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Some Integrals 
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Preface 

I have written this book for students who have had one and a half or two years 

of calculus and little else. The most important prerequisite is that students realize 

the need to use mathematics in their studies or work. I should say at the outset 

that this is not a mathematics book in the sense that I do not prove many theorems 

and may have occasional lapses of the degree of rigor that would satisfy a pure 

mathematician. However, I have endeavored to present theorems that scientists and 

engineers might use in their work in a manner that is both accurate and intelligible. 

(I don’t know who first said it, but there is a saying that, “Pure mathematicians 

don’t trust applied mathematicians, and applied mathematicians don’t understand 

pure mathematicians.”) There are entire books that cover each of the topics that 

we discuss in a single chapter or even less, so we can give only an introduction to 

each. I have tried to make my treatment of each topic self-contained, but I would 

consider it a great success if you became interested enough in any topic that you 

sought out further study by going to a more detailed treatment—not because my 

treatment is opaque, but because you want to know more. The references at the 

end of each chapter should get you started in this direction. 

The first chapter is a review of calculus, which some readers may find easy or 

superfluous, while others may find it to be helpful. Its purpose is to bring everyone 

up to speed and to provide practice for those whose math is rusty. Although the 

treatment is elementary, I introduce the €-6 notation for the definition of limits and 

continuity and then discuss the idea of uniform continuity and uniform conver- 

gence of integrals. Even though your interest may not lie in mathematical rigor, 

you should be aware of when interchanging limiting operations is permissible. For 

example, when can we write 

CO 

dx 0 Ox 

if F(x) = qi f (x, t) dt? Chapter 2, in which we discuss series, is also a review of 

material that is treated in all calculus courses. The use and manipulation of series 

play such an important role throughout applied mathematics that it is important to 

appreciate the concept of convergence and when certain operations such as term- 

by-term differentiation and term-by-term integration are valid. In Chapter 3, we 

introduce a number of non-elementary functions, such as the gamma function, 

the error function, and the Dirac delta function, that are defined by certain inte- 

gral expressions. Then, in Chapter 4, we discuss complex numbers, the complex 

plane, and, very briefly, the properties of functions of complex variables. We intro- 

duce vectors in Chapter 5 and illustrate the power of vector notation by applying XI 
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it to a number of problems in analytic geometry that are fairly easy using vec- 

tor notation but would be tedious without it. Functions of more than one variable 

are discussed in Chapter 6. This material leads into Chapter 7, where we discuss 

vector calculus, which is indispensable throughout the sciences and engineering. 

After discussing various coordinate systems in Chapter 8, we go on to linear alge- 

bra and vector spaces in Chapter 9 and then matrices and eigenvalue problems in 

Chapter 10. The next four chapters constitute a segment on differential equations, 

including nonlinear differential equations and phase space in Chapter 13 and spe- 

cial functions and Sturm-Liouville theory in Chapter 14. The next two chapters 

treat Fourier series and their application to solving partial differential equations 

by the method of separation of variables. We continue our study of partial differ- 

ential equations in Chapter 17, where we discuss integral transforms, particularly 

Laplace transforms and Fourier transforms. The need to invert Laplace transforms 

leads naturally to functions of complex variables and integration in the complex 

plane, which we discuss in Chapter 18. Complex variable theory is one of the most 

profound and beautiful subjects in applied mathematics, and all science and engi- 

neering students should have some familiarity with this subject, even if their work 

doesn’t often require it. In Chapter 19, we show how complex variable theory can 

be used to evaluate real integrals, to sum series into closed forms, to solve boundary 

value problems, and to solve fluid-flow problems. The final two chapters discuss 

probability theory and mathematical statistics. In particular, we discuss confidence 

intervals, goodness-of-fit tests, and regression and correlation in the last chapter. 

No one can learn this material (or anything else in the sciences or in engi- 

neering, for that matter) without doing lots of problems. For this reason, I have 

provided at least 15 to 20 problems at the end of each section. These problems 

sometimes serve to fill in gaps or to extend the material presented in the section, 

but they are most often used to illustrate applications of the material. In all, there 

are almost 3000 problems in the book, and I have provided answers to many of 

them at the back of the book. 

A number of powerful commercial computer packages are available nowa- 

days that can be used to solve many of the problems in this book. These programs 

not only provide numerical answers, but they can also perform algebraic manipu- 

lations, and for that reason they are called computer algebra systems (CAS). Some 

of the prominent CAS are MatLab, Maple, Mathematica, and MathCad. I happen 

to know and use Mathematica, and I have presented examples of one-line Mathe- 

matica commands throughout the book that can be used to solve given problems. 

These commands are just meant to provide examples of the utility of any CAS, 

and there are a number of problems that ask you to “use any CAS to solve...” 

These programs are so available and user-friendly that you might wonder at times 

“Why do I need to learn all the stuff in this book when I could use a CAS to solve 

my problem?” I think that anyone with experience would agree when I say that 

these programs are a wonderfully useful supplement to the material in this book, 

but are no substitute for it. During the writing of this book, I found countless ex- 

amples where a thoughtless use of a CAS would lead you astray. Furthermore, 

many problems are such that you need to apply mathematical knowledge to get 
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them into a form that the CAS can handle. In spite of the friendliness of CAS, as 

in most things, you have to know what you’re doing first in order to use them with 

confidence. 

A singular feature of the book is the inclusion of biographies at the beginning 

of each chapter. Many of the mathematicians that we refer to were rather colorful 

characters, and I personally find it enjoyable reading about them. I wish to thank my 

publisher for encouraging me to include them and my wife, Carole, for researching 

the material and for writing every one of them. Each one could easily have been 

several pages long, and it was difficult to cut them down to one page. We both 

wish to acknowledge a terrific website at the University of St. Andrews in Scotland 

(www-history.mcs.st-and.ac.uk, and yes, the www- is correct) that lists hundreds 

of biographies of famous mathematicians, as well as other mathematical subjects. 

You read in many prefaces that “this book could not have been written and 

produced without the help of many people,” and it is definitely true. I am particu- 

larly grateful to my reviewers, Dennis DeTurck of the University of Pennsylvania, 

Scott Feller of Wabash College, David Wunsch of the University of Massachusetts 

at Lowell, Mervin Hanson of Humboldt State University, and Heather Cox of the 

California Institute of Technology, who slogged through first drafts of all the chap- 

ters and who made many great suggestions. I am also grateful to my son, Allan, 

of the Johns Hopkins University Applied Physics Laboratory, who contributed a 

great deal to Chapters 21 and 22. I also wish to thank Christine Taylor and her staff 

at Wilsted & Taylor Publishing Services for coordinating the entire project, espe- 

cially Caroline Roberts and Melody Lacina for correcting all my spelling errors. I 

thank as well Bob Ishi for designing his usual beautiful-looking and inviting book, 

Jane Ellis for dealing with many of the production details and for procuring all 

the photographs and likenesses for the biographies, Mervin Hanson for rendering 

over 700 figures in Mathematica and keeping them all straight in spite of countless 

alterations, John Murdzek for very helpful copyediting, Paul Anagnostopoulos for 

composing the entire book, and my publisher Bruce Armbruster and his wife and 

associate, Kathy, for being the best publishers around and good friends in addition. 

Finally, I wish to thank my wife, Carole, for preparing the manuscript in TX, for 

reading many of the chapters, and for being my best critic, in general. 

There are bound to be both typographical and conceptual errors in a book of 

this breadth and length, and I would appreciate your letting me know about them so 

that they can be corrected in subsequent printings. I also would welcome general 

comments, questions, and suggestions either at mquarrie@mcn.org or through 

the University Science Books website, www.uscibooks.com, where any ancillary 

material or notices will be posted. 

Donald A. McQuarrie 
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Isaac Newton Gottfried Leibnitz 

Isaac Newton (1642-1727), one of the most celebrated geniuses of all time, was born posthumously on 

December 24, 1642 (old calendar), in Woolsthorpe, Lincolnshire, England, to an illiterate but successful 

farmer. He had an unhappy childhood, leading to a difficult personality. With the aid of a maternal uncle, 

Newton entered Cambridge University as a scholarship student in 1661. He returned home when the 

University was closed because of the plague (1665-1667), during which time he laid the foundations of 

his calculus and its application to a wide range of physical problems. He returned to Cambridge in 1667 

and in 1669 was appointed Lucasian Professor of Mathematics. Newton was highly secretive and adverse 

to criticism by nature, and he was reluctant to publish his results. He finally published most of his work 

on physics, the Principia, in 1687, primarily due to the insistence of Edmund Halley (of Halley’s comet). 

Newton suffered a serious nervous breakdown in 1692 and left science for good. He was head of the Royal 

Mint in London from 1693 until his death on March 31, 1727. Newton is buried in Westminster Abbey. 

Gottfried Leibnitz (1646-1716), the developer of calculus as we know it, was born on July 1, 1646, 

in Leipzig, Saxony (now Germany), where his father was a professor of moral philosophy. In 1661, he 

entered the University of Leipzig, where he studied a great number of subjects, although his first profession 

was the law. Leibnitz was supported financially by a number of the nobility because of his many talents. 

He became attracted to mathematics in 1672 after spending time in Paris with Christian Huygens, and he 

published details of his differential calculus (he invented the name) in 1684. Leibnitz died in Hanover on 

November 14, 1716, with none of the honors accorded Newton. Neither Newton nor Leibnitz ever married. 

Leibnitz published his formulation of calculus well before Newton, but he had seen some of Newton’s 

work as early as 1670. A highly acrimonious dispute arose between Newton’s and Leibnitz’s supporters 

concerning the priority of the development of calculus. Most historians agree that calculus was independently 

invented by both men in different formats. Newton’s formulation was very geometric and difficult to follow. 

Leibnitz presented his formulation in a notation that was much easier to use and led to the explosion of 

mathematical results in continental Europe. In fact, the notation introduced by Leibnitz is essentially what 

we use today. 
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Functions of a Single Variable 

This first chapter is a review of a number of topics from your beginning calculus 

course. It assumes that you haven’t forgotten how to differentiate and that you 

have access to a table of integrals such as the CRC Standard Mathematical Tables 

and Formulas. In addition, there are a number of computer programs such as 

Mathematica, Matlab, Maple, and MathCad that have sophisticated numerical and 

symbolic capabilities. We'll refer to these programs as computer algebra systems 

(CAS) and illustrate their use a number of times throughout the book. Any student 

of applied mathematics should become comfortable with one of these programs. 

Some mathematical methods books start off with more advanced topics, as- 

suming that you already know or are at least familiar with the material in this 

chapter. Some of you will find this chapter to be fairly easy, while others will have 

to work through some of the problems to get back up to speed. Every one of you 

can become quite proficient at mathematics at the level presented throughout the 

book, however, by doing lots of problems and thereby gaining experience and con- 

fidence. The chapter starts with a definition of the idea of a function of a single 

variable and then goes on to discuss limiting processes and limits. We will intro- 

duce the €-é notation, a concise and precise notation that is worth the effort to 

learn. The logical topic after studying limits is that of continuity, which is defined 

through a limiting process. Then we go on to define derivatives of functions of a 

single variable and then we take up integrals, again defined by a limiting process. 

We spend some amount of time on what are called improper integrals, integrals 

whose limits are infinite or whose integrands are unbounded (blow up) somewhere 

in the range of integration. The last section deals with the notion of the uniform 

convergence of integrals, which may be new to many of you. It’s in this section 

that we’ll learn about the properties of a function F(x) if it is defined by 

Ca) i Haut) at 
0 

Notice that we are integrating over f, so that the resulting integral is a function of x. 

We might ask under what conditions is F(x) a continuous function of x; or when 

can we differentiate with respect to x under the integral sign to write the derivative 

of F(x) as 
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F'(x) = if af) 4 

0 Ox 

Most of the examples and problems in this chapter are what you might call 

“just math problems”. The material in this chapter and the next few chapters is 

background for later chapters, where many physically motivated problems are 

discussed. 

1.1. Functions 

Recall from calculus that a function is a rule that relates one number, x, to 

another, y. We express this relationship by writing y = f(x), where f represents 

the function. The set of values of x for which f(x) is defined is called the domain 

of the function and the set of all values of y produced from all the x is called 

the range of f. If only one value of y is produced from each value of x, then the 

function is said to be single-valued. If more than one value of y is produced from a 

value of x, then f is said to be multiple-valued. We will show later that a multiple- 

valued function can be viewed as a collection of single-valued functions, called 

branches, and so we will assume that all our functions are single-valued. Some 

authors even require a function to be single-valued, but we’ll adopt the somewhat 

more liberal definition given above. ; ' 

Let’s look at some examples. Consider the relation y = x*, or y = f(x) =x’, 

for values of x given by —2 < x < 2. In this case, f is single-valued because each 

value of x leads to only one value of y. Note that the domain of /f 1s the interval 

[—2, 2] and the range of f is [0, 4]. The notation [—2, 2] corresponds to the closed 

interval, —2 < x <2. We call the interval closed because it includes its endpoints, 

—2 and 2. The notation for the corresponding open interval, —2 < x < 2, is 

(—2, 2). If the domain of f(x) = x had been the open interval (—2, 2), then 

the range of f would have been [ 0, 4). Now consider y” = x, where 0 < x < 1. 

(We denote the interval for x by (0,1].) Solving for y, we obtain y = +,/x, 

showing that there are two values of y for each value of x. We can view this 

relationship as corresponding to two single-valued functions, y = f\(x) = /x and 

y = fo(x) = —./x. Note that f; and f, have the same domains, but completely 

different ranges, (0,1] and [—I, 0). 

Strictly speaking, a function is denoted by f and the value obtained when f 

is applied to x is denoted by y = f(x). However, it is common practice to call 

f(x) a function, and a “function of x”, in particular. We even write y = y(x) to 

indicate that the value y results when the rule for sending x into y is applied to x. 

This notation is very common and very convenient. In any case, x is called the 

independent variable and y is called the dependent variable. 

There are two broad classes of functions, algebraic functions and transcenden- 

tal functions. An algebraic function, y(x), is a solution to the polynomial equation 

2 

Polx)y" ap ea Bigg seas Praiooy. cE Pn(X) =0 
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where the p ;(x)s are polynomials in x. If y(x) can be expressed as the ratio of two 

polynomials, then it is a rational algebraic function; otherwise it is an irrational 

algebraic function. For example, y = (x* + 2)/(x — 1) is a rational algebraic 

function. and y = (x? + 2)/./x — Tis an irrational algebraic function. 

Functions that are not algebraic functions are called transcendental functions. 

Exponential functions, logarithmic functions, trigonometric functions (Figures 1.1 

through 1.3), and hyperbolic functions (Figures 1.4 through 1.6) are examples of 

transcendental functions. Recall that the hyperbolic functions are 

r (ph its er i et 

sinh 3 = cosh = = 
Zz 2 

2 2 
SO sech x = (1) 

Cia exte %* 

e* = Clee ex aL pt 

tanh x = ———— coun == 
ehincar CC 

Figure 1.1 Figure 1.2 Figure 1.3 
The trigonometric functions sin x and The trigonometric functions cos x and The trigonometric functions tan x and 

csc x = 1/ sin x (color) plotted against x. sec x = |/ cos x (color) plotted against x. cot x = |/ tan x (color) plotted against 

The asymptotes of csc x are shown as the The asymptotes of sec x are shown as the x. The asymptotes of tan x are shown as 

colored dashed lines and the y axis. colored dashed lines. the dashed lines at x = —z/2 and 7/2. 

The asymptotes of cot x are shown as the 

colored dashed lines and the y axis. 

by ty 

- Xx 

0 

, ; B 

Figure 1.4 Figure 1.5 Figure 1.6 
The hyperbolic functions sinh x and The hyperbolic functions cosh x and The hyperbolic functions tanh x and 

csch x = 1/ sinh x (color) plotted sech x = 1/ cosh x (color) plotted coth x = 1/ tanh x (color) plotted 

against x. against x. against x. 



Figure 1.7 
The exponential e* and the logarithmic 

function In x (color) plotted against x. 

Note that the two function are symmetric 

about the line y = x. 

ty 

Figure 1.8 
The relation between the function 

y = 2x — 3 and its inverse x = (3 + y)/2 

[plotted as (3 + x)/2)]. Note that the two 

functions are symmetric about the line 

y = x, just as in Figure 1.7. 

Figure 1.9 
The function x = sin y is a periodic 

function of y with a period 277. 
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The exponential function e* and the logarithmic function In x bear a special 

relation to each other. If y = y(x) = e*, then x = x(y) = In y. The two functions, 

y(x) = e* and x(y) = In y are inverses of each other; the function e* sends x into 

y = e* and the function x = In y sends y back into x. Using y = e* and x =In y, 

we see that e!"” = y and that x = In e*. The graphs of y = e* and x =In y are 

shown in Figure 1.7. Note that one graph can be obtained from the other by simply 

interchanging the x and y axes, or what amounts to the same thing, by flipping 

either curve about the line y = x. 

Note that the correspondence between x and y in Figure 1.7 is one-to-one, 

in that each value of x corresponds to exactly one value of y and each value of y 

corresponds to exactly one value of x. We express such a correspondence by 

y=f(x) and x=f'(y) 

where f—! is the inverse function of f. For example, if y = f(x) = 2x — 3, then 

x = f~'(y) = (G+ y)/2. [Figure 1.8 shows the relation between y = f(x) and 

x = f—'(x).] The function y = f(x) =x? does not have a unique inverse because 
x = +,/y. The inverse function in this case is double-valued, and its two branches 

are ./y and —,/y. We can choose to work with either one of these branches so 

long as we keep the restriction x > 0 or x < 0 in mind. Problem 2 has you show 

that the graphs of y(x) = x? and y(x) = ./x are symmetric about the line y = x. 

A class of important inverse functions are the inverse trigonometric functions. 

Consider x = sin y. We assign an angle y in radians and calculate a unique 

value of x. But as Figure 1.9 shows, sin y 1s periodic in y with a period 277; 

in other words, sin y repeats itself every 27 units along the y axis, or in an 

equation, sin y = sin(y + 27n) where n = 0, +1, +2, .... Consequently, the 

inverse function, which we write as y = sin! x, is hardly unique, in the sense 

that many values of y (actually, an infinite number in this case) correspond to the 

same value of x, as shown in Figure 1.10. For example, if x = /2/2, then y = 7/4, 

w/4 + 27, 7/4 + 42, or generally 7/4 + 27n, wheren = 0, +1, +2,.... Thus, 

the inverse function y = sin~! x has an infinite number of branches, one for each 

value of n. As Figure 1.10 shows, the value of y will be determined uniquely 

from the value of x if we restrict y to the values —2/2 < y < 2/2. Thus, we can 

write the inverse of x = sin y as y = sin! x with the restriction —/2 < y < m2. 

We call this function the principal branch of sin~! x and we call the value of y the 

principal value of sin~' x (Figure 1.11). The other inverse trigonometric functions 

have similar restrictions, and their principal branches are 

| 
y=sin” x Wea yea 

y=cos! x Or (2) 

y= tans Srl yaar)? 

(See Figures 1.12 and 1.13.) We shall see in Section 4 that the apparently arbitrary 

domains for the inverse trigonometric functions in Equation 2 result in simple 

formulas for their derivatives. 
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= 
1 

L = | 
1 

2 

Figure 1.11 Figure 1.12 

The principal branch of y = sin7! x. The principal branch of y = cos“! x. 

by 

\ \ 
wis 

Figure 1.10 Le S25 
The function sin~! x is a multiple-valued 2 

function of x. Note that sin x and sin! x 

can be obtained from one another by Figure 1.13 
interchanging the x and y axes. The The principal branch of y = tan7! x. 

principal branch 1s the solid line. 

[SSS ES USS BS Dy ee ee 
Example 1: 
Show that 

ie 

A/c 
itor ik 

SOLUTION: Let a=sin~! x, so that x = sina. Figure 1.14 illustrates 

that sin aw = x/1. Then 

. Figure 1.14 
and so : The right triangle used in Example 1. 

ly = tan 
wee. x 

a = sin Wises 
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Figure 1.15 
The functions sinh x (color) and cosh x 

plotted against x. Note that cosh x is 

symmetric and that sinh x is antisymmetric 

about the y axis. 
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Another common notation for the inverse trigonometric functions is arcsin(x), 

arccos(x), and arctan(x). If they are restricted to their principal values, then they 

are often denoted by Arcsin (x), Arccos (x), and Arctan (x). 

Using the definitions of the hyperbolic functions given by Equations |, we can 

derive explicit expressions for the inverses. Consider y = sinh x = (e* — e*)/2., 

If we let z = e*, then we have y = (z — 1/z)/2. We can rearrange this expression 

into z* — 2yz — 1=0, and solving for z = e* gives 

z=ea=yt,/y?+1 

Taking the logarithm gives 

x =sinh7! y =In (v+ Jy? +1) 

We reject the negative sign above because the argument of the logarithm must be 

positive. Interchanging y and x for conformity gives us 

y =sinh~! x =In («+ +1) all x 

inbduaseice <>. 2 luni. on oct mine 
Example 2: 
Derive an explicit expression for cosh! x. 

‘ 

SOLUTION: Let z = e* in Equation | for cosh x and rearrange to obtain 

z? — 2yz +1=0. Solving for z = e* gives 

£2 ayy yad 

Choosing the + sign as the principal value and taking logarithms gives 

x =cosh7! y =In (v4 yy2=1) y>1 

Interchanging y and x, we obtain 

y =cosh™! x =In (« ae 1) ol 

Note that the restriction x > | in the expression for cosh! x is related to the 

fact that cosh u > 1 for any value of uw. (See Figure 1.15.) 

en a ae eee ee eee 

Expressions for other inverse hyperbolic functions can be found in many mathe- 

matical tables, such as the CRC Standard Mathematical Tables. 

Figure 1.15 shows graphs of sinh x and cosh x. Note that cosh x is symmetric 

about the y axis and that sinh x changes sign when it is reflected through the 

y axis. Analytically, these properties are expressed by cosh(—x) = cosh(x) and 
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sinh(—x ) = — sinh(x). Generally, a function with the property that f(—x) = f(x) 

is called an even function of x and one with the property that f(—x) = — f(x) is 

called an odd function of x. Not all functions are even or odd, but any function can 

be written as a sum of an even function and an odd function by writing 

Fa [A 3 i! i E -- fest) 
ys 2, 

We shall see later that a recognition of the parity of a function can be very useful 

when integrating. 

Example 3: 
Prove that sinh x is an odd function of x. 

SOLUTION: 

sinh(—x) = es = — sinh x 

perdi ee Pt he Cae Bel 2 ye 

1.1. Problems 

1. Determine the maximum domains of the real-valued functions 

1 
(a) y=V16— x? (b) ea iene 

x +6 

(Cc) y= Ink (a) y= 
x- 

2. Show that the graphs of y(x) = x? and y = \/x are symmetric about the line y = x. 

3. Plot the functions (a) y = |x|, (b) y = —|x|, and (c) y= 1— |x| for -3 < x <3. 

ie : ; Oma) 
4. The Heaviside step function, H(x), is defined by H(x) = ites 

H(x) — H(x — 1). 

. Plot the function y(x) = 

5. Plot the function defined by f(x) = 2 — 6(x — |I)H (x — 1) + 4(x + 4) H (x — 3), where H(x) is defined in 

Problem 4. 

6. Plot the function defined by 

f= fed] DUG 22) 2 2¢ = Aus 4) —2¢ = ONG 6)" = 

We Plot yy — ex) for — 10x = 10: 

8. Plot y(x) =x — |x| for —10 < x < 10. 



10. 

11. 

12. 

13. 

14. 

1S: 

16. 

7. 

18. 

19. 
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. Consider the points (—c, 0) and (c, 0). Derive an equation for the set of all points (x, y) such that the sum of 

the distances from (x, y) to (—c, 0) and to (c, 0) is a constant = 2a. Do you recognize the equation? What is 

a called? 

How would the resulting equation in Problem 9 change if the center were changed to (2, —1) instead of at 

(0, 0)? 

Consider a vertical line L at x = —p and the point (p, 0). Now derive an equation for the set of all points 

equidistant from the line L and the point (p, 0). Do you recognize this curve? 

Derive the relations sin! x + cos! x = 2/2 and tan~! x + cot~! x = 2/2. Hint: Use Figure 1.16 and 

a + B = /2 for the first part. 

Figure 1.16 
The geometry for Problem 12. 

Show that cot~! x = tan—!(1/x) = [2 Cot (1/x), Hint: Use Figure 1.17 and a + 8 =7/2 for the first 

part. 

Figure 1.17 
The geometry for Problem 13. 

Show that tanh~! x = Z In (; +*) wile dt 
2 1—x 

Which of the following functions is periodic? What are their periods? 

(a) tan 2x (b) | cos x| (c) su 
x 

Classify each of the following functions as even, odd, or neither. 

xX 

(a) tanhx (b) e*sinx (©) ———~  @) cosx+tsinx 
(ex + 1)2 

~2* is equivalent to 2x = sinh! 1. Show that the equation tanh x = e 

Prove the triangle inequality, |a + b| < |a| + |b|. Hint: Add the two inequalities —|a| <a < a| and 

\)| =D |||. 

Determine f(f(x)) if f(x) =x?4 1. 



eZee einnits: 

20. Find g(f(y)) if g(x) =1/(. +x) and f(y) = I/y”. 

21. Show that y = f(x) = (x + 1)/(x — 1) is its own inverse; in other words, show that x = (y + 1)/(y — 1). 

22. Find the values of x for which 

3x +1 

x- 

<7) (a) x7+2<3x (bo 

co 

23. Plot the function f(x) =) > H(x —n). 
n=0 

CO 

24. Plot the function f(x) = )\(—1)"H(x =n). 
n=0 

1.2 Limits 

In this section, we are going to discuss the idea of a limit, but first we need to 

define a neighborhood. The set of all points x such that a — 6 < x <a +6 where 

5 > 0 is called a 5-neighborhood of the point a. The interval a —5<x<a+é 

can be written as |x — a| <6 (Problem 1). If the point a is excluded, then we 

have the set of all points x such that 0 < |x — a| < 4, which is called a deleted 

5-neighborhood of a. Now let f(x) be defined and single-valued for all x in a 

deleted 5-neighborhood of a. We say that f(x) has the limit / as x approaches a 

if for any positive number €, however small, we can find some positive number 6 

such that 

Lis) = Te fh x ta eas 

and write 

hCree sy 8 ema or fQx) cl as x—>a (1) 
DP al 4) 

In other words, we can make f(x) as close as we wish to / so long as we choose 

x sufficiently close to a, but not equal to a itself. In fact, f(x) need not even be 

defined at a. The value of 5 may depend upon the value of €, so we will often 

write d(€). 

Let’s use this €-d notation to show that him (9% + 2) =5. Having chosen 

an €, however small, we must find a 6 such that |(3x + 2) —5| < € whenever 

0 < |x — 1| <6. First note that |(3x + 2) — 5| = 3|x — 1|. Now if we take 6 to be 

e/3, then |(3x + 2) — 5| = 3|x — 1|<€¢ if 0 < |x —I1| <0. 
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Se | 
Example 1: 
Use the €-d notation to show that belts BES ID (la) OF 

Ora 

SOLUTION: The limit / is equal to 0, and so we wish to show that 

] 
x sin — —O 

3 
<a 

if 0 < |x — 0| < 6. The value of | sin(1/x)| < 1 for all x #0, and so 

< |x| <6 
at stl 

x sin —| = |x| |sin — 
PG x 

where the last inequality follows from 0 < |x — O| < 6. Now if we just let 

5 = €, we get 

roel : 
xsin-|<e if |x|<d=e 

x 

Figure 1.18 and so lim x sin(1/x) = 0 as was to be proved (see Figure 1.18). Note that 
The function f(x) =x sin(1/x) plotted al 3 Amr 

4 , f (x) =x sin(1/x) is not even defined at x = 0. 
against x for small values of x. 

It is easy to prove that limits have the following properties: 

lim laf (x) + Bge(x)J=a lim f(x) + B lim g(x) 
X= >a » Fuear ond xa 

lim fOdg(x) =| lim fO)] | tim gO] 
oy lim f(x) (2) 

: i (x) er : 
| =. l 0 
ae g(x) lim g(x) (tim B(x) i ) 

i xa 

, rine eile (a > 0) 

where a@, 6, and r are any real numbers. 

Although the e—d notation provides a formal definition of a limit, we shall 

: a : . v¥x+16-—4 : 
- usually determine limits more directly. Let’s look at lim Serer This 
x : x>0 ~ 

& ade limit is of the form 0/0, so we certainly cannot let x = 0. Figure 1.19 shows 
igure 1. < : theres: 

i) (A) x64) x pl ie S Te aaction: f(x) = Oe aTR ea re FQ)= O16 )/x plotted against x, and it seems to go to a finite limit 

plotted against x for small values of x. (1/8) as x — 0. 

To see that this is indeed so, multiply and divide by x + 16 + 4 to obtain 

ce Vx+16-—4 Wx+16+4+4 

x0 x /x 416 44 

x 1 
= im ————_ = lim —————__ = 

x>0 x(V/x+16+4) x°-0/x+164+4 8 

where we realize that x + 16 — l6as x — 0. 
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aay cae edt au | 
Example 2: 

es Ay i ( | :) 
Investigate lim — == |}. 

eee \ ae IB 3) = 8) 

SOLUTION: The function f(x) is plotted in Figure 1.20. 

= ; sil 1 1 x 
im ~ ( = 5) = fim 2 = tim —— 
x>0x \x+3 3 x0 3x(x +3) x0 3(x + 3) 9 

as Figure 1.20 suggests. 

ee ee ee ee 

We often wish to find the limit of a function f(x) as x > oo. What we mean 

in this case is that there exists a number N such that | f(x) —/| < € whenever 

x > N. Clearly, functions like 1/x, 1/x*, etc. have the limit 0 as x > oo. How 

about something like 

PN S| 
(x) = —————_ 

f) Bk ee 

We rewrite f(x) as 

i} + 3 es, ea ] + 3 = hy 

FO) 2x? x 2x2 2 yea 5 
i == 

3x2 \ 2 na Tl 3 7 2 * 21 

Bie 3x2 Sie 3x2 

and use the fact that 1/x and 1/x* go to zero to obtain lim f(x) = 2/3. A more 
X00 

demanding example is given in the following Example. 

ee CT 
Example 3: 

Show that lim (x — Vx? +a) =0, where a is a constant. 
Xx 00 

SOLUTION: Multiply and divide by x + / x? +a to get 

Example 4: 

Find lim x(x — Vx? — a), where a is a constant. 
LOO: 

1B 

ial 

x 

9 

Figure 1.20 
The function f(x) = [1/(x + 3) — 1/3]/x 

plotted against x for small values of x. 
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be 
ul 

i Nees oS D i _— 

ms of 

Figure 1.21 

The function f(x) = x(x — Vx? — 4) 

plotted against x. The graph (color) begins 

at the point (2, 4) and the asymptote is 

shown as a gray dashed line. 

(0, 1) 

$e 

Figure 1.22 
The Heaviside step function, H(x) = 0 

when x < 0 and H(x) = 1 when x > 0. 

Chapter 1 / Functions of a Single Variable 

SOLUTION: Multiply and divide by x + x? —a as in the previous 

Example to get 

: ax : ax : ax a 
lim —————_. =_ lim XM——- = lim — = a 
X00 yp 4 Gs hh x00 a KOON y D 

Figure 1.21 shows the graph of x(x — x? — 4) plotted against x. Notice 

that it approaches 2 as x gets large. 

pe ee SS eee 

A limit that we shall use fairly often is 

lim —* =1 (3) 
st) 5% 

This limit has a nice geometric proof, which is developed in Problem 2. Notice 

once again that sin x/x is not defined at x = 0, nor need it be. You may remember 

that limits of the type 0/0 (like the one above), 00/00, and some others like these 

are called indeterminate forms and can be readily evaluated by |’ H6pital’s rule. 

We shall derive |’ H6pital’s rule in Section 6. 

In many applications we are interested in the limit of a function at some point a 

when x approaches a from one side only. If f(x) has the limit / when x approaches 

a through positive values of x — a (in other words, from the right), we write 

Jim, fe) = 1, (4) 

We will often use an equivalent notation, which reads 

Lim (x) = Lim, flat+e) (5) 
X—o—- 

where € > 0. This limit is called the right-hand limit of f (x) at a, and is sometimes 

denoted by f(a+). Of course, we can have left-hand limits also, in which case 

lim f(a—€)=l_= f(a-) (6) 

A good example of a function that has different right-hand and left-hand limits 

is the Heaviside step function (Figure 1.22), defined by 

Ome a0) 

ee) ) 
H(x)= | 

In this case, ne H(—e) = 0 and Lim. H(€) = 1. As you might have guessed 

already, a function will have different right-hand and left-hand limits at a point 

where it is discontinuous. 

The next Example illustrates different right-hand and left-hand limits and 

infinite limits. If | f(x)| > N, where N is a positive number, however large, as 

€ — 0, then we say that | f(x)| > co ase > 0. 
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Pea cisions hola0- ed 
Example 5: 

Investigate the behavior of f(x) = (x + 2)/(x — 1) near the point x = 1. 

SOLUTION: It is clear that a f(x) does not exist. But let’s look at the 
ie 

two one-sided limits. 

x+2 . l-e+2 
= lim —+—_—_— = 

xol-x—-1 «s01-—e-] 
C2 

x+2 é I+e+2 
m = im ——— = 

x>l+ x 1 e>0 |l+e—-1 

Figure 1.23 shows f(x). 

ne Se OE de 

You should be aware that a number of the commercially available computer 

programs, such as Mathematica, Maple, Matlab, and MathCad, can evaluate limits. 

For example, the one-line command in Mathematica 

Limit [ ((3+x )°2-9)/x, x0] 

gives 6. These programs not only carry out numerical calculations but can per- 

form algebraic manipulations as well. Consequently, they are often referred to as 

Computer Algebra Systems (CAS). We shall refer to them collectively as CAS. To 

encourage you to learn how to use one of these CAS, Problems 15 through 20 ask 

you to use any one of them to evaluate some limits. 

1.2 Problems 

1. Show that a — 6 < x <a+6can be written as |x — a| <6. 

sin x 
= {l, 2. Use Figure 1.24 to prove that lim, 

ce» XG 

sin x 

cy 
Figure 1.24 ran 
Geometry associated with the proof that 

circle lim (sin x)/x = 1. 
x—0 

13 

i] 

Figure 1.23 
The function f (x) = (x + 2)/(x — 1) 

plotted against x near the point x = 1. 

The asymptote of f(x) is indicated by the 

vertical dashed line. 
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l— cos x 
3. Use the result of Problem 2 to show that ——-—— -> 0 as x — 0. Notice that this ratio is of the limiting form 

x 
0/0. 

4. Find the following limits: 

(a an Oh) Mis 
x0 Xx x0 x 1/2 

pe) 
sin> x eaten, 2 (ee) 

x>0 x o> 0) ox 

5. Find the following limits: 

(a) iia a as x > 0 (b) area asx —> 1 
sin x tan? mx 

x7 —9 1 — cos x 
(c) - Ag eS 3) (d) ——— as x — 0 

Ras sem 

13. 

14. 

15. 

18. 

Bind the limit of “= 

. Find the limit of [f(x +h) — f(x)]/h as h > 0 for the following functions: 

(a) f(x) =x? (b) f(x) =1/x 

(C) Co) ee — sins (Gi CoR— cose: 

. Find the limits of the following functions as x — oo: 

(a) Jxta-—Vxt+b  (b) (Vx F1- Vx)/x +5 

ee) 
asx > 0. 

x 

. Determine the one-sided limits of f(x) = x/|x|. 

1 

x>0+ 1+ ea l/x ; 
. Evaluate lim 

. Given that u, = ./12 + u,_, has a limit, find its value. 

. Suppose that f(x) < g(x) < A(x) for all values of x in some deleted neighbohood of a. If lim f(x) = 
xa 

lim h(x) = L, prove that lim g(x) = L. Some authors call this result the squeeze law. 
BD Aer af 2! xa 

Prove that lim f(x)g(x) = | lim foo| | lim g(x)|. . 
Peel 2 xa P, Sar ak f 

The function y = 1/(1 — x)? is unbounded as x — 1. Calculate the value of 6 such that y > 10° if |x — 1] < 8. 

The next 6 problems involve using any CAS to evaluate limits. Use any CAS to find the following limits: 

x—1 x—2 x? +xe™ im ( : ) 16. ine Tying ae 
xl \./x — 1 x>2 x2 — 3x42 x00 3x2 — 2x + | 

ee) ye ek A : 19) lim —— 20. ling lim ———- 
EVE (Go $52— (x —2)2 x—>0+ 5 



1.3. Continuity 

1.3. Continuity 

A function f(x) is continuous at a if the following three conditions hold: 

1. f (x) is defined at a 

Dk tim F (x) exists 

3) a (2) — wi) 
xa 

We can summarize these three conditions by writing 

lim f(x) = f (lim x) = f@ 
Aa xa 

If f(x) does not satisfy these conditions, then f(x) is said to be discontinuous 

at a. For example, the function 1/x is discontinuous at x = 0 because f(x) is not 

defined at x = 0, nor does a f (x) exist. The function f(x) = Ce= 1)/(x — l)is 
Oa 

discontinuous at x = | because f (1) is not defined, but using the fact that x2 -—1= 

(x + 1)(x — 1), we see that iim ix):= him (x + 1) = 2, so that condition 2 holds. 

In this case we say that x = Ti : a DE discontinuity. 

A more formal definition of continuity is that f(x) is continuous at x =a 

if it is possible to find a 6, which may depend upon both € and a, such that 

| f(x) — f(a)| < €, however small, if |x — a| < 6. Using this d-e definition, it is 

easy to show using Equation 2.2 that if f(x) and g(x) are continuous at x = a, so 

are f(x) + g(x), f(x)g(x), and f(x)/g(x) provided g(a) £0. 

Intuitively, a discontinuity is a jump in the graph of the function. For example, 

the Heaviside step function (Figure 1.22) has a jump discontinuity at x = 0, and 

the function defined by 

— Xx — 

f= | 0 Lay 

is discontinuous at x = 0 (Figure 1.25). 

Another type of discontinuity is displayed by the function 1/(1 — x) atx=1 

(Figure 1.26). We say that 1/(1 — x)* has an infinite discontinuity at x = 1. 

Just as we have right-hand and left-hand limits, we have continuity from the 

right and continuity from the left. For example, we say that f(x) is continuous 

from the right at a if lim | f(x) = f(a), or more simply, if f(a+) = f(a). A 

function is continuous ‘at x = a if it is continuous both from the right and from the 

left atx =a. 

We say that a function is continuous in an interval if it is continuous at all 

points in the interval. If the interval is closed, then if f(x) is continuous, it must 

be continuous at the end points a and b; in other words, it must be continuous from 

the left at b and continuous from the right at a. 

ns 

| f 

See? 

sj ee 

Figure 1.25 
The discontinuous function f (x) = x* + 1 

for —l1<x <1 butx #0 and f(x) =0 

for x = 0 plotted against x. 

tf 

Se 

Figure 1.26 
The function f(x) = 1/(1 — x)? plotted 

against x near the point x = 1. 
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Figure 1.27 
The function f(x) = |x| — x plotted 

against x. 

wo Se 

Figure 1.28 
The function f(x) =x? — 3x? + 4 defined 

on the half-open interval [ 1, 2). 

laa 

Figure 1.29 
The function f(x) = 1/(x — 1) when 

Lees rand sf) = Onwiheniog a1 

plotted against x. 
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ee | 
Example 1: 
Is f(x) = |x| — x continuous for —oo < x < «©? 

SOLUTION: f(x) =2x when x <0 and f(x) =0 when x > 0. Thus 

f (x) is continuous over the entire x axis (Figure 1.27). 

ee a ee See 

i i a naa 
Example 2: 
Is f(x) = 1/x continuous in the interval [ 0, 1 ]? In (0, 1 ]? 

SOLUTION: Because x = 0 is included in the interval [0, 1 ], f(x) is 

not continuous in that interval because f(x) is not defined at x = 0. The 

only possible troublesome region in the half-open interval is near x = 0. To 

investigate this region, let r > 0 be as small as you wish. Then, we need to 

find a 6d = d(€, r) such that 

1 ] 

r r+6é 
<a 

Solving this inequality for 5 gives 6 < er*/(1 — er) er’, so f(x) is 

continuous on the half-open interval (0, | ]. Note that 6 depends upon both 

€ and r in this case. 

ae ee ee ee eee 

There are a number of properties of continuous functions that we use fre- 

quently (and intuitively). One property is given by the extreme value theorem: 

If f(x) is continuous in the closed interval | a, b ], then it has a maximum 

value and a minimum value in the interval. 

Note that the interval must be closed for the extreme value theorem to apply. For 

example, consider f(x) = x3 — 3x2 + 4 defined on the half-open interval [ 1, 2) 

(Figure 1.28). This function attains a maximum value at x = 1, but attains no 

minimum value since x = 2, the only possibility for yielding a minimum value 

of f(x) according to Figure 1.28, is not included in the interval. No matter how 

close we get to x = 2, there are smaller values of f(x) as x gets closer to 2. The 

necessity of the continuity of the function can be seen by considering the function 

(Figure 1.29) 

al 
f@)=4x-1 

0 i = Il 

Lx; <2 

This function is not continuous on the closed interval [ 1,2 ]becausethe lim f(x) 
TSs les 

does not exist. It attains minimum values at x = | and at x = 2, but attains no 
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maximum value. No matter how closely we approach x = | from the right, there 

are larger values of f(x) as x gets closer to 1. 

Another useful property of continuous functions is given by the intermediate 

value theorem: 

If f(x) is continuous in the closed interval | a,b, then f(x) assumes 

every intermediate value between f(a) and f(b). So if n is anumber such 

that f(a) <n < f(b), then there is at least one point c in [a, b]| such that 

fi) =n. 

A consequence of this theorem says that if f(a) and f(b) have opposite signs, 

then f(x) will be zero for at least one value of x in [ a, b J. 

To see that the function in the intermediate value theorem must be continuous, 

note that the Heaviside step function attains no intermediate values between y = 0 

and y = 1 (Figure 1.22). 

eo ia. 
Example 3: 
Show that f(x) = x? +x — Lhasat least one zero [a point at which f(x) = 0] 

in the interval [ 0, 1 ]. 

SOLUTION: f(x) is continuous in [0,1] and f(1) =1 and f(0) = —1. 

Therefore, f(x) must cross the x axis at least once in [ 0, 1 ] (Figure 1.30). 

ameter ety Nels ee ii 

The Heaviside step function is an example of a function that is not continuous 

over the whole interval (—oo, 00), but is continuous over the two subintervals 

(—oo, 0) and (0, 00). Suppose that a function f(x) is not continuous over an entire 

interval [ a, b |, but the interval can be divided into a finite number of subintervals 

where f (x) is continuous over each subinterval and finite at the end points of each 

subinterval. Then f (x) is said to be sectionally continuous or piecewise continuous 

over [ a, b |. The Heaviside step function is piecewise continuous over the x axis. 

Another example of a piecewise continuous function is 

0 x <—a 

f@)=4-VY -a<x<a 

0 2S 

which is the potential used for a quantum-mechanical particle in a finite well 

(Figure 1.31). 

We shall discuss one last brief topic before leaving this section. Go back 

to Example 2 and notice that the value of 6 depended upon both € and r. Let 

f (x) be continuous in an interval. If it is possible to find a value of 6 such that 

| f(x) — f(a)| < € whenever |x — a| <6 for each point of the interval and where 

5 is independent of a, then f(x) is said to be uniformly continuous in the interval. 

WZ. 

=| 

Figure 1.30 
The function f(x) = x* + x — | plotted 

against x in the interval [ 0, | J. 

ip 

= a 

Xx 

Vo 

Figure 1.31 
The function f(x) =0 for x < —a, 

f= —Vo tot —a =~ <a, and 

Cs) Oona: 
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Example 2 shows that f(x) = 1/x is not uniformly continuous in the half-open 

interval (0,1). (It is not even continuous in the closed interval [ 0, 1 ].) Clearly if a 

function is uniformly continuous, then it is continuous. 

1.3. Problems 

11. 

12. 

13. 

14. 

15. 

. Use the €-6 notation to prove that f(x) = x 2 is continuous at x = 2. 

5 IS FGe) = (x4 tox? yh 1)/(x — 1) continuous at x = 1? 

1 

Dy 

ak 

4 

5) 

Prove that the equation 2x> + 2x + 1=0 has at least one solution between | and —1. 

. Prove that cos x = x has a solution between 0 and 7/2. 

. Graph the function f(x) = |x — 1|/@ — 1). Find 

(a) iim Wes) (b) ante) (c) lim f(x) 

. At what points is f(x) =x csc x discontinuous? 

. Prove that f(x) =x? is uniformly continuous in (0,1). 

. Show that sin .x and cos x are continuous functions for all values of x. Hint: Use the relation sin a — sin B 

=2cos “TF sin Eee 
2 

. Discuss the difference in behavior of the two functions f(x) = 1/(2 — x) and g(x) = 1/(2 — x)? at their points 

of discontinuity. 

melihe functtone/i(Gs)— C= ye — 1) is not defined at x = 1. Is the point x = 1 a removable discontinuity? 

What value must f(x) be assigned at x = 1 in order to make it continuous there? 

Show that the equation x3* = 2 has at least one solution in the interval 0 < x < 1. 

Find a and B such that f(x) given below is continuous for 0 < x < 27. 

— sin x Noe << yay] 

asinx+B 2/2<x <3n/2 
f(x) = Bn? 

(«- =) SHE) Se << YE 

Show that if g(x) is continous at x = a and if f is continuous at g(a), then f(g(x)) is continuous at x =a. 

Prove that if f(x) and g(x) are continuous at x = a, then so is f(x) g(x). Hint: Use Equation 2.2. 

Prove that if f(x) and g(x) are continuous at x = a, then so is f(x)/g(x), provided g(a) 4 0. Hint: Use 

Equation 2.2. 
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1.4 Differentiation 

Recall that the derivative of a function f(x) at a point a is the slope of the straight 

line tangent to f(x) at a. The derivative of f(x) at a point a is defined by the 

limiting process 

fla+h) — f(a) 
] i (1) 

~f ° 

(a) = lim 
f h>0 

Another commonly used notation is 

dy ; Ay : By (Gta NOG) ny (CD) 
= lim —e= lm 

dx Ax>0 Ax Ax—>0 SOG 
(2) 

Figure 1.32 illustrates this limiting process. In the beginning of your calculus 

course, you learned how to differentiate a number of functions using the above 

formulas. For example, if y(x) = x? + 2, then 

dy ee ee a ee 
= lim 

dx  Ax->0 JAX 

== lnm 2s Ne) 2% 
Ax—0 

A little more challenging is y(x) = cos x: 

d cos x i cos(x + Ax) — cos x 
= 1 — 

dx Ax>0 Ax 

f cos x cos Ax — sin x sin Ax — cos x 
= km —-~ ii i 2,_, 

Ax—0 Ax 

or 

d cos x : cos Ax — | : é sin Ax 
= lim cosx | ———— ]}] —sinx lim 

dx Ax—0 Ax Na A a 

Problem 2.3 shows that (cos Ax — 1)/Ax — 0 as Ax — 0, and so 

d cos x : s sin Ax 
=—sinx lim 

dx Ax>0 Ax 

But we saw in the previous section that this limit is equal to one, so we have 

d cos x 

dx 
= — sinx 

Typically, in a calculus course, you use Equation | or 2 to differentiate a 

variety of functions and then use these results and some general rules such as 

(uv) =uv' +u'vand (u/v)’ = (vu — uv’) /v* to differentiate just about anything. 

Mathematical tables have several pages of derivative formulas and most of the CAS 

can differentiate symbolically. 

Lo 

Figure 1.32 
An illustration of the limiting process in 

the definition of the derivative of y(x). 

As Ax — 0, [y@ + Ax) — y(x)]/Ax 

approaches the tangent line at the point 

(x, y). 
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[nao iGavel eb) ae <n + aired 
Example 1: 
Differentiate y = f(x) = x2e—* cos x. 

SOLUTION: Use y’=(uvw)! =u'vw + uv'w + uv": 

y'(x) = 2xe™ cos x — x2e-* cosx — x*e™* sin x 

=xe “[2cosx — x(cosx + sin x)] 

It is often convenient to think of differentation as an operation on a func- 

tion f(x). An operator is a symbol that tells you to do something to whatever 

function follows the symbol. For example, we can consider df/dx to be the d/dx 

operator acting upon f (x). If we denote the differentiation operator by D=d/dx, 

then we can write 

df 
D ae 
PO) dx 

You learn in calculus that if c, and c> are constants, then 

Dle file) + co fox)] = cD f (x) + erD fox) (3) 

An operator with this property is said to be a linear operator. Differentiation is a 

linear operation. 

Just as we define left-hand and right-hand limits, we can define left-hand and 

right-hand derivatives by 

fia) — f(a) ! aii 

f Oo) faa h 

Fe 
h>0-— h 

We can say that a function has a derivative at some point x = c if its right-hand 

and left-hand derivatives are equal at x = c. A function that has a derivative at all 

points in an interval is said to be differentiable in that interval. If the interval is 

closed, [ a, b ], then not only must f’(x) exist for all x in the open interval (a, b), 

but the end point derivatives must exist also. 

f RS SE Ses ae ae ee enna 
Example 2: 
Suppose that f(x) = (sinh x)/x in the interval (0, | Jand that f(x) = ax +b 

in the interval [ 1, 2 ). Find the two constants a and b such that f(x) and 

f'(x) are continuous at x = 1. Plot the resulting function. 
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SOLUTION: Continuity of f(x) at x =1 gives sinh l1=a +b and 

continuity of f’(x) at x = | gives cosh | — sinh | =a. Solving for a and b 

gives a = cosh | — sinh 1 = 1/e and b = 2 sinh | — cosh 1 = (e? — 3)/2e. 

The resulting function 

h sinh x eee 

. pet x 

1 y= ee 
= 51F lS? 
é 2e 

is plotted in Figure 1.33. 

eee eee MA LE Nye tty ee 

You also learn to differentiate composite functions in a calculus class. A 

composite function is a function of a function. If y = f(u) and u = g(x), then 

y = f(g(x)) is a composite function of x. Recall that the derivative of y with 

respect to x is given by the chain rule. 

dy _ dy du 
dx  dudx 

For example, if y(x) = sin(x* + 2), then we have y = f(u) =sinuandu =x? +2, 

so 

oy = (cos u)2x = 2x cos(x* + 2) 
dx 

Example 3: 

Find dy/dx if y(x) = e~ +a)" here a is a constant. 

SOLUTION: We use the chain rule with y =e“ and u = (x* +.a’)!/”. 

dy dydu = x 
Pelee pea aie A aca aT) dx dudx (x2 + a*)l/ 

See OND 
xe (x"-Fa=) 

(x2 4 g2y1/2 

Pm Sp gg eh 2 at a Pt te al 

We don’t have to stop at first derivatives, do we? We can take sequential 

derivatives to form second derivatives, third derivatives, and so on. For example, 

if y(x) = x7e*, then 

Vie goes D,(x7e*) = (2x + x7)Je* 
dx 

y(x)=—s = D?(x7e*) = D,{(2x + x*)e™] = (2+ 4x + x7)e* 

21 

ty 

Naas 

eae 

| pies 

Figure 1.33 
The function determined in Example 2 

plotted against x. 
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where we have used the operator notation for a derivative by writing D, for 

d/dx. Note that the notation De means D, applied sequentially, so that D2 fe) = 

Frequently a function y(x) is defined implicitly through a relation such as 

f(x, y) =0, and it may not be possible or convenient to solve explicitly for y(x). 

For example, the implicit function of y and x might be 

| 1 
ss ae Pa aa 

We can differentiate this equation with respect to x using the chain rule to obtain 

= ef al Var ree =U 
Ko yer : dx 

and solve for dy/dx: 

dy _ yey 

dx x4 xy?+2 

Usually the result will contain both y and x explicitly, but this is no problem. If we 

wanted to know the derivative at x = 1, we would substitute x = linto f(x, y) =0 

to find y (in this case y = I) and then evaluate dy/dx at the point (1, 1) to get 

dy/dx = 2/3. ‘ 
‘ 

a eee 
Example 4: 
Find the value of dy/dx at the point (0, 1) if y(x) = e* sin xy. 

SOLUTION: Differentiating implicitly gives 

fee ; 
y' =y’e sinxy + xy’e” cos xy + ye” cos xy 

At (Oe) sy ase: 

oa ee 

We said in Section | that the apparently arbitrary choices for the domains of 

the inverse trigonometric functions were made so that their derivatives have simple 

formulas. Let’s see why this is so. Consider y = sin”! x, where —/2 < y < mw /2 

(Figure 1.11). To find the derivative of y = sin~! x, we write sin y = x and then, 

differentiate implicitly with respect to x to obtain y’ cos y = 1, or 

} 1 | 
Y= SS SS = = == 3 

oe (bse, Via 

Now cos y > 0 when —7r/2 < y < 1/2, and so we use the positive sign for y’ over 

the entire range of x and write 
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Example 5: 
Show that 

=e l 
= COsd fe [as |] <a 
dx hy Za Xe 

SOLUTION: We start with y = cos! x, where 0 = ys 7 (ricure 112): 

Differentiating x = cos y implicitly with respect to x gives —y’ sin y = 1, or 

, | | 
yy = = 

sin y ye 

Now sin y > 0 when 0 < y <7 and so we use the negative sign for y’ over 

the entire range of x and write 

scons ope ey ied 

One of the principal applications of derivatives is to find the local maximum 

and minimum values (extrema) of a function in an interval. Points at which f’(x) = 

0 are called critical points of f(x). Although the condition f’(c) = 0 is used to 

locate extrema, it does not guarantee that f(x) have a local extremum there. The 

simplest illustration of this is f(x) = x?: f’(0) =0, but f(x) is not an extremum 

at x = 0 (see Figure 1.34). 

Let f(x) be continuous on the open interval (a, b) and let f’(x) exist and be 

continuous in (a, b). If f’(x) > 0 in (a, c) and f’(x) < 0 in (c, b), then f(x) is 

concave downward at c. A function f(x) is concave downward at x = c if the graph 

of f(x) in the neighborhood of c lies below the tangent line at x = c (Figure 1.35a). 

On the other hand, if f’(x) <0 in (a,c) and f(x) > 0 in (c, b), then f(x) is 

concave upward at c. A function f(x) is concave upward at x = c if the graph of 

f (x) in the neighborhood of c lies above the tangent line at x = c (Figure 1.35b). 

The type of concavity is related to the sign of the second derivative, and so we 

have the second derivative test to determine if a critical point is a local extremum 

or not: If f’(c) =0 and f”(c) exists, then 

1. if f”(c) <0, then f(x) has a local maximum at x = c 

2. if f”"(c) > 0, then f(x) has a local minimum at x = c 

3. if f’(c) =0, then no conclusion can be drawn without further analysis 

A point x = c is called an inflection point if f(x) is concave upward on one 

side of c and concave downward on the other side. Consequently, f(x) = 0 at 

an inflection point. It is not necessary that f’(x) = 0 at an inflection point. For 

Pe: 

Figure 1.34 

The function f(x) =x? plotted against x. 

sy 

(a) X 

by 

(b) ci 

Figure 1.35 
(a) The graph of a concave downward 

function. (b) The graph of a concave 

upward function. 
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Figure 1.36 
The function f(x) = 

(x — 13+ 2(x — 1) + 1 plotted 
against x. 

ty 

a 

(a) 

by 

»¢ 

(b) 

ty 

2,8 

(Cc) 

Figure 1.37 

The functions (a) f(x) = x*, (b) 

SoG) — x, and @O)/iACH) = —x4 plotted 

against x. 
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example, the graph of f(x) = (x — 1)3 + 2(x — 1) + 1 has an inflection point at 

x = 1[f”() =0] even though f’(1) = 2 there (Figure 1.36). Incidently, it seems 

that many students think that the condition f”¢c).= 0 implies an inflection point 

at x = c, but this is not so. All three functions, f(x) = x", oe x, MG) = —x4 

have first and second derivatives that are equal to zero at x = 0, yet f(x) has a 

relative minimum, g(x) has an inflection point, and h(x) has a relative maximum 

at x = 0. (See Figure 1.37.) If f(x) = 0 at a critical point, you must investigate 

higher order derivatives to determine its nature (see Section 6.8). 

As another twist to consider, let’s look at f(x) = x2/3 defined on the interval 

(—1, 1]. In this case, f’(x) = 2/(3x'/?), which diverges to oo as x > 0 through 

positive values and to —oo as x — 0 through negative values. Thus, f’(x) is not 

defined at x = 0, yet f(x) has a minimum value there (see Figure 1.38). This 

illustrates the fact that f’(x) must exist and be continuous throughout the interval 

in order to use the above criteria. 

We have assumed that f(x) is defined over an open interval. If f(x) is defined 

over a closed interval, you must also check the end points of the interval. Consider 

the function f(x) = 2x3 + 3x* — 12x — 5 defined over the closed interval [ —3, 3 ]. 

It has two critical points, one at x = | with f”(1) = 18 > O and one at x = —2 with 

f"(—2) = —18 < 0. Thus, there is a local minimum at x = 1 [with f(1) = —12] 

and a local maximum at x = —2 [with f(—2) = 15]. Although we find a local 

maximum at x = —2, it is not an absolute maximum because f(x) = 40 at its 

endpoint x = 3 (see Figure 1.39). The message here is that if f(x) is defined over 

a closed interval, then you must examine the behavior of f (x) not only at its critical 

points, but at its end points as well. 

‘ff 

i 

-  =3 =-2 -1 aM 
—1 Li ek, : 

Figure 1.38 Figure 1.39 
The function f(x) = x2/? defined on the The function f (x) = 2x? + 3x2 — 12x —5 

closed interval [—1, | ] plotted against x. defined on the closed interval [—3, 3 ] 

plotted against x. 
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PM at a sr oe 
Example 6: 
Find the local extrema and the inflection points of f(x) = x?(1 — x)? over 

the entire x axis. 

SOLUTION: The equation 

f'@%) =2x(1- pe 2x7(1 —x)=2x(1—x)U— 2x) =0 

shows that there are critical points at x = 0, x = 1/2, and x = 1. The second 

derivative is 

Y Cel ox ee ff 

The fact that f”(0) > 0 and f”(1) > 0 and that f”(1/2) < 0 tells us that 

the critical points x = 0 and x = 1 are local minima and that x = 1/2 is 

a local maximum. The inflection points are given by f”(x) =0, or at 

x = (3+ V3)/6 (Figure 1.40). 

eens 20) 20k 8 GIES b= 8, Ph EE =) Weer = Lew) 3 

Figure 1.40 
Note from Figure 1.40 that f(x) = 5( La) 1s symmetric about the vertical line — The function f(x) = x?(1 — x)? plotted 

at x = 1/2. To see that this is so analytically, let € = x — 1/2, so that the function against x. 

now reads f(é) = G4 + E)?(5 — £)?, which is an even function in é. 

a 

1.4 Problems 

1. Differentiate 

(a) Q+x)e~’; (b) ; (c) x? tan 2x 

2. Differentiate 

(@@) @-)?; (b) vx?-3x4+1 © a 

3. Differentiate 

(a) tan'(e~*); (b) In(sec x 4+ tan x); (c) xin 

4. The tangent line to a curve at some point (a, b) has the slope m = (dy/dx),—q = f'(a). Show that the slope 

of the line perpendicular to the curve at (a, b) is equal to —I/m. 

5. Does f(x) = |x| have a derivative at x = 0? 

6. Prove that f(x) = x? is differentiable in the closed interval [ 0, 1 ]. 

7. The graph corresponding to 2x? — 2xy + y? = 4 is an ellipse whose major axis makes an angle with respect 

to the x axis. Plot the function. Show that fhe slopes of the tangent lines to this curve at the two points where 

it crosses the x axis are the same. In other words, show that the tangent lines at (4/2, 0) are parallel. Do the 

same for the tangent lines at (0, +2), where the ellipse crosses the y axis. 
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. Find the local extrema and the inflection points of f(x) = 3x4 — 4x3 — 24x? + 48x — 20 over the entire x axis. 

9. Determine the minimum value of f(x) = 1+ x2/, 

10. Prove that f(x) = (« — 1)?(x — 2)? is symmetric about the vertical line located at x = 3/2. 

11. Prove that if y= f(x) and x = g(y), then 

aye eek 

dx 4x 

dy 

Hint: Differentiate f(g(y)) as a composite function. 

1 Ae! id ve , 
12. Show that “—u” = vu? 1 + (In u)u' CY | Hint: Let y =u’? and differentiate In y. 

dx dx dx 

: EA dh 
13. Use the result of the previous problem to find —x™~. 

x 

14. Show that w = # in Figure 1.41. This property is known as the reflection property of a parabola and is the 

basis for a parabolic lens; incoming light is focused at the point F,, the focus of the parabola. The equation of 

the parabola is y? = 4px, where p is the distance OF in Figure 1.41. 

Figure 1.41 
Illustration of the reflection property of a 

parabola. (See Problem 14.) 

15. Notice that f’(a) is defined by Equation 1. Normally we evaluate f’(a) by finding f’(x) and then letting 

x =a, but this procedure is not quite the same as using Equation |. Consider the function 

x? SU /2a) ee) 

a) 
f@)= 

The derviative of f(x) at x = 0 is, by definition, 

Fe aim FOP AS) = FO) 

Ax—>0 Ax 

Show that /’(0) = 0 in this case. Now determine f’(x) and then let x — 0 and show that the limit of 

f'(x) as x — 0 does not exist because a cos(1/x) does not exist. Therefore, we see that in this case, 
x= 

a Oes ee f'(x). The problem here is that f’(x) is not continuous at x = 0. The functions that we deal with 
Eira 

in physical problems almost always have continuous derivatives, but it’s good to keep Equation | in mind. 
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16. 

| ile 

18. 

1: 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

The height of a body shot vertically upward is given as a function of time by h(t) = 40r — 3217. How high will 
it go? 

Show that the rectangle of largest possible area for a given perimeter is a square. 

Which points on the curve xy? = 1 are closest to the origin? 

Two particles are moving in a plane according to the parametric equations (3¢, 44° — 6t + 1) and 

(3t + 1, 4t° — 81 + 2). How close do they come to each other? 

Find the largest possible area of an isosceles triangle inscribed in a circle of radius r. 

The blackbody radiation law is given by 

82thec 1 

AS ehc/Akgl — | 
OC) — 

where p(A, t)dd is the energy between A and A + dA, A is the wavelength of the radiation, h is the Planck 

constant, kg is the Boltzmann constant, c is the speed of light, and T is the kelvin temperature. The Wien 

displacement law says that A,,,x7 = constant where Ajax is the value of 4 at which p(A, t) is a maximum. 

Derive the Wien displacement law from the blackbody radiation law. Show that “constant” = hc/4.965kp. 

Prove that if f(x) has a derivative at x = a, then it must be continuous there. 

It is easy to prove (Problem 22) that if f(x) has a derivative at x = a, then it must be continuous at x = a. The 

converse is not necessarily true, however. For example, show that the function 

| 
xsin—- x40 

mG 
0 a1) 

wes) = 

is continuous at x = 0 but has no derivative there. Actually, mathematicians have constructed functions that 

are continuous at all points in an interval but differentiable at no points. (See page 573.) Fortunately, such 

pathological functions do not normally arise in physical applications. 

Derive the formula for the derivative of the product of two functions. 

Verify the second derivative conditions for a local extremum. 

The next 4 problems have you use any CAS to differentiate functions symbolically. 

Differentiate f(x) = e-*x2 sin3(3x2 + 2). 

Evaluate f’(1) from the previous problem. 

Find the second derivative of f(x) from Problem 26. 

Evaluate f”(1) for the previous problem. 

1.5 Differentials 

Calculus books emphasize that the expression dy/dx is a single quantity and not 

the ratio of dy over dx. Yet we later use expressions such as dy = y'(x)dx with 

abandon. The use of dy = y’(x)dx is justified, however, if we think of it as the 

27 
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differential of y. We also use differentials to estimate errors in measurements, as 

we shall see. 

The derivative of y = y(x) is given by 

, Ay 
gs ae bees | Mr 1 y (x) po ee (1) 

where Ay = y(x + Ax) — y(x). For small values of Ax then, we expect y’(x) to 

be close to Ay/Ax, or 

Ay © y'(x)Ax (small Ax) (2) 

We can rewrite this as 

y(x + Ax) © y(x) + y'(x) Ax (3) 

Let’s use this expression to estimate sin(0.10). In this case, we take 

y(x) =sin x, x =0, Ax =0.10, and y’(x) =cos x in Equation 3 to get 

sin(0.10) © sin 0 + (cos 0)(0.10) = 0.10 

The actual value is 0.09983-to four places. 

Example 1: 
Suppose that we estimate the volume of a sphere by measuring its 

circumference and find it to be 162 cm with an uncertainty of 0.20 cm. 

Estimate the uncertainty in the volume of the sphere. 

SOLUTION: The volume is 47rr3/3 and the circumference is C = 27. 

Thus, 

Using Equation 3, we write 

uncertainty in V = AV = (<2) AC 
dC 

So that 

C? 162 cm)? AV | AG =e 2 Bs open) ecen 
27“ 2 

or about a 0.4% uncertainty in the sense that AV / V = (266 cm3/71800 cm?) 

= 0.0037. 

Lo as Sass en a as one te ati an ee 
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The increments Ay and Ax and the tangent line at x are shown in Figure 1.42. 

The quantity Ay = y(x + Ax) — y(x) is the change in y that results if we continue 

along the curve and dy is the change in y that results if we continue along the 

tangent line from x to x + Ax. This change in y is the differential of y and is 

given by 

A yieaty (RAK (4) 

Figure 1.42 suggests that the smaller the value of Ax, the closer Ay and dy become. 

To see that this is so, let Ax = x — xp and write Equation | as 

_ Ay—y' ~ — Aya GA teelg Oe NY lim Ay — ¥ (%)@ — Xo) == hina Jey ae == (hin pales s XX Xx — Xo xX>Xo JP 259) CESTAOA NYS A.G 2G) 
a=)! AS) 

Equation 5 implies that the difference between Ay and dy in Figure 1.42 not only 

goes to zero as x — Xo, but goes to zero faster than Ax = (x — xq) goes to zero 

[for example, as (Ax)*] because Ax appears in the denominator. To see what we 

mean by this, define € by 

Ge €= 7 0) (6) 

If we substitute Equation 6 into Equation 5, we see that 

Ay —y(x)A ; Ax ; 
lim EAR AES lim eee hima — 0) (7) 
x—>Xq Ax oT / NOX: Ax->0 

Thus we see that e — 0 as Ax — 0. Now multiply Equation 6 by Ax and use 

Equation 4 to write 

Ay =dy +e Ax (8) 

Thus we see that Ay — dy even faster than Ax [more like (Ax)*] as Ax > 0. 

meee CC ee 
Example 2: 

A ayy. 
Derive an expression for € = a = if y =x? +x and show that € > 0 

ne x 
as Ax — 0. 

SOLUTION: 

Naa. Nay Nett An) ee RAa)i oa =o 

= (3x? + I)Ax +3x(Ax)* + (Ax)? 

Be pe 414 3x%Ax 4+ (Ax)? 
Ax 

Peat LL ar TONY 
Ax dx 

DS Bo | 2 Se 

29 

Line 

tangent 

at x 

Figure 1.42 
An illustration of the difference between 

dy and Ay. 
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Because Ay = dy + € Ax ande — 0 as Ax — 0, Equation 2 can be written 

as 

dy © y'(x)Ax +€ Ax (9) 

which shows that 

dy = (x)iax (10) 

is an excellent approximation in the sense that the correction term, € dx goes to 

zero faster than Ax or dx go to zero. 

Leibnitz, co-founder of calculus with Newton, introduced differential notation 

and considered the slope of the tangent line to be the ratio of the infinitesimal 

increments dy and dx, as shown in Figure 1.42. Realize, however, that dy and dx 

are not the limits of Ay and Ax as Ax — 0, since these limits are necessarily zero, 

whereas dy and dx, as we have introduced them above, are not necessarily zero. 

Occasionally you’ll see written that Ay © y’(x) Ax becomes dy = y'(x)dx when 

Ax becomes “infinitesimally small”, where the quotation marks emphasize that 

the term “infinitesimally small” is vague. The early development of calculus was 

fraught with examples where certain quantities were “small” at one stage, zero 

at another, and then “small” again at a later stage in the same discussion. These 

vagaries were eventually ironed out by the introduction of limits as we use them 

today. “! 

The introduction of differentials allows us to express derivatives in what is 

called differential notation 

d(uv) =udv + vdu a (=) _ udu —udv 

v v2 

and so on. 

hc ao naan peaniaenne ey wa 
Example 3: 
Use differential notation to find dy/dx for xy — 2x* — 1/y? =6. 

SOLUTION: We have 

2dy 
xdy + ydx — 4xdx + a 

ve 
=) 

or 
dy By Ay ye, Aye ye 

thee ae Ree) 
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1.5 Problems 

1. Estimate 2/120 from //125 = 5. 

2. The sides of a cube are observed to be 8.00 + 0.02 cm. Estimate the error in its volume. 

; , A d 
3. Derive an expression for € = re = = if y=x>+ x? + 6x — 3. Show that « > Oas Ax > 0. 

mG 32 

, A d 
4. Derive an expression for € = 7 if y = 1/(x +a). Show that € > 0 as Ax > 0. 

x 63 

5. Find Ay and dy for y = y(x) = x? — x at x = 10.0 and Ax =0.10. Sketch a figure similar to Figure 1.42. 

6. Find Ay and dy for y = y(x) = x!/? at x = 4.00 and Ax = 0.35. Calculate the absolute and relative errors in 

replacing Ay by dy. 

7. Estimate the change in cos 6 if 6 is changed from 25.00° to 25.20°. 

8. Find dy if y= 

ae I 
a) — b) — (a) 4 (b) aed 

| ira 
(c) tan~ x (d) ay 1/2 

9. Find dy if y = 

ya (b) sin /x 

(c) eos x 

10. Does y= (1+ 21n x)/(x — In x) satisfy the relation (xy — y — 2)dx + (x2 — x In Sey = OY 

11. Use differentials to find dy/dx for 

(a) x*siny=4 36) P+ y=6xy (©) St+5=1 

1.6 Mean Value Theorems 

There is a theorem concerning differentiable functions that is used often in both 

pure and applied mathematics. The theorem is called the mean value theorem for Vf 

derviatives. Before we discuss this theorem, we shall discuss a somewhat simpler f'()=0 

theorem called Rolle’s theorem. Rolle’s theorem says that 

If f (x) is continuous on the closed interval (a, b | and differentiable on the OFF 

open interval (a, b), and if f(a) = f(b) = 0, then there must be at least one 

point & in (a, b) such that f'(E) = 0. 

~ 

(Figure 1.43) In other words, if the graph of a continuous function f (x) intersects Figure 1.43 

the x axis at x =a and x = b, and if the function is differentiable between a and = An illustration of Rolle’s theorem. 
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Figure 1.44 

The function f(x) = ae | plotted 

against x. 

Chapter 1 / Functions of a Single Variable 

b, then there is at least one point between a and b such that the derivative of f(x) 

is zero. (The proof of Rolle’s theorem is sketched in Problem 13.) 

Now on to the mean value theorem for derivatives. 

If f (x) is continuous in the closed interval [ a, b | and differentiable in the 

open interval (a, b), then there is a point & in (a, b) such that 

a eC! = f'€) a<é&<b (1) 
—a 

Note that we can express Equation | in the form 

fO=f@O FL EG) G—@) 6 aes ax (2) 

Problem 14 sketches the proof of this theorem. 

Equation | has a nice physical interpretation. Suppose that f(b) — f(a) 

represents the distance between two points and that b — a represents the time it 

takes to travel from a to b. Then [ f(b) — f(a)]/(b — a) represents the average 

speed for that trip. The mean value theorem (Equation 1) says that if you average 

100 km - hr~!, say, then at some point during your trip, your instantaneous speed 

must be 100 km - hr7!. 

An immediate consequence of the mean: value theorem is that if f(x) is 

continuous in [a,b] and differentiable in (a, b), then f(x) is an increasing 

function in[ a, b Jif f’(x) > 0 for all x in (a, b). To prove this, let x be in [ x1, x> ] 

with x) > x, and use Equation 2 with a replaced with x, and x with x, to get 

f 2) — f@) = FE) G2 — x1) 

where 47.<.& < x5.Since. x) > x, and _f’(€).> 0, we.see that f (x5) =f). 

Conversely, if f’(x) <0, then f(x) is a decreasing function in [ a, b J. 

Br ae Dee 
Example 1: 
Show that f(x) =x? + 3x — 1 has exactly one (real) zero in the interval 

{—1, 1}. 

SOLUTION: Since f(x) is equal to —5 at x = —1 and +3 at x = 1, there 

is at least one zero in [ —1, 1 |. Because 

f'(x) = 3x7 +3>0 

for all x, f(x) is an increasing function on the entire x axis and so cannot 

have more than one zero (Figure 1.44). 

nes Le ee | 
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There is an extension of the mean value theorem that we can use to derive 

the formula for a Taylor series with a remainder. This higher-order mean value 
theorem says that 

If f(x) and its first n derivatives are continuous in [a, b] and if f"*)(x) 

exists on (a, b), then there is at least one point € in [ a, b | such that 

“/] (3) 

f(b) = fla) + fab —a) + EO a2ue east 

PG a ae i) on 
ee (b —a) oat (b —a) (3) 

The proof of this theorem is outlined in Problem 17. The mean value theorem is 

just Equation 3 with n = 0. 

If we let b = x in Equation 3, we get 

f(x) =f@+ f'(@a-a)+ FO —a)’ 

n n+l 

Pa ae a yp ee) SOC) 
n!} (n+ 1)! 

where a < € < x. Equation 4 is the formula of a Taylor series with remainder, 

where the remainder is 

oT) 
es za i (x 2: ay (5) 

1 

We shall use this formula in later chapters. 

eee eee | 
Example 2: 
Use Equation 4 to calculate the value of In 1.200 to four-place accuracy. 

SOLUTION: Let f(x) =Inx and a = 1 in Equation 4: 

Inx =(x- 1) -=@-1?+=@- 9) x=(x*-)D--@- —(x — 
2 3 

= jer ei |NE ee 

+ oe > + ( ) (x ) a8 ( ) (é ican 

n ipa | 

where | < € < 1.200. We want the magnitude of the remainder term to 

be < 0.00005. This term will be greatest if we choose € = 1.200 and so 

eal (0.20)"+!/(n + 1) will equal 6.40 x 10-5 if n = 4; 1.077 x 107° if 

n =5;and 1.83 x 10~° ifn = 6. Thus we will be assured four-place accuracy 

if we choose n = 5. This gives In 1.200 = 0.18233 compared to the tabulated 

value 0.18232. 

SS 

oe 
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Figure 1.45 
The behavior of the function 

= 1Ginex))/erasic —- 0! 

Me 
| i 

1 Xi 

== || IP 

Figure 1.46 
The behavior of the function f(x) =x In x 

as x > 0. 

Chapter 1 / Functions of a Single Variable 

You probably remember |’ H6pital’s rule from your calculus course. You used 

it to evaluate the limits of indeterminate forms such as 0/0, 0 - 00, and 00/00. 

\’H6pital’s rule says that if f(x) and g(x) both approach zero or both approach 

too, then 

ee 
g(x) g(x) 

(6) 

provided the right-hand limit exists. 1’ H6pital’s rule is included in this section 

because its proof follows immediately from a version of the mean value theorem 

(Problems 15 and 16). 

For example, pune sin x/x is of the indeterminate form 0/0. l’H6pital’s rule 

tells us that 

which agrees with our geometric proof in Section 2. Figure 1.45 shows the behavior 

of sin x/x as x + 0. How about lim x In x? This limit occurs fairly often in the 
AU 

physical chemistry of electrolyte solutions, such as aqueous solutions of sodium 

chloride. In this case, we have the indeterminate form —O - 00, so let’s look at 

] 1/x 
ase lim Us 1 —— 

x04 If/x x04 —1/x? x04 — 

Figure 1.46 shows the behavior of x In x as x > 0. 

| 
Example 3: 
Determine lim xe ~. 

OX) 

SOLUTION: This expression is of the indeterminate form oo - 0. It 

becomes an oo0/oo form by writing it as 

: x ; ] 
lim —= lim —=0 

X—>0O eX X00 eX 

ES) eae ee ee ee ee ae ee ie Sn | 

The result of Example 3 is a special case of the limit of x"e~* as x > on, 

where n is any integer. We can easily find this general limit using mathematical 

induction. We know from Example 3 that x”e~* — 0.as x — oo whenn = |. When 

using mathematical induction, we assume that if a statement is true for some value 

of n > 1, then it must be true for n + 1 also. So 

n+l : 1)x” n 

cg ety uA Stra ee (7) 
X—>0o0 eX X00 ex X00 eX 
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But we know that lim x”e~* = 0 as x — oo forn = 1, so it must be true for n = 2, 

n = 3, and so on. This result, which is worth remembering, says that e~* > 0 

faster than any power of x as x > oo. 

Another limit worth remembering is 

lim ee =) (8) 
HCO ye 

for any a > 0. This limit says that In x + oo more slowly than any positive power 

of x, no matter how small (Problem 7); or equivalently, that x% In x > Oas x > 0 

for any a > 0 (Problem 8). 

