):
LzP+ (p;c?l),m(r) = P+Lz (p;c(.)l).m + hP+ (P(k(,)l’.m
= (m + 1) P, @,(r) (16)

P, ¢, is therefore an cigenfunction of L, with the eigenvalue (m + 1)h. If we
use equation (13-b) in the same way, we see that the presence of the term P.L.
implies that P, /%, is not, in general, an eigenfunction of L?; nevertheless,

if m = [, the contribution of this term is zero:
L2P+ (p(O) = P+LZ (p;((.)l).l + 2hP+Lz (P;c(.)l).l + 2th+ (P;:,)l),l

k1.1
= [l +1) +21 +2]n*P, ¢{°,
= (I + 1)1 +2R*P, ¢}2, (17)

Consequently, P, %, is a common eigenfunction of H,, L* and L, with the
eigenvalues E,, (/ + 1)(/ + 2)a% and (/ + 1)h respectively. Since these three obser-
vables form a C.S.C.O. (§ 1), there exists only one eigenfunction (to within a constant
factor *) associated with this set of eigenvalues :

P, (P;c(.)l),l(r) o ‘Pflh 1.0+ (r) (18)
We are going to use the recurrence relations (15) and (18) to construct the
1 @0 .(r) } basis from the functions @}°} ,(r) corresponding to zero eigenvalues

for L? and L, **.

b. CALCULATION OF FREE SPHERICAL WAVES

o.  Solution of the radial equation for [ = 0

In order to determine the functions ¢,%) o(r), we return to the radial equa-

tion (6), in which we set / = 0; taking definition (10) into account, this equation
can therefore be written:
dZ

I:ﬁ + kz]u}‘%(r) =0 (19)

* Later (§2-b), we shall specify the coefficients which insure the orthonormalization of the
{ 0% .(r) | basis (in the extended sense, since k is a continuous index).

** It must not be thought that the operator P_ = P, — iP, allows one to “step down” from

X
an arbitrary value of / to zero. It can easily be shown, by an argument analogous to the preceding one,
that:

P—(plt(.)l’,—l(r) X (pl(t(.)l}+ - )
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The solution which goes to zero at the origin [condition (7)] is of the form:

u%(r) = a, sin kr (20)

We choose the constant g, such that the tunctions ¢,% ,(r) are orthonormal in the

extended sense ; that is:

[ tcyatn o2t = ok — i @
It is easy to show (see below) that condition (21) is satisfied if:
P
a, = \/’-7; (22)
which yields (Y§ being equal to 1/\/4n):
0 /Ej I sin kr (23)

(Pk.o.o(r) = \/ p \/Q r

Let us verify that the functions (23) satisfy the orthonormalization relation (21). To do
this. it is sufficient to calculate:

2 1’ sin kr sin k'r
e o0 ot = 2ui L[ arTRESKE fgg
0

“Z

= — j dr sin k# sin k'r (24)
(1]

n

Replacing the sines by complex exponentials and extending the interval ol integration over the

range — oo to + o0, we obtain:

2 (7 . . 2 I - i+ K’ ik~ &’

— | drsinkrsink’r =—| — 2 dr ek — eftk=kOr] (25)
n

n
0

Since k and &" are both positive, &k + k' is always different from zero and the contribution of the
first term within the brackets is always zero. According to formula (34) of appendix Il the
second term yields finally:

2/ 1 \
[ o it 0 = 2 (= 2m o = 19

= ok — k) (26)

B.  Construction of the other waves by recurrence

Let us now apply the operator P, defined in (11) to the function ¢.% ,(r)
that we have just found. According to relation (18):

OO0 1(r) X P, @l olr)
sin kr
x Py kr (27)
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[n the { | r ) | representation, which we have been using throughout, P, is the
differential operator:

h{cd .0
P+=7<§ +'0_y> (28)

In formula (27), it acts on a function of r alone. Now:
: h(x vyd
P.f(r)==(= +iz)= f(r
/) i <r : r) dr /)

h . ., d
= — S e (r
- sin 0e e S (29)

Thus we obtain:

@) \(r) x sin 0 ef‘*’[cos kr— sin kr]

ke (k) 0

We recognize the angular dependence of Y| (), ¢) [complement Ay, formula (32)];
by applying L , ¢i°] ,(r) and ¢{°! _(r) can be calculated.

Although ¢,"} ,(r) depends on ¢ and ¢, the application of P_ to this function
remains very simple. The canonical commutation relations indicate immediately

that:
[P+.X+iY]=0 (31)

Consequently, ¢} ,(r) is given by:

@35.1(") x P il_%{i
X +iy d sinkr
rodr kr
1 d sin kr

(x +inp, L
x e+ P, rdr kr

x (x + i_\')zl—d—[li——Sirl kr] (32)

* P,

Fpdr| rdr kr

In general:

C o /1d\ sin kr
‘P;c(.)l).l(r) % (x + iy (T —(i;_) kr

The angular dependence of ¢, is contained in the factor:

(x + iv)' = rl(sin 0) e/ (34)

which is indeed proportional to Yi(0, ¢).
Let us definc:

T d Y sin P
; — (_ [N e
i) = = 1 () 5 39
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J,» thus defined, is the spherical Bessel function of order I. The preceding calculation

shows that ¢.°) (r) is proportional to the product of Y(f, ¢) and j,(kr). We shall

write (see below the problem of normalization):

2k“
RENr) = i(kr) (36)
‘\}
The free spherical waves are then written:
Primlt) = N —“Jz(k") Y7(0, o) (37)

They satisfy the orthonormalization relation:
[ 120) 620 ) = 05 = ) 8 G0 (38)

and the closure relation:

1=0 m=—1

j kS T o) o) = 5(r — 1) (39)

Let us now examine the normalization of the functions (37). To do so, let us begin by
specifying the proportionality factors of the recurrence relations (15) and (18). For the first
relation, we already know this factor from the properties of spherical harmonics (¢f. comple-
ment Ay,):

L@ () = ivIl + 1) — mm + 1) 90, () (40)

As for relation (18), it can easily be shown, using the explicit expression for Y (0, @) [formulas (4)
and (14) of complement Ay, ], equations (31) and (29) and definition (35), that, if we take (37)
into account, this relation can be written:

hk /21 F 2
P+(p=col)l( r) = i \/ 3 F3 (Pk01)+1 144(F) (41)

In the orthonormalization relation (38), the factors J,;.0,,,- on the right-hand side arise
from the angular integration and the orthonormality of the spherical harmonics. To establish
relation (38), it is thus sufficient to show that the integral:

k. k) = f Er GOE) o0, 1) @)

is equal to d(k — k'). We already know from (26) that I,(k, k') has this value. Consequently,
we shall demonstrate that, if :

Ik, k') = 8(k — k') (43)
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then the same is true for I, (k, k'). Relation (41) permits us to write /,, ,(k, k') in the form :

N L 20+3( © )
Ll K) = h2kk' 21 + 2 jd r [P+(p“,(l')]* [P, ei.0]

I 20 +3
Rk 2 +2j Er o) PP, 0000 (44

where P_ = P, — iP, is the adjoint of P . Now:

P_P, =P+ P, =P*— P} (45)

@), is an eigenfunction of P2. Since, in addition, P, is Hermitian, it results that :

, 1 20 +3 , ,
I, (k k) = eI {th 21 (k, k) — J & [Po@ 0] [Po, 1] } (46)

We must now calculate P,p(% (r). Using the fact that Y {(f, ¢) is proportional to (x + iy)yr',

we easily find:

—
hk 2k
(p;col)l(r) _ _\/——n— cos 6 Yi(0, @) Jisq(kr)

hk 1
e — ‘P:(c?)ul,l(l') 47)
P21 +3

according to formula (35) of complement Ay,. Putting this result into (46), we finally obtain:

21+3k’( ) 1 ;
28 +2k N7 20 +2 M1

11+1(k, k') = (k, kl) (48)

Hypothesis (43) thus implies:
Ik, k') = 8k — k') (49)

which concludes the argument by recurrence.

c. PROPERTIES

&.  Behavior at the origin
When p approaches zero, the function j,(p) behaves (see below) like :

i

, p
ilP) o Gy (50)
Consequently, ¢,°,,(r) is proportional to r' in the neighborhood of the origin:

ol % | 2 yr o) ks 51)
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To demonstrate formula (50), starting from definition (35), it is sufficient to expand
sin p/p in a power series in p:

X ) I)Zp
PR ;] (52

i

1 d
We then apply the operator <— d_) . which yields:
pdp

] = y _lil“‘ ; _ p__%p_ 2P 11
N e B

p=0

X 202p — 2)2p — 4) .. [2p — 2(1 - 1)]
= (=D X (=1 pr= (53)
EO 2p + 1)
The first / terms of the sum (p = 0 to / — 1) are zero, and the (/ + 1)th is written :
2021 — 2)21 — 4)...2
o) (= 1ot (= i 222D (54

p=0 (21 + 1)

which proves (50).
B.  Asymptotic behavior

When their argument approaches infinity, the spherical Bessel functions are
related to the trigonometric functions in the following way:

. | T
)=, g (o= 15) (55)

The asymptotic behavior of the free spherical waves is therefore:

2k? sin (kr — In/2 :
L JETE P il Wil (56)
. rex oy om kr
1 d sin p . .
If we apply the operator 1 once to . wWe can write j,(p) in the form:
pap Y
1 d\ '[cosp sinp
Jp) = (= l)’ﬂ'(--) [ £ l] (57)
pdp p? ot

The second term inside the brackets is negligible compared to the first term when p approaches
o I d . . .
infinity. Moreover, when we apply — — a second time, the dominant term still comes from the

pdp
derivative of the cosine. Thus we see that:

11 Y
ie) v, (= 1) == (di) sin p (58)
plp \dp
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Since:

((%))lsin p = (= 1 sin (p - z%) (59)

the result is indeed (55).

COMMENT:
If we set:
kr = p (60)
[k being defined by formula (10)], the radial equation (4) becomes:
25 -2

This is the spherical Bessel equation of order /. It has two linearly independent
solutions, which can be distinguished, for example, by their behavior at the
origin. One of them is then the spherical Bessel function j,(p), which
satisfies (50) and (55). For the other, we can choose the “spherical Neumann
function of order /”, designated as n,(p), with the properties:

2 — N
ny(p) oo @r-ut ] +1) (62-a)
P
1 i
n,(p)p:-w—p cos|p — 15 (62-b)
3. Relation between free spherical waves and plane waves

We already know two distinct bases of eigenstates of H,: the plane waves v{°(r)
are eigenfunctions of the three components of the momentum P ; the free spherical
waves @9, (r) are eigenfunctions of L? and L,. These two bases are different
because P does not commute with L2 and L,.

A given function of one of these bases can obviously be expanded in terms
of the other basis. For example, we shall express a plane wave v{°'(r) as a linear super-
position of free spherical waves. Consider, therefore, a vector k in ordinary space.
The plane wave v{®(r) that it characterizes is an eigenfunction of H, with the
eigenvalue h’k?/2u. Therefore, its expansion will include only the ¢, which
correspond to this energy, that is those for which:

k = |k| (63)

This expansion will therefore be of the form:

+

1

Cm(K) @10 m(x) (64)

=1

V18

40) =
1

om
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the free indices k and & being related by equation (63). It is easy to show, using
the properties of the spherical harmonics (¢f. complement Ay,) and the spherical
Bessel functions, that:

0 +1

ehr=dz Y Y YO, ) jilkr) YT(0. 9) (65)
1

I=0m=—

where 6, and ¢, are the polar angles that fix the direction of the vector k. If K is
directed along Oz, expansion (65) reduces to:

e = Y a2l + 1) j(kr) Y9(0)
=0

= > ' (21 + 1) j(kr) P/cos 0) (66)
=0
where P, is the Legendre polynomial of degree / [¢f. equation (57) of comple-
ment Ay, .
Let us first demonstrate relation (66). To do this. let us assume that the vector k chosen

is collinear with O: :

k,=k, =0 (67)
and points 1n the same direction. In this case, equation (63) becomes:

k,=k (68)
and we want to expand the function:

ikz — gikrcoso (69)
in the { @!°} .(r) } basis. Since this function is independent of the angle @, it is a linear combi-

nation of only those basis functions for which m = 0 :

x

eikrcosﬂ — Z a, (pk((l”o(r)
=0

n

> ¢ jilkr) Y 2(0) (70)

1=0

ikr cos

To calculate the numbers ¢,, we can consider e 10 be a function of the variable 0,
with r playing the role of a parameter. Since the spherical harmonics form an orthonormal basis
for functions of # and ¢, the “coefficient ™ ¢,j,(kr) can be expressed as:

¢, jitkr)= j dQ YP*(0) eitreoso (71)

Replacing Y{ by its expression in terms of Y!(0. @) [formula (25) of complement Ay,], we
obtain:

¢ jkr) = \—/—éﬁ de [(%) YY(0, (p)J pikr con0

| j Ly
=—1dQ y;*((), ) [(_) ofhr cos n:l (72)
Jen AN
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since L, is the adjoint operator of L_. Formula (16) of complement Ay, then yields:

1
L.\ . . d
( )eukruo\ﬂ — (_ l)l e:l(p (sin ())l e.knme
h d(cos 0)'

= (_ l)’ eilqa (sin ())l (ikl‘)l eiky con ) (73)

Now (sin 6) e”® is just, to within a constant factor, Y0, ¢) [¢/. formulas (4) and (14) of
complement Ay, ]. Consequently:

w4 .
v jitkr) = (ikr) == = | 4@ |yyo, p)f? eieoso (74)
JapNer+i

It is therefore sufficient to choose a particular value of kr, for which we know the value
of j,(kr), in order to calculate ¢,. Allow, for example, kr to approach zero: we know that j,(kr)
behaves like (kr)', and so, in fact, does the right-hand side of equation (74). More precisely,
using (50), we find:

: J 20| 4 dQ [Y'(0. o) (75)
C =1 — .
@ g Ner @
that is, since Y| is normalized to 1:
¢ =iV 4;(211»17) (76)

This proves formula (66).

The general relation (65) can therefore be obtained as a consequence of the addition
theorem for spherical harmonics [formula (70) of complement A,,]. Whatever the direction
of k (defined by the polar angles 0, and ¢,), it is always possible, through a rotation of the
system of axes, to return to the case we have just considered. Consequently. expansion (66)
remains valid, providing that &z is replaced by k. r and cos ! by cos a, where o is the angle
between k and r:

I

e =3 (2 + 1)j(kr) Pyfcos a) 7

=0

But the addition theorem for spherical harmonics permits the expression of Pj(cosa) in terms
of the angles (f), ¢) and (0,. @,), which yields finally formula (65).

The expansions (65) and (66) show that a state of well-defined linear momen-
tum involves all possible orbital angular momenta.

To obtain the expansion of a given function ¢;°,(r) in terms of plane waves,
it is sufficient to invert formula (65). using the orthonormalization relation of
spherical harmonics which are functions of 6, and ¢,. This yields:

f 4, YT(0,. ¢) ™ = amit j(kr) YT(0, ) (78)
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Thus we find:
-1 ! . EI;E m ik.r
ottalt) = bt 2 | a0, v70n. 00 e (79)

An eigenfunction of L? and L, is therefore a linear superposition of all plane waves
with the same energy : a state of well-defined angular momentum involves all possible
directions of the linear momentum.

References:

Messiah (1.17), App. B, §6; Arfken (10.4), §11.6; Butkov (10.8), chap. 9, §9; see
the subsection *“Special functions and tables” of section 10 of the bibliography.
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PHENOMENOLOGICAL DESCRIPTION
OF COLLISIONS WITH ABSORPTION

1. Principle involved
2. Calculation of the cross sections

a. Elastic scattering cross section
b. Absorption cross section
¢. Total cross section. Optical theorem

In chapter VIII, we confined ourselves to the study of the elastic* scattering of particles
by a potential. But we pointed out in the introduction of chap. VIII that collisions
between particles can be inelastic and lead, under certain conditions, to numerous
other reactions (creation or destruction of particles, etc...), particularly if the energy
of the incident particles is high. When such reactions are possible, and one detects
only elastically scattered particles, one observes that certain particles of the incident
beam “disappear” ; that is, they are not to be found either in the transmitted beam
or amongst the elastically scattered particles. These particles are said to be “absor-
bed” during the interaction; in reality, they have taken part in reactions other
than that of simple elastic scattering. If one is interested only in the elastic scattering,
one seeks to describe the “absorption™ globally, without going into detail about
the other possible reactions. We are going to show here that the method of partial
waves provides a convenient framework for such a phenomenological description.

1. Principle involved

We shall assume that the interactions responsible for the disappearance of the
incident particles are invariant with respect to rotation about O. The scattering
amplitude can therefore always be decomposed into partial waves, each of which
corresponds to a fixed value of the angular momentum.