Other indeterminate forms such as 0°, 00°, and 1° can often be handled by 

taking the logarithm and manipulating the result into the standard indeterminate 

forms 0/0 or 00/00. For example, consider km x*. Let y = x’, and then look at 
(> 

hime ine =" line a inxs = 0: and so: lity y=, or Baal oe 5 aaa 
x 0+ x— 0+ fo 0 oe =S04 

a en pa a 
Example 4: 
Determine lim %/p, where p > 0. 

noo 

SOLUTION: We'lllet y = %/p, take logarithms, and treat n as a continuous 

variable. 

| 
lim Iny= hm —Inp=0 

n—> oo nN>oo n 

50. lim y= lim </p = 1. Figure 1.47 shows ¥/2 plotted against n. 
now i 

Problem 12 has fa show that 2/n > lasn— oo. 

CS ees Se ee ee ees ears 

What if you apply |’ Hopital’s rule and you still get an indeterminate form? 

Simply apply it successively until you no longer obtain an indeterminate form. 

For example, 

2x? — 9x2 + 12x —5 Oat = 18% + 12 
im =e 

tly? —1er- 80x — 14. x1 6x2 — 36x -F 30 

ox eennt 
im —_——_ = 

oa 1x6 94 

(See Problem 11, however.) 

1.6 Problems 

5 

tied 
2} arte 
esis mgr 

1 n 

Figure 1.47 

The function f(x) = /2 plotted against 

n. The asymptote is shown as a dashed 

line. 

1. Use Equation 4 to calculate sin(z/4) to four-place accuracy. Hint: Realize that | sin x | < land that | cos x | < 1. 

2. Use Equation 4 to calculate the value of e to five-place accuracy. Hint: Use the fact that e ~ 3. 
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10. 

11. 

12. 

13. 

14. 
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. Argue that f(x) = x3 + px + q has one real root if p > 0. 

. Use l’H6pital’s rule to determine the following limits: 

inee . Ll—cos (a) lim ~— (haste 
x0 x x0 By 

*_—]-.: ; | s2 
(c) lim eed oes (d) pas 

0) % x—>7/2 | — sin 2x 

. Use l’H6pital’s rule to determine the following limits: 

lt ~~ eax 
(a) lim E (b) lim pores 

x>0 De x0 x2 

(a) lia ese x — cot x) (b) lim 
oie 4 

inal 
(eine (yu 

x—0* In tan x x0 

In x 
. Show that for every a> 0, lim ——-=0. 

x CO xo 

. Show that for every a > 0, x% Inx > Oasx > 0. 

. Determine lim x!/*. 
XO 

/ Y) 

Determine lim aa 
x00 x 

At the end of the section, we found the limit of (2x? — 9x? + 12x — 5)/(2x3 — 18x? + 30x — 14) asx > 1 
and got 1/4 as an answer. What’s wrong with the following? 

Me Oy SO oe ISS ee 
im = lim 
x1 2x3 — 18x2+30x—14 x>1 6x2 — 36x + 30 

12x — 18 meee: 
= lim ——— = lim — = 
x>112x —36 x31 12 

l 

Show that 2/n > lasn— oo. 

We’li prove Rolle’s theorem in this problem. Use the extreme value theorem to argue that f(x) must have a 

maximum and a minimum value on [ a, b |. Now argue that if f(x) has any positive values at all, then there is 

at least one point & in (a, b) where f(x) is a maximum, so that f’(€) = 0. Similarly, argue that if f(x) has a 

negative value, then there is at least one point 7 in (a, b) where f(x) is a minimum, so that f’(7) = 0. Finally, 

show that if f(x) has no positive or negative values in (a, b), then f(x) is identically zero on [ a, b ], and so 

f'(x) = 0 for all x on (a, b). 

Figure 1.48 illustrates the mean value theorem for derivatives. To prove this theorem, we consider the function 

F (x), which is the difference between f(x) and the straight line connecting the points (a, f(a)) and (b, f(b)), 

as shown in Figure 1.48. Show that the equation for F(x) is 

bd) yfila 
Fuo=(Q)— jf @ie POO ( — a) 
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iS: 

16. 

17. 

Integration 

Ve 

(b, f(b) 
F(x 

(a, f(a) 
Figure 1.48 
An aid to the proof of the mean value i 

theorem of derivatives. g ms b . 

Note that F(a) = F(b) =0, as implied by Figure 1.48 and that F(x) satisfies the criteria of Rolle’s 

theorem. Using the fact that there is at least one point c in (a, b) at which F’(x) = 0, show that 

f(b) — f(a) = f'(c)(b — a). Note that we obtain Rolle’s theorem if f(b) = f(a) = 0. 

The standard proof of I’ H6pital’s rule is based on what is called the extended mean value theorem of derivatives. 

It says that if f(x) and g(x) are continuous in [ a, b ] and differentiable in (a, b), then there is at least one 

point c in (a, b) for which 

Jhb aKa) s FC) 

BD) eae ae ee) 

where we assume that g(a) 4 g(b) and f’(x) and g’(x) are not simultaneously zero. Note that this theorem 

reduces to the mean value theorem if g(x) = x. Prove the extended mean value theorem by starting with 

fe) = f@ 
Fix) =f (b 

be Vay? g(b) — g(a) 
[g(x) — g(d)] 

Use the result of Problem 15 to prove I’Ho6pital’s rule for the form 0/0. Assume that f(x) and g(x) are 

differentiable, that g(x) #0 in (a, b), and that fit je) = lim Xe) =O), 
xa xXx7a 

We shall outline the proof of Equation 3, the higher-order mean value theorem, in this problem. Let a constant 

k be defined by 

y) (n) 
ifs Cac otk f(a) Ne ise 
5 a (b—a)" + k(b—a) f(b) = f(a) + f'(a)\(b—a) + 

Now apply Rolle’s theorem to 

y (ni 728 

F(x) = f(x) — f(b) + fiay(b—x) + LO Spe te pee ese), 
PA n! 

(b xt +k(b —x)"*! 

and show that k = f+) (&)/(n + 1)!. 

1.7. Integration 

The idea of an integral was originally developed to calculate the area bounded by 

given curves, but nowadays an integral is defined by a limiting process. Consider 

the situation in Figure 1.49. The interval [ a, b ] is subdivided into n sub-intervals, 
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Figure 1.49 
The construction associated with a 

Riemann sum. 
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Cepeh Copy) 

a \x | x) ae xj-4 Xj ey Vet x 

Cimc? Seek: En 

(a, X1), (X41, 2)... +5 (X,—1, B) and the point, &;, is located anywhere within the 

jth interval for 7 =1, 2, ..., n. We now form the sum 

n n 

Se GG yD = et any 
j=I eee \ 

where x9 =a, x, =b, and Ax; = x; — x;_;. Geometrically this sum represents 

the sum of the areas of the rectangles in Figure 1.49 and is called a Riemann sum. 

If we subdivide [ a, b | into more and more subintervals with smaller and smaller 

widths, we eventually reach a limit, called the Riemann integral of f(x), denoted 

by 

b n 

foxdx = lim D7 fE)Ax; (1) 
a x j=l 

where |L| is the width of the largest subinterval. Of course, we are assuming here 

that the above limit exists. In the €-d notation, we have 

b n 

f(x)dx —)° f(Ej)Axj]<¢€ whenever = |L| <6 (2) 
a = 

This limit exists if f(x) is continuous (or even piecewise continuous) in [ a, b ]. 

Geometrically, the integral of f(x) from a to b represents the area between 

f(x) and the x axis and the vertical lines at x =a and x = b if f(x) is positive 

everywhere between a and b. Otherwise, it represents the net area, with areas above 

the x axis treated as positive and areas below the x axis treated as negative. 

We certainly don’t use Equations | or 2 to evaluate integrals. As you know, and 

we'll show below, integration and differentiation are inverse operations, so we’ ll 



1.7 Integration 

evaluate integrals by working backwards from tables of differentiation formulas. In 

fact, the great achievement of Newton and Leibnitz in their development of calculus 

in the late 1600’s was to appreciate the inverse relationship between differentiation 

and integration. 

Prior to that time, the formulas of the slopes of many curves had been derived 

and the areas bounded by many curves had been determined, usually by ingenious, 

if not even quirky, methods, but the inverse relation between finding the slope of 

the tangent lines to curves and areas bounded by these curves was not recognized. 

A good example of the determination of areas bounded by given curves is due 

to Archimedes, who determined the area under the parabola, y = x, almost two 

thousand years before the formal development of calculus. We know this area to 

be 

a= f var=[% [= 

a Sila 3 

but let’s spend a page or two discussing this “pre-calculus” calculation. Let’s start 

with the simple example, y = x. We don’t even need calculus to determine the 

area under this curve from a to b because it is the difference between the areas 

of the two triangles in Figure 1.50. Of course, the integral of y = x from a to 

b gives [ x?/2 i = (b* — a”)/2, which is the same thing. As a preparation for 

Archimedes’s calculation for y = x’, let’s determine the integral of f (x) =x using 

a limiting process. For convenience only, let’s take the n subintervals in Equation 1 

to be equal and given by Ax = (b — a)/n and take &; to be the extreme right-hand 

value within each interval. Then S,, becomes 

eS 

"1 nh 

Sy eb Axa), @a ian) Ax 
j=l 

n 

= anAx + (Ax)? »S ii 

j=! 

The above summation over / is the sum of the first n integers, which is equal 

ton(n + 1)/2 (Problem 12). This result was well known in Archimedes’ time, and 

sO 

| 
aan EHR Ax? 

But Ax = (b — a)/n, so 

(bay (b —a)* 
3F 

2n 
So a — Ga) = 

og 

Figure 1.50 

The integral ie x dx is given by the 
shaded area. 
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and 
b Dee tend 

) Proc ainnek eae 
a 

n—>0o y 

2 For the case of the area under the curve y = x“, we have 

n n n 

ee Sia + jAx)?Ax =na7Ax + 2a(Ax)* oS 7 (Ax)? De i 

jal j=l Dee 

The sum of the squares of the first n integers is equal to n(n + 1)(2n + 1)/6, again 

well-known to the ancient Greek mathematicians (see Problem 13). Therefore, 

Bee ee eee 
n2 6 Ae) 

b? —a 

sod Te ay as n—> CO 

or 

b ar 023 
[ a=" e 

- 3 

There are a few properties of definite integrals that we should point out here. 

Most follow from the definition given in Equation 1. If c; and c> are constants, 

then 
b b b 

/ lei fi @) + eo fo(x) ax = cj fix) dx +) () To(x) dx (3) 

Equation 3 is similar to Equation 4.3 for differentiation. Just as we define a 

differential operator in Section 4, we define an integral operator by 

b 

If@= | f@)dx 

Equation 3 says that integration is a linear operation. 

Fle fiG) +o frlx)l=eql fis) + eof fo(x) (4) 

Some other properties that follow from Equation | are 

b G b 

i f(x)dx = / f(x)dx + / f(x)dx (5) 
a a c 

provided f(x) is integrable in[ a, c Jand[ c, b ]; in other words, provided the limit 

defining the two integrals exists. Also, ifm < f(x) < M in[a, b ], then 

b 
m(b—a) = | f(x)dx < M(b—a) (6) 

If f(x) < g(x) in[a, D J, then (Problem 15) 
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b b 

ih f(u)du < i g(z)dz (7) 
a a 

and (Problem 18) 

b b 

/ fisdda| = f | f (x) |dx (8) 
a a 

Example 1: 
20 

Prove that lim / oe abe =O. 
n> Jo x2 ae n2 

SOLUTION: We use Equation 8 to write 

5 
a COSTIX a edie 2% dx nx 

; 5 ax < dx < ee ease 
0 4° sen 0 0 x2 + n2 0 n2 n2 

which — 0 as n — ov. In going from the second term to the third term, we 

used the fact that | cos nx| < 1. 

al Ey S| 

Suppose that f (x) 1s piecewise continuous in [ a, b ] with a jump discontinuity 

die en 

cos nx 

x2 + n? 

b b c—E 

vf =) jd = im, | eas Hin: f(x) dx (9) 
7 Jote 

Example 2: 
Find the area between the x axis and (Figure 1.51) 

e—a() 

(WS xe il 

|| Sor By 

0 

fx)= 
2 

0 ce, 

SOLUTION: 

l—e 2—«' 

JP = Nien if dx + lim ‘| 2dx 
e>0 Jo €,€/>0 Jite 

=lim(—«)+2 lim Q-—¢«'—1+6)=3 
e>0 €,€/> 0 

[ic wns Lee ees ace a 

We have two jump discontinuities in Example 2, but the generalization of 

Equation 9 to more than one jump discontinuity is apparent. In fact, f(x) can have 

AI 

Figure 1.51 
The function f(x) =0 forx <0; f(x) =1 

fonO Raa (0G) == OT lege wand 

Ce) OM Ote ce. 
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Figure 1.52 
A pictorial representation of the mean 

value theorem of integration, Equation 10. 

The area within the solid rectangle equals 

the shaded area under the colored curve. 

Chapter 1 / Functions of a Single Variable 

an infinite number of jump discontinuities if it is a countably infinite number. Also, 

the values of f(x) at the end points of each interval in Example 2 are irrelevant. 

Whether we write f(x) = 1for0 <x < lorO<x<lor0<x< on Oka 

makes no difference at all. 

We presented the mean value theorem for derivatives in Section 6. The very 

name of the theorem hints that there is a mean value theorem for integrals. If f (x) 

is continuous in [ a, b ], then there is a point c in [ a, b | such that 

b 

/ f@)dx = (b — a) fo) (10) 
a 

To see that this is so, let m and M be the minimum and maximum values of f(x) 

in [ a, b | and use Equation 6 to write 

b 

f@jdx aM if 
b—a Ja 

Since f(x) is continuous, it takes on all values between m and M. So there must 

be some point c in [ a, b ] such that 

i b 

- PCjdx = 7 (ec) (11) 
b—-a Ja 

Equation 11 says that the area ‘ls f (x)dx is equal to the area of the rectangle 

defined by x =a, x= b, y=0, and=y = fie). Figure 1.52 gives a pictonal 

representation of Equation 10. 

There is a generalization of the mean value theorem for integrals that says that 

if f(x), g(x), and g’(x) are continuous on [ a, b |] and g(x) does not change sign 

in [ a, b ], then there is a point c in [ a, b | such that 

b b 

fl Cae Oe) cea) if 2@(x)dx (12) 
a a 

Notice that this reduces to Equation 10 if g(x) = 1. 

The integrals that we have been discussing so far have been between a and b 

and are definite integrals. If the upper limit, b, is replaced by x, then the integral 

defines a function of x and is called an indefinite integral. We write this as 

EGS) = i; f(u)du (13) 

Notice, incidentally, that we are using u and not x as our variable of integration so 

that we can distinguish between the variable of integration and the upper limit. The 

designation of the integration variable is arbitrary and is what we call a dummy 

variable. In other words, 

Fo)= | fuydu =f flade= f f (t)dt 
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are completely equivalent. However, writing 

HEX) i Caan 

is poor practice and should be avoided because the x in the upper limit and the x 

in the integrand represent different quantities. 

The fundamental theorem of calculus says that if f(x) is continuous in the 

interval [ a, b | and if 

F(x) =i f(u)du (14) 

then F (x) is an antiderivative of f (x); in other words, F’(x) = f (x) in the interval 

(a, b). The fundamental theorem of calculus gives us the inverse relation between 

differentiation and integration. The utility of this theorem cannot be overstated and 

was essentially unrecognized before Newton and Leibnitz. 

To obtain f(x) from Equation 14, we differentiate with respect to the upper 

limit, x. Write 

x+-Ax Xs ee NeG 

F(x + Ax) — F(x) =i! f(u)du — / f(u)du = / f(u)du 

Assuming that f (x) is continuous in the interval (x, x + Ax), we can use the mean 

value theorem of integration to write 

F(x + Ax) — F(x) = f()Ax 

If we divide by Ax and then take the limit Ax — 0, we obtain 

dF ( 
— = F(x) = f @) (15) 
dx 

Equations 14 and 15 summarize the fundamental theorem of calculus. 

Incidentally, we can generalize the above differentiation to the case where 

both limits are functions of x. If 

v(x) 

G(x) = / f(t) dt 
U(X) 

then (Problem 9) 

1 
G(x) = fW@)) ois f(u(x)) as (16) 

dx dx 

Equation 16 is called Leibnitz’s rule. Of course, we are assuming that v(x) and 

u(x) are suitably differentiable. 

43 
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3/2 u 

Figure 1.53 
The area between the w-axis and the 

graph of e~“ from 0 to 3/2 is equal to 
3/2) 12 ig ce= aut 

Chapter 1 / Functions of a Single Variable 

ee ee | 
Example 3: 
Suppose that 

2 
xX dz 

I(x) = — 
ae & 

SOLUTION: Using Equation 16, 

Evaluate /’(x). 

| 
I'(x) = i Mie = 

i xe x 

ee a eee eee | | 

In your calculus course, you probably spent weeks learning how to evaluate 

integrals. We start with a fairly complete table of derivative formulas and use the 

fundamental theorem of calculus to find antiderivatives. There is a bewildering 

array of techniques or tricks that can be used to manipulate expressions into forms 

that can be recognized as antiderivatives. For example, we have integration by parts 

(see Problem 2), trigonometric substitutions (Problem 3), partial fractions, and 

“miscellaneous” substitutions. With enough practice, most students can become 

pretty proficient in these techniques, but integration is still somewhat of an art. 

Although our derivative formulas allow ys to evaluate derivatives of any 

(differentiable) functions, there are many integrals that can not be expressed in 

terms of known functions. We’ll see in Chapter 3 that a number of well-known 

functions are actually defined in terms of integrals. For example, we’ll see that the 

error function, erf (x), is defined by 

2 m 2 
erf (x) = — ii é “du 

/2 Jo 

To evaluate erf (1.5), for example, we determine the area between the x axis 

and the graph of e-” from 0 to 1.5 as shown in Figure 1.53. There are many 

numerical routines to do this. You may remember learning the trapezoidal rule or 

Simpson’s rule in your calculus course. Basically, these methods provide numerical 

approximations for areas. We’re not going to discuss numerical methods here 

because there are many computer packages available nowadays that use much 

more sophisticated routines than Simpson’s rule. For example, the commercially 

available computer programs, Mathematica, MathCad, Maple, and Matlab, can be 

used to evaluate integrals numerically. The one-line command in Mathematica 

Integrate [ Exp [ -x * 2 ], {x, 0, 3/2}]//N 

gives 

3/2 
if er” du = 0.856 188 
0 
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Certainly owning a good table of integrals goes a long way to being able to 

evaluate many integrals. The CRC Standard Mathematical Tables and Formulae, 

which is a standard reference, lists over 50 pages of integrals. The most compre- 

hensive tables (over 1000 pages!) are the Tables of Integrals, Series, and Products 

by Gradshteyn and Ryzhik, which are indispensable for anyone who works in ap- 

plied mathematics. In addition to these standard references, many of the CAS can 

be used to integrate symbolically, meaning that they provide analytic expressions 

for integrals. For example, the one line in Mathematica 

Integrate [x3 * Cos[a«x], x ] 

gives the indefinite integral 

eo) ho) : x“ —2 j — : jes phen Fykt 3(a°x ) cos ax it x(a°x 6) sin ax 

4 3 a a 

and 

Integrate [x + Log[a+*x+b ], {x, 0, 1}] 

gives the definite integral 

Qab ~<a? + 2h? ln b+ 2(a* —b*) in(a +b) 

4a? 

| 

/ x In(ax + b) dx = 
0 

Other CAS, such as Maple and Matlab, have the same capabilities. Almost every 

academic science or engineering department or industrial research laboratory owns 

a license for at least one of these CAS. Learning to use any one of these programs 

will not only save you hours of algebra, along with its concomitant errors, but will 

also allow you to concentrate on the central aspects of a problem rather than on 

drudgery. 

1.7. Problems 

1. Derive the formula for integration by parts. 

2. Use integration by parts to evaluate 

(a) | ne Obs (b) i Je Salas ale (c) = (d) / In x dx 

3. Use trigonometric substitution to evaluate 
a 

Ge (d) / (a- = eo) dx 
0 

(a) [Ss (b) [Ss (c) | 

Jat — x? 0 Va2+ x2 0 (+x2) 

4. Use hyperbolic substitution to evaluate : 

dx : ) Phe ik dx if dx ee ie) | G2 eax (d) s @ | we: ibe a Gy [as 

45 
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5. Find the area bounded by y = 2x and y = x” from x = 0 to 2. 

6. Find the area between the curve f(x) = a2 — x2, —a <x <a, and the x axis. 

7. Find the arc length of y = x? from x = 0 to 2. 

8. Find the volume of a right circular cone of base radius r and height h. 

9. Prove Leibnitz’s rule (Equation 16). 

A A A 
10. Show that i iC) Cx / f @) dx ii fix) =f (Hx rand! that i; Ce) ax = Olley Cay = ae: 

—A 0 —A 

penne 
11. Show that the area of an ellipse, — + pp = ILS wea: 

ay Z 

12. Prove that the sum of the first n integers is n(n + 1)/2. Hint: List the n integers sequentially on one line, and 

under that line list them backwards. Do you see the trick here? 

13. In this problem, we’ll prove that the sum of the first n squares is n(n + 1)(2n + 1)/6. Begin with the formula 

(y+ 1)3— v3 =3 v2 +3v +4 Land sum from v = | to 7 to obtain (n + 1)3=3 S) +3 8, +n + 1 where 
n Nl 

Sys SS jand §,= j°. Now show that Sy =n(n + 1)(2n + 1)/6. 

j=l j-1 

14. Can you generalize Problem 13 to find $3? 

15. Prove the statement of Equation 7. Hint: Use Equation 1. 

n 

16. Show that the sum of the first n odd integers is n?. Hint: Evaluate Sei — 1) using the fact that 

j= 
n 

ae =n(n + 1)/2. 

j=l 

17. We’ll prove the triangle inequality, |x + y | <|x|-+]|y |, in this problem. The triangle inequality is used 

18. 

19. 

often in applied mathematics, Add the inequalities —| x | <x < |x | and —| y | < y <] y | and then take the 

absolute value to obtain |x + y| <|x|+|y|. 

Prove the statement of Equation 8. Hint: Use Equation | and the triangle inequality, |a+b|<|a|+|b|. 

(See the previous problem.) 

Consider Figure 1.54, which shows the hyperbola x* — y? = a”. Show that the area of the shaded region 
: xo + y : me : : : é 
is A =a? In -2-—®.. This area divided by a? is a hyperbolic radian, which we denote by u. Show that 

a 
8 yee 

cosh u = — and sinh u = ~. Hint: Use the fact that ie = A = (x9 + yo) (xp — Yo) =a. 
a a 

by 

(Xo, Yo) 

a 

Figure 1.54 
An illustration of a hyperbolic radian. 
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20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

Improper Integrals 

(x+h, f(x + h)) 

Figure 1.55 x x+h * 
A pictorial aid for Problem 20. 

This problem offers another proof of the fundamental theorem of calculus. Use Figure 1.55 to show that 

F(x +h) — F(x) : [fG +h)+ f(x)] for small values of h and that F’(x) = f(x). 

x 
ci $) 

il sin u-du 

cA Evaluate lim 
x0 x3 

ae do 1 
Show that if 5 - 5 = . Hint: First write cos? @ = 1/ sec? 6, notice that 

0 a*+b*cos?@  2Ial(a2 + b2)!/2 
d tan 6 = sec’ @ d@, and then use the identity sec* 6 = 1+ tan? 6. 

Use any CAS to evaluate the integrals in Problems 23 through 27. 

[ee cos dx 

2 1/2 = 1 foo 
26 

[ 8 inex +0) dx 

‘pf ey eed [-SS« 
x-+3x+2 

Se 

| aeon 

1.8 Improper Integrals 

There are two types of integrals that are called improper integrals. The first type, 

Type 1, consists of integrals with one or more infinite limits, which are defined by 

ie ful XO sim, [ f(x)dx @ 

ihe (Lean — im Ca (2) 
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and 

ie.8) Zz d 

/ f@Qjdx= im / Ff (@x)dx-+ se / f@)dx (3) 

In Equation 3, z is any convenient point that you are free to choose. 

The second type of improper integral, Type 2, consists of integrals where the 

integrands are unbounded at one or more points in the region of integration [ a, b ]. 

Three cases can occur: f(x) is continuous everywhere in [ a, b | except at a, in 

which case 

b b 

Loa lim f@)dx; (4) 
a a+e 

f (x) is continuous everywhere in [a, b] except at b, in which case 

b b—e 

il (Ck = im f f(x dx: (5) 

and f(x) is continuous everywhere in [ a, b | except at some point c in (a, b), in 

which case 

—€| b 

ih ya x =~ len vil f(x)dx + lim / f(x)dx (6) 
€1>0 €2-7V Jo+e, 

provided that both limits on the right exist. 

We can also have improper integrals that are a combination of the above types, 

where the integration limits are infinite and the integrand is unbounded. When 

the limiting process defining an improper integral exists, the integral is said to 

converge, or to be convergent. Otherwise, the integral is said to diverge, or to be 

divergent. 

Pea ee a eS ae eee 
Example 1: 

x 
Examine the convergence of f — as a function of p. 

1 xP 

SOLUTION: 

PS) alse ; > dx ; | ea 
— = lim — =] lim —— 

| xP PEN Shy xO” boone Pp xP-! | 

If p < 1, then 

lim eee —l)=a0 
b>0 1— p 
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lip) then 

mw Be 
So we see that / — > converges if p > land diverges if p < 1. This result 

eee 
is worth remembering. 

| he mama le ag ih 

Example 2: 
[o.) 

Examine the convergence of if e °*dx asa function of s. 
a 

SOLUTION: 

co b 

/ 2 dx = lim / eo Ghe 
a b>oo Jaq 

; e 54 —@ sb e754 

= lim ——— = (s > 0) 
b>oo KY Ss 

but equals oo if s = 0 or if s < 0. Thus the integral converges if s > 0 and 

diverges if s < 0. 

(SD See eee a ns ee rr 

Note that Equation 3 does not say that 

CO (5 

i fixndx= tim, f f(x)dx (not true) 

oo Udi 
For example, consider / =) x We choose z = 0 in Equation 3, and 

bie Ty 

consider the two integrals 

9 udu > udu 
lim 5 and lim 
a>oo J_, 1+ 44 b>oo Jo L+ue 

Let u = —x in the first integral to obtain 

a | 
— lim / ee =— lim — In(1 +a”) = —0o 
aso Jo 14 x2 a>oo 2 

a Tn , ; 
so the integral ae diverges. Now let’s look at the integral from 0) to oo. 

= ur 

b I 
lim | we = lim —In(1+b*) =00 
b>oo Jo I-42 -b>008 
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Thus, both contributions to J diverge. Jf we had used 

, “udu 
lim 

a>coo J_, 14+ uz 

then we would have obtained a value of zero [5 In(d + y= 5 In(1 + a?)] for the 

integral. 

It is useful to have some tools to determine easily if an integral converges 

or diverges without having to evaluate it. If f(x) and g(x) are bounded and 

0 < f(x) < g(x) for x >a, then [™ f (x)dx converges if J-* g(x)dx converges. 

Conversely, if f(x) > g(x) = 0 for x > 0, then bea f (x)dx diverges if ie e(x)dx 

diverges. This test is called the comparison test (Problem 22). 

To see how to use the comparison text, let’s investigate the behavior of 

CO Can 

If =|) eRe 
OmGh 0) 

Let f(x) =e*/(1+ x) and g(x) =e7*. Then 

Using the fact that 

CO (o-@) 

i g(x) dx =|! Cada 
0 0 

we conclude that 7 converges. In fact, its numerical value is 0.403 653 (Prob- 

lem: 23). 

[8 
Example 3: 
Show that the integral 

converges. 

SOLUTION: We let f(x) = sin? ee and g(x) = 1/x>. Then because 

sin? x < 1 for all x, we have f (x) < g(x) for all x. Using the fact that 

/ qaX 85) 

1 x Pid 

we conclude that the integral in question converges. In fact, its numerical 

value is 0.385 705 (Problem 24). 

eed ee, ee 
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We also have a ratio comparison test for an integral such as 

vail f(X)ax 

where f(x) > 0 for a < x < oo. Now find a function g(x) > 0 for a <x < 00 

for which the integral Hees g(x) dx is readily evaluated. Then the test for the 

convergence of J = f~ f(x) dx rests upon the limit 

i == |i J) 
X—>> CO g(x) 

Three cases arise: 

Ce CO 

1. If K £0 and is finite, then / (x) dx and f g(x) dx either both converge 
a 

or both diverge. 
[o,@) (o.6) 

2. If K =0 and / g(x) dx converges, then i f(x) dx converges. 
a a 

Cc CO 

Sr Itke=covand / g(x) dx diverges, then i J (x) dx diverges. 
a a 

Given an integral ee f (x) dx, it is often easy to choose an appropriate function 

g(x), as the next example shows. Let’s investigate the convergence of 

oe) oo x? 

i=| fixydx= | Gai 

The ratio K involves the limit of f(x) as x — oo. In this case, f(x) > 1/x 

as x — oo, so we'll choose g(x) = 1/x, in which case K = 1. But we know 

(Example 1) that Pe dx /x diverges, and so our test tells us that ie Gaps 

diverges also. The nice feature of this test is that you need only the behavior of 

f (x) at large values of x, which is often fairly easy to see. 

eae LS 1s Ae Oh on PGF 1 Brae oye f SEP | 
Example 4: 
Use the ratio comparison test to show that the integral 

ie.) x2 ee) 

I =) ———dx = i@oidas 
Coe 0 

converges. 

SOLUTION: Because f(x) becomes t/x* as x gets large, we choose 

le Use: Because fn da converges, we conclude that / = 

———dx converges. 

seat 

ol 
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Another useful test, which is closely related to the previous test and is based 

on the result in Example 1, is the following: 

If lime x” 7 Cc) =Ke then 
X— 0O 

1. (ee f (x)dx converges if p > 1 and K is finite, and 

2. [> f (x)dx diverges if p < land K £0. 

We shall refer to this test as the p test for Type 1 improper integrals. This test is 

particularly easy to apply. 

lc Tate ag Sage a 2) aie aie SE 
Example 5: 

ae : nec 
Investigate the convergence of i dx. 

i oh ape 

SOLUTION: 

: In x 
lim x - =o 

X— 0O x+a 

Thus, p = 1 and K #0 inthe p test and the integral diverges. 

| 

If f~ | f (x)|dx converges, then [> f (x)dx is said to be absolutely conver- 

gent. If [> | f(x)|dx diverges, but f~ f(x)dx converges, then f° f(x)dx is 

said to be conditionally convergent. If Me f (x)dx is only conditionally conver- 

gent, it converges because of cancellation of positive and negative contributions to 

the integral. Clearly, if an integral is absolutely convergent, then it is convergent. 

An example of an integral that is conditionally convergent is JP (sin x) /[xdx: 

So far we have discussed convergence only for Type | improper integrals, 

those whose limits are infinite. What about Type 2 improper integrals, those that are 

improper because the integrand is unbounded in [ a, b ]? The tests for convergence 

are not very different from the ones above. For simplicity, we'll just state the p 

test for Type 2 improper integrals for the case in which f(x) is unbounded at a, 

but the other cases are essentially the same. Let Jim, —a)? f(x) = K. Then 

b 

il J (x) dx converges if p < | and K is finite 
da 

b 

2. f(x) dx diverges if p > land K 40 
a 
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Lei a wae = eT 
Example 6: 

3 

Investigate the convergence of / a ; 
1 Va —)G—x) 

SOLUTION: This integral is unbounded at both limits, so let’s write it as 

2 dx 
3 

( Sees es =i j= 2 Ca) Ge) 

and work on each one separately. Because 

1 | 
a ea Je 

and 

1 | 
li 3 a= 1/2 ed K —— 1 

Cat Dates io=s a 

both integrals converge. 

Pn re se ee is egg 

1.8 Problems 

co 

1. Evaluate f ee : 
0 x-+1 

2. The square-well potential for the interaction of two spherically symmetric molecules separated by a distance 

r is given by (see Figure 1.56) 

ee) if ZOE 

was GF Zip KZ MG 

0 PS MG 

where o, A, and € are constants that are characteristic of the molecule. The second virial coefficient of imperfect 

gas theory is 

oo 

B= -2n | fe “O/B? _ 1 r7dr 
0 

where kp is the Boltzmann constant and T is the kelvin temperature. Derive an expression for B(7T) for the 

square-well potential. 

u(r) 

0 
Figure 1.56 ' r 
The square-well potential for the 
interaction of two spherically symmetric —& 

o Ao 
molecules. 

Do 
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10. 

UWE 

12. 

13. 

14. 

15. 

16. 

ie 

18. 

19. 

20. 

21. 

22. 

CO 

. Evaluate / 
—(%,2) 

. Evaluate 

| 

. Evaluate / 
0 

m/2 

: Evaluate [ sec xd x. 
0 

. Use the comparison test to show that 
CO 

| 

Cc 

. Use the comparison test to show that / 

CO 

. Use the comparison test to show that / 
1 
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sech xdx. 

dx 

® Vilas 

dx 

{=x 

dx . 
ss Converges. 
x2 =e xl/ 

Je 
oe 

dx 

a 

i dx diverges. 
x 

diverges. 
l+x 

; °° 1+ cos x 
se the comparison test to show that a a 

1 x? +4 
a dx converges. 

c 
CO 

; : x : 
se the ratio comparison test to show that —————dx diverges. 

1 Gt 

€ 
Re x ; re 

se the ratio comparison test to show that me COnVerses: 
cSt? 

9) 
x- +] 

Goal? dx diverges. 

oO 

Use the p test for Type | improper integrals to show that / 
! 

2 Cc 

Use the p test for Type | improper integrals to show that / - converges. 
I el 

CO a 

Use the p test for Type 2 improper integrals to show that i; ie 
A ./(e 2) 4) 

ne 

(x3 = 11/3 

dx converges. 

CO 

Use the p test for Type 2 improper integrals to show that / dx diverges. 
l 

b 

Show that — converges if p < | and diverges if p > 1. 
ge b)e 

co “) ) 

Show that f e * dx converges. 
0 

nae 
sin x 

Show that if dx converges. 
On ee 

oe) 

Determine if if dx converges. 
0 By 

Show that / 
0 

Prove the comparison test for improper integrals of Type 1. 

oo sinh ax 
- dx converges if 0 < a < m and diverges if a > 7. 

sinh 7x 
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Use any CAS to evaluate the integrals in Problems 23 through 27. 

CO e* 

23. | dx 
0 (1+x) 
COmas ea? 

24. / melt 
yee 

[e.2) 

25. / wae 
1 (1+x)- 

io.) 9 >) 

26. / e ** cos bx dx 
0 

ie) 35 hy | ? 9 

OT / et xB /X Jy 

0 

1.9 Uniform Convergence of Integrals 

Integrals that arise in physical applications are often functions of one or more 

parameters. For example, later on we’ll be using Laplace transforms to solve 

differential equations. A Laplace transform is defined as 

F(s) =) ef (t)dt 
0 

where s is a parameter that we can vary and manipulate. 

We can express the general situation as 

Fa) = f FON wes x5 (1) 

When, for instance, can we determine lim F(x) by writing 
x>X0 

CO CO 

lim F(x) = lim / fix, ft ydt =| lim f(%;.t)dt ? (2) 
XX0 X*X0 Jaq a * 7*0 

Or, when can we find the derivative of F(x) by differentiating f(x, ¢) under the 

integral sign, as in 

(@.0% Vee 

ray = | ee a ? (3) 

Since F(x), being an integral, is defined through a limiting process and since the 

derivative of F(x) involves another limiting process, we must wonder just when 

these limiting processes can be interchanged. 

Before we go on, we should mention a nice analogy concerning the inter- 

change of limits that is due to the 20th-century Russian mathematician, Vladimir 

Arnold. Suppose we have a container of water and that there is a hole of radius r 

5D 
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in the bottom of the container. Now consider the limit 

lim {amount of water in the container} 
t>oo0,r>0 

If r — 0 before t — ov, then there will be water left in the container. If, on the 

other hand, t + oo before r > 0, then there will be no water left. This example 

shows that the order in which we take limits is crucial and that obtaining the same 

result upon interchanging them is in no way assured. 

To address the questions illustrated by Equations 2 and 3, we first define the 

notion of the uniform convergence of improper integrals. First, let’s suppose that 

F (x) given by Equation 1 converges for each x in [ x1, x2 ]. In other words, suppose 

that 

ete whenever b> N(e, x) (4) 
b 

Fa) f Piety ds 

where N is a number that depends upon € and x with x; < x < x7. Equation 4 

is the formal way of expressing that F(x) converges for each x in [ x, x2]. Let’s 

suppose, now, that Equation 4 is satisfied for a number N(e) that depends only 

upon € and not upon x. In other words, suppose that 

F(x) - i C8, ale 
a 

<é whenever b>N(e€) and x,<x <x) 

where N (€) is independent of x. In this case, we say that F (x) converges uniformly 

in [ x;, X2]. For example, the integral 

x 

"S i 
Be) = i e'dt=-— f ; 

converges uniformly to 1/x for x > 1 because 

| b 
—— i! edt 
x 0 

and e~? will be < « if we choose N to be In 1/e, independent of x for x > 1. 

On the other hand, the integral 

CO 

Guy = | Xee cat 
0 

converges for x > 0, but does not converge uniformly for x > 0. To see why this 
is So, first note that 

0 C=) 

Go ={4 x>0 

and that 
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—xb ee) 

b 

Gu — | xen ai 
0 

: 0 ea) 

rie 

The integral is uniformly convergent for x > x, > 0 because e~*? < e! < € if 

we choose b > N = 1/x In(1/e). As x; > 0, however, N + oo and so the integral 

is not uniformly convergent for x > 0. 

The following theorems tell us why uniform convergence is so important: 

1. If f (x, t) is continuous fort > a and x, <x <x, and re I (x, t)dt converges 

uniformly to F(x) in| x1, Xz |, then F(x) is continuous in the interval [ x), Xp |. 

This result allows us to write 

(oe) CO 

ine (oo) —s lim / fle. ndr= f lim f(x, t)dt (5) 
0) dhe a * 7x0 X—>XQ 

2. If f(x, t) satisfies the above conditions, then 

Ne F(x)dx = ih | fx, nat] dx = ie He fx, nas] dt (6) 
xy x] a a X| 

In other words, we can interchange the order of integration. 

3. If f(x, t) and df /0x are continuous for t > a and x; <x < Xx, ae yacewaye 

converges to F(x) in [x,, x7 |, and if ee df/dx dt converges uniformly in 

[ x1, x2 |, then 

F'(x) =| af D) 4 

a Ox 

Note that this last result requires more of f(x, ¢) than do the first two theorems. 

as eee 
Example 1: 
Show that 

lim i! xe" dt “|| lim xe “'dt 
0 0 x0 x0 

and explain why. 

SOLUTION: a 

lim / xe “dt = lim 1=1 
0 x0 spe 

and 

[o,2) 

Hl lim xe *'dt =0 
0 x0 

The two limits are not necessarily equal because, as we showed above, the 

integral is not uniformly convergent for x > 0, so we should not expect that 

F (x) will be continuous for x > 0. 

[Ooo 

Su 
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To effectively use the above theorems, we need a simple test for the uniform 

convergence of an integral. Let f(x, t) be continuous for ¢ > a and x; <x < x9. 

Now if you can find a function M(t) continuous for ¢ > a, such that | f(x, ¢)| < 

M(t) for t >a and x, < x < Xp, and if il ae M (t)dt converges, then ibe hoa bhat 

converges uniformly for x, <x < x». This test is known as the Weierstrass M test. 

The proof is fairly easy. Let F(x) = fas i (&, t)dt. Then, 

=| hi LGAENAE (x, t)dt — ie Fie, Ot 
b 

Fi) f f Gs tdt 

ai hee plar< [- M(t)dt 
b 

This last integral goes to zero as b + oo, independent of x, so the theorem is 

proved. 

eam as 6 TP aah 4 ag hc es SAT AG as 
Example 2: 

CO 

Use the Weierstrass M test to show that F(x) = if e *' dt is uniformly 
, 0 

convergent for x > a > 0. 

SOLUTION: If we choose M(t) = e7@* then Leni ens? < ent? 

for t > 0 and x > a. Because oe edt = (1/4a)'/? is finite for a > 0, 

F(x) = Ie ext dt converges uniformly for x >a > 0. 

ee Se By ee eS ee 

Example 3: 
oo D: 

Show that G(x) = / fen dtis uniformly convergent for x > @ > 0. 
0 

SOLUTION: Choose M(t) = t- oe because if Cee?) = pret? Sim 2—-ar? 

for t > O and x > a. Because hawk edt =a 1/2 /4q3/? is finite for a > 0, 

Ee) = lon te —xt? dt converges uniformly for x > a > 0. 

[see a ee ee a ee 

CY he eS Spa | 
Example 4: 
Evaluate F’(x) in Example 2 by differentiating under the integral sign and 

then integrating and compare your result to the one you get by differentiating 

F(x) after first evaluating the integral. 

SOLUTION: Differentiating under the integral sign and then integrating 

gives 
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00 gp—xt? oo 7 1/2 
Pia)= | s ar=— f pe dt = 7 = 

0 ax 0 Ai 

If we evaluate F(x) first, we obtain F(x) = (1 /4x) 1/2, which gives 

JOE) = eax in agreement with the first result. We obtain the 

same result because e~*” and t2e—" are continuous functions of x and 

t and hee Pe dt converges uniformly for x > 0. (See the previous 

Example.) 

PR ere a te pe 

Before we leave this section (and this chapter) we should mention some 

corresponding results for integrals with finite limits. 

1. If f(x, t) is continuous in the rectangle a <t <b, x; <x < Xp, then F(x) = 

ie J (x, t)dt is continuous for x, <x <x». This theorem allows us to write 

b b 

lim Hi ViGe, Ya =| lim f(x, t)dt 36) S38 SI 
a he TON) Xx Xo 

2. Under the conditions of the previous theorem, we have 

xX x b b xX 

/ E@jdx= / if Ge par dx =) | VCs nas| dt 
x} xy a a x] 

3. If f (x, t) and Of (x, t)/0x are continuous in the rectanglea <t <b, x,<x< 

X, then 

ine 

re)= | ee a 

You can easily test these three theorems with F(x) = th e *'dt (Problem 10). 

1.9 Problems 

lo.) 

1. Show that / e *'dt is uniformly convergent for x > a > 0. 
0 

CO 

2. Show that if t"e “‘dt is uniformly convergent for x > a > 0 where n a positive integer. 
0 

CO 

3. We showed that i te *'dt = 1/x is uniformly convergent for x > a@ > 0 in Problem 1. Show that 
0 

CO 

egg 
0 ntl 

CO 

4. Prove that / e *' cost dt converges uniformly (and absolutely) for a < x < b, where 0 <a <b. 
0 
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11. 

12. 

13. 

14. 

iS: 

. Example 2 shows that / 

. Show that / 

0 x 

© ayer 7 WOO a tems a He 
0 Qnt lan a 7 

*COsiax 
5 

xe 
0 

. There is a standard trick to evaluate / 

and notice the result. The answer is (zr aD) e 

[o.@) 

0 

Verify the last three theorems at the end of the section with F(x) = i 

lore) 

0 ji) 
—a*/4 

[e,@) CO a 

; Does | ae = lim / ee a 
9 Il+x2 a0 Jo 1+ x? 

10. 

Show that />° (sin x)/x dx = 1/2 by writing 

CO a [e,2) [e,.@) 

/ a ee i sin x (| ear) dx 
0 x 0 3 0 

and then interchanging orders of integration. 

Show that />° e~** (sin x)/x dx = cot! a by writing 

r 

and interchanging orders of integration. 
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is uniformly convergent for all real values of a. 

. Show that / e °* cos x dx is acontinuous function of a for a > 0. 

| 

0 

ae 1/2 
edt = (=) is uniformly convergent for x > a > 0. Show that 

e * cosax dx. Differentiate with respect to a, integrate by parts, 

e'arand 0 =x = I 

Evaluate the integral in the previous problem by differentiating with respect to a. 

eons Oy 1/2 
Show that I (a, b) =i] ot xb? jx dx = cae 

0 
x = b/az, and then integrating with respect to b. 

CO 

Given that i! e “cosxu du = ; 
0 

2a 

i 
—, show that i 
+ x2 0 

CO 

ue “sinxudu = 

aged by differentiating with respect to b, then letting 

DX 

(1+ x?2)2° 



References 

References 

CALCULUS TEXTS: 

Frank Ayres, Jr., and Elliott Mendelson, 1999, Calculus, 4th ed., Schaum’s Outline Series, 

McGraw-Hill 

R. Courant, 1970, Differential and Integral Calculus, 2nd ed., Interscience, John Wiley 

C.H. Edwards, Jr., and David E. Penney, 1998, Calculus and Analytic Geoemtry, Sth ed., 

Prentice-Hall 

Witold Kosmala, 1999, Advanced Calculus: A Friendly Approach, Prentice-Hall 

Jerrold Marsden and Alan Weinstein, 1985, Calculus I, II, and III, Springer-Verlag 

Richard Silverman, 1989, Essential Calculus, Dover Publications 

Murray Spiegel, 1963, Advanced Calculus, Schaum’s Outline Series, McGraw-Hill 

David Widder, 1989, Advanced Calculus, 2nd ed., Dover Publications 

MATHEMATICAL TABLES: 

CRC Standard Mathematical Tables and Formulae, 30th ed., edited by Daniel Zwillinger, 

CRC Press (1996) 

Tables of Integrals, Series, and Products, 4th ed., 1.S. Gradshteyn and I.M. Ryzhik, 

Academic Press (1980) 

COMPUTER MATHEMATICAL PACKAGES: 

MATHEMATICA, Wolfram Research, Inc., Champaign IL, www.wolfram.com 

MATLAB, The MathWorks, Inc., Natick MA, www.mathworks.com 

MAPLE, Waterloo Maple, Inc., Waterloo ON, www.waterloomaple.com 

MATHCAD, MathSoft, Inc., Cambridge MA, www.mathcad.com 

SOME GENERAL MATHEMATICAL WEBSITES: 

www-history.mcs.st-and.ac.uk (The www- is correct.) 

www.math.ufl.edu/math/math-web 

www.math.upenn.edu/MathSources.html 

GENERAL: 

David Berlinski, 1995, A Tour of the Calculus, Vintage Books 

Eli Maor, 1994, e: The Story of a Number, Princeton University Press 

A HISTORY: 

Carl B. Boyer, 1959, The History of the Calculus and Its Conceptual Development, Dover 

Publications 

61 



Brook Taylor “ Colin Maclaurin 

Brook Taylor (1685-1731), who developed what we now call Taylor series, was born on August 18, 

1685, in Edmonton, England, into a fairly wealthy family. After his education by private tutors, he entered 

Cambridge University in 1703, where he developed his interest in mathematics. During his most productive 

period of 1714 to 1718, he published on a variety of topics, including the famous series named after him. 

Taylor (as were all English mathematicians) was an enthusiastic supporter of Newton during the Newton- 

Leibnitz controversy. In addition to poor health, Taylor suffered a number of personal tragedies. His father 

disapproved of his first wife, and the two men became estranged. After the death of his wife and child in 

childbirth, Taylor returned home and later married Sabetta Sawbridge. She also died in childbirth, but the 

child, a daughter, survived. Taylor inherited his father’s estate; therefore, he had no need for any kind of 

position. Taylor was accomplished in both art and music, and he applied mathematical principles to these 

areas later in his life. He died in London on December 29, 1731. 

Colin Maclaurin (1698-1746), one of the strongest advocates of Newton’s theory of fluxions 

(Newton’s formulation of calculus), was born in February, 1698, in Kilmodan, Scotland, where his father 

was the minister. He entered the University of Glasgow at age 11, where he developed a life-long interest 

in geometry. At age 19, he was appointed Professor of Mathematics at the University of Aberdeen, and 

eight years later he moved to the University of Edinburgh. Maclaurin was an excellent and conscientious 

teacher. Like Taylor, he was an early and staunch advocate of the mathematical ideas of Newton. In 1733, he 

married Anne Stewart and later fathered seven children, In 1742, he published a 763-page work on fluxions, 

in which he first used the special case of Taylor’s series. He was forced to flee Edinburgh in 1745 during a 

political rebellion, thus undermining his health. He died in Edinburgh on June 14, 1746. 



Coll sulaalldeds 

Infinite series play an important role in applied mathematics. The use of infinite 

series is a standard method for solving certain types of ordinary differential equa- 

tions and many of the famous functions of applied mathematics are defined in terms 

of infinite series. Bessel functions and Legendre functions are just two examples. . 

Integrals can often be evaluated by first expanding the integrands in a Taylor se- 

ries and integrating term by term. Also, you may have heard of solving partial dif- 

ferential equations by the method of separation of variables. This frequently used 

method (and one that we shall study in detail in later chapters) uses various types 

of Fourier series, which are infinite series in sines and cosines. 

In Section 1, we discuss infinite sequences and the ideas of convergence and 

divergence. We discuss the convergence and divergence of infinite series in Sec- 

tion 2, and then present a number of tests to determine whether or not an infinite 

series converges. Infinite series whose successive terms have alternating signs are 

called alternating series, the topic of Section 4. In this section, we’ ll learn about the 

difference between an absolutely convergent series and a conditionally convergent 

series. Then, in Section 5, we’ll introduce the important idea of a uniformly con- 

vergent series. Uniformly convergent series have the convenient property that they 

can be manipulated pretty much like polynomials under fairly general conditions. 

The most commonly occuring infinite series 1n physical problems are power series, 

which are of the form De a,(x — c)" where c and the a, are constants. It turns 

n=0 
out that if a power series converges for values of x on [a, b ], then it converges 

uniformly within the interval [ a, b ]. Power series occur frequently because well- 

behaved functions, like those that occur in physical problems, can be expressed 

as power series using Taylor’s formula. We’ll develop Taylor series in Section 7 

and then present a number of applications of Taylor series in Section 8. In the final 

section, we’ll discuss asymptotic series, which are quite different from power se- 

ries in the sense that asymptotic series are useful for large values of x and, in fact, 

become better approximations as x increases. 

Infinite Series 
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Figure 2.1 
An illustration of the convergence of a 

sequence. 

i) Sy 

1.0 | ~ ~~ oc cecssseeaesecesse™ ~~ ~~ 

0.5 |e 

10 20 30 n 

Figure 2.2 
A plot of n/(1 +n) against n for n > 1. 

The limiting value is shown as a dashed 

line. 
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2.1 Infinite Sequences 

An infinite sequence is a function whose domain is the set of positive integers. We 

designate an infinite sequence by 51, 52, 53, ..., where s, is called the nth term, or 

simply by {s,,}. For example, the integers themselves, 1, 2, 3, . . . form an infinite 

sequence, as do their reciprocals, 1, 1/2, 1/3, .... Usually the nth term will be 

given as an explicit function of n, such as I/n or Clans 

Let’s consider the sequence {(1 = 1)} You can see that s, > lasn > ooin 

this case. We say that the limit of an infinite sequence is / if Jim St Laterms 

of € and 6, the sequence s,, converges to the limit / if for any €, however small, 

there is an integer ny such that 

|S, —-2| =e n> No (1) 

Pictorially, Equation | means that if we plot s, against n, then all the points for 

n > No will lie within the band / + € (Figure 2.1). If there is such a value of /, then 

the sequence converges; otherwise, it diverges. For example, {(—1/2)” } converges 

to the limit 0, but {7} diverges because lim n = oo. The sequence {(—1)”} also 

diverges since it does not approach a limit /; instead it oscillates between +1 and 

—1. Thus, a sequence doesn’t necessarily have to be unbounded in order to diverge. 

Nevertheless, every convergent infinite sequence must be bounded. 

We say that a sequence is bounded from above if there is a number c such that 

S, <c for all n, and bounded from below if s, => b for alln. A bounded sequence 

is bounded from above and from below. 

fe ONE Fat azn NESS CT oe se art ie ae 
Example 1: 

Show that the sequence | is bounded from above and from below. 
n+ 

eed 
SOLUTION: The sequence is —, Saye abe LEDMISTOL, thie 

4 

, 5 
sequence are increasing monotonically because 

. 
iO sid ae | n+1 n ps = ls 

n+l (a+1)n+2) ew 
Sn+1— Sn 

The limit 

links; = lim | 
n—> Co n>oo n+ 1 

so the terms are bounded from above by 1. Furthermore, 

so 1/2 is a lower bound. Thus, 1/2 < s, < 1 for all n (Figure 2.2). 

Li a 



2.1 Infinite Sequences 

A sequence is said to be nondecreasing if 5,4, > 8, for all n. It is monoton- 

ically increasing if 8,4, > S, for alln, nonincreasing if 5,4, <5, for all n and 

monotonically decreasing if Sy41 <8, for alln. Clearly, every bounded monotonic 

sequence is convergent. Although every convergent sequence is bounded, the con- 

verse is not true; there are bounded sequences [for example, {(—1)"}] that are not 

convergent. 

You should realize that the convergence or divergence of a sequence is not 

affected by adding or deleting a finite number of terms of the sequence. Conver- 

gence depends upon the large n behavior of the sequence, or on the far “tail” of 

the sequence. The criterion given in Equation | explicitly shows that convergence 

depends only upon the behavior of {s,,} forn > no. 

ay Lh) a eee 2 ae eee nl Pa 
Example 2: 

n 
large n. Determine its limit as n — 00. 

. inal. es 
Determine whether the sequence {= is increasing or decreasing for 

In. f= SOLUTION: Let f(x) =——. Now f/) =—_— 
xX 

eal i OLeaeCESO 
x2 

n 

its limit is zero as n > oo. 

ne ee ee 

] fee Gn 
the sequence aie decreases for n > 3. Using |’ H6pital’s rule, we see that 

2.1 Problems 

3n* —6n +2 _ 
3, 

n2+1 
1. Show that lim 

n— oo 

2. Show that lim 2 = 1) 
n—co 7 = | 

3. Show that lim e!/"=1. 
n—- oo 

COs Nl 
4. Show that lim = (l). 

noo 

5. Show that lim ~*/a =1 fora > 0. 
noo 

n 6. Show that lim Yn =1. 
noo 

7. Show that n!/5” is increasing for n > 5. 

‘i ; moe : 
8. Show that ca — 0 asn-— oo. Can you show that this result generalizes to Tyla 0 as n > oo for any value 

n!\ n! 
of x? 

9. A simple method for showing whether a sequence is increasing or decreasing 1s to use a continuous function 

F (such that f (1) = 5, for 7 = 142, and show that either f’(x) > 0 for x > | (an increasing sequence) 
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10. 

11. 

12. 

13. 

14. 

15. 

Chapter 2 / Infinite Series 

or that f’(x) <0 for x > 1 (a decreasing sequence). Determine if the following sequences are increasing or 

decreasing: 

ees 1 (a) {= | (b) [=| (c) {-=2] (d) {in + 

6n + 2 n n n 

1 A ee ; 
Suppose that s,, is defined by the recursion formula s,,,; = 5 (s, = “). Show that if Jim. Se exdstcathien 

s n 

1= Al, 

The recursion formula F,,,, = F,, + F,_; defines the Fibonacci sequence, where each term is the sum of the 

two preceding terms. The sequence is 1, 1, 2, 3, 5, 8, 13, 21,....The lim F,, does not exist in this case, but 
noo 

; F 
assume that lim —2t! 

n— Oo 

does exist. Show that this limit is equal to (1 + a5) 
n 

Which of the following sequences converge? 
l/n 

Ce aa) n= (2) (c) 5, 
sinh n n 

] : , n! 
Determine lim —. 

n—>oco yn 

II 
“aS 

+ 

So — 4 

= 

a a — io) = 
lI 
aS sa {3s =P ||| —) We 

1 
Use the €-d notation to prove that | = converges to 0. 

n 

: AAS a 
If lim s, =a and lim t, =b, then prove that lim s,t, =ab and lim — = — provided that t, #0 and 

n—>©o n> Co n> co NO f,, b 

b#£0. 
4 

2.2 Convergence and Divergence of Infinite Series 

An infinite series is an expression of the form 

[e,2) 

) Uy, = Uy tug +u3t+::: 

n=l 

The partial sums of this series are 

Sy; =u Sy =u, +uUy $3 =U, +u,+U3 

and the nth partial sum is 

n 

= 2) Uj 

yeu 

If the sequence of partial sums converges, then the series is said to converge, or to 

be convergent. Otherwise, the series diverges, or is divergent. If 

lim S,=S 
n+ Oo 

then S is called the sum of the infinite series. 



2.2 Convergence and Divergence of Infinite Series 

The standard example of an infinite series is the geometric series, whose nth 
partial sum is 

n 

Se Sere Soe 
j=l 

Note that uv, ,; =u,7r. It turns out that it is possible (and easy) to obtain a closed 

form expression for S,. Multiply S,, by r and subtract the result from S,, to get 

S,—1rs,=l—r" 

or 

ere 
Sn = (1) 

l-—r 

It’s easy to see here that 

: 1 
lim Sy = 7 els 
nO 

CS |r| = ll 

Note that S, =n — oo asn — oo ifr = 1 and oscillates between | and Oifr = —1. 

Thus, the geometric series converges if |r| < | and diverges if |r| > 1. Figure 2.3 

shows the partial sums plotted against n for r = 1/2. The geometric series is often 

written as 

rises bape (2) 
Xx 

Note that we start the summation with an n = 0 term in this case. 

Example 1: 
The partition function of a diatomic molecule modeled as a quantum- 

mechanical harmonic oscillator is 

Co 

Fie ye ont a )hv/kgT 

n=0 

where h is the Planck constant, v is the frequency of the oscillator, kp is 

the Boltzmann constant, and T is the kelvin temperature. Express g(7)) in 

closed form. 

—hv/kgT SOLUTION: Factor e~""/*487 from the sum and let r =e il, 

Then, using the geometric series 

lo) 

q(T) = oe hv/2kpT a r” 

n=0 

67 

1S, 
o): Wiis at ee exe eck ct = 

I pee 

5 ies 

Figure 2.3 
A plot of 2[1 — (1/2)"], the partial sums of 

the geometric series for r = 1/2, against 

n. The limiting value is shown as a dashed 

line. 
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e hy /2kpgl 

~ 7 — enhv/ ke 

We can use the geometric series to show that any recurring decimal ex- 

pression must be a rational number. Consider, for example, the decimal a = 

0.0909090909 - - -. We can write a in the form of a geometric series 

CO CO C 

| 9 1 9/100 9 

102” LOO) 00 Fe 00) LOU oe 
n=] n=l i= 

Example 2: 
Show that a = 0.083333 - - - is a rational number. 

SOLUTION: We write a as 

a = 0.0800 - - - + 0.003333 - - - 

(ee) . 8 Ses 
100 2 10"+3 

-3+ = ( | )=z 
S50. TO00L TS 1710/5 12 

It is easy to prove that if two series converge, then their sum and difference 

both converge. In fact, if 

CO 

S= 2 iS and é 

n=| 

I ms 
both converge, then 

e,2) 

Cis ol PAG = C>i,,) 

n=l| 

where c; and c> are constants. Also if }° u, converges, then necessarily u, > 0 
as n — oo. To see this, simply write 

n—| n 

5, = use Randa ay 
j=l j=l 



2.2 Convergence and Divergence of Infinite Series 

OLS 7 = Dy) bul in Se —=.5 and jim S == |S, so 
n> Co n> Oo 

line —- ime (SS, )) === lim 0 = 0 
A> OO nC n> CO 

It is interesting and important to note that the requirement that uv, — 0 as 

n — OOo 1S anecessary condition for convergence, but it is not sufficient. The classic 

example of a series whose nth term goes to zero, but for which the series does not 

converge, is the harmonic series 

Problem 5 leads you through the standard proof that S,, > oo as n — oo. 

As in the case of infinite sequences, the convergence or lack of convergence 

of an infinite series is not affected by the addition or deletion of a finite number 

of terms. For example, if we were to add 100 terms (which add up to c) to the 

beginning of a series, then its partial sums would be S, + c instead of S,,, and the » 
hn? 

sum, S,, of the augmented series would be 

Si= fim (S,--c)=S + ¢ 
n> co 

2.2 Problems 

co 

1 
1. Evaluate the sum of the series S = —. 

(Sy 

Qn ‘ 

[o-e) 

2. Evaluate the sum of the series S = Ss 

| 

3. Show that 0.142 857 142 857- - - is a rational number. 

4. Express the recurring decimal, 0.27272727 - - - as a fraction. 

5. Here is a standard proof that the harmonic series diverges. Show that 

|. 3 2 3 
Soe Soe Se te Sig ae 2 ee aes 5 16 

and so on, and then argue that S,, is unbounded as n — oo. 

CO 

| nad ne 
6. Evaluate the series S = »s rR EaT Hint: Use partial fractions. 

n(n 
n=1 

I 
7. Derive an expression for the nth partial sum of S = ae = = + ---and show that $ = 1/2. 

1Pt ee Ses yy P29 
Hint: Use partial fractions. 

ee 3n 49” 

62 
8. Evaluate the series S = 

n=| 

NI 

69 
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oO 

| : 
9. Evaluate the series § = SS . Hint: Use partial fractions. 

pea n(n + 1)(n + 2) 

eam: : : Lee le mele reas 
10. Find an expression for the general term of the series S = 5 + A ef 3 + G + .---and show that the series 

diverges. 

ee ee ae l 1 | | 
11. Evaluate the series aoe es me 

12. Find all the values of x for which each of the following series converges: 
CO CO 

(a) ox) (3) Se =e 
n=0 n=(0 

= (2x -1\" 7 
c = d ee «© > ( ; ) COS 

n=0, n=(0 
CO 

13. Show that the series YiwWn + 1— /n) diverges even though lim ied Uh 
i 

n=0 

= nm 
14. Does SS sin — converge? 

iil 

Figure 2.4 
A geometric aid to the proof of the integral 

test. 

2.3 Tests for Convergence 
Y 

A series that consists of positive terms only is called a positive series. In this 

section we present several tests for the convergence of positive series. In the next 

section, we will discuss alternating series, which are series whose successive terms 

alternate in sign. The convergence properties of positive series and alternating 

series are somewhat different, so we will treat them separately. 

The integral test compares a positive series to an integral of a positive function 

f(x) such that f(n) > u, for alln > 1. The convergence of the integral will then 

assure the convergence of the series. The advantage of the integral test is that it is 

usually easier to evaluate an integral than it is to sum a series into a closed form. 

Integral Test: Let > u,, be a positive series and let f (x) be a continuous, 

positive, decreasing function such that f(n) =u, forn=1, 2,.... Then, 
CO 

yon Un converges if and only if i f (x)dx converges. 
JI 

The proof of the integral test is illustrated in Figures 2.4a and 2.4b. We see in 

Figure 2.4a that the area under the curve from | to N is less than the total area of 

the rectangles, which is uv; + vu +----+ uy. Thus, we have 

N 

if ff (x)dx <uytun+---+uy=Sy (1) 
| 

If }> u, converges, then the sequence of partial sums will be bounded, and so 

i f(x)dx will converge as N — oo. Conversely, Figure 2.4b shows that 



2.3 Tests for Convergence 

N 

/ f(x)dx > uy +u3+---+uy =Sy — uy 
1 

or 

N 
DN = / f(x)dx + uy (2) 

| 

SO, ib (ei f (x)dx converges, then Sy < f;* f(x)dx + uy and so the sequence 

Sy will be bounded and the series > w,, converges. 

Actually, the integral test doesn’t have to start with the n = | term. It’s the 

“long tail” behavior of a series that determines whether it converges or diverges, 

so we can start with any finite term, say, M, and investigate 

CO 

Ivy =) HT Coes 
M 

We'll usually take M = 1, however. 
oO ; 

Let’s consider the series De —. The function f(x) = 1/x? equals 1/n* when 
Lf am 

n=| 

xX is an integer. Furthermore, f(x) is continuous and monotonically decreasing. 

[ove] fee) b b 
* ONS | 

/ fxydx = | cae Him | ame lim |-> | = 1 
1 lio ace D=xee) Ji, oe b>oo 28 1K 

CO 

so the series ye — converges. Unfortunately, neither the integral test, nor any a 

Now 

7 ; : 
other test, tells us what the sum is equal to; they simply tell us whether the series 

converges or diverges. 

ce a aint eicvwn promirel pom] gore 
Example 1: 
Investigate the convergence of the series 

ae 
Sil 27) = — p) d = 

as a function of p. We shall call S(p) the p series. 

SOLUTION: Take f(x) = 1/x? to be the test function for the integral test. 

wh 



v2 

Ney 

ae Vc acs Aner ae DSS SSS 

90 ae 

apis (ne 
1 10 N 

Figure 2.5 
N 

The partial sums Sy = Sy 1/n4 plotted 

n=! 

against N. The limiting value is shown as 

a dashed line. 

Chapter 2 / Infinite Series 

If p > 1, then ne (b!-P — 1)/(— p) =1/(p — 1), and so the p series 
D— CO 

converges. If p < 1, then jim (b!-P — 1)/(1— p) = 0%, and so the p series 
2—> OO . . 

diverges. We already know that the series diverges for p = 1, the harmonic 

series, but if we didn’t, we would see so anyway because f(x) = I/x in this 

case and 

[e-e) co b 

/ f(x)dx = || gs = lim | In x | OO) 
{ | XG boo 1 

We can use the integral test to determine the error that occurs when we 

approximate the sum of a series by its partial sums. The error Ry incurred by 

using Sj is (Problem 3) 

f(x)dx < Ry <| f(x)dx (3) 
N N+1 

If we sum u,, = 1/n? to ten terms, the error will lie between 

or between 0.00413 and 0.00500. 

Equation 3 can be used to determine how many terms we need to use to achieve 
CO 

] 
a given accuracy. For example, to achieve an accuracy of +0.0002 in De we 

n=1 
[e,2) 

: Inn 
need to take 12 terms. To achieve the same accuracy for > Si WE need to take 

n 
=| 

over 100 000 terms (Problem 5)! We say that the first sum converges much faster 

than the second. In fact, we might say that the first one converges rather quickly 

(see Figure 2.5), and that the second one converges very slowly. Obviously, rapidly 

converging series are more useful than very slowly converging series for numerical 

work. There are, however, a number of numerical methods for accelerating the rate 

of convergence of infinite series. 

The geometric series and the p series are frequently used to test for conver- 

gence of other series by a test called the comparison test. Before we discuss this 

test, we display the geometric series and the p series for reference. 

[o,2) 

; 1 
geometric series : »e x" = —— |x| <1 (4) 

a 
n=0 

CO 

1 converges pl 
Pp series: = ; (5) 

nP diverges en | 
n=! 

The Comparison Test: Let )> u,, and >~ v,, be two positive series with 

Un < Vy, for alln > N. Then ¥° uy converges if )° vp, converges, and \~ vp, 
diverges if )~ u, diverges. 
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(See Problem 14 for an outline of the proof.) 
CO 

Does the series ) 

=] 

1 
converge? Well, Ss and we know that 

Be n+ n+3 
oO (ee) 

1 ; 
2 3 converges (p series with p = 3), and so ye 5 converges. What if 

n? +3 
nl n=l 
the series started with the n = 0 term? We wouldn’t be able to apply the above 

inequality for the n = 0 term. Does this make any difference? All we have to do 
Cc 

f : pe ‘ eee i 
is to write the n = O term explicitly and then consider the series — + a 

iI n +3 
The point is that we can apply the comparison test starting with any term because 

the convergence of an infinite series is determined by the large-n tail of the series, 

so the first finite number of terms has no effect on the convergence or divergence 

of an infinite series. 

a ra aye SRT LI ates Bt er, FSH 
Example 2: 
Examine the convergence of 

SOLUTION: 

i ] 1 
= = toe 70 = | 

nm) noe—Iin—2)-2-342, 27) 

So 

8 

But 

CO 

and so S$ = ye = converges. We’ ll see in Section 7 that S =e — |. 
n 

eth 

(ae ae ee eee ee 

Another useful test for the convergence of a positive series is the 

Limit Comparison Test: /f }~ u,, and )° v, are two positive series such that 
u 

lim — =/ with 0 <1 < 00, then )° u, dnd > v, either both converge or 
Nn 7>owo v 

A 

both diverge. If | =0 and ~ v, converges, then >) u,, converges. If | = 00 

and )~ v, diverges, then >> u, diverges. 

no 
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Let’s use the limit comparison test to test the convergence of >> u, where 

u, =n/(n? + 1). For large n, u, behaves as 1/n, so let’s use v, = I/n in the 

theorem. In this case, 

We know, however, that }~ v, diverges (the harmonic series), so )) uv, diverges as 

well. 

If vu, =n/(n> + 1) instead of n/(n* + 1), then u,, behaves as 1/n? for large n 

and we would choose v, = 1/n7, in which case 

Uy n> 
lim —= lim =] 
nO y, n>oo y34+ | 

But >- v,, converges (the p series with p = 2) and so )> wu, converges. 

The two examples that we have just discussed lead us to another useful test 

(we'll call it the p test). 

p Test: If lim n?u, =1, then >> u, converges if p > 1 (and | is finite, even 
n—oco a 

0), or 2 u, diverges if p < 1andl £0 (but 1 may be infinite). 

4 

Example 3: 
Test the series 

ay nn 
S=)0 3 

n=1 n 

for convergence. 

SOLUTION: We'll multiply In n/n? by n? and see if there is a value of 

p > | that gives us a finite limit. If we choose p = 3/2, for example, we have 

: Inn : Inn 
Mi ieee ae 
n—Co n n—->oo ni/2 

(by l’H6pital’s rule, for instance). Therefore, 

s= yo 
lee) 

n=1 

converges. We chose p = 3/2 for concreteness above, but note that we could 

have chosen any value such that 1 < p <2. 

Lc eg 



2.3 Tests for Convergence 

2.3 Problems 

iz 

10. 

11. 

12. 

13. 

14. 

- CO 

, Inn 
Does the series § = ) — converge? 

n 
n=1 

Inn 
CO 

eeDWOES tne wenesnsi— ) com ence, 

n=l 
n> 

. Derive Equation 3. 

CO 

. How many terms do we need to take to achieve an accuracy of 0.001 for = ae 
n 

n=1 

[e,@) 
1 

- Show that you need 15 terms to achieve an accuracy of +0.0001 for the sum es Tit but that you need more 

n=l 

Inn 
ae 

né 

CO 

than 125 000 terms to achieve the same accuracy for) > 

n=1 

1 
Co 

. Show that the series S = converges. 
oO 

(2n — 1)(2n + 1) 
n= 

. Write out a few terms in the series in the previous problem and show that § = 1/2. This type of series is called 

a telescoping series because most of its terms cancel pairwise. Hint: Use partial fractions. 

(oe) 

n ne 

CO CO 

1 I 1 
. Can we conclude that the series S = Se (+ = ;) diverges because ss san ye Ra diverge? Why 

n 
p= h=1 n=l 

not? 

. Write out a few terms of the series in the previous problem and show that S = 3/2. 

Test each of the following series for convergence: 
CO oO 

= 1 
(a) gape (b) dX m5) (3 

[o,@) co 

1 1 pee d Nien Ee ONE er 
e.8) 

(In n)> 
Does me : converge? 

a 
n=1 

co CO 

1 | 
Does converge? What about —— -? 
d n+ /n 2 dX n+n3/2 

CO 

| 
Does converge? 

aie rere: : 

Prove the comparison test. (Hint: Appeal to the fact that a bounded monotonic series converges.) 

E® 
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2.4 Alternating Series 

An alternating series is an infinite series whose successive terms alternate in sign. 

The general formula for an alternating series is 

CO 

S=)) GIy, = ee (1) 

(=k 

where v,, > 0. We have a very convenient convergence test for alternating series 

that is due to Leibnitz. 

If 0<vUp_41 < VU, and lim v, =0, then S converges. 
nC 

(See Problem 17.) For example, the alternating harmonic series 

CO 

—1)"t! Leva 
ae ) Slncou aad pia a (2) 

converges according to the Leibnitz test. 

Convergent alternating series have a property that allows you to estimate their 

sums easily. If S is the sum of the (alternating) series and Sy is its nth partial sum, 

then the remainder after N terms is Ry = S — Sy. It turns out that |Ry| < vy443 

in other words, the magnitude of the error that occurs from approximating S by 

using just the first V terms is not greater than the magnitude of the first omitted 

term (Problem 18). 

Let’s illustrate this property using the alternating series 

which we show is equal to 1 — e~! in Example 2.7-2. Table 2.1 lists the values of 

Un41, Sy, and | Ry | for N = 1 through 6. Notice that | Ry | < vy4y. 

Table 2.1 

The first six partial sums and remainders for the 

; Soe Es 
series dX . = 1—e !=0.63212. 

N vy+i Sn Ry=S—Sy [Rn l 

1 0.5000 1.0000 (0) 37/8. 0.3679 

2 0.1667 0.5000 +0.1321 0.1321 

3. 0.0417 0.6667 —(0.0345 0.0345 

4 0.0083 0.6250 +0.0071 0.0071 

5 0.0014 0.6333 —0.0012 0.0012 

6 0.0002 0.6319 +0.0002 0.0002 



2.4 Alternating Series 

Let’s see how many terms we should use in the above series to get five-place 

accuracy. We’ll require the first term omitted to be < 5 x 107° in order to assure 

five-place accuracy. Therefore, we choose N = 8 since 1/9! = 2.8 x 107°. If we 

add the first eight terms, we get Sy = 0.632 1181. The correct value to seven places 

is 0.632 1206. 

ee ey fee ae P| 
Example 1: 
How many terms should we use to calculate 

‘Lae eek: (2k +03 

to four-place accuracy? 

SOLUTION: We want the first omitted term to be less than 1 x 1074, 

so we want 1/(2k + 1)? to be less than 10~+, which will be so if k > 10. 

Choosing k = 11 gives S\g = 0.968 993. We’ll learn in Section 3.7 that 

S = 13/32 = 0.968 946 -- -. 

You should be aware that many of the CAS that are available can be used to 

evaluate series such as the one in Example |. For example, the one instruction line 

in Mathematica 

NSun{ (-1)°n/ (2 * n + 1)°3, {n, 0, 100} ] 

evaluates the sum numerically from n = 0 ton = 100 (0.968946). 

Another property of alternating series that is closely related to the fact that 

| Ry | < vy4, is that the value of the series S always lies in the closed interval 

[ Sy, Sy41]. The proof that | Ry | < vy4 1, which we relegated to Problem 17, 

has as a by-product that successive values of Ry have opposite signs (if they 

don’t happen to equal zero). So, if S = Sy + Ry = Sy4,+ Ry41, and Ry = 0 

and Ry; <0, then S > Sy and S < Sy 44, or 

Sy SS 3 Sway (Ry = 0) (3) 

Similarly, if Ry <0 and Ry + = 0, then 

Sy =S> Swat (Ry < 0) (4) 

Either way, we have the result that S lies within the closed interval [ Sy, Sy 4, |: 

Table 2.1 shows that Equations 3 and 4 are satisfied (up to N = 6 at least) and the 

partial sums for Example | are plotted against N in Figure 2.6. The “exact” value 

is 0.968 946 - - - and this value lies between any two consecutive partial sums. 

TYE 

Urs 
1 + 

mw / 32 Feat i ee rata a) ea Ee es ex 

0.94 + 

i LON, 

Figure 2.6 

ere 
The partial sums Sy = 

5 (2k + 1)3 
plotted against V. The enn value is 

shown as a dashed line. Note the scale on 

the vertical axis. 
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The harmonic series diverges, but according to the Leibnitz test, the alternating 

harmonic series converges. A series )~ u,, is called absolutely convergent if ail 

converges. If }* u,, converges, but )> |u,,| does not converge, then the series Saou 

is called conditionally convergent. The alternating harmonic series is an example 

of a conditionally convergent series. Surely, if a series converges absolutely, then 

it converges conditionally. 

Let’s consider the series 

This (alternating) series is convergent because (—1)"/ Inn decreases monotoni- 

cally with increasing n and the nth term goes to zero as n — oo. It is not absolutely 

convergent, however, because 

Inn 

diverges (use the p test with p = 1/2, Problem 8). 

Example 2: 
Test the following series for absolute convergence and conditional 

convergence. 

= co S nit 
ee 5 

hts 
n=1 

SOLUTION: Notice that cos nz = (—1)", so S is an alternating series. 

Since 

the series is absolutely convergent by comparison with a p series with p = 2. 

Thus, S is convergent. 

a eS ee SE | 

We now present several tests for the absolute convergence of a series. Of 

course, these tests can also be used to test for convergence of a positive series. 

The Ratio Test: Let 5° u,, be any series and let 

Un+] 

u 

lim 
n> Co 

n 

Then >° u, converges absolutely if p < \, diverges if p > 1, and the test is 
inconclusive if p = |. 



2.4 Alternating Series 

(See Problem 11.) We’ll use the series 

to illustrate the ratio test. 

nh 

fn |= lim =-=p<1 
pe Ne ean ha n+} as 2 (: alr ~ | n 

so the series converges absolutely. 

How about the series 

CO (yom 

i ———_ 5 
y nz4+1 ( ) 
n=1 

In this case, 

2 li Unt] oa rite 0 

RF OO|" n> |(n+1)?41 

so the ratio test fails us. There is an extension of the ratio test, however, that is 

often useful when p = 1. 

Raabe’s Test: Let 

u 
lim [ (1- weet) \ 1 (6) 

n+ OO Uy 

The series )~ u, converges absolutely ifl > | and either diverges or converges 

conditionally if | < |. As with the simple ratio test, the test tells us nothing if 

ss 

We’ll apply Raabe’s test to the series in Equation 5, where the ratio test failed us. 