[n this section, we shall see how the method of partial waves can be modi-
fied to take a possible absorption into consideration. To do this, let us
return to the interpretation of partial waves that we gave in § C-3-b-a of chapter VIII.
A free incoming wave penetrates the zone of influence of the potential and gives
rise to an outgoing wave. The effect of the potential is to multiply this outgoing
wave by e?>?'. Since the modulus of this factor is 1 (the phase shift 8, is real),
the amplitude of the outgoing wave is equal to that of the incoming wave.
Consequently (see the calculation of §2-b below), the total flux of the incoming
wave is equal to that of the outgoing wave : during the scattering, probability is
conserved, that is, the total number of particles is constant. These considerations
suggest that, in the cases where absorption phenomena occur, one can take them
into account simply by giving the phase shift an imaginary part such that:

|ezns,' < ] “)

* A collision is called elastic if it changes neither the nature nor the internal state of the concerned
particles; otherwise it is called inelastic.
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The amplitude of the outgoing wave with angular momentum / is thus smaller
than that of the incoming wave from which it arises. The fact that the outgoing
probability flux is smaller than the incoming flux expresses the “disappearance”
of a certain number of particles.

We are going to make this idea more explicit and deduce from it the
expressions for the scattering and absorption cross sections. However, we stress
the fact that this is a purely phenomenological method : the parameters with which
we shall characterize the absorption (modulus of e??' for each partial wave) mask
an often very complicated reality. Note also that if the total probability is no longer
conserved it is impossible to describe the interaction by a simple potential. A correct
treatment of the set of phenomena which can then arise during the collision
would demand a more elaborate formalism than the one developed in chapter VIII.

2. Calculation of the cross sections

We return to the calculations of §C-4 of chapter VIII, setting:
n = e (2)

Since the possibility of producing reactions other than that of elastic scattering
is always expressed by a decrease in the number of elastically scattered particles,
we must have:

|'11| < (3)

(equality corresponding to cases where only elastic scattering is possible). The

asymptotic form of the wave function which describes the elastic scattering is

therefore [¢f. formula (C-51) of chapter VIII]:

—ikr e"i _ 1’], eikr e—”i (4)
2ikr

) ~ li /a2l + 1) Y9(0)

a. ELASTIC SCATTERING CROSS SECTION

The argument of § C-4-a of chapter VIII remains valid and gives the scattering
amplitude f,(0) in the form:

£46) = 1}(2) Van@l + 1)y 12 (5)

From this we deduce the differential elastic scattering cross section:

2

6ul8) == | T Van(2l + 1)yoe) ! (6)
k* | =0 2i
and the total elastic scattering cross section:
T & B
gy =—5 2 QL+ 1|1 —n) (7)
k*1=0
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COMMENT :

According to the argument developed in § 1, the absorption of the
wave (/) reaches a maximum when |n,| is zero, that is, when:

n =0 (8)

Formula (7) indicates however that, even in this limiting case, the contribution
of the wave (/) to the elastic scattering cross section is not zero*. In other
words, even if the interaction region is perfectly absorbing, it produces elastic
scattering. This important phenomenon is a purely quantum effect. It can be
compared to the behavior of a light wave which strikes an absorbing medium.
Even if the absorption is total (perfectly black sphere or disc), a diffracted
wave is observed (concentrated into a solid angle which becomes smaller
as the surface of the disc becomes larger). Elastic scattering produced by a
totally absorbing interaction is called, for this reason, shadow scattering.

b. ABSORPTION CROSS SECTION

Following the same principle as in §A-3 of chapter VIII, we define the
absorption cross section g,  : it is the ratio between the number of particles
absorbed per unit time and the incident flux.

To calculate this cross section, it is sufficient, as in §B-2 of chapter VIII,
to evaluate the total amount of probability 4% which “disappears™ per unit time.
This probability can be obtained from the current J associated with the wave
function (4). 42 is equal to the difference between the flux of the incoming waves
across a sphere (S) of very large radius R, and that of the outgoing waves; it is
therefore equal to minus the net flux of the vector J leaving this sphere. Thus:

AP = — J‘ J.ds 9)
S
with
= itk T gais
J = Re| t{ (r)va‘k Ar) (10)
Only the radial component J, of the current contributes to the integral (9):
A?/”:—J‘ J,r’dQ (11)
r=Rg
with :
J, = Re | 8i0%(r) L i) (12)
r k in or *
* This contribution is zero only if #, = I, that is, if’ the phase shift is real and equal to an integral

multiple of = [this was already contained in formula (C-58) of chapter VIII].
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In formula (12), the differentiation does not modify the angular dependence
of the various terms which compose v{4f(r) [formula (4)]. Consequently, because
of the orthogonality of the spherical harmonics, the cross terms between
a partial wave (/) in v@fr) and a different wave (/') in p{9*(r) make a zero
contribution to integral (11). We have therefore:

42 = — Zj JOr? dQ (13)
=0 J,=

where J!¥ is the radial component of the current associated with the partial wave (/).
A simple calculation gives:

hk =21 + 1
e ol Z LU (19

that is, ﬁnally, since Y7(0)is normalized:

42 =22 5 @1+ )1 = |nf] (15)

The absorption cross section a,, is therefore equal to the probability 42
divided by the incident current hk/u:

fas =25 QU = ] (16)

It is obvious that g,,_ is zero if all the #, have a modulus of 1; that is, according
to (2), if all the phase shifts are real. In this case, there is only elastic scattering,
and the net flux of probability leaving a sphere of large radius R, is always zero.
The total probability carried by the incoming waves is entirely transferred to the
outgoing waves. On the other hand, when 7, is zero, the contribution of the wave (/)
to the absorption cross section is maximum.

COMMENT :
. . hk
The calculation of expression (15) shows that —12(21 + 1) is the amount of

probability entering per unit time, and arising from the partial wave (/). Il we divide this
quantity by the incident current fik/u, we obtain a surface that can be called the “incoming
cross section into the partial wave (/) :

6 = — (@l + 1) (17)
k2

This formula can be interpreted classically. We can consider the incident plane wave as
describing a beam of particles of uniform density, having a momentum hk parallel to Oz.
What proportion of these particles reach the scattering potential, with an angular

momentum h \/ Il + 1)?We have already mentioned the link between angular momentum
and the impact parameter in classical mechanics [¢f. formula (C-23) of chapter VIII]:

|Z| = bp| = kb (18)

954



COLLISIONS WITH ABSORPTION Q

All we must do. therefore, is to draw, in the plane passing through O and perpendicular
to Oz, a circular ring centered at O, of average radius b, such that:

A1l + 1) = ik b, (19)

and of width 4b, corresponding to A4/ = 1 in formula (19) (fig. 1). All the particles crossing

this surface reach the scattering potential with an angular momentum equal to i~/ i(! + 1),
to within . From (19) we derive:

1 1 1
==V + 1) >=(1 += ]
b= Vil +1) k( 2) (20)
if I » 1, and consequently:
4b, = ! 1
Pk (21)
The area of the circular ring of figure 1 is therefore:
2 b, Ab, ~ 12(21 +1) (22)
k

Thus we find again, very simply, o,.

FIGURE 1

The incident particles must reach the potential with the impact parameter b, to within 45, for their
classical angular momentum to be Tl\/ Il + 1) to within A.
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c. TOTAL CROSS SECTION. OPTICAL THEOREM

When a collision can give rise to several different reactions or scattering
phenomena, the total cross section g, is defined as the sum of the cross sections
(integrated over all the directions of space) corresponding to all these processes.
The total cross section is thus the number of particles which, per unit time, partici-
pate in one or another of the possible reactions, divided by the incident flux.

If, as above, we treat globally all reactions other than elastic scattering, we
have simply:

atot = ael + Gabs (23)
Formulas (7) and (16) then give:
2 &
O0 = 75 Z 2l + ])(1 — Rep) (24)
k* 1=0
Now (I — Ren,) is the real part of (I — u,), which appears in the elastic

scattering amplitude [ formula (5)]. Moreover, we know the value of Y9(8)for ) = 0 :

—
21 +1
Y0 = -
\/

(25)

[¢f. complement Ay,, formulas (57) and (60)]. Consequently, if we calculate from (5)
the imaginary part of the elastic scattering amplitude in the forward direction, we
find:

1 & 1 — Re
m f(0) =2 ¥ @I + 1)—2—'7' (26)
=0
Comparing this expression to formula (24), we see that:
4z
Gus = 7 Im £(0) 27)

This relation between the total cross section and the imaginary part of the elastic
scattering amplitude in the forward direction is valid in a very general sense; it
constitutes what is called the optical theorem.

COMMENT:

The optical theorem is obviously valid in the case of purely elastic
scattering (0,5 = 0; 6 (= 0,). The fact that f(0) — that is, the wave
scattered in the forward direction — is related to the total cross section could
have been predicted from the discussion in §B-2-d of chapter VIII. It is the
interference in the forward direction between the incident plane wave and the
scattered wave which accounts for the attenuation of the transmitted beam,
due to the scattering of particles in all directions of space.

References and suggestions for further reading:

Optical model : Valentin (16.1), §X-3. High energy proton-proton collisions :
Amaldi (16.31).
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SOME SIMPLE APPLICATIONS OF SCATTERING THEORY

1. The Born approximation for a Yukawa potential
a. Calculation of the scattering amplitude and cross section
b. The infinite-range limit

2, Low energy scattering by a hard sphere
3. Exercises

a. Scattering of the p wave by « hard sphere
b. * Square spherical well ™ : bound states and scattering resonances

There is no potential for which the scattering problem can be solved exactly* by a
simple analytical calculation. Therefore, in the examples that we are going to
discuss here, we shall content ourselves with using the approximations that we
introduced in chapter VIII.

1. The Born approximation for a Yukawa potential

Let us consider a potential of the form:

(1)

where V, and o are real constants, with a positive. This potential is attractive
or repulsive depending on whether ¥, is negative or positive. The larger |V;|. the
more intense the potential. Its range is characterized by the distance:

1
Fo =7 (2)
since, as figure 1 shows, V(r) is practically zero when r exceeds 2r, or 3r,.

The potential (1) bears the name of Yukawa, who had the idea of associating
it with nuclear forces, whose range is of the order of a fermi. To explain the origin
of this potential, Yukawa was led to predict the existence of the n-meson, which
was indeed later discovered. Notice that for o = 0 this potential becomes the
Coulomb potential, which can thus be considered to be a Yukawa potential of

infinite range.

* Actually, we can rigorously treat the case of the Coulomb potential; however, ag we pointed
out in chapter V111 (§B-1), this necessitates a special method.

957




COMPLEMENT Cvi

AV(r)

FIGURE 1

Yukawa potential and Coulomb potential. The presence of the term ¢~ causes the Yukawa
potential to approach zero much more rapidly when » > r, = 1/o (range of the potential).

a. CALCULATION OF THE SCATTERING AMPLITUDE AND CROSS SECTION

We assume that |V;| is sufficiently small for the Born approximation
(§ B-4 of chapter VIII) to be valid. According to formula (B-47) of chapter VIII,
the scattering amplitude f{®(6, @) is then given by:

_ 1 2uV, I
(B) o _ LMV | 43 iKe &
SN0, ) = " fd re p (3)

where K is the momentum transferred in the direction (6, ¢) defined by rela-
tion (B-42) of chapter VIII.

Expression (3) involves the Fourier transform of the Yukawa potential. Since
this potential depends only on the variable r, the angular integrations can easily
be carried out (§2-e of ‘appendix I), putting the scattering amplitude into the
form:

1 2uV,4n [~ : e
[0, 0) = — — 0——J‘ r dr sin [K|r 4
k ( ) 471: hz |K| o ' I r ( )
After a simple calculation, we then find:
2uV, 1
BYQ, @) = — 0 5
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Figure 6 of chapter VIII shows that:

K| = 2k sing (6)

where & is the modulus of the incident wave vector and 6 is the scattering angle.
The differential scattering cross section is therefore written, in the Born
approximation :

% 1

a B0
® =" [o2 + 4k? sin? 6/2]2

(7)

It is independent of the azimuthal angle ¢, as could have been foreseen from
the fact that the problem of scattering by a central potential is symmetrical with
respect to rotation about the direction of the incident beam. On the other hand,
it depends, for a given energy (that is, for fixed k), on the scattering angle:
in particular, the cross section in the forward direction (6 = 0) is larger than the
cross section in the backward direction (0 = n). Finally, ¢®(@), for fixed 0, is a
decreasing function of the energy. Notice, moreover, that the sign of ¥ is of no
importance in the scattering problem, at least in the Born approximation.

The total scattering cross section is easily obtained by integration:

4u*vi 4n
o _ [aq o) = #0 ®)
7 j o™(0) n*  a’(a® + 4k%)

b. THE INFINITE-RANGE LIMIT

We noted above that the Yukawa potential approaches a Coulomb potential
when o tends towards zero. What happens, in this limiting case, to the formulas
that we have just established ?

To obtain the Coulomb interaction potential between two particles having
charges of Z,q and Z,q (q being the charge of the electron), we write :

a=20
Vh=2,2,¢ ©)
with :
2
2 _ 4
¢ = (10

Formula (7) then gives:
4? 72 Z2e*

5O =
h* 16 k* sin“g

2 72 ,4
_ ZiZse

- 0
2 iaa?
16E“ sin >
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(k has been replaced by its value in terms of the energy).

Expression (11) is indeed that of the Coulomb scattering cross section
(Rutherford's formula). Of course, the way in which we have obtained it does not
constitute a proof: the theory we have used is not applicable to the Coulomb
potential. However, it is interesting to observe that the Born approximation for
the Yukawa potential gives precisely Rutherford’s formula for the limiting situation
where the range of the potential approaches infinity.

COMMENT:

The total scattering cross section for a Coulomb potential is infinite
since the corresponding integral diverges for small values of 0 [expression (8)
becomes infinite when a approaches zero]. This results from the infinite
range of the Coulomb potential : even if the particle passes very tar from the
point O, it is affected by the potential. This suggests why the scattering cross
section should be infinite. However, in reality, one never observes a rigorously
pure Coulomb interaction over an infinite range. The potential created by a
charged particle is always modified by the presence, in its more or less
immediate neighborhood, of other particles of opposite charge (screening
effect).

2. Low energy scattering by a hard sphere

Let us consider a central potential such that:
Vir)=0 for rF>
= 0 -for r<r, (12)

In this case, we say that we are considering a “ hard sphere ™ of radius r,. We assume
that the energy of the incident particle is sufficiently small for Ar, to be much
smaller than 1. We can then (§ C-3-b-p of chapter VIII and exercise 3-a below)
neglect all the phase shifts except that of the s wave (/ = 0). The scattering
amplitude /(@) is written, under these conditions:

£(6) = €% sind () (13)

(since Y = 1/\/47[); the differential cross section is isotropic :

ol6) = KO = -5 sin® 3K (14)

so that the total cross section is simply equal to:

4r .
o= 7331n2 (k) (15)
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To calculate the phase shift d,(4), it is necessary to solve the radial equation
correspondingto/ = 0. Thisequation is written [ ¢f. formula (C-35) of chapter VIII ] :

[—-2- + k{'uk.o(r) =0 for r>r, (16)

which must be completed by the condition:
Uy 0lro) = 0 (17)

since the potential becomes infinite for r = r,. The solution u, ,(r) of equations (16)
and (17) is unique to within a constant factor:

uolr) = Csink(r — ry) for >
=0 for r<r (18)

The phase shift 3, is, by definition, given by the asymptotic form of u, 4(r):

Uy olr) 3, sin(kr +9,) (19)
Thus, using solution (18), we find:

dolk) = — kry (20)

If we insert this value into expression (15) for the total cross section, we obtain:

4n .

o = P sin® kr, ~ 4nrl (21)
since by hypothesis kr, is much smaller than 1. Therefore, ¢ is independent of the
energy and equal to four times the apparent surface of the hard sphere seen by the
particles of the incident beam. A calculation based on classical mechanics would
give for the cross section the apparent surface nrg : only the particles which bounce
elastically off the hard sphere would be deflected. In quantum mechanics, however,
one studies the evolution of the wave associated with the incident particles, and the
abrupt variation of V(r) at r = r, produces a phenomenon analogous to the
diffraction of a light wave.

COMMEN I'!

Even when the wavelength of the incident particles becomes negligible
compared to r, (kr, > 1), the quantum cross section does not approach nr?.
[t is possible, for very large A, to sum the series which gives the total cross
section in terms of phase shifts [formula (C-58) of chapter VIII]; we then
find:

c ~m2m'(2, (22)

k -
Wave effects thus persist in the limiting case of very small wavelengths.
This is due to the fact that the potential under study is discontinuous
at r = ry: it always varies appreciably within an interval which is smaller
than the wavelength of the particles (¢f. chap. I, § D-2-a).
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3. Exercises

a. SCATTERING OF THE p WAVE BY A HARD SPHERE

We wish to study the phase shift §,(k) produced by a hard sphere on
the p wave (/ = 1). In particular, we want to verify that it becomes negligible
compared to §,(k) at low energy.

a. Write the radial equation for the function u, ,(r) for r > r,. Show that
its general solution is of the form:

u,1(r) = C[Slr;(rkr - cos kr + a(cozrkr + sin kr)]

where C and a are constants.

p. Show that the definition of é,(k) implies that:
a = tan 6,(k)
y. Determine the constant a from the condition imposed on u, ,(r) at r = r,.