Applying Equation 6: 

: ; Qn? +n 
lim |n{1— = lim —WH— =/= 
noo no n2+2n +2 

Therefore, the series in Equation 5 converges absolutely. 

Meets ee ge ee Ss in 
Example 3: 
Investigate the convergence of 

Un+] 

Uy 

CO 

S=) G1" n° 

(n + 1)! 
n=| 

79 
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SOLUTION: The ratio test gives 

(n + 1)? ee D! 

n> (n+ 2)! 
= lina 

N—2OO 

3) 
1 = lim (+) - lim =0 

n— Oo n n>con+2 

so the series is absolutely convergent. 

Lene ee Bol Og Sy a 

Peet Spe ee SS or gee i Si 
Example 4: 
Test the following series for convergence: 

See oe ee 
' a 2"(n + 1)! 

SOLUTION: The ratio test gives 

2 1 ee eel ee eee a 
noo Ue n>oo en -}-2) 

so the ratio test is inconclusive in this case. Raabe’s test gives 

: 2n+1 : 3n 
lim n { | — ——— ] = lim ——— =_ + ] 
noo 2(n + 2) noo 2(n + 2) 2 

Therefore, we see that the series converges absolutely. 

ee eee rn eee eT | 

The above tests for convergence give us sufficient conditions for the absolute 
convergence of a series; in other words, when the conditions are satisfied, the se- 
ries definitely converges absolutely. The tests, however, do not give us necessary 
conditions; that is, there are absolutely convergent series which do not satisfy the 

above conditions. 

Before leaving this section, we point out a somewhat disconcerting property 
of conditionally convergent series that you should keep in mind. Consider the 
alternating harmonic series, which we know is conditionally convergent. Write 
it as 
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and add this to S above to get 

cite ie em ee ora 
Z SS SI a am: Te aa ra 

This last series is actually just a rearrangement of the series for S$, so we are led 

to the absurd result that § = 38 . The message here is that you cannot rearrange 

the terms in a conditionally convergent series without changing its value. In fact, 

if }° u, is conditionally convergent, it is possible to rearrange )~ u, to have any 

sum or to even destroy its convergence. Absolutely convergent series, on the other 

hand, are fairly well behaved in the sense that rearrangement does not alter the 

value of the sum of the series. 

2.4 Problems 

n+l 

1. Construct a table like Table 2.1 for the series § = i iS - 

n=1 

Show that | Ry | < “y+, and that Equations 3 and 4 are satisfied. 

(= a +1 

. (We'll see in Section 3.7 that S = 724/720.) 

2. Construct a table like Table 2.1 for the series S = e 

n=1 

Show that | Ry | < uy 4, and that Equations 3 and 4 are satisfied. 

. (We’ll see in Section 3.7 that S = 27/12.) 

[e,2) 

3. How many terms should we use to have an error of +0.0001 for S = YC Ne ee 

n=1 

eo) (—1)"*! 

4 4. How many terms should we use to have an error of +0.00001 for S = ye ? We’ll see in Section 3.7 

that the exact value of S is 71*+/720. ne 

5. Use any CAS to construct a eve like Figure 2.6 for $ = ye prt ae . How many terms should you take 

to have an error of < 10~4 a= 

6. Use any CAS to construct a figure like Figure 2.6 for S given in Problem 2. 

7. Use any CAS to construct a figure like Figure 2.6 for S given in Problem 4. 

8. Show that Le — Stee: 

i= 3 | 

co 

9. Use the integral test to test the series De 

Ve, 

for convergence. 
nIinn 

(o,@) 

10. Use the integral test to test the series d for convergence. 
n(n n)2 

Uu 

11. In this problem we shall walk through the praot of the ratio test. Assume that fim. ae | =< InChooses 
i Uy 

Un+] 
such that r < t < 1, so that <tifn> N. Now argue that |u,4,;| < [u,,|t* k and appeal to the geometric 

Uy 

series. The proofs for the case r > | and r = | are similar. 

81 
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12. Determine whether the following series are absolutely convergent, conditionally convergent, or divergent: 

(-1)"*'n atl I n+l I 
——___. b St —1 === a vo Oo! Moo gy Sa 

n=l n=1 n=1 

@® Porth @ \ycutwis i=vae OO ED 
p= ell (ah 

n> 

(n? + 2)3/2 
x 2 

13. Investigate the convergence of the series S = (Zain. a 
n- 

n=1 

CO ese SeceOnerl 
14. Test the series § = a lige) for convergence. 

2-4-6---(2n) 
n=1 

15. There is another test for convergence called the Root Test: Letr = lim_ ,/|u,]|. 
noo 

If r < 1, then }> u, converges (absolutely). 
Ifr > 1, then >> wu, diverges. 
If r = 1, then the root test is inconclusive. 

(In applying the root test, it is often helpful to remember that lim ~/n = 1.) Use the root test to discuss the 
noo 

convergence of the series 

[o,@) 

SiC eee =e t2x* 4+ 3x°+--. 

n=1 

CO 

| 
16. Use the root test to see if Sy (= 

n=1 

A 

) converges. 
n 

17. Prove Leibnitz’s alternating series theorem. Hint: First show that S5,, > 0 and that S,, < v,, and then argue — an — 

that lim $5, = S, for example. Then show that lim $>,,) = S also. 
novo n—>co 

18. We'll prove that | Ry| < vy 4, in this problem. First consider the error made in stopping after 2N terms: 

Roy = (Van41 — V2n+42) + (Van43 — Vaw44) + (Vanas — Van46) + °° 

Show that Rj, => 0. Now write 

Ron = Von41 — (Von42 — V2N43) — Vrn44 — Vanes) — (Van+6 — Yon47) — °° 

Show that 0 < Roy < v2x 41, the magnitude of the first omitted term. Using a similar argument, show that the 

error made by stopping after 2N + | terms is —v7y41 < Roy+1 < 0. (Note that Rjy and Rj, have opposite 

signs if they are not equal to zero.) Combine these two results to show |Ry| < vy 44. 

19. Apply the result of the previous problem to the alternating series 

| 
Fag he es Ue Me 

-3-5---(2n —1) 
CO 

| | 
20. Test the series § = SS te 6 Ge — for convergence. 

. . see n nh 

n=1 



2.5 Uniform Convergence 

2.5 Uniform Convergence 

Up to this point, most of the series that we have discussed are series whose terms 

are constants. Now let’s consider series whose terms are functions. For example, 

we might have 
CO 

cos nx sey = n 
n=1 

or 

The definition of convergence of such series follows immediately from our defini- 

tion of convergence for series of constant terms. The series 

CO 

Sas un) 
n=1 

is said to converge to S(x) in[ a, b Jif 

(SO) —s lee for n> Ne, x) (1) 

for all x in [ a, b J. In other words, the sequence of partial sums {S, (x) } converges 

in [ a, b ]. Note that the value of N may depend upon both € and x. If Equation | 

is satisfied, we write 

Oe). HES (x) (2) 
n—->co 

for each value of x. 

TRGROUSAMY snr crs TER heuti— inlet \oy? =i Neel 
Example 1: 
Test the following series for convergence: 

CO (y= 2)8 

SGe) = ———_—_ 
X n(n + 1) 

SOLUTION: We'll use the ratio test: 

| 
eee tai in| py eA uk) [= 1s 2| 

n>Oo| u,(X) no (n + 1)(n + 2) 

Thus, the series converges if |x — 2| < 1, or if 1 <x <3. The series is 
CO 

convergent at both end points since —— is convergent, so we 
de n(n + 1) 

write 1 < x <3. We’ll include the points x = | and x = 3 in the interval of 

convergence. 

SE eee ee 
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n ) \ 

—| 1 

Figure 2.7 
A plot of the function S(x) defined by 

Equation 3. 

Chapter 2 / Infinite Series 

We will show in Example 3 that the series in Example | converges to 

ihe (=) ins —x9 fortsx <3 
x—2 

Now consider the series 

(oe) 9 2 2 

= iS melee = ie ee & ee ae prarnse De eagol qesenat (3) 
j=0 

If x =0, then-S, (>= 0 for all 7 and S@) = lim -S,@) =O001 «40> then 
=> CO) 

1/(1+ x?) < 1, and the sum is a geometric series with 

Ss) =x 

. fee 

Note that lim S(x) = 1, so S(x) has a discontinuity at x = 0 in this case (Fig- 

(Dee. 7). as 

In Example 1, S(x) is a continuous function of x, but the function represented 

by Equation 3 is discontinuous. The terms of both series are continuous, so why 

is S(x) continuous in one case but not in the other? The answer to this question 

lies in the idea of uniform convergence. We say that an infinite series is uniformly 

convergent if ‘ 

|S(x) — S,(x)| < € for n> N(e) (4) 

where N depends upon €, but is independent of x. Let’s look at Equation 3: 

(e,@) 9 
ia S(x) =) ——— (x) a (eno. 

Recall that S(x) = 0 when x = 0 and S(x) = 1+ x? otherwise. Let’s consider the 

case where x 4 0. Then the nth partial sum is 

and 

1 n—1 

sc soo1=|(5) 

Now let’s see if we can satisfy Equation 4. The difference |S(x) — S,(x)| will 
l 

be < € if we choose [ 1/(1 + x5))-12 6 0r N= aM Gl Notice, however, 
In(1 + x?) 

that N becomes unbounded as x — 0, so the series is not uniformly convergent at 

x = 0, the point at which S(x) is discontinuous. 



2.5 Uniform Convergence 

Suppose that lim S,(x) = S(x) uniformly in [ a, b ]. Then, givene > 0, there 

is an N such that if 2 > N, |S(x) — S,(x)| < € for a < x < b. In other words, 

S(x) —e€ < S,(x) < S(x) +€ fora <x <bifn > N. Thus, S,(x) lies within the 

band shown in Figure 2.8. 

The series in Equation 3 does not conform to the picture in Figure 2.8. The 

partial sums of Equation 3 for n = 20 and 100 are plotted in Figure 2.9 along with 

S(x). Note that the discontinuity in S(x) at x = 0 forces the partial sums to reach 

down from the curve | + x* to reach the value $(0) = 0. None of these partial 

sums can lie within a band S(x) + € because of the behavior near the origin. They 

all break off from the parabola $(x) = 1+ x, and hence from the band S(x) + €, 

as x approaches zero. 

What about the series in Example 1, where S(x) is a continuous function for 

1 < x < 3? In order to address this question, we need a useful method to establish 

the uniform convergence of a series. The definition given in Equation 4 is often 

awkward to implement. The following test is much more useful: 

The Weierstrass M Test: If a sequence of constants M,, can be found such 

that 

|u,(x)| < M, 

forx in{a,b |, and M, converges, then )> u,(x) is uniformly and absolutely 

convergent for x in[ a, b }. 

Meera. 3.7 FO 
Example 2: 
Use the Weierstrass M test to show that the series in Example | is uniformly 

convergent. 

1 
SOLUTION: Choose M, = —. Then 

n 

r= ye 

n(n + 1) 

i 
a lSor 23 

By) 

Then )~ M,, is a p series with p = 2 and thus converges. Therefore, the 

series in Example | is uniformly convergent for 1 < x < 3. 

a Oli A el ct ie rene a ds Set 

We’re hinting around that the series S(x) in Example | is a continuous func- 

tion of x because the series is uniformly convergent. Well, it’s true. Uniformly 

convergent series have a number of nice properties, and continuity is one of them. 

1. Jf all the terms in S(x) = De u,(x) are continuous in [ a, b | and 

Die, u,,(x) is uniformly convergent in | a,b ], then S(x) is continuous in 

[ a, b |. In other words, 

85 

iy 

S(x) + € 

Sn (x) 

S(x) -€ 

a b x 

Figure 2.8 
An illustration of uniform convergence. 

Figure 2.9 
The partial sums of Equation 3 for n = 20 

and 100 plotted against x. 
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(oe) 

lim DJ une) =) | dim wna) = Yo un (a) (5) 
n=1 n=1 n=1 

Thus, a uniformly convergent series of continuous functions is a continuous func- 

tion. Not only is S(x) continuous if a uniformly convergent series consists of terms 

that are continuous, but the converse is true; if S(x) is discontinuous, then the series 

is not uniformly convergent. 

Two other useful properties of uniformly convergent series are given in the 

following two theorems: 

[e,e) Co 

2. [fall the terms in S(x) = 3 u,,(x) are continuous in [ a, b \and Dey ACE) 

n=1 =A 

is uniformly convergent in [ a, b |, then 

b 0° b 

i sdx = > | U,(x)dx (6) 

a n=1 

or 

©O b ee b 

il Se Ht) lie = / u,(x)dx (7) 
a ae 

n=1 

In other words, a uniformly continuous series can be integrated term by term. 

(oe) CO 

3: i u,(x) converges to S(x) and all the terms in S(x) = Se U,(x) are 

n=1 n=1 
fee) 

differentiable in | a, b | and Pps ul (x) converges uniformly in (a, b |, then 

n=) 

(oe) 

Me y= 8) (8) 
n=1 

or 

ad ee Si |e ee du, (x) 

dx boa) 7 » dx oO 

In other words, the series can be differentiated term by term. Notice that the 

conditions in 3 are more stringent than those in I and 2. 

era tk mm acta od anita Li cin ok be 
Example 3: 

Start with the geometric series for 1/(1 — x) and integrate twice term by 

term to derive an expression for 

CO n 

Sie ee 
*) De 

n=1 
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Compare this series to the one in Example 1. 

SOLUTION: Start with 

‘ eee Heh 

Integrate both sides of this equation from 0 to x (| x | < 1) to obtain 

?) [o,@) 

-mnd-nerti phy... - | alee<ceal I 

n=1 

Integrate both sides once again 

i l—x l—-x 

-f Inde = f Indu =| tnu —u] 
0 l 1 

x2 x3 x4 

= 0) se (Ul = ge) nih ae es ee 
az |- ag) 3 

CO x” 

— = Si! 

Dare pe 

or 

5) Se (=) ing=*x) le 
Lf 

The series in Example | is expressed in terms of x — 2 rather than x, so 

substitute x — 2 for x in the above expression to get 

3—x = (x — 2)” 
1+ In3—x)=) a ae a | 

x—2 ) 7a 2a + VY) | | 

ee arg 

The great advantage of uniform convergence is that uniformly convergent 

series can be manipulated pretty much like polynomials. The most common series 

in which the terms are functions of x are power series, which are series of the form 

oO 

SGy= > a, te)" (10) 
n=0 

where the a, are constants. We are going to study power series in the next two 

sections, where we shall prove that a// convergent power series are uniformly con- 

vergent, and so we can manipulate power series just as we manipulate polynomials. 
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2.5 Problems 

1: 

10. 

11. 

. We’ll learn in Chapter 12 that the series Y { 

For what values of x do the following series converge? 
CN hp es n eek ip n x (ro) 23 (x + 1) 

a b =spaae ee it) =a (8) a 

. For what values of x do the following series converge? 
CO CO 2 A 

— 1 
(@) yo nk” Sb) OP wa 

n=1 ail 

oo ye 2n 

a defines a Bessel function, which we denote 
nin! 

n=0 

by Jo(x). For what values of x does Jo(x) converge? 

CO 

. Use Equation 4 to show that S(x) = Se x" converges uniformly to 1/(1 — x) for |x| <a <1. 

n=0 

(oe) N 

. We'll prove the Weierstrass M test in this problem. Let S(x) = 2 u,(x) and Sy (x) = Si u,(x). Now show 

n=1 n=1 

that 

[e,@) Co 

| R(x) |=1S0x)-Sw@)1< YO luis D> M, 
n=N+1 ; n=N+1 

4 

and that given an €, however small, there is a number No such that | Ry (x) | <€ if N > No, independent of x. 

. Show that the following series are uniformly convergent: 

ox" Sis 1 
(a) — esi (b x|<o 

Ds n2 | | ) dX aD) Ee ae | | 

n=1 

. The nature of the Weierstrass M test might lead you to believe that if a series converges uniformly, then it is 
2 (= 1)rt1 

absolutely convergent. Show that S(x) = Ss ae 
if AP 28 

n=1 

is uniformly convergent for all x, but only conditionally 

convergent. 

. Prove that if S,,(x) is continuous in [ a, b J, and if S(x) = lim_S,(x) is uniformly convergent in [ a, b ], then 
tO" 

S(x) 1s continuous in [ a, D J. 

(e, 2) 

COS NX 
. Show that f(x) = SS 5 is continuous for all x. 

n=| 

We shall see in Chapter 15 that the series 

4 & (n +1) NV Oe? = ar 
. sin(2n x 

5S) =—— ——_——— = 0 x«=0, 
co » an + | ‘ “ 

n=O) Sl re 27, 

Is the series uniformly convergent? 

CO 

: (ax)" ; / 
First prove that the series y(x) = yy , where —oo < x < 00, converges uniformly for x in any finite 

n! 
n=0 

interval. Then show that y’(x) = ay(x) and integrate to get y(x) =e”. 



2.6 Power Series 

12. Differentiate the geometric series term by term and derive a power series for (1 — x)~7. Justify your steps. 

13. Integrate the series for 1/(1 + x) term by term to obtain a power series for tan~! x. 

Co 

14. Does the series De 

n=1 

COS NX 
5— converge uniformly? 

=) 

15. Consider the series whose partial sums are S,, (x) = nxennX forn > 1 and O < x < 1. Show that 

x x 

/ ( lim S,(u)) du # lim / S,(u) du 
0 noo n—oo 0 

Why are these two expressions not equal to each other? 

16. Can you prove the assertion that you make in the previous problem? Hint: Investigate the behavior of 

| S(x) — S,(x) | at x = 1/./n. 

2.6 Power Series 

An infinite series of the form 

CO 

S(x) = Yo ag (x — c)" = a9 + a(x — 0) +an(x — 0)? ++ (1) 

n=0 

is called a power series in x about the point c. A common special case is the series 

about c = 0 

[o, 2) 

Saye a = ag yx + agx” 

1) 

Let’s apply the ratio test to determine the convergence of S(x) in Equation 1. 

1 ' a(x —c)?* P An+] 
hi Ld Ed Way AKT a ed ie 
n—>0o Bi Oe = Ce aaa 

Gn+1 where / = lim . Therefore, we see that the series converges absolutely for 
n> oo d 

i Che eer and diverges (in the absolute sense) for |x — c| > 1/1 = R. The 

range of x for which the series converges, c — R < x <c + R, is called the interval 

of convergence of the series and R is called its radius of convergence. 

io =ie 3 Se ar cee eee 
Example 1: . 
Find the interval of convergence and the radius of convergence of 

CO n 

S(x) re yy ae 
n=l 
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SOLUTION: 

1) Oe 

(n+ 12r+l 

|x| 
= |x| lim |x| li 5 

noo 

The series converges absolutely if |x| <2 and diverges if |x| > 2. When 

x = 2, we have the harmonic series (divergent) and when x = —2, we have 

the alternating harmonic series (conditionally convergent). Thus, the interval 

of convergence is [ —2, 2 ) and the radius of convergence is R = 2. 

le A ree a Fan See 

The radius of convergence of a power series may equal zero or infinity, in 

which case it converges for only one value of x or for all values of x, respectively. 

An example of the first case is 

CO 

Sa) = Se nlG — 1)” 
n=| 

which converges for only x = 1 (Problem 1) and an example of the second case is 

S(x) =) “ 
(Pall bs 

which converges for every value of x (Problem 1). 

We see then that there are three possible situations for a power series 
oo 

SC SS a, (x — c)", namely 

n=1 

1. It converges for all values of x; or 

2. It converges for values of x in an open interval (c — R, c + R), but not outside 

the closed interval [c — R,c + R ]; or 

3. It converges only for x = c. 

In case I, the interval of convergence is (—oo, 00); in case 2, it is (ce — R, c+ R) 

and possibly one or both of its endpoints; and in case 3, it is only the point x = c. 

The radius of convergence in each case is oo, R, and 0, respectively. 

A central theorem for power series is the following: 

If a power series )° a,(x — c)" converges for x = &, then it converges 
absolutely in the interval |x | <|&| and uniformly in the interval 
|x |< <|& |, where n is some positive number. 

In other words, a power series converges uniformly and absolutely in any interval 
that lies entirely within its interval of convergence. (The proof of this theorem is 
developed in Problem 14.) 

As a direct consequence of the above theorem, we have 



2.6 Power Series 

CO 

Ve if fC) = ss ay(x — c)” converges in the interval (c — R,c + R), then f (x) 
n=0 

is continuous in the interval (c — R,c + R). 
CO 

Ze Ih FE) = as a,(x — c)" converges in the interval (c — R, c + R), then 

n=0 

x ee a, (x — ctl 

/ f@)dx=y 4 
. n=0 poral 

converges in the interval (c — R,c + R). 
[e,e) 

Salieis)) = a,(x — c)" converges in the interval (c — R,c + R), then 

n=0 

CO 

CO De na, (x — Oe 

n=| 

converges in the interval (c — R,c + R). 

For example, the geometric series converges uniformly for |t| < 1. 

1 CO 

— =) Maltrtrt-. fale 

If we integrate both sides of this equation from t = 0 to t = x with | x | < 1, we 

obtain 

es) n 2 3 x x x 
Nik Sy ee fe ee ee Le Kee (2) 

vs n ep 3 
ie 

We wrote —1 <x < 1 here because if we investigate the end points x = +1, 

separately, we see that this series converges for x = —1 (alternating harmonic 

series) and diverges for x = | (harmonic series). We can also differentiate the 

geometric series term by term to obtain 

CO 

Yo nxt) = 14 2x 43x? +--- EM eee | (3) 
n=! 

| — 

a)? 

In this case, no end point is included in the interval of convergence (Problem 13). 

We can also derive a power series expression for tan~! x. Let’s start with the 

standard integral 

ia du = 

=] 8in ~ 

0 1+u? . 

Now expand the integrand as a geometric series to write 

1 
ee ey ea [ied tee 
1+u? 
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and then integrate term by term to get 

tans’ x=x + <i ee: eat he (4) 

Example 
Derive a closed expression for 

CO 

(=a 
n=0 

SOLUTION: We first note that the radius of convergence of this series is 

R= Wsince 

(n+ Dx 

rare nx” 

b n+ I 
=|x| lm |—|=|<x| 

n—>0o n 

Now notice that f(x) is similar to a geometric series, but with n in front of 

x". You can arrive at this form, however, by differentiating x” to get nee 

and then multiplying by x. So if we start with 

] - ‘ 
Fa es eel 

n=0 

and differentiate both sides and then multiply by x, we get 

oe x + 2x? + 3x3 ee pla Ix] <1 (5) a, Z a 

This series is used to calculate the average energy of a quantum-mechanical 

harmonic oscillator (Problem 12). 

ee eee eee eee 

In this section we have derived power series for In(1 — x), (1 — x); and 

tan~! x, all of which were derived from the geometric series. In the next section, 

we shall study Taylor series, which furnishes us with a general method to derive 

power series for any (suitably well-behaved) function. 

2.6 Problems 

CO 

1. Prove that DS n!(x — 1)" converges for only x = 1 and that se — ~ converges for all x. 

n=1 n= ke 

2. Determine the interval of convergence of 
[e.e) 

Be Sy 

®) do a 4D (b) Lo 
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3s 

113 

12. 

13. 

14. 

Determine the interval of convergence of 
ee x2ntl eo (x =e 2)" 

n=1 

. Determine the interval of convergence of 

oe ee. 
| n=1 

. Substitute wu? for x in the geometric series Ss? x” and then integrate from 0 to x to obtain a power series 

n=0 

expansion for tanh7! x. 

m/4 dx 

. Evaluate / to four decimal-place accuracy. 
0 14+x+ 

i ee 
. Show that ————~ = — n(n + 1x"! xe | dk 

(l-x)? 2 Ds ca 
n=0 

1 1 ; ee 2n+1 

So ee jee 
2 l—x 2n + | 

n=0 

oo ont! ee x2n 
. Consider the two power series S(x) = ) (—1)”———— and C(x) = — 1)” ——. Show that 

: SS Fa ea 
S’(x) = C(x) and that C’(x) = —S’(x). Do these results suggest anything to you? Can you show (at least for 

the first few terms) that S2q@) C2(x) = (7 

. Use Equation 4 to calculate the value of z to six decimal places. 

[e.6) 

Evaluate =e n*x"” in closed form. 

n=l 

The energy of a quantum-mechanical harmonic oscillator is given by €, = (n + shy, He ON eA Dee scas 

where h is the Planck constant and v is the fundamental frequency of the oscillator. The average vibrational 

energy of a harmonic oscillator in an ideal gas is given by 

CO 

Evib == él => ger re.) Ss ee ren 

n=0 

where kp is the Boltzmann constant and T is the kelvin temperature. Show that 

rm hv hve hy/ kel 
Evib = 7 os (1 — e—hv/keT) 

Show that the interval of convergence of Equation 3 is | x | < 1. 

In this problem, we’ll prove that a power series converges uniformly and absolutely in any interval that lies 

entirely within its interval of convergence, (c — R, c + R). First show that 

1 
lanes Roc for n>WN 

ae 
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Use this result to show that 

ie.) CO CO 

earl iON) = An 
) la —6) |= ) allke =e || < ) Roel" 

n=N+1 n=N+1 n=N+1 

Why does this series converge absolutely? To prove uniform convergence, use the Weierstrass Mtest and let 

M=\|n—c|"/|R—c|", where|x|<n<R. 

2.7 Taylor Series 

In Section 1.5, we formulated an extension of the mean value theorem, which 

resulted in the expression 

a. 7 

f@)=f@+f'@a-a)+ eis i ak 

(1) 
ee 

(n+1) EG Se OMG ae 

In Equation | we assume that f(x) and its first n derivatives are continuous on 

[ a, x ] and that fT NS) is continuous on (a, x ]. Equation | is known as Taylor’s 

formula with remainder. The remainder term is given by 

R =f) fP@ Fae Ntsc 8) i = (n+ 1)! 

In Equation 2, the notation fOW@ means the function itself; i.e. f(a). If R,(x, &) 

— 0 asn — oo, then 

[e,0) faa 

ios oe (3) 
= k! 

is called the Taylor series or Taylor expansion of f(x) about x =a. If a =0 in 
Equation 3, the series is called the Maclaurin series or Maclaurin expansion of 

F (). 
Let’s consider f(x) = sin x as an example. For f(x) = sin x, all the deriva- 

tives of f(x) are continuous for all values of x. Furthermore, 

(n+l) _ zjn+l 

Og | cam pea 
(n + 1)! (n + 1)! 

because ae ey =| sin €| or |cosé|, both of which are <1. But 
2 n+l 

lie, 2 ae Ik neg eestor Wendieok ae |R,(x, €)| =0. The Maclaurin 
noo (n+ |)! n> OO 
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series for sin x is 

: ie ee 
sin x = sin 0 + (cos 0)x — (sin is — (cos Des ay 

3 x —1)"x 2n+l 
AG? 

EN os ea fae pile a 4 
3! a Ons 

Not only does the series on the right converge for all x, but it is equal to sin x for 

all x. Similarly, the Maclaurin series for cos x is 

1)"x Ron CoO 

BY si 
onsale pees 5 

! Po baie (2n)! ©) 

ites | P xteckmeyh lnlnnsid writes Veo ewcoel 
Example 1: 
Derive the Maclaurin expansion of f(x) =e’. 

SOLUTION: All the derivatives of e* are continuous and equal to e*. The 

remainder formula is 

eb xttl 

(ea) 
Ree &) = 

where & lies between 0 and x. Certainly 0 < e5 < el*!, so R, (x) > Oas 

n — oo for all values of x. Thus, 

(6) 

which converges for all values of x. 

[5 oe el el ee es 

een = fein, ean: )lCC™*C~*~C 
Example 2 
Show that 

ee — = 

n= 

SOLUTION: Start with 

cz oe eo a+ 1,.n 
= Ce ADC et (Ne es We oan AES re Le 

: 8 n! ee n! ee n! 

Let x = | and solve for the summation to get the equation in the statement 

of the Example. 

ho Se ee ee 
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The series 4 through 6 are worth remembering. All mathematical handbooks, such 

as The CRC Standard Mathematical Tables and Formulas, have lists of Taylor 

expansions or Maclaurin expansions of functions. Also, many of the CAS can 

derive Taylor series with a one-line command. For example, the command in 

Mathematica 

Series[ (1 -Exp[ -x°2 ] ) / (x Sin[ x°2+3 x ] ), {x, 0, 5} ] 

gives the Maclaurin expansion of (1 — en) /x sin(x? + 3x) up to fifth order in x: 

lees | _ 10x? 17x23 3073x4 ~—-:12479x5 x 6 
: = = — sr Oa) 

sina + oun eo a De 81 9720 29160 

One of the most useful expansions in applied mathematics is the binomial 

series. Recall that the binomial expansion is 

nA 

{fh n! k 

SS eres reiy 
k=0 

where n is a positive integer. For example 

(x) 1-8 83x" ea? 

and 

(1+x)4=14 4x + 6x? 4+ 4x3 4+ x4 

(see Problem 2). When n is a positive integer, (1 + x)” consists of n + 1 terms, 

starting with x° = | and ending with x”. When n is not an integer, however, the 

expansion of (1 + x)° (@ not an integer) is an infinite series. To derive the binomial 

series, we use 

TG aN) 

f(a) =a +x)! 

f'G@) Sala —)G+x)* 

f™CO) =a(a = 1) Sold (a = pk Dad Be aan 

aoa 

n terms 

Problem 5 has you show that the remainder term R,,(x, €) > 0 for | x | < las 
n — OO, SO we can substitute f™(0) =a(a — 1)--- (a —n + 1) into Equation 3 

with a = 0 to get 

(gs Ie - a(a — l)\(a — 2) 3 

2! 3! 

a(a—l)-:-(@—n+)1) , 
=e ) “ nerd) Ee i een 

n=) . 

(eee eee 



2.7 Taylor Series 

When @ is a positive integer, the binomial series terminates and becomes the 

binomial expansion (Problem 4). To determine the interval of convergence of the 

binomial series, we look at 

ie Un+ (x) mussel Oe Ayalon tin) n! 

MOO! w(x) n—-0o (n+ 1)! a(a—1)---(a—n+ 1)x* 

} (a —n)x 
lim =a Xa 

n>coo| n+] 

Therefore, the binomial series converges absolutely for |x| < 1. The behavior at 

the end points x = +1 depends upon the value of a. 

| 

Example 3: 
Starting with 

x 

sinhtx = | eee 
9 (+u?)!/2 

derive a series expression for sinh™! x. 

SOLUTION: The binomial series with x replaced by u* is (we’ll let 

a = —1/2 later) 

lo. é) 

res a(a—1)---(@—n-+1) », 
Sinica = u 

n= 

Integrating both sides from 0 to x, letting a = —1/2 yields 

CO 

sinh! x = 1+) Ose DENTE I) 2n+1 
n\(2n + 1) 

n=1 

a ane ae i een xd 
ie) 2°4-5 2:4-6-7 

rare Sree ae, 1 Sse ag A Pach aks Let 

We should point out that not all functions have a Maclaurin expansion. For 

example, f(x) = In x has no Maclaurin expansion because none of the derivatives 

of In x exist at x = 0. The function In x does have Taylor expansions about points 

other than x = 0, however. For example, if we expand In x about the point x = 1, 

we obtain (Problem 6) 

GalkGeine 
2 ay 

Inx=(x-1- ao OR 

Before we leave this section, let’s consider the Maclaurin expansion of f (x) = 

1/(1 +x?) 

oF. 
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Figure 2.10 
The function f(x) = 1/(1 + x”) plotted 

against x. 

ty 

RS sp by 

Figure 2.11 
A point z = x + 7y in the complex plane. 

ty 

Figure 2.12 
The region |z| < | in the complex plane. 
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| oe) 

om <= 5 EW anaes [x| | 

x2 
: n=0 

We obtained this expansion in the previous section by replacing u in 1/(1 — u) by 

—x? and then using the geometric series. The above series diverges at the end points 

x = +1, yet 1/(1 + x) seems to be perfectly well-behaved at x = +1 (Figure 2.10). 

Where did this restriction come from? 

In Chapter 4, we’re going to study complex numbers, the complex plane, and 

the behavior of a few functions where we’ ll allow the argument to take on complex 

values. You probably remember, however, that a complex number is of the form 

x + iy, where x and y are real numbers and i* = — 1. We can plot complex numbers 

in a coordinate system where x represents the horizontal axis and y the vertical 

axis. Figure 2.11 shows the point z = x + y plotted in this coordinate system called 

the complex plane. If we vary x and y, z becomes variable and is called a complex 

variable, and we can investigate the behavior of functions of z. In particular, we 

can replace x in f(x) = 1/(1+ x’) by z and write 

| 

lez 
jis 

Hla 4 ete 28-284... ae 

where by | z | we mean the distance of the point (x, y) to the origin of the coordinate 

system, or (x? + y*)!/?. The region corresponding to | z | < lin the complex plane 

is the region within a unit circle centered at the origin (Figure 2.12). Now, if we 

investigate the behavior of f(z) as a function of z within the region | z | < 1, letting 

x and y vary within that region, we see that the denominator of f(z) equals zero 

at z = +i. Thus, the region of convergence of f(z) = 1/(1+ z7) is restricted to 

within the unit circle in the complex plane and even if we consider f(z) only along 

the x-axis, where it equals 1/(1 + x), the values of x are restricted to lie within 

the unit circle. 

Thus, we see that the behavior of a real function f (x) is actually influenced by 

how its corresponding complex function f(z) behaves as z varies in the complex 

plane. The calculus of functions of a complex variable z is an extremely rich 
subject, and one that has many applications in applied mathematics (Chapters 18 
and 19). 
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2.7 Problems 

1. 

2. 

12. 

13: 

14. 

. Find the Maclaurin expansion of xe 

al 

Show that — > Oasn— w forall x. 
n! 

The coefficients of the expansion of (1 + x)” can be arranged in the following form: 

n 

0 | 
! | | 
2 | 2 I 
3 3 3 I 
4 1 4 6 4 | 

Do you see a pattern in going from one row to the next? The triangular arrangement here is called Pascal’s 

triangle. 

N N! x 
. Prove that —_—_—— =2". 

2 EN = 

. Show that the binomial series truncates if @ is an integer. 

. Prove that |R,,| — 0 as n — oo for the binomial series, provided | x | < 1. 

ibys 

. Show that In x = Ie Kees for 0 <x <2. Use this result to show that the alternating harmonic 
n 

gel 

series is equal to In 2. 

. Assuming that Equation 6 is valid for imaginary numbers, show that e'* = cos x +i sin x. 

. Use Equation 6 to calculate the value of e to six decimal places. (Assume initially that e ~ 3.) 

2 ; ' 
~*". (Hint: Do not use Equation 3.) 

. Find the Maclaurin expansion of / 1+ x. 

oO 

. Prove thatif f(x) = Ss d,,(x — c)", then this series is the Taylor series for f(x), even if itis obtained without 

n=0 

using Equation 3, as we did for tan~! x and In(1 — x) in the previous section. (Hint: Derive an expression for 

the a,,.) 

Show that the derivative of Equation 7 gives a(1 + x)*~1. 

Show that 

a(a+l), ata+l)\(@+2) 3 
y 45 31 Xoo (ees) 6 = ae 

ay (-1)"(a +n — 1)!x" 

= iyi =) n\(a — 1)! 

Remember that 0! = 1. (We will discuss'factorials in the next chapter if you are not familiar with them.) 

2-1/2 _ S Qn)! (x) Show that (l= #9)" = - (= ow that (1 — x*) dX (nt? (5) 

99 



100 Chapter 2 / Infinite Series 

15. Show that 

4 6 8 
(a) ee x7 Se Bt elt asin 

x? x4 x6 sin x 
ee ae 

1 x x ee 1 — cos x 

Eee Gu 8) ad male 
co co 

16. Consider two power series S a,x" and Oo b,x". It is straightforward to show that if we denote their product 

n=0 n=0 
fore) 

by y cx", then 

n=0 

Cn = agby ste aybn-| si ayb, 2 Sipe ies ss a,bo 

n 

= DS abn_K 

k=0 

Use this result to show that e!+%2) = e%1e22, 

ea) 9 

17. Show that / e ~ cosax dx = ae ane by expanding cos ax in a Maclaurin series and integrating term 
0 7 

by term. 

18. In this problem, we’ll show that even if all the derivatives of a function exist and are continuous at some point, 

the function still may not have a Taylor expansion about that point. A classic example of this behavior is given 

Dy fC) = ex x £0, and f(x) =0, x = 0 (Figure 2.13). Show that the Maclaurin expansion of e7'/2" ig 

ex’ =0+0+---+0-+ R, and that the remainder is equal to the function itself for all values of n and 

does not vanish, except for x = 0. 

Figure 2.13 

The function f(x) =e~'/*” plotted against x. os | ee 

19. Use any CAS to find the Maclaurin expansion of cos(x sin f) to fifth order in f. 

20. Use any CAS to find the Maclaurin expansion of tanh(x? — x) to fifth order in x. 

21. Use any CAS to find the Taylor series of x* In x about the point x = | to sixth order in (x — 1). 

22. Use any CAS to find the Taylor series of x* sec x about the point x = z to fifth order in (x — z). 
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2.8 Applications of Taylor Series 

Taylor series have numerous applications in practice. For example, suppose we 

want to know if the integral 

sin x 
[zs i} dx 

0 x4 

is finite. The region around x = 0 is problematic because the denominator ap- 

proaches zero. Let’s expand sin x about x = 0 and write / as 

l 3 5 ] 58 BG 
ee cee 
a 57 iS! )as 

1 1 je ze) dp © 

of pele wast [Sax t-. 
Q 38 9 3! Q oy 

All the integrals beyond the first are finite, but the first integral diverges because 

"dx l 
—= [ Inn 68 

0 x 0 

and so / itself diverges. 

We can also use Taylor series to evaluate integrals. The integral 

[o-e) 3 

l= Soa ye (1) 
go e—\] 

occurs in the theory of blackbody radiation. This integral does not appear in 

the CRC Mathematical Tables nor in Gradshteyn and Ryzhik (see the references 

at the end of Chapter 1). We can evaluate it by multiplying the numerator and 

denominator of the integrand by e * and expanding the denominator in powers of 

e* using the geometric series. 

i og" (ry) ax [ee der] n=0 

The series here is uniformly convergent for x > 0 and so we can interchange orders 

of summation and integration to write 

[o,@) 

— % 3 —x(n+1 apres — xe dx = —— | ure “du | Lori h 
= | es = 6 Oe 
dee Si 

The summation here is in most handbooks (see also Section 3.7) and is equal to 

m*/90. Thus, we see that J = 24/15. 
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It turns out that the integral 

2 
Te) =) Cau 

0 

which occurs in the kinetic theory of gases and in many other areas, cannot be 

evaluated in terms of elementary functions. We can obtain a useful power series 

for I(x) by expanding e~“ in a power series in wu and then integrating term by 

term 

x 4 y® ue 

I = aoe ee en ee aie du 
©) | je att 

a > x! x? 

=x -— — 

3 Soe Hae Bi Woah 

or 

ee) 2n+1 i 
(Ge) = ie 2 
(x) ont n\(2n + 1) 2) 

n=0 

This is an alternating series, so the error we incur by truncating is less in magnitude 

than the first term neglected. If we keep four terms to evaluate / (1/2), the error 

will be less than (1/2)9/(9- 4!) =9 x 10~®. We get / (1/2) = 0.46127 compared 
to the accepted “exact” value of 0.46128. 

ee ee ee eee 
Example 1: 

! in x 
Use the Taylor series to evaluate / dx to four-place accuracy. 

0 x 

SOLUTION: 

ie 1 2 4 6 8 sin x Xx x x x 
/ d =i a dx 
@ a 0 3! 3)! 7! 9! 

If we truncate this alternating series after the third term, we have 

an accuracy of 1/(7-7!) =3 x 107. So, if we use just three terms, 

i] dx = 004611 compared to the accepted value of 0.94608. 
0 Xx 

een: eee ee eee 

It is also of interest in the theory of blackbody radiation to know the behavior 

of the integrand in Equation | for small values of x. The integrand is of the form 

0/0 at x = 0, but if we replace e* by 1+ x + “7/2! + ---, we see that 



2.8 Applications of Taylor Series 

re 1 BD) > x 

he aie TE =: ets ae rte MESH 
2! 2 

This is probably a good place to introduce a frequently used notation that is 

very useful when working with power series. We write f(x) = O[g(x)]as x > a 

if f(x)/g(x) is bounded as x > a; in other words, f(x) = O[g(x)] as x > a 

if | f(x)| < M|g(x)| as x — a, where M is a constant. Usually g(x) will be a 

power of x. For example, we write f(x) = 1 — cos x = O(x?) as x > 0 because 

cos x = 1—x2/2!+x4/4!4---asx — 0;andso (1 —cosx)/x? > 1/2.asx > 0. 
We will use this notation in a bookkeeping sense to keep track of powers of x that 

we neglect when truncating series expansions. 

Example 2: 
One statistical-mechanical theory of solutions of strong electrolytes (such as 

an aqueous solution of sodium chloride) gives the energy of the solution as 

x7 +e —x(14+2x)'/7 

ar aa 4nBR? 

where B = 1/kpT, R is the average radius of the positive and negative ions, 

and x =«R, where x is a known parameter. Show that E goes as Kk as 

Kk —> 0. 

SOLUTION: Weneed to write E as a power series in x. Using the binomial 

series 

—(4nBR>)E =x? +x—x(14+ 2x)!” 

2 ax ye 
Seal as f+ _ ce +00") 

2 8 

2 2 oe 4 
=x°-+x-x-x anager) eeu. 

3 

x 4 
=—+ O(x") 

2, 

or 

3 

E=-—— + 0K 
870 

Another example from electrolyte solutions is the following: One theory 

expresses the osmotic pressure of a solution of a strong electrolyte in terms of 

a function o given by 
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x3 
ae ob jits- = 2101+.) | 

1+x 

where once again x = x R. The small-kappa (dilute solution) behavior of o is given 

by 

mt {1+2—-[—x4x?—x3 4x44 O(x°)] 
9 6 

a a |} 
Oy eerie a OAS 
|: ap aye Glarus 

3 4 

=3[£-*+05|=1- x + O(x7) 
Xx 

Note that we keep track of the powers of x in the expansions of 1/(1 + x) and 

In(1+ x) by writing O(x>) to indicate the first power of x neglected in each 

expansion. Without this notation to remind us, it would be easy to make the mistake 

of neglecting some power of x in one term but not the other. This is particularly 

important when a number of lower powers cancel, as they do (the x9, x!, and x? 

powers cancel) in the above two cases. 

Sometimes power series expressions are a little easier to use than I’ Hopital’s 

rule to evaluate indeterminate expressions suchas 0/0. For example, let’s evaluate 

. x —sinx 

aA Se IN os 

using the series expansion for sin x in the previous section and 

ee ORS 
(Bos S238 Se = ap Sa a oo 6 

2 15 

(This expansion may be found in any handbook.) We get 

:-[x-2 +005] : | 
. x —sinx : 

lim. ————— _ = Jim ———=—— 
x>0 x2tanx x0 x(x sr O(x3)] 

onl 
Jib 

Example 3: 
Use Taylor series to evaluate 

lim, BY (al Oe) Ea) 
i) ar 

SOLUTION: First let x = 1/u and look at the limit u > 0. 
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_ (1+3u)/2?-(t+u)/? 3 img ROO = tim © 1+ + 00% - [14 5 + 00%] 
u—0 u u>0 u 2 2 

—al {eal 
u>0 u 

To end this section, we'll use Taylor’s formula to give a simple proof of the 

second-derivative criteria for an extremum. Suppose that a is a critical point so 

that f’(a) = 0. Then Equation 7.1 with n = 1 is 

1 
f(x) -f@= 5 fC = iy 

where a < & < x. If x is close enough to a so that f”(&) has the same sign as 

f(a), then we see that f(x) — f(a) and f’(&) have the same sign. If f”(&) < 0, 

then f(x) < f(a) and f(a) is a maximum, and if f’(E) > 0, then f(x) > f(a) 

and f(a) is a minimum. 

2.8 Problems 

10. 

11. 

2 

L =i 1 

A Does | ok Bae ARC converge? 
0 x 

. Use any CAS to evaluate the integral in the previous problem. 

ih ega==il 
tan © x 

. Does / 5 dx converge? 
0 x 

. What happens when you try to evaluate the integral in the previous problem with a CAS? 

1/2 
. Expand (1 + x*)!/2 in a binomial series and evaluate if (1+ x4)!/"dx to four decimal places. 

0 

. Evaluate the integral in the previous problem using any CAS. 

. The integral 

0 (1—k?2 sin’ 6)1/2 

called a complete elliptic integral of the first kind, arises in a study of a pendulum of arbitrary amplitude 

(Section 3.5). The integral cannot be expressed in terms of elementary functions, but derive the first few terms 

of an expansion of K in powers of k. 

. Use any CAS to do the previous problem. 

] 

. Evaluate / sin /x dx to five-decimal place accuracy. 
0 

Use any CAS to do the previous problem. 

(oe) 
— | 

Evaluate us =F 2 sr eS ef as f= SS : in closed form. 
PARE ee Seay n! 

n= 
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12. 

13. 

14. 

15. 

16. 

We 

18. 

19. 

20. 

21. 

22. 

23. 
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udu 

eeu 

Xx 

Derive a power series for f(x) = i 
0 

Find f (0) for sin /x/,/x. Hint: Do not differentiate the expression ten times. 

Use any CAS to find f’(0) for the previous problem. Do you run into any difficulty? Is f'(O) finite? 

oS Dap) 2 
Show that | e "* COsDxds = eb (4a? by expanding cos bx in a Taylor series about x = 0 and 

ie 

0 2a 
integrating term by term. Use the fact that 

©O pepo. . . Ethic’ = 

| xeteF* dy = 
ieee jae’ Nia 

0 
Qn+lq2n+l 

(Problem 1.9.5). 

[e.e) 

Show that i e “ sinh bx dx = — |b| < a by expanding sinh bx in a Taylor series at x = 0 and 
0 ites 

integrating term by term. 

[o.@) 

1 
We defined a p series in Section 3 by S(p) = )° —_. Show that 

n 
n= 

co ,p—l So 1 | a dx 

(p — 1)! Jo ex —]1 

where for now p= 2, 3, ....(We’ll generalize this formula in the next chapter, where we’ll learn how to 

handle factorials for non-integral values of p.) 

The theory of aqueous solutions of strong electrolytes expresses the free energy of the solution in terms of a 

quantity t defined by 

KR? ee eR) = eRe 
An ogi Be 2 

where R is the average radius of the ions and « is a known parameter. Show that 

3 Sp 3 
t= ee ia) + O[(KR)?] as KR—>O 

Use any CAS to carry out the previous problem to O[(« R)°]. 

2) mw /2 x2 x4 

Show that — / cos(x sint) dt =1—- —+—+0(2°). 
Tw JO 4 64 

Use any CAS to deterine the series expansion in the previous problem through O(x!°). 

Use Taylor series to derive |’ H6pital’s rule. 

For the chemical reaction A + B — C, the concentrations of A and B as a function of time are given by 
1 A(t) Bo 

Kk In 
Ag— Bo AoB(t) 

expression if Ag = Bo. Hint: A(t) = B(t) if Ag = Bo. 

, where Ag and Bg are the initial concentrations and k is a constant. Find the limiting 
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2.9 Asymptotic Expansions 

Taylor series are most useful for small values of (x — c) because the terms usually 

decrease steadily and only a few terms need be used to achieve a predetermined 

accuracy. Frequently, however, we would like to know the behavior of a function 

for large values of x. For example, we might want to know how a system behaves as 

the number of particles increases, or how it behaves at long times as it approaches 

equilibrium. 

For example, the following integral arises in a quantum-mechanical treatment 

of a hydrogen molecule: 

CO es 

Eo = | p dz (1) 

x “ 

and we are often interested in the value of this integral for large values of x. 

Integrate E(x) repeatedly by parts (with “uw” = 1/z” and “dv” = —e “dz) to get 

an expansion in inverse powers of x: 

ae Lied a3) See 

x Nem Ae ie oe ca aes 

Equation | is an identity; there is no approximation yet, but there will be if we 

neglect the integral on the right side. Let’s look at the error involved if we do drop 

it. Since z > x throughout the range of integration, we have 

eg s a fe Mee 
af ee 

15 

2 x? é x 

If x = 5, the error involved is 5.2 x 10->. Thus we can use 

= ! | 
a= — (1 eee =) x>5 (3) 

x Xx x? x3 

to achieve four-decimal accuracy. Equation 3 gives E,(5) = 0.00112 + 0.00005, 

or 0.00110 < E,(5) < 0.00121, compared to the “exact” value of 0.00115. 

It might be tempting to continue the integration by parts in Equation | and 

write 

-x © —])"n! Co srk 1) Ws 

Xx 
n 

n=0 me 

but this series diverges for all x. The ratio test yields 

n+1 

x 

Un+4 (x) 23 hi 
m 

u,(X) = Oo 
lim 
noo 

> 

for any value of x. Nevertheless, we obtained an excellent numerical approxima- 

tion to E)(x) by using the truncated version, Equation 3. 

To see what’s going on here, write Equation 2 more generally as 

LOZ 
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Ly 1 . 2! 3 Cnet 
B@=e"|=-Gta gt > 

ae (4) 
n 

+(—1) mt | amie 

= S,(x) + Ry(*) 

where S,,(x) denotes the sum up through the I/x” term and R,,(x) denotes the in- 

tegral, which represents the sum of the series after the 1/x” term, or the remainder. 

In this case 

and 

eaekea yy n! 
<< >O as x —> oo (5) 

| S,(x) | x™ — xl 4 Qhen-2 4... (-1)" tn — Ix 

for a fixed value of n. The ratio of the error to the terms kept tends to zero as x > 0; 

in other words, the approximation improves as x gets larger. If we divide both sides 

of Equation 4 by S, (x), we see that 

Eee ee ee Reo (6) S,(x) S;,(x) ' 

for a fixed value of n. We express Equation 6 by writing 

wal hh ee! (-)"*!(n — 1)! 
E\@~e* [f- 545-24..." eo | 7 x2 x3 x4 xn 

where the ~ sign means is asymptotic to. 

Generally, we say that 
n fs 

fa~) = (7) 
= 

is an asymptotic expansion of f (x) if for each n 

n The 

nN = eels 
x lat Ge) Be —>0 as xX > 0O (8) 

j=0" 

The term in brackets here is R,,(x), the remainder after 1/x” term. Thus we can 

write Equation 8 as 

lim ate) = So) timex” Re) = 0 (9) 
xX OO 3 — 10,9) 

It is common practice to write 

a 
Oe es (10) 

n 

n=0 
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and to call this the asymptotic series of f (x). We must be alert to the fact, however, 

that you must truncate the series at some value of n. This subject provides a good 

example where we can not interchange the orders of summation and integration 

in Equation 1. 

The asymptotic series of E,(x) is 

: : : : : : nie * 
This series satisfies the requirement of Equation 9, since |R,,(x)| = ee and 

x 
|x" R,,(x)| > 0 as x > ow for each fixed n. It is convenient to rewrite Equation 11 

as 

Reh (x)= feels (12) 
xn 

n=0 

Table 2.2 lists the successive terms and the corresponding successive partial sums 

of xe* E\(x) for x = 5. (See also Figures 2.14 and 2.15.) Notice that the terms first 

decrease to 0.0384 and then increase. This should come as no surprise because 

Equation 11 is a divergent series. 

Since Equation 11 is an alernating series, its actual sum lies between any two 

consecutive partial sums. If we scan down Table 2.2, we see that the tightest pair 

of partial sums is the pair (0.8704, 0.8320), so we expect the “exact” value (which 

is 0.85211) to lie between these values. 

A similar calculation for x = 10 shows that the successive terms decrease 

until n = 10, and then increase after that. The tightest pair of partial sums is 

(0.915 46, 0.915 82), and the “exact” value is 0.915 63. For x = 20, the successive 

terms decrease until n = 20 and give essentially the “exact” value, 0.954 370 91 

(Problem 6). 

It’s possible to estimate the value of n at which the terms in Equation 12 have 

a minimum value. For a fixed value of x, we wish to determine the minimum value 

of n!/x". To do this, first take the logarithm of y = n!/x" to get 

n 

Iny=Inn!—nlnx=) Inj —ninx 

Je 

We can find the minimum of y = n!/x” by finding the minimum of In y because 
n n 

In y is a monotonic function of y. Now, approximate Sy In j by i In z dz and 
! 

j= 
differentiate In y with respect to n as if it were a continuous variable, then set the 

result to zero, yielding 

diny 

dn 
Zinn —inx = 0 

orn © x. This result is in accord with our above calculations for x = 5, 10, and 20. 
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1 + 

ke eee o~ 

5) 10. n 
—{{ 

Figure 2.14 
The successive terms of the asymptotic 

series xe* E,(x) given by Equation 12 for 

x = 5 plotted against n. 

Se 

DO eu ee ie : 

O.S5r 

5 10 n 

Figure 2.15 
The successive partial sums of the 

asymptotic series xe* E)(x) given by 

Equation 12 for x = 5 plotted against n. 
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Table 2.2 

The successive terms and the partial sums 

of 608, Go) for): 

n successive terms partial sum 

0 1.0000 1.0000 

1 —0.2000 0.8000 

2 0.0800 0.8800 

3 —(0.0480 0.8320 

4 0.0384 0.8704 

5 —(0.0384 0.8320 

6 0.0461 0.8781 

7 —0.0645 0.8136 

8 0.1032 0.9168 

y) —0.1858 0.7310 

10 0.3716 1.1026 

11 —0.8175 0.2851 

12 1.9620 2.2471 

13 eo O12 —2.8541 

14 14.2833 _ 11.4290 
‘ 

Sh, aoa tenamean ea 
Example 1: 
Determine the asymptotic behavior of 

CO Cue 

Ex) = [ =—du 
1 u“ 

SOLUTION: First let z = xu to get E>(x) into the form 

oO 4-Z 
E>(x) =| E Brad 

x a HE 

Now integrate by parts repeatedly, always using “du” = e “dz to get 

CO 4-2 
ae "nt | e dz 

a gre 

= Sale) 4b (08) 

Replace z”*! by x”*! in the remainder term and write 

He Ghia ae nie* 
|R,,(x)| <_—— Cede 

antl | es xntl 

and so we see that |x” R,,(x)| + 0 as x — ov, and so Equation 9 is satisfied. 
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Therefore, we can write 

cs (—1)"n! 

E,x«4)~e~* ) Seg : 

n=0! § 

and in particular that 

(Ge 
E5(x) ~ 

x 

ee a eee Os 2 a | 

In the next chapter, we will discuss some functions that are defined by their 

integral expressions. One of them is called the error function, which is a central 

function in statistics and one that occurs in the kinetic theory of gases. An integral 

that is closely related to the error function is 

oS) £4 

Kea) — i e “du 
xe 

The asymptotic formula for /(x) is obtained by repeated integration by parts 

(Problem 1): 

(2 I 3 I CE I 1-3 pt eos) (has) oa) 
I(x) = 5 t= ate te ee el ee 

1 1 nf e* n+l i Fer Cy Ga ae) ies ae 
The corresponding asymptotic series is 

2 
Cae | ees 

(xn) 1 a 5 ipsa 
Me 2x 2x*  22x4 

en Lees I)"(n — 3)(n — 3) ++ G) 
2x = xn 

or 

or) | 3 I 
2 (SECs Gree s eee) 

Qxe* I(x)~ 1+ De - = (14) 

n=! xe 

Figure 2.16 shows the successive partial sums S,,(x) of this series plotted against 

n for x = V8; they are also listed in Table 2.3. 

If we scan down Table 2.3, we see that the tightest pair of partial sums is 

the pair (0.94638, 0.94684), so we expect that the “exact” value of Qxer I (x) lies 

between these values. The “exact value” is 0.94661. 

WW 

Sn 

0.95 [ @ e 

0.94 7. 

3) 10 [525 

Figure 2.16 
The successive partial sums of the 

asymptotic series 2xe* I(x) given by 

Equation 14 for x = V8 plotted against n. 

Note the scale on the vertical axis. 



oe Chapter 2 / Infinite Series 

Table 2.3 

The successive partial sums.of 

2xe* | (x) given by Equation 14 for 

rs 

n n S, 
n 

0 1.00000 10 0.94694 

IP 4093750" 11. -O:946re 

2 0.94922 12 0.94728 

3 0.94556" 13: +0.945i52 

4 0.94716 14 0.948 48 

5 0.94626 15,, 0.943 12 

6 0.94688 16. .0.953.52 

Te O9463895 17, 0.932106 

8 0.94684 18 0.979 00 

9 0.946 34 

The asymptotic series that we have discussed in this section are divergent 

asymptotic series. Not all asymptotic series.‘diverge; some converge for large 

values of x. But, divergent or not, asymptotic series can be used to obtain good 

approximations to functions for large values of x. 

2.9 Problems 

1. Derive Equation 13. 

ee eat (2n)! 
2. Show that f(x) =|! ye : 

f 0 {2 + II i Sesh Sy 

n=0 

See went)! 
3. Show that so = f goer? ee Liss (ei) rman 

n=0 

CO 

4. The following integral arises in a treatment of the radiation emitted from a linear antenna: C (x) = aloes oe 

Derive an asymptotic series for C(x) in terms of f(x) and g(x) as defined in Problems 2 and 3. 

lo) 

. Derive an asymptotic series for / e ““ sin u du by letting z = xu, then by using the Maclaurin expansion 
0 ce i 

of sin(z/x), and then by integrating term by term. Compare your result to i! en” sin d= a 
0 1+x 

. Calculate the successive terms and the first 25 partial sums of Equation 12 for x = 20 and show that the 

successive terms decrease until n = 20 and give the result 0.954 3709. 

. Verify the entries in Table 2.3. 



References 

8. We argued just before Example | that the value of n at which successive terms in Equation 11 have a minimum 

value is approximately equal to x. Table 2.3 shows, however, that this value of n is approximately x? (n = 8 and 

—— J/8) for Equation 14. Argue that this should be the case for Equation 14. Hint: Write (n — s)(n - 3) ves (3) 

(2n — 1)(2n — 3)--- (1) : 
as - and then use the relation {(1)(3) - - - (2n — 3)(2n — 1)} x {2-4-6--+2n}=(2n)!. 

CO 

9. We can derive an asymptotic expansion of F(s) = / f(x)je °*dx for large values of s by integrating by 
0 

parts repeatedly. Show that 

/ >(n) 6° 
FG _ eae a — / BON Ger tds 5 5 gh gttl 0 

Use this result to show that 

Sa 1 1 1 1 oo 
F(s)= i e “cosx dx =- + / Casini dx 

0 > > 0 

Show that the remainder term (the integral on the right) is less than s~® and calculate F (10). Show that 

F(s)=s/A+ s*) and that F'(10) = 0.090 09900 - - -. Compare your results. 

10. Use the method in the previous problem to calculate F(s) = / Sin * dx for s = 10 and estimate the 
0 mG 

error. Given that F(s) = tan~!(1/s), compare your result to the “exact” answer. 

EP 
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Leonhard Euler (1707-1783), one of the most outstanding and certainly most prolific mathematicians 

of all time, was born on April 15, 1707, in Basel, Switzerland. His father was a Protestant minister who 

had studied mathematics with the Bernoullis. Euler entered the University of Basel at age 14 to prepare 

for the ministry, but he soon discovered his talent for mathematics. Although he switched from religious 

studies to mathematics, he remained devout throughout his life. He published many papers on a variety 

of mathematical topics when he was a student. Upon completion of his university studies in 1726, he was 

offered a position at the St. Petersburg Academy of Science in Russia, in part due to the efforts of the 

Bernoulli family. Here he was surrounded by gifted scientists, and Euler was able to study every facet 

of mathematics, both pure and applied. In 1734, he married Katharina Gsell, a local Swiss woman. The 

marriage was long and harmonious, producing 13 children, of whom only 5 survived past infancy. In 1735, 

he suffered from a serious fever, resulting in the loss of most of his vision in his right eye; however, his 

productivity was not hindered. Due to political turmoil in Russia, Euler accepted a position at the Berlin 

Academy of Science in 1741 at the invitation of Frederick the Great. During his 25 years in Berlin, he 

published close to 400 articles, including a popular science book, Letters to a German Princess, his most 

widely read book. Personal differences with Frederick led to his return to St. Petersburg in 1766. In 1771, 

he lost his wife and then the sight in his good eye. In spite of these tragedies, he continued his prodigious 

mathematical output, aided by his two sons and other assistants. He died of a brain hemorrhage on September 

18, 1783. After his death, the Academy at St. Petersburg continued to publish his unpublished but finished 

work for almost 40 years. There is no field of mathematics, both pure and applied, to which Euler did not 

make important contributions. 
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Functions Defined As Integrals 

x 
: ; 5 : —y2 

In applied mathematics, we frequently need to evaluate integrals such as | e "du 
0 

sin u : : ; i: 
or i; du for various values of x, but it turns out that it is not possible to 

0 u 
express either of these integrals in terms of any of the functions that we study in 

calculus. There is no simple function whose derivative is e-* or (sin x)/x. We say 

that the above integrals cannot be expressed in terms of elementary functions, an 

admittedly somewhat vague term. This situation occurs often in applied problems, 

and we use such integrals to define new (non-elementary) functions, which if they 

occur frequently enough, become as well accepted as the “elementary” functions. 

We shall also see in Chapter 12 that differential equations can serve to define new 

functions, such as Bessel functions and Legendre functions. 

In this chapter, we will discuss a number of functions that are defined in one 

way or another through integrals. In the first two sections, we discuss the gamma 

function, and its close relative, the beta function. We’ll see that a gamma function 

generalizes our idea of a factorial, in that it equals a factorial for integer values of 

x, but is defined (and useful) for non-integer values. In Section 3, we discuss the 

error function, a central function of statistics, and one that occurs in a wide variety 

of physical problems. In the next two sections, we discuss the exponential integral 

and then elliptic integrals, and in Section 6, we discuss the Dirac delta function, a 

powerful manipulative tool used in a number of quantum-mechanical problems. In 

the last section, we discuss Bernoulli numbers and Bernoulli polynomials. These 

aren’t really functions defined by integrals, but they are used in dealing with 

summations, which are the discrete versions of integrals. The standard reference 

for the material of this chapter (and much more) is Abramowitz and Stegun. (See 

the references at the end of the chapter.) 

3.1 The Gamma Function 

The expression n!, equal to 1-2 -3---n, occurs when we enumerate permutations 

and combinations of things, such as the number of ways that N molecules can Ts 
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be distributed over n molecular quantum states. In the 1700s, Euler introduced a 

function that yields n! when n is a positive integer, but is well-defined when n isn’t 

a positive integer. The function is called the gamma function and is defined by the 

integral expression 

(oe) 

tee |) Ze. dz x>0 (1) 
0 

Notice that the integrand is a function of x and z and that the resulting integral is a 

function of x. If x is a positive integer greater than or equal to 2, we can integrate 
66,99 

I(x) by parts. Letting e-“dz be “dv” and z*—! be “uw”, we obtain 

(oe) fo 2) CO 

Mea | - ae + (x — 1) if z*2e-dz = (x — 1) / ge dz 
0 0 0 

If we compare the last integral here to T(x) in Equation 1, we see that it is equal 

to (x — 1), so we have 

V(x) =(«* — DIP@ - 1) (2) 

We can now substitute ['(x — 1) = (x — 2)’ (x — 2) and so on into Equation 2 to 

get 

PO) =(@— NG — 2)*-- TO) (3) 

where 

M1) =) e *dz=1 
0 

Therefore, Equation 3 reads 

RG) (Ce 1D Ge = As o> (eater = 1h Se By coe (4) 

Up to this point, Equation 4 is restricted to integer values of x > 2, but we 

can use it to define factorials for other values of x. If we let x = 1 in Equation 4, 

we have I’(1) = 0!. But Equation | is perfectly well-defined for x = 1, and yields 

(1) = 1. Therefore, we can say that 0! = (1) = 1, a relation that you may have 

come across before. The fact that 0! = 1 shouldn’t bother you; the familiar relation 

n!=1-2-3---n is true only for positive integers. 

We can use Equation 4 to define a factorial for non-integers. This extension, 

or generalization, of a factorial turns out to be very convenient in practice. We can 

let x = 1/2 in Equation 4 to write (1/2) = (—1/2)!. Now we can use Equation 1 

to evaluate (1/2). Letting z = Te Equation | becomes 

CO F CO ) 

P(1/2) = il ze 2dz = 2 | e du=J/n 
0 0 
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so that P(1/2) = (—1/2)!= ./m (Problem 10). What about [(3/2) = (1/2)!? 

Simply use Equation 2 to write 

Of: r3/2) = a/2ra/2 = = 

We can continue this process and write (Problem 8) 

1 ee OES ee (ere 1) 
ie (n4 3) = SO raya ed (5) 

for any integer value of n. 

You might be wondering why we would want to consider factorials of numbers 

other than positive integers. The definitions of many functions that occur naturally 

in physical problems involve quantities such as (1/2) and P'(1/3). For example, 

we’ ll study Bessel functions in Chapter 12, and the definition of these functions 

involves gamma functions. The following Example gives another reason. 

Example 1: 
CO Co ae ; 

Evaluate i} xe “* dx in terms of a gamma function (a > 0). 
0 

i aA 
SOLUTION: Let u = ax"; then x = (u/a)'"", dx = yu 3/4du, and 

a 

eee Ea cee del OO aNa 
= ———_——— k= SO _ 

0 ‘ - 4al/2 Jo ul/2 4al/2 A \a 

The definition of (x) given by Equation | restricts x to values greater than 

zero (Problem 9), but we can use Equation 2 in the form 

P(x) = ——— (6) 
me 

to extend our definition of (x) to values of x less than zero. For example, let’s 

use Equation 6 to calculate ['(—1/2). (We’ Il start abandoning the factorial notation 

now.) Equation 6 gives 

Using a combination of Equations | and 6, we can calculate I(x) for all values 

of x, other than 0 and negative integers (see below). 

17 
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Figure 3.1 
The gamma function I’(x) plotted 

against x. 

Chapter 3 / Functions Defined As Integrals 

Example 2: 
Calculate [(—5/2). 

SOLUTION: We use Equation 6: 

r(—3) erie Ma Nees 
ee OS) =| _) (-3) le (-} 2 2 2 

There are some special values of x that we have avoided up to now. According 

to both Equation | (if we let 0 > 0+) and Equation 6, (0) is not defined. 

Furthermore, Equation 6 gives us '(—1) = '(0)/(—1), which is also not defined. 

Figure 3.1 shows I’(x) plotted against x. Notice that ’(x) has a vertical asymptote 

when x is a negative integer. Thus, I(x) is not defined when x = 0 or a negative 

number. The graph of I(x) is given by Equation | for x > 0 and Equation 6 for 

x= 0; 

Example 3: 
Show that lim I(x) = —oo and that 

x—>0- 

Worl (Ge) = an I'(—1 — €) = +00 where € > 0. 
ce x>-I- 

SOLUTION: We use Equation 6: 

: : T(x +1 
lien (Ge) = heen Ber) lim yee 

x>0- x—>0- XG x—>0- x 

Similarly, for € > 0, 

. ne 
ee et A ae ee a 
e>0 <>) ——€ 

Nii ae eo ect i A bs berth oe eal 

The reasoning that we use in Example 3 can be used to verify the behavior of I(x) 

in Figure 3.1 at all the negative integers. 

Using Equation 6, it’s possible to reduce the evaluation of T(x) for any 

(non-negative integral) value of x to the evaluation of (x) for 1 < x < 2. For 

example, (6.13) = 6.13)'6.13) = 6.13)4.13)G.13)@13)0.13)P 1:13) = 

(159.6) (1.13). Therefore, mathematical tables list numerical values of T(x) 

for values of x only between 1.00 and 2.00 (Table 3.1). 
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Table 3.1 

Some values of I(x) for 1 < x <2. 

SE 1.00 1.10 1.20 1.30 1.40 

P(x) 1.00000 0.95135 0.91817 0.89747 0.887 26 

x 1.50 1.60 1.70 1.80 1.90 2.00 

1G) 0.886 23 0.89352 0.90864 0.93138 0.96177 1.00000 

Example 4: 
Use Table 3.1 to determine the value of I'(—0.800). 

SOLUTION: Use Equation 6: 

T0200) SaT1C1-200) 5 yp (0,918 pe 

(—0.800) (—0.800)(0.200) (—0.160) 

PA ditiest Faden siete We eh os 2 ohh no ee est ahs iin. 

There are a couple of useful formulas involving I(x) that we shall present but 

not prove here (see the next section, however). These two formulas are 

I'(—0.800) = 

Lean a) — (7) 
sin 7x 

and 

P(x) = 0 ¥22*—Ipoxyr (x + 5) (8) 

Equation 7 is called the reflection formula and Equation 8 is called the duplication 

formula for the gamma function. We shall use these formulas in later chapters. 

iat ae ko OL Sy ey = Pee eS 
Example 5: 
Use Equation 7 to show that (1/2) = J/z. 

SOLUTION: Letx =1/2 in Equation 7 to obtain r2(1/2) =2/ sin(/2) = 

TOG! G)/2=a/r. 

In many applications of the gamma function (particularly in statistical me- 

chanics), we need values of x! for large values of x (such as the Avogadro constant). 

We can start with Equation | and derive an asymptotic series for P(x + 1) = x1. 

The derivation for the complete expansion is fairly involved, but we can derive the 

most important factors here. Start with 

119 
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Figure 3.2 
The function f(z) = e* !"*~<, which is the 

integrand of Equation 9, plotted against z 

LOL a — 2): 
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aes) =i] Ze “dz (9) 
0 

Figure 3.2 shows the integrand of Equation 9 plotted against z for x = 20. You 

can see that the integrand peaks sharply at x = 20. Generally, the integrand looks 

like a Gaussian curve and peaks sharply about its maximum value, which occurs 

at z = x (Problem 11). This suggests that we write the integrand as an exponential. 

To do this, let z* = e*"* and write 

CO 

ra+n=f eX Nz—Z47 (10) 
0 

Because the integrand peaks sharply at z = x, only values of z near x will contribute 

to the integral. Because exp (x In z — z) is a monotonic function of x In z — z, we 

can work with the simpler x In z — z instead of exp (x In z — z). Let’s expand 

x In z — z about z = x to get (Problem 12) 

oe Eas 3 
pops ee x) sere) x) Jesne xInzg—z=xlInx—-—x— 

2x 3x2 

Because x is large and only terms where z © x are important, we neglect terms in 

z — x)° and higher, giving 

V‘ 2 

Z—X) 
polite Pita eee 

DG 

Substitute this back into (x + 1) to get 

CO 

P(x + 1) ~ | ot Inx—x-(-x)?/2
x 

0 

cInx . ° 2 ~ et ae ee) /2X dz 

0 

Let (z — x)?/2x = u?, so that P(x + 1) becomes 

CO 

T(x an 1) ~ ers) aS 

—(x/2)1/2 

Because x is large and the integrand falls off rapidly about u = 0, we can 

extend the lower limit here to —oo to finally get 

Tie +1) = x! ~ Qax)'/*x*%e-* (11) 

or 

(ee 
Inwilec fn ie ee a) (12) 

Equations 11 and 12 are known as Stirling’s approximation, and are used fre- 
quently in statistical mechanics. Equation 11 is actually the first term of an asymp- 
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totic series for T(x + 1); that’s why we used ~ in Equations 11 and 12. The series 

itself is 

] 1 
hee Dr= x= amxyate (14 Ot Eo +] 13 a) ie ae 12x | 288x2 oS 

Table 3.2 compares Stirling’s approximation, Equation 12, to the exact result for 

n =5, 10, 15, 20, and 50. Even for n = 10, it is in error by only 0.05%. 

Table 3.2 

A numerical evaluation of Stirling’s approximation, Equation 12. 

n Inn! Equation 12 (Inn! — Equation 12)/ Inn! 

5 4.7875 4.7708 S10 

10 15.1044 15.0961 5Socl0rs 

15 27.8993 27.8937 205105: 

20 42.3356 42.3315 9.8 x 107-5 

50 148.4778 148.4761 Lix10= 

3.1. Problems 

[e.2) 

ile Evaluate [ ety 3/2 dy. 
0 

2. Evaluate 3F°(5/4)/2P' (1/4). 
co Loe . 

3. Evaluate if z!/*e-* dz in terms of a gamma function. 
0 

co 
4 ; F 

4, Evaluate / x°e* dx in terms of a gamma function. 
0 

1 
Ss Evaluate f (In x)"dx. 

0 

Eval ef oe . Evalua oe 
Omen cculin (Gly) 

IP 
7. Show that C(x) = a) for —n <x <-—n+l. 

x(x+1)---@+n-1)) 

8. Derive Equation 5. 

9. Show that Equation | diverges as x > 0+. 

i) 2 

10. In this problem we will use a trick to prove that / = / e * dx = ./m /2. First square J and write it as 
0 

ced. £08 nee NK hee 
r =f (es ax [ er ay =|) / e FY dxdy 

0 0 0 0 
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Now convert to plane polar coordinates (x = r cos 0, y =r sin @) and use the fact that dxdy = rdrdé to show 

that 1? = 2/4, or that J = ./7/2. 

11. Show that f(x) = exp (x In z — z) has a maximum at z = x. Hint: Work with x In z — z instead of 

Yo) (OG Ina — 2). 

2 
: p= 

12. Show that the Taylor expansion of f(z) =x In z — z about z = x is equal to x Inx — x — sary 
x 

k= x) 

3x2 

13. Use Table 3.1 to evaluate ['(4.30). 

CO 

IPs 1 
14. Show that the binomial series can be written as (I+ x«)* =1+ De Calas pel, 

=; Tin+)P(a—n+1) 

15. A factorial notation that is sometimes used is n!! = n(n — 2)(n — 4) - - -. Evaluate (a) 10!! and (b) 7!!. 

16. Show that (2n)!! = 2”n! and that (2n + 1)!!=2"P(n + 3/2)/2/?. 

[o,@) 
—y! Oyen . . . 

17. Evaluate / xe * dx, where m and n are positive integers, in terms of a gamma function. 
0 

1/2 S> Qn)! (x\" 
18.) Show that (i =.) — = — ) (1—x) y (=) 

12 
n=0 (n!) 

I 4 
19. Use Equation 7 to show that I (x + ;) IP (5 — n) oe 

2 2 COs NI 

[e.e) 

20. Show that | 
ye Ody =e (x a *) ae 

0 

©° 5 iy; 

21. Show that | e“" cos 2xt dt = (1 /4a)'/*e /@ by expanding cos 2xt in a Maclaurin series and then 
0 

integrating term by term. 

Xx 

22. The logarithm function In x can be defined by the integral In x = i | Show that In ab = Ina + In b and 
a 

that Ina? =bIna. 

3.2 The Beta Function 

In this section we shall discuss another useful function introduced by Euler. It is 

the beta function, defined by 

I 
Bix. y= | eo hea) a dz xe e ess), (1) 

0 

By letting 1 — z =u, we find that B(x, y) = B(y, x) (Problem 1); in other words, 

the beta function is a symmetric function in x and y. 
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It turns out that B(x, y) is related to the gamma function by the relation 

= IGOE@) 
Bios = 

vee D(x + y) 
(2) 

which also shows that B(x, y) = B(y, x). The proof of Equation 2 is outlined in 

Problem 3. 

The integral in Equation | occurs in a variational treatment of the quantum- 

mechanical problem of a particle in a box. In that case, x and y take on the integral 

WENWES WS os so 

eae 
Example 1: 

1 

Evaluate the integral if z*(1 — z)‘dz. 
0 

SOLUTION: We simply use Equation 2 with x = y = Sto get 

1 2 
MSVe~ 4!)° 4.3.2 ] [ #0-o%a- (PO) _ 4y? _ 

0 (10) 9! OS3° 776 -a) 630 

eT 

We could have evaluated the integral in Example 1 by expanding (1 — z)* using 

the binomial formula, but that approach gets tedious pretty quickly. 

The beta function can be transformed into other useful forms by a simple 

change of variable. If we let z = sin? 6 in Equation 1, then (Problem 2) 

m/2 

B(x, yy =2 f (sin 0)**—!(cos 0)'d@ Ss O< x, O<y (3) 
0 

Letting t = z/(1 — z) in Equation 1 gives (Problem 4) 

ie) tr} 

B(x, = eh (4) 

ae | (+1) 

If we let x + y = 1, Equation 4 becomes (after using Equation 2 above and 

Equation 7 of the previous section) 

[o-) tr! 1 

Bax.1-x)= f di— Ge) Gk) i — OR <ecn-celum(©)) 
o Iit+t sin 7X 

(We’ll evaluate this integral another way in Chapter 19.) 

Equations 3 through 5 can be used to evaluate a host of integrals. These are 

best illustrated by examples. 

123 
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ty 

Ora 

Figure 3.3 
The function y(@) = cos® @ is symmetric 

about 6 = 77/2. 

n/2 T° x 
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a 
Example 2: 

1 / 
Evaluate / 

0 

SOLUTION: Lettan x = sin x/cos x and use Equation 3 with 2x — 1= 1/3 

and 2y — 1=—1/3: 

2 
(tan x) Pax. 

Uy EH) ROVE) oa 
pal Rd dala els RB oH NHL) 5 Pa) 5 (2/3) 01/3) 

ee eee eee 

m/2 

‘| (sin 6)'/3(cos 6)—/346 = 
0 

eee, Le Saas Se ae 
Example 3: 

2 
Evaluate w(4 — u-)*!*du. 

0 

SOLUTION: First let u2 = 4z, so that (4 — u”)3/? = 8(1 — z)?/?, 
“w= 8z3/2, and du = dz/z'/?. Then 

?) 1 

/ u>(4 — u*)*/*du = 64 [rza-2'a2 
0 0 

— 64h QEG/2) _ 256 
- (9/2) 35 

er cg oe 

ara en ae 
Example 4: 

IU; 

Evaluate | cos® 6 dé. 
0 

SOLUTION: We could use Equation 3 if the limits were 0 to 2/2. Note, 

however, that cos® @ is symmetric about 6 = 2/2 (Figure 3.3), so that 

(pia! RS Now we use Equation 3 to write 

514 m/2 

/ cos 9 do =2 [ Cio eDh ee 
0 0 2 T(4) 16 

ee ee Pere wees en bet 

ae ae 
Example 5: 

CO 

Evaluate i) ae ‘ 
oO lteué 
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SOLUTION: Let z =u", du = dz/4z>/*, and write 

fe du _ 1 23/4 
PE eee 

Jo 1+ut a PZ 

paw. 4 at 

~ Asin(/4) 23/2 

We used Equation 5 to evaluate the last integral. 

ee eee 

3.2 Problems 

i 

10. 

iT 

12. 

13; 

Show that B(x, y) = B(y, x). 

. Derive Equation 3. 

. (This problem involves polar coordinates.) You can derive Equation 2 in the following way. Start with 

Gp) = ie z™—le-Zdz and let z = x2. Do the same for ['(n). Now form '(m)I'(n) as a double integral, 

transform to polar coordinates, and use Equation 3. 

. Derive Equation 4. 

21 

2 Evaluate [ cos® 6dé. 
0 

| 

; Evaluate f Ju(1 —u) du. 
0 

] 1 2/3 

; Evaluate f (1- *) Ose. 
0 x 

5 

; Evaluate [ uv 8—udu. 
0 

oo elu 

. Evaluate / 01 
Seo le 

Evaluate ip cs valua —_—.. 
0 v a® — x6 

m/2 

Evaluate / sin'/3 26 dé. 
0 

Compute the area bounded by the curve x2/3 4 y?/3 = |. Hint: Plot this expression first. 

We shall derive the duplication formula for the gamma function (Equation 1.8) in this problem. First use 

Equation 3 to write 

P(x + 5)0(5) 
20 (x + 1) 

125 
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mw /2 

Now consider the integral /5 = / sin** 2u du. Use the relation sin 2u = 2 sin u cos u to show that 
0 

Pix + 4dr + 4) 
a q2x—! 

2 r(2x +1) 

Now let 2u = z in Jy and show that /5 = /,. Finally equate the expressions for J, and Jy above to get 

Figure 3.4 
The error function erf (x) plotted against 

Xe 

POyean 922" “Tore 
2 

3.3. The Error Function 

One of the most commonly occurring and important integrals that cannot be ex- 

pressed in terms of elementary functions is of the form (i edu. This type of 

integral occurs so frequently that the function of x that it defines is a standard 

function of applied mathematics. We define the error function by the integral 

alee) 
erf (x) val e oe | CO aCe) (1) 

Even though we cannot express erf (x) in terms of simpler functions, it is a 

perfectly well-defined function of x and can be evaluated by numerical integration. 

Almost any mathematical handbook will have tables of erf(x) and any CAS will 

have the error function as a standard function. 

The 2/.,/z factor in Equation | is chosen so that erf(oo) = 1. Furthermore, 

it’s easy to show that (Problem 1) 

erf(—x) = — erf(x) (2) 

so that erf(—oo) = —1. Figure 3.4 shows erf(x) plotted against x and Table 3.3 

lists erf(x) for a few (positive) values of x. 

Table 3.3 

Values of erf(x) for a few positive values 

Olere 

x erf (x) 3% erf (x) 

0.00 0.00000 1.20 0.91031 

0.20 0.22270 1.40 0.95228 

0.40 0.42839 1.60 0.97635 

0.60 0.60386 1.80 0.98909 

0.80 0.74210 2.00 0.99532 

1.00 0.84270 



3.3. The Error Function 

eee OEM rb es 8 ese T ae l 
Example 1: 

The error function plays an important role in the kinetic theory of gases. The 

fraction of molecules that have a component (x, y, or z) of velocity between 

v and v + dv is given by 

1/2 
f(v)dv= ( be ) ene’ /2keT ay InkyT 

where m is the mass of a molecule, T is the kelvin temperature, and 

kg is the Boltzmann constant. Calculate the fraction of molecules with 

—(2kpT /m)'/? < v < (2kpT/m)!/? = Vo. 

SOLUTION: The fraction is given by 

es] i F@oidu=2 ; fv) du 
= 0 U0 

because the integrand is an even function of v. Now let u = (m/2kpT)!/?v 

to write 

2 ‘a =e 
F = — e “ du =erf(1) = 0.842 70 

Vx Jo 

Thus, about 84% of the molecules have a magnitude of a component of 

velocity that is less than (2kp7/m)!/?. 

|e nasal acne come ee Ren cn 

Suppose we want to calculate the fraction of molecules in a gas whose x- 

component of velocity is greater in magnitude than vp (perhaps to determine the 

fraction of particularly energetic molecules). We would calculate the following 

(see Figute.3.5); 

=U9 CO m 1/2 [e,2) 2 ; 

Fe] f(v)du+ fu) dv=2( ) / eee gy 
—OO V0 2kpl |ug| 

fig, = (2kgT/m)'/*, as in Example 1, then 

a0 tipoon ails 
E= —| en au 

Ja Si 

which is a special case of 

Pei eD wep 
F(x) = — / Crna 

Vm Jy 

Equation 1 says that F(x) = 1 — erf(x). Although F(x) = 1 — erf(x), this integral 

occurs frequently enough that it is used to define the complementary error function, 

ines), 

1h 

=f 

iz 

aA) 

Figure 3.5 

Vo OS 

The shaded area represents the fraction of 

molecules in a gas with an x-component 

of the velocity that exceeds some value vp 

in magnitude. 
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—2 -| 1 2X. 

Figure 3.6 
The complementary error function erfc(x) 

plotted against x. 

Co 

= 

Figure 3.7 
The initial concentration profile c(x) = 0 

for x <0 and c(x) = cp for x > 0 ina long 

cylindrical tube. 

Figure 3.8 
The concentration profiles in a long 

cylindrical tube, where the initial 

concentration profile was c(x) = 0 for 

x <0 and c(x) = cp for x > 0. 

Chapter 3 / Functions Defined As Integrals 

erfe(x) = let) = = | on du (3) 

Note that erfc(—oo) = 2, erfc(0) = 1, and erfc(oo) = 0. (See Figure 3.6.) 

The error function also occurs when we solve certain differential equations. 

In Chapter 17, for example, we’ll learn how to solve the diffusion equation, which 

describes how a substance diffuses through a solution. Suppose we have a long 

narrow cylindrical tube (—oo < x < oo) and we prepare the solution initially such 

that the concentration of diffusing species, c(x), is (see Figure 3.7) 

sore) 
Exe) = t 

Comex 0 
I S 

We expect that as time evolves, the concentration profile will smooth out and 

eventually become uniform, as shown in Figure 3.8. When we solve this problem 

in Chapter 17, the concentration profile will be given by 

cnt = 2 | t+ ert =) (4) 

where D is the diffusion constant, which characterizes how rapidly the substance 

diffuses. Note that when t = 0, en = = oe oo) = —1 when x < 0 and 

erf (co) = +1 when x > 0, so that 

0). xire.0) 

Chie Keon) 
Gen) | 

in agreement with the given initial conditions. Also, as t + 00, erf (x /2D.,/1) — 0, 

so that c(x, t) > a uniform concentration of co/2 along the entire tube. For 

intermediate values of t, Equation 4 gives the concentration profiles shown in 

Figure 3.8. 

The error function, or very closely related functions, plays a prominent role 

in statistics. The Gaussian distribution or normal distribution 

| : 2 
iE ee Oe 100 <% < 00 (5) 

A Dane (Or 

describes the distribution of errors in many types of experimental observations 

(Chapter 22). In Equation 5, jz is the mean, or the average, of the observations and 

o is the standard deviation of the observations. In other words, 

cel xf Coax (6) 

and 

oS A (x — pw)? f (x) dx (7) 

(Problem 5). 
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Equation 5 is the famous bell-shaped curve of statistics, and is plotted in 

Figure 3.9. Two important features of the curves in Figure 3.9 are that the curves 

are centered at x = jz and that the widths of the curves are controlled by the value 

of o; the smaller o is, the narrower and more highly peaked the curves are. 

Equation 5 is used to predict the chance that an experimental observation will 

lie within a certain interval about x = jz. For example, we might want to know the 

chance that an observation will lie within one standard deviation of 1; this is given 

by 

U+o 

! =|) f(x) dx 
LL =O; 

Let (x — p)/(V/2 o) =u to write 

1\'/2 piv2 4\¥2 pllv2 _, 
ie (=) / BOA es (=) / edu 

=D) Tv 0 

= erf (1/2) = 0.683 

If you’ve had an introduction to statistics, you might remember that the corre- 

sponding values for an observation being within two or three standard deviations 

of the mean are 95.5% and 99.7%, respectively (Problem 6). 

A word of caution: The functions tabulated in most statistics sources are not 

erf (x), as we have defined it in Equation |. The function usually tabulated is 

@(x) = way (8) 
| / . 

oo e 
/ 20 —0O 

which is related to the error function by (Problem 7) 

| 
(x) = S[1 + erf(x/V2)] x>0 (9) 

The error function has a useful Maclaurin expansion for small values of x and 

an asymptotic expansion for large values of x. The Maclaurin expansion of erf (x) 

is (Problem 9) 

o) 2 (iyi 

if = 10 
te xf I. » n\(2n + 1) te 

and we showed in Section 2.9 (in slightly different notation) that the asymptotic 

series of erfc (x) is 

2 
Ce so P1385 ° 2 On = 1) 

erfc(x) ~ Tx [ + (-) ae (11) 
n=1 

29 

Figure 3.9 
The Gaussian distribution, Equation 5, 

plotted against x for 0 = 1.0, 0.10, and 

0.050. 
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[aay TE, See wl aig Oe CON eemia pal re, SR 
Example 2: 
Use Equation 10 to evaluate erf(1/2) to four-place accuracy. 

SOLUTION: Equation 10 is an alternating series, so the truncation error 

will be less than the magnitude of the first term dropped. We want four-place 

accuracy, SO we set 

CHP 

n\(2n + 1) 
Oa: 

This will be so for n = 4, so we have 

ww £ [1-4 50) -2() Be ee at eae OR APN? 

= 0.52049 - -- 

The “exact” value to five places is 0.52050. 

ae ee en Wr ee 
Po 

A number of definite integrals can be expressed in terms of the error function 

or its related functions. For example (see Problems 11 through 14), 

OO —at dt 1/2 2 

Ue ere sciaetes 0 AE= 

and 

.o 1/2 
Ah eau +2burc) 7, ps (=) o(b?—ac)/a erte( >.) 

0 4a Ja 

3.3 Problems 

1. Prove that erf(—x) = — erf(x). 

oe 
2. Determine the value ot | © ile, 

0 

3. Referring to Example 1, show that Prob {—v,9 < v, < U,o} = erf[(m/2kpT)!/7v,0]. 

4. The probability that the x-component of the velocity of a gas molecule exceeds a value of v,¢ is given by 

m 1/2 eo) : 

PROD) [OS \|Oqi| |b = (5 ) 2 | em, / Akal gy 

2mkpT ’ i 
0 

Show that this probability is given by erfc(ug), where ug = (m/2kpT)!/7v,0. 

5. Verify Equations 6 and 7. 



3.3. The Error Function 

6. 

12: 

13. 

14. 

[ey 

16. 

17. 

Using Equation 5, show that the chance that an experimental observation will lie within two standard deviations 

from the mean is 95.5%. 

. Derive Equation 9. 

. The kinetic theory of gases provides the following formula for the probability that the speed of a gas molecule 

exceeds a value cp: 

m Bin 7-0 ) 
Prob {c = co} —4z7 ( ) / cee 2st gc 

2kpT co 

where c = (v2 F v; es ?)!/2 & 0 is the speed of the molecule. Show that 

7 1/2 5 les ; 1/2 
Prob {c > co} ead BOE, ( ue ) Gye eee “ ie erfc ( hs ) CO 

if TE 2kpl 2 2kpl 

. Derive the first few terms of the Maclaurin series for erf (x). 

10. Use Equation 10 to calculate erf (1) to three-place accuracy. The “exact” value is 0.84270 to five places. 

e. 2 w\ 2 op [ 
. Show that [ @ ET EBETO) I — (=) gr a erfe(—7), 

0 4a Ja 

og Tat ye es 

Show that re (=) e™ erfc(./ax). 
0 Vt+x2 a 

Show that the AEE dt e™ erfc(./ax) G é 

24x) Sx 
6S) xs 1/2 

Show that she = di = = pees = (=) and use this result to show that 
tel wit 2 

aS 9 a x 9 | IT Wie 
COSEiaC sin x-dx = — | — 

0 0 2 ND 

| OO ome! 

aa Aah NE 
e) “ 2) 

Show that | ett 14 gy — V2 6% erfc(a). 
0 

Hint: Substitute —— dt into the first integrals and exchange orders of integration. 

at enw ene 9 
Show that / 5-du = =497 orto (x)yq exis .0: 

oF u~ X 

Two functions that are closely related to the error function are the Fresnel sine integral and the Fresnel cosine 

integral (in the notation of Abramowitz and Stegun): 

x 2 

Hole || sin (=) du (12) 
0 pe 

x mu 
(CX) =i] cos (2) du (13) 

0 2 

and 

pale 



t2 

18. 

19. 

20. 
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Figure 3.10 
The Fresnel sine integral, S(x), defined by 

Equation 12 (solid) and the Fresnel cosine 

integral, C(x), defined by Equation 13 

(dashed) plotted against x. 

Figure 3.10 shows S(x) and C(x) plotted against x. As the names might imply, these integrals arise in the 

study of the diffraction of radiation. Show that 

(ED /2)" ant 
C=) Onida-ey 

n=0 

and 
CO = jhe 2 2n+1 

SG ae aes 
oo (2n + 1)'(4n + 3) 

oe) Be 1/2 

Starting with e ¢* dx = —., leta = (1—i)/2'/* and separate the result into real and imaginary parts 
a 0 2a 

to verify the integrals in Problem 14. 

= 2 1 2 
Differentiate / (a, b) = e ™ cos au du = (=) e “ /* with respect to a and then integrate with 

0 
respect to b from b to oo to show that 

co (—bu? .: | e atau = © ert ( a ) 

0 u 2 2b!/2 

The complementary error function also occurs in the quantum-mechanical discussion of a harmonic oscillator. 

Recall that a harmonic oscillator can be used as a model for the oscillatory behavior of two masses connected 

by a spring (a model of a diatomic molecule). If the relaxed length of the spring is /, then the two masses 

oscillate sinusoidally about / and the potential energy of the system is given by V(x) = mle — 1)”, where 

k is the force constant of the spring. Show that the maximum displacement of the two masses is given 
1/2 

Pa : 
DY nae =) , where E is the total energy. The quantity x,,,, 18 called the classically-allowed 

amplitude. One of the many strange results of quantum mechanics is that there is a nonzero probability that 

the displacement of the oscillator will exceed its classically-allowed amplitude, even though it doesn’t have 

sufficient energy. For a quantum-mechanical harmonic oscillator in its lowest energy state, this probability is 

given by 

O\o" fe 
Prob = 2 { — if eds 

A a-}/2 

where a@ is a constant that is characteristic of the oscillator. Show that this probability is given by 

Prob = erfc(1) = 1 — erf(1) = 0.15730. Thus, we see that there is almost a 16% chance that the displacement 

will exceed its classically-allowed amplitude. 
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3.4 The Exponential Integral 

Another type of integral that occurs fairly often in physical problems has the 
general form 

CO =XZ 

or = ig $e aes Otel es Onl RE (1) 
1 

In particular, E) arises in a quantum-mechanical treatment of the electronic energy 

levels of a hydrogen molecule. Figure 3.11 shows graphs of E,,(x) plotted against 

x for various values of n. 

Some special values of E,,(x) are 

1 

n— 
E,(0) = i, 

while E,(0) and E,(0) diverge at x = 0. In fact, 

e ar 

Eo(x) = (2) 

so it diverges as 1/x as x —> 0. 

We can derive a recurrence relation between E,,, ;(x) and E,,(x) (Problem 1) 

| ; 
Ee ax) = Tee =x E (x) (3) 

by integrating Equation | by parts. We can also derive the relation 

dE eG (4) 
dx 

by differentiating with respect to x under the integral sign in Equation | (Problem 

1B 

Some authors call E(x) the exponential integral and others call the closely 

related integral 

ge 
Ex) = f —du SU (5) 

Se eonue 

the exponential integral. Figure 3.12 shows Ei(x) plotted against x. Note that 

Ei(x) > —oo as x — 0 and > o as x — o. Both E(x) and Ei(x) are well 

tabulated and are built into most CAS. The two functions are related to each other, 

but we must wait until the next chapter, when we study complex numbers, to see 

what the relationship is. 

The series expansion of £,(x) introduces us to a fundamental numerical 

constant called Euler’s constant. If we denote this constant by y, then 

CO 

E\(x)=—-y —Inx— 5° 

| 

(= 1)"x" 

nn! 
je (0) (6) 

133 

| 
So Nn Ss So & 

Figure 3.11 
The functions E,, (x) defined by Equation | 

plotted against x. 

Figure 3.12 
The function Ei (x) defined by Equation 5 

plotted against x. 
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5 000 10000 27 

Figure 3.13 
n 

1 
The function — —In n plotted against ES plotted ag 
n. The limiting value is equal to Euler’s 

constant. 
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where 
n 1 

= |i —— = 0:577 215 7 y sm, (4 nn] 0.5 (7) 

The limit in Equation 7 is of the indeterminate form oo — oo, but the limit does 

exist. Figure 3.13 shows the right side of Equation 7 plotted against n. Note that 

Equation 7 suggests that the harmonic series diverges as In n. The series expansion 

of Ei(x) is somewhat similar to that of E\(x): 

yet 

Ei(x)=y+inx+) > (8) 
nn! 

n=1 

Note that E,(x) is almost equal to —Ei(—x), except for the In x term. We say 

“almost” because In(—x) is undefined for positive values of x, so the “almost” 

relation is meaningless for positive values of x. We'll see in the next chapter, 

however, that we can give a meaning to In(—.x) if we allow x to take on complex 

values. 

In Section 2.9, we showed that the asymptotic series for E,(x) (in different 

notation) is 

ee OT INTO Ah 

E\(x)~£ >: ee] ) 
‘ x x 

n=\ 

This large x behavior can be seen in Figure 3.11. The asymptotic expansion for 

E,, (x) is (Problem 4) 

ear n  nin+i n(in+1n+2 fate coed aor est 
We x x x 

A number of definite integrals can be expressed in terms of E,(x) and Ei(x). 

Phe 1.  < ao eee abel a ts cet ee 
Example 1: 

E, (x) ~ (10) 

Show that 

*roo ett 

/ at= ce" E, (ab) 
0 b+t 

SOLUTION: Letb+t=vu and write 

CO at CO 4—al 

/ = die a ae 
0 bt b u 

Then let u = bz to obtain 

: OO p-au 5 oo eb 

al —du =e" i dz =e" E,(ab) 
b u l Zz 

ieee oe Se ee 
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f Spiess |) Se anor 
Example 2: 
Show that 

SOLUTION: 

oO .-—at —bt co pat co (—bt 
e = P é e 

/ ———— dt = lim i dt — / dt 
10) t x0 x t ge t 

= lim [Ey(ax) — E\(bx)} 

Now use the series expansion for E(x) given by Equation 6 to write 

na Eax) = Ey (bx))|= ban In(ax) + In(bx) + O(x)] 

= In — 
a 

Pe es Soot era here ~ ts Se wen Pm sted oes Oe td og | 

Two other integrals that are usually discussed together with the exponential 

integral [either E(x) or E;(x)] are the sine integral and the cosine integral, defined 

by 
a: 

si = | aa “du B= © (11) 
0 u 

and 

CO 

cits) = - f EE id CO (12) 
x Uu 

The graphs of these two functions are shown in Figure 3.14. 

The series expansions of Si(x) and Ci(x) are (Problem 5) 

Sic) = (<1)?'x44 (13) 

1 = fa 

aH! (2n + 1)(2n + 1)! 

ee (—1)"x?" 

Ci = ] — 14 i(x)=y+t+ DO DE aay, (14) 

n=) 

(=e eee el ae 
Example 3: 
Show that 

as 
lim Si(x) = i} Saal pps 
OO) 0 p) 

135 

Figure 3.14 
The sine integral, Si (x) (solid), defined 

by Equation 11, and the cosine integral, 

Ci(x) (dashed), defined by Equation 12, 

plotted against x. 
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1 ae = ; ; : 
SOLUTION: Let —-= fl e “dz and interchange orders of integration 

Uu 0 
to get 

3.4 Problems 

10. 

11. 

12. 

13. 

. Show that / 

. Derive Equations 3 and 4. (See also Problem 11.) 

. Figure 3.11 suggests that E,,(x) > E,44(x). Prove it. 

Co) tt 

. Show that Ei(x) can also be written as Ei(x) = — / = Gli, 
t 5 

. Derive an asymptotic expansion of E,, (x). ; ' 

. Derive the series expansion of Si(x), Equation 13. 

(oe) , x i cat 

. Given that lim / e *Inx dx =—y, show that / . dti=y -alnx-- Ei): 
€ 0 jf Ee—> 

ia ~ eb |] 
. Given that lim / e * Inx dx = —y, show that il dt = Ei(x) -—Inx —-y. 

€ 0 Tt «> 0 

wee * cos — 1 
. Given that lim e ~ Inx dx = —y, show that ——__——_ dil — C1 (4) — nee 

€ 0 u e—> 

CO ] > 

e Cilt di ———_ nee a). 
0 2a 

The following integral occurs in the theory of the conductance of solutions of strong electrolytes: 

CO kh 

all S dr eee Ne 
R 

rn-l 

where R is the average radius of the ions and « (> 0) is a known parameter. First show that S,, is a function of 
Kak 

only « R. Now show that S)(k R) = 2 z 
K 

and Sj(k R) = E,(2kR). 

Justify differentiating under the integral sign in Equation | to derive Equation 4. 

e>0 

CO 

Another expression for Euler’s constant is y = — lim / e “In x dx. Use a CAS to show that y = 0.5772 
€ 

to four places. 

CO 
1 

Show that i e “Ey(x) dx = — In(1+a). 
0 a 
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pes CO CO 

14. To derive Equation 6, you need to use the relation / Oe lita il dx + Ine. Verify this relation. 
€ € x 

15. Use the relation in the previous problem to derive Equation 6. 

3.5 Elliptic Integrals 

We'll start this section with a discussion of a physical problem that leads naturally 

to an elliptic integral. Consider a pendulum consisting of a mass m attached to the 

end of a rigid, massless rod that is suspended from a fixed point (Figure 3.15). 

Assuming that the oscillatory motion of the mass takes place in a single plane, the 

kinetic energy is given by 

2, 2 2) 
| d l dé 

2 dt 2) dt 

where s is the distance along the arc, / is the length of the rod, and @ is the angle 

that the rod makes with the vertical. The potential energy of the mass is mg times 
Figure 3.15 

; ; A ‘ eh The geometry of the pendulum discussed 
its height above its vertical position, or in Equations 1 through 6. 

V(6) =mg(l —1 cos 0) = mgl(1 — cos @) (2) 

The total energy of the mass is € = K + V, or 

a) 2 

mi" ($) +mgl(1—cos @) = € (3) 
Ps dt 

We can determine € from an initial condition, such as when the mass is started 

from rest at 9 = %, so that d0/dt = 0 at that time. The initial total energy €p is 

Ey = mgl(1 — cos 8) 

The energy is conserved (Problem 2), so € = Ep in Equation 3, and we have 

9) 2 

“ (F) + mgl(1 — cos 8) = mgl(1 — cos 6) 

at any time, or 

1/2 
- x (2) (cos @ — cos Op) !/? (4) 

t 

The mass will oscillate from 6) to —9) and back to 4 repeatedly, and one-half of 

the period of oscillation is the time that it takes to go from 4 to —Gp (or from —4 

to 4). If we solve Equation 4 for dt and integrate from —4p to %, then we have 
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that t/2, one-half the period of oscillation, is given by 

t -( l Iie iy dO 
Pe ~@ (cos @ — cos 9)!/2 

or 

ey ie dé op iL. de & 
a = SS SO —— 

g 6) (cos @ — cos 69)!/2 2 0 (cos @ —cos 6)!/2 

where in the last step we have used the fact that the integrand is an even function 

of 0 because cos(—@) = cos(@). 

Equation 5 is a little awkward to use numerically in general because of the 

singularity at 9 = Op. Itis customary (and very convenient) to transform the integral 

in Equation 5 so that Equation 5 becomes (Problem 4) 

] 1/2 px /2 a 

t=4 (<) i — (6) 
g 0 (—k? sin’ u)!/2 

with k = sin(6)/2). 

We can investigate Equation 5 for small values of 6, where the pendulum 

undergoes harmonic motion. If 4 is small enough [and consequently k = sin(@)/2) 

is also small enough] that we can neglect k? sin? uv in the denominator, then to = 

2n(I/g)'/*, the period of a simple harmonic pendulum. Otherwise, t represents 

the period of a pendulum of arbitrary amplitude. 

The integral in Equation 6 cannot be evaluated in terms of elementary func- 

tions (unless k = 0) and is called a complete elliptic integral of the first kind. It is 

usually written as 

K()= O<k<1 (7) 
m/2 

i pest AO sadipers 
0 V1—k2 sin? 6 

The “complete” in the name implies that the upper limit is 7/2. If the upper limit 

is arbitrary, then we have an incomplete elliptic integral of the first kind: 

. 6 
Fk.o)= f = eee (8) 

0 1 — k2 sin* 

As you may have guessed from the name, there are also complete and incom- 

plete elliptic integrals of the second kind, namely 

/2 

B= B= | 1 — k2 sin? 6 do eat ace | (9) 
0 

and 

$ 
Ek.) = | Vl—k*sin®?@d0 O<k<1 (10) 

0 



3.5 Elliptic Integrals 

All these elliptic integrals are well tabulated and Figures 3.16 and 3.17 show K (k) 

and E(k) plotted against k. Some special values of K (k) and E(k) are (Problem 5) 

KO =F; K() =00; EO) =; B=] (11) 

(277 GET ee Tee ee 
Example 1: 

Evaluate F(0, 6), E(O, 6), FC, @), and E(1, ¢). 

SOLUTION: Equations 8 and 10, with k = 0 and k = 1, yield 

Q 
Fo.6)= [ dd=6¢ 

0 

p 

£0.6)= | dd=$ 
0 

? dé 
ra.e)= [ 

Q cosé@ 

= In(sec g + tan ¢) 

) 
= In(sec 6 + tan 0)| 

0 

0) 
E10) = | cos0 dé =sing 

0 

Note that we obtain Equations 11 if @ = 7/2. 

ne YA oe ee 

Returning to the pendulum problem that we used to introduce this section, we 

see that the ratio of the period t, given by Equation 6, to the period of a simple 

harmonic pendulum, ty = 27 (I/g)!/7, is given by 

CES (12) 
TO Iv 

where k = sin (6)/2). Equation 12 is plotted against 4) in Figure 3.18, showing 

the deviation from simple harmonic motion as 6p increases. 

We can derive series expansions of the elliptic integrals by using the binomial 

series in each case to expand in powers of k*. For example, 

Me | 1-3 325 Di ed, ek 4 CLAS) 729-9) 
Kiy= | ao (145 sin CASES sin UG paras sin a+] 

Using 

2 1/2 Boe nse =a 
/ sinz” pee tales Sena) (=) i ede 
0 2:4-6---(Qn) 2 
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kK 

Pal 

TT 

p) 

0.5 Ook 

Figure 3.16 
The complete elliptic integral of the first 

kind, K (k), defined by Equation 7, plotted 

against k. 

= 9] s 

L ! o~ 

0.5 1.0 k 

Figure 3.17 
The complete elliptic integral of the 

second kind, E(k), defined by Equation 9, 

plotted against k. 

Figure 3.18 
The ratio of the periods of a general 

oscillator and a harmonic oscillator plotted 

against 9, the initial angle in Figure 3.15. 
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ty 

[(Ax)* + (Ay)?]!? 

Ax 

Figure 3.19 
The geometry associated with the 

calculation of arc length. 

ty 

Figure 3.20 
An ellipse with the major axis along the y 

axis. 
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we have 

1 mS ie Coe 
= = ee eee KOE 13 K(k) E|1+(3) k (5 + ate (13) 

Similarly, (Problem 8) 

2 2 714 2 7.6 
1 1 7 te 3a a ( 37 *) k 

E(k) =—|1—(-) &-—{—]) —-(—m ] —-+:::}] 4 
© | (5) ce) 3 2-4-6 5 

The elliptic integral of the second kind arises naturally when we calculate the 

length of the arcs of certain curves. Figure 3.19 shows the geometry associated 

with the calculation of the length of the arc of a curve. If the two ends of the arc 

are given by x = x, and x = x9, then /, the length of the arc, is given by 

al : oe || dx)? + (dy)? (15) 
=X] c=X] 

If x and y are given parametrically by x = x(t) and y = y(t), then Equation 15 

becomes 

pS | YE(OP + btwory2at 
(16) 

ty 

or, if y is given as a function of x, we can use the differential form dy = f'(x)dx 

to write Equation 15 as 

i= [+ ts eoP "ax (17) 

Let’s use these equations to calculate the arc lengths of some curves. For 

example, let’s use Equation 16 to calculate the circumference of a circle. The 

equation of a circle of radius a, x* + y* =a’, can be expressed parametrically 

by the two equations, x = a cos 6 and y =a sin 0, where 0 < 6 < 27. Substitute 

these relations into Equation 16 with t = @ to get 

20 

l= i (a? sin* 6 + a? cos” 6)'/*d@ =2na 
0 

That was easy. Now let’s calculate the circumference of an ellipse. 

a ae eae 
Example 2: 
An ellipse can be described by the parametric equations x = a cos 6 and 

y =bsin@ for 0 < @ < 27. (Figure 3.20 shows an ellipse for the case in 

which b > a.) Calculate the circumference of the ellipse. 



3.5 Elliptic Integrals 

SOLUTION: Using Equation 16 with t = 6, 

20 

l= / (a? sin 6 + b* cos? 6]!/"do 
0 

fhia 

=)| [b? — (67 — a”) sin” 6]'/2d0 
0 

F 1/2 
21 Re, 

=i 1 (” a ) sa dé ; 2 

This integral would be of the form of Equation 9 if the upper limit were z /2 

instead of 277. We can get an upper limit of 2/2 by either calculating 1/4 of 

the circumference (0 < 6 < 7/2) and then multiplying by 4, or by realizing 

that the areas in the intervals (0, 2/2), (7/2, 1), (a, 30/2), and (37/2, 270) 

are the same. (See Figure 3.21.) Either way, we get 

1=4bE (ve? = /b) = 4bE(e) 

where e = Vb? — a? /b is the eccentricity of the ellipse. Note that / = 27rb 

ide—4D 

eae SEI ON oO ee ee le 

Suppose that a > b in Example 2. In that case, we have 

m/2 DD 1/2 

L= 4b ee Be (18) 
0 b? 

This integral is not of the form of Equation 9, but we can transform it into the form 

of Equation 9 by first using the relation sin? 9 = | — cos” @ to get 

m/2 2 Dee 2 1/2 

1=ab | F (¢ ie ) cos? ] d6 (19) 
0 b2 be 

To transform cos? @ to sin* 6, simply let 6 = 1/2 — @ [because cos(> — o) = 

sin @]. Equation 19 becomes 

) 1/2 
j=an [ ns (5 se ) sin? | do 

1/2 

["[- (‘= =) sin? 6) do 

=4aE mM - b?/a) = 4aE(e) (20) 

where the eccentricity e = Va? — b*/a in this case. Equation 20 is exactly the 

answer obtained in Example 2 with a and b interchanged. 

141 

Figure 3.21 
An illustration of the fact that 

y@)=(A= k? sin? 6) 1/2 is periodic with 

a period zr. In this figure k> = 0.50. 
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We can use such manipulation to evaluate many integrals involving square 

roots of trigonometric functions in terms of elliptic integrals. 

Sa 8 a eee 
Example 3: 
Evaluate the integral 

7/2 ‘ 

n=] (1 +3 sin? 6)!/2d0 
0 

in terms of a complete elliptic integral of the second kind. 

SOLUTION: Following the same transformation as above, let sin? 0 = 

1 — cos’ 6 to get 

m/2 

I =|| (4 — 3 cos” 6)!/2d@ 
0 

Now transform cos? 6 to sin? 6 by letting 6 = 1/2 — ¢ to obtain 

ra 

u/2 mn /2 2 1/2 

call (4—3sin? 9)'Pa0=2 f . (1- $ sin?) do 
0 (my 

= 2E(/3/2) =2.42211 +=: 

(See Problem 11.) 

een Races oe SOPs ie ome BNP Pniietan ne ns | 

Many types of integrals involving square roots of trigonometric functions can 

be evaluated in terms of elliptic integrals. We won’t illustrate any more here, but 

the reference to Spiegel at the end of the chapter has many different examples. 

We can also use elliptic integrals to evaluate integrals involving square roots 

of polynomials. Let x = sin @ in Equations 8 and 10 to get (Problem 15) 

: dx 
F lin & — eee ee ee en ee ee 

7] 

we i (1 — x2)1/2(1 — k2x2)1/2 (21) 

and 

a eee 1/2 

E(k, 2) =|! (>) an (22) 
0 1—x 

where z = sin @. These become complete elliptic integrals if z = sin(z/2) = 1. It 

turns out that integrals of the type 

i=[ dx 

a V P(x) 



3.5 Elliptic Integrals 

where P(x) is a third or fourth degree polynomial with real zeros [i.e. real roots 

of P(x) =0 } can be transformed into elliptic integrals. This is a vast subject, but 

we'll give just one example here. 

> rs 
Example 4: 
Evaluate 

“f Va +22) 2x2) Es 

in terms of an elliptic integral. 

SOLUTION: Let x = tan @ to obtain 

ja lies sec? 6 d@ 

JC + tan? 6)(1 + 2 tan? 6) 

dé / la 

i J/cos2 6 +2 sin2 6 ON a/128 sine 6 

This last integral is similar to the one in Example 3. Using the same 

substitutions gives 

le do | ie do 
{I = = a 

0 2 —sin2 6 J/2 Jo l= 3 sin? 0 

1 
= — K(1/V2) =131103--- 
2 / 

(See Problem 13.) 

CE Sere or Le 

Once again, the reference to Spiegel presents many examples and the reference 

to Hancock is an entire book on the subject. 

3.5 Problems 

1. Derive the equation of motion (F = ma) of the pendulum shown in Figure 3.15. 

2 ae 1*0 
2. Problem | shows that the equation of motion of the pendulum shown in Figure 3.15 is mi — = —mg sin @. 

Show that eueley is conserved for this system. Hint: Multiply both sides by d@/dt, and He the relation 

d (dé 46 d°0 
dt (2) =: dt dt? 

3. Let 6 be restricted to small angles in Equation 4 and show that the motion is cosinusoidal with a period 

t = 2n(1/g)'/?. 

and then integrate both sides. 
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4. We’ll derive Equation 6 in this problem. First use the trigonometric identity cos @ = | — 2 sin?(9/2) to write 

Equation 5 as 

ANG fe do 
C= f[— 
e 0 [sin?(@9/2) — sin?(6/2) ]!/2 

Now transform the 6) upper limit in this equation to 2/2 by defining a new integration variable u by the 

relation sin(@/2) = sin u sin(6)/2) and derive Equation 6. (Note that sin u = | or u = 2/2 when 6 = 6).) 

Sa showsthat.4(0) =9r (2. (O)== 77/2, Kl) = covand BC) = 1 

6. Calculate the arc length of the curve y = cos 6 from 0 to 27. 

2 a 

7. Use Example 2 to calculate the circumference of the ellipse whose equation is ‘ + = — we 

1 1 \ kt cea we 
8. Show that E(k) = = i-(5)e+(G3)5-( )oa 

2 2 Day Ss 2-4-6/ 5 

m2 de 

Evaluate d= / ——_~ in terms of elliptic integrals. 
0 (G3-—cos@)!/2 

10. The answer to the previous problem is K (1/V2) — F(1/V2, 1/4). Use either tables or a CAS to assign a 

numerical value to this result. # 

11. Use either tables or a CAS to verify that the answer to Example 3-is 2.42211---. 

12. Use a CAS to evaluate the integral in Example 3 directly and compare your answer to that in the previous 

problem. 

13. Use either tables or a CAS to verify that the answer to Example 4 is 1.31103 ---. 

14. Use a CAS to evaluate the integral in Example 4 directly and compare your answer to that in the previous 

problem. 

15. Derive Equations 21 and 22. 

2 dx ; 
16. Evaluate / = if in terms of elliptic integrals. Hint: Let x = 3 sin 0. 

0 /(16 — x2)9— x2) 

ee dx : eee a 
17. Evaluate J = = in terms of elliptic integrals. Hint: Let x = 2 sec 0. 

5) (x? = 4)1/2(x2 ae 11/2 

| ba 
h . A 

3.6 The Dirac Delta Function 

In this section we will introduce a famous function that is not a function. Consider 

the function defined by (Figure 3.22) 

—a a x 0 Y= a 

Figure 3.22 dg(x)=}h -a<x<a (1) 

The function ¢,(x) defined by Equation | 0 x>da 

plotted against x. 



3.6 The Dirac Delta Function 

where /; and a are related such that 

co 

/ O.(x. ax =2ah 4 (2) 
=e) 

Now let’s form the integral 

few / catenins 

where f(x) is a continuous function. Because of the definition of ¢,(x), 

a 

l= Palx) f (x)dx 

Because f(x) is continuous, we can use the mean value theorem for integrals and 

Equation 2 to write 

T=f€) | da(x)dx = f&) 

where —a < € <a. Asa > 0, € > O and J becomes 

lim 1 = lim f) G00) dx = tim Fe) [= FO 3) 

By multiplying f(x) by ¢,(x) and then letting a > 0 and h > o, such that 

2ah = 1, we have sifted out the value of f(x) at x =0. 

We can use a construction like ¢,(x) to sift out f(x) at any value of x. To 

isolate f (xq), let 

0 X<Xj-—a 

Oi ee ee eg a (4) 

0 Xp + a= Xx 

with 2ah = | (Figure 3.23). Equation 4 simply defines @,(x) to be centered at xg 

rather than at x = 0. Clearly 

im, Pao(x) f (x)dx = f (Xo) (5) 

In the limiting process in Equation 5, ¢,9(x) is getting increasingly narrow 

and increasingly tall such that the area of the rectangle 2ah = 1. We denote this 

limiting “function” by 6(x — x9), and write 

OMA XH 

CO xX =Xo 
b(x = Xo) = (6) 

always keeping in mind that Equation 6 is a shorthand notation for ¢,9(x) asa > 0 

and h — oo such that 2ah = 1. Physically, Equation 6 represents a spike at x = xo 

145 

4 

?, 0 

ht 

Xo —~GA Xo Xo ota Xx 

Figure 3.23 
The function ¢,9(x) defined by Equation 

4 plotted against x. 
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XO 

Figure 3.24 
The Gaussian distribution in Equation 9 

plotted against x for o = 1.0, 0.10, and 

0.050 (see Figure 3.9). 

Chapter 3 / Functions Defined As Integrals 

or an impulsive force if x represents time. In terms of (x — x9), Equations 2 and 5 

read 

i Oo — xp )dx— 1 (7) 

and 

/ b(x — X9) f (x)dx = f (x9) (8) 

where f(x) is a continuous function. Equations 7 and 8 serve to define the Dirac 

delta function, which was introduced by the British theoretical physicist Paul Dirac 

in 1927. Equation 8 illustrates the sifting property of the delta function. 

eee ge te oe ae 
Example 1: 

0° yy 

Evaluate / =|) Se ty) euca x. 
—co 

SOLUTION: The function e * is continuous, so we simply replace x by 

Xgine~* to get S 

limes 

Another function that can act as a delta function in a limiting process is the 

Gaussian distribution function: 

l 
(21.02)!/2 

i) Po (x) = 20%)" /26 (9) 

which we discussed in Section 3. Figure 3.24 shows p,(x) plotted against x for 

several values of o. The function is centered at x = xg and the width about x, 

is governed by the value of o; the smaller o is, the narrower and more peaked 

IS P(x). The factor of 1/(2107) /2 in front assures that 

CO 

i pPaajax— tk 
OO) 

The curves in Figure 3.24 get both narrower and taller with decreasing values of 

o because the areas under the curves are all the same (equal to 1). 

If we multiply a continuous function f(x) by p,(x) in Equation 9 and let 

ao — 0, then p, (x) approaches 6(x — xo): 

CO 5 d 

lim (2207)~!/? / f (x)e 0 20" dx = f (xp) 
a0 266 



3.6 The Dirac Delta Function 

Pete hehe  - Rees, Sip ony 
Example 2: 
Evaluate 

I(o) = (Qn0*)-? / e~ %-%0)"/207 cog re alse 
—(e,2) 

explicitly and then let o + 0 to show that Lo L(G —TCOSeX (ys 
C= 

SOLUTION: 

KG) = Ono? f et /20° cos(z + x9) dz 
—Co 

CO [o2) 

2\=1/2 age oe . SAN? = (2207) [cos 0 f CRO oG5 z— sin xf e@ 120" sin z dz 
=O) 0,2) 

1/2 
The first integral is equal to 2 (z ae ~°°/? and the second integral is 

equal to zero because the integrand is an odd function of x. Thus, 

=o-/2 
IMG) = “ COS XQ 

and so 

lim J(o) =cos xo 
a0 

a Sena wh oe wea se ha 

We can present Equations 4 and 9 in a more general way. From Equation 4, 

define 

0 eee 

5.( n EEN ‘ a (10) 

ni) = 2a eee ot 
0) x>- 

n 

and from Equation 9, define 

A —n2(x—x2) 
OO — Xp) = =e 0 Oot OO (iT) 

il 

The graphs of the sequences 4,,(x — x9) in each case get taller and narrower as n 
CO 

increases (Figure 3.25). In both cases, / 6, (x — X9)dx = | for any value of n, 
—Co 

and 

TCO 
lim i bn (X — Xo) f (x) dx = f(x) 

for any continuous function f(x). Consequently, we say that Equations 10 and 

11 are delta sequences in the sense that 5, (x — xp) > 5(x — x9) asn — oo. They 
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~ 

X 

Figure 3.25 
The delta sequence in Equation 11 plotted 

against x form = 5, 10, and 20. 
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4 
oO; 20 

WA 10 

5 

XO x 

Figure 3.26 
The delta sequence in Equation 14 plotted 

against x for n = 5, 10, and 20. 

3.6 Problems 

Chapter 3 / Functions Defined As Integrals 

both have the property that 

/ 6, & —X9) dx = 1 (12) 

and that 

tim, | 5,(x — xp) f(x) dx = f (xo) (13) 

Another delta sequence is (Problem 4) 

n 
Oe XH) = —oOo<x<0o (14) 

~ alt nx — x0)? ] 

Equation 14 is plotted against x — x, for various values of n in Figure 3.26. 

The delta function is not a function in the strict sense, but has meaning only 

if it occurs multiplying a continuous function under an integral sign. For example, 

we can assign a meaning to x6(x) by multiplying by a continuous function f(x) 

and integrating to get 

CO 

/ FQ) x 8). dx=0- 7): 1=0 (15) 
—0O . 

and so one often sees the expression 

Oe) = 0 (16) 

Keep in mind, however, that Equation 16 is a shorthand notation for Equation 15. 

Similarly, we write 

x6’ (x) = —8(x) (17) 

and 

1 
(G5g) = eee) (18) 

where, once again, you must be aware of the meaning of these relations (Prob- 

lem 1). 

1. Write out the actual meanings of Equations 17 and 18. 

2. Show that x8’(x) = —8(x). 

3. Show that 5(ax) = a~!8(x). 
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CO 

4. Show that Equation 14 is a delta sequence; in other words, show that / bn (x — Xq) dx = | and that 
—0o 

[o) 

jim. | bn(X — Xo) f(x) dx = f(x) if f(x) is continuous. 

x 

5. Use the delta sequence in Equation 14 to prove that / d(u)du = H(x), where H(x) is the Heaviside step 

~ . me) 

function. 

6. Multiply 5,,(x) in Equation 14 (with xp = 0) by en, integrate from —oo to oo, and then let n + oo to show 
ee) , co 66 —at? 

that lim 5,(x)e * dx = 1. Hint: You need to use ——dt = Te erfc(./ax). 
=e) |e 0 t2 + x2 Dae 

co 

7. Notice that the delta sequences in Equations 10-12 are of the form p(nx), where i p(x)dx = 1. Show that 
—oo 

/ f(x) p[n(x — x9) ] dx = f (xo) if f (x) is continuous. 

[ee 

8. Evaluate I(o) = Ona? f e %—¥0)°/20* sin x dx explicitly and then let o — 0 to show that 
—co 

lim /(o) =sin xo. 
ao—0 

3.7 Bernoulli Numbers and Bernoulli Polynomials 

In this section, we will first introduce the Riemann zeta function, which is not de- 

fined by an integral but by a summation. If we denote the Riemann zeta function 

by ¢(s), then 

1 
TOE D Ss re yea (1) 

| 

We know from Chapter 2 that ¢(s) diverges for s < 1, being the harmonic series 

when s = 1. We also used the fact that ¢(4) = 24/90 in Section 2.8. The zeta 

function has been a wellspring of rich and extensive mathematics when s is allowed 

to take on complex values, but we shall restrict s to a positive integer, n. We will 

use ¢(n) simply to discuss the sums of reciprocal powers of integers, which arise 

fairly frequently in applied mathematics. We shall evaluate ¢ (2) and ¢(4) with the 

aid of Fourier series in Chapter 15: 

tii nx? 
SORE ee 

k=1 

and 

| n* 
4)= —— = £(4) be 7 
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Table 3.4 

The values of ¢(n), A(n), n(n), and B(n) 

(Equations | through 4) forn =1, 2, ..., 10. 

n G(n) d(n) n(n) B(n) 

| ee) CS 0.693 14 0.785 39 

Dsl) Las Oe (Oilss Sy 

3 ~4:2020. 1.0518 0/90154 ~ 0.96895 

4 1.0823 1.0147 0.94703 0.98895 

5 1.0369 1.0045 097212 0.996 16 

6 1.0173 > 1.0014" "0.98535 0.998 68 

TT 2:0083— 000s 40:99259 0.99955 

8 1.0041 1.0002 0.99623 0.999 85 

9 1.0020 1.0001 0.99809 0.999 95 

10 1.0010 1.0000 0.99903 0.999 98 

Abramowitz and Stegun (see references at the end of the chapter) define the 

following auxilary functions involving sums of reciprocal powers of integers: 

[o,@) fs : =| k+1 

n(n) = > 
k=1 k 

MG We = 

k=0 (2k + 1)” 

and 

wa Cp 
B(n) = d, oe ei 

(2) 

(3) 

(4) 

The four functions €(n), A4(n), n(n), and 6(n) are tabulated in Table 3.4. Note that 

all of them approach unity very rapidly as n increases. 

Example 1: 
Show that A(n) = (1 — 2" )E(n). 

SOLUTION: 

(1-2")e(n) = > — - Y* — 
‘a kn (2k) 

Heth 

[o,@) 

k= 

I — 
2 ait iy XL Gay dX k=1 



3.7 Bernoulli Numbers and Bernoulli Polynomials 

Some special values of Equations 2 through 4 are 

1 | 1 12 
DD) enn pee alt ee 

a 2? 32 ros ([D 

Hy sy wires aided perlite 
Da ae tas 720) 

i 1 m2 
A(2)=14+—-4+—54+---=— 

32052 8 

| ] m+ 
A(4)=14+—+4+—4---=— 

Bie 96 

1 1 i Tt 
NjHl—-+-—-——-+..-=— 

PC 3 5) 7 4 

1 1 1 1? 
(3)=1-s=+—5-—4+---=— 

B 33 53 af By) 

Note that 7(1) and 6(1) are conditionally convergent series and recall from Sec- 

tion 2.7 that 7(1) = In 2. 

We occasionally need expressions for the sums of positive powers of the 

integers. We showed in Section 1.7 that the sum of the first n integers is given 

by 

n 

n(n + 1) 
k= ——<—$<—_—— y 5 (5) 

Real 

and that the sum of the first n squares is given by 

6 (6) 
s 2 n+ Yn t+) 

k=1 

We derived these two formulas in Section 1.7 by what you might call tricks, but 

there is actually an organized, straightforward way to derive the general formula for 

the sum for any integer power. There is an area of mathematics called the calculus of 

finite differences, which deals with sums instead of integrals and differences instead 

of derivatives. Just as we deal with differential equations in ordinary calculus, we 

deal with difference equations in the calculus of finite differences (a common type 

of difference equation is a recurrence relation, where the nth term of a sequence 

is expressed in terms of the preceding terms). It would take us too much space to 

develop the tools of the calculus of finite differences here, but we will finish this 

chapter with some useful results from that field. 

If we expand the function 

1x 

e—1 
[OR = 

NST 
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as a power series in f, the coefficients will be functions of x. In particular, 

2 CO 
fa 

t 

= B,(x)— = Bo(x) + By(x)t + By(x)— + --- (7) 

Co 2! 
te 

where the B,,(x)’s are called Bernoulli polynomials and are (Problem 2) 

1 1 
Bo(x) =1; By@) =x — =; Brian” =e Se 

2 6 

FG) ae ee B Cia ore eee 
aes Pe as a 30 

(8) 

and so on. Equation 7 is called a generating function for the Bernoulli polynomials. 

atest by Wk agen (icone ah une eee oo 
Example 2: 
Show that BY (x) =nB,_\(x). 

SOLUTION: Differentiate both sides of Equation 7 with respect to x. 

tex coe P t” ; ee. t” 
— ———— - / a 

e— 1 a Pal esp en I be aan 
n=0 “ n=] 

. n+l 

= B’ (x) ——— n+l 
a (n + 1)! 

where we used the fact that B(x) = 1. But 

9 A CO 

rer prt 
= y B, (x) 

(= || n! 
n=0 

Equating equal powers of t”*! in the two sums gives 

B, (x) ae Br 1) 

nt! (n+ 2D)! 

or By, (x) = (n + 1)B, (x), or Bi (x) =nB,_\(x) forn = 0. 

ee ee a ee Ne et oe 

The calculus of finite differences gives us a general formula for the sum of the 

mth power of the first n integers in terms of Bernoulli polynomials: 

s k= Binn4in by Bin+1(0) 

m+ 1 co) 
k=1 

Note that Equation 9 looks something like an integration formula between the 

limits of 0 and n + 1, except in this case, it’s a summation formula. Let’s use this 
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formula to derive Equations 5 and 6. In the case of Equation 5, m = 1, and so 

n 

ss = er as By(n Ae 1) — B,(0) 

k=1 2 

_@m@+lP—-(t) _ ntnt 

*) sit? Sted 
and for m = 2 

(+0 fine ye ¢ n B = 

k=1 ; 

n+l 
= OP +n 1- jn 34h 

a (n+ 1) (4 5) Mes Dens) 

3 2 6 

When x = 0 in Equation 7, the results are called Bernoulli numbers (Prob- 

lem 7): 

Boi: Ff er By, = 

and 

Bea y=0 ned (10) 

Bernoulli numbers occur in a number of various formulas. For example, the 

Riemann zeta function can be expressed in terms of Bernoulli numbers for even 

values of its argument: 

7 (Qxr)" 

~ 2(2n)! 
¢(2n) |Bo,| (11) 

If n=1, we have ¢(2) = (27)*B)/4=27/6, and if n=2, ¢(4)= 
(27)*|B4|/2 - 4! = 24/90. 

Bernoulli numbers also occur in the series expansions of certain functions. 

For example, 

3 2 5 iw eh | n—192n Q2n hye: 2n-1 

aire ee a ae ee eo ea 
3} 15 315 (2n)! 

and 

x Ix3 (1)°*1(22" aD) ae 

csc x = — + — + —+---+ ———_ By, x aes Seas 

ye Kod) (2n)! 4 

They also occur in the Euler-Maclaurin summation formula, which we’ll see 

below is a scheme for approximating a summation by an integral. For example, 

e508) 
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4 

2077, 

Os 

e 

50 J 

Figure 3.27 
The terms of the series in Equation 12 and 

the continuous function (2J + l)e7#/ 9+) 

plotted against J fora = 0.001. 

Chapter 3 / Functions Defined As Integrals 

the series 

CO 

Say eden les ey (12) 
J=0 

where q@ is a parameter occurs in the statistical mechanical treatment of rotating 

molecules. If a is small, then a plot of the successive terms in this series is 

essentially the same as a plot of (2/ + l)e~*’‘/+), with J being treated as a 

continuous variable (Figure 3.27). Figure 3.27 suggests that we can approximate 

the summation in Equation 12 by an integral, and write 

[e,2) 

s~ [ Op Nee a7 (13) 
0 

If we let x = J(J + 1), then dx = (2J + 1)dJ and S becomes S * 1/a. If a = 

0.001 (a fairly typical value), then Equations 12 and 13 differ by less than 0.5%. 

Because it is usually easier to integrate than it is to find a closed expression 

for a summation, being able to approximate a summation by an integral is very 

convenient. It is possible to express a summation as an integral plus correction 

terms. The series 
“ 

CO 

Sre)= i foodx + 5 [f(n) + fa)] 2 =u [fA D(n) = FAD] 

gil 

(14) 

is called the Euler-Maclaurin summation formula. Note that it expresses a summa- 

tion as an integral plus a sum of correction terms. The first few terms of Equation 14 

are 

n 

Sf0o= fo fooae + S16) + FO+ SEPM) — FD] 
| k—l 

ao By] (5) (5) a 
ate Cia al) +l (ny) =f (1) 1) 

where we assume that all the derivatives of f(x) are well behaved. 

Let’s apply Equation 15 to the summation 

The various terms in Equation 15 are 

ice ea es 
I 0 x n 

ja pal sl fin) + I= s( +1) 
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1 i Dy — ¢ p]=-- alle Ooo sal 

wee (3) AS) =a (3- ) Sala (n) — f Ml=5 ao! 

and so on to obtain 

nN 

1 | i I | 1 Ea-(-2-4(b+)-26- reer n 2 \n2 6 \n3 

1 1 1 i 
+ — {——-1)—-—{—-—I1)¢+--: ee) eer 

which gives 1.5620, compared to the exact value of 1.5498 (to four places) for 

n = 10, a difference of less than 1%. 

~ S|— 

—_ 

Sa 

es Ss a eee ee 
Example 3: 
Use the Euler-Maclaurin expansion to calculate In n! forn = 10. 

n 

SOLUTION: First write In! as SS In x and then apply Equation 15: 

x=1 

n n 

/ Inxde =| in| =nIinn—-n+1 
l | 

sl fin) + f= 5 Inn 

IT Om) _ fq = (4-1) 
oe ie Dears n 

I (3) -(3) | ( | ) = Sf OCD eee ee A 
720 Ei ile Mae 360 \n3 

and so on to obtain 

n 

1 
diInx=nlInn—n+1+ 5 Inn 

xK=1 

1 i 1 1 1 | ll l es ae eile meen ot ee (ee ) 
a 12 (2 ) 360 (=; ) 1260 (= ) 1680 (=; 

This formula gives 15.0992 versus the exact value of 15.10441 (to five 

places) for n = 10, a difference of 0.03%. 

ee re 

Before we leave this section, we should point out one fact about Bernoulli 

numbers that should be kept in mind. We gave the values of the B,,’s up ton = 6, and 

1 Sy) 
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3.7. Problems 

Chapter 3 / Functions Defined As Integrals 

they appear to decrease with increasing n (actually 2n since Bp, ,; =0 forn = 1). 

If you look at a table of Bernoulli numbers, however, you'll see that Bg = — 1/30, 

By) = 5/66, Bz = —691/2730, and that they get larger and larger in absolute 

value as n increases. In fact, it’s possible to show that the values of | B),,| satisfy 

the bounds 

2(2n)! oe 2(2n)! 
(27 )2” (= = ;) > |Bo,| > (2m )2n (16) 

The factor 27”/(27” — 2) goes to unity as n increases, and is equal to 1.000002 
when n is only 10. Thus, Equation 16 shows that 

2(2n)! 
(27 )2" 

|B>,| > (17) 

For example, Equation 16 gives |By9| = 529.1237 versus the exact value of 

529.1242 (to four places). This behavior of the Bernoulli numbers does not en- 

danger the usefulness of the Euler-Maclaurin expansion, however, because the 

coefficients in Equation 15 involve the ratio B>,/(2k)!, which Equation 17 shows 

goes as 2m) 

. Show that n(n) = (1 — 2!-”)e(n). 1 

2. Use Equation 7 to derive expressions for the first few Bernoulli polynomials. 

3. Show that B,(x + 1) — B,(x) =nx""!, 

4. Show that B,(1 — x) = (—1)"B,, (x). 

x 

5. Show that [ B,(u)du = 
a 

Bnii(x) ra B,+1(a) 

n+1 

6. Show that (—1)"B,,(—x) = B, (x) + nx"—!, 

7. Use Equation 7 with x = 0 to derive the first few Bernoulli numbers. 

n 

8. Use Equation 9 to derive a formula for $3 = DD k>. Compare your result to the one in the CRC Mathematical 

Tables. 
k=1 

9. Use Equation 17 to show that ¢(2n) > las n— oo. 

cal | 
10. Evaluate ) ay 

n=) 

n 

11. Use the Euler-Maclaurin expansion to evaluate S,, = DE k™ for m = 1, 2, and 3. Compare your result for S3 

1 
to the one that you get in Problem 8. 

n 

12. Derive an Euler-Maclaurin expansion for ye x? and use it to evaluate the sum for n = 10 and n = 50. 
x=1 



References 
ifsye 

13. Use a CAS to evaluate the sum in the previous problem and compare your answer to the one obtained using 
the Euler-Maclaurin expansion. 

e,@) 

14. Consider the sum § = a e tk = (geometric series). Expand S as a power series in w. Then apply 
Cae 

k=0 
the Euler-Maclaurin summation formula to the sum and compare your result. 

15. One of the most famous applications of the Euler-Maclaurin summation formula to a physical problem is its 

application to the rotational partition function of a rigid rotator (a good model for a rotating diatomic molecule). 
CO 

The rotational partition function is g = OI + le OYU+DIT where T is the kelvin temperature and © is 

J=0 

a parameter that is characteristic of the molecule. Apply the Euler-Maclaurin summation formula to this sum 

and derive 

2 

ae AT) 1SNE 

Typically, ©/T is small, so this turns out to be a very useful expansion. 

CO 

é : Bee 
16. Use the defining expression for the Bernoulli numbers, ae = nt , to show that 

er sey n! 
Cc 

= (—1)"27" 2n—1 
COL — 2 any) 22" * 

n= 

17. Use a CAS to verify that the series in Equation 12 and the integral in Equation 13 differ by less than 0.05% for 

e=(0:001 
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William Hamilton and son 

William Hamilton (1805-1865), an accomplished scholar in every sense of the word, was born on August 

4, 1805, in Dublin, Ireland, and he died there in 1865. Hamilton’s early education was in linguistics, and 

he could read 13 languages by the time he was 13. He later became interested in mathematics and soon 

mastered the works of Newton and Laplace completely on his own. He entered Trinity College in Dublin 

when he was 18 years old, where his record was absolutely incredible, and he won outstanding awards 

in both the classics and the sciences. Before even completing his degree, he was appointed Professor of 

Astronomy, a position that he retained until his death. 

Hamilton’s personal life was not equally successful. He eventually married Helen Bayly, but they were 

not happy together. As was typical throughout his life, he turned to the writing of poetry during periods of 

unhappiness and depression. Through his poetry, he formed a long friendship with the British poet William 

Wordsworth. 

While an undergraduate, Hamilton began working on mathematical optics. The result of this research 

was a treatise, Theory of Systems of Rays, which brought him immediate and widespread fame. The central 

theme of this work was to unify optics and reduce it to a mathematical science through what he called his 

“characteristic function,’ which was the precursor to the now-famous Hamiltonian function of classical 

mechanics. Hamilton reformulated classical mechanics in a manner that now serves as one of the principal 

formulations of quantum mechanics. 

In 1833, Hamilton expressed complex numbers as ordered pairs of real numbers instead of the 

geometric representation used at the time. He devised rules for the multiplication of these ordered pairs 

(a, b), which represent a + bi, and he showed that they obey all the rules of algebra, thus placing complex 

numbers on a solid axiomatic algebraic foundation. This work lead to his life-long study of quaterions, the 

first noncommutative algebra to be investigated. He spent the final years of his life working on his book, 

Elements of Quaterions, which was almost 800 pages long and virtually impossible to read. In spite of the 

predictions of many mathematicians at the time, quaterions have never found a place in applied mathematics. 



Cla le died 

Complex Numbers and Complex Functions 

Complex numbers are usually introduced by considering a quadratic equation of 

the type x? — x + 1 =0, where the quadratic formula gives 

= a ve ae 

2) 2 D NlRe 

where i = /—1 is the imaginary unit. A number of the form a + ib, where a and 

b are real numbers, is called a complex number. If a = 0, then x = ib is called an 

imaginary number. The message here is that we must introduce imaginary numbers 

in order to be able to solve quadratic equations in general. It shouldn’t be surprising 

that initially there was a great resistance to the introduction of complex numbers 

and that it took many years for them to be accepted as legitimate members of our 

number system. The very name “imaginary number” seems to convey a certain 

degree of mysticism to these numbers. 

If complex numbers had arisen only with quadratic equations, then it might 

have been easy to reject them by asserting that the equation x* — x + 1=0 has 

no solutions. After all, we’re probably comfortable saying that sin x = 2 has no 

solution for real values of x. Historically, it was in the study of the solutions to cubic 

equations that imaginary numbers were most puzzling. Consider the cubic equation 

x> + 2x? — x —2=0. You can verify by inspection that this equation has three 

real roots, +1 and —2. Yet when you solve this equation using the standard (fairly 

messy) formula for calculating the three roots, square roots of negative numbers 

occur at several intermediate steps. In fact, the very requirement that there are three 

real, distinct roots leads to the square root of a negative number. The final results 

are the three real roots, so it is apparent that the occurrence of imaginary numbers 

doesn’t invalidate any of the formulas. Eventually mathematicians not only came 

to tolerate imaginary numbers, but to embrace them fully. 

You might wonder if more complicated polynomial equations (such as 17th 

degree equations) require the introduction of types of numbers “beyond” complex 

numbers. It turns out that they do not. There is a remarkable theorem of algebra 

called nothing less than the fundamental theorem of algebra that says that every 

Nth degree polynomial equation, ayx" +ay_\x%~!+---+ a,x + ag =0, even 

with complex numbers as coefficients, has exactly N roots over the complex 

559 
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numbers. In other words, complex numbers are sufficient to satisfy any polynomial 

equation. 

In this chapter we shall first review the algebraic rules for complex numbers 

and then consider complex numbers as variables and define functions of complex 

variables. The study of complex variables is one of the richest areas of mathemat- 

ical analysis and has countless physical applications. We shall learn only the basic 

properties of complex functions in this chapter, and wait until Chapter 18 to exploit 

them fully. 

4.1 Complex Numbers and the Complex Plane 

We denote a complex number by c = a + ib where a and b are real numbers and / 

is called the imaginary unit. The imaginary unit has the property that i? = —1, and 

is sometimes written as i = /—1. (Because an electric current is usually denoted 

by i, electrical engineers often denote complex numbers by a + j b.) The real 

numbers a and Db are called the real and imaginary parts, respectively, of c, and 

we write 

Regia hiner) (1) 

The real numbers are clearly a subset of the complex numbers because c = a, areal 

number, if b = 0. The complex number c = 0 + i0 corresponds to 0. If a = 0 and 

b £0, then c = ib is called an imaginary number, or a purely imaginary number. 

Two complex numbers are equal if and only if their real and imaginary parts are 

equal; i.e. 

where <=> means “if and only if.” 

We can do arithmetic with complex numbers by using the following rules: We 

can multiply a complex number by a real number £ according to 

Bc = Ba+iBb (2) 

The addition of two complex numbers is given by 

C=C + = (a, a ibj) Ss (ay =F ib>) = (ay + ap) ta i(b, + b>) (3) 

For subtraction, simply add cy = —a — ib) to c;. To form the product of two 

complex numbers, we multiply them as we would multiply two binomials, using 

the relation i? = —1. Thus, 

C4Cq = (a, + iby) (ay + iba) = ajay + i2b yd + i(ayby + bay) be 

= (aa a bb) + i(ay;b> + bya) 

Finally, division is obtained in the following manner: 
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7) 2 a, + ib, lv (a, + 1b,)(az = ib) 

C2 ay + iby (ay + iby) (ay =a iby) 

(5) 
= (24 at pa) ny; (" = apa) 

as + bs as + b5 

An important quantity associated with a complex number c is its complex 

conjugate, defined by 

c’ =a—ib (6) 

(Some authors use ¢c to denote a complex conjugate.) Note that cc* = (a + ib) 

(a — ib) =a* + b? isan intrinsically positive quantity (unless a = b = 0). We call 

Vcc* the modulus, or absolute value, or the magnitude of c and write 

lc| = |a + ib| = (cc*)'? = Va? + b? (7) 

Equation 7 also tells us that 

-= (8) 

Complex numbers cannot be ordered, in the sense that the inequality c, < c7 

has no meaning. Nevertheless, the absolute values of complex numbers, being real 

numbers, can be ordered. Thus, for example, |c| < 1 means that c is such that 

Var +b? <1. 

a ee 
Example 1: 
Given c; = —1+ i and c) = 2 — 3i, find |cc2| and |c;/c9|. 

SOLUTION: First find c,cz and c)/c: 

ecg =(-14)2— 3+) =(24354+C2+31=14+5 

eq (-140)@24+3/)) 5 i 
OP eN On a maken 

Then 

lcico| = V1 + 25 = V26 

/26 
= ie 

Cj 

C2 

The rules that we have presented for manipulating complex numbers are the 

ones that are usually presented in introductory or elementary discussions. In more 
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Figure 4.1 
The complex plane. The real part of 

z =x +/y is plotted along the horizontal 

axis and the imaginary part is plotted 

along the vertical axis. 

Figure 4.2 
The graph of |z — 1| = 2, or 

(oe = ie se y? = 4, in the complex plane. 

4 y 

Figure 4.3 
The region in the complex plane described 

by |z — 1| <2, or (x — 1)? + y? <4. 

Chapter 4 / Complex Numbers and Complex Functions 

advanced discussions, it is desirable to treat complex numbers as ordered pairs 

of real numbers (a, b) that satisfy certain algebraic-rules. For example, we say 

that (a), b)) = (dp, bp) if and only if a, = ay and b, = bp. Similarly, if @ is a 

real number, then a(a, b) = (wa, wb). Addition and subtraction satisfy the rule 

(ay, by) + (ap, by) = (ay € ay, Dy bp) and multiplication satisfies the apparently 

complicated rule (a;, by)(ay, by) = (aya — bib, ayby + azb,). If you compare 

these rules to Equations 2 through 4, you see that they are the very same. The 

advantage of the more abstract ordered pair approach is that it is based entirely on 

real numbers (the imaginary unit doesn’t appear in any of the rules) and that it can 

be used to develop an axiomatic foundation of complex numbers. 

The fact that a complex number is an ordered pair of real numbers suggests 

that we can represent a complex number as a point in a cartesian coordinate system. 

From now on, we’ll use the standard notation z = x + iy. We’ll let the horizontal 

axis represent the real part of z and the vertical axis represent the imaginary part of 

z, as shown in Figure 4.1. The horizontal axis is called the real axis and the vertical 

axis is called the imaginary axis (although the real number y is plotted along that 

axis). The xy-plane is called the complex plane. The distance of the point z to the 

origin is the modulus of z because |z| = Vx? + y2 is equal to this distance. 

pelts 
Example 2: } 
Determine the curve in the complex plane that is described by |z — 1] = 2. 

SOLUTION: 

Iz-1=l@ —1) +iy| =(@ — 1)? + y?]}!? 

and so |z — 1| = 2 corresponds to 

(x—1*+y?=4 

which is a circle of radius 2 centered at x = 1, y = 0 (Figure 4.2). 

ae eink pee see Sian an Ted | 

ee ee ae ee 
Example 3: 
Determine the set of points in the complex plane that is described by 

lz —1| <2. 

SOLUTION: In this case, we have 

Gt) ay 4 

which is the entire region bounded by the circle (x — 1)? + y? = 4, including 

the circle itself (Figure 4.3). 

Li se de ce a enn ema 
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Figure 4.4 Figure 4.5 
A geometrical interpretation of the The negative of a complex number is its 

addition of two complex numbers, z, reflection through the origin. 

and Z>. 

The addition of two numbers in the complex plane has a nice geometrical 

interpretation. Figure 4.4 illustrates the addition of z, =x, + iy, and z) =x, + /yp. 

The point z; + z> completes the parallelogram whose legs are z, and z>. We say 

that the addition of z, and z> satisfies the parallelogram law. Two other operations 

have simple geometric interpretations: The negative of a complex number is its 

reflection through the origin (Figure 4.5) and the complex conjugate is a reflection 

through the x axis (Figure 4.6). 

If we refer to Figure 4.7, we see that we can represent a complex number z in 

polar form, by letting r be the distance of z from the origin and @ be the angle that 

a line from the origin to z makes with the real axis. Thus, we have 

Xe alCOSit, y=7 sind (9) 

and 

z=r(cos@ +i sin @) (10) 

where 

r=(x?+y)!? (11) 

and 

ane=— (12) 
x 

The angle @ is calied the argument or the amplitude of z and r is its modulus. We 

often denote these two quantities by 6 = arg z andr = | z |. Equation 10 is called 

the polar form of z (Figure 4.7). Equation 10 implies that z*(r, 6) = z(r, —@), the 

reflection of z through the x axis. 
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Figure 4.6 

The complex conjugate of a complex 

number is its reflection through the x axis. 

ca 

Figure 4.7 
The polar form of z locates the point z by 

specifying r and @. 
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t y Zed Example 4: 
Express z = —1+7 in polar form. 

s 1 
2 0 = 32/4 SOLUTION: The modulus of z is V2 and tan 6 = — = —lor 6 = 37/4. 

Thus, the polar form of z is 

OIt ee Gore, 
Figure 4.8 z=v2 (cos =F +i sin *) 

The complex number z = —1 + / in polar 

sO (Figure 4.8). 

The polar form of z provides a geometrical interpretation of the product of 

two complex numbers. Write 

2122 = r\ (cos 0, +7 sin 6, )ro(cos A, +i sin >) 

= r\rg| (Cos 6 Cos 6) — sin ; sin 6) + i (sin 6; Cos 6) + sin 8, cos 6)] 

= r\ro[cos(O; + >) a5 i sin(O; + 65)] 

Thus Z = Z)2 1s obtained from z, and z, by multiplying the moduli and adding the 

two polar angles. 

4.1 Problems 

1. Prove that (a) (z)22)* = zz, (b) (1/z)* = 1/z*, and (c) (z”)* = (z*)” where n is a positive integer. 

2. Show that Re (z) = (z + z*)/2 and that Im (z) = (z — z*)/2i. 

3. Show that |z,Z>| = |z;||zI- 

1 
4. Does shi ==? 

2| z 

5. Determine the curve described by |z — 2| + |z + 2| =5. What type of curve is it? 

6. Determine the region in the complex plane described by 1 < |z + i| < 3. 

7. Determine the region in the complex plane described by 7/4 < arg z < 1/2. 

8. Determine the region in the complex plane described by |z — 2i| < |z + i|. 

9. Determine the region in the complex plane described by Re (z + i) > 2. 

10. Evaluate 
5: 

3+i 1—i)? Ak I (@) Re! o |S) © Yk @ in ( aa! 
l-i (3 + 2i)* =o 34+i 3-i 

11. Express the following complex numbers in polar form: 

(a) 2 — 2i —1 (ce) —2=2731 “(@, 3443) 



4.2 Functions of a Complex Variable 

12. Express the following polar forms of complex numbers in cartesian forms: 

(a) 2 (cos i +i sin *) (b) V3 (cos 2 +7 sin =) 

3 aS. 
(c) cos — +i sin (d) 2 (cos 7 +i sin =) 

13. Leibnitz was aware of the relation 1 + /-3+ 4 — /—3 = 6 but didn’t know what to make of it. Prove 

that this relation is correct. 

14. Describe the set of complex numbers {z} that satisfy the expression z = nz, + (1 — n)z2 where 0 < n < | and 

Zz, and Z> are fixed. 

15. Prove that |z, + z2| < |z;| + |z2|. This is known as the triangle inequality because |z, + Z|, |z;|, and |z>| 

represent the lengths of the legs of a triangle. 

16. Show that (i /2)!/* = (1+ i)/2. 

4.2 Functions of a Complex Variable 

If we have a prescription from which we can calculate a complex number w from 

the complex number z, then we say that w is a function of z and we write w = f(z). 

If w is specified uniquely by z, then w = f(z) is said to be a single-valued function. 

Otherwise, w = f(z) is multiple-valued or many valued. We shall see later in this 

section that a multiple-valued function may be considered to consist of a set of 

single-valued functions, so we shall restrict our functions to be single-valued (see 

Section 1.1). 

Because z = x + iy, w will be complex and also a function of x and y. It is 

customary to write w in the form 

W=uU(x%, y) + 1v(x, y) (1) 

For example, if w = f(z) = z7, then 

so that 

Z uy )= Ky and UE = 2xy 

SS Se a, 
Example 1: 
Suppose that w = f(z) = 1/(1 + z). Determine u(x, y) and v(, y). 

SOLUTION: 

eee | | _ («+1 iy 

a i eye iy ee ye 
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and so 

x+ ] y 

CN re and UCOSY) ae eae 

(ee) Pave (x+ 12+ y 

Figure 4.9 
An illustration of a mapping from the z- 

Dito ibe ea lane: 2 represents ine We can visualize a function of a complex variable as a transformation or 
domain of w and R represents the range 
Shan a mapping of a set of points in the z-plane to a set of points in the w-plane 

(Figure 4.9). The set of points in the z-plane for which w is defined is called the 

domain of w, and the set of corresponding points in the w-plane is called the range 

of w. The domain and range of w are illustrated in Figure 4.9. 

Consider the function w = f(z) = 2°, where 0 < x < 00 and 0 < yi OO 

The domain of f in this case is the first quadrant of the z-plane, excluding the x 

and y axes. We saw above that w = u(x, y) +iv(x, y) with u(x, y) =x? — y? 

and v(x, y) = 2xy. Because 0 < x < o0 and 0O< y< w, —w <u < & and 

0 < v < ov, so that the range of w is the entire upper half of the w-plane, excluding 

the wu axis, as shown in Figure 4.10. 

[eRe Reap cee SS ae ENE 5 Sa Tee PPT pee Rg a ga] 

Example 2: 

Determine the range of w = f(z) =iz for 0 <x <a and 0 < y <a. Map 

the four lines that are boundaries for the domain in the z-plane into curves in 

the w-plane. 

SOLUTION: f(z) =iz gives u(x, y) =—y and v(x, y) = x. Because 

0 <x <a and 0 < y <a, then —a < u <0 and 0 < v <a. The range 

is shown in Figure 4.11. The boundaries of the domain are numbered in 

ry 

: t Vv 

D wis 22 : 

> 

a = 
i 

Uu 

Figure 4.10 

The domain and the range of the mapping w = f(z) =z? for 0 <x < oo and0 < Visco: 
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Vv 

(a, a) 3 

Wo =z 
3 ee) 4 

x 1 Uu 

Figure 4.11. Curve 1, in the z-plane, (x = 0 and 0 < y <a) maps into v =0 

and —a < u <0, which is curve | in the w-plane. Curve 2 in the z-plane 

(y =a and 0 < x <a) maps into u = —a and 0 < v <a, which is curve 2 

in the w-plane. Curves 3 and 4 are also shown in the figure. Note that the 

mapping corresponds to a counterclockwise rotation of 90°. 

Let's. consider f(z) = z* with —oo < x < oo and —00 < y < ~. In this case, 

the range of 

2 u(x, y) Ee Tatas y and OXGS.5. 59) = Py 

is the entire wv-plane. The curves 

D 2 Bey ey and VX ey) == cy tly 

define two families of curves in an xy-plane (Figure 4.12). We’ll now show that 

these two families of curves are orthogonal to each other. Consider y to be a 

function of x and then differentiate u(x, y) and v(x, y) with respect to x, 

d d Oe eh Loy = 0 
dx dx 

solve for dy/dx in each case and multiply the two slopes together to get — 1. Recall 

that the result —1 implies that the two curves are orthogonal. 

[eg ae ane Pt eet arn 
Example 3: 
Show that the two families of curves u(x, y) = ug and v(x, y) = vp associated 

with f(z) = 1/z are orthogonal. 