6. Show that, as k approaches zero, &, (k) behaves like* (kr,)°, which makes
it negligible compared to J,(k).

b. “SQUARE SPHERICAL WELL” :
BOUND STATES AND SCATTERING RESONANCES

Consider a central potential ¥(r) such that :
Vi) = -1 for r<r
=0 for r>rg

where ¥, is a positive constant. Set:

k. = 121V,
0

/

VR

We shall confine ourselves to the study of the s wave (/ = 0).

o  Bound states (E < 0)

(1) Write the radial equation in the two regions » > r, and r < r,, as well
as the condition at the origin. Show that, if one sets:

_ //- 2uE
S

K =+Vki - p?

p

* This result is true in general : for any potential of finite range r,, the phase shift §,(k) behaves
like (kr,)*'*! at low energies.
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the function u,(r) is necessarily of the form:
ug(ry=Ae™* for r>rg
= Bsin Kr  for r<r,

(if) Write the matching conditions at r = r,. Deduce from them that the only
possible values for p are those which satisfy the equation :

tan Kr, = — K

p

(¢ii) Discuss this equation: indicate the number of s bound states as a function
of the depth of the well (for fixed r,) and show, in particular, that there are no
bound states if this depth is too small.

B.  Scartering resonances (E > 0)

(f) Again write the radial equation, this time setting:

(o [uE

- 22
K =iZ +i

Show that u, 4(r) is of the form:
= Bsin K'r for r<r,

(i) Choose 4 = 1. Show, using the continuity conditions at r = r, that the
constant B and the phase shift §, are given by:
B* = K
k* + k2 cos®* K'r,

with :

tan a(k) = _I% tan K'r,

(iii) Trace the curve representing B as a function of k. This curve clearly
shows resonances, for which B? is maximum. What are the values of k associated
with these resonances? What is then the value of a(k)? Show that, if there exists
such a resonance for a small energy (kr, < 1), the corresponding contribution
of the s wave to the total cross section is practically maximal.
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Y. Relation between bound states and scattering resonances

: T : :
Assume that k,r, is very close to (2n + 1)5, where # 1s an integer, and set :

4

koro = (2n + 1) >

+¢ with lg] <1

(i) Show that, if ¢ is positive, there exists a bound state whose binding
energy £ = — h*p?/2pis given by:

p = ¢k,

(/i) Show that if, on the other hand, ¢ is negative, there exists a scattering
resonance at energy £ = h2k?/2u such that:

_ 2kge

Fo

k? ~

(iii) Deduce from this that if the depth of the well is gradually decreased
(for fixed r,), the bound state which disappears when &,r, passes through an odd
multiple of 7/2 gives rise to a low energy scattering resonance.

References and suggestions for further reading :
Messiah (1.17), chap. IX, §10 and chap. X, §§HI and 1V Valentin (16.1), Annexe II.
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CHAPTER IX ELECTRON SPIN

Until now, we have considered the electron to be a point particle possessing
three degrees of freedom associated with its three coordinates x, y and :z.
Consequently, the quantum theory that we have developed is based on the hypothesis
that an electron state, at a given time, is characterized by a wave function y(x, y, z)
which depends only on x, y and z. Within this framework, we have studied a certain
number of physical systems: amongst others, the hydrogen atom (in chapter VII),
which is particularly interesting because of the very precise experiments that can be
performed on it. The results obtained in chapter VII actually describe the emission
and absorption spectra of hydrogen very accurately. They give the energy levels
correctly and make it possible to explain, using the corresponding wave functions,
the selection rules (which indicate which frequencies, out of all the Bohr frequencies
which are a priori possible, appear in the spectrum). Atoms with many electrons
can be treated in an analogous fashion (by using approximations, however, since
the complexity of the Schrodinger equation, even for the helium atom with two
electrons, makes an exact analytic solution of the problem impossible). In this case
as well, agreement between theory and experiment is satisfying.

However, when atomic spectra are studied in detail, certain phenomena appear,
as we shall see, which cannot be interpreted within the framework of the theory
that we have developed. This result is not surprising. It is clear that it is necessary
to complete the preceding theory by a certain number of relativistic corrections :
one must take into account the modifications brought in by relativistic kinematics
(variation of mass with velocity, etc.) and magnetic effects which we have neglected.
We know that these corrections are small (§ C-4-a of chapter VII) : nevertheless, they
do exist, and can be measured.

The Dirac equation gives a relativistic quantum mechanical description of the
electron. Compared to the Schrodinger equation, it implies a profound modification
in the quantum description of the properties of the electron; in addition to the
corrections already pointed out concerning its position variables, a new characteristic
of the electron appears: its spin. In a more general context, the structure of the
Lorentz group (group of relativistic space-time transformations) reveals spin to
be an intrinsic property of various particles, on the same footing, for example, as
their rest mass*.

Historically, electron spin was discovered experimentally before the intro-
duction of the Dirac equation. Furthermore, Pauli developed a theory which allowed

* This does not mean that spin has a purely relativistic origin: it can be deduced from the
structure of the non-relativistic transformation group (the Galilean group).
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CHAPTER IX ELECTRON SPIN

spin to be incorporated simply into non-relativistic quantum mechanics* through
the addition of several supplementary postulates. Theoretical predictions for the
atomic spectra are then obtained which are in excellent agreement with experimental
results **.

It is Pauli’s theory, which is much simpler than Dirac’s, that we are going to
develop in this chapter. We shall begin, in § A, by describing a certain number of
experimental results, which reveaied the existence of electron spin. Then we shall
specify the postulates on which Pauli’s theory is based. Afterwards, we shall examine,
in § B, the special properties of an angular momentum 1/2. Finally, we shall show,
in §C, how one can take into account simultaneously the position variables and the
spin of a particle such as the electron.

A. INTRODUCTION OF ELECTRON SPIN

1. Experimental evidence

Experimental demonstrations of the existence of electron spin are numerous
and appear in various important physical phenomena. For example, the magnetic
properties of numerous substances, particularly of ferromagnetic metals, can only
be explained if spin is taken into account. Here, however, we are going to confine
ourselves to a certain number of simple phenomena observed experimentally in
atomic physics: the fine structure of spectral lines, the Zeeman effect and, finally,
the behavior of silver atoms in the Stern-Gerlach experiment.

a. FINE STRUCTURE OF SPECTRAL LINES

The precise experimental study of atomic spectral lines (for the hydrogen
atom, for example) reveals a fine structure: each line is in fact made up of several
components having nearly identical frequencies*** but which can be clearly
distinguished by a device with good resolution. This means that there exist groups
of atomic levels which are very closely spaced but distinct. In particular, the
calculations of §C of chapter VII give the average energies of different groups
of levels for the hydrogen atom but do not explain the splittings within each

group.

* Pauli’s theory can be obtained as a limiting case of Dirac’s theory when the electron’s speed
is small compared to that of light.

** We shall see, for example in chapter X1l where the general perturbation theory treated
in chapter XI is used, how relativistic corrections and the existence of spin enable us to account
quantitatively for the details of the hydrogen atomic spectrum (which would be inexplicable if we
limited ourselves to the theory of chapter VII).

*** For example, the resonance line of the hydrogen atom (2p <> ls transition) is actually
double: the two components are separated by an interval of the order of 10™# eV (that is, about 10 times
smaller than the average 2p <—> s transition energy, which is equal to 10.2 eV).
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b. « ANOMALOUS » ZEEMAN EFFECT

When an atom is placed in a uniform magnetic field, each of its lines (that
is, each component of the fine structure) splits into a certain number of equidistant
lines, the interval being proportional to the magnetic field : this is the Zeeman effect.
The origin of the Zeeman effect can be easily understood by using the results of
chapters VI and VII (complement Dy;,,). The theoretical explanation is based on
the fact that a magnetic moment M is associated with the orbital angular
momentum L of an electron:

M =22 (A-1)

where py is the * Bohr magneton™:

qh
Hg = 2_mt (A-2)

However, while this theory is confirmed by experiment in certain cases (the so-called
“normal” Zeeman effect), it is, in other cases, incapable of accounting quantitatively
for the observed phenomena (the so-called *“anomalous™ Zeeman effect). The most
striking “anomaly ™ appears for atoms with odd atomic number Z (in particular,
for the hydrogen atom): their levels are divided into an even number of Zeeman
sub-levels, while, according to the theory, this number should always be odd, being
equal to (2/ + 1) with / an integer.

c. EXISTENCE OF HALF-INTEGRAL ANGULAR MOMENTA

We are confronted with the same difficulty in connection with the Stern-
Gerlach experiment, which we described in chapter IV (§A-1); the beam of silver
atoms is split symmetrically in two. These results suggest that half-integral values of j
(which we saw in §C-2 of chapter VI to be a priori possible} do indeed exist.
But this poses a serious problem, since we showed in §D-1-b of chapter VI that
the orbital angular momentum of a particle such as an electron could only be integral
(more precisely, it is the quantum number / which is integral). Even in atoms with
several electrons, each of these has an integral orbital angular momentum, and
we shall show in chapter X that, under these conditions, the total orbital angular
momentum of the atom is necessarily integral. The existence of half-integral angular
momenta thus cannot be explained without supplementary hypotheses.

COMMENT

[t is not possible to measure directly the angular momentum of the
electron using the Stern-Gerlach apparatus. Unlike silver atoms, electrons
possess an electric charge ¢, and the force due to the interaction between
their magnetic moment and the inhomogeneous magnetic field would be
completely masked by the Lorentz force gv x B.
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2. Quantum description: postulates of the Pauli theory

In order to resolve the preceding difficulties, Uhlenbeck and Goudsmit (1925)
proposed the following hypothesis: the electron “spins” and this gives it an intrinsic
angular momentum which is called the spin. To interpret the experimental results
described above, one must also assume that a magnetic moment Mg is associated
with this angular momentum S* :

M, =2 i}ff S (A-3)
Note that the coefficient of proportionality between the angular momentum and
the magnetic moment is twice as large in (A-3) as in (A-1): one says that the spin
gyromagnetic ratio is twice the orbital gyromagnetic ratio.

Pauli later stated this hypothesis more precisely and gave a quantum
description of spin which is valid in the non-relativistic limit. To the general
postulates of quantum mechanics that we set forth in chapter I1I must be added
a certain number of postulates relating to spin.

Until now, we have studied the quantization of orbital variables. With the
position r and the momentum p of a particle such as the electron, we associated
the observables R and P acting in the state space &,, which is isomorphic to the
space & of wave functions. All physical quantities are functions of the fundamental
variables r and p, and the quantization rules enable us to associate with them
observables acting in &,. We shall call &, the orbital state space.

To these orbital variables we shall add spin variables which satisfy the following
postulates :

(i) The spin operator S is an angular momentum. This means (§ B-2 of chapter VI)
that its three components are observables which satisfy the commutation relations :
[S,. S,] = S, (A-4)

and the two formulas which are deduced by cyclic permutation of the indices x, y, z.

(¢i) The spin operators act in a new space, the “spin state space” &, , where S?
and S, constitute a C.S.C.0. The space &, is thus spanned by the set of eigen-
states | s, m » common to S? and S, :

S*|s,m)y =s(s + 1)i*|s, m) (A-5-a)
S. |s,m)y=mh|s, m) (A-5-b)

According to the general theory of angular momentum (§C of chapter VI), we
know that s must be integral or half-integral and that m takes on all values included
between — sand + s which differ from these two numbers by an integer (which may
be zero). A given particle is characterized by a unique value of s: this particle is

* Actually, when one takes into account the coupling of the electron with the quantized
electromagnetic field (quantum electrodynamics), one finds that the coefficient of proportionality
between My and S is not eactly 2uz/h. The difference, which is of the order of 1072 in relative value,
is easily observable experimentally ; it is often called the “anomalous magnetic moment ” of the electron.
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said to have a spin s. The spin state space &, is therefore always of finite dimen-
sion (25 + 1), and all spin states are eigenvectors of S* with the same eigenvalue
s(s + 1)

(iif) The state space & of the particle being considered is the tensor product
of ,and &:

& =606, (A-6)

Consequently (§F of chapter II), all spin observables commute with all orbital
observables.

Except for the particular case where s = 0, it is therefore not sufficient to
specify a ket of &, (that is, a square-integrable wave function) to characterize a state
of the particle. In other words, the observables X, Y and Z do not constitute
a C.S.C.O. in the space state & of the particle (no more than do P, P, P, or any
other C.S.C.O. of &,). It is also necessary to know the spin state of the particle,
that is, to add to the C.S.C.O. of &, a C.S.C.O. of &, composed of spin observables,
for example, S? and S, (or S* and S, ). Every particle state is a linear combination of
vectors which are tensor products of a ket of &, and a ket of &, (see §C below).

(iv) The electron is a spin 1/2 particle (s = 1/2) and its intrinsic magnetic
moment is given by formula (A-3). For the electron, the space &, is therefore two-
dimensional.

COMMENTS

(/) The proton and the neutron, which are nuclear constituents, are also
spin 1/2 particles, but their gyromagnetic ratios are different from that of the
electron. At the present time we know of the existence of particles of
spin 0, 1/2, 1, 3/2, 2, ... up to higher values such as 11/2.

(4i) In order to explain the existence of spin, we could imagine that a particle
like the electron, instead of being a point, has a certain spatial extension. It
would then be the rotation of the electron about its axis that would give rise
to an ‘intrinsic angular momentum. However, it is important to note that,
in order to describe a structure that is more complex than a material point,
it would be necessary to introduce more than three position variables. If,
for example, the electron behaved like a solid body, six variables would be
required : three coordinates to locate one of its points chosen once and for
all, such as its center of gravity, and three angles to specify its orientation
in space. The theory that we are considering here is radically different. It
continues to treat the electron like-a point (its position is fixed by three
coordinates). The spin angular momentum is not derived from any position
or momentum variable*. Spin thus has no classical analogue.

* If it were, moreover, it would necessarily be integral.
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B. SPECIAL PROPERTIES OF AN ANGULAR MOMENTUM 1/2

We shall restrict ourselves from now on to the case of the electron, which is
a spin 1/2 particle. From the preceding chapters, we know how to handle its orbital
variables. We are now going to study in more detail its spin degrees of freedom.

The spin state space &, is two-dimensional. We shall take as a basis the
orthonormal system {| + >, | — > } of cigenkets common to S*> and S, which
satisfy the equations:

S|+ =28 £) (B-1-a)
1
S.|£>=%50]%) (B-1-b)
C+[=>=0 (B-2-a)
(+|+>=(—|—>=1 (B-2-b)
| +><C+]| + | =><C=]=1 (B-3)

The most general spin state is described by an arbitrary vector of &,:
[) =co[+> + e |- (B-4)

where ¢, and ¢_ are complex numbers. According to (B-1-a), all the kets of &,
are eigenvectors of S* with the same eigenvalue 3%%/4, which causes S* to be
proportional to the identity operator of & ,:

3
2 _ - hl -
S ) (B-5)
Since S is, by definition, an angular momentum, it possesses all the general
properties derived in §C of chapter VI. The action of the operators:

Sy =8, +iS, (B-6)

on the basis vectors | + > and | — ) is given by the general formulas (C-50) of
chapter VI when one sets j = s = 1/2:

Si|+>=0 Sel=>=n|+> (B-7-a)
S |+>=n|-> S |->=0 (B-7-b)

Any operator acting in &, can be represented, in the { | + >, | — > } basis, by
a 2 x 2 matrix. In particular, using (B-1-b) and (B-7), we find the matrices
corresponding to S,, S, and S, in the form:

h

(S) =3¢ (B-8)
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where 6 designates the set of the three Pauli matrices :

— 0
Y O (0 ’) o = (1 ) (B-9)
1 0 i 0 0 —1
The Pauli matrices possess the following properties, which can easily be
verified from their explicit form (B-9) (see also complement A,,):

ol =0, =¢ =1 (B-10-a)
c0,+ a0, =0 (B-10-b)
[6..0,] =2ia, (B-10-c)
6.6, = i0, (B-10-d)

(to the last three formulas must be added those obtained through cyclic permu-
tation of the x, v, z indices). It also follows from (B-9) that:

Tro, =Tro, =Tro, =0 (B-11-a)
Deto, = Deto, = Deto, = — 1 (B-11-b)

Furthermore, any 2 x 2 matrix can be written as a linear combination, with
complex coefficients, of the three Pauli matrices and the unit matrix. This is simply
due to the fact that a 2 x 2 matrix has only four elements. Finally, it is easy to
derive (see complement A,y ) the following identity :

(6.A)(6.B)=A.B + ic.(A x B) (B-12)

where A and B are two arbitrary vectors, or two vector operators whose three
components commute with those of the spin S. If A and B do not commute with
each other, the identity remains valid if A and B appear in the same order on the
right-hand side as on the left-hand side.