SOLUTION: 

167 

Figure 4.11 
The domain and the range of the mapping 

w = f(z) =iz for 0 <x <a and 

ORyiaas 

i | 

Figure 4.12 
The two families of curves, x7 — y* = ug 

(dashed) and 2xy = vo (solid). 
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and so the two families of curves are 

y 
u and 0 0 x24 y2 u(x, y)= 7) x2 ae y2 = 

Differentiate u(x, y) and v(x, y) with respect to x to obtain 

l pea 2xy dy 
x2 ae y2 (x2 ale y2)2 (x2 =f: y*)2 dx 

and 

Teen” 1 dy ie aye 

(x2+ y2)2 (x2 + y2) dx (x2 + y”)* dx 

After a little algebra, the two equations give 

dy y*—x? dy _ BMY 

dx 2xy dx  x*—y? 

and so we see that their product is —1. 

i le ere Oe iene I 

Lest you think that the families u(x, y) = ug and v(x, y) = vp are always 

orthogonal, do Problem 15. It is true, however, that if f(z) is differentiable with 

respect to the complex variable z, then the u(x, y) = up and v(x, y) = vg families 

of curves will be orthogonal. We have to wait until Chapter 18 before we define 

just what we mean by “differentiable” with respect to the complex variable z and 

why the families of curves u(x, y) = ug and v(x, y) = vp are orthogonal in some 

cases but not in others. 

4.2 Problems 

1. 

NDNA an eh W 

Express each of the following functions in the form w = u(x, y) + iu(x, y): 

Qe 2b) Vd-2°> © x/z 

. Express each of the following functions in the form w = u(x, y) + iv(x, y): 

ee ee ) (a) coma 
Coaataal Z 

ee Derermaineney lay (a) Mees Genny) ee, + y’) and v(x, y) = —iy/(x? + y?). 

2 Determnewi— f(@) tua, y) — Wee =} y?) and v(x, y) =0. 

. Find the values of w that correspond to the points z = | + 7 and z = 1 — i under the mapping w = f(z) = 1/z. 

. Find the values of w that correspond to the points z = 2 + i and z = | — i under the mapping w = f(z) =z’. 

. Determine how the line that connects the two points in the z-plane in the previous problem is mapped into the 

w-plane. Hint: Take the equation of the line to be z = nz, + (1 — 7) )z where 0 < 7 < Land z, and zy are fixed. 

. Determine how the line x = | maps into the w-plane under the mapping w = f(z) = 1/z. 
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ty 

G bo ead 

4 0 

3 y w= z 
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Figure 4.13 
The lines in the z-plane that are to be mapped into lines in the w-plane in Problem 16 are shown on the left. 

The images in the w-plane are shown on the right. 

13. 

14. 

15; 

16. 

. Determine the range of w = f(z) = 1/z for the domain |z| < 2. 

. Determine the range of w = f(z) = 2? for the domain0 <x <10<y<lL. 

. Determine the range of w = f(z) = |z — 1| + 21 if 0 < x < co and —o0 < y < 0. 

. Determine the range of f(z) =z? for 1 <x <2and1< y <3. Map the four lines that are boundaries for the 

domain in the z-plane into the w-plane. 

Determine the range of f(z) =iz +2 for 0 <x < oo and 0 < y < o. Map the lines that are boundaries for 

the domain in the z-plane into the w-plane. 

Show that the two families of curves, u(x, y) = up and v(x, y) = Up, associated with f(z) = iz are orthogonal. 

Show that the two families of curves, u(x, y) = ug and v(x, y) = ug, associated with f(z) = |z| +i(y — x) 

are not orthogonal. 

Consider f(z) = 2? for 0 < x < oo and 0 < y < oo. Map the lines shown in Figure 4.13 into the w-plane. 

Show that the lines in the w-plane are orthogonal. Notice that the 90° angle intersections in the z-plane are 

mapped into 90° intersections in the w-plane. 

4.3 Euler’s Formula and the Polar Form of Complex Numbers 

We learned in Section 2.7 that the series expansion of e* is 

2; 3 

series 

ome ee oe a x ee (1) 
mB! 

We can extend the definition of e* to complex values of x by defining e* by the 

es 
ea Nee (2) 

2 oR 

169 
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It is common in mathematics to extend the definitions of functions in this manner. 

Equation 2 certainly reduces to Equation | when z is real. Problem 15 has you 

show that Equation 2 leads to the relation e*!1*? = e*le®2. 

Letting z be purely imaginary in Equation 2 (i.e. z =/y), we find that 

TN) NS > 4 
Ds an 4, eae 

2! 3! 4! 
2 4 3 sy 

a) ee eer ee ‘ eee Se 
=|[ eo ag J+ilr RT ost ) 

The series in parentheses are cos y and sin y, however, so we arrive at the formula 

e% =14+iy+ 

e'Y =cosy +isiny (3) 

Equation 3 is called Euler’s formula, and is extremely useful in dealing with 

complex numbers. If we let y = 27, Equation 3 becomes 

goal =0 (4) 

one of the most remarkable formulas in all of mathematics. Equation 4 contains 

the imaginary unit, 7, the two most famous transcendental numbers, e and z (a 

transcendental number is a number which cannot be expressed as the root of a 

polynomial equation with rational coefficients), and the two most fundamental 

numbers of the real number system, 0 and |. The physicist, Richard Feynman, 

used to refer to Equation 4 as a “jewel.” 

We can also express Euler’s formula as 

os erty = er ely = e* (cos y ay sin y) (5) 

From Equation 5, the real and imaginary parts of e* are 

z x GO Ae ée =e Cosy +te sin y 

SUX UU ey) 

It’s easy to show that the two families u(x, y) = ug and v(x, y) = vp are orthogonal 

(Problem 14). 7 

Euler’s formula provides a convenient polar representation of complex num- 

bers. We learned in Section | that we can write 

Otay tC OSG Sie, (6) 

where the modulus r = (x? + y?)!/? is the distance from the origin to the point 

(x, y) and 6 = arg z is given by tan 9 = y/x. Using Equation 3, we have 

z=r(cos6 +i sin@) =re!? (7) 

which we call the polar form of z. Note that |z| = (zz*)/7 = (re!®re—#?)!/2 = ¢, 
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Example 1: 
Express z = —1 +7 in polar form (Figure 4.8). 

SOLUTION: r= V2 and tan@ = 1/(—1) = —1, so @ = 32/4. Thus, 

z= V2 oom 

ee re etn 

In Example 1, we took the angle @ to be 37/4. We could also have taken 0 

to be 37/4 + 277, or even 37/4 + 27n where n is any integer. If we restrict the 

values of @ to the interval 0 < 6 < 27, then @ is called the principal argument of z 

and is denoted by 6 or Arg z. We'll denote general values of 6 by arg z and write 

?=argz7—Ate 7-21 =O) + 200 (8) 

Hor 7 =O). sell, SEX, sac 

We can illustrate the restriction 0 < 6 < 27 for 6(z) = Arg z graphically as 

shown in Figure 4.14. The two closely spaced lines depict a branch cut. Suppose 

that 6 = O on the upper line. Then, as @ increases in a counterclockwise direction, 

it reaches the lower line, where 6 approaches, but does not equal, 277. Theta must 

cross the lower line in order to equal 277, which it does along the upper line. The 

significance of the branch cut is to emphasize that the function 6(z) changes as 

the branch cut is crossed. For example, as long as 0 < 6 < 277, then 6(z) = Arg z. 

However, according to Equation 8, if @ starts at some value 6) = Arg z (where 

0 <@ < 2m) and increases by 27, and consequently, crosses the branch cut in 

Figure 4.14, then 

@6=argz=Argz+27 

is no longer equal to Arg z. The branch cut serves to specify the function 6(z). 

Whenever @ crosses the branch cut, the value of n in Equation 8 changes and 6(z) 

changes to a new branch. We depict the branch cut as two closely spaced lines 

for pictorial reasons, but in reality it is one line, and is sometimes depicted as one 

heavy line. The upper line in Figure 4.14 corresponds to the top part of the branch 

cut and the lower line corresponds to the bottom part of the branch cut. In either 

pictorial representation, whenever the branch cut is crossed, 6(z) changes to a new 

branch. 

The little circle around the origin in Figure 4.14 reflects the fact that arg z is 

undefined at z = 0, and serves to exclude the origin. The origin in this case is called 

a branch point. We shall have more to say about branch cuts and branch points in 

Section 6. 

The multiple-valued nature of arg z is due to the fact that tans) isa 

multiple-valued function. You also have to be careful in computing the value 

of @ from 6 = tan~!(y/x) because it can give two different values of @ even if 

0 <6 < 2m. For example, in Example 1 we chose 6 = 37/4 because Figure 4.8 

Tl 

Figure 4.14 
An illustration of a branch cut for the 

function 6(z) = arg z. 
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showed that z = —1 + i lies in the second quadrant. However, tan~!(—1) also gives 

6 = 7/4, which would be the correct value of 6. for z = 1 — i. This ambiguity 

causes no problem if you keep in mind just where the point z lies in the complex 

plane. 

= CO 
Example 2: 
Determine the polar representations of z} = 1+ 7 and z= —1—1J. 

SOLUTION: In both cases, r = V2. The point z = 1 + i lies in the first 

quadrant, so tan~!(1) = 7/4, and 

foie J/2 eit/4 

The point z = —1 — 1 lies in the third quadrant, so tan—!(1) = 51/4, and 

ops VD oils 

Both z, and z> have the same value of y/x. 

Multiplying and dividing complex numbers is easy in polar form: 

Z1Zo = (re!?1) (re!) wh rye! At) 

aE Cs») 
oy US) 

For example, the product of z, and z, in Example 2 is z}z) = 2e67!/4 = 2e37!/? — 

—2i and their ratio is z;/z, =e!” = —1. 

We can also use Euler’s formula to derive the formulas (Problem 4) 

ei? _ e-i0 id ~i0 
SiN (6) = ee cos @ = ae a = (9) 

These formulas are often useful when evaluating integrals involving sin x or cos x. 

thes oly attr eR ety tn ef 2 Jhies: =) chant ca Cp oeatons ier. = en 
Example 3: 
Evaluate 

o,@) 

fill e “' sin t dt (a > 0) 
0 

by using Equation 9. 
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SOLUTION: 

ayes re == f eed — = f et ay 

BE HG 2i Jo 

> = ( 1 i iP 2i Segal 

2i \a-i ati ~ Qi(a2+1) a241 

(oe lat le Se 

We can evaluate J in Example 3 another way. Because e’’ = cost + i sin t, 

we can write J as 

[e.e) CO ; 

I = e™ sint dt = im [ eee as 
0 0 

This procedure gives us 

i eo cost dr =Re | e dt = Re ( ) = 
0 0 a—I a? +] 

as a by-product. 

Equation 7 also gives us a formula known as de Moivre’s formula. Taking the 

nth power of both sides of Equation 7 gives 

z"=r"(cos6 +isind)” =r"e!” =r"(cosné +i sinné@) (10) 

or 

(cos@ +i sin @)” =cosné +i sinné (11) 

We can use de Moivre’s formula to derive multiple angle formulas for the 

trigonometric functions. Letting n = 2 in Equation 11 gives 

cos? 6 — sin? 6 + 2i cos 6 sin @ = cos 20 +i sin 26 ie 

nN 

Equating the real and imaginary parts of this relation gives 

cos 20 = cos” 6 — sin” @ sin 20 =2 cos @ sin@ (12) 

N 

Of course, we can use Equation 11 to derive formulas for cos 30 and sin 30, and 

so on (Problem 7). 

Equation 7 is also useful for evaluating powers of complex numbers. For 

example, consider (1 + i). Inethisncase, 77 = ND and 65 = 7/4, so 1+ i= Figure 4.15 

3/2 3701/4 1: ae . : : 
23/2¢371/4 Figure 4.15 shows mand : plotted in the Eomelex Pane: INGLE (at! Fei fame ic eoaan te chee ah the 

the magnitude of z is cubed and its principal argument is multiplied by 3. complex plane for z= 1 +i. 

ba | 
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ca | 

Figure 4.16 
The three cube roots of unity plotted in the 

complex plane. 

by 

e~ 

e ® o 

j Xx 

~—— 

Figure 4.17 

The four 4th roots of unity plotted in the 

complex plane. 
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ane. ee on Naar Pee a 
Example 4: 
Evaluate z = (1 — i)°. 

SOLUTION: First see that r = /2 and that 6 = 71/4. Thus, 

Byes (/2)%ei6 72/4 — 8 o427i/4 _ 9 p2imi/2 _ g pxi/2 ol0ni 

=8 (cos 7 i sin =) =8i 
2 2 

ee Se ee Ss | 

The equation x* = | has two distinct roots, x = +1. The equation x = | has 

N distinct roots, called the Nth roots of unity. As we shall see, some of these roots 

turn out to be complex, so we’ll write the equation as z“ = 1. Now let z = re’® to 

obtain re!N? = 1. The value of r is unity and so we have 

e!N® — cos NO +isin NO =1 

This equation says that cos N@ = | and sin N@ = 0; this is so only if N@ = 2707, 

whetesn = 07 122) tc., N= 1. Cf nj Ncos:N¢ and sin NO just repeat 

themselves.) Thus we see that the Nth roots of unity are given by 

es TOM Pa RPO ON eat (13) <n 

For example, if N = 2, we obtain 

z=e=l and zpae™=-1 

liN =3, we get 

2 2 i 
z=ae=l z= 23 — cos = +i sin a ad 

3 3 2 2 

and 

Pou 4 
ee eae ee ee 

3 3 2, 2, 

Figure 4.16 shows these three roots plotted in the complex plane. Note that 

all of them lie on a unit circle centered at the origin because they all have unit 

modulus. One root (z = 1) lies along the x axis and the other two are symmet- 

rically distributed about the origin. Figure 4.17 shows the four roots of z* = 1 

(Problem 10). Generally the Nth roots of unity lie on the unit circle centered at 

the origin; one of the points lies along the x axis; and the others are symmetrically 

distributed about the origin. 

We can also find the Nth roots of any complex number. We simply express z 
in polar form, and then take the Nth root as we did above. In this case, we start 
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with 

— pei Gor2mn) cS 0, Il. he we (14) 

where 6 = Arg z, the principal argument of z. The following Example shows how 

to find the three cube roots of z = 1+ /. 

ir Se re 
Example 5: 
Find the three cube roots of z= 1+ 7. 

SOLUTION: First write z in polar form. Arg z = 77/4, and so 

Zee = J2 ei Go+27N) = J? el (a/4+2A0) ® 

Now take the cube root: / ® 

zi/3 21/6 o1(4/12+27N/3) 

The argument of z!/? will lie in the interval 0 < 6 < 27 if n =0, 1, and 2. 
Therefore, 

“i 
71/3 = V/6pin/12 91/6 ,192/12_ 91/6 ,i17n/12 

These three roots are shown in Figure 4.18. They are symmetrically Figure 4.18 

distributed on a circle of radius 2!/°, but none of them is directed along gee ase Sie Os Teale 
the positive x axis, as in the case of the Nth roots of unity. ptateebaaale eae sr ena tan a  R 

circle in this case is 2!/°. 

4.3 Problems 

1. Determine r and the principal argument for 

(a) 6 8 (b) 4-V2i (ce) -1-2i) =) tei 

2. Express the following polar forms in cartesian form: 

(a) et/4 (b) 6 e2%i/3 (c) eT t/Ai+n 2 (d) e727! + eA! 

3. This problem gives a simple derivation of Euler’s formula. Start with f(@) = cos @ +i sin 4. Differentiate 

with respect to 6 and show that f’(@) =if (0). Now integrate to get Euler’s formula. 

4. Derive Equations 9. 

[e,@) 

5. Evaluate i} e ™ cost dt (a > 0) using Euler’s formula. 
0 , 

21 Da 

6. Use Euler’s formula to show that (n and m are integers) i sin nx sinmx dx = ; cosnx cosmx dx = 
0 0 

20 

i sinnx cosmx dx =Oitim £ n. 
0 
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. Use Equation 11 to derive formulas for cos 36 and sin 30. 

= 
5 Evaluate ( ) é 

eet 

. Evaluate (2 — i)1°, 

. Find the four 4th roots of unity; in other words, find the four solutions to g=1=0. 

. Find the six 6th roots of z° = 64. Plot the six roots in the complex plane. 

. Find the four 4th roots of 7. 

. Find the three cube roots of V3 — i. 

. Starting with e* = e* cos y + ie* sin y =u(x, y) + iv(x, y), show that the two families of curves u(x, y) = Ug 

and v(x, y) = vo are orthogonal. 

. Use Equation 2 to show that e@!1T*2 = e*1e%2, 

. Show that the region —oo < x < 00, 0 < y <a in the z-plane maps into the upper half plane in the w-plane 

under the transformation w = e7*/¢. 
CO 

Poe pe = se leta= (1 —_ i)//2 to show that 
a 

oo oe) a 1/2 

il cos x° dx =i) sin x? dx = (=) 
0 0 . 8 

0 

4.4 Trigonometric and Hyperbolic Functions 

In the previous section, we derived the formulas 

: (po elt 

sin x = —————— 1 
2i () 

and 

Ix —ix 

ise a - (2) 

where x is a real number.-Equations | and 2 suggest that we define the sine and 

cosine of complex numbers by 

sin z = ——__— 3 
2i ©) 

and 

es +e 7% 

COS 4 5 (4) 

We can show that these definitions are consistent with all our standard formulas 

for the trigonometric functions. For example, Equations 3 and 4 say that 

sin(—z) = — sin z 
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and that 

cos(—z) = cos z 

Furthermore, 

Ge AN? iZ =iz\2 

ee VO en ca a Be (Gaia 
4 4 

ic ett 1 94 pntz— piz 4.9 Lp aiz ie 
ri = 

Example 1: 
Use Equations 3 and 4 to show that sin 2z = 2 sin z cos z. 

SOLUTION: 

(ef i e 2) (el% stil ei) 

2 Sin Z COS Z = : 
2i 

pi 

We can extend the definitions of the hyperbolic functions to complex variables 

by defining 

e& =: e< 

sinh z = ————— 5 5 (5) 

ee << (6) 

Once again, these definitions reduce to those in Section 1.1 for the hyperbolic 

functions of real variables. Just as Equations 3 and 4 satisfy all the trigonometric 

identities for real variables, Equations 5 and 6 satisfy all the identities involving 

hyperbolic functions. For example, 

Zz —z\2 Be ONE 

cosh” z — sinh? z = tereer’) & exe = 
4 4 

and 

et en e722 § 4 (e oe e~*) (e% — e~*) 

me 2 2 
sinh 2z = 

= 2 cosh z sinh z 

There is a close relationship between the trigonometric and hyperbolic func- 

tions when we define them in terms of complex variables. If we substitute iz for z 

77 
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in Equations 3 and 4, we obtain 

Gai ey alee (7) 
2i 2D 

and 

COST — =e = COsilz (8) 

Furthermore, if we substitute iz for z in the right-hand sides of Equations 5 and 6, 

we have 

sinh iz =),sin-z (9) 

and 

Cosh Zz —CoOsiz (10) 

Equation 7 shows that if z is real, then 

Sina Tsinnes ab) 

Thus, although sin x is our ordinary sine function along the real axis, in the complex 

plane it behaves as sinh x along the imaginary axis. To see how sin z behaves over 

the entire complex plane, consider 

el (xtty) ee e i &ty) 

sin z= sin(x +ly)= = 
2i 2i 

[e (cos x +i sin x) — e’ (cos x —i sin x)| 

(< a =) (¢ - — 
= sin x {| ———— ] + 1 cos x | —————_- 

y 2 / 

|= 

= sin x cosh y +7 cos x sinh y 

We can also derive this result by using the trigonometric formula for sin(a + B): 

sin Z = sin(x + iy) = sin x cosiy + cos x siniy 

(14) 
= sin x cosh y +i cos x sinh y 

When y = 0, sin z = sin x, and when x = 0, sin z =i sinh y. 

Example 2: 
Derive an expression for the real and imaginary parts of cos z. 

SOLUTION: Use cos(@ + 8) =cosa cos § — sina sin B to write 
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cos. zZ = cos(x + iy) = cos. x cos iy — sin x siniy 

Janes (15) 
= cos x cosh y — i sin x sinh y 

eee 

When y = 0, we have cos z = cos x and when x = 0, we have cos z = cosh y 

in Equation 15. Figures 4.19 and 4.20 show the real and imaginary parts of sin z 

plotted in the complex plane. 

Example 3: 
Evaluate cos(z — 1). 

SOLUTION: Use Equation 15 with x =z and y = —1: 

cos(z — i) =cosz cosh(—1) — i sinz sinh(—1) 

= — cosh(—1) = — cosh 1 

Note that Im (cos z) = 0 along the vertical lines that are integer multiples 

of 7. 

pa ee Ce ya oe ee eae ee 

In Section 2, we viewed w = f(z) as a mapping from a region of the z-plane 

to aregion of the w-plane. Let’s see how the domain —7/2 <x <7/2,0<y <oo 

maps into the w-plane when w = f(z) =cos z. The domain in the z-plane is shown 

im Fisuce 4.21. For w= 7 (Zz) = Cos z, 

u(x, y) =cosx cosh y v(x, y) =— sin x sinh y 

Along the vertical line at x = 7/2 in the z-plane, 

u(z, y)=0 v(5, y) =— sinh y C= ='06 

Therefore, the vertical line at x = 7/2 maps into the negative v axis in the w-plane. 

Along the vertical line at x = —z/2 in the z-plane, 

u(—%, y)=0 u(—%, y) =sinh y O= y = .00 

and so the vertical line at x = —z/2 maps into the positive v axis. Now, let’s 

look at points within the domain. Because 0 < cos x < | for —w7/2<x<m7/2 

and cosh y > | for all values of y, we see that u(x, y) = 0 everywhere within the 

domain, and so the domain in Figure 4.21 gets mapped into the entire right-half 

plane in the w-plane. 
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Figure 4.19 
The real part of sin z plotted against x and 

y. Note the periodicity in the x direction 

and the exponential growth in the y 

direction. 

Figure 4.20 
The imaginary part of sin z plotted against 

x and y. Note the periodicity in the x 

direction and the exponential growth in 

the y direction. 
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ty 

'yv 

Wa =1COS pa 
> u 

Figure 4.21 y 
The mapping of the region 
—m/2<x<n/2,0<y<owin as 

the z-plane into w = f(z) = cos z in the —7/2 n/2 * 
w-plane. 

4.4 Problems 

1. Use Equations 3 and 4 to show that cos 2z = 2 cos? z= 1. 

2. Use Equations 3 and 4 to show that cos(z, + z2) = cos Z] COS Z7 — Sin Z; SiN Zp. 

3. Express cosh z in the form u(x, y) +iu(x, y). 

4. Express sinh z in the form u(x, y) + iu(x, y). 

5. Use Equations 5 and 6 to show that cosh 2z = cosh? z + sinh? z. 

eo ~2n+l een 

6. Use Equations 5 and 6 to show that sinh z = ——— and cosh z = ~ 
é D (2n + 1)! De (2n)! 

n=0 n=0 

2 275 

7. Use Equations 5 and 6 to show that tanh z = z — = + E OC) 

8. Show that sinh(z + 277) = sinh z and that cosh(z + 277i) = cosh z. Interpret this result. 

9. Evaluate cos(> — 27). 

10. Evaluate sinh(2 + izr). 

11. Show that 

(a) tanhu = —i taniu (b) cothu =i cotiu (c) cosiu=coshu (d) sinhiu =i sinu 

12. Show that 

(a) sechiu =secu (b) cothiu = —i cotu (c) sechu =seciu (d) siniu =i sinhu 

13. Map the region —2/2 < x < 2/2, 0 < y < oo in the z-plane into the w-plane under the transformation 

Sil % 

14. Map the region 0 < x < 2/2, 0 < y < oo in the z-plane into the region in the w-plane under the transformation 

Wi= Since 

15. Show that e’”” = (cosh z + sinh z)” =cosh nz + sinh nz and that e~"* = (cosh z — sinh z)” = cosh nz — sinhnz. 

16. Use the relation in the previous problem to show that sinh 2u = 2 sinh u cosh u and that cosh 2u = 

2 cosh? u — 1=1+42 sinh? u. 
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17. Show that the region 0 < x < 00, 0 < y <a in the z-plane maps into the upper half plane in the w-plane under 

the tranformation w = cosh 1z/a. 

18. Show that the region 0 < x <a, 0 < y < oo in the z-plane maps into the first quadrant in the w-plane under 

the transformation w = sin 2z/2a. 

19. Use the defining expression for Bernoulli numbers (Equations 3.7.7 with x = 0) to show that 
CO ¢_4)n92n 

COM a ee ar. yer), 
Cais ai, 

n=0 

20. Show that the family of curves u(x, y) = up and v(x, y) = vo associated with f(z) = cos z are orthogonal. 

21. Use a CAS to produce figures like Figures 19 and 20 for cos z. 

4.5 The Logarithms of Complex Numbers 

We define the logarithm of a complex variable as the inverse of the exponential 

function e*, and write 

siz al) (1) 

We have the restriction that z 4 0 because e” cannot equal zero for any finite value 

of w. If we let z = re!’ and w =u + iv, then we find that 

“u—ilnr and Uo (2) 

where In r is the usual natural logarithm of a real number. But en =e orem 

where Op is the principal argument of z (0 < 6) < 27) andn =O, +1, +2, .... 

So we rewrite v as 

v=0 + 270n i =O, Selly SEL, oo 0 (3) 

and 

Inz=Inr + i(6) + 27n) pHs sel, easy, soc (4) 

Equation 4 shows that In z has a different value for each value of n, or that In z has 

an infinite number of values. We can also write Equation 4 in terms of u(x, y) and 

vie .y): 

1/2 AN ee In(x? + y’) 7 tan! Z (5) 
x 

where tan~!(y/x) = 69 + 22n when n = 0, +1, £2,.... 
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Figure 4.22 
The branch cut for In z in the complex 

plane that restricts arg z to the values 

0 < arg z < 27. The origin is also cut out 

because In z is not defined at z = 0. 
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ee ae 
Example 1: 
Determine the value of In (3 +i V3). 

SOLUTION: First express 3 + i,/3 in polar form: 

3 1 n/3ji = (2) eet n = 0, £1, 42, 

and so 

; ] | ie 
In3+V3i)=>5 In 12 +i (Z +200] 

im 371 
O40 ee ha eee ; 

6 6 

| 25 
(0 

and so on. 

a ee oe eee | 

Before the development of functions of a complex variable, mathematicians of 

the 18th century were uncertain of the meaning that should be given to logarithms 

of negative real numbers. To determine In(—1), we write —1 as e'” and write 

h(a op 

a purely imaginary number. Because —1 is also equal to e!%+?7” for n =0, 

+1, ---, we have in general that 

bal (a) Si Ge So i) es, Sit, aS ke (6) 

which are all purely imaginary numbers. 

Even though In z has an infinite number of values, we can render it a single- 

valued function by restricting the value of 6. Just how we choose to do this is rather 

arbitrary, but there are two commonly used choices. One of these restricts @ to the 

values 0 < 6) < 27, where Op is the principal argument of In z. We can illustrate 

this choice graphically in Figure 4.22 by drawing a branch cut along the positive 

x axis as we did for arg z in Figure 4.14. In this case, the origin is a branch point 

because In z is not defined for z = 0. 

If the value of @ is restricted to the interval [ 0, 27r), then In z is called the 

principal value of In z and is denoted Ln z. (Unfortunately, there is no general 

consensus on the notation, Ln z and In z. Some authors use In z for the principal 

value of In z, while others use Log z and log z.) Thus, we write 

Ln ZS nr AteZz (7) 
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where Arg z = 9, 0 < 0 < 27. This single-valued function is called a branch of 

In z. If 6 increases and crosses the branch cut shown in Figure 4.22, then 

nz=—in7 = 1O,4- 20) =Inr 7g Die SO << hae (8) 

and we have another branch of In z. The function described by Equation 8 is one 

of an infinite number of branches of In z. Each time 6 crosses a branch cut, In z 

goes from one branch to another. 

Example 2: 
Evaluate In z,z, and Ln 2 2», if z; = —1—i and z) = —-1—iV3/3. 

SOLUTION: The polar forms of z, and z> are 

zy = 2 2¢i Gu /4+2n0) ana Zp = (4/3) !/2ei 74/6422) 

VN CTEN/RATG ka) etait ese Note that Arg z. = 77/6 because Zp, lies 

in the third quadrant. (This is an example of a case where a careless use of a 

hand calculator will give 9 = 2/6.) The product of z,; and zp is 

HO CIES, 
£142 = 

= (8/3)!/2ei Sx /12+20m) 

where — 11.4 One ED ee Therefore, 

. are 
Sei vhs ee ayo irese eaaldan 

12 12 

197i 
53 0.4904 + aout 0.4904 — 

and so on. For Ln z;z3, we choose only the principal argument of In z4Z2, or 

O = 52/12, and write 

bs 
Ln 242) = 0.4904 + a 

ee | 

Note that we can move from one branch to another when we evaluate In z,z or 

Ln (z)Z>). Therefore, although In z,z2 will always equal In z; + In z, Ln z1z2 will 

not equal Ln z, + Ln z, unless 0 < Arg z; + Arg zz < 27. Another commonly used 

branch cut for In z is shown in Figure 4.23. In this case, 4 1s restricted to the values 

—m <0) <7. Youcan use either branch cut, as long as you are consistent. 
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Figure 4.23 
The branch cut in the complex plane 

that restricts arg z to the values 

—m <arg z <7. The origin is also cut out 

because In z is not defined at z = 0. 
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4.5 Problems 

10. 

11. 

12. 

. Determine In (—/) and Ln (—7). 

. Find In z and Ln z for (a) e!7/3 and (b) —1 +i V3. 

. Find Ln [Ln (1 + iV3)]. 

. Find Ln sinh = and In sinh a 

. Solve the following equations: 

(a) Inzg=—1 (b) Enya — 

(Co ine = 0 (pena (0 

. Does Ln z;z9 = Ln z; + Ln zo if Zz; =—1+i and z7 =—1? 

. Show that Ln z =u +iv where u = 3 In(x? + y?) and v = tan! a Show that the families of curves 
ui 

u(x, y) = Ug and v(x, y) = vp are orthogonal. 

. Show that sin~! z = —i In(@iz + V1 — 22). Hint: Solve (e'* — e~'*)/2i =z for x. 

. Use the result of the previous problem to solve the equation sin z = 2. Note that this equation has no solution 

if z is real. 

In the previous problem, you showed that sin! 2 = = —i In(2 + V3). Now show that 

sin E ~i In(2+ ¥3)| =2. 

Show that Ln z = Inr +i Op gives eb" =z. 

Find all the values of In e*, where z= 1-4 7 i. 

4.6 Powers of Compiex Numbers 

We can use In z to evaluate general powers of complex numbers, and some of these 

results may be surprising to you. Let 

waz (1) 

where both z and c may be complex. We can express z° in terms of In z by writing 

et eunez aes eclln r+i(609+27k)] (2) 

where k=0, +1, +2,.... The properties of w as a complex number differ 

markedly depending upon whether c is a (real) integer, a (real) rational number, a 

(real) irrational number, or a complex number, so let’s look at each case in turn. 



4.6 Powers of Complex Numbers 

We discussed the cases where c = n and c = I/n (n an integer) in Section 3, 

but we include them here for completeness. If c is an integer, then Equation 2 gives 

= 2” = etlin r+i(@9+27k)] 

= eh In r+i(n09+27kn) 

Nol nO 52% nki =r = rein (3) 

since e!277"* — 1, 

If c = 1/n, so that we are evaluating the nth root of z, then 

In _ A Inrti(2 420k) _ _1/n i6y/n ,i2ak/n Z. =en n Oe iy 2 e We 
4 —s k=0, +1, +2,... (4 

In this case z!/” is multiple-valued. For @ = 6) + 27k/n, k takes on the values 0, 

1,2,3,...,”— 1 before 6 goes through a complete cycle of 277. These n values 

or n roots of z are distributed uniformly on a circle of radius r!/” centered at the 

origin in the complex plane. 

Example 1: 
Find the four 4th roots of z= 1+1. 

SOLUTION: The polar form of z is 2!/2e!("/4427*) with k =0, +1, 
+2, ..., so the 4th roots of z are z, = 2'/8e!(#/16+7k/2) with k = 0, 1, 2, 
and 3. The four roots are 

ZA = 2)/8 (co sale + isin =) 
16 16 

w 
22 = 2'/8 | cos elit +i sin =) 

16 16 

Figure 4.24 shows these four roots plotted in the complex plane. 

are iy eit wi ghee phages! Poe 6 t; to aoilay wel ont] 

Now let c be a rational number and express it as c = m/n, where n and m are 

integers. A straightforward application of Equation 2 gives 

Ze cs 7 gh R ODT IAN) ey 7 co ZG + 2k) +i sin —(% + 2m) (5) 
n n 

where k =0, 1, ..., n — 1(Problem 3). Note that z”/” is n-valued, just like z'/”. 
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Figure 4.24 
The four 4th roots of z= 1 + ¢ plotted in 

the complex plane. The radius of the circle 

is2ue, 
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Se 

Figure 4.25 
The three values o 

the complex plane. 

is 22, 

f 
wen 

. a Ua ad 

f (1 +i)? plotted in 
The radius of the circle 
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ae Ce pg ett pl wi] © VENA Wao Vine ween Od a 
Example 2: 
Evaluate (1+ i)?/?. 

SOLUTION: The polar form of z is z=1+i1= Wo et Pee) waitin 

OSes 2 amoral SO 

4 
2/3 = («/2y7 exp E (= + 2k) =2'/2 exp [ (2 te x) | 

where k = 0, 1, and 2. The three distinct values of 2/3 are 

We 
Ze =e (cos a +i sin =) 

6 6 

eee 
= p73 T 7273 

On On 
= 21/3 (cos —+isin =) 

_ Gewese 

= 21; 

Stoel 
92/3 zs 72/3 

These three values are plotted in Figure 4.25. Note that they are symmetrically 

distributed about the origin and are the squares of the three roots that we 

found in Example 4.2-5. 

SS 

Problem 4 has you show that z° has an infinite number of values if c is an 

irrational number because 6 will never repeat as k = 0, +1, and so on. Thus, an 

expression such as (1 + i)v? has an infinite number of values 

(sy ence ae pee ee 

Thus, the values of (1 + iyv2 will be densely distributed in the complex plane on 
: V2 ee 

the circle of radius /2~~ centered at the ori gin. 

Lastly, z° is also infinite-valued if c is complex, even if a and b are integers. 

Let c=a +b in Equation 2 to obtain 

Ce elatib) [ In r+i(69+27k)] 

=p? In r—b(O+2rk) pil bInr+a(0)+2z7k)] 

= ef nr P0228) cost b Inr + a( + 2k)] +i sin[ b Inr + ay + 27k)]} (6) 
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where k=0, +1, +2,.... Equation 6 looks rather messy, but let’s use it to 

evaluate 1'. 

Example 3: 
Evaluate 1!. 

SOLUTION: Substitute r = 1, 6) =0, a = 0, and b = 1 directly into 

Equation 6 to obtain 

l=e k=0, +1, +2,... 

Thus, 1! is not necessarily equal to 1; only for k = Ois 1’ = 1. In fact, | raised 

to any complex power will have an infinite number of values. 

ag a a | 

1/2 from Before we finish this chapter, let’s look at the transformation w = z 

the z-plane to the w-plane. In polar form, we have w = r!/2e!/?, When 6 = 0, 

1/2 As @ increases (moving in a counter-clockwise direction), z 

varies as re’? and w varies as r!/*e!°/?. When @ has made one complete revolution 
in the z-plane, w = r!/7e!27/? — ,!/2eit — _r1/2 and so 6 has made only one half 

of a revolution in the w-plane. Then as 6 makes a second revolution in the z-plane, 

6 goes from z to 27 in the w-plane. This behavior occurs because w = z!/? is a 

double-valued function. We can make w single-valued by restricting @ in the z- 

plane to the values 0 < 6 < 27. As we did in the previous section for Ln z, we 

can indicate this restriction on 6 by a branch cut along the positive x axis in the 

z-plane (Figure 4.26). As long as @ does not cross the branch cut, w is a single- 

valued function; it is the principal branch of the double-valued function w = z!/. 

If 6 crosses the branch cut, so that 27 <0 < 47, then w represents the second 

branch of w = z!/*. The two branches 

ian E73 

w, =r @l9/2 QAO = Vie 

and 

Ww, = r'/2e!9/2 2n <0 <4 

correspond to the two square roots of z, +z!/?. Further revolutions of @ simply 

repeat the values of w, and wp. 

4.6 Problems 

1. Determine all the values of (1 — i)/3, 

2. Determine all the values of (1 — i)?/?. 

OH, 

ney: 

Figure 4.26 
The branch cut in the z-plane for the 

function w = f(z) =z!/?. This branch cut 
restricts w to be single-valued. 
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. Discuss the transformation w = z 
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. Argue that there are an infinite number of values of z° if c is an irrational number. 

. Determine all the values of (1 + i)’. 

. Determine all the values of (1 + i) iti, 

. Discuss the transformation w = z!/? from the z-plane to the w-plane, indicating the appropriate branch in the 

z-plane. 

'/2 using a branch cut along the negative x axis in the w-plane. 

. Evaluate i!. 

. Evaluate 17. 

. Show that (i/2)!/? = (1+i)/2. 

. Map the region Arg z = 2/m (with m > 1/2) in the z-plane into the w-plane under the transformation w = z’”. 
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The Geometric Interpretation of the Complex Numbers 

Before the 19th century, imaginary and complex numbers posed a problem for mathematicans, although 

they arose naturally in solving algebraic equations and proved useful in a number of applications. The 

interpretation of complex numbers was very elusive, but at the end of the 18th century, two obscure men 

independently offered a beautiful geometric interpretation. 

The first to do so was Caspar Wessel (1745-1818), a surveyor. He was born in Norway, but he and his 

two older brothers attended the University of Copenhagen because there were no Norwegian universities 

at this time. After one year, Wessel left the University for financial reasons to work as an assistant to his 

brother, who was a surveyor with the Royal Danish Academy. After 15 years working as a surveyor on the 

topographical survey of Denmark, he received sabbatical leave with full pay to complete his law degree. 

After obtaining his law degree, he returned to his surveyor position. Wessel developed his mathematical 

skills in order to solve some of the difficult problems in geographical surveying. By 1796, he had produced 

the first accurate map of Denmark. In 1797, Wessel presented his only mathematical paper to the Royal 

Danish Academy, in which he described the geometric interpretation of complex numbers and the addition 

and multiplication of vectors as we know them today. Unfortunately, the significance of his work was not 

recognized, and the paper was not translated from Danish for a wider distribution. Wessel’s work was 

unknown until it was discovered in 1895. 

The second one was Jean-Robert Argand (1768-1822), an accountant and bookkeeper in Paris. Very 

little is known about his background and education. How he came to be interested in complex numbers is 

also unknown. Argand first published his geometric interpretation of complex numbers in 1806 in a book 

that he had printed at his own expense. Surprisingly, he did not even put his name on it. His work became 

known in a rather strange manner. Legendre received a copy of the book and wrote favorably about it to 

Francois Frangais, a fellow mathematican. When Frangais died, his brother, Jacques, also a mathematician, 

discovered Legendre’s letter and the book. In 1813, he published a paper based on Argand’s ideas and asked 

that the author of the book come forward to receive the recognition that was his due. Argand responded to 

Frangais’s request and submitted a refined version of his work. 

In 1831, Gauss published a geometric interpretation of complex numbers leading to a general acceptance 

of what is now known as an Argand diagram. Interestingly, Gauss was also involved in survey work in some 

of the same regions that Wessel surveyed. 
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Oliver Heaviside . J. Willard Gibbs 

Oliver Heaviside (1850-1925) was born on May 18, 1850, in London. He suffered from scarlet fever as a 

child, which affected his hearing and caused psychological difficulties throughout his life. He left school at 

16, and his uncle, Charles Wheatstone, who was a well-known physicist and inventor of what is now called 

a Wheatstone bridge, encouraged him to become a telegrapher. He was very successful in this work and at 

one time was responsible for handling all the overseas traffic for the Great Northern Telegraph Company in 

Newcastle upon Tyne. During this time, he began his research into electricity, and, in 1874, he left his job 

to devote himself full time to his research. Through his work on the theory of electrical circuits, he made 

important contributions in vector analysis and developed the precursor to Laplace transforms, although 

his methods lacked mathematical rigor. In 1902, he predicted the existence of a conducting layer in the 

atmosphere, now known as the Heaviside layer, which allows radio waves to follow the Earth’s curvature. In 

1909, he moved to Torquay, where he became a strange and embittered recluse. He died there on February 

321925; 

J. Willard Gibbs (1839-1903) was born on February 11, 1839, in New Haven, Connecticut. He 

received his Ph.D. in engineering from Yale University in 1863, the second doctorate in science and the first 

in engineering awarded in the United States. He stayed on at Yale for years without salary and remained 

there for his entire life. Gibbs always had a practical side to his work, and he received a number of patents 

for various mechanical devices, one being an improved railway brake. In 1880, he used vector analysis to 

calculate the orbit of Swift’s comet from three observations. However, his greatest contributions were made 

in the fields of thermodynamics and statistical mechanics. In 1878, Gibbs published a long original treatise 

on thermodynamics titled “On the Equilibrium of Heterogeneous Substances” in the Transactions of the 

Connecticut Academy of Sciences. Maxwell and van der Waals immediately appreciated the significance of 

the work and made it known throughout Europe. Eventually, Gibbs received the recognition that was his 

due, and Yale finally offered him a salaried position in 1880. Gibbs was an unassuming, modest person, 

living his entire life with his sisters in New Haven in their family home. He died there on April 28, 1903. 
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Many quantities in the physical sciences are vectors because they have both a 

magnitude and a direction associated with them. Examples are velocity, force, 

angular momentum, and the electric or magnetic field at some point. Contrast 

these quantities to temperature, density, or time, which have magnitude only, and 

are called scalars. 

We begin the chapter with a discussion of vectors in two dimensions because 

their properties are easy to visualize and the results are readily extended to three 

(or more) dimensions. In Section 2, we discuss vectors that are functions of a 

single variable, such as time. We’ll show how a vector function of time describes 

the trajectory of a particle, and then show how its acceleration can be resolved 

into components that are tangential and perpendicular to its trajectory. We discuss 

vectors in three dimensions in Section 3 and three-dimensional vector functions 

in Section 4, with a number of applications to classical mechanics. In the final 

section, Section 5, we apply these vector methods to the properties of lines and 

planes in three dimensions. Section 5 nicely illustrates how simple and powerful 

vector methods are in solving geometrical and physical problems. We’ll solve a 

number of problems in this section that would be much more tedious without vector 

methods. 

5.1. Vectors in Two Dimensions 

Two-dimensional vectors can be defined as ordered pairs of real numbers (a, b) that 

obey certain algebraic rules that we shall develop below. The numbers a and b are 

called components of the vector. The vector (a, b) can be represented geometrically 

by a directed line segment (arrow) from the origin of a coordinate system to the 

point (a, b). The length of the arrow represents the magnitude of the vector and 

the direction of the arrow represents the direction of the vector. Vectors that have 

the same length and the same direction are equal. Thus, all the vectors shown in 

Figure 5.1 are equal. It makes no difference where the tail of the vector is located, 

although we often locate it at the origin of a coordinate system for convenience. 

Vectors are usually denoted by bold face type and scalars by italic type. The 

magnitude (or length) of a vector is denoted by a = |a|. Two vectors, u = (wu, U3) 

Vectors 

Figure 5.1 
All the vectors in this figure are equal 

because they have the same length and 

same direction. 
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Figure 5.2 
The vector —u points in the opposite 

direction of u. All the vectors pointing 

downward in the figure are equal to —u. 

Figure 5.3 
An illustration of the parallelogram law of 

vector addition. 

Chapter 5 / Vectors 

and v = (vj, v») are equal if and only if uv; = v, and uz = v2. Geometrically, this 

means that the two vectors have the same magnitude and the same direction, but 

can be located anywhere, as in Figure 5.1. 

We can multiply a vector v by a scalar c, the result being 

CV = (cvj, cv2) (1) 

Geometrically, the magnitude of v is changed by this operation. If c > 0, the length 

of v is scaled by a factor of c; if c < 0, the direction of v is reversed as well 

(Figure 5.2). If c = 0, we have what we call the zero vector, 0 = (0, 0). 

The addition of two vectors is defined by the relation 

u+v=(u,+ Vj, U2 + U2) (2) 

In other words, we add vectors by adding their components. The addition of two 

vectors has the simple geometric interpretation illustrated in Figure 5.3. Place the 

two vectors tail-to-head and then draw the resultant vector as shown in the figure. 

This procedure is sometimes called the parallelogram law of vector addition. Ei- 

ther Equation 2 or the parallelogram law shows that vector addition is commutative. 

The subtraction of two vectors is defined by 

u — V= (Uy — Yj, Uy — V2) (3) 

The direction of u — v is shown in Figure 5.4. Note that it is directed from the tip 

of v to the tip of u. This can be seen most easily by writing w = u — vy, in which 

case u = V + w, as shown in Figure 5.4. 

Consider the two-dimensional cartesian coordinate system shown in Fig- 

ure 5.5. The two vectors i = (1, 0) and j = (0, 1) have unit length (they are unit 

vectors) and point along the x and y axes, respectively. Every two-dimensional 

vector can be expressed as an additive combination of i and j; in other words, any 

—_————eo~ 

Figure 5.4 
An illustration of the subtraction of two Figure 5.5 
vectors. Note that w =u — v points from The unit vectors of a two-dimensional 

the tip of v to the tip of u. cartesian coordinate system. 



5.1 Vectors in Two Dimensions 

vector u is given by 

U = (Uy, Uz) = (Uy, 0) + (CO, uz) = 441, 0) +420, DV =ujitugj (4) 

Equation 4 represents the resolution of u into a horizontal component and a vertical 

component. Because uw, and w> are the components of u in the x and y directions, 

respectively, u is usually written as u=u,i+ u, j. The length of u, or the norm 

of u, in this representation is given by 

“= jul = (ue + ut)? (5) 

Figure 5.6 shows the vectors u, v, and u — v, where u and v are perpendicular 

to each other. Pythagoras tells us that 

jul? + |v|? = lu — v/? 

or that (from Equation 5) 

ur ae uw = ve + v = (4; — v,)* — vy) 

or that 

U,V, +Uyvy =0 (6) 

Equation 6 gives us the condition that must hold if two vectors are perpendicular 

to each other. We can define the dot product, an inner product, or a scalar product 

of two vectors by 

U-V=U,v, + Uyv,y (7) 

Equation 7 shows that 

u-v=Vv-uU (8) 

and that 

uuu + uy = ul? = 0? (9) 

Thus, the dot product is a commutative operation. Equation 6 implies that 

av =0 if Aclay (10) 

Equation 10 shows that the vector u = 0 is perpendicular to all vectors. Vectors 

that are perpendicular to each other are said to be orthogonal. Thus, the condition 

u - v =0 implies that u and v are orthogonal. Note that u - v = 0 does not nec- 

essarily imply that either u = 0 or v = 0. For example, u- v = 0 if u=i+ j and 

Vi=i=—}j. 
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Figure 5.6 
The vectors u, v, and u — v, where u and 

Vv are perpendicular to each other. 
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Figure 5.7 
The two vectors (3,4) and (4,—3). 

Figure 5.8 
A pictorial aid to Example 2. 
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[SS Seat Sy 
Example 1: 
Show that the two vectors u = (3, 4) and v = (4, —3) are orthogonal. Draw 

these two vectors in a cartesian coordinate system. 

SOLUTION: The dot product of u and v is equal to 

u- v= (3)(4) + (4)(-3) =0 

and so the two vectors are orthogonal. Figure 5.7 shows these two vectors. 

(aces Saas ele es crecnaetee ire ee | 

[ties so ee re 
Example 2: 
Prove that the line from the apex of an isosceles triangle that bisects its base 

is perpendicular to the base. 

SOLUTION: Figure 5.8 shows that 

m-+ —-(u—v)=u 
Nile 

Is 
m— —(u—v)=v 

2 

or that m = 5(u + v). The base is represented by u — v, and 

m-(u—v)= 

since |u| = |v|. Thus, we see that m is perpendicular to the base of the 

triangle. 

ea a gc | 

We can use the law of cosines to derive another expression for the dot product 

of two vectors. Refer back to Figure 5.6 and write Equation 9 as 

ju — vj? =(u—v)-(u—yv) =u? 4+ v* —2u-v (11) 

Now the law of cosines says that 

ju — vl? =u? + v7 — 2uv cos 0 (12) 

where @ is the angle between u and y, and where u and v are arranged tail-to-tail 

as in Figure 5.6. Comparing Equations 11 and 12, we see that 

u- v= |u||v| cos@ (13) 
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Equation 13 is a standard definition of the dot product of two vectors. Either 

Equation 7 or 13 shows that the dot product of two vectors is a scalar quantity. 

Sometimes the dot product is called the scalar product because of this. Of course, 

Equations 7 and 13 are equivalent to each other. 

af 

Example 3: 
Given that u=i-+ 2 j and w = 21+ j, determine the angle ¢ in Figure 5.9. 

SOLUTION: The angle 6 in Equation 13 is the angle between u and v 

when they are arranged tail-to-tail. Thus, the angle 0, given by 

u-v 
COSiG, — 

uv 

is equal to z — ¢, as shown in Figure 5.9. Using v= w —u=i—jin 

Equation 13, we have 

or 6 = 108.4° 

Figure 5.9 
The geometry associated with Example 3. 

Olle Oae 

a an Se 

Equation 13 gives the following for the unit vectors i and j: 

oe a omar 
ets COs 0 waa 

and ps 

i-j=j-i=lil Mfigee = =0 
sO 

u-v=(4,i+u,j)-(,i+ vy) 

=UxVy tUyvy +O+0=U,v, + Uydy 

in agreement with Equation 7. It’s fairly easy (Problem 15) to show that the dot 

product satisfies the distributive law: 

u-(vt+tw)=u-v+u-w (14) 

(SS Sie a ra 
Example 4: 
Show that the vector u= ai-+ jis perpendicular to the straight line 

expressed by ax + by +c =0. 

SOLUTION: Let (x, y;) and (x, y2) be two points on the line. Then 

ax; + by, +c =0 and axy + by) +c = 0. Subtract these two equations to 
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ty get 
: a(Xz— X1) + D(y2 = ys) = 0 

(x2, y2) Vag But 

a(x2 — x1) + b(y2 — yy) = (i+ bj) - [@2 — x) 1+ O2 — y) JJ =9 

The vector (x. — x;)i+(y2 — y,)j is parallel to the straight line 

= (Figure 5.10), so we see that u = ai-+ bj is perpendicular to it. 
(x1, yi) > 

Figure 5.10 
If (x), y)) and (x9, y2) are two points on 

the line expressed by ax + by +c =0, 

then the vector (x» — x;) i+ (y2 — y;)jis 
coincident with the line. 

5.1. Problems 

1. Let u = (2, 1) and v = (—1, 1). Find u = |uJ, v = |v|, u + v, 2u — 3v, and |u +4 vj. 

2. Solve a(1, 1) + b(—1, 0) = C1, 0) for a and b. 

3. Find the unit vector in the same direction as 

(a) G,-1l) (b) 2i+3j © i+j Pali 

4. Given that both u = 2i + 3 jand v = —i + 2 jstart at the origin, as shown in Figure 5.11, calculate the distance 

between the heads of u and v. 

by 7 

Figure 5.11 x 
The vectors used in Problem 4. 

5. Determine the angle between the following pairs of vectors: 

(a) u=(l, 2) and v = (—1, 3) (b) u=3jandv=-—i+j 

6. Determine the angle between the following pair of vectors: 

(a) u=—i-—jandv=i+j (b) u=i+jandv=i—j 

7. Find all the vectors that are perpendicular to u = i — j, but are twice as long as u. 

8. What angles do the following vectors make with the positive x axis? 

(a) i+j (b) -i+j (c) -i-j 
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9. Consider the triangle sketched in Figure 5.12. Prove that the line joining the midpoints of the sides u and v is 

one-half the length of the third side and parallel to it. 

Figure 5.12 
A pictorial aid to Problem 9. 

10. Prove that the diagonals of a parallelogram bisect each other. 

11. Resolve u into components that are parallel and perpendicular to any other nonzero vector v. 

12. Find the perpendicular distance from the point (4, 3) to the line x + 2y —-4=0. 

13. Consider a vector u = u; i + wu j. Rotate u 90° in a counterclockwise direction to obtain Uog, and show that 

Ugg = —U2i+ U4 j. 

14. Show that u - v is the length of the projection of u onto v times the length of v. 

15. Prove the distributive law geometrically for the dot product of two vectors. 

5.2 Vector Functions in Two Dimensions 

The vector r=xi-+ yj, directed from the origin to a point (x, y), is called a 

position vector. If the point (x, y) moves with time [in other words, if x and 

y are functions of time, x(t) and y(t)], then r(t) = x(t) i+ y(t) j is a (vector) 

function of time. The function r(t) traces out a curve in the plane as ¢ varies. We 

can denote a point on this curve by r(x, y) =r(x(t), y(t)) =r(t). We can consider 

a two-dimensional vector function to be an ordered pair of real-valued functions 

(x(t), y(t)). Most of the concepts associated with real-valued functions carry over 

to the case of vector functions. For example, 

lim r(t) = lim xy + lim y(t) j (1) 
ta i 7a 

and we say that r(f) is continuous at a if lim r(t) =r(a) = x(a)i+t y(a) j. The 
t—>a 

continuity of r(t) depends upon the continuity of its components. We define the 

derivative of a vector function by 

dr : r(t + At) —r(t) 
SS al = Il 2, en rv iy 

provided this limit exists. Ifr = x(t) i+ y(t) j, we can find r’(t) by differentiating 

r(t) to obtain 

Sa (ft) = 1 5 (3) 

LOY 
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r(t) + At) - r(t) 

r(t) + At) 

Figure 5.13 
An illustration that r’(t) is tangent to the 

curve generated by r. 

Figure 5.14 
The parametric curve x =f, y= t?, and 

the tangent line at the point f = 1. 
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(Note that no derivatives involving i and j appear in Equation 3 because neither 

their magnitudes nor their directions change with time. Their time derivatives are 

equal to zero.) 

Let’s look at Equation 2 pictorially, as shown in Figure 5.13. Figure 5.13 shows 

the vectors r(f)) and r(f) + Ar), and the difference r(t) + At) — (fo). As At — 0, 

[ r(t) + At) — r(to)]/At becomes tangent to the curve r(¢) at f = f and is called 

the tangent to the curve at fy. The vector r(fy) + r’(t))(t — to) defines the tangent 

line to the curve r(f) at fo. 

ata ea ees. s 
Example 1: 
Find the equation of the tangent line at the point t = | to the curve described 

parametrically by x =f, y= i 

SOLUTION: The tangent vector at the point ¢ = | is given by 

! DX Van he 7 
Lo ee | 

dt dt 

and the equation of the tangent line is given by 

EOE ry ii i Gl) ti oe yl 

OL bye — ay — 27 ( icure el): 

i Aa ee 

If r(t) describes the position of a particle, then Equation 3 gives us the velocity 

of the particle. The magnitude of the velocity is the speed of the particle: 

ha \r’(t)| = (v2 ae vee = {Lx'( a Lay Py 2 (4) 

The time derivative of the velocity gives us the acceleration of the particle: 

ate aay ita,j (5) =d,i+a, 
Ge ie al 

a=v(p)=r'(t)= 

Example 2: 
Describe the motion given by 

r(t)=2costi+sint j 

Find the velocity, the speed, the acceleration, and the magnitude of the 

acceleration when t = 27/3. 

SOLUTION: The parametric equations of the motion are x(t) = 2 cost 

and y(t) = sin f. Thus, x? =4 cos? t, We = sin? t, and x? + Ay? = 4 The 

motion traces out an ellipse in a counterclockwise direction as ¢ increases, 
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starting at (2, 0) and completing a cycle for ¢ = 27, 47, .... Equations 3 

and 5 give 

d 3 ; F 
ie ee ae (COs 2) 

d 
— =(—2cost)i— (sin tr) j 
dt 

r 

t 

v = (4 sin’ t + cos” t)”? = (4 — 3.cos? tr)? 

Vv 

a (4 cos* t + sin? t)!/? = (4 —3sin? t)!/2 

At t = 27/3, v = —(3)/* i— (1/2) j, a=i— G'/2/2) j, v = V/13/2, and 
a= VJ/7/2. 

Iain i ite er Ls stent egy Fhe | 

The distance travelled along the curve traced by r(t) from fg to ft, is called 

the arc length of the curve. As Figure 5.15 suggests, the arc length is given by 

ds* = dx* + dy’, or (see also Equation 3.5.16) 

t ty ty 

— if {kOP + b'OP}2at = / ror a= i v(t) dt (6) 
Hy) i) uy) 

Note that this equation is equivalent to v = ds /dt 

meta) eee) thee. 
Example 3: 
Calculate the arc length of the curve traced by r(t) =f costi+¢sint j from 

Orie 

SOLUTION: First determine 

r’(t) = (cost —¢ sint)i+ (sint +t cost) j 

and 

YOH=rOrH=1+r 

Therefore, 

21 
4 2 41/2 I 21/2 5 c= || +e par= | S141)! 10 (14 1+?) 

0 2 

= (1+ 497?) !/? 4 In (2x aA +4?) 

0 

1 ; 
—n(1+ 4)? 4 5 Aresinh 95724919563... 

Lo 
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ty 

[(dx)? + (dy)? }'? 
dy 

dx 

DG 

Figure 5.15 
A geometric aid to the calculation of 

the arc length of a curve. Note that 

ds* = dx* + dy’. 
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hy 

dT/ds 

a | 

Figure 5.16 
The vectors T(s) and dT/ds are 

perpendicular to each other. dT/ds 

measures the rate of change of the 

direction of T(s) as a function of the arc 

length s. 

Chapter 5 / Vectors 

The velocity vector v(r) is tangent to the curve generated by r(t). If we denote 

the arc length along the curve by s, then the unit tangent vector is given by 

v(t) dr dt 
T(t) = — _ (7) 

v(t)  dtds 

where we have used the fact that v = ds /dt (Equation 6). We can write Equation 7 

as 

v() =v) TH) = TH) (8) 
dt 

The acceleration is given by 

2, 25 dT (ds\? eee o 
dt di “aie dt di ads 

It turns out that the magnitude of the vector dT /ds has an important geomet- 

ric interpretation. To see what this interpretation is, start with T(t) - T(t) = 1 (see 

Equation 7). It is easy to show (Problem 3) that for two arbitrary, differentiable 

vector functions u(t) and w(t), 

d : ; 
—(u-w)=u- —‘+ —-w (10) 

if 

Differentiate T(t) - T(t) = 1 with respect to ¢ to obtain 

d GML Giy 
ye Ne inarrrs a SA -T 

— Pd We — ==) (11) 

Now, using the chain rule of differentiation, 

d ds d d 
a =f) = fee yi Bat -T) 

Gr =o (12) 
ds 

and so we see that the vectors T(s) and dT/ds are perpendicular to each other 

(Figure 5.16). 

As the point r = (x, y) moves along the curve shown in Figure 5.16, the 

magnitude of T remains constant; therefore, dT /ds measures the rate of change 

of the direction of T. If 6 is the angle that T makes with the x axis, then T = 

cos 7i-+ sin @ j. Differentiating both sides with respect to s gives 

dT 3 2 ae he! 
— =(—sin@1+ cos 6 })— 
ds \ Das 
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Taking the absolute value of both sides yields 

dT 

ds 

dé 

ds 
(13) 

The rate of change of 6 with s is called the curvature « of a curve described 

parametrically by x(t) and y(t). The curvature tells us how rapidly the direction 

of the tangent line is changing as we move along the curve. A large value of « 

means that the curve is bending sharply, while a small value means that the curve 

is bending slowly. The reciprocal of « is called the radius of curvature, which 

we denote by p. The radius of curvature has a nice geometric interpretation. Let a 

curve have a given radius of curvature at the point (x, y). We define the osculating 

circle to the curve at (x, y) to be the circle of radius p passing through (x, y) having 

the same tangent to the curve at (x, y) and whose center lies on the concave side 

of the curve (Figure 5.17). If the curve is bending slowly, then the radius of the 

osculating circle will be large, whereas if the curve is bending rapidly, then the 

radius of the osculating circle will be small. 

We can derive an expression for « in terms of the (nonparametric) equation 

of the curve, y = y(x). Start with 

Bn nie 
dx 

Then 

d 2)\-o4 (2)-re 

ds \dx)  dsd0\dx) dO ds 

d 
dé do dy do 2 2 = @— =(1+tan’ é)— =] 14+ [ — — 14 

te ds ( c aE (2) |¢ op 

But 

(15) 
d (2)-24 (2)-25 

ds \dx) ds dx \dxj) ds dx? 

and (Problem 8) 

because 

201 

Figure 5.17 
An illustration of an osculating circle. 
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ty 

Figure 5.18 
The osculating circle calculated in 

Example 4. 
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Finally, after equating Equations 14 and 15, we see that 

2 
ee le (16) 

ey 
We took the absolute value of d?y/dx* in Equation 16 because we have taken « 

to be a positive quantity. 

Example 4: 
Find the curvature of the parabola y = x?/2 at (a) x =0,(b) x = 1, and (c) 

x = 2, and draw the osculating circle at x = 1. 

dé 

ds 
_|a 
~ | ds 

SOLUTION: Equation 16 gives us 

| 

(1+ 2?}9/ 
The curvature is equal to1 at x = 0, 0.354 at x = 1, and 0.0894 at x = 2. 

The radius of curvature at x = 1 is equal to 2.83 and the osculating circle at 

x = lis shown in Figure 5.18. \, 

ea Oe ee ee 

Let’s now return to Equation 9 for a: 

d? ; a-T +S (S) (17) 
dt ds \dt 

If we let N be a unit vector in the direction of dT /ds, then we can write 

aia at 
| NN (18) 
ds ds 

and Equation 17 becomes 

d D 
a= T+ cwN (19) 

dt 

Equation 19 resolves the acceleration vector into components tangential and per- 

pendicular to the trajectory of the particle. The tangential component 

dv 
ay 

dt 

is the rate of change of the speed of the particle and the normal component 

D) 
aN = KU 

is a measure of the rate of change of the direction of the motion of the particle. 
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NG ater tin. ea, Se 
Example 5: 

The radius vector of a mass moving in a circular orbit of radius R with a 

uniform angular speed of w radians per second is given by 

r=(Rcosot)i+ (R sin at) j 

Determine v, v, ap, and ay and interpret the result for ay. 

SOLUTION: 

d 
v= i: = (—Ro sin wt) i+ (Rw cos at) j 

ts 

and 

v = (R7o” sin* wt + R2w? cos* wt)'/? = Rw 

(This result for v also follows from differentiating the arc length s = R@ 

with respect to time and using w = d@/dt.) Note that r - v = 0 for circular 

motion. The tangential and normal components of the acceleration are given 

by 

- dv o: 

eet 

and 

D an = KU 

Problem 16 has you show that « = 1/R for a circle, so we find that 

which is called centripetal acceleration. If the moving particle has mass m, 

then a force may = mv*/R directed toward the origin is required to maintain 

the circular motion. 

| edt tlt eae ot, a 

5.2 Problems 

1. Determine the equation of the tangent line at f = | to the curve described by the parametric equations 

x=2?4+Lhy=eP42r. 

2. Determine the equation of the tangent line at ¢ = 7/4 to the curve described by the parametric equations 

x =cos*t, y= sin? f. 

du dw dw d 
t t)— and that —(u- w) = —-w-+u- —. 

i Pel a leer oe dt dt 

df d 
3. Show that op ars 

203 
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16. 

17. 

18. 

19. 

20. 

Chapter 5 / Vectors 

. We can integrate vector functions by integrating the components. For example, if v(t) = x(t) i+ y(t) j, then 
b b b 

/ v(u) du =i / x(u)du+j | y(u) du. Suppose that a particle has an acceleration a(t) = 3¢ i—- Dye 

a a a 

and initial values r(0) = 2 i and v(0) =i + j. Find its position and velocity at any time. 

. Prove that a(w) and da/du are perpendicular if |a] = c = constant, provided neither a nor da/du is equal to 

Zero. 

. Determine the arc length of the curve described by r(t) = 2 costi+2sint jfromt=Otot=1. 

2) 
ae 

. Determine the arc length of the curve described by r(¢) = ¢ i+ —= jfromt =O tor=1. 
J2 

. Show that if a curve is described nonparametrically by y = y(x), then the arc length is given by 
b 

= (| 14+ b’@)}ax. 
a 

. Find T for r(w) = (cos? u) i+ (sin? wu) j. Why is T a constant vector? 

pa V0 

. Show that dx/ds = fi (2) 
dx 

. Determine dx/ds and dy/ds on the parabola y = x*. 2 

. Determine the curvature of a straight line. 

. Determine the curvature of the ellipse x7/16 + y*/9 = 1 at the point (0, 3). 
‘ 

. Determine the value of x at which y = In x has its greatest curvature. 

. The center of the osculating circle, called the center of curvature, is given by y =r +N, where r is the 

position vector to the point (x, y) and N is a unit normal vector to the curve y = f(x) (Figure 5.19). Determine 

the radius of curvature and the center of curvature of the parabola y = 2x* + | at the point (1, 1). 

ty 

Figure 5.19 
An illustration of the center of curvature. 

Show that p = 1/« = R for a circle of radius R. 

Find the tangent vector and the normal vector to the parabola y = 2x + | at the point (1, 1). 

Find the tangent vector and the normal vector to the curve described by r(t) =¢ costi+tsintjatt=z. 

Find the tangential and normal components of acceleration at t = 1/4 for a particle moving according to 

r(t) = (2 cos 27t) i+ (sin 277) j. 

Find the tangential and normal components of acceleration at t = 0 for a particle moving according to 

r(t)=tcosti+tsintj. 
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21. The parametric equations of a cycloid are x(u) = a(u — sin u) and y(u) = a(1 — cos u). Calculate the length 

of one arc of a cycloid. 

22. Calculate the area under one arc of a cycloid (see the previous problem). 

5.3 Vectors in Three Dimensions 

Three-dimensional vectors can be treated as ordered triplets of three numbers 

and obey rules very similar to those obeyed by two-dimensional vectors. We 

represent three-dimensional vectors by arrows and the geometric interpretation 

of the addition and subtraction of these vectors follows a parallelogram rule just 

as it does in two dimensions. We define unit vectors i, j, and k along the x, y, and 

z axes of a cartesian coordinate system and express three-dimensional vectors as 

u=u,ituy,jtu,k (1) 

In terms of ordered triplets of real numbers, 

10): = (OS1N0) 5 and Ke (0205) 

Figure 5.20 shows a cartesian coordinate system and the three unit vectors i, j,and Figure 5.20 

k. The coordinate system shown is said to be a right-handed coordinate system The unit vectors of a three-dimensional 

because as the x axis is rotated toward the y axis through the smaller angle between —_©@"tesian coordinate system. 

them (90° in this case), the positive z axis is in the direction of advance of a right- 

handed screw. A right-handed coordinate system also obeys the right-hand rule: 

if you curl the fingers of your right hand pointing in the customary direction of a 

counterclockwise rotation in the x y-plane, then your thumb will point in the same 

direction as the positive z axis (Figure 5.21). It is customary to use right-handed 

coordinate systems and we shall do so throughout the book. 

We can define the dot product of two vectors by 

——or- 

N 

u-V=Vv-u=uvcosé (2) 

<< where the length of u is given by 

u=(u-u)!/? (3) = 

As in the two-dimensional case, @ is the angle between u and v, where u and v are 

arranged tail-to-tail. According to Equation 2, the dot products of the unit vectors 
Xx 

i, j, and k are Figure 5.21 
An illustration of the right-hand rule. 

i-i=j-j=k-k=1 4 
i-j=j-i=i-k=k-i=j-k=k-j=0 4) 

Foru=u,ituyjt+u,kandv=v,i+ vy J+ v, k, we have (Problem 1) 

Wes Ue Up Uv) aE, (5) 
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(b ) 

Figure 5.22 
(a) The vectors u, v, and w in Example 2. 

(b) The vectors u, v, and w in Example 2 

viewed normal to the plane of the triangle 

that they form. 
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and 

w= (2 tur tur)? (6) 

Equation 6 is a three-dimensional version of the Pythagoras theorem. Equation 5 

can also serve as the definition of the dot product of two vectors. 

i Ne ee a 
Example 1: 
Find the angle between the two vectorsu =i+2j+3kandv=2i—3j—Kk. 

SOLUTION: According to Equation 5, 

u- v= (1)(2) + (2)(—3) + B)(-) = -7 

u=(1+44+9))"= /14 

v=(4494 17 =VJ14 

U: 

cos = =-- or 

Example 2: 
Determine the angles in the triangle formed by the three vertices, 

P(e ee aes ose loa Lh) cancels =a 38 aes) 

SOLUTION: One side of the triangle is given by the vector associated 

with P> — P), or 

u= (3-—2)i+ d-—2)j+d-—2)k=i-j-—k 

and another by P3 — P;: 

¥= 6-2) 1-6-2) (26-2 k=i1- Trek 

The third side is given by P3 — P>, or 

w=(3-3)1+ G-)Dj+G-—)Dk=2j4+2k 

Note that w = v — u. The triangle is pictured in Figure 5.22a. As Figure 5.22b 

shows, the angles between u and v (@,,,,) and between v and w (6,,,,) are 

given by Equation 2. Thus we have 

u-v 1 
COS ee ope Ne ne I 

Uv 3 

u-Ww 4 
cos 6,,,, = —— = —= Op) =] SOLOS vu uw A VU 
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To calculate 6,,,,, note that u- w/uw gives the complement of the interior 

angle between w and u (see Figure 5.22b). Therefore, 

u-Ww 4 
cs8. = 6’ =144.74° 

uw uw /24 uv 

and so 6,,,,, = 180° — 144.74° = 35.26°. Note that the sum of the three angles 

is 180°. 

ks seule OE a Te Se ee oe ee 

The direction angles of a vector u are the angles a, 6, and y that the vector 

makes with each of the coordinate axes (Figure 5.23). The cosines of these angles 

are called the direction cosines of u. Foru=u,i+u,jtu,k,i-u=ucosa, 

j-u— 1 cos 6, and k - w= cosy, or 

j-u My k-u-su, i-u Uy J 

cosa=——=—; cosB=——-=—; cosy= = (7) 
u u u u u u 

Equation 7 shows that the direction cosines are the components of a unit vector in 

the same direction as u; or 

" = cosaitcos Bj+cosy k (8) 
Uu 

Equation 8 gives 

cos? a + cos” Bo cos” Vaal (9) 

We have defined the dot product of two vectors, which is a scalar quantity. 

There is another useful definition of the product of two vectors that results in a 

vector quantity. We define the cross product or the vector product of u and v by 

u <X v= |ul|v| sind n (10) 

where 6 is the angle (< 180°) between u and v (arranged tail-to-tail as before) and n 

is aunit vector perpendicular to the plane formed by u and y, and thus perpendicular 

to both u and vy. The direction of n is the same that a right-handed screw would 

advance if u were rotated toward v through their smaller angle (Figure 5.24). 

Because sin 6 = 0 when 6 = 0, Equation 10 says that 

uxu=—0 (11) 

We also have 

(12) uxv=-v¥xu 

Equation 11 says that the cross product of parallel vectors is equal to zero. Equa- 

tion 12 results because the direction of n is reversed if we interchange u and v. 
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x 

Figure 5.23 
The direction angles of a vector u. 

/\u y 

Figure 5.24 
The unit vector n in the direction u x v. 
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It is useful to apply Equations 11 and 12 to the unit vectors i, j, and k. (Refer 

to Figure 5.20.) 

imi=fx<j—kxk=—0 

catia iieea k 
ixk=—-j kxi=j (13) 

jxk=i keeps 

The distributive law for the cross product of two vectors is more lengthy to prove 

than for the dot product of two vectors, so we simply state without proof (see the 

references at the end of the chapter) that 

ux (vt+tw)=uxv+uxw 

The cross product of u and v in terms of i, j, and k is given by 

uxv=(u,i+u,j+u,k) x @i+v,jt+v,k) 

= u,v, 1xi+tu,vyix j+u,v,i xk 

+ U0, ji + u,v, | xX J r,v, jk 

+ u,v, k xi+u,vyk xjt+u,v,k xk 

= (u,v, —uzv,) I+ (ve — U;0,) J+ Uyvy —4y0;,)'K (14) 

Can you see a pattern in the terms of Equation 14? 

[A aitiane: Sete shores apes hp FoReery od im easiness Re 
Example 3: 
Show that u x v given by Equation 14 is perpendicular to u. 

SOLUTION: We wish to show that u- (u x v) = 0. Using Equation 14, 

we get 

u-(u X Vv) =u, (uyv, — UzVy) + Uy(UZVy — UV) + UZ(U,Vy — UyV,) 

= (U,UyV, — UzU,Vy) + (UZUyV, — UyUyUz) + (U,UZVy — UZUyV,) 

= 0 

The product v - (u x v) = 0, also. (Can you see this without carrying out the 

algebra?) 

eee ee See ee 

Equation 14 can be rewritten concisely in terms of a determinant as 

Uy Uz (15) 
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We haven’t studied determinants yet (we will in Chapter 9), but you might rec- 
ognize that Equation 14 results by expanding the determinant in Equation 15 in 

terms of cofactors of the first row. Recall that 

i J k 
Dey Ws Le hs. Wh 

—, y rh - Xx rg x y He byt Ul =i an —j aoe +k | } 
: . s , 2 Oe Wy 

ie % v, iy z x M6 2h by) 

=| (CPs UzVy) + j (u,v, —u,v,) +k (uy = Uyv,) (16) 

KV. iste -) i | 
Example 4: 
Evaluate u x vifu=3i—j+2kandv=2i+2j—k. 

SOLUTION: Equation 16 gives 

hy k 

Ue Ve ee 

2 

Sec ele ee ele ie 
mae cel oh iw EL A GELS) 

= —-—31+7j+8k 

Note that u x v is perpendicular to both u and vy. 

ee a ee 

Cross products occur in a number of physical problems. For example, if a 

particle is moving about a fixed center with momentum p, then r x p, where r 

is the position vector of the particle from the fixed center, is equal to the angular 

momentum of the particle about the fixed center. Similarly, if the particle is acted 

upon by a force F, then r x F is the torque acting on the particle. Another example 

is provided by the force acting on a charged particle moving in a magnetic field. 

In this case, F = gv x B, where g is the charge on the particle, v its velocity, and 

B the strength of the magnetic field. 

The magnitude of the cross product of two vectors has a useful geometric 

interpretation. Figure 5.25 shows a parallelogram whose sides are the vectors u 

and v. The area of this parallelogram is equal to the areas of the two triangles plus 

the area of the rectangle, or 

Fs (5) (v cos @)(v sin 8) + (v sin@)(u —vcos@)=uvsind (17) 

Notice that Equation 17 says that the area is:equal to the length of one side times 

the height. But wv sin 6 is simply the magnitude of u x v, so we can write 

A=|u x vj =uv sind (18) 

ZO9 

Figure 5.25 
An illustration of the geometric 

interpretation of u x v. 
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Figure 5.26 
A parallelepiped with sides u, v, and w. 

Chapter 5 / Vectors 

Equation 18 can also be used to calculate the area of a triangle formed by vectors 

u, Vv, and v — u (Problem 17). 

The cross product results in a vector, so now let’s consider the triple scalar 

product u- (v x w). Using Equation 14, we have 

u- (Vv X W) =4,(vyw, — v,Wy) + Uy (Uw, — V,Wz) + Uz(V,~Wy — VyW,) 

This expression looks just like Equation 14 withi, j, and k replaced by u,, uy, and 

u,, however, so u - (v x w) can be expressed in the form 

Uy, Uy Uz 

u-(VxXw)=|v, vy Uv, (19) 

Oh Lise at 

which is just Equation 15 with i, j, and k replaced by u,, uy, and u,. 

Just as |v x w| is the area of the parallelogram with sides v and w, |u- (Vv x w)| 

is the volume of the parallelepiped with sides u, v, and w (Figure 5.26). To see 

that this is so, note that |u - (Vv x w)| =u|v x w| cos @ and that |v x w| is the area 

of the base of the parallelepiped shown in Figure 5.26 and u cos @ is its height. 

Example 5: ! 
Show that the three vectors u=i+j—k,v=2j+k,andw=2i+4j—k 

are coplanar. 

SOLUTION: It suffices to show that u- (v x w) = 0, for then the volume 

of the corresponding parallepiped will be zero. 

i ak 
2 1 |=-6i+2j—4k 
es 

vx w= 

No Oo = 

and 

u-(v x w)—-64+2+4=0 

We could also have used Equation 19 directly. 

We summarize here some general properties of vector products: 

uxVv=-vxu (20) 

(cu) x v=u x (cv) =cuxv (21) 

ux (v+w)=uxv+uxw (22) 

u-(v x w) = (ux v)-w (23) 

The proofs of all these relations are straightforward. 
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Equation 23 is called a triple scalar product. We also can have a triple vector 

product, defined by u x (v x w). It is straightforward, albeit somewhat lengthy, 

to show that (Problem 13) 

u xX (V X W) = (U- W)vV — (U-: v)W (24) 

Notice that Equation 24 says that the triple cross product is an additive combination 

of v and w of the form @ v — 6 w where a = (u- w) and B = (u- vy). 

5.3 Problems 

10. 

11. 

. Use Equations 4 to derive Equation 5. 