The operators associated with electron spin have all the properties which
follow directly from the general theory of angular momentum. They have, in
addition, some specific properties related to their particular value of s (that is, of j),
which is the smallest one possible (aside from zero). These specific properties
can be deduced directly from (B-8) and formulas (B-10):

.2
si=s1=s52=0 (B-13-a)
5.5, +5,5, =0 (B-13-b)
5.8, = %hS: (B-13-¢)
§2 = §2 =0 (B-13-d)
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C. NON-RELATIVISTIC DESCRIPTION
OF A SPIN 1/2 PARTICLE

We now know how to describe separately the external (orbital) and the internal
(spin) degrees of freedom of the electron. In this section, we are going to assemble
these different concepts into one formalism.

1. Observables and state vectors

a. STATE SPACE

When all its degrees of freedom are taken into account, the quantum state of
an electron is characterized by a ket belonging to the space & which is the tensor
product of &, and &, (§ A-2).

We extend into &, following the method described in § F-2-b of chapter II,
both the operators originally defined in &, and those which initially acted in &,
(we shall continue to use the same notation for these extended operators as for the
operators from which they are derived). We thus obtain a C.S.C.O. in & through
the juxtaposition of a C.S.C.O. of &, and one of &,. For example, in &,, we can
take S? and S, (or S? and any component of S). In &,, we can choose { X, Y, Z },
or { P, P, P, }, or, if H designates the Hamiltonian associated with a central
potential, { H, L?, L_ } etc. From this we deduce various C.S.C.O. in &:

(X,Y,2,828S,) (C-1-a)
{P.,P,P, S8, } (C-1-b)
(H/L? L,S%S,) (C-1-c)

etc. Since all kets of & are eigenvectors of S* with the same eigenvalue [formula (B-5)],
we can omit S? from the sets of observables.

We are going to use here the first of these C.S.C.O., (C-1-a). We shall take
as a basis of & the set of vectors obtained from the tensor product of the kets
|r> =|x,p z)of & and the kets | ¢ > of & :

e =[x pze)=|r) @& (C-2)

where the x, y, z, components of the vector r, can vary from — oo to + oo (conti-
nuous indices), and ¢ is equal to + or — (discrete index). By definition, | r, ¢ ) is an
eigenvector common to X, Y, Z,S?and S, :

X|re)=x|re)
Y|re)=y|rned
Zlrey =z|re)

S? r,s):%hﬂr,s)

Sz|r,a>=sg|r,s> (C-3)
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Each ket |r, ¢ ) is unique to within a constant factor, since X, Y, Z, S? and S,
constitute a C.S.C.O. The { | r, ¢ > } system is orthonormal (in the extended sense),

since the sets {|r)> } and {| + >, | — >} are each orthonormal in &, and &,
respectively :
(re|rne)y =6,,00 —r) (C-4)

(6,., 1s equal to 1 or 0 depending on whether ¢" and ¢ are the same or different).
Finally, it satisfies a closure relation in &':

r,—>{r,—|=1

(C-5)

Zjd3r|r,s>(r,s| =Jd3r|r,+><r,+ | +jd3r

b. {ir,e>} REPRESENTATION

oL State vectors

Any state |y > of the space & can be expanded in the { | r, ¢ ) } basis. To do
this, it suffices to use the closure relation (C-5):

|¢>=Zfd3r|r,s>(r,8|w> (C-6)

The vector | ¢ ) can therefore be represented by the set of its coordinates in the
{|r, &> } basis, that is, by the numbers:

(nely)> =y,) (C-7)

which depend on the three continuous indices x, y, z (or, more succinctly, r) and
on the discrete index ¢ (+ or —). In order to characterize completely the state of an
electron, it is therefore necessary to specify two functions of the space variables x, y
and z:

o)y =r + I‘I/>
o) =< — |y (C-8)

These two functions are often written in the form of a two-component spinor,
which we shall write [y/](r):

wie) = (4-1) (9

The bra (¥ | associated with the ket | ¥ > is given by the adjoint of (C-6):
Wl =X [#rcune Coel 10
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that is, taking (C-7) into account:

(Y| = Zfdsr W) (| (C-11)

The bra { y | is thus represented by the two functions y* (r) and * (r), which can
be written in the form of a spinor which is the adjoint of (C-9):

[y1'r) = (b5 ()  ¥*(r) (C-12)

With this notation, the scalar product of two state vectors | ¢ » and | ¢ >, which,
according to (C-5), is equal to:

Coled =zjd3r<w|r,a><r,s|¢>
= J(F’r[ prEE) @ (r) + yE(r) o_(r) ] (C-13)

can be written in the form:

Colo = j & 1670 [0]0) (C-14)

This formula is very similar to the one which permitted the calculation of the scalar
product of two kets of &, from the corresponding wave functions. However, it is
important to note that here the matrix multiplication of the spinors [y]'(r) and
[¢ ](r) must precede the spatial integration. In particular, the normalization of the
vector | § ) is expressed by:

Yly) = jdsr [¥1'() [y](r) = str[ W@ + -] =1 (C-15)

Amongst the vectors of &, some are the tensor products of a ket of &, and
a ket of &, (this is the case, for example, for the basis vectors). If the state vector
under consideration is of this type:

v> =|e>® |1 (C-16)

with:
o = fd3r<p<r)|r>ees’.

x> =ci|+> +e_|-)>eé, (C-17)
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the spinor associated with it takes on the simple form:

[v]r) = (qo(r) ('*> = co(r)(c*) (C-18)

o(r) ¢ c_
This results from the definition of the scalar product in &, and we have in this case :
Vor) =<, + |¢¥> =<r| o>+ |1 = o) c, (C-19-a)
Wor) =, = | =r|e>{—|x> = olt)c_ (C-19-b)

The square of the norm of | ¢ ) is then given by:

Cvlvy=Cole>{x|x>=(c.]* + |¢‘—|2)de’ |o(r)|? (C-20)
B.  Operators

Let | " ) be the ket obtained from the action of the linear operator 4 on the
ket | ¢ > of &. According to the results of the preceding section, [y > and | ¢ >
can be represented by the two-component spinors [ ](r) and [y ](r). We are now
going to show thar one can associate with 4 a 2 x 2 matrix [ 4] such that :

W 10r) = [A] [w](r) (C-21)

where the matrix elements remain in general differential operators with respect to
the variable r.

(i) Spin operators. These were initially defined in &,. Consequently, they act
only on the ¢ index of the basis vectors |r, ¢ >, and their matrix form is the one
stated in § B. We shall limit ourselves to one example, say that of the operator S .
Its action on a vector | ¥ > expanded as in (C-6) gives a vector %

W' > =nh jd"’rl//(r) e +> (C-22)

since S, annihilates all the |r, + > kets and transforms |r, — > into i |r, + ).
The components of | ¥ > in the { |, ¢ > } basis are, according to (C-22) :

7
‘(r)=0 (C-23)

The spinor representing | ' > is therefore:

e = (" ) (-2

AN

This is indeed what is obtained if one performs the matrix multiplication of the
spinor [y ](r) by:

h : 0 1
[1S,] = 2—(0‘_\_ + o) = h(o 0) (C-25)
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(if) Orbital operators. Unlike the preceding operators, they always leave
unchanged the ¢ index of the basis vector | r, ¢ > : their associated 2 x 2 matrices
are always proportional to the unit matrix. On the other hand, they act on the
r-dependence of the spinors just as they act on ordinary wave functions. Consider,
for example, the kets |y’ > = X' |y > and |¢y” ) = P, | ¢ ). Their components in
the { |r, &) } basis are, respectively:

Yilr) = < e| X [y ) = x y,(r) (C-26-a)
wite) = el Py = 2Ly (C-26:b)

The spinors [y'](r) and [y"](r) are thus obtained from [y ](r) by means of the
2 x 2 matrices:

[x] = (g 2) (C-27-a)
0
plax O
[P.]=% 5 (C-27-b)
O %%

(i) Mixed operators. The most general operator acting in & is represented,
in matrix notation, by a 2 x 2 matrix whose elements are differential operators
with respect to the r variables. For example:

h o
alide  ©
LS | == C-28
i 0p
or:
0 0 , 0
h nt | oz ax Oy
[[S P]] —E(O'xPx + O'yPy + O'ZPZ) ——2? 5 b P (C-29)
> 'y T
COMMENTS :

(i)  The spinor representation { | r, ¢ > } isanalogous to the { | r ) } representation
of & . The matrix element (¥ | 4 | ¢ > of any operator 4 of & is given by
the formula:

(Uldlpy = f #r [T () [41 [0]F) (C-30)

where [ 4 [ designates the 2 x 2 matrix which represents the operator 4 (one
first carries out the matrix multiplications and then integrates over all space).
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(if)

This representation will only be used when it simplifies the reasoning and
the calculations: as in &, the vectors and operators themselves will be used
as much as possible.