. Find the angle between the vectors u = 2i—2j+ 3k andv=2i+3j+k. 

. The point (1, —1, 2) is connected to the points (2, 0, 1) and (3, 1, —1). Find the angle between the lines 

connecting these points. 

. Find the direction angles of the vector u = i+ j. 

. Let u = (cos ay, cos fh), cos y;) and v = (cos @, cos fz, cos y2). Show that the angle between u and v is given 

by cos 6 = cos a@ COS @ + cos B; cos By + cos y; COS yp. 

. Find the area of a parallelogram with vertices (0, 0, 0), (1, 1, 1), and (2, 3, 5). 

. Determine the interior angle of a regular tetrahedron. Hint: See Figure 5.27. 

Figure 5.27 
The relation between a tetrahedron and a cube. 

. Determine the direction cosines of 

(a) v=i-2jk @) v¥=2i5-3j"k 

. Use vector methods to derive the law of sines of plane trigonometry. Hint: Start with u + v + w = 0, the 

condition that u, v, and w form a triangle, and then take cross products. 

Show that the points P; = (1, —1, 1), P> = (2,0, 1), P3 =, 2,0), and P, = G, 3, 0) are coplanar. 

Show that the volume of a regular tetrahedron is given by /2a3/12, where a is the length of an edge. Refer 

to Figure 5.27 for the geometry. Hint: The volume of the tetrahedron is 1/6 the volume of the parallelepiped 

formed by the three vectors forming the tetrahedron. 

Bi 
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17. 

18. 

. Verify Equation 24. 

Chapter 5 / Vectors 

. Show that u- (u x v) = 0. Interpret this result. 

. Prove the Cauchy-Schwartz inequality, \u - v| < |ul|v]. 

. Use the result of the previous problem to prove the triangle inequality, |u + v| < |u| + |v|. Hint: Use the 

Cauchy-Schwartz inequality from Problem 14. 

and their difference. 

. Derive a relation between the cross product of two vectors and the area of the triangle formed by these vectors 

Use the result that you derived in the previous problem to calculate the area of a triangle with vertices 

B= Ul, Sl, W), 1 = (©, 2p 1) eine! 1? (3), II, 2). 

ISSUES Wexy) i=l x vie v 

5.4 Vector Functions in Three Dimensions 

In Section 2, we discussed vector functions in two dimensions. Many of the results 

of that section carry over to here. The vector r= x i+ yj + zk, directed from the 

origin to a point (x, y, z), is called a position vector. If the point (x, y, z) moves 

with time, then r(t) = x(t) i+ y(t) j+ z(t) k is a vector function of time. The 

function r(t) traces out a curve in space (a space curve) as t varies. We can denote 

a point on this space curve by r(x, y, z) =r(x(t), y(t), z(t)) =r(t). The velocity 

of the point is given by 

dx Z 
VG) =F (Sie | 1 (t) (t) i i oF (1) 

As in the case of two dimensions, r’(t) = v(t) is tangent to the curve described by 

r(t). The speed of a moving point is given by 

1/2 
Gane ay ee | 

USS a ee ee te (2) 
dt dt dt 

The formulas for the derivatives of quantities such as f(t)u(t) and u(t) - v(t) are 

the same as for two dimensions: 

a Oy du v f()u(t) = a u(t) + f(t) FE (3) 

and 

d du dv 
Peg -V(t) = ae ve: a (4) 

Formulas that are new to this section are those involving the cross product of two 
vectors since the cross product is a three-dimensional quantity. It is easy to show 
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that (Problem 1) 

a ree ee (5) 
dt a, dt 

and that 

d du d 
—|u: (Vv X W)| => — -(V aes mm ( )] a (vx w)+u eel MY) 

du dv dw 
= —-(vxX w)+u-{— xw)t+u-(vx — 6 
Tos \S ) ( 4 S 

Here is a nice application of Equation 5. Newton’s equations of motion for a 

body of (constant) mass m are, in vector form, 

2 

pcan = P(xeye (7) 
dt 

Multiply both sides of Equation 7 by rx to obtain 

2 
r 

mr xX —=rxF 8 Wi (8) 

The left side of this equation can be obtained from 

d ( *) dr ar d’r 
—— j te< — x + IC 3 ee 

dt dt ats, dt dt 

Tee, 
7 dt2 

because dr/dt x dr/dt = 0. Thus Equation 8 may be written as 

o (rxmZ)=rxF (9) 
atx. dt 

The left side here is the time derivative of the angular momentum: 

Ree 
dt 

and the right side is the torque, N=r x F, so that Equation 8 becomes 

aie 
iN, 10 °F (10) 

Now suppose that the force acting upon m is a central force; that is, suppose that 

F is directed along r. Thenr x F = 9 and 

a =0 (central force) (11) 
t 

Equation 11 says that the angular momentum is a constant of motion in this case. 

2S 
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a) 

— 

YY 

rx 

Figure 5.28 
The helix described by x = a cos q Bt/m, 

V— sing Bt/ imc — Dt. 

Figure 5.29 
A rigid body represented by a collection of 

masses rigidly separated from each other. 

Figure 5.30 
The rotation of mass m; about an axis of 

rotation @. 

Chapter 5 / Vectors 

But, since L is a vector quantity, both its magnitude and its direction are constants. 

Consequently, the path of the particle will remain in a single plane. 

an aa ae > 
Example 1: 
The force acting on a particle of charge g moving with velocity v in a 

magnetic field B is F = q v x B. Determine the motion if B = Bk, where B 

is a constant. 

SOLUTION: Newton’s equations of motion are 

it iad ak 

m—=qvVxB=q|v, vy v, 

es 0 0 B 
— qvy Bi — qu, Bj 

or 

dv, dvy 
m—=—gv,B m— =—gv,B m— =0 
een dt ane 

We’ ll learn how to solve these equations for v(t) and subsequently r(t) in 

Chapter 11, and a solution is (see also Problem 5 for a reminder of how to 

solve these equations) . 

Re y(t) =a sin eon E00 
m m 

where a and b are constants that depend upon the initial values of r(t) and 

v(t). Thus, the trajectory of the particle is a helix with a uniform speed in the 

z direction (Figure 5.28). The frequency with which the particle revolves in 

the x y-direction, gB/m, is called the Larmour frequency, or the cyclotron 

frequency. 

aoe ene Ty ye ee | 

Now let’s consider a rigid body that is rotating about an axis passing through 

the center of mass, and let’s represent the rigid body by a collection of masses 

rigidly separated from each other, as shown in Figure 5.29. We’ll focus on the 

motion of the 7th mass and then sum over all of them at a later stage. Figure 5.30 

shows this mass rotating about the axis of rotation, which we denote by w. The 

position vector r; of this mass is referenced to the center of mass of the rigid body. 

In a time interval Az, the mass rotates through an angle A@ to a new position 

specified by r+ Ar. Now, if Az is sufficiently small, the magnitude of Ar will 

approximate the circular arc length RA@, where R =r sin ¢ and where ¢ is the 

angle between r and the axis of rotation w (see Figure 5.30). If we let n be a 

unit vector along the axis w in the direction such that A@ > 0 corresponds to a 

right-handed system, then we can write 

Ar AO@nxr 
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Note that |Ar| ~r sin ¢ A@, as we stated above. As At > 0, this equation, upon 

introducing differentials, becomes 

Vv age 28 nxr (12) =—— = — xr on? 
di, dt 

where w is equal to d@/dr. This result suggests that we define an angular velocity 
vector by 

wo=-on (13) 

and write Equation 12 as 

d 
ve ee oxr (14) 

dt 

The angular momentum of the rigid body consisting of n such masses is given 

by 

n n 

L=)o m(r; x v;) = > mir; x (@ x 1) (15) 
i=l i=l 

where we used Equation 14 for v;. Notice that is not subscripted because we are 

discussing a rigid body, where all the masses rotate with the same angular velocity. 

We can now derive the equation of motion of the rigid body by differentiating L 

with respect to f. 

=) mv; xX (w x r;) +4; X (@ x V;)] (16) 

1 

dL 

dt 

Using Equation 14, we see that the first terrn on the right side vanishes. Problem 6 
nA 

has you show that ye r; X (@ X V;) =@ x Lin this case, so Equation 16 becomes 

i=! 

—_=oxL (17) 

which is a fundamental equation of motion for a rigid body rotating at a constant 

angular velocity w. Equation 17 is essentially “F = ma” for such a system. 

[oS Sr a eae 
Example 2: 
Use Equation 17 to show that L precesses about the z axis with an angular 

frequency w if wm = ok. 

SOLUTION: 

Ze 1 J 

—_=oxL=}| 0 0 
dt 

pe \\ie) 
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Figure 5.31 
An illustration of the precession of the 

angular momentum vector L about the 

rotation axis @. 

Chapter 5 / Vectors 

or 

; dL dis 
ey Sk, ; ~=oL, —=0 

7 t 

These are similar to the equations that we obtained in Example 1. Certainly, 

L,(t) =acos wt, L\(t) =a sin ot, and L,(t) = b, where a and b are 

constants that could be determined from some initial conditions, satisfy 

these equations (Problem 5). Thus, we see that L, remains constant while L 

traces out a circular motion of angular frequency w about the z axis (the w 

axis in Figure 5.31). The angle that L makes with @ is given by L,/|L|. 

ee 

The trajectory that a particle traces out with time is described by a position 

vector r(t) and a velocity vector v(t) = dr/dt. The vector v(t) is tangent to the 

curve at ¢ and the unit tangent vector is given by 

t Tip (18) 
Iv(t)| 

or 

v(t) = v(t) T(t) (19) 

We can also express T(t) by (Problem 8) 

dr 
T(t) = — 20 (t) ce (20) 

The speed of the particle is also given by 

v= ds (21) 
dt 

where s is the arc length of the curve, given by 

b b 2 2 a 
dx dy dz 

i u(t)dt =|! (=) ar () + (¢ dt 2D 
i a dt dt dt o) 

Example 3: 

Determine the arc length of one cycle of the helix described by 

r(t)=bcosti+bsintj+ctk 

SOLUTION: One cycle occurs when ft goes from 0 to 27 (or when t goes 
from fp to fg + 277), so 

20 

c= / (b sin? t + b? cos? t +c?) "dt = 2 (b? + 2) 2 
0 

ee ee | 
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As in Section 2, we define the curvature « by 

dT dT dt 1 |dT 
kK = |—| = |— —] = - |— (23) 

ds dt ds v | dt 

and the principal normal vector N by 

uk =KN (24) 
ds 

Because T is a unit vector, T and N are perpendicular. (See Equation 12 of 

Section 2.) 

eS Se 
Example 4: 
Calculate the curvature of the helical curve described in Example 3. 

SOLUTION: We start with 

v(t) =—bsinti+bcostj+ck 

and 

v(t) =|v(t)| = (0? +c?) 7 

Thus, 

and 

dT —bcosti—bsintj 

dt aa (b2 + c2)1/2 

Finally, using Equation 23, 

1 jat 
v(t) | dt 

ee: 

~ b2 4c? 

Notice that the curvature is uniform. 

The acceleration of a particle is given by 

ave ak i (25) 
dpe dite 

We can resolve a into components that are tangent and normal to the trajectory 

by using Equations 19 through 22. The result is formally the same as for the two- 

217 
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Figure 5.32 
The (right-handed) cartesian coordinate 

system formed by the unit tangent vector 

T, the principal normal vector N, and the 

binormal vector B. 

Chapter 5 / Vectors 

dimensional case (Problem 14): 

qt Tee (26) 
dt 

The tangential component of a corresponds to the change in the length of v while 

the normal component corresponds to the change in the direction of v. The normal 

component is called the centripetal acceleration. 

re eee ee a ee | 
Example 5: 
Determine ay and ay for the trajectory given in Examples 3 and 4. 

SOLUTION: v(t) = (b? +c’)!/? and so dvu/dt =0. Therefore, 

_ dv 
dt 

i ne eg re 

For a space curve traced out by r(t), T = dr/ds is a unit tangent vector and N 

(the principal normal vector) is a unit vector perpendicular to T. It seems natural 

to introduce a third unit vector perpendicular to both T and N to constitute a set 

of mutually orthogonal unit vectors attached to‘the curve. We define the binormal 

vector B by 

ar ==) ay = K(b? +c?) =b 

B=TxN (27) 

so that T, N, and B form a right-handed coordinate system (see Figure 5.32 and 

Problem 22). As r(t) traces out the path of the curve, the T, N, B coordinate system 

moves along the curve. Although the magnitudes of T, N, and B stay fixed (they’re 

unit vectors), their orientation varies with time. 

Equation 24 says that dT /ds = «N. Now let’s see how N and B vary with s. 

Differentiating Equation 27 gives 

dB dT dN . dN 
— x N+T x —=T om a (28) 

ds ds ds ds 

The first term on the right equals zero because, according to Equation 24, N and 

dV /ds are parallel. Equation 28 tells us that dB/ds is perpendicular to T. But B 

is a unit vector, so dB/ds is also perpendicular to B. Thus, we see that dB/ds is 

perpendicular to both B and T, and so must be parallel to N. (See Figure 5.32.) 

Therefore, we write 

ay = —t(s)N (29) 
ds 

where t(s) is called the torsion of the curve. The negative sign in Equation 29 is 

just a convention. It turns out that the shape of a space curve is uniquely determined 

from a knowledge of « and t as functions of the arc length s. 
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Equations 24 and 29 tell us how T and B vary with s. To see how N varies 

with s, we differentiate N = B x T to obtain 

ey eae, LN een CN 
ds ds ds 

= t(s)B —«(s)T (30) 

Equations 24, 28, and 30 are called the Frenet-Serret equations and are 

fundamental equations of differential geometry, which is the study of space curves 

and surfaces. 

Example 6: 
Calculate T, N, B, «, and t for the helical curve described by 

r(t)=bcosti+bsintj+ctk 

SOLUTION: We start with 

dr 
v= — =—bsinti+bcostj+ck 

dt 

and so i 

v= = 402)! 
dt 

Therefore, 
dr drdt -—bsinti+bcostj+ck 

T= = = 

ds  dtds (b2 +c?) 1/2 

and . . . 

dT _dTdt _—bcosti—bsintj 4 

ds ditds (b? + c?) 
where 

N=-—costi-—sintj 

d an i i 

Ge (b2 + c2)1/2 

Finally, 
' i j k 

Bee Ne 5 IP DSi 1OCOSi GC 

OT ee) —cost —sint 0 

=o FORTE STNG ee A ak eee a 

and : ever 
dB _ dBdt _ccosttt+csmtj ox 

ds dtds ‘(b% +c?) 
where = 

ee A 
b2 + c2 

a earee am Rie NAL Fue ce Vo 8) Ds | 
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5.4 Problems 

ik. Bote na ee xv+ux oe 
dt dt dt 

2. Show that if v = constant, then v and dv/dt are perpendicular (unless v or dv/dt = 0). 

3. Given a(t) =fjt+ 7k, r(0) = 0, and v(0) = 3i+ 2j—k, find r(t) and v(t). 

d*r, dry ; myn, d°r 
4. Start with m,—~— =F d m,——= = F,), and derive the equation ————— —~— = F),, where r = ry — rj. ENAMEL PD PUES Ao) Ape 21 q ie tee Te 21 pee 

Interpret this (important) result. Hint: Use Newton’s third law, which tells us that F)y = —F). 

5. Solve the equations for v, and vy in Example | by differentiating them with respect to time to obtain two 

18. 

19. 

20. 

21. 

: e du 
equations of the form ee au = 0, where u = Vy Or vy and a? = qB/m. Then show that u = A cos at and 

u = B sinat, where A and B are constants, satisfy this equation. 

. Show that the right side of Equation 16 is equal to wm x L. Hint: Use the fact that r - v = 0 and m - v= 0 for 

circular motion. 

. Let’s look at the motion of a charged particle in a magnetic field from a different point of view than we did 

in Example 1. You might recall that a charged particle moving with a velocity v in a closed orbit produces 
q(r x Vv) 

a magnetic moment yz given by w= , Where g is the charge. Show that 4 =iA, where 7 is the 

associated electric current and A is the area if the orbit is circular. Express jz in terms of the angular momentum 

of the particle and describe the motion of wz and the charged particle in a static magnetic field. 

. Show that the unit tangent vector T is equal to dr/ds. 

. Use Equation 18 to find the unit tangent vector to the curve traced out by r(t) =ti+¢?j+t°k. 

. Use Equation 20 to derive the result of the previous problem. 

. Use Equation 18 to find the unit tangent vector to the curve traced out by the helix described by 

r(t)=acosti+asintj+btk. 

. Use Equation 20 to derive the result of the previous problem. 

. Prove that T and N are perpendicular. 

. Derive Equation 26. 

. Start with Equation 26 and show that « = |v x al/v°. 

. Use the formula for « in the previous problem to find the curvature of the curve traced by r(t) =ri+¢7j+¢°k. 

. Use the formula for « in Problem 15 to find the curvature of the curve traced by the helix described by 

r(t)=acosti+asintj+btk. 

The trajectory of a particle is described by r(t) =r i+¢?j+¢°k. Find the tangential and normal components 

of the acceleration a at tf = 1. 

The trajectory of a particle is described by the helix r(t) =a cost i+ a sint j + br k. Find the tangential and 

normal components of the acceleration a at t = 27. 

Use Equation 22 to calculate the arc length from ¢ = 0 to tf = 2 of the curve with parametric equations 
KOiHat+ bya) = Gy +. by, z(t) =a,t + b,, where the a’s are constants. Does your answer make sense? 

Calculate the curvature of the line given in the previous problem. Does your answer make sense? 
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22. Show that N=B x T and T=N x B. (See Figure 5.32.) 

23. Find T, N, B, x, and t for the curve traced out by r(t)=tit+??j+ $1 k. 

Zeal 

24. Find T, N, B, «, and rt for the space curve traced out by r(t) =i+¢j+¢?k. Explain your result for r. 

25. A nucleus with a nonzero spin has a magnetic moment yw that is proportional to the nuclear spin angular 

momentum I. The proportionality constant y in the relation yz = yI is called the magnetogyric ratio. We can 

describe the precession of yw classically in the following way. A magnetic moment yz in a magnetic field B 
sees | 

experiences a torque yz x B and so the corresponding equation of motion is °F = yp x B. Using the relation 
t 

du 
w=y I, we have — = yp x B. Show that if B is directed along the z direction, then the direction of yz x B 
. . t 

is such that the tip of the vector yw travels along the circle of the cone shown in Figure 5.33, resulting in 

precessional motion. 

Figure 5.33 
The precession of the tip of the magnetic 

moment vector yw along the circle of a 

cone. 

5.5 Lines and Planes in Space 

We can use the vector formalism that we have developed to easily solve a number 

of problems in three-dimensional analytic geometry that would be fairly difficult 

to solve without using vectors. These calculations are best illustrated by example, 

so this section will contain a fair number of Examples. 

Let’s start off by describing a straight line in three-dimensional space. There 

are several ways to do this. For example, we can specify the line by saying 

that it passes through some point r(x, Yo, Zo) and is parallel to some vector 

v=ai+bj+ck.Ifr(x, y, z) is any other point on the line, then the vector r — rp 

is parallel to v (see Figure 5.34) and we can write the equation of the straight line 

as 

Ee Fo tv (1) 

where ¢ is a parameter that can take on any real value. Equation 1, which actually 

represents three equations, is called the parametric form of a straight line. The 

Civ om 

Figure 5.34 
The line defined by the two points (x, y, z) 

and (xg, Yo; Zg)- 
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Xx 

Figure 5.35 
The straight line described by the 

parametric equations x = | + 2t, 

Y= 6 21.6 = 2 ae 

< 
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three separate parametric equations are 

X= Xo ab Vie Vor Vt Z=Z%+ct (2) 

The numbers (a, b, c) are called the direction numbers of the line and a/|v|, b/|v|, 

and c/|v| are the direction cosines of the line. 

The following Example shows how to obtain the equations of a line if it is 

specified by two points. 

[oe Ce oew Mem oo) mente one pan 
Example 1: 
Determine the equation of the straight line that passes through the two points 

r,(1, —1, 2) and r>(—2, 3; 1). 

SOLUTION: The line is parallel to the vector 

ry —r) = (—-2-)i+G6+Dj+d-2)k 

=—3i1+4j-—k 

Choosing the point r,, Equations 2 give 

x= l— 3t y==1+4 fi 

If we had chosen the point rp, instead, we would have obtained 

x=-—2—3t Yesseah Be =a 

The parametric equations of a line are not unique. (The second set is obtained 

from the first set by replacing t by t + 1.) 

ee rier ors | 

The parametric equations give us an easy way to see where a line passes 

through the x y-plane, the xz-plane, and the yz-plane (the three coordinate planes). 

Consider the line described by 

x=1+42t y=6-2t z=—2+4t 

This line passes through the yz-plane when x = 0, or when t = —1/2. The values 

of y and z at t = —1/2 are y =7 and z = —4. Similarly, the line passes through 

the xy-plane at x = 2, y =5 (when ft = 1/2) and through the xz-plane at x = 7, 

z = 10 (when ¢ = 3) (Figure 5.55). 

We can express the equation(s) of a straight line in what is called the point- 

direction form. Provided a, b, and c are not zero, we can solve for ¢ in each case 

in Equations 2 and write 

Lome) bean SSS 0 

a b c 
(3) 
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If one of the a, b, or c happens to be zero (let’s say a = 0), then Equations 2 yield 

Vin, 1 im 
X =X; = 0 ot Sema) 

b G 

instead of Equations 3. The equation x = x9 means that the line lies in the plane 

perpendicular to the x axis at x = xo. 

nee ee ees Se 
Example 2: 

Determine both the parametric form and the point-direction form of the line 

that passes through the points r,(2, 1, 1) and r5(—1, 0, 1). 

SOLUTION: The line is parallel to the vector 

rp —¥, = (—1-2)1+ O-—Dj+da-D)k 

==3i—j+0k 

The parametric equations are (choosing the point specified by r)) 

22 = 3 y=l—t Z=1 af 

and the equations in the point-direction form are 

or simply 

Geometrically, a plane is determined by a point that lies in the plane and a 

vector normal to the plane. Let the point be ro(xo, yo, Zo) and letv = Ai+ Bj+ 

C k be the vector normal to the plane. If r(x, y, z) is any other point in the plane, 

then r — ro lies in the plane (see Figure 5.36). Consequently, r — rp and v are Figure 5.36 

perpendicular, and so The vector r — rg lying in a plane. 

(r—rpo)-v=0 (4) 

is the equation of the plane. Writing (r — rp) - vin terms of rectangular coordinates 

gives 

A(x — Xp) + BOY — yo) + C(z — Zo) = 9 (5) 

or 

Ax + By+Cz+D=0 (6) 

where D = —(Axg + Byy + Czy). The next Example shows that we can also 

specify a plane by three points that lie in the plane. 
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Example 3: 
Determine the equation of a plane through the three points rj(1, 1, 7), 

ro(—2, 2, 3), and r3(1, —1, 6). 

SOLUTION: The two vectors 

ry —ry = (—-2-—1)i+2@-)j+G-7)k 

=—si+j—4k 

and 

r3—r,;=(1—Di+(-1-—1j+(©6-7)k 

=—2j-—k 

lie in the plane. Using the fact that the vector u x v is perpendicular to the 

plane formed by u and vy, we see that a vector that is perpendicular to ry, — ry 

and to rz — r, is given by 

i j &«k 

V=(% —r)) X @—3Fr) =||-3 1 —4 

, 0 =2 =1 

a adh 88 i al 
‘ 

Thus, according to Equation 5, the equation of the plane is 

—9(x — 1) —3(y —) + 6(z —7) =0 

or 

3x + y —2z+10=0 

{Saree ei ta ee Re PT es | 

Example 4: 
Determine the equation of the line through the point r(2, —1, 3) that is 

perpendicular to the plane x — y + 2z =4. 

SOLUTION: According to Equation 6, the vector v = i — j + 2 k is normal 

to the plane and is thus parallel to the desired line. The parametric equations 

of the line are r + vf in vector form, or 

y= 2Et y=-l-t Z= 35 2t 

The point-direction form is given by 

Ds Voted z—3 

1 = 2, 

mn Ser | 
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Vector methods also provide us with a straightforward way to find the perpen- 
dicular distance of a point P to a line. Let r be a vector from P to any point on 
the line, and let v be a vector parallel to the line. Then Figure 5.37 shows that the 

perpendicular distance from P to the line is given by 

rxv 

(7) 
Vv 

Rn Sent add pein kiiee: 
Example 5: 

Find the perpendicular distance from the point r)(1, 2, —1) to the line joining 

the points rz(1, 0, 0) and r3(1, —1, 2). 

d=rsin |= 

SOLUTION: The line is parallel to the vector 

V=r3—1r) = (1— 1) i+ (-1-0)j+-Q2-0)k 

=—j+2k 

Now choose r in Equation 7 to be r, — ry 

r= —-1,=(1-1)1+ 0 =) j FOLK 

= —2j+k 

Then 

ah i 

rv — Oe Sa 

QO =1 2 

and 

meee aS 
v V5 A/S 

Of course, we obtain the same result if we had chosen r = r3 — r, instead of 

ry) — r, (Problem 11). 

een OD Wh A Pee a bette ott ee at > 0 

Vector methods provide us with a straightforward method to find the perpen- 

dicular distance of a point P to a plane. Let r be a vector from P to any point in 

the plane, and let v be a vector normal to the plane. Then Figure 5.38 shows that 

the perpendicular distance d from P to the plane is equal to 

Bev 

v 

Example 6: 
Find the perpendicular distance from the point (1, 2, 3) to the plane described 

by the equation 3x — 2y + 5z = 10. 

(8) a=\\r costa —0)| = |ricos 0|:= 

pase) 

Xx 

Figure 5.37 
The perpendicular distance from a point 

P toa given line. 

Xx 

Figure 5.38 
The perpendicular distance from a point 

P toa given plane. 
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4Z 

y 

: 
Figure 5.39 
A space curve, its tangent vector r’(t), and 

its normal plane. 
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SOLUTION: According to Equation 6, the vector normal to the plane is 

given by 

v=3i-2j+5k 

Let x = y = 1 and solve 3x — 2y + 5z = 10 for z to see that the point 

(1, 1, 9/5) lies in the plane. Thus, the vector r in Equation 8 is given by 

6 
r= pi+0-9)+ (2-3) k=—j- 2k 

and Equation 8 gives 

a= |--*|- 4 

V38| 38 

Once again the result is independent of the point that we choose in the plane 

(Problem 13). 

[et ol ee a ee 

We can use vector methods to find the tangent line to a curve and the tangent 

plane to a surface. Let’s look for the tangent line first. Consider a curve in three- 

dimensional space (a space curve) described parametrically by x(t), y(t), and z(t). 

The position vector is r(t) = x(¢) i+ y(t) j+2z(f) Kk and dr/dt is the vector tangent 

to the curve traced out by r(f) as ¢ varies. The vector r/(t) is called the tangent 

vector of the curve at the point x(t), y(t), z(t) provided r’(t) 4 0. The tangent line 

is the straight line passing through the point r(fg) = x(t) i+ y(to) j + Z(t) k and 

parallel to 

ray=(te) +(e) 14(8) dt], dt / 1, dt / ,, 

According to Equations 2, the tangent line is described by the vector equation 

d 
r—r(t) =t (ay (9) 

or by the parametric equations 

d> d dz cone), rower), ue (G), dt - dt to dt fo 

where ¢ can take on any real value. 

The normal plane to the curve at the point Py = (xg, yo, Zo) passes through 

Po and is perpendicular to the tangent line (Figure 5.39). According to Equation 5, 

ifv = Ai+Bj+ Ck isa vector that is normal to a plane, then the equation for 

the plane is A(x — x9) + B(y — yo) + C(z — zg) = 0. Using Equation 9 or 10, we 

see that the equation for the normal plane is 
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dx dy dz 
«— 0) (S) +(y-y (*) +(z-z (<) == i TEs See tre F ew NG, - i? 

Example 7: 
Determine the tangent line and the normal plane at 6 = 27 to the curve 

whose parametric equations are 

2() "bcos y(0) =b sind Zz (0) = co 

SOLUTION: r(@)=bcosdi+bsin@j+cOk and r/(9) = —bsindi+ 

bcos@j+ck. At6=27, r9=bi+ 2nck, ry =bj+ck, and so 
Equations 10 give 

0) i 6 Ge Gl 

The normal plane is described by by + c(z — 2c) = 0. 

Bees MNS Sepia ett seat Semin 8 int J Sa gh Se alin etl 

5.5 Problems 

1. Determine the parametric equations of the straight line that passes through the points (2, 0, 3) and (—1, 2, —1). 

2. Determine the point-direction equations of the straight line that passes through the point (2, | — 3) and is 

parallel to v = 2i— j+ 3k. Does the point (0, 1, —6) lie on this line? What about the point (4, 0, 0)? 

3. Determine the equation of the plane that passes through the point (1, —1, 3) and is parallel to the x y-plane. 

4. Determine the equation of the plane that passes through the point (3, 1, 2) and is parallel to the plane described 

byor— 2) + 42 =): 

5. Determine the equation of the plane that passes through the points (1, 2, 1), (—1, 0, 1), and (3, 1, 2). 

6. Determine the equation of the plane that contains the two vectors u= 2i— 3j+kandv=—i+j—2k. 

7. Define the angle between two planes to be the angle between their normal vectors. Find the angle between the 

planes.described by x — y + 2z=3 and3x+y+2z=7. 

8. Determine the equation of the line of intersection of the two planes in Problem 7. Hint: Find one point on the 

line and a vector parallel to the line. 

9. Calculate the perpendicular distance from the point (3, —1, —1) to the line joining (0, 2, 1) and (—2, —I, —1). 

10. Find the perpendicular distance from the point (—2, 1, 1) to the plane described by 3x — 2y + 4z = 6. 

11. Calculate d in Example 5 using r=r3 —r). 

12. Why is Equation 7 independent of the choice of the point on the line? 

13. Why is the result in Example 6 independent of the choice of the point in the plane? 

14. Show that the perpendicular distance from the point (xo, yo, Zg) to the plane described by Ax + By +cz+D= 
|Axo + Byo =F Czo ae D| 

(A2+ B24 C?)!/2 
0 is given by d= 

DIE 
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15. Show that the angle between the planes A,x + Byy + Cyz + D; =O and Ajx + Byy + Coz = Dz is given by 
A,A2 + B,\ By + CC) 

AGa Be eB Cy 
16. Determine the equations of the tangent line and the normal plane to the space curve described by x =¢ + 1, 

y = 20? — 1, z = 21°, where the curves cross the yz-plane. 

cos 6 = 
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The Concept of Fractal Dimension 

Let’s consider what we mean by dimension. Suppose we have a continuous curve of unit length. The number 
of little straight-line segments of length € that it will take to “cover” the curve is N(€) = L/e. Similarly, 

if we have a unit area, then the number of little squares of area €7 that it will take to “cover” the area is 

N(e) = 1/e?. You can see that the dimension d in each case is given by «“, which we can formalize by 

defining the dimension by 

In N(e) 
=> hm 

«+0 In(1/e) 

Now let’s consider the following figure: 

N € 

1 ] 

aa 

ee or -- -- 8 = 

n steps De is 

We start with a unit line segment and remove the middle third. Then we remove the middle third from each of 

the two remaining segments. We continue this process, producing in the limit an infinite number of separate 

pieces, each of zero length. This limiting result is known as a Cantor set. The figure shows N, the number 

of segments, and €, the length of each one, at each stage of subdivision. The dimension of the Cantor set is 

less than one, but perhaps greater than zero. Using our formal definition, we have 

In2” In2 
ato 1) 009 
noo In 3” In3 

Thus, we find that the dimension of a Cantor set is a noninteger. Sets with noninteger dimension are called 

fractals. The Cantor set is just one of many sets that are fractals, which play a key role in nonlinear dynamics. 

ORS) 



Joseph-Louis Lagrange (1736-1813), perhaps the greatest mathematician of the 18th century, was born on 

January 25, 1736, in Turin, Sardinia (now Italy), into a wealthy family. Lagrange used the French spelling 

of the family name, although the family had lived in Italy for several generations. He was forced to abandon 

a career in law when his father lost his fortune through speculation. Fortunately, Lagrange discovered 

mathematics while attending the University of Turin, and he was appointed Professor of Mathematics at the 

Royal Artillery School in Turin at the age of 19. Euler tried to convince Lagrange to come to Berlin, but 

Lagrange stayed in Turin, where he seemed to prefer to work quietly on his own. He eventually succeeded 

Euler, however, at the Berlin Academy of Science in 1766. Lagrange married his cousin, Vittoria Conti, at 

this time. They had no children because Lagrange had no desire for them. Both suffered from poor health; his 

wife’s death in 1783 left him greatly depressed. He seems to have suffered from melancholy, as depression 

was known then, throughout his life. The political climate in Berlin turned unpleasant for foreigners, so in 

1787 he joined the Académie des Sciences in Paris. His life-long opus, Mécanique analytique, in which he 

transformed mechanics into a branch of mathematical analysis, was published in 1788. In 1792, he married 

a young woman, Renée Le Monnier, who brought him much happiness. Lagrange was largely responsible 

for the establishment of the metric system in France during this time. He had always avoided conflict, and 

he survived the French Revolution largely because of his quiet and unassuming demeanor. He finished his 

long career teaching at the Ecole Polytechnique, although he had always eschewed teaching and was not 

known as a very good teacher. He died on April 10, 1813, after a period of declining health. 
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Functions of Several Variables 

In Chapter 1, we reviewed the calculus of functions of a single variable. As the 

title says, in this chapter we will discuss functions of more than one variable. 

Many physical quantities depend upon more than one variable. For example, the 

pressure of a fixed quantity of a gas depends upon the temperature and the volume. 

The temperature of a body may vary from point to point and so depend upon 

the three spatial variables, x, y, and z. Even just a cursory look at any book on 

thermodynamics shows that the formulas of thermodynamics abound in partial 

derivatives. 

Many of the concepts of a function of a single variable, such as limits of 

functions and continuity, carry over to functions of two or more variables, except 

that the domains are regions in two or more dimensions rather than intervals on 

the x axis. A significant difference between functions of a single variable and 

those of several variables is that you can form partial derivatives of functions of 

several variables, which leads to mixed higher partial derivatives and a variety of 

chain rules. After discussing these topics in Sections 3 and 4, we go on to study 

differentials of functions of several variables in Section 5 and then directional 

derivatives in Section 6. The study of directional derivatives leads to the gradient 

vector of a function f(x, y, z). We shall see that the gradient vector of f(x, y, z 

has the physical interpretation of pointing in the direction of the most rapid change 

in f (x, y, z). Because of this property, the gradient vector occurs in the description 

of a number of physical phenomena such as the direction of heat flow or the 

direction of diffusive flow. After discussing the extension of Taylor’s formula to 

functions of several variables, we discuss the important topic of the maxima and 

minima of functions of several variables in Section 8. The investigation of maxima 

and minima of functions of even two variables is a little more involved than for 

functions of a single variable. The conditions that df/dx =0 and 0f/dy =0 at an 

extremum are necessary conditions (as is df/dx = 0 fora single variable), but they 

are not sufficient. We’ll learn in Section 8 that the nature of a critical point (the 

point where first partial derivatives equal zero) depends upon the relative values of 

the four different second partial derivatives,, 0° f/dx*, 0° f/dy?, a7 f/axdy , and 

0? f/dydx (although usually 0? f/dxdy = 07 f/dydx). In Section 9, we discuss 
Lagrange’s method of undetermined multipliers, which is used to maximize or 

minimize functions of several variables when the variables are related to each other Doll 
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Figure 6.1 
A rectangular 6 neighborhood defined by 

|x —a| <6, |y —b| <6. 

$y 
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Figure 6.2 
The circular 5 neighborhood defined by 

(x — a)* + (y —b)* <8. 

Figure 6.3 
An example of an interior point, a 

boundary point, and an exterior point of a 

set. 

Figure 6.4 
An illustration of connected sets. 
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by one or more constraints. Finally, in Section 10, we discuss multiple integrals. 

In most cases throughout the chapter, we shall restrict ourselves to functions of 

two or three variables, but most of the results are readily extended to any number 

of variables. 

6.1. Functions 

We define a function of more than one variable much the same as we define a 

function of one variable. We say that z is a function of x and y if there is a rule 

that allows us to determine one or more values of z for a given pair (x, y). We 

shall restrict ourselves to real functions in this chapter. In this case, the domain is 

a set of pairs of numbers (x, y) and the range is a set of real numbers z. We denote 

this relationship by z = f(x, y), or z= z(x, y). In this second expression, z on 

the left denotes the value of z and z on the right denotes the function. This slight 

ambiguity causes little problem in practice and is common notation. 

If z= f(x, y), we say that z is a dependent variable and the x and y are 

independent variables. As with functions of a single variable, z is single-valued 

if one value of z results from each pair (x, y) and multiple-valued if more than 

one value of z results from a pair (x, y). As with functions of a single variable, a 

multiple-valued function can be viewed as a collection of single-valued functions. 

As usual, we shall mostly restrict ourselves to single-valued functions. 

Because f(x, y) is a mapping from a set of ordered pairs of points (x, y) to 

a set of single points, we need to define a few terms that describe sets of pairs of 

points. First we define a rectangular 5 neighborhood of the point (a, b) as the set 

of all points such that |x — a| < 6 and |y — b| < 6, where 6 > 0 (Figure 6.1). 

If the point (a, b) is excluded, so that 0 < |x — a| < 6 and 0 < |y — ba| <6, 

then we have a deleted rectangular 5 neighborhood of (a, b). We can also have 

a circular 5 neighborhood, defined as the set of all points such that (x — a)*+ 

(y — b)? < 6? (Figure 6.2). If 0 < (x — a)? + (y — b)? < 82, we have a deleted 
circular 5 neighborhood of (a, b). 

A point (a, b) is called an interior point of aset S if there exists a neighborhood 

of (a, b) that lies entirely within S. If every neighborhood of (a, b) contains not 

only points in S but also points not in S, then (a, b) is called a boundary point. A 

point (a, b) notin S is called an exterior point of S if there exists a neighborhood of 

(a, b) in which none of the points belong to S. Figure 6.3 illustrates this difference 

between an interior point, a boundary point, and an exterior point. 

If a set consists entirely of interior points, then it is called an open set. 

For example, the set of all points such that x? + y? <a? is an open set. An 

open set contains no boundary points. Conversely, a closed set contains all of its 

boundary points. Finally, a set is said to be connected if any two points in § can 

be connected by a piecewise smooth curve lying entirely within S (Figure 6.4). 

An open connected set is called a domain, or an open region. Thus, the annulus 

a <x* + y* <b isa domain. A region is a domain containing some or all of its 
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Figure 6.5 

(a) A non-connected set. The set of points within the two sets S; and Sy does not constitute a region. 

(b) An open region, or a domain. (The dashed lines signify that the boundary points are not included in S.) 
(c) A closed region. 

boundary points. If it contains all of its boundary points, it is called a closed region. 

Figure 6.5 summarizes these definitions. 

Example 1: 
Describe the set S{(x, y)} such that 

ee ay 29 

in terms of the above definitions. Is the set connected? Is it a domain? 

SOLUTION: The set is shown in Figure 6.6. It is connected because we 

can join any two points in S by a piecewise smooth curve lying completely 

within S. It is a domain, or an open region, because it does not include its 

two boundaries. 

ae ee 

Example 2: 
Describe the set S = {(x, y)} such that | < x” + y* <2 in terms of the above 

definitions. Is the set connected? Is it a domain? 

SOLUTION: The set is shown in Figure 6.7. It is connected because we 

can join any two points in S by a piecewise smooth curve lying completely 

within S. It is not a domain because it contains some of its boundary points 

(x? + y? = 1), but it is a region. 

| RS ee ee ee 

We can represent the functions that we shall encounter in this book by plotting 

z= f(x, y) in a three-dimensional cartesian coordinate system. The graph of 

z= f(x, y) is the set of all points with coordinates (x, y, z) that satisfy the 

equation z = f(x, y). The graph of a function of two variables is called a surface. 

(c) 

M 

Figure 6.6 
The set of all points such that 

2x? ye Y) 

ee 

Figure 6.7 
The set of all points such that 

Were ai <a k 
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Figure 6.8 
The elliptic paraboloid described by 

z= 2x? + y’. 

Figure 6.9 
The level curves for the elliptic 

paraboloid shown in Figure 6.8. 
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For example, consider the equation z = 2x? + y*, which is plotted in Figure 6.8. 

(Any CAS can be used to produce figures like this.) The figure, or surface, is 

called an elliptic paraboloid. Letting y = constant, we obtain a set of parabolas 

z = 2x* + constant in the planes parallel to the xz-plane; letting x = constant, 

we obtain a set of parabolas z = y* + constant in the planes parallel to the yz- 

plane; and letting z = constant, we obtain a set of ellipses 2x* + y” = constant 

in planes parallel to the xy-plane. The intersection of the z =k plane with the 

surface z = f(x, y) is called a contour curve, and the projection of the contour 

curve onto the x y-plane is called a level curve. The contour curves and level curves 

of z = 2x? + y? are ellipses described by 2x* + y? =k. Figure 6.9 shows the level 

curves for the elliptic paraboloid in Figure 6.8. 

Example 3: 

Sketch the level curves of the surface z = e~ +”), 

SOLUTION: The surface is plotted in Figure 6.10. The level curves are 

given by z = constant or, equivalently, by x? + y* = constant. Thus, the 

level curves are concentric circles as shown in Figure 6.11. 

Figure 6.10 Figure 6.11 
The surface described by z = ea ty. The level curves of the surface 

PAGED é : 

z=e “+Y) shown in Figure 6.10. 

As you probably know, contour curves and level curves are used in a great 

variety of applications. Contour maps (topographic maps) are used to display three- 

dimensional features of terrain onto a planar surface, and weather maps show 

contours of temperature (isotherms) and pressure (isobars). 
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Sometimes we represent a surface by an equation of the form F(x, y, z) =0. 
For example, the equation 

x* + y? +2? -a*=0 

represents a spherical surface (Figure 6.12). The level curves in this case are 

concentric circles whose radii vary from 0 to a (Figure 6.13). 

: Figure 6.13 
Figure 6.12 The level curves for the spherical surface 

2 The spherical surface x? + y? + z*=a?. shown in Figure 6.12. 

a re ke 
Example 4: 
Sketch the surface 

Oa ye fe == 

SOLUTION: If we let x, y, and z be equal to zero in turn, we see that the 

surface is an ellipse 2x? + y? = 1 in the xy-plane, an ellipse 2x” + 27 = 1 

in the xz-plane, and a circle y? + z? = 1in the yz-plane. The level curves 

are ellipses in the x y-plane and the xz-plane and circles in the yz-plane. The 

surface is an ellipsoid with a circular cross-section looking down the x axis, 

as shown in Figure 6.14. 

lS es ee 

Figure 6.14 
Surfaces of the form The surface of an ellipsoid described by 

the equation 2x? + y* + 27 =1. 

ax? + by? +cz*+dz+f=0 (1) 
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where a, b, c, d, and f are constants, are called quadric surfaces. For example, 

the surface of an ellipsoid is of the form (Figure 6.15) 

2D 2 . awe = fae 
S a m1 a 5 =1 _ (anellipsoid) (2) 

and the surface of an elliptic paraboloid is of the form (Figure 6.16) 

i + —=cz (an elliptic paraboloid) (3) 

If a = b in Equation 3, then we have a circular paraboloid. 

The surface of an elliptic cylinder is given by (Figure 6.17) 

(an elliptic cylinder) (4) 

Figure 6.15 
The surface of an ellipsoid described by The z coordinate does not appear in this equation because the cylinder is uniform 

ST ers Sens in the z direction. Some other familiar quadric surfaces are 

y 

y 

Figure 6.16 
The surface of an elliptic paraboloid 

' x2 Me 

described bys oye in = CZ. 

Figure 6.17 Figure 6.18 
The surface of an ‘gaa cylinder The surface of an elliptic cone described 

2 2 2 
described ae Set if by a + epee: p= 
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y 

Figure 6.19 Figure 6.20 Figure 6.21 
The surface of a hyperboloid of one sheet The surface of a hyperboloid of two sheets The surface of a hyperbolic paraboloid of 

yr 2 ; x2 oy? Py? 
described by ) ai pm a ae described by eek Fg = Il, one sheet described by cz = Da 

(Figure 6.18) 

BG wae pe 
Nie ha ee (an elliptic cone) (5) 

(Figure 6.19) 

xy? 22 
a eS ee | (a hyperboloid of one sheet) (6) 
a b é 

(Figure 6.20) 

RE Ns 
a RS | (a hyperboloid of two sheets) (7) 
C-0ea-) be 

(Figure 6.21) 

2 2 
cZ=— - (a hyperbolic paraboloid) (8) 

a be 

In this section, we have limited ourselves to functions of two variables for 

concreteness. Generally we can have functions of any number of variables and 

write z= f (x1, X9,...,X,). Then z=. f(x), x2, ..., X,) represents a mapping 

from an n-dimensional space to a one-dimensional space. 
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6.1 Problems 

1. Calculate the distance between the points (1, —1, 2) and (3, 2, 6) in a three-dimensional space. 

ihek = 

x+y 
2. Determine the domain associated with the real function sin 

3. Is the set of points for which sin x = 0 a connected set? 

4. Is the set of points for 1 < oe + ae oe Xs +. ae < 5 a domain; a region? 

5. The equation x + 2y + z = 4 is the equation of a plane. Let x, y, and z equal zero in turn to sketch the planar 

surface. 

6. Describe the planar surface given by x + y = 0. 

7. Equation 2 is the equation of an ellipsoid centered at the origin. Write down the equation of an ellipsoid 

centered at (1, —1, 0). 

8. Sketch the level curves in the x y-plane for the surface in the previous problem. 

9. Sketch some level curves of f(x, y) = y — 2x7. 

10. Sketch some level curves of f(x, y) =x? + y* — 6x +2y. 

11. Identify the surface in three-dimensional space that is described by the equation Ro = ye ee 

12. Identify the surface in three-dimensional space that is described by the equation 4x? 4 16y* = 32. 

13. Identify the surface in three-dimensional space represented by x? + 2x + Ay? =8z—17. 

14. Starting from Equation 5, sketch the surface that it describes. 

15. Starting with Equation 6, sketch the curve that it describes. 

16. Determine the distance between the points (1, 0, —1, 2, 3) and (2, 1, —1, 0, 2) in a five-dimensional space. 

Hint: Generalize the Pythagorean theorem. 

17. Explain why there is a gap between the two sheets in Figure 6.20. 

18. Use any CAS to plot the surface xe erty % . (This function is a hydrogen p orbital.) 

19. Plot the level curves for the function in the previous problem. 

20. Use any CAS to plot the surface xye Pr tyyI? . (This function is a hydrogen d orbital.) 

21. Plot the level curves for the function in the previous problem. 

22. Use any CAS to plot the surface sin(xy/10). 
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6.2 Limits and Continuity 

The definition of the limit of a function of several variables is similar to that of a 

function of a single variable. We say that 

lim f(x,y) =! (1) 
yb 

if for any positive number €, we can find a positive number 45 such that 

| f(x, y) —1| < € whenever 0 < (x — a)? + (y - b)* < 5”. The value of 5 de- 

pends upon the value of € and may depend upon the point (a, b). The function 

need not be defined at (a, b) for the limit to exist. 

For example, suppose that f(x, y) = 3x? — y?. It appears that the limit of 

f(x, y) as x > land y > Lis 2. We can prove that this limit is 2 by finding a 6 

such that 

lf (x, y) — 2| = |3x? — y? - 2) <e (2) 

whenever 

OG)? Gia? (3) 

We can satisfy Equation 3 by writing 0 < (x — 1)* < 67/2 and0 < (y — 1)? < 62/2, 

or by writing x = 1+ 6//2 and y =1+6/V2. Substitute these equations into 

Equation 2 to obtain 

(es) (ea) 
Solving this expression for 5 gives 6 < €/2°/* for small values of € (Problem 1). 

The limit in Equation | is carried out in the xy-plane. Just as the limit of a 

function of a single variable must be unique, the limit of f(x, y) must be unique. 

This means that the limit in Equation | must be independent of the path along which 

x and y approach the point (a, b) in the x y-plane (Figure 6.22). Let’s reconsider 

the limit of f(x, y) =3x* — y? as (x, y) > (1, 1). The family of straight lines that 

pass through the point (1, 1) is given by y = m(x — 1) + 1, where m is the slope 

(Problem 2). If we substitute y = m(x — 1) + linto f(x, y) = By? ve we have 

ac 

WC) e— n(x 1) — 2m(x — 1)-1 

Now let x = 1+ €andlete > Otoget lim . f(x, y) = 2, independent of m. 
(x. y)> (1, D 

This exercise is not sufficient to prove that the limit exists, however, because 

the limit must be independent of the path along which (x, y) approaches (1, 2). It 

is certainly necessary that the limit be independent of any straight line path, but a 

rigorous approach consists of Equations 2 and 3 above. 
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by 

Cay) (x, y) 

(a, b) 
@ 

ard BG 

B55) (x, y) 

Figure 6.22 
If the limit of f(x, y) exists at the point 

(a, b), it must have the same value 

independent of the path along which 

(x, y) approaches (a, b). 
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pe 

(a, b) 

x 
(x y) 

Figure 6.23 
An illustration of the sequential limits in 

Equation 4. 

Chapter 6 / Functions of Several Variables 

Rm ma 
Example 1: 
Determine 

lim Ten 
(x,y) > 0,0) fe) 

where 

= (x, y) # (0, 0) 
Gy ee 

0 (x, y) = (0, 0) 

SOLUTION: The family of straight lines that approach (0, 0) is y = mx. 

Substitute this into f(x, y) to get 

l1—m 
La ae 

The limit here depends upon m, the direction in which x and y approach the 

origin, so the limit does not exist (it is not unique). 

We can also take the limit (x, y) > (a, b) in a sequential fashion by (Fig- 

ure 6.23) 

xa 

lim | tim FC, »| or lim | lim, Wes. v)| (4) 

The sequential limits of f(x, y) = oe me as (x, y) > (1, 1) are 

lim lim (3x° = | ~ lim (3x° —l)=2 
x2 i x—> 

and 

the | lim x? a y)| = lim (3 - We) 
t—- Ware y>1 

The two sequential limits come out to be the same in this case because the limit 

exists. 

Example 2: 
Determine the sequential limits of the function in Example 1. 

SOLUTION: 

lim lim ee 
x0 

2] = tim cy =1 
Wal) 26 = 3y x0 

lim lim 1=*) inceisci 
yO) co ODN aay x0 

The function has no limit as (x, y) — (0, 0) because the two limits differ. 
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If the sequential limits differ, the limit does not exist. If the sequential limits 

are the same, however, the limit may or may not exist. Thus, the equality of the 

sequential limits is a necessary but not sufficient condition for the existence of a 

limit. Sequential limits constitute only two directions, and the limits must be equal 

for all directions (see Problem 12). 

Just as for a function of a single variable, the limits of functions of several 

variables have the following properties: 

lim faf(x,y)+Be(x,yJ=a lim § f(x,y)+ 8 < jim . g(x, y) 
teey) 7 (a?) (x,y) (a,b) y)—>(a, 

(5) 

lim Ge BS = lim ie, ; lim Xx, 6 AD ag f(x, y)g(x, y) Paice ee f(x, y) a fmse es y) (6) 

Fr, y) _ Ne yon FY) 7) 
(x,y)> (a,b) g(x, y) lim) ale) pA y) 

where q@ and f are constants in Equation 5 and provided g(x, y) 40 in Equation 7. 

Equations 5 through 7 essentially tell us thatif f(x, y) and g(x, y) are continuous 

at (a, b), then so areaf(x, y) + Bg(x, y), f(x, y)g(x, y), and f(x; y)/g(x, y), 
provided g(x, y) £0. 

The limiting processes discussed so far in this section lead directly to the 

definition of the continuity of a function of several variables. The function f(x, y) 

is said to be continuous at (a, b) if f(x, y) > f(a, b) as (x, y) > (a, b). In terms 

of 6 and €, f(x, y) is continuous at (a, b) if for any positive number €, we can 

determine a positive number 6 such that 

| f(x, y) — f(a, b)| <€ 

whenever 

(Ge S99 AG eee (8) 

As usual, the value of 5 will depend upon the value of € and may depend upon 

(a, b). 

As with functions of a single variable, the following three conditions must 

hold for f(x, y) to be continuous at (a, b): 

1. f(x, y) is defined at (a, b) 

Py lim x, y) exists 
Sees cb: fe y) (9) 

33 lim aan izeah Ar 2) 
(x,y) (a,b 

We can summarize these three conditions by writing 

lim fle n= ( lim cy) = F0a.6) (10) 
(x,y) (a,b) (x,y) (a,b 

24] 
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If f(x, y) does not satisfy these conditions, then f (x, y) is said to be discontinuous 

at (a, b). For example, the function 

Xx w, =" &y)#0,0) 
GER) aegdeee stay 

0 (x,y) =(0,0) 

is discontinuous at (0, 0) because the limit of f(x, y) as (x, y) > (0, 0) does not 

exist. 

ine bineneehl ek eee Tass 
Example 3: 
Show that 

(Ges 2) sin 
Om) ‘ x24 y? 

0 (x, y) = ©, 0) 

(x, y) # (CO, 0) 

is continuous at (0, 0). 

SOLUTION: To determine the limit, lim). f(x, y), letx? + y?2=r? 
(x,y) (0,0) 

and let r2 — 0. Because | sin 1/(x* + y”)| < 1, 
‘ 

‘ 

=A) lan). 8G = y’) sin 
) (x.y) > (0,0 x? + y* 

independent of the manner in which (x, y) approaches (0, 0). The three 

conditions of Equations 9 are satisfied, so f(x, y) is continuous at (0, 0). 

es ee ee ee 

We defined uniform continuity of a function of a single variable in Section 1.3. 

In an entirely analogous manner, we say that f(x, y) is uniformly continuous in 

aregion R if to an arbitrary € > O there corresponds a number 6 such that for all 

points (x;, yj) and (x7, yo) in R 

Jie Vai of ors) ee 

This occurs whenever (x; — x2)” + (| — y2)* < 5°. The key requirement of the 

uniformity of the continuity is that the same value of 5 works for all the points in R. 

We state without proof that a function which is continuous in a closed region is 

uniformly continuous in that region. 

Although we have limited our discussion to functions of only two variables 

in this section, the results are readily extended to more than two variables by a 

slight change in notation. For example, a function of three variables (u, v, w) is 

continuous at (a, b, c) if 

(u,v,w)—> (a,b,c) (u,v,w)—> (a,b,c 
lim FUG wD) =F ( lim 0,09) =—i1 (a. 0.) 
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(Tomb pan ye a 
Example 4: 
Does the limit 

x +2y — 3z 
(G55 95 4) = ie) 

as (x, y, z) > (0, 0, 0) exist? 

SOLUTION: The limit must be independent of the path along which 

(x, y, z) approaches (0, 0, 0). If we let z — 0 and then x — 0, we obtain 

—2 as the limit. If we let z — O and then y — 0, we obtain 1/2. The limit is 

not unique, and so does not exist. 

pum ee mins es 

6.2 Problems 

1. Showa (1 2) — (1 ye 

2. Verify that y = m(x — 1) + lis a family of straight lines passing through the point (1, 1). 

< € gives 5 < €/27/* for small values of €. 

3. Use the €-6 notation to show that lim f (op ZY) = S. 
2) (x,y)- 

2 
, : XY 

4. Use the €-6 notation to show that lim ——— 
(C2) =1WLD) 38> a 

5. Show that does not exist. 
m : 

(x,y) (0,0) x2 + y4 

x2 y2 

6. Show that lim ——— =O. Hint: Use 0 < (x? — y)? to show that 2x*|y| < x44 y?. 
(x,y) (0,0) x4 + y2 

7. Evaluate the following limits, if they exist: 
2 2 

. nny : Neola ey, 
(a) lim x” sin — (b) lim J 

Ory) = (237m) oi; (x,y)>(a,b) xy 

8. Evaluate the following limits, if they exist: 

2x — y 
lim (b) lim  e '/*Y 

(x,y)>(0,0) x + y (x,y) (0,0) 

9, Evaluate the following limits, if they exist: 

(a) 

: ey. : Xy Qe clin tan 9. (bye) Munk tae 
(x,y) (0,1) Xx (x,y) (0,0) x* + y* 

10. Evaluate the following limits, if they exist: i : 
yoy 

3 3 — ) x+y" x#y 
(a) lim (b) lim x? + y? 

(x,y) (0,0) x2 + y2 (x,y) (0,0) ; 
- (@) D fe y 

11. Take sequential limits of the following and determine if the limit exists: 

2 —) x x—2y 
(a) (b) lim ——_— lim - 

(x,y) (0,0) x2 + y? (x,y) (-1,2) x2 + y 

243 



244 

12. 

iS: 

14. 

1: 

16. 
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2 
D 

ae : x = es 
Show that the sequential limitsof lim alee a are equal. Now show that the limit is not independent 

(x,y) (0,0) \ x2 + y? 
of m if y = mx. To what values of m do the sequential limits correspond? 

Sa Cceny) ye aa y?) continuous at (0, 0)? 

(x, y) (0, 0) 
Is f(x, y)= 4 x*+ y? continuous at (0, 0)? 

0 (x, y) = (0, 0) 

xy? 

Is f(x, y)= 4 x*+ y4 

0 (x, y) = (0, 0) 

Which of the following functions is continuous at (0, 0)? 

xy Be 
(d) 

x? + y? 26 

(x, y) # O, 0) 
continuous at (0, 0)? 

(a) x*7+y* (b) xy+6 = (©) 

6.3 Partial Derivatives 

The evaluation of a partial derivative of a function of several variables is similar 

to the evaluation of the derivative of a function of a single variable. Suppose we 

have a function f(x, y). Then, the partial derivative of f(x, y) with respect to x 

is defined by 

ojo lim ROTO Vl ey) 

dx Ax0 Ax 
tx = (1) 

when this limit exists. The partial derivative of f(x, y) with respect to y is defined 

in a similar manner: 

fa of = tim Foyt An = fe.) ) 
1 GSE eS 0 Ay 

Example 1: 

Use Equations | and 2 to determine f, and fy ile (GP, Y= 2x34 6xy + ve 

SOLUTION: Using Equation 1, 

EAD) aril 5, V) = 1 
fs eee Ax 

kim 2+ Ax)? + 6(x + Ax)y + y* = 2x3 — 6xy — y? 
ae Ax>0 Ax 

— fim OX AX + Ox(Ax)? + 2(Ax)? + 6yAx 
- Ax>0 Ax 
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Using Equation 2, 

DIAN) hs ¥,) 
a lien 

fy Ay—>0 Ay 

ee 2reatecs nr AM Ay) 2 — Oxy — 5” 
Ay—0 Ay 

im Or dy + 2vAy + (Ay? 
Ay>0 Ay 

=6x+2y 

Example 2: 
Use Equations | and 2 to evaluate f, and f, at the point (2, 1) if 

f (x, y) = 2x3 + Oxy + y?. 

SOLUTION: Using Equation 1, we have 

fC Ax, lS 7e, 

Ax 
el) — ale 

F,2, 1) en 

9(2 + Ax)? +62 + Axy4+1—29 
= lim 

Ax—0 Ax 

_ 30Ax + 12(Ax)? + 2(Ax)3 
en eS) 

Ax—>0 OG 

Using Equation 2, we have 

f(2,1+ Ay) — fQ2, 1) 

Ay 
(el an 

fy@,) ree 

a 16+ 12(1+ Ay) + (1+ Ay)* — 29 

~ Ay30 Ay 

14A A 
tl leat l4Ay + (Ay)” = 

Ay>0 Ay 

|_ ne te ene, Sensi leet eran! 

Notice that we obtain the same result by using 

14 

f= 6x7 Hoy | mand’ =f, = 6x 2y 

and letting x = 2 and y = 1. As we pointed out in Section 1.4, this procedure is 

valid only if f, and fy are continuous functions of x and y, which is most often 

the case in physical problems. (See, however, Problem 14.) 

245 
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Equations | and 2 say that you can determine partial derivatives by differen- 

tiating with respect to one variable while keeping the other one as a constant. For 

example, if f(x, y) =e* sin xy, then 

f) ee 
ip or = e* sin xy + ye" cos xy 
Ox 

and 

@) , 
a ee xe* COS Xy 

5 dy 

Sometimes we write (0f/0x),, to emphasize that y is held constant when we take 

the derivative of f with respect to x. Usually, however, it will be clear from the 

context which variables are held constant. 

i iy | 
Example 3: 
The van der Waals equation is an approximate equation for the pressure of a 

gas as a function of its temperature and volume. The van der Waals equation 

for one mole of a gas is 

where R is the molar gas constant and a and b are constants that are 

characteristic of the particular gas. Determine (0 P/dT)y and (0P/dV)r. 

SOLUTION: 

and 

(==) Me RT a 2a 

IVJ7n Web? Ve 

Physically, these equations govern how the pressure varies as we change the 

temperature at constant volume, and how the pressure changes as we change 

the volume at constant temperature. Notice that (0P/0V)r is a function of 

both 7 and V. 

a ee el ee ee ee 

Partial derivatives have a nice geometric interpretation. Figure 6.24 shows 

the surface corresponding to Equation 3. Let’s choose some fixed temperature Tp. 

The condition 7) = constant is described by a plane parallel to the P V-plane and 

intersecting the T axis at 7. Then, the partial derivative (0 P/d V)7, is the slope 

Figure 6.24 
The pressure surface for the van der Waals 

equation. 
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of the tangent line to the surface in the 7) = constant plane. Figure 6.25 shows 
the intersection of the 7) = 500 K plane and the pressure surface in Figure 6.24. 
The slope of the tangent line is (0 P/d V)7)=s00 K- Similarly, the partial derivative 
(0 P/dT)y is the slope of the tangent line to the surface in Figure 6.24 in a plane 

that is parallel to the PT-plane. 

The tangent lines to a surface can be used to define a tangent plane. Suppose we 
have a surface described by z = f(x, y). Then df/dx ata point P = (a, b, f (a, b)) 

on the surface is the slope of the tangent to the line formed by the surface with the 

plane y = b, as shown in Figure 6.26a. Figure 6.26a shows a vector of the form 

u=i+ f,(a, b)k 

Similarly, as Figure 26b shows, the tangent line to the intersection of the surface 

and the plane x = a at the point (a, b) can be expressed as 

v=j+ fia, b)k 

These two vectors define a plane called the tangent plane to the surface z = f (x, y) 

at the point P = (a, b, f(a, b)). The unit normal vector to the surface at P is given 

by 

xv l pe : 
De arse Od ga tab) (4) 

[1+ f2(a, b) + fy, by? 

Note that the direction of n is not specified by Equation 4; in other words, +n are 

both unit normal vectors. 

ce aT 
Example 4: 
Determine the vector normal to the spherical surface x* + y* + z* =a? at 

the point (a//3, a/V3, a/V3). 

SOLUTION: Start with 

z= fe, y)=(@ —x? -y)'”? 

Then 

a a a a cree at al AZ 
and so 

Si=je6 
ew /8 
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t (OP/OV)r 

SN 

Figure 6.25 
The partial derivative (0P/dV)7 at 

T =500 K for the van der Waals equation 

is the slope of the P-V cross section 

shown above. 

k 

i xX 

(a) 

k 

J MY 
(b) 

Figure 6.26 
(a) The tangent line to the intersection 

of the surface z = f(x, y) in the plane 

y =b atthe point P = (a, b, f(a, b)) is 

parallel to the vector u=i+ f,(a, b) k. 

(b) The tangent line to the intersection of 

the surface z = f(x, y) inthe plane x =a 

at the point P = (a. b, f(a, b)) is parallel 

to the vectorv =j+ f(a, 6) k. 
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Figure 6.27 
The outward unit normal vector to the 

spherical surface x7 + y? + 27 = a? at the 

point (a/V3, a/V3, a/V3). 

Figure 6.28 
The tangent plane to the spherical 

surface x? + y? +z? =a” at the point 

(a/V3, a/V3, a/V3). 

Chapter 6 / Functions of Several Variables 

This vector points inward from the spherical surface at the point 

(a/V3, a/V3, a/./3). The outward pointing vector is given by (Figure 6.27) 

,_iti+k 
V3 

ne etic dl dae erica emer teet | 

The tangent plane to the surface at a point P = (a, b, f(a, b)) is normal to n. 

If we let rp be a vector to the point P and r be a vector to any other point in the 

tangent plane, then r — rp will lie in the tangent plane and thus, 

(r—rp)-n=0 

where n is the unit normal vector at the point P. Using Equation 4 for n, we see 

that the equation of the tangent plane at the point P on the surface is given by 

( a) @) fi (as b) == (y on b) fy(a, b) a [z ag FG; b)i=0 

or by 

z= (x — a) f,(a, b) + (y — b) fy(a, b) + f(a, b) (5) 

noe “\Wahe 1 ee ee 
Example 5: 
Find the tangent plane to the spherical surface described by x7 + y? +z? =a 

at the point (a//3, a/V3, a/V3). 

2 

SOLUTION: We found in Example 4 that 

fx(a/V3, a/V3) = f,(a/V3, a/V3) = —1 

so the equation of the tangent plane at (a//3, a//3, a/ V3) is (Figure 6.28) 

x+y+z= J3a 

[ache Scop ke ee ew ae ee ee 

You should realize that f, and f, themselves can be functions of x and y. 

For example, if f(x, y) = y*e*, then f, = y*e* and fy =2ye*. Therefore, we can 

form partial derivatives of f, and f, just as we did for f(x, y). The second partial 

derivatives of f(x, y) are 

Ox \ox Ax2 
6 

a eae a 
dy \dy Oy? a 
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Matera a |b) eee SS] 
Example 6: 

Show that V(x, y, z) = (x2 + ve + z*)—1/2 satisfies the equation 

a2v.2vtsCé2tV 

0x2 dy 4z2 

everywhere except for the origin (0, 0, 0). This equation is called 

Laplace’s equation. Among other things, Laplace’s equation determines 

the electrostatic potential V(x, y, z) in a charge-free region. Notice that 

Vix, y, 2) = (x? + y? + 22)? = I/r, the Coulomb potential (within a 
multiplicative constant) due to a charge situated at the origin. 

SOLUTION: 

x 

ey ea) be 

I x2 = y? Pes 22 

(x2 + y? + 22)5/2 
xXx 

Because V(x, y, Z) is Symmetric in x, y, and z, we can obtain V,,, by 

interchanging x and y in V,, and we can obtain V,,. by interchanging x and 

z. Therefore, 

(2x? — y? — 27) + Qy? = x? = 22) + 22? — x? — y?) 
(x? + y? + 27)5/2 

Vix che Vyy + Vez = 

=0 

re tt bs 8 | 

The types of derivatives in Equation 6 are similar to the second derivative of a 

function of a single variable, but functions of more than one variable admit mixed 

partial second derivatives as well: 

ax axdy 
(7) 

Ba are 
dy \Ox  ayax “ 

Example 7: 

Find See fyy» Says and Tox if IB y) = xy? ais ee. 

SOLUTION: 
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2 ae 

fe =y? + 2xye™” fy = 2xy + ere 

P os 

fax = Oye Ax? yer? fy = 2x $340"? 
2 oD 

fey =2y + 2x(l4+x2y)e™” fy = Dy + 2x(1 + x? y)e*? 

a errr re 

Notice that f= f\, in Example 7. Do you think that it is a coincidence? 

Let’s evaluate 0; 0) and Os 0) for 

Zi 2) 
ay 

fay= »( 55] (x, y) # (0, 0) 

0 (x, y) = (0, 0) 

(8) 

To evaluate Ue (O, 0) and Jee (0, 0), we use Equations | and 8, which in this case 

give 

f,@, Ay) — f-@, 0) 
(0,0) = Ih FO; 9) a ne 

and 

Ax,0) — f,(0, 0 

pay Suen ae 
Ax>0 NOG 

so we need f,(x, y) and eG y) for (x, y) # (0, 0). These turn out to be 

4x2y3 4 x4y — y? 
yf x, ~ = IQ, y) (x2 4+ y2)2 

eye 

Ah i heme : - 
Fy( - (x2 + y2)2 

Therefore, 

C > A ) = e vy . = 

fry, 0) = Tim f,(0, Ay) — F2(0, 0) =. lim ee —] 
ay Ay>0 Ay Ay>0 Ay 

(UNS. 0) = FO. 0 

fyx, 0) = lim ‘ial aces ee 
>0 Ax ~ Ax>0 Ax 

We see then that f,,(0, 0) 4 f,(O, 0) in this case. What’s the difference between 
the behaviors of f(x, y) in this example and f(x, y) in Example 7? We’ll answer 

this question with a theorem: 

If fry and fy, are continuous at a point (a, b), then Sxy = yx at (a, b); 
otherwise f,y and f,, may not be equal. 

It turns out that f,,, and f,, are continuous for all x and y and so Ixy = Syn ID 
Example 7, but that neither f,, nor f,, is continuous at (0, 0) for the function 



6.3 Partial Derivatives 

defined by Equation 8 (Problem 14). Fortunately, most of the functions that we 

deal with in physical applications are continuous. 

The equality of mixed partial second derivatives is used often in thermody- 

namics. For example, thermodynamics tells us that the entropy (5) and the pressure 

(P) of a substance can be expressed as partial derivatives of a function called the 

Helmholtz energy, A = A(V, 7), which is a function of the volume and the tem- 

perature: 

0A ( 

OT yy OV: 

we see that 

GR) oP 

(av), = Gr) a OV / rT OT Jy 

Equation 10 is known as a Maxwell relation in thermodynamics. The derivation of 

Equation 10 is a typical thermodynamic manipulation. Equation 10 is an important 

and useful equation because it allows us to calcuate the entropy of a substance 

(which is not a directly measurable quantity) in terms of the pressure-volume- 

temperature (P-V-7) dependence of the substance, which is readily measurable. 

6.3 Problems 

1. Determine all the partial derivatives up to second order of f(x, y) = 

(a) xe? + y (b) ysin x + x? 

2. Determine all the partial derivatives up to second order of f(x, y) = 

(a) tan! = (by e 49” 
MG 

3. Show that f,) = fy, for (a) f(x, y) = x2e-)” and (b) e > cos xy. 

4. Show that firy = fryx = Ayxx for f(x, y) = 

(a) xty?+xy  (b) e %*) 

5. Show that if (a) f(x, y) =In(x? + y?) with (x, y) # (0, 0), then f,, + fyy =0, and if (b) 

I(r? ee ez vith ey az) = (0,00) then «fy, = fee = Zfxy- 

6. Show that xf, + yf, =2f if f(x, y) = xy tan(y/x),x # 0. 

f@,y,2= 
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10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

0 

. Show that c(x, 1) = (42 Dt)~/2e-*"/4" satisfies the equation ae = D—. 

| 0c 
. Show that c(x, t) = — | 1+ erf satisfies the equation — = =D—. 

An) y) (— -)| : ot 
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a2¢ 

ax? 

a2c 

ax? 

Cire ee 
. Show that f(x, y) = sin ax sinh ay satisfies Laplace’s equation ay? SS = 

be dy? 

Show that Y (0, ) = e*!® sin @ cos @ satisfies the equation 

iy a°Y 
eye (sin o° oy) + gap + sin® OMA) = 

00 00 ap? 

Find the equation of the tangent plane to the surface z = xy + 3y? at the point (1, 1, 4). 

Find the equation of the tangent plane to the surface z = x?/(x + y) at the point (2, 2, 1). 

Find the equation of the tangent plane to the elliptic paraboloid z = 2x* + y? at the point (1, 1, 3). 

x94 Ox4y2 — 9x2y4 — y6 

(x? + y?)3 
but that f,, and f,, are not continuous at (0, 0). 

Show that f. = = fy, for (x, y) (0, 0) for the function defined by Equation 8, 

= & #00) | 7 
Show that f(@, y)= { %°> + y is an example of a function where both first partial 

0 (x,y)=(0,0) © 
derivatives exist at (0, 0) but that f(x, y) is discontinuous there. Contrary to the case of functions of a single 

variable, the existence of first derivatives is not sufficient to guarantee continuity. 

The next five problems involve applications of partial derivatives to thermodynamics. 

1 /aV 
The isothermal compressibility, «7, of a substance is defined as Kk = —— 7 (He) . Obtain an expression for 

the isothermal compressibility of an ideal gas (PV = RT) in terms of a 

aV 

oT 
for the coefficient of thermal expansion of an ideal gas (PV = RT) in terms of T. 

sae ; ; ] 
The coefficient of thermal expansion, a, of a substance is defined as a = — ( ) . Obtain an expression 

P 

a1 
ne) _ where OW. VT) == ( 
aT ya N! 

constants, determine U as a function of 7. 

2mmkpT 

h2 

3N/2 
Given that U = bee ( ) V™ and kp, m, and h are 

ap 
oT 

volume in terms of pressure, volume, and (kelvin) temperature of the system. Evaluate (9U/dV)- for an ideal 

gas (PV = RT) and for a van der Waals gas (? + +] (V —b)= ar | where a and b are constants. 

, aU 
The thermodynamic equation (=) = if ( ) — P shows how the energy U of a system varies with the 

T 

Given that the heat capacity at constant volume is defined by Cy = (=) and given the expression in 
V 

ac 2 
Problem 18, derive the equation (=) =i cae 

OV Jr oT? 

Thermodynamics tells us that the difference between the heat capacity at constant pressure and the heat capacity 
ae oP aV 

at constant volume is given by Cp — Cy = (2) ae Show that Cp — Cy = R for an ideal gas. 

a 



6.4 Chain Rules for Partial Differentiation 

6.4 Chain Rules for Partial Differentiation 

Suppose that uv = f(x, y) where x and y are functions of a single variable t. Then 

the composite function f (x(t), y(t)) = U(t) is a function of a single variable t 

and we shall prove that 

dU odudx  dudy 
= — — + — — = ; (1) 

dt dx dt dy dt 

provided du/dx and du/dy are continuous and x(t) and y(t) are differentiable. 

Equation | is called the chain rule of partial differentiation. Before we prove 

Equation 1, we should say a few words about the notation. First note that we 

wrote f (x(t), y(t)) = U(t) instead of simply u(t). We did this to emphasize that 

u= f(x, y) and U = f (x(t), y(t)) are actually different functions. For example, 

if u =x*y and x =te~' and y =e~~", then U = t*e~*’. Many authors don’t make 

this distinction, nor shall we most of the time, but it is occasionally helpful to keep 

the distinction in mind. 

Equation 1 is fairly easy to prove. We assume that x(t) and y(t) have finite 

derivatives so that a change in ¢ produces changes Ax and Ay which tend to zero 

as At — 0. The changes Ax and Ay produce a change in uw, and so we write 

Ra Ax yaa Ay) —-f ey) 

=[f( + Ax, y+ Ay) — f(x, y + Ay)] + [f(, y + Ay) — f@, y)] ©) 

where we have simply added and subtracted f(x, y + Ay) to the first line. If f, 

exists and is finite in a region of the xy-plane containing the point (x(t), y(¢)), 

then the mean value theorem for derivatives (Section 1.6) says that 

fie AX, y + Ay) — f(xy a Ay) = 7.6, yt Ay Ax (3) 

where é lies in the open interval Ax. Similarly, if fj, exists and is finite in a similar 

region, then 

fey Aye f ayy, mAy (4) 

where 7 lies in the open interval Ay. Combining Equations 2 through 4 and dividing 

through by Ar gives 

Au Ax Ay 
—— ; > at A cme i x, =—— (5) i< TaGuyer Ay) 7 yo) = 

Now as At > 0, Au/At, Ax/At, and Ay/At tend to du/dt, dx/dt, and dy/dt, 

and if f, and f, are continuous, then 

du _dudx | dudy ie (6) 
di, Maxktat Poy di 
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CA. Beaty Sarre te Sate ea ree 
Example 1: 
Use Equation 6 to evaluate du/dt if u = x*y + xy? and x(t) = te’ and 

vise 

SOLUTION: 

a) 
Be rey? OM ax? +2xy 
Ox oy 

d = 
Ges (0 Next el et 
dt dt 

and so 

7s = (2xy + y?)(1— te! + (x? + 2xy)(—e“) 

Sion = hte eter” 

= (lai = 3i)e0" 

Of course you get the same result by substituting x(t) and y(t) into u(x, y) 

and then differentiating with respect to ¢ (Problem 1). 

Le 

Equation 6 is readily extended to a function of more than two independent 

variables. If uw = u(x), X2,...,X,) and x; =x;(t) for 7 = 1 ton, then 

dus OU dX, Ou dx, du dx, 
= (7) 

at oxeal Ox, dt dx, at 

Suppose now that u = u(x, y) and that y = y(x), so that w is actually a function 

of a single variable x. This is just a specific case of Equation 6 with t = x, and so 

we have 

du _ du du dy a+ (8) 
ake OT Oy idx 

In Equation 8, du/dx represents the total derivative of u with respect to x while 

(du/0dx) represents the partial derivative of u with respect to x. 

a ghee yee 
Example 2: 
Use Equation 8 to evaluate du/dx if u = y sinx and y=xe™. 

SOLUTION: 



6.4 Chain Rules for Partial Differentiation 

du : ae 
— =ycosx + (sinx)(1— x)e~ 
dx 

= en COSx + (l= x)e six 

=e ~sinx +xe “(cosx — sinx) 

Of course you get the same result by substituting y = xe~* into u = y sin x 

and then differentiating with respect to x. 

a eee ar ce 

Now suppose that u = u(x, y) and that x = x(s, t) and y = y(s, ¢). In this 

case u is a function of two variables, s and t, or u(x, y) = U(s, t). We can extend 

Equation 6 to write 

dU _ auax | du dy 
—_ = 7 = (9a) 
Os Ix Os ay dS 

and 

dU dudx  dudy 
A a —— —_ = (9b) 

ot Ox Ot dy dt 

We hold ¢ constant everywhere in Equation 9a and s constant everywhere in 

Equation 9b, so Equations 9 are essentially equivalent to Equation 6. We made 

a notational distinction between u(x(s, t), y(s, t)) and U(s, t) in Equations 9a 

and 9b, but you'll usually see them written as 

du dudx du dy 
=== (10a) 
OS) Ox 10S. SOY OS 

and 

du dudx du dy 
=e at (10b 

Cian O GAOL ONEOT 

When uw is differentiated with respect to s or ¢, then wu is regarded to be a function 

of s and ¢ and the other variable is held constant during the partial differentiation. 

When u is differentiated with respect to x or y, then uw is regarded to be a function 

of x and y and the other variable is held constant during partial differentiation. 

Example 3: 
M2 (cen) yen tw rang (Sea) = s*t and y(s,t) =e * +f, evaluate 

du/ds and du/ot. 

SOLUTION: 

es EU 

ds ax ds dy Os 

= (—ye * + y)(2st) + (e-* + x)(-e*) 
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=f 

Figure 6.29 
A point in a plane may be specified by its 

distance from the origin (r) and the angle 

that a line from the origin to the point 

makes with the x axis (@). The quantities 

r and @ are called polar coordinates. 

Chapter 6 / Functions of Several Variables 

=2st(e *+rn(1— est) = (eS sisrew 

du du Ox du dy 

ot dx dt dy dt 

= (= yeu ey soa (en ee) 

= (7st sry aes(e = aah = en 5 t) 

eh nh Se ee 

Example 4: 
The expression 

V-= ae a 
dx2 dy? 

is called the Laplacian operator (in two dimensions) and occurs throughout 

applied mathematics. The Laplacian operator above is expressed in cartesian 

coordinates. We’re going to study various other coordinate systems in 

Chapter 8, but you might remember from other courses that it is sometimes 

convenient to use polar coordinates, where x and y are expressed in terms 

of r and @ in Figure 6.29. 

X= COS esr Sie 

Take the special case where r = a = constant and express V? in terms of 6. 

SOLUTION: We first let V* operate on a function f(x, y) and write 

ete madi 
WS AG yap ee f(x, y) Ee aw 

Now, using Equations 10 gives 

(=:),- Gs), 2), 
But 6 = tan~'(y/x), so (0/dx), = — sin @/a, and 

(24) _ sing () 
diye ~ aa? 06), 

Using Equations 10 again, we write 

a2 (2) S = (~) ae, 
0x2 Oza) ai Gea ony ah 
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sin@ 0 poe af 

a oO a 0@O 

3 sin’ 6 0 f sin @ cos 6 of 

a2 3@2 a 00 

The result for 0° f/dy? is obtained in a similar manner and yields 

dof cos. 0 Of sin 8 cos 6 of 

dy? a2 0@? a 00 

and so we find that 

Equations 10 are easily extended to any number of variables. If u = u(x, 

XQ,---,X,) and x; = X;(sj, 52, ---, 5), then wu is a function of 51, $2, ..., 5m 

and 

du du dx; | du Ox Ou OX, (11) 

OSp8  sOXROS7 I, 0% OSt OX. OSE 

Because k= 1, 2, ..., m, Equation 11 consists of m equations. 

There is a theorem called Euler’s theorem that is extremely useful in thermo- 

dynamics and a number of other fields. First we define a homogeneous function of 

degree p as one that has the property that 

iil AA ores HAN ah ele yd Wonmeana es) (12) 

where A is a parameter. For example, f(x, y, z) = x?z + yz* + xyz is homoge- 

neous of degree 3 since 

f (Ax, Ay, Az) = (Ax)?(Az) + (Ay)(Az)? + (Ax) (Ay)(Az) 

= (x22 + yz? + xyz) = f(x,y 2) 

Not every independent variable has to appear in Equation 12. The function 

f(x, y, Z, w) given by 

3 

c 8 ge ee?) 

PAR, Vee, WY Ly SI ay —— € 

: y 

Ww 

is homogeneous of degree 2 in the independent variables x and y because 

fx, dy) =VFC.y) (13) 

257 



Paces) Chapter 6 / Functions of Several Variables 

The independent variables z and w are simply suppressed in Equation 13. 

Euler’s theorem says that 

If f (Ax, Ay) =AP fx, y), then 

(14) 
dy 

pfx, y) ax ray 

The proof of Euler’s theorem is easy. Start with 

fAx, Ay) =AP fF, y) 

and let wu = Ax and v = Ay. Now differentiate both sides of 

OX AVR OE ay) 

with respect to A to get 

of du Of dv = 
= Dae Fe W) 

dudrX dvdr i fl 5 

But du/dA = x and dv/dA ee y, SO 

af 8 
PAEaE Gay) =a pee 

Ou dv 

Because this equation is true for any value of A, it is true for A = | and sou = x 

and v = y and 

aed aioe DEC ice alee 

We’ ll illustrate Equation 12 with a “mathematical” Example for those who have an 

aversion to thermodynamics for one reason or another, but Problems 15 through 

18 illustrate some thermodynamic applications of Euler’s theorem. 

Example 5: 
3 . 

Show that f = xy sin z + *e-™” satisfies Equation 12. 
y 

SOLUTION: The function f is homogeneous of degree 2 in the two 

independent variables x and y: 

) . BY eee. 
LES ore ree u 
Ox y 

0 : x 2 
a ih pease, a 
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0 a me 
pene eh ea ae a pel 

Ox dy . y 

>? a 
Ws —w* 

x? 

+ xy sin z — —e 
y 

=2f 

Note that sin z and e~”” play the role of multiplicative constants in each 

(KANON INGE Wa By We 

i oF ernest mrt geal e. Cs olpe a we Bee 2 yet 

6.4 Problems 

1. 

aun &. & WL 

11. 

12. 

1s 

14. 

. Evaluate du/ds if u(x, y) = e* 

10. 

Verify that you get the same result for Example | if you substitute x(t) and y(t) into u and then differentiate 

with respect to ¢. 

. Use the chain rule to evaluate du/dt if u(x, y) = cos(x2 + 2y) where x(t) =¢ and y(t) = t” 

. Use the chain rule to evaluate du/dt if u(x, y) = ye* where x(t) = t? and (a) ee 

. Use the chain rule to evaluate df/dt if f(x, y) =e *” where x(t) =sint and y(t) =cost. 

. Use the chain rule to evaluate du/dt if u(x, y, z)= x2 + ze’ where x(t) =t, y(t) =t?, and z(t) = r. 

. Use Equation 8 to evaluate du/dx if u(x, y) = y cos xy and y=e™~. Verify your result by substituting 

y =e ~ into u first and then differentiating. 

. Evaluate du/dr if u(x, y) = x* —xy + y* andx =rcos@ and y=rsin0. 

. Evaluate du/dr if u = (x? + y*+2*)!/*, x =rsinO cos¢, y=rsin@ sind, and z=rcos@. 

+Y, x =te’, and y =sins. 

Determine dm/ os at (s.1)— (ly —1) 1 wos yy — xy = y?,x =se—', and y= St 

i) oy Che Oi © of 
Suppose that u = f(x, y, 5, t), where x = x(s, t) and y = y(s, t). Show that es OI oe a oy + f 

OS ORO Sn nO) CSO. 
0 Of 0: Of PONE NO, u _ af dx , af ay , af and that — = ae mee 
ot ox ot  dydt ot 

; see On 50°u 
Show that u(x + ct) + u(x — ct), where x and ¢ are variables and c is a constant, satisfies Sol cr ayo 

be x 

: ; O-u 5 a7u : ; 
Consider the equation —~ = c” —,, where c is a constant. Define new variables § = x — ct and n = x + ct 

or ax? 4 
: O-u 

and now show that the above equation becomes aE) =)! 
d&0n 

If u = u(x, y) and x =r cos @ and y =r sin @, then show that 

. ti ay es poy me (ey 
ax dy) \ar r2 \ 90 

The applicability of Euler’s theorem to thermodynamics rests upon the concept of an extensive thermodynamic 

quantity, which is a quantity that is directly proportional to the size of the system. Extensive properties are 

volume, mass, number of moles, energy, and entropy. An intensive thermodynamic quantity, such as , 
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1S. 

16. 

17. 

18. 

Chapter 6 / Functions of Several Variables 

temperature or pressure, is independent of the size of the system. Functions of extensive variables are 

homogeneous of degree one. For example, the volume of a system depends upon the number of moles of each 

constituent, and so 

Vii Ana, cog AN) =a (Ry Novena ty) (15) 

Physically, if we double the amount of each constituent, then Equation 15 says that we double the volume of 

the system. The next four problems are applications of Euler’s theorem to thermodynamics. 

Let Y be any extensive property. Use Euler’s theorem to prove that Y(nj,2,...,7, P) =>) njYj, where 

Ge = (OY /00 iT, Pings; 

The thermodynamic energy (U) of a system can be expressed as a function of the entropy (5), the volume (V), 
dU dU dU 

and the number of moles (n). Use Euler’s theorem to derive U = S (=) +V (=) +n (=) ; 
as Vin 0 V S,n on Sava 

Do you recognize the resulting equation? 

The Helmholtz energy (A) of a system can be expressed as a function of the temperature (7), the volume 

(V), and the number of moles (”). Apply Euler’s theorem to A = A(T, V, n). Do you recognize the resulting 

equation? 

Apply Euler’s theorem to V = V(T, P, 14, np). 

‘ 
4 

6.5 Differentials and the Total Differential 

Line In Section 1.5, we defined the differential of a function of a single variable. We 

tangent shall extend these ideas to a function of several variables in this section. Recall from 

at x Section 1.5 that if dy and Ay are defined as in Figure 6.30 (see also Figure 1.42), 

val then the difference between dy and Ay goes as 

” Ay =dy +¢€ Ax (1) 

where € — 0 as Ax — 0. In other words, the difference between dy and Ay goes 

to zero faster than Ax as Ax — 0. Because of this, 

x dy'= y (x) dx (2) 

Figure 6.30 ‘ Petts . : 
is an excellent approximation. W Bence sin ar aie iiereaie ioc Dp e can readily extend these ideas to functions of 

dyand Ay. more than one variable. 

Let f(x, y) be a function of the independent variables x and y. Now change 

x by Ax and y by Ay and let Af be the corresponding change in f(x, y), then 

Df Ste ste iat ay) 

= f(x + Ax, y+ Ay) — f(x, y + Ay) + f(x, y + Ay) — f(x, y) @) 

Because y + Ay is held constant in the first two terms in Equation 3 and x is held 

constant in the second two terms, we can now use the mean value theorem for 
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derivatives of a single variable in Equation 3 and write 

Af =f, €,y + Ay)Ax + fix, n)Ay (4) 

where x <§ <x + Ax and y <n < y + Ay. Assuming that f, and Jy are con- 
tinuous, Equation 4 becomes 

Af = fr, y)Ax + fy, y)Ay + Ax + EQ Ay =df + €,Ax +e, Ay (5) 

where €; — 0 and €) — 0, as both Ax — 0 and Ay > 0. Equation 5 is the two- 

variable analog of Equation 1. It shows that Af — df even faster than Ax > 0 

or Ay — 0. Thus, we see that 

df = frdx + fydy (6) 

is an excellent approximation as Ax and Ay approach zero. Equation 6 is the 

two-variable analog of Equation 2. We call df the total differential of f. 

Example 1: 
Determine €, and € in Equation 5 or 6 and show that €; > 0 and €, > 0 as 

Ax + Oand Ay > Oif f(x, y) =x3y + xy?. 

SOLUTION: 

Af — fire AX yi Puy) — fi (%;.y) 

= (x + Ax)*(y + Ay) + @ + Ax)(y + Ay)? = x3y — xy? 

= (3x7y + y)Ax ie 2xy)Ay 

+ [3xyAx + Gee 2y)Ay + y(Ax)JAx 

+ [xAy + 3x(Ax)* + (Ax)(Ay) + (Ax)*]Ay 
= fr, Ax + fyAy + €;Ax + eAy 

where €, = 3xyAx + (3x* + 2y)Ay + y(Ax)* and €> = xAy + 3x(Ax)? + 

(Ax)(Ay) + (Ax)>. Both €; > 0 and €, > 0 as Ax > Oand Ay > 0. 

Wile Alenia Fae Po eB 

If f(x, y) is such that €, — 0 and €, > 0 as both Ax — 0 and Ay — 0, we 

say that f(x, y) is differentiable at the point (x, y). Contrary to what you might 

gather from Equation 1, the existence of f, and /f, is not sufficient to guarantee 

that f(x, y) is differentiable; f, and f, must also be continuous. 

For the rest of this section, we shall use the pressure of a gas instead of f(x, y) 

to illustrate differentials. Generally, the pressure of a gas depends upon the (kelvin) 

temperature T and the molar volume V (the volume per mole), and so we write 

P(V, T). Recall that one mole of all gases at sufficiently low pressure obeys the 
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ideal-gas equation of state: 

ea ores AA (7) 

where R is a constant, whose value is R = 0.0821 liter - atmospheres per kelvin 

per mole. At higher pressures, where deviations from ideal behavior occur, the van 

der Waals equation is often used: 

P=——_ —- — (8) 

where a and b are constants that are characteristic of the particular gas. We shall 

use these two equations as examples of functions of two independent variables. 

As Equations 7 and 8 imply, the pressure of a gas depends upon its temperature 

and volume. The total differential of the pressure for a fixed amount of gas is given 

by 
P 

ap= (==) ar + (=) dV (9) 
oD OVS 

We have subscripted the partial derivatives in Equation 9 to emphasize which 

variable is varied and which is held constant. Physically, Equation 9 says that it is 

an excellent approximation to calculate the total change in the pressure of a gas 

due to a change in both the temperature and,the volume in two steps — that due 

to the temperature change keeping the molar volume fixed at its initial value and 

then that due to the change in the molar volume keeping the temperature fixed at 

its final value. 

ee ee een 
Example 2: 
Evaluate the total differential of the pressure for an ideal gas. 

SOLUTION: Using Equation 9, we see that 

ie 
ap=(*) ar + (2) dV 

OTeie, OV) 7 

dV (10) 

We can use Equation 10 to estimate the change in pressure when both the 

temperature and volume of an ideal gas are changed slightly. We write Equation 10 

for finite AT and AV as 

RT R 
APRA AT = —_ AV 11 V y2 (11) 
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Let’s use this equation to estimate the change in pressure of one mole of an ideal 

gas if the temperature is changed from 273.15 K to 274.00 K and the volume is 

changed from 10.00 L to 9.90 L: 

R SP Ay, 
V Ve 

_ (0.0821 L - atm - K~!- mol~}) 
(0.85 K) 

(10.00 L - mol~!) 

0.0821 L- atm- K~!- mol~!)(273.15 K 
= a Oe Eo oe mol7!) 

(10.00 L - mol~!)2 

0.0294 atm 

For comparison, in this particularly simple case, we can calculate the exact change 

in P from 

RT, RT, 

Vo Vi 
Ta) Sa 

= (0.0821 L atm» K-! mot ( 274.00 K 273.15 K ) 
9.90L-mol-! 10.00 L- mol-! 

= 0.0297 atm 

You can see that Equation 11 gives us a good estimate of AP. 

The total differential of the pressure of a gas described by the van der Waals 

equation is (Problem 5) 

ap=—* ar +|3 aa | dV (12) 

We know that this expression is the total differential of P given by the van der 

Waals equation, but suppose we are given an arbitrary expression, say 

se eee aa 
V=p (V—b)2 TV? 

and are asked to determine the equation of state P = P(T, V) that leads to 

Equation 13. In fact, a simpler question is to ask if there even is a function P(T, V) 

whose total differential is given by Equation 13. How can we tell? 

If there is such a function P(7, V), then its total differential is 

ap = (==) ar + (2) dV 
aT} AVI) 

Using the fact that mixed second partial derivatives are equal (provided they are 

continuous functions of T and V), we have the requirement that 

ea a > iS iub 
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(srav)= Lar Gor), 
must be equal. If we apply this requirement to Equation 13, we find that 

and 

0 RT a R a a ee ee = ae 
or IV = bye TV2 (V—b)2 T2Vv2 

and 

a RUG Nie RT 

av ca —  (V—by 

Thus, we see that the cross-derivatives are not equal, so the expression given by 

Equation 13 is not the differential of any function P(T, V). The differential given 

by Equation 13 is called an inexact differential. 

We can obtain an example of an exact differential simply by explicitly dif- 

ferentiating any function P(T, V), such as we did for the van der Waals equation 

to obtain Equation 12. The mixed second derivatives in Equation 12 are equal, as 

they must be for an exact differential. 

' 
ty 

AP aaa a ep ie | 
Example 3: 
Is 

Fer me Seen Py 
V—B 2T?/2V(V + B) 

- RE a(2V + B) 
(ve B)? T'/2V2(V ae By? 

(14) 

where q@ and f are constants, an exact differential? 

SOLUTION: We evaluate the two derivatives 

0 R "a || R a(2V + B) 
— Sel Sa ae SS = 

OV EV BTV VB) Sg (Ve py 2h V(r) = 

and 

{*[- RT, _ a@Q2V +8) 
oT (V—p)2 Ti2yv2(v + B)2 

pit a aay he VB) 
~  V=p)  273/2V2(V + By? 

These derivatives are equal, so Equation 14 represents an exact differential. 

ee ot oy Set ee | 



6.5 Differentials and the Total Differential 

We know how to tell if an expression is the total differential of some function, 

but is it possible to determine what the function is? Let’s go back to Equation 10, 

which is the total differential of the pressure given by the ideal gas equation of 

state: 

R RI 
dP =>—dT —,—~dV 

V Ve 

Because Equation 10 is an exact differential, we know that 

oP R oP RT (+=) Se ee: (=) mae iek (15) 
I das a OV / Tr v2 

Integrate the first of these two equations with respect to 7, treating V as a constant, 

to get 

P= + f(V) (16) 

where f(V) is an arbitrary function of V that occurs because we integrated 

with respect to T, but with V constant. The function f(V) corresponds to the 

constant of integration in “ordinary” integration. Now take the partial derivatives 

of Equation 16 with respect to V to obtain 

(2) ae ey) 

Tr aVv AeA av 

Equate this result to the second of Equations 15 and get 

d 
ci aa, 

dV 

or 

f (V) = constant 

Substitute this result into Equation 16 to get 

RT 
i Constalt 

V 

We can determine that the value of the constant here must equal zero because we 

know that the pressure of a gas approaches zero as the volume increases without 

bound. Thus we see that 
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[ie mee Sorelle a LE mm an ae 
Example 4: 
Determine P from the exact differential 

where a and / are constants. 

SOLUTION: Integrate 

“partially” to obtain 

RT 
P= —— V ep) 

where f(V) is an arbitrary function of V to be determined. Now differentiate 

P partially with respect to V and use the above expression for dP to write 

RT Oi, Be RT 
a — = 

(Ve=b)* dV Ve" (WW — by 

or i 

df _ 2a 
ave Vo 

Integration gives 

a 
va) iy + constant 

So 

= a + constant 
V—b Ve 

But P + 0 as V > ~w, so “constant’= 0, and we have the van der Waals 

equation. 

i re ne ee eo eS | 

6.5 Problems 

1. Determine €, and € in Equation 5 and show that €,; — 0 and €, + O0as Ax — Oand Ay > O and that Ay > dy 

if f(x, y) =x sin y+ x7e?. 

2. Show that €, > 0 and €, > 0 in Equation 5 as Ax > 0 and Ay > Oand that Ay > dy if f(x, y) =e* cos xy”. 

3. Determine the total differential of (a) f(x, y) = x? sin y and (b) g(u, v) = (u> + v)e”. 

XYZ 
4. Determine the total differential of (a) f(x, y, z) =x*y + y*x + 22x and (b) Csi. 2)= oo 

z2 
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‘ ‘ meter: RT a 
5. Determine dP if (van der Waals equation for one mole) P = arene 

6. Let z(x, y) satisfy the relation F(x, y, z) =0 where F is a continuously differentiable function. Show that 

Oz OF /dx a dF /d 
se EELS oS LN Se ea 
Ox OF /0z dy OF /dz 

7. Use the result of the previous problem to find 0z/dx and 0z/dy at the point (1, 1, 1) for x3 + xy2z + 25 = 3. 

8. Use the result of Problem 6 to determine dz implicitly for 

(a) x2yz=1 (b) z>+ 6x22 + 8y2z =? 

9. The volume of an ellipsoid is V = tmabe, where a, b, and c are the lengths of the semiaxes. Calculate the 

uncertainty in V if a = b= 10.0 + 0.050 and c = 8.00 + 0.050. Calculate the relative uncertainty. 

10. The surface tension of a liquid may be determined by observing how high the liquid will rise in a capillary 

tube. For the case of water in a glass capillary, the surface tension y is given by y = sparh, where p is the 

density of water (0.998 kg - dm~), g is the acceleration due to gravity (9.81 m-s~°), r is the radius of the 

capillary tube, and / is the height that the water rises. Calculate the uncertainty in y if h = (42 + 0.15) mm 

and r = (0.35 £ 0.010) mm. 

11. Is wr7dh + 2nrhdr an exact differential? Is wrdh + 2h2dr? 

RT, 
12.,1sdx = Cy (dT + “** dV an exact or inexact differential? The quantity Cy (7) is simply an arbitrary 

function of 7. Is dx/T an exact differential? 

13. Is (2xy + y2)dx + (x? + 2xy)dy an exact differential? If it is, determine Ff (x, y) to within an additive constant. 

14. Given that df = 2x sin y dx + (x? cos y + e”)dy is an exact differential, determine f(x, y) to within an 

additive constant. 

6.6 The Directional Derivative and the Gradient : 
y 

Consider some quantity such as temperature or electrostatic potential that varies in Ie vy, 

space, which we express by writing w = f(x, y, z). The various partial derivatives de ; 

of f(x, y, z) show how w changes as we change one of the independent variables a bay" 

while the other two are held constant. For example, (df/0x),_- expresses how w i wae wae 

varies in a plane perpendicular to the x axis. We wish to generalize these ideas and | \ \A | y 

be able to determine how w = f(x, y, z) varies in an arbitrary direction, rather 

than just in the x, y, and z directions separately. Consider some point (x9, Yo, Zo) 

and a unit vector emanating from that point (Figure 6.31). 

The unit vector is specified by its three direction cosines, a = cosa, b= cos f, 

and c = cos y, and we write the unit vector as u=ai+bj+ck. The parametric 

equations of the straight line coincident with u are 

xX =X + as 

y = yo + bs 

Z=2Z + ¢s 

(1) 

Xf | 

Figure 6.31 
A unit vector emanating from a point on 

a surface z = f(x, y). The unit vector is 

specified by its three direction cosines, 

GCOS, 0) COS PaangiG— COSi/- 
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where —oo <5 < 00. The potential now is a function of a single variable s, and 

the derivative of f(x, y, z) in the direction of u is.given by the chain rule: 

of d of d of d EES CUE ML a = (2) 
dS. 0xX.0s  OVMises O.as 

where all the derivatives in Equation 2 are evaluated at the point (xo, yo, Zo). The 

right side of Equation 2 can be written as the dot product of two vectors: 

df kV Vie? 3 re f-u (3) 

where 

of. ree of 
V —k 4 
ee ae Lee Bela OZ os 

is evaluated at the point (xg, yo, Zo) and where 

W=di-+- Dj rek (5) 

The derivative df/ds is called the directional derivative of w = f(x, y, z) in the 

direction u. Note that if u =i, for example, then the directional derivative is simply 

(0f/dx),_ -. Thus, the directional derivative 1S, an extension of partial derivatives 

such as (3 f /dx), , to an arbitrary direction. The vector in Equation 4 occurs 

frequently in physical problems and is called the gradient vector of f(x, y, Z) or 

simply the gradient of f(x, y, z). The gradient of f is often denoted by grad f. 

Weeks case @ value Oe 
Example 1: 
Find the gradient of f(x, y, z) =x? — yz+ xz’ at the point (1, 1, 1). 

SOLUTION: We use Equation 4: 

; Sb ts) tae wlt’) ieee age SE ae Ee ne OE Sosy 
Ox ay 0z 

At the point (1, 1, 1), we have grad f = 3i1—j+k. 

Peat ache toes ftewscraas tw I crek USA ale eon RR 

Pg, HA Gimyell cig tah anh Gatianae waren LiKe tim 
Example 2 

Find the directional derivative of f(x, y, z) = xy*z? at the point (3, 2, 1) in 

the direction of the vector v = —2i—j+k. 

SOLUTION: The partial derivatives of f(x, y, z) are 

a 
Vee a) ae fy = = axy2': f= Fa 3xy% 

dy a) 
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and so 

Stadia aval y*2> i+ Qxyz>j + 3xy>z" k 

The unit vector u in the same direction as v is 

Yo 21k 
C= 

lv| v6 

Using Equation 3, the directional derivative is 

yer? = Drone?) 12.72 yy = 2y°z — xyz + 3xy~z 

ds V6 

—8 — 12+ 36 16 
os = at (3, 2, 1) 

/6 6 

Pee apee eB peters fren a sess! Ss cos wenn ot TGF | 

me has SO 
Example 3: 
Find the directional derivative of @(x, y, z) =x? + 2xy* + yz? from the 

pomt P; = C12, 1)Atoward the point FP, = (—1, 0, 1). 

SOLUTION: 

G2.) 11 py, 2, 1) =9; @,(1,2, 1) =4 

The vector from P; to P is 

Vel) aa. 2) ja aa) kai) 

and the unit vector in the direction of v is 

Vv ie 1 
i i = j 

v| /2 /2 

Therefore, 

dp ; ; =i 
—=V¢-u=(11i+9j4+4k)- (=) re w) j Ja 

11 9 
= = Bie (Il, 2 1b) 

2” AD 

(Oe ee 

The gradient vector V f has an important interpretation. If 6 is the angle 

between Vf and u, then Equation 3 says that 

gy sil lees 0 (6) 
ds 
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Figure 6.32 
A set of level curves (color) for the surface 

z= f(x, y) and the path of Vf, which 

follows the direction of steepest descent 

(black). 

Chapter 6 / Functions of Several Variables 

because |u| = 1. The maximum value of cos 6 = 1, and this occurs when u = 

V f/|V f\|. Thus, we see that the maximum value of the directional derivative 

occurs when u points in the same direction as V f, or that V f points in the direction 

in which f(x, y, z) increases most rapidly, and the rate of increase is given by the 

magnitude of Vf. Similarly, —V f points in the direction in which f(x, y, z) 

decreases most rapidly. 

(ee ee ee eee 
Example 4: 
Suppose that the temperature 7 throughout a body varies as T(x, y, z) = 

100 + xyz. Find the maximum rate of increase in temperature (with respect 

to distance) at the point (1, 1, 1) and the direction in which it occurs. What’s 

the direction of the most rapid rate of decrease in temperature? 

SOLUTION: The maximum rate of increase in temperature at the point 

(1, 1, 1) is in the direction of the gradient at that point 

VES Vein jy 

=i+j+k at(J,1,) 

The magnitude of the increase is given by |V7| = /3. The direction of the 

most rapid rate of decrease in temperature is given by —VT, or —i —j—k. 

ee ee ee ee ae a ee 

We can give a nice physical interpretation to the gradient of a function. Recall 

that the level curves of z = f(x, y) are the curves z = constant in the x y-plane 

(Figure 6.32). If we consider these curves to be expressed by the parametric 

equations x(t), y(t), then the total differential of f(x, y) =c at point (x9, yo) = 

(x(to), y(tp)) is 

(8), (0) ox (x9. Yo) dt i) dy (x0. Yo) dt 19 

which says that 

0 (Dau! (Daw dx (X95 Yo) dy (x0. Yo) 

Coals Voi | se [i = J 
dt /,, dt J; 

are orthogonal at the point (x9, yo, Zo), provided V f 4 0. The vector v = dr/dt 

is tangent to the level curve f(x, y) =c, however, so Vf is normal to the level 

and 
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curve. The path traced out by Vf in Figure 6.32 is normal to each level curve that 
it crosses and follows the direction of steepest descent. For a set of equipotential 

curves, —V f represents the corresponding electric field and denotes the path that 

a charged particle will follow. 

as © verte rani yes are Hue T = ap) | 
Example 5: 

The electrostatic potential produced by a dipole moment jz located at the 

origin and directed along the x axis is given by 

[Lx 
d(x, y, a= G2 4 y2 4 2293/2 

(Coanyaece==10) 

Derive an expression for the electric field E associated with this potential. 

SOLUTION: 

P é 

ea eee aa Sua 
Ox dy OZ 

pe Ne . 3xy Bigg 
= sires tn = Bs j+ 
(+y 422° @+yPt+AP @+y4+2 7? 

Figure 6.33 shows a set of equipotentials (color) and the force field (black) 

given by E. 

aR ea ek ee 

Before we finish this section, we will show how to find a vector normal to a 

surface at some given point on the surface. We’re going to see in the next chapter 

that the flow of a substance or the flow of energy as heat through a small surface 

area can be expressed in terms of a unit vector that is normal to the surface area. 

Let the surface be given by f(x, y, z) =c, which we may consider to be a special 

case of F(x, y, z) =0. By an extension of our argument that V f is normal to the 

level curves f(x, y) = constant, we find that V f(x, y, z) is normal to the surface 

F(x, y, z) =0. The unit normal vector n to the surface is given by 

VF 
n= —— (7) 

|VF| 

Let’s use Equation 7 to determine the unit vector that is normal to the spherical 

surface described by x* + y? + z* =a’ at the point (a/V3, HERES a/ V3). The 

normal vector is given by 

Vi HV +y? +27 =a’) 

—2xi+2yj+2zk 

2a 2a. 2a 
eee ee Kk 

Cia pa eal Mov aes 

Jai) 

Figure 6.33 
The equipotentials (color) and the electric 

field (black) of an electric dipole formed 

by equal and opposite charges. 
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and the unit normal vector n is 

gl MONG ee i+j+k 

|VF| /3 

in agreement with our result in Example 6.3.4 (Figure 6.27). 

a ee Se 
Example 6: 
Find the equation of the tangent plane to the spherical surface described by 

x? + y* +2? =a’ at the point (a/V3, a/V3, aj y/3). 

SOLUTION: If ro is a vector from the origin to the point (x9, yo, Zo) and 

r is a vector to any point in the tangent plane, then r — ro lies in the tangent 

plane. The tangent plane (xo, yo, Zo) is normal to the gradient at that point, 

so we have 

WEA Xis Yo> Zo) b (r = Yo) =a) (8) 

The gradient of x* + y? + 2? =a’ at (a/V3, a//3, a/V3) is (2a//3)(i+ 

j +k), so Equation 8 tells us that the equation of the tangent plane is given by 

scien ((-8) 6“) (a) 
x+y4+z2—V3a=0 

in agreement with the result that we obtained in Example 6.3.5 (Figure 6.28). 

os A a necro ie rs Kis a ee en 

6 Problems 6. 

1 

2 

3 

4 

Ss 

6 

7 

8 

9 

. Determine V¢ for o(x, y) =x?y + 3xy?. 

. Determine V¢ for d(x, y, z) =sinxy + xye%. 

. Find the directional derivative of (x, y) = e* cos y at the point (0, 0) in the direction of u =i. 

. Find the directional derivative of d(x, y) = sin x cos y at the point (7/3, —27/3) in the direction of v =i — j. 

Find the directional derivative of d(x, y, z) = xyz at the point (1, —1, 0) in the direction of v=i+j+k. 

. Find the largest directional derivative of (x, y, z) = pape Mii + z at the point (0, 0, 0). 

. Determine the largest directional derivative of (x, y, z) = (Cees ye? at the point (1, 1, 0). 

. Find the region where V¢ is parallel to the x y-plane if @(x, y, z) = Xe y? et 2xy + 3yz + 8xz. 

. Use gradients to find the angle between the two families of curves xy = c, and ay ee C. 
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10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

Suppose the temperature throughout a region in space varies as T(x, y, z) =x? + yz. Find the direction of the 

most rapid increase in temperature. 

Suppose the electrostatic potential is given by (x, y, z) = 100 — x* — y? — z?. In what direction does it 

increase most rapidly from the point (3, —4, 5)? 

Suppose that the surface of a hill can be described by z = 1000¢~ (22° +9°)/200_ qf you are standing at the point 

xX =5, y = 10, in which direction should you go in order to descend most rapidly? What is your rate of descent? 

Show that the paths of steepest ascent for the surface described by z = 5x? + y* are of the form y = kx?. 

The equipotential surfaces about a charge q located at the origin are 

OG, V2) = , where €¢ 1s the permittivity of free space. Show that the lines of force 
Ameg(x? + y?2 + 22)1/2 5 : s 

are radial lines emanating from the origin. 

The electrostatic potential due to parallel lines of charge of linear densities 2 and —A is given by 
A ; 

ONGs, = ; In 72 where r; is the perpendicular distance from the line of charge to the point (x, y, z). 
TT EQ ry 

Sketch the equipotential surfaces and the lines of force. 

Determine the unit normal vector to the surface of the ellipsoid described by 2x? + y? + z* = 4 at the point 

Cietaly: 

Determine the equation of the tangent plane for the previous problem. 

Determine the unit normal vector to the surface described by xyz = | at the point (—1, 1, —1). 

Determine the angle with which the line r(t) = (f, ¢, ¢) intersects the surface described by yess ve +277=1 

in the first octant. 

Find the equation of the tangent line to the surface described by x? — 3xy + y* = —1at the point (1, 2). 

Find the equation of the tangent line to the surface described by y + sin xy = | at the point (0, 1). 

6.7. Taylor’s Formula in Several Variables 

Recall from Section 1.6 that if f(x) is a function of a single variable x and if 

f(x) has continuous derivatives f’(x), f(x), ..., f+” in a closed interval 

a <x < , then Taylor’s formula with a remainder term is given by 

2, n 

f(x) = f(0) + xf’(0) + af) eres =O) LR (1) 

where R,, is the remainder term 

ntl 

Sve ve G n 

where 0 < &€ < x. 

Now consider a function f(x, y) of two variables all of whose first n + | 

partial derivatives are continuous in a closed region of the xy-plane. Let F(t) 

be defined as f(x, y)= f(a +ht, b+kt), where a, b, h, and k are constants. 

ZT 
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Applying Equation | to F(t) gives 

2 
te 

F(t) = F(0)+tF’(0)+ Bre dias tts —F(0) 

: LAlnc 

(3) 

(n+ 1)! 

where 0 < @ <t. We can now evaluate the F\/)(0) in Equation 3. First of all, 

F(0) = f(a, b). Using x =a + ht and y= b +kt, the chain rule gives us 

dF ofdx odfdy df ,af 
Jae ip eas es Eas Hee a Ae a Rapti sites 4) 
© dt dxdt  dydt ax Te KD 

It is convenient to express Equation 4 in operator notation: 

0 
F'(®)= igecitae eae) (5) 

in which the operator (hd/dx + kd/dy) acts on f(x, y). At t =0, Equation 5 

becomes 
“ 

F@) = (i= +e ELS; Y) (6) 
0 Gy) =z 5) 

We can evaluate F’’(0) in Equation 3 in a similar manner: 

” EL I ad SN Of )-< 
LRM Gi = 1 +k hf, +k 

dt dt (: ax dy A Ix + Ty) 

df, 

dt dt 

We use the chain rule to evaluate df,/dt and df,/dt and obtain 

Of. dx _dy Of, Of, dy 
F"(t)=h (4 dx ois seo) ae jf (24 am aa) 

Ox dt dy dt ee era dy dt 

= (h* fey + hk fy) + Ok fy, +h fy) 

=h* fi. + 2hkifey + fry (7) 

We can write Equation 7 in operator notation by writing 

@ 0 
F'(t)=(h— +k— 8 (t) ( a ay )) Ie (8) 

In Equation 8, the square on the operator in parentheses means that the operator 
0 0 

ae + Se acts sequentially on f(x, y). In other words, 
x y 
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a ane a a a 
eatery Sy eS sn atog ae ( et S) Fw) (no +k) (12 +4 m | f, y) 

(Problems | through 7 provide you a little practice with operator notation if it is 

completely new to you.) If we let t = 0 in Equation 8, we have 

2 

" a Oia One 
F’ (0) = (12 +ko) f(x, y) (9) 

Ox dy 
(x, y)=(a,b) 

A repeated application of this procedure shows that (Problem 8) 

0 oN 
F&O) = Ge +ko) f(x,y) (10) 

Ox dy (x, y)=(a,b) 

If we substitute these results for the derivatives of F(t) at ¢ = 0 into Equation 3, 

we obtain 

flatht,b+kt)= f(a,b)+t (12 +o) f(x, y) 
(x, y)=(a,b) 

D ; 2 t a a 
! x y (x, y)=(a,b) 

(11) 
1” r) 0 ss eth (no +ee) f(x, y) n! ax dy (x, y)=(a,b) 

n+l _o no i 

(n a 1)! or ay (x, y)=(a+0h,b+6k) 

where 0 < @ < 1. Letting t = | in Equation 11 finally gives Taylor’s formula for a 

function of two variables: 

flath,b+k = fa, b) + (a2 +h) f(x, y) 
(x, y)=(a,b) 

‘ 
| 0 OU\Ls. 

hoo (: sae ) ff, y) (12) 
2! ax My (x, y)=(a,b) 

a ane 
dey ode (n. Sik ) Jin) ae Ne 

n! Ox dy (x, y)=(a,b) 

where the remainder is 

1 4 5 n+l 

Re (12 +k) ri ay) (13) 
(n + 1)! Ox dy (x, y)=(a+60h,b+0k) 

where 0 < @ < 1. In other words, the remainder is evaluated somewhere along the 

line segment that connects (a, b) to (a +h, b +k). 
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If we let n = 0 in Equation 12, we have 

flath,b+k) = f(a, b)+ hf,(@ + Oh) + ky, @ 4 Ck) (14) 

where 0) < 6 < 1. Equation 14 is the mean value theorem for a function of several 

variables and is a direct extension of Equation 1.4.1. 

Equation 12 up to quadratic terms is 

jee y) = f(a, b) at (% —a)f,(a, b) ate (y =D) f,(ayD) 

G=a 
age | ein) ay) (15) 

(y — by? 
=P Sena b) 

where we have used x =a+handy=b+k. 

per en eee. Cd 
Example 1: 
Expand e*” about (0, 0) up to quadratic terms. 

SOLUTION: We’ll use Equation 15, 
‘ 

f<(0, 0) = f,(0, 0) = fr, 0) = fyy 0, 0) =0 

and 

ty (0, 0) =a 

Therefore, 

e*» =1+ xy + third order terms and higher 

Note that we can obtain the same result more easily by just using 

e=1+z7+27/2+---. This is not the case for the next Example, however. 

el ee ee Ves ee 

Example 2: 
Expand In(x? + y’) about (1, 1) up to quadratic terms. 

SOLUTION: ‘The necessary derivatives are 

2x 
Te = x2 B y2 and ih 1) = ] 

2y 
TS ib and TBE iat 

2y? — 2x? 
a y and) ri Cle )ea=i0) 
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2x2 = Dye 

Pe Gree Mt fn D=0 
4xy 

aera Os ty Vaal 
Therefore, using Equation 15, we find that 

In(x? + y*) =In24 (x — HN+Q0-)-@-DYDoO-D)+-::: 

=In2—2+42x+2y —xy + third order terms and higher 

Penh Fs 9 ay tos ss ea VA NO 

ee eee en 
Example 3: 
Expand sin xy in a Taylor expansion around a = 7/2 and b = 1 up to 

quadratic terms. 

SOLUTION: Leth=x—aandk=y—bwithha=n/2 andb=1in 

Equation 15: 

Fy) = si 2; ue (. ) 

fy = —y COS xy; Nie ( ) 

fy = —X cos xy; Es ( ) 

ex = —y? sin xy; eS (Z. ) == =| 

(sae sin ky; es (Z. ) 

(3) Fry = —xy sin xy; Fry 

= 2 oa? 
Sie Vial ie om a I) -2(x-Z)o-p+ 

You should be aware that most of the CAS can derive Taylor series in more 

than one variable. For example, the command 

Series [ Exp [ Sin [ (x+y) ]], {x, 0, 3}, {y, 0,3 }] 

in Mathematica gives the Taylor series of e'"°*») about the point (0, 0) up to 

Lil 
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third-order terms in x and y: 

and the line 

Series [ Sin[ x+y], {x, Pi/2,2},{y, 1,2}] 

gives the result in Example 3. 

6.7 Problems 

1. Let A be some given operator. Perform the following operations: 

“ ed? ed meee a. ee 
a) A(QQx) A=—~ (b) A(x*) A= +—4+3 
aes dx? ya _ dx? dx 

(c) A(xy?) A= a — ous (d) A(sin xy) A ae i ue 
Ox oy ax oy 

2. An operator is said to be linear if Alen (Ge) sexe l= cA fy (0) se 5A fala), where c; and c are (possibly 

complex) constants and where all the indicated operators are well defined. Otherwise, A is said to be nonlinear. 

Determine whether the following operators are linear or nonlinear: 

(a) integration (b) - differentiation 

(c) square root (d) take complex conjugate 

3. The operator Eee) means that A acts sequently on f(x); in other words, A2 f (x) = A{A f (x)]. Write out 

the operator A’ for A = 

Oy ee 
dx? dx 

Hint: Be sure to include f(x) in A? f (x) before carrying out the operations. 

. a2 5); 9 

4. Evaluate V?(cos ax)(cos by)(cos cz), where the operator V7 = a + oe 4+ s is called the Laplacian 
Ox2 dy2 Az? 

operator. 

5. Two operators are said to commute if AB Ca BA f(x) for an arbitrary function f (x). (As usual, we assume 

that the indicated operators are well defined.) Determine whether or not the following pairs of operators 

commute: 

ad d d dP) 09 
(a) : +2 b) multiply by x; — Cp eee 

Gu dx dx ») ge dx . Ox dy 

Hint: Be sure to include f(x) in AB f (x) and BAf (x), where f(x) is a suitably arbitrary function. 

2) 

NG d a\? 
6. Evaluate (a) (: ~ =) sin x and (b) Ge + k= xy, where /h and k are constants. 

dx Ox dy 
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. Expand e 

o Jha) ordinary algebra, (P+ O)(P = 0) =P? = QO”. Expand (P + OR = QO) where the supercarats denote 

that P and O are operators. Under what conditions do we find the same result for operator algebra as we do 

for “ordinary” algebra? 

a) 

a) 

9 8 

. Show that FEU) = (12 oe en) F(x, y) in the Taylor expansion of f(x, y) 

. Expand x? —xy+y?ina Taylor series about (1, 1) up to quadratic terms and check your result by algebra. 

*Y about (1, 1) through quadratic terms. 

. Expand f(x, y) = sin xy about (0, 0) up to quadratic terms. 

- Expand f(x, y) =sin xy about (1, 1) up to quadratic terms. 

. Expand f(x, y) = sin x cos y about (0, 0) up to third-order terms and compare your result to the product of 

the Maclaurin expansions of sin x and cos y. 

. Use any CAS to verify your result in Problem 10. 

. Use any CAS to verify your result in Problem 11. 

. Use any CAS to verify your result in Problem 12. 

. Use any CAS to verify your result in Problem 13. 

6.8 Maxima and Minima 

In Section 1.4, we discussed how to find maximum or minimum values of a 

function of a single variable over some interval. The necessary condition that f (x) 

have an extremum at x =a is that f’(a) =0, assuming that f (x) is differentiable in 

a neighborhood of x = a. Recall that later in Section 2.7, we used Taylor’s formula 

to give a simple, direct proof of the sufficient conditions. Briefly, if 

f(a) Ba f(a) cate ere f "@ = () 

f? (a) £0 (1) 

and if f'?”)(x) is continuous in some 6 neighborhood of a, then 

1. f(x) has a local maximum value at x =a if f°”)(a) <0. 

2. f(x) has a local minimum value at x = a if ee > 0. 

The proof rests upon Taylor’s formula, which for this case [f’(a) = 

f"\(@=- =f" @ =Oand f @)'# Olis 

ee) 
(2n)! 

foo a 4 4) (2) 
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Figure 6.34 
The graph of f(x) = @ + 1— 2x1/2)2 

meal le 

Figure 6.35 
A graph of z = f(x, y) in the 

neighborhood of its maximum value c at 

(a, b) and the plane z =c = f(a, b). 

Figure 6.36 
A graph of z= f(x, y) in the 

neighborhood of its minimum value c at 

(a, b) and the plane z =c = f(a, b). 
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where & lies between x and a. Because f2°R@ is continuous and |x — a| < 4 is 

a 5 neighborhood of a, f?”(a) and f'7”)(&) must have the same sign. Therefore, 

f(a) > f(x) if f°” (a <0, in which case f(a) is a local maximum, and f(a) < 

Fe) iL FeO) > 0, in which case f(a) is a local minimum. If rT (a) is the 

first nonzero derivative of f(x) at x =a, then a is an inflection point (Problem 6). 

ca = nab) Wenaaripel (a) Wade 
Example 1: 
Investigate the critical points of 

fQ\=@ 412
 

SOLUTION: The critical points are given by 

f= 20 +1=—2x1”) (: 2s =a) = 

which gives x = |. Higher derivatives are 

2 > lB 
sy =2(1- =a) a @+1—2x") =a() 

Pie 2p 

Pye eet) 
(3) _ i ee pa SS (Os \laeraleninsie wipe 
OTE eer Cee | cee can ene aes ESI 

Die Xe} ole A Hue yi 

Thus, f(x) is a local minimum at x = | (Figure 6.34). 

(meme leat el Deacns Ai ta Mele er nabbed 

Now let’s consider a function of two variables. The function f(x, y) has a 

local maximum value at the point (a, b) if f(a +h,b+k) < f(a, b) forall h and 

k such that |h| < 6 and |k| < 5, where é is some sufficiently small positive number, 

and has a local minimum value at (a, b) if f(a+h,b+k)> f(a, b). These 

definitions have the following geometrical interpretation. The equation z = f (x, y) 

describes a surface in three-dimensional space. If f(x, y) has a local maximum 

value at (a, b) and if we denote this maximum value by c = f(a, b), then the plane 

z=c= f(a, b) is the tangent plane to the surface at the point x =a, y=b, z=c, 

and all the points on the surface z = f(x, y) in the neighborhood of this point lie 

below the plane (Figure 6.35). 

Similarly, if f(x, y) has a local minimum value at (a, b), then all the points on 

the surface z = f(x, y) in the neighborhood of (a, b) lie above the tangent plane 

Zee = fla. db) igute,Ors0), 

We said that f(x, y) has a local maximum value at (a, b) if f(at+h,b+k) < 

f (a, b) for all h and k such that |h| < 6 and |k| < 6. Now, if we let k = 0, then this 

definition says that f(x, y) isa local maximum at (a, b) if f(a +h, b) < f(a, b) 
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for |h| < 6. But this statement simply says that f(x, b) isalocal maximum at x = a 

where f(x, y) is considered to be a function of x with y held constant at y = b. 

Thus, the condition that a function of a single variable be a maximum at x =a, 

namely f’(x) = 0 at x =a, becomes 

—=(0 atx=a, y=ob (3) 

—=(0 atx=—a;y=0 (4) 

Furthermore, the same argument applies to the case in which f(x, y) is a local 

minimum at (a, b), so Equations 3 and 4 must be satisfied for f(x, y) to have a 

local extremum at (a, b). The point (a, b) is said to be a critical point of f(x, y). 

Just as in the case of a function of a single variable, however, Equations 3 

and 4 are necessary conditions, but not sufficient conditions that f(x, y) be a 

local extremum at (a, b). A good example of the fact that Equations 3 and 4 are 

necessary but not sufficient conditions that f(x, y) be an extremum at (a, b) is 

provided by f(x, y) =x? — y*. We see that f, = 2x and Sy = —2y are both equal 

to zero at the point (0, 0), so Equations 3 and 4 are satisfied. Yet, considered as 

a function of x with y held constant at y =0, f(x, 0) has a minimum at (0, 0) 

because f,, = 2 > 0 at (0, 0), while considered as a function of y with x held 

constant atx = 0, f(0, y) has amaximum at (0, 0) because iy = -—2 <Oat(0, 0). 

Thus, the surface z = f(x, y) has a maximum in the yz-plane and a minimum in 

the xz-plane at the origin, as shown in Figure 6.37. The critical point in this case 

is called a saddle point for obvious reasons. 

etree a hy | 
Example 2: 
Find the critical points for 

f@, =x +y?—x by +10 

SOLUTION: The equations for the critical points are 

ie ee and oN — = 3y’-6=0 
Ox oy 

which yields the critical points x = + 1/3 and y = +V2. The critical points 

are at 

(8). Sy) (Hint) ( 
[Peer eee, ey SNe ee oer Sere 

SI|- 
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Figure 6.37 
The saddle point of z = x? — y? at the 

point (0, 0). 

=< 



202 Chapter 6 / Functions of Several Variables 

If f(a) =0 and f”(a) £0 for a function of a single variable, it is the sign 

of f(a) that determines if f(a) is a maximum or a.minimum. The signs of the 

second partial derivatives of f(x, y) determine whether f(a, b) is a maximum or 

a minimum (if either) when f,(a, b) = fy(a, D0 
oy 

i Let f(x, y) be continuous and let all its second-order partial derivatives 

be continuous throughout some neighborhood of (a, b). Furthermore, let 

(GRD) aie (as b) fyy(@, b)— EG b). [Some authors call D the Hessian 

determinant of f (x, y).] If 

f.(a,b)=0 and fy\(a,b)=0 

Figure 6.38 then f (a, b) will be 

The quadratic surface given by 

f(x, y) =—x? + Zxy — y?, which has a : - 
ier nue see meant (0.0). 1. a local maximum if f,.(a, b) <0 and D(a, b) > 0 

2. a local minimum if f,.(a, b) > 0 and D(a, b) > 0 

tz 3. a saddle point if D(a, b) < 0 

4. if D(a, b) = 0, higher partial derivatives must be considered. 

Before we prove this theorem, let’s apply it to the simple example in which 

f (x, y) is a quadratic function, 
‘ 

‘ 

f(x, y) =ax? + bxy +cy? 

where a, b, and c are constants. The critical point of f(x, y) is at (0, 0), where 

fr,(0,0)=2a and D(O0,0)=4ac—b’ 

Figure 6.39 
The quadratic surface given by 

5) = eS xy + Wee which has a 

Now let’s look at each case in the above theorem in turn: 

minimum at the point (0, 0). 1. If f,.(0, 0) < 0, thena <0, and if D(O, 0) > 0, then c < Oalso, with 4ac > b?. 
i Figure 6.38 shows the quadratic surface f(x, y) = —x? + 5x — y*, which you 

z can see has a maximum at (0, 0). 

2. If f,,.(0, 0) > 0, then a > 0, and if D(O, 0) > 0, then c > 0 also, with 4ac > b?. 

Figure 6.39 shows the quadratic surface f(x, y) =x? — xy + y?, which you 

can see has a minimum at (0, 0). 

3. If D(O, 0) < 0, then a and c must have opposite signs. Figure 6.40 shows the 

quadratic surface f(x, y) = eet xy — y*, which you can see has a saddle 

point at (0, 0). 

We’ ll prove the above theorem for the case in which f(a, b) is a maximum. 

Taylor’s formula for this case is 

1 
Figure 6.40 TORY ek aaet (@, Dit li? Feel, n) + 2hkfey(E,n) +k fy, n)| (S) 
The quadratic surface given by 2 

TEs 7) = po xy - Wen which has a 
Saddle penta ethe porn (O50). Complete the square of the right side of Equation 5 to get (Problem 13) 
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fa & BN 

Tage) 

(‘< n)Fyy€,n) — F2.€, ”) ] Ce he Sa a ee ee By 

SE thy +b = flab) + BED (ms 

(6) 

pe) 

Because all the second partial derivatives of f(x, y) are continuous in a neighbor- 

hood of (a, b), the signs of f,,.(E, 7), fyy(&,), and f,,(&, 7) are the same as those 

On fla; 0), fyy(a, b), and fry (a, b). Therefore, if the terms in brackets in Equa- 

tions 6 are positive [in other words, if D = f,.(a, Pfs (Gad) tn b) > OJ, 

then f(a+h,b+k) — f(a, b) <0, if f,,(a, b) < Oand f(a, b) is a maximum. 

Let’s look at the four critical points in Example 2. First we note that 

T= Ox and Di= Boxy 

Thus, at 

=: D>0, fy, > 0; a local minimum 

] 
(-=. -v3) =D =O, J,, = 0; atocal maximum 

D <0; a saddle point 

D <0; a saddle point ri _J/2): 

You can see these critical points in Figure 6.41. 

Example 3: 
Investigate the critical points of 

f (%, y) =In(x? + y* +2) 

SOLUTION: The equations for the critical points are 

ON : 2y 
— = —_______- = 

Sx x2+ y2+2 fy x2 + y242 

from which we see that there is a critical point at (0, 0). The second partial 

derivatives evaluated at the critical point are 

fx0,0)=1; fyyO,0=1; fy0,09=0; D>0; f,,(0,0)>0 

Therefore, the critical point is a local minimum (Figure 6.42). 

ee ee ee 

ZOD 

Figure 6.41 
The graph of z=x° + y>— x — 6y + 10 

around its critical points at (+, , v2). 

Can you identify each of the Sire 

points? 

Figure 6.42 
The behavior of z = In(x* + y? + 2) 

around its critical point at (0, 0). 
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Meas LL ne ee fa 
Example 4: 
Investigate the critical points of 

1 
f(x, y)= =x? —xy 

2 

SOLUTION: The critical points are given by 

fr=x-y=0 fy =—x =0 

and so we see that there is a critical point at (0, 0). The second partial 

derivatives evaluated at the critical point are 

fool): fy =9; fey = =1 58; Dez) 

Figure 6.43 
The behavior of z = 4x? — xy around its 

critical point at (0,0). 

2 Therefore, the critical point is a saddle point (Figure 6.43). 

6.8 Problems 

The first 6 problems review maxima and minima for functions of a single variable. 

1. Test f(x) = 1 — |x| for a maximum value. Why doesn’t the first derivative test apply? 

Damlesteya(xa)—s le x* for extrema. 

3. Test f(x) = x* for an extremum in the interval (0, 1 ]. What about in the open interval (0, 1)? 

aalest fi) — Ge — 1)3dt for an extremum in the interval (—2, 2). (Do not evaluate the integral.) 

5. Test f(x) = x(1 — e*) sin x for an extremum at x = 0. 

6. Show that if f(a =) Ona een fee VG@) # 0, then f(x) has an inflection point at x =a. 

Hint: Use the fact that f(x) — [f(a) + f’(a)(x — a)]is the difference between f(x) and its tangent line at a. 

7. Find all the critical points of (a) f(x, y) =xy?(3x + 6y — 2) and (b) f(x, y) =x44+ y4 — 2% — y)?. 

8. Find all the critical points of (a) f(x, y) =x? — 4x? — xy — y* and (b) f(x, y) =(y — x2)(2-—x — y). 

9. Classify all the critical points of the two functions in Problem 7. 

10. Classify all the critical points of the two functions in Problem 8. 

11. Classify all the critical points of (a) f(x, y)=xy and (b) f(x, y) =x? + 2xy + 2y? 4+ 4x. 

12. Classify all the critical points of (a) f(x, y) = 8x7 + 6xy + 25° + 12x — 24y, and (b) f(@, yy = 

Pee er oy. 

13. Derive Equation 6. 

14. Prove that f(a, b) is a local minimum if D(a, b) > 0 and f(a, b) > 0. 

15. The sum of three numbers is 150. What is the maximum value of their product? 

16. Determine the shape and maximum volume of a rectangular parallelepiped whose total surface area is A. 

—_————__..k nn 
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6.9 The Method of Lagrange Multipliers 

The final problem of the previous section asks you to determine the shape and 

maximum volume of a rectangular parallelepiped whose total surface area is 

fixed at some value A. Therefore, you have to maximize V = abc with A = 

2(ab + be + ac) fixed. We can use the equation for A to eliminate a from the 

equation of V and then minimize: 

vS as (+ = be) 
b+c\2 

Setting both dV/db and dV/dc equal to zero gives b =c = (A/6)'/”, and then 

substituting this result back into the equation for A gives a= b=c = (A/6)!/”. 

Thus the rectangular shape that produces the maximum value for a fixed surface 

area is a cube. 

This problem involves maximizing V with the constraint that A = constant. 

The occurrence of the constraint means that a, b, and c are not independent, and 

so we used the expression for A to eliminate one of them in terms of the others 

and then treat V as a function of two independent variables. In this case, it was 

easy to solve the expression for A for a in terms of b and c; however, it may not 

always be so. In this section, we will present a general, rather powerful, method 

to maximize (or minimize) a function with one or more constraints. This method 

is due to Lagrange and is called the method of Lagrange multipliers. 

Suppose we wish to find an extremum of the function f(x), x9,...,%,) ofn 

variables, where the n variables must satisfy some auxiliary condition (a constraint) 

Z| (Cree ene) ACOSTA (1) 

If f (x1, x2,...,X,) iS an extremum at some point P = (x10, X29, - - - , Xn), then 

of of 0 
Hien aces year crently pepey (2) 

Ox, IX Xn 

at that point. If there were no constraint, x, x2, . . . , X, would be independent, and 

so we could vary dx, dx, ..., dx, in Equation 2 independently. For example, 

we could let them all be zero except for dx,, say, and find that df/dx, = 0 

fork=1, 2, ..., n, giving us the necessary condition for an unconstrained 

extremum. Because of Equation 1, however, x), x2, ..., X, are not independent, 

so the dx; cannot be varied independently, and df/dx,=Ofork=1, 2, ..., n 

is not the condition for an extremum in this case. 

In the method of Lagrange multipliers, we multiply the total differential of g, 

e) a 
dg= ay oe oe ae ety = (3) 

by a parameter (a multiplier) 2 and subtract the result from Equation 2 to obtain 

285 
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ie ne afi (22-128) axy+ (FE - 128) any + (FE aE) ae, 0 
OX) OX 

Equation 3 may be viewed as a relation between the n differentials dx;, so only 

n — | of the dx; in Equation 4 are independent. We have not specified A yet, and 

are free to choose it as we wish. Let’s choose dx,, to be the differential that depends 

upon all the others through Equation 3. Then we’ll choose A to eliminate the term 

in dx, in Equation 4 by letting A be given by 

(5) 

at the extremum. Now the remaining differentials in Equation 4 are independent, 

so make the usual argument and find that 

tents jails Qriavanet ail (6) 
OX j Ox; 

at the extremum. : 

Equations 5 and 6 may now be combined to write 

Oe a | eee (7) 

Equation | and Equations 7 constitute a set of n + | equations inn + 1 unknowns, 

(X19, X29, -- +» X,q) and A. We will illustrate the use of Equations 7 with several 

Examples. 

Example 1: 
Find the shape and the maximum volume of the paralellepiped, whose total 

surface area is A, using the method of Lagrange multipliers. 

SOLUTION: We have 

Vi abc with g=ab+be+ac=A/2=constant 

Equations 7 become 

aV a) 
ORES EATS OE WA Ney I) 
da da 

aV a) 
op 7 hag =e Mato) =0 

aV dg 
— —\—=ab—-iz iD) = 
dc dc ‘ G8) 50 
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It’s easy to solve each of these equations for 4 and then find that a = b =c. 

Substituting this result into the equation for A gives a =b =c = (A/6)!”. 

Thus, the shape is a cube and its volume is V = (A/6)?/”. 

| Je SS 

Example 2: 
The equation 

a eae 

represents a plane that cuts the axes at the points (1, 0, 0), (0, 1, 0), and 

(0, 0, 1) (see Figure 6.44). Find the shortest distance from the origin to this 

plane. 

SOLUTION: We shall minimize d? = x? + y* + 2? with the constraint 

g=x+y+z= 1. Equations 7 become 

dd? 
Sein 
Ox Ox 

aD j 

ASL wae eer 
dy oy \ 

ad? a Ly aap 
0z 0z 

which yields x = y = z. Substituting this result into x + y + z= 1 gives 

x=y=z=1/3,andd =1/V3. 

re wer nem 9 srl cme the eg, os et _ | 

ann shies’: gilt Paria 40 6) eee (oot | 
Example 3: 
Determine the shape of a triangle of maximum area for a fixed perimeter /. 

SOLUTION: Start with Heron’s formula for the area of a triangle with 

sides a, b, and c: 

a 

A=[s(s —a)(s —b)(s — oc)!” 

where s = (a + b + c)/2. (This formula is in almost any mathematical 

handbook.) We want to maximize A, subject toa +b+c= se 

constant. Equations 7 give 

seks et ie —() 
da da 2(s — a)'/2 

aA, a __[s(s — bys —o)" 

287 

y 

eo 
Figure 6.44 
The plane x + y + z= 1 cuts the axes at 

the points (1,0,0), (0,1,0), and (0,0,1). 
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dA, at __ [ss -a)(s—o))” 
= —A=0 

db db 2(s — b)!/2 

ff — py t/2 OA 0 eS Os De a 
dc dc 2(s — c)!/2 

These three equations give 

~ A _ A Saat 

* Qs a) © 26 = 5) 2(s —c) 

Therefore, a = b = c and the triangle is an equilateral triangle. 

[a eee I ea eee 

One nice feature of this method is that it can be readily generalized to more 

than one constraint. If we wish to find an extremum of f(x), x2, ..., x,) subject 

to two constraints 

Bhi; Xo, « + so hy) Constant 
(8) 

(Oa oxo een X,) = constant 

the resulting equations are 

d hie take 
EE, ee ae re ee ee (9) 
Ox; Ox j Ox; 

where both A and yz are Lagrange multipliers. 

a tS tt eee et ee ee eee 
Example 4: 

One of the most well known applications of the method of Lagrange 

multipliers is in statistical mechanics. Consider a gas consisting of N 

molecules. Each of these molecules can be in a quantum-mechanical state 

j with energy E; with j =1, 2,..., M (M may be infinite). If there 

are N; molecules in the state j, then the fraction of molecules in state j, 

fj = Nj;/N, is given by the following procedure. Maximize 

N! 
W(N,, No,..., Ny) = ————— (10) 

N,!N2!--- Ny! 

with respect to each N; with 

> Nj =N =constant (11) 

j 

» N , £; = another constant (12) 

J 

Show that this procedure leads to 
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j= 

where 4 is one of the Lagrange multipliers. 

SOLUTION: To maximize W(Nj, N>,..., Ny), it is convenient to 
take the logarithm of W and then use Stirling’s approximation for N i 
(Section 3.1). This procedure is valid because In x is a monotonically 
increasing function of x. Taking logarithms, we have 

M M M 

InW =InN!— )Nj!=NInN-N-)°N, InN; +>°N, 
j=l j=! j=l 

The two constraints are 

M M 

P=) aN pa and h =~ N,E, =constant 

Equations 9 give 

d In W les ee aL Saree ee lL 
aN;  9N,; ° aN; =—InN,;-1+1-’-—pE,; =0 

Solving for N; gives 

N;= ea eae 

We can eliminate A by summing both sides of this expression over Nj and 

using Equation 11: 
M 

ices oe > e HE; 

j=! 
Eliminating e*, we have 

j=l 

It turns out that 4 = 1/kpr, where kp is the Boltzmann constant and T is 

the kelvin temperature, and the resulting expression for N;/N is called the 

Boltzmann distribution. 

You may have noticed in the examples that although we found an extremum of 

f (X41, .--5X,), we glossed over whether a result was a maximum or a minimum. 

The determination of the actual nature of an extremum requires quite a bit more 

effort. Usually in physically or geometrically motivated problems it’s clear whether 

an extremum is a maximum or a minimum, but you must be careful about it. 
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6.9 Problems 

1. Determine the maximum distance from the origin to 

the ellipse described by 3x7 + 3y? + 4xy = 2 (Figure 6.45). 

Figure 6.45 
The graph of the ellipse described by 

x7 Bye + Axy 2. 

2. Find the rectangle of maximum area that can be inscribed 
2 2 

in the ellipse described by — + 2 = | (Figure 6.46). oD’ pl 

Figure 6.46 
The graph of the ellipse described by 

2 2 
eee at 

4. Find the rectangle of fixed perimeter / that has the shortest diagonal. 

Chapter 6 / Functions of Several Variables 

5. Find the maximum value of ax + by + cz on the surface of a sphere of radius R. 

6. Find the rectangular parallelepiped of fixed total edge length with maximal surface area. 

7. Find the maximum volume of a right cylinder with total surface area A (including top and bottom). 

8. Find the maximum volume of a right cylinder cone of 

fixed lateral surface area A. Hint: V = 5 Rh and 

A =a Rs. (See Figure 6.47.) 

Figure 6.47 
A right cylinder cone showing the 

quantities R,h, ands. 
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6.10 Multiple Integrals 

9. Determine the minimum distance from the origin to the plane described by 3x +2y + z= 

10. Determine the minimum distance from the origin to the plane described by ax + by + cz = 1. Check your 

result against the previous problem. 

11. Find the shortest distance from the point (3, —2, 1) to the plane described by 2x — 3y +z=1. 

12. Find the shortest distance from the origin to the surface described by x? + y? — 2xz = 4. 

13. Find the shortest distance from the origin to the line formed from the intersection of the two planes described 

byx+y+z=landx+2y+3z=6. 

14. Find the point on the plane described by 3x — 2z = 0 such that the sum of the squared distances from the 

points P; = (1, 1, 1) and P, = (2, 3, 4) is a minimum. 

15. Find the maximum value of z on the ellipsoid described by 3x* + Sy? + 2z? — 10xy + 2xz = 10. 

16. The two planes 2x + y — z= 1 and x — y +z =2 intersect to form a line in space. Find the shortest distance 

from the origin to this line. 

17. Determine the coordinates of the points on the spherical surface described by x? + y* + z? = | that are closest 

to and farthest from the point (1, 3, 4). 

18. Maximize the product x1x7 - ++ x, subject to xj + x2 +--+ +X, =a, where the x;’s and a are positive. 

6.10 Multiple Integrals 

If f(x, y) is defined in some closed region R in the x y-plane, the double integral 

of f(x, y) is denoted by 

i= || f(, y)dA (1) 

R 

where dA is an element of area in the xy-plane. Just as the single integral 
b 

f (x) dx has a geometric interpretation of being equal to the net area between 
da , , 

f(x) and the x axis over the interval (a, b), a double integral has a geometric 

interpretation of being the net volume between the surface f(x, y) and the xy- by 

plane. Vy (x) 

Equation | is the limit of a Riemann sum. The region KR is subdivided into n 

subregions AR; of area AA;. We then form the sum ry . 

n : ® 

i 3 F(x;, y)AA; (2) lice, y, @) | 

7 a b 

where the point (x;, y;) lies in AR;. If f(x, y)-1s continuous in R, then the limit of 
ey Figure 6.48 

Equation 2 as the number of subregions increases and the size of each one decreases An illustration of a two-dimensional 

is equal to Equation |. region R where any line parallel to the 

Consider the region shown in Figure 6.48, where any line parallel to the y axis _Y axis crosses the boundary of R at two 
‘ ints at tl st. 

crosses the boundary of R at two points at the most. Suppose that the top boundary = P&S “MEMOS 

a | 
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Figure 6.49 
The shaded region whose area is 

determined in Example 1. It is the area 

bounded by y = x (upper) and y = Te 

(lower) between x = 0 and x = I. 

Chapter 6 / Functions of Several Variables 

of R (ABC in the figure) is described by y2(x) and the lower boundary (ADC) by 

y,(x), where y,(x) and y (x) are continuous ina <x <b. In this case, we can 

evaluate the integral in Equation | by letting dA = dxdy and integrating over x 

and y in turn. Consider a vertical strip of width dx in Figure 6.48. The contribution 

to I of this strip between the curves ABC and ADB is given by 

y2(*) 

da (x) =as [ f(x, y) dy 
yy (x) 

Note that do (x) is a function of x. We can find J over the region in Figure 6.48 by 

adding the areas of all the vertical strips between x = a and x = b, which amounts 

to integrating do (x) over x from a to b, or in an equation 

b yo(x) 

fe] / f (x, y) dy ¢ dx (3) 
a yy(x) : 

Equation 3 is called an iterated integral. As we said above, the y integration in 

brackets produces a function of x, which is then integrated between the limits 

G1 Se SID, 

Example 1: 
Use Equation 3 to evaluate the area of the shaded region shown in Figure 6.49. 

SOLUTION: In this case f(x, y) = | in Equation 3. The shaded region is 

bounded by y = x (upper) and y = x? (lower). 

Equation 3 gives 

] ia [ole 0 x 

I 1 
= (x — x*)dx = — {sta aa 

ae ee Seen Rene: ob | 

Pe ee ee 
Example 2: 
Use Equation 3 to evaluate the integral 

if = ffs dxdy 

R 

where R is the region in the first quadrant bounded by y = x? and y = 2 

(Figure 6.50). 



6.10 Multiple Integrals 

SOLUTION: Referring to Figure 6.50, we see that the limits of the y 

integration are x* to 2 and the limits of the x integration are 0 to /2. 

Therefore, 

USES ay era ee 
Example 3: 
Use Equation 3 to determine the volume of the hemisphere described by 

La Re eae) 2 gitar ea — 7a OL ca): 

SOLUTION: In this case, the function f(x, y) represents the height 

ah X eV (a? — x* — y*)!/* of the hemispherical dome above the xy- 

plane (Figure 6.51) and the integration variables x and y vary over the unit 

circle x* + y* = a? in the x y-plane. 

We'll calculate 1/4 of the volume by letting y in Equation 3 vary from 0 

to (a* — x”)!/? and then letting x vary from 0 to a (Figure 6.51). 

D2 OW) 
V a (a~—x*) 

= =i) / a y?) dy dx 
40). | 6 

a(y : GE ONE: 
Db es 2) 1/2 Tee Dal : 

— —|y(a~ —x°-—y)’ +(@ —x ) sin a 
i 2 | ; (Gea) eal 

if (a> — x-) nm 2a* na? 
= a dx — ome] 

0 2; 2 4 3 6 

Four times this result, 277a?/3, is the volume of a hemisphere of radius a. 

| ee 

In Equation 3, we integrate over y first and then over x. We can reverse the 

order of integration and integrate over x first and then over y, and write 

B x2(y) 

ce i / f(x, y)dx } dy (4) 
a x1(y) 

where x;(y) and x2(y) bound the region in Figure 6.48 in a horizontal sense 

(Figure 6.52). Notice that the x integration yields a function of y that is then 

integrated between a and f in Figure 6.52. 

203 

Figure 6.50 
The region in the first quadrant bounded 

by the curves y = x? and y =2. 

; Figure 6.51 
The integration scheme used in Example 3 

to determine the volume of a hemisphere. 

Figure 6.52 
The region shown in Figure 6.48 where 

any line parallel to the x axis crosses the 

boundary of R at two points at the most. 
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Figure 6.53 
The region in the first quadrant bounded 

by the curves y = x? and y = x. (a) The 

integration is over x first (y to y!/*) and 

then over y (0 to 1). (b) The integration is 

over y first (x? to x) and then over x (0 

TORN): 

Chapter 6 / Functions of Several Variables 

Let’s use Equation 4 to evaluate the integral 

[ms TE dxdy 

R 

where R is the region in the first quadrant bounded by the curves y = xan ye 

(Figure 6.53a). In this case, the limits of the x integration are x = y tox = ye 

and the limits of the y integration are 0 to 1. Therefore, 

| 3s IT, 2 ] 
v=] / x dx ay= | [3-3 dy = — 

males Mes 12 

We could also have used Equation 3 to evaluate /. In this case, the limits of the y 

integration are x* to x and the limits of the x integration are 0 to 1 (Figure 6.53b), 

| iG 1 ] 
ral {» | ay} a= [ a Se ya 

0 x2 0 12 

In the first case, we find the areas of horizontal strips and then add them up in 

the vertical direction (Figure 6.53a) and in the second case, we find the areas of 

Ai 

and so 

vertical strips and then add them up in the horizontal direction (Figure 6.53b). 

In Equations 3 and 4, we used curly brackets to emphasize which variable is 

integrated first. This is not standard notation. Equation 3 is often written as 

b ya(x) 

I =i i! f(x, y)dy dx (5) 
a Jyj(x) 

with the understanding that the inner integration is performed first. 

Another notation, which is commonly used in physics, is to write Equation 3 

as 

b yo(x) 

-) ax [ dy f(x, y) (6) 
a yy(x) 

where the y integration is thought of as an operator that acts on f(x, y) that 

produces a function of x followed by the x integration as an operator. The order of 

the two operators is from left to right as usual. For example, if f(x, y) = xy and 

yo(x) = 2x and y\(x) = x in Equation 6, then 

b 2X 

I =) dx an dyy 
a x 

b 2) b 
— 3 

=) GAs (== )-3/ ee 
a 2 2 a 8 
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The key point here is to realize that you perform the integrations sequentially from 

right to left; you wait for the y integration to produce its result before you integrate 

over x. This notation is very convenient and well worth using. 

It is often beneficial to reverse the order of integration in a double integral. A 

double integral such as 

p=) au | dt v(t) (7) 
0 0 

occurs in the statistical mechanics of fluids. Let’s reverse the order of integration 

and integrate over uw first. It is usually helpful to draw a picture illustrating the 

integration region. Figure 6.54a shows this region for Equation 7. We integrate 

over t from 0 to the line t = uw for some arbitrary value of u (the horizontal strip 

in Figure 6.54a) and then over u from 0 to x (we add up the horizontal strips). 

Figure 6.54b illustrates the reverse order. We integrate over u from ft to x (the 

vertical strip in Figure 6.54b) and then over t from 0 to x (add up the vertical 

strips). Thus, 

r= au [ ari = atv f au= | da peg) ) 
0 0 0 t 0 

We were able to reduce Equation 7 to a single integral by reversing the order of 

integration. Example 4 provides another example where it is beneficial to reverse 

the order of integration. 

Example 4: 
Recall from Section 3.4 that the exponential integral E,(t) is defined by 

COTE CO ,—u Cae e 
E(t) =) dz =| du 

| “4 t Uu 

Show that 

2s - 

i dtE\(t)=1—e* +xEj(x) 

0 

SOLUTION: First we write 

Xx Xx Cc Ome 

/ dt E,(t) =i/ a [ du 
0 0 t u 

The integration scheme here is presented in Figure 6.55a. We first integrate 

over u from t to oo (the horizontal strips) and then over ¢ from 0 to x 

(adding up the horizontal strips). The reversed integration scheme is shown 

in Figure 6.55b. In this case, we integrate over f from 0 to uv ifu < x and then 

from 0 to x if uw > x. Then we add up all the vertical strips by integrating 

over u from 0 to oo. Using Figure 6.55, we have 

295 

4 
vt u=t 

u=x 

(a) t 

tu nen 

u=x 

(b) t 

Figure 6.54 
Pictorial aids to the evaluation of the 

integral in Equation 7 by reversing the 

orders of integration. In (a), we integrate 

over f¢ first, and in (b), we integrate over u 

first. 
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ft t=u 

t=x 

Uu 

(a) 

We t=u 

t=x 

u=xX Uu 

(b) 

Figure 6.55 
Pictorial aids to the evaluation of 

ee dt E(t) in Example 4. In (a), we first 

integrate over u from f to oo (horizontal 

strips) and then over t from 0 to x (adding 

up the horizontal strips). In (b), we first 

integrate over ¢ from 0 to u if u < x and 

from 0 to x if u > x (vertical strips) and 

then we integrate over u from 0 to oo. 

Figure 6.56 
The region bounded by the plane 

x + y+z=<a and the three coordinate 

planesea— 0 my 0 rand 70); 
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Xe Xx pos u CO oe x 

/ dt e= | du / a+ | du / dt 
0 0 u Jo x u Jo 

x CO Came 

=i] du etx | du 
0 x u 

=l—-e*+xE,(x) 

Equations 3 and 4 are readily extended to three dimensions. For example, 

b yo (x) 22(x,y) 

I = / / F(X, ¥, dz | ay ax (9) 
a y(X) &1(%,y) 

or in operator notation 

b y2(x) 82(x,y) 

I =| ax [ ay | az fa y32) 
a yy) g(x,y) 

Notice that in either Equation 9 or 10, the z integration yields a function of x and 

y, then the y integration yields a function x, and finally the x integration between 

a and b yields J. Equations 9 and 10 are best illustrated with an Example. 

(10) 

‘ 
‘ 

ah i ai i. | 
Example 5: 
The three-dimensional region bounded by the planes x = 0, y = 0, and z = 

and the plane x + y + z =a is shown in Figure 6.56. Evaluate 

i [ffs dxdydz 

R 

over that region. 

SOLUTION: Integrate over x first. The limits of integration are 0 to 

a— y —z (Figure 6.56). This gives 

a-—y-—Z a= ye z)2 

i= ffazay | syedx = ff dzay SS 
0 

Now integrate over y; the integration limits are 0 to a — z. 