Obviously, there also exists a { | p, ¢ > | representation, whose basis vectors
are the eigenvectors common to the C.S.C.O. { P, P,. P., S?. S_ . The
definition of the scalar product in & vields :

, , L
(re|pey={r|pd>{e|e) = S eiPrihs | (C-31)

Inthe { | p.& > | representation, one associates with each vector | ¥ > of & a two-
component Spinor :

_ V. (p)

[v]p) = (‘ ) (C-32)
¥ _(p)

with

vap) = p+ ¥

v_(p) =< p. - |¥> (C-33)

According to (C-31), ¥ (p) and ¢ _(p) are the Fourier transforms of ¢ _ (r)
and ¢ _ (r):

L’

&

lzs(l’)=<Ps3|¢/>=Zfd3r<p,8|r,f:'>(r,z:'|¢>

1
(2rh)3?

J}pr e—ip.r/h l,[lﬂ(l') (C_34)

The operators are still represented by 2 x 2 matrices, and those corresponding
to the spin operators remain the same as in the { [ r, ¢ > } representation.

Probability calculations for a physical measurement

Using the formalism we have just described, we can apply the postulates of

chapter 1l to obtain predictions concerning the various measurements that one can
imagine carrying out on an electron. We are going to give several examples.

First of all. consider the probabilistic interpretation of the components ¥, (r)

and _(r) of the state vector | >. which we assume to be normalized
[formula (C-15)]. Imagine that we are simultaneously measuring the position of
the electron and the component of its spin along O:z. Since X, Y, Z and S. constitute
a C.S.C.O., there exists only one state vector which corresponds to a given
result : x, v, - and + 7/2. The probability «*#2(r, +) of the electron being found
in the infinitesimal volume ¢3r around the point r(x, y, =) with its spin “up” (the
component along Oz equal to + #/2) 1s equal to:

BP+) = |+ | YD [P dr = |y, ()] (C-35)
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In the same way:
PP, =)= |, = [y Pdr = |y_(r)]* dr (C-36)

is the probability of the electron being found in the same volume as before but
with its spin “down” (component along Oz equal to — h/2).

If it is the component of the spin along Ox that is being measured at the
same time as the position, all we need to do is use formulas (A-20) of chapter IV.
The X, Y, Z and S, operators also form a C.S.C.O.: to the measurement result
I'x, v, 2, + R/2 } corresponds a single state vector:

I">|i>x:“\}—5[|l‘,+>i|r,—>] (C-37)

The probability of the electron being found in the volume d?3r around the point r
with its spin in the positive direction of the Ox axis is then:

&’ x %[a, +Hy> + <= |y)] =§lw+(r) +y_(nPd> (C-38)

Obviously, one can measure the momentum of the electron instead of its
position. One then uses the components of |y ) relative to the vectors |p, & >
[¢f. comment (ii) of §1], that is, the Fourier transforms ¢ (p) of ¥, (r). The
probability d>2(p, +) of the momentum being p to within d3p and of the spin
component along Oz being + h/2 is given by:

PP, +) = |{p, £ |¥> |} = |, p)*dp (C-39)

The various measurements that we have envisaged until now are all
“complete” in the sense that they each relate to a C.S.C.O. For “incomplete
measurements”, several orthogonal states correspond to the same result, and it is
necessary to sum the squares of the moduli of the corresponding probability
amplitudes.

For example, if one does not seek to measure its spin, the probability d>2(r)
of finding the electron in the volume d3r in the neighborhood of the point r is
equal to:

BPE) = [ W O + () 1 (C-40)

This is because two orthogonal state vectors, |r, + > and |r, — >, are associated
with the result { x, y, z }, their corresponding probability amplitudes being v, (r)
and ¥ _(r).

Finally, let us calculate the probability 2. that the spin component along Oz
is + h/2 (one i1s not seeking to measure the orbital variables). There exist an
infinitec number of orthogonal states, for example all the | r, + > with arbitrary r,
which correspond to the result of the measurement. One must therefore sum over
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all possible values of r the squares of the moduli of the amplitudes (r, + |y > =, (r),
which gives:

P, = jd3r!|//+(r)|2 (C-41)

Of course, if we are considering the component of the spin along Ox instead of
along Oz, we integrate the result (C-38) over all space. These ideas generalize
those of §B-2 of chapter IV, where we considered only the spin observables since
the orbital variables could be treated classically.

References and suggestions for further reading:

History of the discovery of spin and references to original articles : Jammer (4.8),
§3-4.

Evidence of spin in atomic physics : Eisberg and Resnick (1.3), chap. 8 ; Born (11.4).
chap. VI; Kuhn (11.1), chap. 1II, §§A.5, A.6 and F; see references of chapter IV relating
to the Stern-Gerlach experiment.

The spin magnetic moment of the electron : Cagnac and Pebay-Pevroula {:1.2).
chap. XII; Crane (11.16).

The Dirac equation : Schiff (1.18), chap. 13; Messiah (1.17). chap. XX : Bjorken
and Drell (2.6), chaps. 1 to 4.

The Lorentz group : Omnes (16.13), chap. 4; Bacry (10.31), chaps. 7 and 8.

Spin 1 particles : Messiah (1.17), § XII1.21.



COMPLEMENTS OF CHAPTER 1X

This is why chapter IX has only two complements.

!
Several complements concerning spin - properties can be found at the end of chapter IV.

Ay

ROTATION OPERATORS
FOR A SPIN 1/2 PARTICLE

A is a continuation of complement By, It
studies in detail the relationship between the
spin 1 angular momentum and the geometric
rotations of this spin. Moderately difficuli. Can

be omitted upon a first reading.

Byx :

EXERCISES

By : exercise 4 is worked out in detail. It studies
the polarization of a beam of spin } particles
caused by their reflection from a magnetized
ferromagnetic material. This method is actually

used in certain experiments.
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Complement Ay

ROTATION OPERATORS FOR A SPIN 1/2 PARTICLE

1. Rotation operators in state space

a. Total angular momentum
b. Decomposition of rotation operators into tensor products

2. Rotation of spin states

a. Explicit calculation of the rotation operators in &g
b. Operator associated with a rotation through an angle of 2n
c. Relationship between the vectorial nature of S and the behavior of a spin state upon rotation

3. Rotation of two-component spinors

We are going to apply the ideas about rotation introduced in complement By, to
the case of a spin 1/2 particle. First, we shall study the form that rotation operators
take on in this case. We shall then examine the behavior, under rotation, of the ket
representing the particle’s state and of the two-component spinor associated with it.

1. Rotation operators in state space
a. TOTAL ANGULAR MOMENTUM

A spin 1/2 particle possesses an orbital angular momentum L and a spin
angular momentum S. It is natural to define its total angular momentum as the
sum of these two angular momenta:

J=L+S (1)

This definition is clearly consistent with the general considerations discussed
in complement By,. It insures that not only R and P, but also S, be vectorial
observables. (To test this, it is sufficient to calculate the commutators between
the components of these observables and those of J; ¢f. §5-c of complement By,).

b. DECOMPOSITION OF ROTATION OPERATORS INTO TENSOR PRODUCTS

In the state space of the particle under study, the rotation operator R,(x)
is associated with the geometrical rotation £ () through an angle o about the unit
vector u (¢f. complement By, §4):

Ryfo) = e " &)
where J is the total angular momentum (1).
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Since L acts only in &, and S only in &, (which implies, in particular, that all
components of L commute with all components of S), we can write R (o) in the
form of a tensor product :

R,(@) = ""R,(¢) ® “Ry() (3)
where:

OR (o) = ¢ FIL @
and:

®R () = o TS (5)

are the rotation operators associated with £, («) in &, and &, respectively.
Consequently, if one performs the rotation #,(x) on a spin 1/2 particle whose
state is represented by a ket which is a tensor product:

V> =]e>® x> (6)
with:

o) €&,

x> €6, (7)
its state after rotation will be:

W'D = R,@) | ¢> =[“R, @) | 0>]1 @ ["R,(@) | x> ] (8)

The spin state of the particle is therefore also affected by the rotation. This is what
we are going to study in more detail in § 2.

2. Rotation of spin states

We have already studied (§3 of complement By,) the rotation operators 'R
in the space &,