1 a az . a NG 

=> dzz [ dy ya 2)?—2y'a-a+y1=5 f fe 
2 Jo 0 20 i 

6 6 6 -“ 90,5) =- 2 TOO _ a 
24 24 (7) 720 

where B(2, 5) is a beta function (Section 3.1). 

anon ae ee | 



6.10 Multiple Integrals 

Most of the computer algebra systems that are available can evaluate multiple 

integrals, For example, the command 

Integrate [ Sqrt [ a°2 - x°2 - y’2], { x, 0, a}, { y, 0, Sart [a2 - x°2]} ] 

in Mathematica gives 

2_y2y1/2 
a (a 3 

|| ax [ dy (a? ~x? — y4¥/2 — 2 

0 0 6 

as we found in Example 3. 

Similarly, the command 

Integrate [x«y*z,{z,0,a}, {y,0,a-z},{x,0,a-y-z}] 

in Mathematica gives 

a a=z a—yZ q® 

pes) az | ay | dx xyz = — 
0 0 0 720 

in agreement with Example 5S. 

6.10 Problems 

1. Evaluate ff» dxdy over the area bounded by ai = | in the first quadrant (a > 0, b > 0). 

2. Determine the area common to the two parabolas y* = a — x and y* =a — ax. Take a > 0. 

3. The coordinates of the center of mass of a planar region are given by x.y = ~ [f° (x, y) dxdy and 

Yem 
M 

x>0,y>0,x+y <1, having a density p = xy. 

4. Find the center of mass of the parabolic region y* = 1 — x, x > Oif p(x, y) =(1— y)?x?. 

5. Find the center of mass of a sheet in the shape of a quarter circle of radius a if p(x, y) = a* — x2. 

6. Determine the volume under the surface described by 

z= 1-— x? — y? and over the square with vertices 

(+1, 0) and (0, +1) in the x y-plane. (See Figure 6.57.) 

Figure 6.57 
An illustration of the volume to be 

determined in Problem 6. 

— oh | yp(x, y) dxdy, where p(x, y) 1s the density. Find the center of mass of the sheet described by 

29% 
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7. Calculate the volume of the region bounded by x = 1, x =2; y=0, y= x*; and z =0, z = 1/x (see Figure 6.58). 

Figure 6.58 
An illustration of the volume to be 

determined in Problem 7. 

8. Evaluate the integral [fer dxdydz over the same volume as in Problem 7. 

9. Find the center of mass of the solid with boundary planes x = 0, y = 0, z = 0, and a + , + — 1, if it has a 
a c 

uniform density p = | (Figure 6.59). (See Problem 3 for the definition of center of mass coordinates.) 

“NN 

CORON) 
} 

| 

1 

1 

| 

| 

i} 

| 

Figure 6.59 
An illustration of the body whose center x 

of mass is to be determined in Problem 9. 
(a, 0, 0) 

10. The moment of inertia of a solid body about the z axis is given by 
1 

L= 7 [fe + y*)p(x, y, 2) dxdydz. Calculate /, for the body in Problem 9. 

11. If o(x, y) is the mass density per unit area in a two-dimensional sheet, the total mass of the sheet is given by 

Vi [foo y)dxdy. Calculate the total mass of a circular sheet of radius a if o (x, y) = x*y?, 

R 

12. Re-do Problem | by reversing the order of the integration. 

13. Evaluate the following integrals by reversing the order of integration: 
1 cos! y ! 1 ex 

(a) i dy / dx secx (b) i dy / (pe 
0 0 0 y Xx 

| | 
14. Show that | ay | dx ye*™ = = (¢ — 1). 

0 y 
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15. Show that the moment of inertia of a uniform right circular cylinder of radius R and height h about its 

longitudinal axis is equal to R72: 

a?/4b? 
nA 

16. Show that i e “erf(bt)dt = as erfe Hint: You need the integral (Problem 3.3.11) 
0 

°° , 1/2 
i eat +2bt +e) yy = (=) oP —a0)/agr¢, 2 

0 4a a 

Xx B ‘ane We) 

17. Show that / C(u)du = xC(x) — — sin ae where C (wz) is the Fresnel integral (Section 3.3) 
IU . 0 

u me 

cw = | dz cos ies : 
0 2 

m/2 ier, oe 

18. Show that / ay / silale Sree 
0 ae u 

oe era \e? 
19. Show that [ e“‘erf {(at)/"} dt = - ( ) 

0 Se N See & 

1 Be 

20. Use any CAS to evaluate i; dx i dy e!*, 
0 0 

2 y 

21. Use any CAS to evaluate / dy / aX 4) x2 \y2, 
0 0 

22. Use any CAS to evaluate the integral in Problem 13a. 

23. Use any CAS to evaluate the integral in Problem 11. 
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No known likeness of 
George Green exists. 

George Stokes 

George Stokes (1819-1903) was born on August 13, 1819, in Skreen, Ireland, where his father was a 

Protestant minister. He was educated by his father in his early years, and then he went to school in Dublin and 

later in Bristol, England, where he developed his interest in mathematics. He entered Cambridge University 

in 1837 as a scholarship student. After graduating first in mathematics in 1841, he received a fellowship 

at Cambridge, where he remained until his marriage in 1857. He was appointed Lucasian Professor of 

Mathematics in 1849, but he was forced to accept other positions to augment his low salary. During these 

years, he undertook his theoretical research in hydrodynamics and, particularly, in incompressible fluids. 

Stokes married Mary Robinson, in part to gain relief from the intensive effort that mathematics required. 

Because married fellows were not allowed at Oxford and Cambridge Universities, he left his theoretical 

studies for experimental and administrative work in London. After a change in the rules in 1862, Stokes 

was able to return to Cambridge, where he remained until his death on February 1, 1903. 

George Green (1793-1841) was born in July 1793 in Nottingham, England, where his father was a 

successful baker and mill owner. His only formal education consisted of four terms at a local school when 

he was 8 years old. He left school at age 9 to work for his father. He did mathematical research entirely on 

his own while working at his father’s mill, although it is unclear how he obtained his knowledge of advanced 

mathematics. In 1823, he began his relationship with Jane Smith, the mother of his seven children. In 1828, 

through the sponsorship of several local people, he published his Essay on the Application of Mathematical 

Analysis to the Theories of Electricity and Magnetism, in which he introduced what are now known as 

Green’s functions. As a result of this work, he entered Cambridge University in 1833 at the age of 40. His 

lack of formal education prevented him from taking honors in mathematics. In 1839, he was elected to a 

fellowship, which he was able to accept because he was not legally married. Unfortunately, he had to leave 

Cambridge in 1840 due to ill health and died on May 31, 1841, at the home of his life-long partner. His 

work was not recognized during his lifetime, but the Essay was discovered in 1845 by William Thomson 

(Lord Kelvin), who distributed the results to the scientific world, thus giving Green the acclaim he deserved. 
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Vector Galeulus 

The central theme of this chapter is that of a vector field, which is a vector function 

defined at each point (x, y, z) in a region of space. For example, the electric 

field throughout some region or the velocity of a fluid at each point in the fluid 

can be represented as a vector field. Generally, a vector function v = v(x, y, z) 

represents a vector field. Vector fields play prominent roles in all areas of the 

physical sciences and engineering. The fundamental laws of classical mechanics, 

electricity and magnetism, fluid mechanics, elasticity, heat flow, and other areas 

are expressed in terms of vector fields. The vector field methods that we develop 

in this chapter allow us to express these laws in a compact form and to derive 

many useful relations from them in a precise, straightforward manner. We shall 

first introduce the gradient, the divergence, and the curl operations, which are 

the three central differential operator quantities involving vector fields. Then, in 

Section 2, we discuss line integrals and show how they are used to calculate the 

work done in mechanical systems. We finish this section with a discussion of 

Green’s theorem in the plane, which is used widely in mathematics, as we shall see 

in later chapters. After discussing surface integrals in Section 3, we go on to discuss 

the divergence theorem, which relates a surface integral to a volume integral, and 

Stokes’s theorem, which relates a line integral to a surface integral. Many authors 

refer to these two theorems as the “big” theorems of vector analysis. We shall 

see that both of these theorems have a great variety of applications to physical 

problems. 

7.1. Vector Fields 

As we said in the introduction, a vector field is a vector function defined at each 

point (x, y, z) ina region of space. Consequently, we can associate a vector with 

each point of the region, which we can represent graphically as we do in Figure 7.1 

for the two-dimensional vector function v = y i+ x j. This vector field represents 

fluid flow in toward the origin from the second and fourth quadrants being forced 

out into the first and third quadrants. 

In the previous chapter, we learned that the gradient of a scalar function 

¢d=o(X, y, Z) is defined by 

ty : 
ee 

etl = < — ae —» : 

‘ ue # al 

XN ~ a ss 4 

‘ oA f / 

ah oe 
elation ee i, 

|__4 ioe 

Figure 7.1 
A pictorial representation of the vector 

field described by v = yi+ x j. 
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Figure 7.2 
The equipotentials (color) and the electric 

field lines (black) due to an electric dipole 

situated at the origin and oriented in the x 

direction. 

Chapter 7 / Vector Calculus 

grad $= Vb = Si ane ce 
x 

(1) 

The gradient arose naturally when we discussed the directional derivative of 

(x, y, z), and we learned that the maximum rate of increase of ¢ is in the direction 

of V¢ and that its magnitude is given by |V@¢|. We also saw that if f(x, y, z) =c¢ 

describes a surface, then V f is normal to the surface, provided V f 4 0. Of course 

we are assuming that f(x, y, z) is differentiable, for otherwise V f would not ex- 

ist. The gradient occurs frequently in physical applications. In classical mechanics, 

if V(x, y, z) represents the potential energy, then the corresponding force field is 

given by 

F(x, y,z) =—VV(@, y, z) 

In electricity and magnetism, if V(x, y, z) represents the electrostatic potential, 

then the corresponding electric field intensity is given by 

EG yi 2) = VO, 2) rack Vi ya) 

For example, the electrostatic potential due to an electric dipole located at the 

origin and oriented in the x direction is 

* Ux 

V OO Bly PY) a ae 

Spee Am é9(x2 + y? + 27) 
(2) 

where jz is the magnitude of the dipole moment and €g is the permittivity of free 

space. The level curves of V(x, y, z) in the xy-plane are shown in Figure 7.2. 

The gradient of V(x, y, z) is 

2xy 
Ve 

Hee a ey ae 
Amt & 

DES, ei ee ot yee ae 
(x2 dL y2 one z2)? (x2 ae y2 ae 27)? J (x? ae y2 ae z2)2 

Figure 7.2 also shows the vector field associated with VV in the xy-plane. Note 

that VV is perpendicular to the level curves of V(x, y, z), as we learned in the 

previous chapter. 

The gradient is also related to heat flow. Let the temperature of a substance 

vary according to T(x, y, z). If the temperature is not uniform, energy as heat will 

flow from regions of higher temperature to regions of lower temperature in the 

direction of the maximum decrease of temperature. If q is the flow of energy as 

heat through a unit surface area (perpendicular to q) per unit time, then Fourier’s 

law of heat flow says that 

q@, ¥, Z)=—KVTG, y, Z) =—k grad TG, y, z) (3) 

where x 1s called the thermal conductivity of the substance. 

The diffusion of a substance due to a concentration gradient is governed by 

an equation very similar to Equation 3. If J is the diffusive flow rate of a substance 

through a unit area (perpendicular to J) per unit time, then J is often given to a 
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good approximation by 

Uist 2) Ss DV cx, Vez) i= =D grad Cy 95.2) (4) 

where c(x, y, z) is the concentration of the substance and D is called the diffusion 

coefficient, whose value depends upon both the substance that is diffusing and 

the medium through which it is diffusing. Equation 4 is known as Fick’s law of 

diffusion. 

The vectorial quantities q and J in Equations 3 and 4 are called fluxes. Consider 

the situation in Figure 7.3, which shows a small area element dS whose orientation 

is specified by an outward unit normal vector n. If q and n are pointing in the same 

direction, then the flow rate of energy as heat across the surface dS is given by 

q dS, and has units of energy per unit time. If, on the other hand, q and n are 

not pointing in the same direction, then the flow rate of energy as heat across the 

surface dS is given by q-ndS. For example, if q is parallel to dS (perpendicular 

to n), then there is no flow across dS. We can define a vectorial surface element 

(it has orientation and area) by dS = n dS and write 

flow rate acrossdS = J-dS (5) 

We shall use Equation 5 several times in this chapter. 

It is often convenient to view 

mL oa a) 
Ve (6) 

Ox dy Oz 

as a vector operator, called the del operator. Just as we can operate with V on 

a scalar field, we can operate with V on a vector field A(x, y, z) by taking the 

dot product V - A. This quantity is a scalar field called the divergence of A and is 

written as 

dA, 0Ay. 0A, 
divA=V-A= =r : (7) 

Ox dy Oz 

(Note that A,, A,, and A, in Equation 7 are the components of A, and not partial 

derivatives.) 

a ga 
Example 1: 
Determine the expression for div F if F(x, y, z) =xyit+ yz" j+x7yzk. 

SOLUTION: 

505 

Figure 7.3 
An area element dS whose orientation 

is specified by the normal vector n. The 

vector J is a flux across dS =ndS. 
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Figure 7.4 
The geometry used for a derivation of the 

divergence theorem. 
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The divergence has an important physical interpretation which makes it useful 

for physical problems. Let’s consider the total flow rate of A per unit volume out 

of the small rectangular region of volume AV = Ax AyAz shown in Figure 7.4. 

For example, A might be a flux of matter, given by J = p u, where p is the mass 

density and u is the velocity of the flow. (Note that J has units of mass per unit 

area per unit time.) The normal unit vector facing out of the front face (located at 

x + Ax) in Figure 7.4 is n =i and the area of the face is Ay Az. We can write this 

vectorial area as AS = Ay Azi, and thus according to Equation 5, the flow rate of 

A out of the front face is 

t of Bo nee! fe) =f a-ds= f Ace+ ax, 2) dyads 
the front face in Figure 7.4 

= > NX Wi ec RV NG 

where, according to the mean value theorem of integration, (x + Ax, yj, z;) isa 

point on the front surface. In other words, we have used the relation 

i f(y, z)dydz = f(y, z)AyAz 

S=AyAz 

for a continuous function f(y, z), where y <'y; < y + Ay and z <z,<z+ Az. 

For small values of Ax, we can write A,(x + Ax, y, z) as A,(x, y,z 
0A 

+ — Ax. +--+ and.so 
Ox 

flow rate of A out of 0A, 
= [A (x,y,z) +— ax] AyAz 

Ox the front face in Figure 7.4 

where 0A,/0x depends upon x, y, and z. 

Similarly, the normal unit vector facing out of the back face (located at x) in 
Figure 7.4 is n = —i. Therefore, the flow rate of A out of the back face is 

flow rateof A outof = __ 

the back face in Figure 7.4 _ 
/ A-dS=-— / A,(%, ys Zz) dydz 

= —A,(%, yj, ZpAyAz 

where, once again, y < y, < y + Ay and z < z; < z+ Az. The net flow rate of 
A through the two faces perpendicular to the x axis in Figure 7.4 is given by 
(dA,/dx)Ax Ay Az. If we let Ax, Ay, and Az approach zero, then 

net flow rate of A out of the two surfaces 0A 
- = ~ dxdyd 

that are perpendicular to the x axis in Figure 7.4 Ox eas 

We obtain similar expressions for the flow rate through the other faces in 
Figure 7.4, and so the total flow rate of A out of dV = dxdydz is given by 
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net flow rate of A out of a (*: OAy dA, ee 

the rectangular region in Figure 7.4 \ dx dy dz eae (8) 

= div A dxdydz 

Thus, we see that the divergence of A represents the flow rate per unit volume out 

of a given region in space in the limit in which the volume approaches zero. 

For the case where A is the flow of some substance out of a small volume V, 

then the flux is given by J = eu, and Equation 8 says that 

net flow rate of mass per unit volume out of V = div J = div (pu) (9) 

Note that div J has units of mass per unit volume per unit time, or density per unit 

time. The net flow rate of mass per unit volume out of V must be equal to the rate 

of change of density within V, and so we have 

ue = —div(pu) (10) 
dt 

where the minus sign simply says that if the density increases with time, then the 

outward flow must be negative or, in other words, inward. Equation 9 is called the 

continuity equation and is one of the most fundamental equations of the physical 

sciences; it is nothing less than an expression of conservation of mass in differential 

form. 

There is a continuity equation for each constituent in a multiconstituent sys- 

tem. If c, is the concentration of the kth constituent, then Equation 10 reads 

Bee A Vee (11) 
ot 

Equation | 1 is an expression of the conservation of the mass of the kth constituent, 

or the number of particles of the kth constituent. Fick’s law (Equation 4) says that 

the flux of the kth constituent can be approximated by 

A Fe — Dy, grad c, (12) 

where D, is the diffusion constant of the kth constituent. Substitute this approxi- 

mation into Equation 11 (which is exact) to obtain 

0 < 
“fk _ p, div grad c; (13) 
dt 

assuming that D, does not vary with position. It turns out that div grad can be 

expressed in a fairly simple form. Problem 11 has you show that 

Q2 Q2 a2 

div grad = —~ + —— + — (14) 
Ox Sn 02" 

The operator expression in Equation 14 occurs frequently in physical problems 

and is called the Laplacian operator and is denoted by V~. Equation 14 becomes 

305 
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4 C(x, ft) 

& 

Figure 7.5 
The solution to the diffusion equation 

given in Example 2 plotted for various 

values of Dt. 
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V°o = div grad ¢ = + 
Qx% dye dz? 

Using this notation, Equation 13 becomes 

(15) 

(16) 

Equation 16 is called the diffusion equation and models how the concentration 

of a substance varies as a function of space and time starting from some initial 

distribution. It is a partial differential equation in the unknown c;(x, y, z, t). We 

shall learn how to solve partial differential equations in Chapter 16, but in the 

following Example we investigate one particular solution of Equation 16. 

Example 2: 
Consider the diffusion of a substance along a long thin cylinder. In this case, 

the diffusion occurs along only one direction and can be described by a 

one-dimensional version of Equation 16: 

= /—) COX SOO 

where we have dropped the k subscript. Show that 

C E20 0 on /4Dt 

"= apy 
is a solution to Equation 16. Interpret this solution physically. 

SOLUTION: The spatial derivatives of c(x, t) are 

Hy) 
dc Cones 

dx (4Dt)(x Dt)!/2 

Aes cox2e [401 rae 2 e7* /4Dt 

ax2 (8D2AaDNY2 (4DDN(x DD 

and the time derivative is 

uP oP ac Coxe" /4Dt coe /4Dt 

at (8D12)(x D1)? 4G Dt)" 

Therefore, we find that 

Oc 2c 

at.  oxe 

The solution is plotted in Figure 7.5. 

Initially, all the diffusing substance is located at the origin, in the form of 

a spike [c(x, t) > cod(x) as t + 0]. Then, as time increases, the substance 
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spreads out in both directions from the origin, and eventually becomes 

uniformly distributed. 

eee de Pe | 

Forming the dot product of V with a vector A gives us the divergence of A. 

We can also form the cross product of V with A to give what we call the curl of A, 

written as 

CunnA = Vv cA 

, [9A, Ay . (OA, - 0A, dA A 
- (A -s) 45 (SA: - SA) 4 ( y _ dA, (17) 

dy OZ Oz Ox Ox dy 

We can write this expression formally in determinantal form 

k 
9 : 

Cuil Way SiN == | = os (18) 

ipa 
3 

dx ay Oz 
A, 

A, 

Example 3: 
Find curl v if v=xzi+xy?j+ y*zk. 

SOLUTION: 

j k 

cur ma Ox dy az =1( ike ya pel = IF (y — 0) 

=2yzi+xj+y’k 

If A = grad @, we call f(x, y, z) the scalar potential of the vector field 

A(x, y, z), andif A = curl u, we call u(x, y, z) the vector potential of A(x, y, Z). 

We’ ll learn how to determine the scalar potential of A(x, y, z) in the next section 

and we'll learn how to determine the vector potential of A(x, y, z) in Section 5. 

Just as the divergence has a nice physical interpretation, so does the curl. 

We saw in Chapter 5 that the velocity at a point r in a rigid body rotating with a 

rotational vector w is given by (Equation 5.4.14) 

V=o xr 

(Figure 7.6). For simplicity, let a be directed along the z axis, so that w = wk and 

=-—oyi+oxj a II 

x om Nn © FF 

j 
0 

y 
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Figure 7.6 
The rotation of a rigid body about the 

axis, illustrating that v= @ xr. 
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Figure 7.7 
A pictorial representation of the vector 

field described by v = —wy i+ wx j. 
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Therefore, 

i j k 

a 0 0 
eurley = Fe ee Od 

ax ody 0z 

—wy wx 0 

Thus, curl v is twice the angular velocity of the rotating body. Figure 7.7 shows 

the vector field v= —wy i+ wx j. You can see that this field represents circulatory 

motion about the origin. 

We illustrated the physical meaning of curl v by considering a rotating rigid 

body, but the curl plays a prominent role in fluid dynamics also. Generally, if v is 

the velocity field, or the flow lines, of a fluid, then curl v, called the vorticity vector 

of the fluid, points in the direction about which a vortex motion takes place and is 

a measure of the angular velocity of the flow. The flow of a fluid in a velocity field 

in which curl v = 0 is called irrotational flow. Irrotational flow has the following 

special property: Suppose that v is given by the gradient of a “velocity potential’, 

w, so that v = Vw = grad w at any point in the fluid. Then 

_ curl v= curl grad y 

But it is easy to show that 

curl grad Wy = 0 (19) 

for any function that has continuous second partial derivatives (Problem 12). 

Equation 19 tells us that the flow must be irrotational for there to be a (scalar) 

velocity potential whose gradient gives the velocity at any point in the fluid. 

Because of this important property, fluid dynamics texts spend a fair amount of 

time on irrotational flow. 

There is another relation similar to Equation 19 that you should know; namely, 

(Problem 13) 

div curl v =0 (20) 

where the components of v have continuous second partial derivatives. Equation 20 

is consistent with the physical interpretations of the divergence and the curl. The 

curl represents circular motion, and so Equation 20 says that the fluid is contained 

within a volume enclosing the motion (no flow in or out of the volume). 

To summarize the key results of this section, we have the three operations with 

the del operator, V: 

ODAA, BOs th 0 
grad 6 = Vo = ee Ds oy (21) 

Ox dy Oz 

: Ov 
cae es ee oe (22) 

Ox dy dz 
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and 

i j k 

Cunlivi— Vy <a oO a 
FG Oa OlZ 

Vy Uy U, 

and the three “combination” relations: 

2 2 42 

div grad p= V2p = 2% 4 28 | OO 

curl grad 6 = 0 

and 

div curl v = 0 

(23) 

(24) 

(25) 

(26) 

There is also a number of other relations that can be proved straightforwardly 

from the definitions (Problem 14), such as 

div@v=V-dv=¢6V-v+Vv-Vo 

div(ux v)=v-Vxu-u-Vxv 

div VW) =oV'¥ + Vb: Vv 
curl@v= Vd xv+¢curlv 

(27) 

(28) 

(29) 

(30) 

Most of the CAS can be used to calculate the gradient, divergence, and curl. 

Problems 20 and 21 ask you to use any CAS for such calculations. 

7.1. Problems 

1. Recall from the previous chapter that if f(x, y, z) =c describes a surface, then V f is normal to the surface. 

Find the unit normal vector to the surface of the elliptic paraboloid described by z = 2x7 + y? at the point 

(ik The Be 

2. Find the unit normal vector to the surface of the circular cone described by x7 + y? = 2z? at the point (1, 1, 1). 

3. Find div A and curl A for A = xy7i+ 2xyzj—x?zk. 

4. Determine div A and curl A for A = (x — cos yz) i+ (y — cos xz) j+ (z — cos xy) k. 

For the next five problems, taker =xi+yj+zk. 

5. Show that V -r = 3 and that V x r = 0 (provided r 4 0). 

6. Show that div (r/r*) = 0 (provided r 4 0). 

7. Show that grad (1/r) = —r/r? (provided r #0). 

8. Show that V7 (*) = 0 (provided r 4 0). ie 

9. Show that V x [f(r) r] =0. 
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10. 

11. 

12. 

13: 

14. 

15. 

16. 

17. 
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If the density of a fluid remains constant, the flow is said to be incompressible. 

(a) Is the flow incompressible if v= y i— x j? 

(b) What if y¥=2xi-+ yj—2zk? 

(c) Is either flow irrotational? 

Prove that div grad = V?. 

Prove that curl grad yy = 0 where y has continuous second partial derivatives. 

Prove that div curl vy = 0 where the components of v have continuous second partial derivatives. 

(a) Prove that div@dv=@V-v+v- V®¢. 

(b) Use this result to evaluate div pv if ¢ =xy and v= y*i+xzk. 

(c) Evaluate it by applying div directly to ¢v and compare your result. 

Prove that div (u x v) =v-(V xu) —u-(V xy). 

Consider a point P surrounded by a region of volume V with a surface S. Let dS be a small area element of S 

with a normal outward vector n, as shown in Figure 7.8. A more fundamental definition of the gradient of ¢ at 

the point P is 

// ngds 
AGA Baia b. 

V 
erad d = lim grad ae 

This definition is independent of the coordinate system used. Show that this definition is equivalent to 

Equation | if we use a cartesian coordinate system. Hint: Use an argument like the one we used with Figure 7.4 

to derive Equation 8. 

Referring to Figure 7.8 as we did in Problem 16, we can state a more fundamental definition of div v by 

[[avas 

as Ss 
V 

div v= lim 
V0 

This definition is independent of the coordinate system used. Following Problem 16, show that this definition 

is equivalent to Equation 7 if we use a cartesian coordinate system. Hint: Use an argument like the one we 

used with Figure 7.4 to derive Equation 8. : 

Figure 7.8 
The geometry associated with the 

fundamental definition of the gradient 

presented in Problem 16. 
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18. Referring to Figure 7.8 as we did in Problems 16 and 17, we can state a more fundamental definition of the 

curl by 

curl v= lim 
V—>0 

[[axvas 

ES ee ee 
V 

This definition is independent of the coordinate system used. Following Problems 16 and 17, show that this 

definition is equivalent to Equation 17 if we use a cartesian coordinate system. 

19. Show that curl curl v = grad div v — V°v. 

20. Use any CAS to calculate grad f if f(x, y, z) = (2? — x2ye7)”, 

21. Use any CAS to calculate div u and curl u if u = x2e7* i— xyz2jtev@ tte) k. 

7.2 Line Integrals 

The work done by a force F on a body that undergoes a displacement dr is 

dW =F - dr. Now suppose that the body moves from point a to point b along 

some curve C. The total work involved is given by 

w= | ¥-dr= [ Fax + | ray+ | faz (1) 

G © € € 

where the C under the integral signs emphasizes that the integration is carried out 

along the curve C. The integral in Equation 1 is called a line integral or a path 

integral because it is carried out along a given path. We can describe the curve 

parametrically by a position vector r(u) = x(u)i+ y(u)j + z(u)k, which we 

will always require to be piecewise smooth; in other words, the curve consists of 

a finite number of segments each of which has a unique tangent at each point and 

whose direction varies continuously as the parameter u varies. This requirement 

b 

rea eee 2) 
a du 

where r(q) is the initial point and r(b) is the final point on the integration path. 

The path dependence of the integral is reflected in the factor dr/du. 

eS et ee ae 
Example 1: 

i F. dr. 

Cc 

Evaluate 

where F = (x + y)i- yjandx =1—u, y =u’, fromu =O0tou= iL. 

allows us to write 

31] 



Figure 7.9 
A pictorial representation of the force field 

and the path of integration in Example 1. , 

(2, 1) 

x 

(2,0) (0, 0) 

Figure 7.10 
A triangular path used for the evaluation 

of | A- dr, where A = (x — y) i+ 
© 

(Chae a)ap 
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SOLUTION: Using Equation 2, 

I I 
i = du= f bru) + yuna’) du = | y(u)y'(u) du 

0 0 du 

1 1 2 4 

= (au +u?)(-du) —2 [ udu = —— 
0 0 8 

Figure 7.9 shows why the answer is negative. 

The path of integration is going against the force field, so F - dr < 0 and 

the integral is negative. 

Let’s evaluate { A -dr around the triangular path shown in Figure 7.10 if 

A= (x — y)i+ (x + y) j. We'll calculate the integral along each of the three paths 

in Figure 7.10 and then add the results. Along path 1, y = 0 and dy = 0, so 

2 

[aca=| ae 
0 

C 

Along path 2, x = 2 and dx = 0, so 
‘ 

‘ 

| 5 
[aca=| 2+y)dy=— 

0 2 
Cz 

Along path 3, y= x/2, so 

/ ACT ie— fic — y)dx + (x + y)dy] 

C3 

Lettmg y = x/2 and dy = dx/2, we have 

0 i 

faca=| (5+ %)ar--3 
2 2 4 2 

C3 

(You should verify right now that you obtain the same result if you let x = 2y and 

dx = 2dy and then integrate over y from | to 0.) The integral around the triangular 

path shown in Figure 7.10 is equal to 2 + 5/2 — 5/2 = 2. We can express this 

result symbolically by writing f A - dr = 2, where the circle on the integral sign 

emphasizes that the path is closed. Furthermore, unless we state otherwise, we 

shall always traverse a closed path in a counterclockwise direction, as indicated 

by the arrows in Figure 7.10. The area enclosed by the closed path always lies to 

the left as you traverse the path. Note that f A - dr in this case is not zero. The 
path integral around a closed path need not equal zero. It may equal zero, however, 

as the next Example shows. 
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awa. -  —«@ 
Example 2: 

Evaluate ¢ A-dr around the closed path shown in Figure 7.10 if 

A=(y—x)i+(@+y)j. 

SOLUTION: 

1 
A-dr=[ Ol vovingee 

é : 

/ DNesi(ah ei ic —x)dx + (x + y)dy | 

C3 

0 3) 

2 2 4 2 

The sum of the three path integrals gives f A - dr = 0. The integral around 

the triangular path in Figure 7.10 is equal to zero in this case. 

ities fhe. hs mea Beals Wows webs 3h A | tov seb out Mf seal suweeeel 

Before we examine why the integral around a closed path was equal to zero 

in one case but not in the other, let’s notice one other property of line integrals. If 

we reverse the directions of the three paths in Figure 7.10, then the values of all 

the integrals that we obtained would reverse sign. Thus, the value of a line integral 

depends upon the direction that we take along the path. We can express this result 

symbolically by writing 

[Acdra— [Acar (3) 

—=C G 

We’ ll now prove that if f A - dr = 0 forall closed paths in a domain D, then the 

value of { A - dr depends only upon the end points P, and P, and is independent 

of the curve connecting P, and P,. Figure 7.11 shows an arbitrary closed curve C 

and two arbitrary points, P, and P,, which break C into two (arbitrary) curves, C 

and C,. Then 

facar=0= | A-ar+ [ Avar 

Using Equation 3, 

3 le 

Cy 

Figure 7.11 
An aid to the proof that if f A- dr =0 
for all closed paths in a domain D, then 

J A-dr is path independent. 
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(0, 1) 

Cy 

(0, 0) 

Figure 7.12 

The closed path used to evaluate § A-dr 

in Example 3. 
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sO 

[aca [Acar (4) 

Cy —C) 

But C, and —C, are two arbitrary paths from P,, to P;,, so Equation 4 says that the 

line integral from P,, to P, is independent of the path. 

Let’s apply this result by evaluating ty A - dr from (0, 0) to (2, 1) along the 

parabola y = x*/4 for A given in Example 2: 

[ acar= fty—ndx ++ yay] 

which is the value of { A-dr for the sum of paths | and 2 in Example 2. 

Furthermore, it is also the negative of the result for path 3. 

A line integral { A - dr between two points P, and P, is said to be path 

independent if the value of [ A - dr does not depend upon the path connecting 

the two end points. Its value depends only upon the end points, and we express 

this by writing 

b 

/ Aa — ‘) A-dr (path independent) (5) 
a 

ra 

It is easy to prove the converse of the above theorem; namely, that if { A - dr is 

path independent, then 

f A-dr=0 (path independent) (6) 

ee nar eh ee NE ao 
Example 3: , 
Evaluate ¢ A-dr around the closed path shown in Figure 7.12 if 

bh = (y? + 2xy)i+ (eee Dray als 

SOLUTION: Along path 1, y=0 and dy =0, so 

[ A-ar=o 

C 

Along path 2, x = | and dx = 0, so 

1 

faca=f (1+ 2y)dy =2 
0 

Cy 
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Along path 3, y = 1 and dy = 0, so 

0 

[aca=f (1+ 2x)dx = —2 
I 

C3 

Along path 4, x = 0 and dx = 0, so 

[ A-ar=0 

C4 

Therefore, f A- dr =0. 

a PS te ee ee ee 

We haven’t yet addressed the question of why ¢ A - dr = 0 in some cases but 

not in others, but we have seen that an equivalent question is why f A - dr is path 

independent in some cases but not in others. Notice that if A - dr = dd, where 

d= o(x, y, Z), then 

[Acar= | do=60)-0@ (7) 

Now, A - dr would equal d¢ if 

a) a 
on = anny + ea: 

“ 
A: dr = — 

x vy 

But this will occur if 

IPL dpe a 
ee fae (8) 

Ox oy dz 

or if A = grad @. Thus, we see that it is sufficient that { A - dr be path independent 

if A = grad @. It turns out that this is a necessary condition as well. We can 

formalize this result by the following theorem: 

Let A be continuous in a domain D. Then, the line integral [ A - dr is path 

independent in D if and only if A = grad @ for some function $(x, y, Z) 

defined in D. 

How can we determine if a given vector function A can be written as the 

gradient of a scalar function (x, y, z)? Equivalently, how can we determine if 

A -dr is an exact differential A - dr = d@? It’s tempting to say that if A can be 

written in the form of Equation 8, then 

ap Op. ap 
Ag Ayes ot A 

Ox dy Oz 

and so 

S15 
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by 
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ba 

Figure 7.13 
A circle of radius b centered at the point 

(a, 0), described by the parametric 

equations x =a +bcos@ and y=b sind 

for0 <6 <27. 
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dA, d°@ dp _ IA 
oy dydx odxdy Ox 

JAS ae a?’ OA, (9) 
az dzoy  ayaz dy 

dA, do a°p _ OA, 

dx Oxdz  dzax OZ 

wherever the mixed second partial derivatives are continuous. However, Equa- 

tions 9 are necessary conditions that A - dr = d@, but they are not sufficient. 

The classic example of a case where the mixed second partial derivatives are 

equal, yet A - dr is not an exact differential, is for 

yi xj ie we Koy OG (10) 
x24 y2 x24 y? 73 

It’s easy to show that 

OA, dA, we y? =x" 

yi hide ware zy2) 

but let’s calculate f A - dr around a unit circle centered at the origin. If A - dr is 

an exact differential, then the result should equal zero. The integral to evaluate is 

ydx x dy 
l= —_— + = 11 
f( x2 + y?2 =) Oe 

Let x? + y? =) x= COS. 0. and y= Cos CL) 10 = 27) Phen 

Or 2 2n 

p= | (sin? 6 d@ + cos” 6 dé) = if do =2n 
0 0 

The result is not equal to zero, and so A - dr is not an exact differential. 

The problem here is that A and its partial derivatives are not defined at the 

origin, and the integration path encloses the origin. If we integrate A - dr around 

a path that does not enclose the origin, then we do get zero for the result. 

iii er Te eC 
Example 4: 
Evaluate the integral in Equation 11 around a circle of radius b centered at 

the point (a, 0) (Figure 7.13). 

SOLUTION: The circle shown in Figure 7.13 can be described parametri- 

cally by the equations 

x(@) =a+bcos8é, WO)Sosme. Os @ sy 

Substituting x(@) and y(@) into Equation 11 gives 
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i b? + abcos6 

0 ar-+b2+2abcosé@ 

20 2 
dé oh 6 dé Supe ff pam eect = is 

0 a*+b2+2abcosé@ 9 a*+b?2+2abcosé@ 

Figure 7.14 shows that these integrals are symmetric about 0 = 77, so we can 

write them as 2 times the integrals from 0 to z. 

These integrals are in the CRC Mathematical Tables (see also 

Problem 1.7.22) and give 

Diy) ie 
fon 22 tan Ze us pa’ 

a* + bé D ‘ 

Now, if a > b, then we get 7 — 2(2/2) = 0, and if a < b, then we get 

m + 2(2/2) = 27. Thus, / = 0 if the integration path does not enclose the 

origin, but 7 = 27 if it does. 

ae 

Generally, A - dr in the integrand of Equation 11 is an exact differential in any 

region that does not include the origin. However, it is not an exact differential in a 

region that does include the origin. These results lead us to the following definition: 

A region R is said to be simply connected if any closed curve lying within R can 

be continuously shrunk to a point without leaving the region. Roughly speaking, 

a simply connected region has no holes in it. Figure 7.15 illustrates some various 

types of regions. 

We can now state the following result: 

If the components of A are continuous and have continuous first partial 

derivatives in a simply connected region R, then A; dr will be an exact 

differential if and only if Equations 9 are satisfied. Furthermore, f A. dr =0 

around any simple (nonintersecting) closed path lying within R. 

Let’s use Equations 9 to see that A in Example 2 is the gradient of some scalar 

function. In that (two-dimensional) case, A, = y — x and Ay = x + y ina simply 

connected region, and 

Therefore, A is equal to the gradient of a scalar function. We can even determine 

this function d(x, y) by writing 

dp 
=—=y-x and JNO NS Oe a ty 

he BtOX ‘ 2 tO : 

Integrate 06 /0x “partially” with respect to x with y “constant” to obtain p(x, y) = 

xy —x?/2+ f(y), where f(y) is the “constant” of integration. Now form 0¢/dy 

and equate the result to df/dy = A, =x + y to get 

Dae 

Figure 7.14 
The functions 1/(a2 + b? + 2ab cos 0) 

(color) and cos 6/(a* + b* + 2ab cos 0) 

(black) plotted against 0 (a £b). 

(a) (b) 

Figure 7.15 
An illustration of (a) a simply connected 

region and (b) a region that is not simply 

connected. 
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) d 
ae =x+ Al =x+y 
dy dy 

or df/dy = y. Integration gives us f(y) = y?/2 +c, where c is a constant. Thus, 

we see that d(x, y) =xy — x27/2+y?/2+¢. 

ee Os Se el | 
Example 5: 
Is the integral f A - dr path independent if A = (2x — y)i + (w+ y) Jj? 

Evaluate ¢ A - dr around a unit circle centered at the origin. What is the 

value of the integral if we take a clockwise direction? 

SOLUTION: 

so the integral is not path independent. This means that integrals around 

closed paths will generally not be equal to zero. 

To evaluate ¢ A - dr in a counterclockwise direction around a unit circle 

centered at the origin, let x = cos u and y = sin u and write 

2a 

facar= [(2 cos u — sin u)(— sip u) + (cos u + sinu) cos u] du 
0 

20 

=| (1—cosu sinu)du =2n —O=27 
0 

The value of f A - dr in a clockwise direction is —27. 

Lane ek tr en a ie ee BN ee 

Equations 9 give the necessary conditions that A = grad ¢. Do these condi- 

tions look familiar? If you compare them to Equation 17 of the previous section, 

you'll see that they are similar to the terms in the definition of curl A, and in fact, 

Equations 9 say that curl A = 0. Thus, Equations 9 are equivalent to the identity 

curl grad @ = 0. 

A necessary and sufficient condition that A be path independent for any path 

lying within a simply connected region R is that curl A = 0 in R. 

For the vector A in Example 3, curl A = 0, but in Example 4, curl A= 2k 40. 

If the vector F is a force, then | F - dr is the work done in going from a to b 

along some path C. The work will depend upon the path unless F = —grad ¢ (the 

minus sign here is just a convention), in which case F is said to be conservative 

(or a conservative force field) and $(x, y, z) the potential. To see why F(x, y, z) 

is called conservative, consider Newton’s equations of motion 

—, =F=-V¢ (13) 
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Take the dot product of both sides of Equation 13 by dr and integrate. The left side 

becomes 

az 2) 3 pedr=m f 2. Ta =% f 2 (4.5) as 

dt- ae — oh D Cte Nat nat 

9) 
MvU~ 

= or + constant 

The left side of Equation 13 becomes 

_ / Vo - dr = —¢ + constant 

Equating the results of the two sides of Equation 13 gives 

mv- 

5° + (x, y, z) =constant 

or that the total energy is conserved. Thus, a conservative force field implies that 

energy is conserved. 

Although we have used an example from classical mechanics to introduce the 

idea of a conservative field, any vector field v(x, y, z), which can be expressed as 

the gradient of a scalar field (x, y, z), is called a conservative vector field and 

is called the scalar potential. 

Before we finish this section, we shall discuss an important relation between 

line integrals and surface integrals in a plane. Let R be a closed region in the 

xy-plane and let the closed curve C be the boundary of R. The arrows on C in 

Figure 7.16 indicate a counterclockwise direction on C, where the region R is 

always on the left as we go around C. 

If C is described by the parametric equations x(t) and y(t) and if F(x, y) = 

P(x, y)i+ Q(x, y) j, then the line integral of F around C is given by 

f-dr= $l P dx + Ody) (14) 
C 

As usual, the integral in Equation 14 is taken in a counterclockwise direction. We 

now state Green’s theorem in the plane: 

If R is a simply connected region in the xy-plane bounded by a piecewise 

smooth curve C, and if P(x, y) and Q(x, y) are continuous with continuous 

first partial derivatives in an open region containing R, then 

ee eal ren s~) addy fills) 

(Problem 15 takes you through a simplified proof of this theorem.) Equation 15 

will be used a number of times in later chapters. 

B19 

Figure 7.16 
A closed region in the x y-plane and its 

boundary curve. 
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Let’s verify Green’s theorem in the plane for P = x? + y* and Q =x + 2 over 

the boundary curve of a triangle with vertices at the points (0, 0), (O, 1), and (1, 0) 

(Figure 7.17). Using y = 1 — x along the segment 2 in Figure 7.17, we have 

1 0 0 

fir ax+ odyi= f eax + [ [d= +0 ]1dx + f 2 dy 
0 1 i C3 

eel | 
=-+— — 2=- 

3 6 6 

(0, 0) Now, 

Figure 7.17 dQ = oP nail 4 
A triangular region in the xy-plane with // ( ax dy Co) ey ay 

vertices at the points (0, 0), (0, 1), and R : 
(1, 0). 

R 

] l—x 
’ | 

=5-2} ax [ OF eo 
2 0 0 2. 3°96 

We finish this section by expressing Green’s theorem in the plane in vector 

notation. We can write P(x, y) dx + Q(x, y) dy as 

P dx + Qdy=(Pi+ Qj): (dxi+dyj)=A-dr 

where A = Pi+ Qj. Now form the curl of A: 

i j k 

0 0 0 
curl A = ae ra == eee k 

Ox dy dz Ox dy 

P(x,y) OG.y) 0 

f A-dr= ff (curt A)-kaxdy (16) 

R G 

Equation 14 becomes 

Equation 16 is the planar version of Stokes’s theorem, which we shall discuss in 

Section 5. 

7.2 Problems 

1. Evaluate / F . dr along the parametric curve x = u?, y =u fromu =Otou=1lifF= year at 

C 

2. Evaluate / F - dr from (0, 0) to (1, 2) along the parabola y = 2x? if F=xyi-— y? j. 

C 

3. Evaluate ¢ A - dr counterclockwise around a unit circle centered at the origin if A = y i— x j. 

4, Evaluate / F . dr from (—1, —1) to (1, 1) along the curve x = y> if F= y?i + xj. 

6 
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12. 

13, 

14. 

15. 

. Evaluate / A - dr along the straight line (0, 0, 0) to (1, 1, 3) if A=x?yi + y?zj +22xk. 

ec 

. Evaluate f F - dr counterclockwise around a unit circle centered at the origin if F = (—yi+x j)/@? + y’). 

. Evaluate f A - dr counterclockwise around a unit circle centered at the origin if A= xyi-+ y?j. Is the vector 

field A conservative? Now evaluate the integral counterclockwise around the square whose corners are (0, 0), 

(EO), a) kand:€0, 1). 

. Does A(x, y) = Gx? + 2y*) i+ (4xy + 6y”) j represent a conservative force field? If so, determine the 

potential ¢ in A = grad ¢. 

. Find a potential function corresponding to F = (x i+ y j)/(x? + y?)?/”. 

. Does F(x, y, Z) = yzi+xzj+-xy k represent a conservative force field? If so, determine ¢ in F = grad @. 

. Does F(x, y, z) = 2xyzi+ x2zj+ (x*y + 4z)k represent a conservative force field? If so, determine @ in 

F = grad @. 

In fluid dynamics, the quantity k = f vy - dr, where v is the velocity vector of the fluid, is called the circulation, 

and is used to describe the character of the fluid flow. The circulation depends upon the integration path as 

well as the vector field. Determine « counterclockwise around a unit circle centered at the origin if 

(ay "v= % 1 (b) v=2xyi+ (x? — y’)j 

y ' 
= Wise 

x2 + y2 x?+y 
Consider the line integral {i F - dr, where F(x, y) = 5 j. Is this line integral path 

C 
independent? In what domain? Do you think that f F - dr = 0 if the closed integration path encloses the origin? 

és —yitxj 
Consider the vector F = ery 

ey 
work along a unit circle centered at the origin. What happened? Why? 

Does F(x, y) represent a conservative force field? Now calculate the 

We shall prove Green’s theorem in the plane for the special case in which the closed region R and its boundary 

curve C have the property that any straight line parallel to the coordinate axes cuts C in at most two places 

(see Figure 7.18). 

Let the upper curve ABC in Figure 7.18 be described by y (x) and the lower curve ADC be described by 

y (x). Now show that 

y2(X) aP b 

ilies dxdy -f[ ax f Oyinse == | dx | PiGs, vo) = Px, yi) 
yy(x) a 

Figure 7.18 
The region used in Problem 15 to prove 

Green’s theorem in the plane. 

B21 
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and that this result is equal to @ P dx. Similarly, let the right boundary curve BCD be described by X>(y) and 
C 

the left boundary curve BAD be described by (yy) and show that 

[fin-foo 
and hence prove Equation 15. 

16. Verify Green’s theorem in the plane for P = y — x? and Q = 2x + y? over the boundary shown in Figure 7.19. 

by 

3 L 

1 L 

Figure 7.19 ae 
The region and boundary curve used in I A ~ 

Problem 16. 

17. Use Green’s theorem in the plane to show that the area bounded by a simple closed curve C (a closed curve 
ee. | 

that does not cross itself) 1s given by A = = fu Gyr ay des ye 

18. Use the result of the previous problem to find the area enclosed by the ellipse described by x7/a? + y?/b? = 1. 

Hint: Use the parametric equations x = a cos @ and y= b sin @ for0 <@ < 27. 

19. Given that ¢ and y are continuous functions of x and y with continuous first partial derivatives, use Green’s 

theorem in the plane to derive the relation 

IG ce = eobalh (ot lee 
ax dy 

Compare this formula to the formula for integration by parts. Hint: Set P = v@ and Q = —vy in Equation 15. 

7.3 Surface Integrals 

We have discussed line integrals in the previous section and in this section we 

shall discuss surface integrals. Before doing so, however, we shall discuss surfaces 

a little more thoroughly than we have previously. Recall that a surface in three- 

dimensional space can be represented parametrically by 

r(u, v) =x(u, v) i+ yu, v)j+z(u, v) k ch) 
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As u and v vary over a region in the wv-plane, the tip of r= x i+ y j+ zk maps 

out a surface in x, y, z space. Figure 7.20 illustrates a mapping from the wv-plane 

to x, y, Z space. 

We say that r(u, v) = x(u, v) i+ y(u, v) j + z(u, v) k describes a smooth 

surface if each of the functions x(u, v), y(u, v), and z(u, v) and each of their first 

partial derivatives are continuous over the region of u and v, and if 

OF. ae tcan 0) an Oz 
— rj 4+ Kk 
Ou Ou Ou Ou 

and 

Ge Ge. @Y.. we 
ra rats ace huperee 
dv av dv du 

are nonzero and nonparallel over the domain of u and v. Recall that dr/du and 

or/dv are tangent to the surface, and so 

or or 
= A) (2) 
Ou Ov 

is normal to the surface. This last condition assures that the surface has a tangent 

plane at all points (x, y, z) and is the analog of a space curve having a nonzero 

derivative everywhere. We say that a surface is piecewise smooth if it consists of 

a finite number of smooth surfaces. For example, we say that a cube is piecewise 

smooth because it consists of six smooth surfaces. 

| 
Example 1: 
Describe the surface defined by r(u, v) =ui+vj+ (—u—v)k. Evaluate 

Ors JON). : 
— x — for this surface and interpret the result. 
Ou Ov 

523 

Figure 7.20 
A mapping from the wv-plane to x, y, z 

space. In particular, this mapping is 

from 0 < ¢ < 27,0 <6 <7 toa sphere 

by the mapping x =a sin @ cos @, 

y =asin@ sin g, and z=acos@. 
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Figure 7.21 
The surface x + y + z= 1 and the unit 

normal vector n = (i+ j + k)/V3. 

Figure 7.22 
The surface of a circular paraboloid 

described by z = x* + y’. 

Chapter 7 / Vector Calculus 

SOLUTION: The three parametric equations are x =u, y =v, and 

UO] 

x+y+z=1 

This is the equation of the plane shown in Figure 7.21. Furthermore, 

k j 
0 -1|=i+j+k 
ie 

or ar _ |. 
— xX — ] 
du Ov 0 

which is a vector normal to the plane (see Figure 7.21). The unit normal 

vector isn = (i+ j+k)/V3. 

Le eee ee 

We learned earlier that a surface can also be described by an equation of 

the form z= h(x, y). For example; 7= x? + y? describes a circular paraboloid 

(Figure 7.22). One corresponding parametric representation is obtained by writing 

rr, y=xi+ yi enG. yk 

In the case of the elliptic paraboloid z = x* + 2y, a useful parametric representa- 

tion is x = /2 ucos v and y =u sin v, from which we obtain z = x2 2y? =2u?. 

Now let’s see what we mean by the area of a surface. Let S be a smooth surface 

described by r(u, v), where u and v are restricted to a region R in the uwv-plane. 

We partition R into rectangular elements Au Av. These rectangular elements in 

the wv-plane will not necessarily map into rectangular surface elements on S, but 

will generally be curvilinear surface elements as shown in Figures 7.23 and 7.24. 

If the four corners of the wv-element are given by (ug, Up), (Ug + Au, vo), 

(Ug, Vo + Av), and (ug + Au, vg + Av), then the curvilinear surface element 

has corners given by r(uo, Up), F(Up + Au, vo), Fug, Up + Av), and r(upy + 

Au, vg + Av). The two sides starting at the point r(uo, Up) are given by the vectors 

rug + Au, vo) — r(Ug, Vp) and r(ug, Vg + Av) — r(Uup, Vo) (see Figure 7.24) or 

es + Au, Uo) = r(uo, NG 

: Au 

and 

|e Ug + Av) — r(ug, Uo) = 

Av 

For small values of Au and Av, the terms in the brackets become dr/du and 

dr/dv, so that the two vectors (dr/du) Au and (dr/dv) Av form the two sides of 

the surface area element dS. The area of this surface element is given by 

or or 
Ne 

us av 
li = dudv 
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by 

(up,\votAv) (ugt+ Au, votAv) 

(ug, Vo) (ugt+ Au, vo). 

U 

Figure 7.23 
The rectangle (up, v9), (Ug + Au, vo), 

(Ug, Vo + Av), (ug + Au, vg + Av) in the 

uv-plane. 

Figure 7.24 
The curvilinear surface element with 

corners r(ug, Vp) (a), F(Ug + Au, vo) (b), 

r(Ug, Vo + Av) (c), and r(ug + Au, 

vg + Av) (d). 

and we define the total surface area of S to be 

4-H 
where S is the region in the wvu-plane. 

dudv (3) 

Example 2: 
Determine the surface area of the parabolic cylinder y = x” bounded by the 

planeshy 0 Sy — 0 hand 

SOLUTION: The first thing to do in problems like this one is to sketch the 

surface whose area is to be determined (see Figure 7.25). 
c . 7 9 

The parametric equations of the surface are x =u, y =u“, and z = v, or 

r(u,v) =uitu-j+vk 

Thus, 

or or ms 

Ou av 

and 

or or 
— xe =, 

Ou dv 
= (14+ 4u’)!/? 

O2D 

Figure 7.25 
The surface area to be determined in 

Example 2. 
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Figure 7.26 
The surface area to be determined in 

Example 3. 

Chapter 7 / Vector Calculus 

The integration limits are 0 < y < 1 and 0 < z <2 or, in terms of u and v, 

—l1<u <land0 <v <2. Therefore, 

2 | 

As [[a+4e)Pdudv= | av | du(1+ 
4u7)!/2 

0 -1 
BY 

2/5 Ore) 

a ee et ol eee 

If the surface is given by z = h(x, y), we can write Equation 3 in a somewhat 

more convenient form. In this case, vu =x, v= y, 

r(x, y)=xi+yjtht, y)k 

and (Problem 8) 

9 1/2 

dr or an\? fan\? |" 
ee Paap eee 
Ox dy Ox dy 

The total area is given by . 

5 1/2 
dh\?  (ah\* 

A = fff (=) 4 (*) dxdy (4) 
Ox dy 

R 

Example 3: 
Determine the surface area of the elliptic cone 7 =x? + y* for0<z <1 

(see Figure 7.26). 

SOLUTION: In this case, h = (x? + you so 

oh xX dh y 
dx (x2 #y2)12 = es oe 

Xx 

z ay = (x2 + y2)1/2 a 
y 

Z 

and 

2 aN 
a= ff4+3) dsdy = V2 ff avdy 

ae ges 
R 

= Vn 

where we have used the fact that R is a unit circle centered at the origin of 

the x y-plane. 

a 
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There is one other variation of the formula for surface area that you commonly 

see, particularly if z = f(x, y) does not change sign as x and y vary over some 

region R. In that case, R is the projection of S onto the xy-plane, as shown in 

Figure 7.27. 

Let y be the angle between the upward-directed normal to a surface element 

AS and the z axis, so that cos y = |n- k|. Then AS and its projection onto the 

xy-plane, AR, are approximately related by AR = AS cosy, or AS = AR sec y. 

This relation between AS and AR becomes exact in the limit, in which case the 

surface area can be written as 

A= ffds= |fsecy axay = ff id (5) 
In - k| 

oO R R 

Equation 5 is equivalent to Equation 4. To see this, note that the normal vector 

to the surface z = h(x, y) is the gradient of d(x, y, z) =z — h(x, y) = 0, which 

is 

oh oh 
Veo==—i- —j+k 

Ox y 

and the unit normal vector 1s 

oh oh 
——i-—j+k 

Vo Ox dy 

oes a aa aoa) Ox oy 

But cos y =n -k, so we have sec y = I/n - k, or 

2 97 1/2 
id: (=) fn (my 

sec. y = — — 
2 Ox oy 

which shows the equivalence of Equations 4 and 5. 

So far we have considered only the calculation of surface areas. Integrals of 

the type 

| Tike) ao 

S 

occur frequently in physical problems. To evaluate these types of integrals, we 

simply use the generalization of Equation 3: 

dudv (6) (u, v), Z( p | ff Foon, ve. ), eta,» re 

S 

if the surface is given in parametric form, or we use 

B27 

nN 

WA 

/ 

fx 
Figure 7.27 
The projection of a surface element AS 

onto the xy-plane. 
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“A 

R 

Figure 7.28 
The plane, S, decribed by x + y+z= 

and its projection, R, onto the x y-plane. 

Figure 7.29 
The integration region R in Example 4. 
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1/2 
4 apie ah \2 . 

/ HAV) oldest (=) + (=) dxdy = ff f(s. 9.2) sec ydxdy 
Ox dy i 

(7) 

if the surface is described by an equation of the form z = h(x, y). 

ee ee 
Example 4: 
Evaluate the surface integral 

t= [faycas 

S 

over the plane x + y + z = 1 in the first octant. 

SOLUTION: The plane and its projection onto the x y-plane are shown in 

Figure 7.28. If we use Equation 6, we parametrize the plane by x =u, y = v, 

and z= I= 4 —v; So. that 

rF=ui+tvj+d—u—v)k 

and : re 

0 als x tliat kl = V3 
Ou dv 

Equation 6 gives 

— V3 [fava —u—v)dudv 

R 

where 0 < u < | and 0 < v < 1 — u (see Figure 7.29). Thus, / = 5 120 

(Problem 15). Of course, we would have obtained the same result if we had 

used Equation 7 instead of Equation 6 (Problem 16). 

afetsnmnt emmy wean Bea tee berten oe inert relatitires antyl atte Nae a) 

Recall that a flux J is the flow rate of a substance through a unit area per- 

pendicular to J. Consider the flux of a substance (or even the flux of some kind 

of vector field, such as an electric field intensity) through a surface element dS 

whose normal outward unit vector is n (see Figure 7.30). 

ofa 

Then the flow rate through dS is given by J - n dS, and the total flow rate out 

volume bounded by the surface S is given by 

i= |fJ-nas (8) 

S 

If we represent the surface dS = n dS, then Equation 8 takes the form 
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i= |fP-as (9) 
S 

Surface integrals of the form of Equation 8 or 9 occur frequently in physical 

problems. 

Example 5: 
Let the flux of a fluid be given by J = pug k, where p is the mass density of 

the fluid and vg k is its velocity. Calculate the flow rate of fluid (mass per 

unit time) through a hemispherical surface of radius a (Figure 7.31). 

SOLUTION: The equation of the surface is z = oe ES and so 

n is given by V¢/|V¢|, where ¢ = z — (47 —1=— y-)/2sThetefore, 

0 0 0 2 , Vo tee ee | ok 
Ox oy Oz & z 

and 

1/2 
D 2 2 2 21/2 

i (Xo Ey Z) a 
roi= (S454) = E ee 

Therefore, 

om Vo si yI tok 

\Vo| a 

and J-n= pv, k- n= pugz/a. Equation 8 gives us 

I = ff ds 
a 

S 

2 Soe ea ee es) ioe 
a Ox dy 

R 

1/2 2 2 
Ai (14545) ap 

a di si 
R 

on |[ Saray = pvp |[exay 
a Z 

R R 

= puoma? 

We see that the total flow through the hemispherical cap is just the upward 

flux times the area of the projection of the cap onto the xy-plane. 

alan aegis ow ern Gaye oe ee 
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Xx 

Figure 7.30 
The flux through a directed surface 

element dS=nd5S. 

Figure 7.31 
The flux of liquid through a hemispherical 

dome of radius a. 
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7.3 Problems 

1. Express the following surfaces in parametric form: 

OFS. (b) x+2y—z=2 

(c:) x274+y%=2* (@) x?+4+y2%=z 

2. Sketch the surfaces given in Problem 1. 

3. The vectorr(u, v) =e“i+tvjt+ (24 + y*) k represents the circular paraboloid x y? = z. Does it represent 

the entire paraboloid? 

4. Use Equation 3 to determine the area of the cylindrical surface x” + z? = 1 from y = Oto y = 1. 

5. Determine the area of the part of the plane z = 2x + 3y that lies inside the elliptical cylinder described by 
x22 

4 9 

6. Determine the area of the plane 2x + 3y + z = 6 that lies in the first octant. 

7. Find the surface area of the torus described by the parametric equations, x(6, ¢) = (a + bcos ¢) cos 6, 

y(0, 6) =(a+ bcos g) sin 8, and z(0, 6) = b sin 8, with O < 6 < 2m and 0 < ¢ < 27 (see Figure 7.32). 

ty 
r=b+acos 0 

<—— } x 

Figure 7.32 
(a) The parametric equations that generate 

a torus. (b) The torus results from rotating 

the above circle about the y axis in (a). (a) 

10. 

11. 

. Show that 
or or 
a ae 
Ou dv 

OE 2711/2 
oh oh ... 2 F 

za sl (seen (a es ifr=xi+yj+h(x, y)k. 
Ox dy 

aint 4 
. Evaluate the surface integral ill (< + 2x + *y) dS over that part of the plane 6x + 4y + 3z = 12 that lies in 

S 
the first octant. 

Eyaluate the surface integral [fas over that part of the sphere x? + y? + z? = a? that lies in the first octant. 

S 

Evaluate the surface integral |fr - dS over the triangular surface bounded by the points (2, 0, 0), (0, 2, 0), 

ms) 
and (0, 0, 2), where F = x i+ y j + zk and nis the outward normal unit vector from the triangular surface. 
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12. Evaluate the surface integral /fr iid over the cube U< x4 <1 Oy 1, Oz = where 

; ° . . S . 

F =xi+ yj+2k and nis the outward normal unit vector from each face of the cube. 

13. Evaluate the surface integral ik / F -ndS over the surface of a unit sphere centered at the origin, where 

S) 
F =xi+ yj+zk and nis the outward normal unit vector of the sphere. 

14. Evaluate the surface integral Jf +z — y*) dS over the surface defined by r(u, v) =uvi+vj+uk and 

S 
for 0 <u < land 0 < v < 1. What is the surface? 

15. Finish the calculation in Example 4. 

16. Use Equation 7 to evaluate the surface integral in Example 4. 

7.4 The Divergence Theorem 

In Section |, we saw that the divergence of a vector represents the flow rate of some 

quantity out of a given region in space, and in the previous section, we learned that 

a surface integral of the type 

[e-nas= | F-as (1) 

oO oO 

represents the flow rate of the quantity represented by F through a surface S. 

Therefore, it may not be surprising that there is a relation between div F and a 

surface integral like the one in Equation |. This relation is given by the divergence 

theorem: 

If S is a piecewise smooth surface enclosing a three-dimensional region V, 

then 

[fe -nas= fffv-rav (2) 

S V 

where n is the outward unit normal vector to S, i.e., the unit normal vector 

pointing away from V. 

The divergence theorem was obtained independently by Gauss and Ostrogradsky, 

but is referred to as Gauss’s theorem in the Western literature. 

Given the physical meanings of the two sides of Equation 2, the divergence 

theorem is almost self-evident, but we shall give an outline of its mathematical 

proof. Let the surface S be such that it can be decomposed into an upper surface 

S5 described by z = f(x, y), and a lower surface S; described by z = f(x, y) 

igure 7.33). f F@.y.2 =F. @.y, dit hG, y.z)j+ F,@, y, z)k, then 

px 

Figure 7.33 
A closed surface consisting of an upper 

surface S> described by z = fo(x. y), 

and a lower surface S$, described by 

z= fi (x,y). The projection of the surface 

onto the xy-plane is shown by the closed 

curve. 
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Figure 7.34 
A pictorial illustration of the relation 

cos y dS =dxdy. 

Figure 7.35 
The cylindrical surface described by 

x? +y?=40<72 <4. 
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Equation 2 can be written as 

[[ peor oinast ff ros oinas+ ff roy.ak-mas 

S S Ry 

“Hl oodles Bue + fff Seav (3) 

Let’s work on the third term on each side of Equation 3. The third term on the left 

of Equation 3 is equal to 

[[Fcorownas= ff rc, y.2 cosy dS (4) 

where y is the angle between n and k. Because y is the angle between n and k, 

0 < y < 2/2, on the upper surface Sj, and 2/2 < y <7 on the lower surface Sj. 

Consequently, cos y > 0on S, and cos y < 0on S$. Furthermore, cos y dS = dxdy 

(see Figure 7.34), and so Equation 4 becomes 

le y,z)k<ndS= [fre y, fo(x, y)) dxdy 

R. ’ 

= Be y, fi, y)) dxdy 

R 

(5) 

where R is the projection of S, and S; onto the x y-plane (Figure 7.33). 

‘The third term on the right side of Equation 3 is 

ftsov = fff “Ms fa) 
= ffir SACRO) SEGRE IO 

R 

Equations 5 and 6, however, are the same. The proof of the equality of the two 

other pairs of terms in Equation 3 is very similar, and so Equation 2 follows. 

Wee arent a ee 
Example 1: 
Evaluate both sides of Equation 2 for the cylindrical surface described by 

x?+y?=4,0<z <4, if F(x, y,z)=xi+ yj+zk (Figure 7.35). 

SOLUTION: The right side of Equation 2 is 

[[[9-vav= [sav sane = 480 
V V 
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The left side of Equation 2 is 

[fF -nas= // Za // F-ndsS — // zdS 

S top part curved part bottom part 

= (4n)(4) + // reas 0 
curved part 

where we used the fact that z = 4 on the top surface and z = 0 on the bottom 

surface. For the remaining integral, we use @ = x? + y? — 4 to get 

Sagi N@ oe bt is 2h Jy ede y | 

Vol (4x2 +4y2)l/2 2 

and F -n = (x* + y*)/2 =4/2 =2. Therefore, 

[[P-nas=207- 294+ 161 = 48x 

S 

The divergence theorem is used to derive many of the equations of physics 

and engineering that involve some sort of conservation condition, such as mass 

balance or energy balance. Let p(x, y, z, t) be the mass density of a fluid at the 

point (x, y, z) at time ¢, and let V be an arbitrary fixed volume located within the 

fluid and let S be the boundary of V (Figure 7.36). The total mass within V is 

itil 

and the rate of change of the mass within V is 

us = [ff Pav (7) 
dt dt 

V 

since V is fixed in space. 

Now, because of the conservation of mass, the rate of change of mass within 

V must be balanced by the net rate at which mass flows through the surface S. This 

at =— ff ou-nas (8) 
dt 

Sy 

where n is the outward unit normal vector at dS and u(x, y, z, f) is the velocity 

of the fluid. The negative sign on the right of Equation 8 accounts for the fact that 

dM /dt <0 if the net flow is outward. Equating dM/dt from Equations 7 and 8 

rate is given by 

338 

Figure 7.36 
An arbitrary fixed volume V located 

within a fluid; S 1s the boundary of V. 
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gives 

[ff Pav =- ffow-nas (9) 
Ot 

V S 

Apply the divergence theorem, Equation 2, to the right of Equation 9 to obtain 

[[f Pav =- fff av cow av 
ot 

V V 

I// | + aiv (ou) | AY =v (10) 
t 

V 

The volume V in Equation 10 is arbitrary, however, so the integrand must equal 

or 

ZETO, OF 

P+ div (pu) =0 (11) 
t 

Equation 11, which expresses the conservation of mass in differential form, 

is called the continuity equation. We actually derived this equation in Section | 

for the special case of a rectangular parallelpiped, but the derivation here is more 

general. 

i. eh earls. , garam 
Example 2: 
Let T(x, y, z, t) denote the temperature of a homogeneous body at the point 

(x, y, z) at the time ¢. Fourier’s law of heat flow says that q, the flux of 

energy as heat, is given by 

q = —« grad T 

where « is the thermal conductivity of the body. Derive the heat equation 

oT 
— =a°V°T 
ot 

where a* = x /cyp, where cy is the specific heat of the fluid (heat capacity 

per unit mass) and p is the mass density. 

SOLUTION: We’re going to express the conservation of energy in 

differential form using the divergence theorem, but before doing so, we 

must express the energy in terms of the temperature T. The product of the 

specific heat cy and the mass density p is the heat capacity per unit volume. 

If we let u be the energy density within the volume V, then 

u =cypT + constant 
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where the constant simply sets the zero of energy. Now, the rate of change 

of energy U within an arbitrary volume V is given by 

«ff eer = ff ia ff 0 
where we used the above equation to replace du/dT by cyp. The flow rate 

of energy across the surface S due to a temperature gradient is given by 

[fos [fooae 
S V 

where we have used the divergence theorem, Equation 2. Equating the two 

rates of change of energy gives 

oT 
cve ff srav=— ffq-nas=- fffovaav 

V S V 

where once again the negative sign accounts for the fact that n is a unit 

normal outward vector. Because the volume V is arbitrary, we have 

oT 
Cpa — av 

ot 

Fourier’s law of heat flow says that q = —x grad T, however, so the right 

side of this equation is x div grad T = « V*T and we have the heat equation: 

oT 
CY a KV-T 

Ot 

The heat equation models the temperature distribution throughout a homo- 

geneous body. Notice that the heat equation is essentially the same as the diffu- 

sion equation (Equation 15 of Section 1). The reason they are so similar is that 

the diffusion of a substance or the flow of energy as heat have similar molecular 

descriptions. Like the diffusion equation, the heat equation is a partial differential 

equation, which is the subject of Chapter 16. 

The divergence theorem plays an important role in electrostatics. Recall that 

the electric field intensity produced by a charge qg located at the origin of a 

coordinate system is given by Coulomb’s law, 

E=—‘e, (12) 
At egr- 

where e, is the unit vector (x i+ y j+zk)/r and €9 is the permittivity of a vacuum. 

Let’s consider the flux of E through a closed surface surrounding the charge. The 

BOD 
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Figure 7.37 
A solid angle element dQ. 

Figure 7.38 
The projection of e, -n dS onto the 

surface of a sphere of radius a. 
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total flux ®; will be given by 

o,= | [B-nas= d [f{ ras 
47 €, lig 

S 

Before going on, let’s review the idea of a solid angle. Let S be an area on a unit 

sphere centered at the origin. All the rays starting at the origin and passing through 

S form a cone, which is called the solid angle 8&2. We say that {2 is subtended 

by S. The units of solid angles are steradians, just as the units of planar angles are 

radians. Figure 7.37 shows the solid angle dQ2 subtended by dS. 

Just as the arc length ds on a circle is related to the angle d@ (in radians) 

that it subtends by ds = rd6, where r is the radius of the circle, dS is related to 

the solid angle dQ (in steradians) that it subtends by dS = r*dQ. For example, if 

r =a =constant, then the total surface area of the sphere is $ = Ara’, so that a 

complete solid angle is 47r, just as a complete angle for a circle is 27. 

Unless S happens to be a sphere, e, and n will not be parallel, but e, -ndS 

will be the projection of dS onto the sphere of radius a (Figure 7.38), so that 

[fe-nas= [fas d ffas=4 (13) 
Art € ee Att €, E0 

S S S : ¢! 

Equation 13 is a fundamental equation of electrostatics called Gauss’s law. We 

can transform Equation 13 into another well-known equation by writing 

a= f pav (14) 

where p, is the charge density within V. Applying the divergence theorem to 

Equations 13 and 14 gives 

div EB = 2 (15) 
E0 

which is one of Maxwell’s equations. 

If we define the electrostatic potential by Vp = —E, then Equation 15 becomes 

Poisson’s equation, 

VE (16) 

which gives the electrostatic potential #(x, y, z) due to a charge distribution 
P(x, y, Zz). Lastly, for a charged free region, Equation 16 becomes Laplace’s 
equation, 

V°=0 

one of the fundamental equations of physics. 
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7.4. Problems 

The first four problems are meant as a review of triple integration. 

1. Calculate the volume of the solid body bounded by the three coordinate planes (x = 0, y = 0, and z = 0) and 
oe Wah z Saiora = 0, 

2. Evaluate the integral J = |[faravas (ae y? + 2”) over the same volume as in Problem 1. 

V 

3. Evaluate the integral |ffesavac xyz over the volume of a tetrahedron with vertices (0, 0, 0), (1, 0, 0), 

(O, 1, 0), and (0, 0, 1) (Figure 7.39). 

Figure 7.39 
A tetrahedron with vertices (0, 0, 0), 

(1, 0, 0), (O, 1, 0), and (0, 0, 1). 

4. Evaluate the integral J = dxdydz x? y22? over the volume of an octahedron with vertices (1, 0, 0), 

(O, £1, 0), and (0, 0, +1). 

5. Evaluate the surface integral / = Ifr -ndS if F=xzi+ yzj+z’k, where S is the surface of the sphere 

S 
described by x? + y? + z* =9, and n is the outward unit normal vector. 

6. Verify the divergence theorem if F = x i+ yj+ zk and S is the surface of the cube bounded by the three 

coordinate planes and the planes x = 1, y= 1, andz = 1. 

7. Evaluate the surface integral J = /fF -ndS over the surface of the sphere described by x? + y? + z* = 16 

if F=xy7it+ yz*jtzx7k. . 

8. Verify the divergence theorem if F = xy? i+ xy j+ yk and S is the right circular cylinder described by 

Roy eed ee 

9. Use the divergence theorem to evaluate the surface integral J = [fr -n dS, where F = x°i+ y?j+z°k and 

S 
S is the surface of the cylinder x? + y? = 4 between —1 < z <1. 
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10. 

11. 

12. 

13. 

14. 

1s 

16. 

We 

18. 

yy, 
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n-vdS 
Js -. Use the 

divergence theorem to verify this relation. Hint: Use a generalization of the mean value theorem of integration 

In Problem 17 of Section 1, we introduced the definition of div v given by div v = a. 

to three dimensions. 

If f and g are scalar functions such that F = f Vg has continuous first partial derivatives in some region R, 

show that [favs +Vf-Vg)dV = // i “as, where d¢/dn denotes the directional derivative of g in 
nh 

Vv Ss . . , : . . 

the direction of the outer normal to S, which bounds V. This relation is known as Green’s first identity. 

Using the result of Problem 11, prove Green’s second identity, 

[frees roe ff (PL) 
af 

Use Green’s first identity to show that I IV f -dV = // Las. 
n 

V Ss 

Use the divergence theorem to show that [fr dVe— | fndS. Note that the result here is a vector. Hint: 

. . V . 

Consider the vector F = Fc, where ¢ is an arbitrary constant vector. 

Use the result of the previous problem to show that |f> dS =(, where S is any piecewise smooth closed 

S 
surface and n is the outward unit normal vector. 

Use Equations 13 and 14 to show that if p(x, y, z) is spherically symmetric, then the electric field E that is 

observed at any point that is outside the charge density is the same as that due to a charge g = | p,dv located 

at the origin. 

Show that the result of Problem 16 also applies to the gravitational force due to a mass distribution. 

Show that the divergence theorem in two dimensions is of the form 

[few VAS = / n-vds, where v=iv, + jv,. Hint: Consider a slab-like volume V of height A with 

R © 
base R in the z direction, and then apply the divergence theorem to v in V. 

Show that [fs -ndS =( for any closed surface if B = curl A. 

5 

7.5 Stokes’s Theorem 

The divergence theorem relates a surface integral to a volume integral. There also is 

a theorem, called Stokes’s theorem, that relates a line integral to a surface integral. 

We’ve already encountered a relationship between a line integral and a surface 

integral. At the end of Section 2, we presented Green’s theorem in the plane in 

vector notation: 

fa-dr=| (curl A) -k dxdy (1) 

(Gs R 



7.5 Stokes’s Theorem 
339 

In this equation, r represents a closed curve that lies in the xy-plane and A = 

PLY AO Oa) J. 
It turns out that Equation | is valid in three dimensions as well, in which case 

r represents a three-dimensional space curve, R is a (nonplanar) surface, and C is 

a closed curve that serves as the boundary of the surface (Figure 7.40). 

We say that the surface in Figure 7.40 caps the closed curve C in the following 

sense: Suppose that C were a wire support with an elastic membrane stretched over 

it. Then the surface in Figure 7.40 results from distorting the membrane. Some _ Figure 7.40 
capping surfaces of a unit circle are shown in Figure 7.41. gee an eg PO es 

Ss 

xf 
(a) 

Figure 7.41 
Various Capping surfaces of a unit circle. (a) The unit disk itself, (b) the surface of a hemisphere, 

(c) the bottom surface of a circular cone, and (d) the top and bottom surfaces of a right cylinder. 

The generalization of Equation | to three dimensions is called Stokes’s theo- 

rem. Before we state Stokes’s theorem, we must define a few terms. We say that 

a surface is smooth if it has a nonzero tangent vector at each point on the surface, 

which varies continuously as we move over the surface. Note that this definition is n 

similar to that of a smooth curve. If a surface consists of a finite number of smooth 

surfaces, then we call it piecewise smooth. A cube is an example of a piecewise 

smooth surface. Stokes’s theorem also requires that the surface be orientable. By 

orientable, we mean two-sided in the sense that we could paint one side one color 

and the other side another color. (The classic example of a non-orientable surface o 

is a Mobius strip.) Certainly, most surfaces that we encounter in physical applica- 

tions are piecewise smooth and orientable. Finally, we must specify the direction 

of the normal vector and the direction which we traverse the curve C that serves as 

the boundary of the surface. We use a right-hand rule to do this: The direction of 

n and the direction in which we traverse C are related such that if the fingers of the 

right hand curve in the direction around C, then the thumb points in the direction 

of n (Figure 7.42) 7 cients 
é Aten Pest A right-hand rule that is used to illustrate 

We’re finally ready to state Stokes’s theorem: the relationship of the direction of the unit 
normal vector to S and the direction in 

Let S be a piecewise smooth orientable surface bounded by a closed which we traverse the boundary curve C 

curve C. If v has continuous first-order partial derivatives in a bounded in the application of Stokes’s theorem. 



Figure 7.43 
A surface S and a boundary curve C, 

where the surface is partitioned into a 

mesh of surfaces dS; with boundary 

curves Cj. 

: a 1 1 

Se x + Ax 

Figure 7.44 
A pictorial aid to the evaluation of 

v - dr around one of the surfaces dS; 

in Figure 7.43. 
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region containing S, then 

fv-ar= ffivxv-nas (2) 

GC. iS 

where C is traversed in the direction with respect to n in accord with the 

right-hand rule. 

The proof of Stokes’s theorem is fairly involved but we’ll give a suggestive 

physical argument of Stokes’s theorem. Figure 7.43 shows a surface S$ and a 

boundary curve C, where the surface is partitioned into a mesh of surfaces dS; 

with boundary curves C;. Just for simplicity at this point, let’s evaluate fv-dr 

for a small rectangle in the x y-plane. First we’ll determine the contribution from 

sides | and 3 in Figure 7.44. 

ictaNow ve 

[vy -dy + [> tan i v,(x', y)dx! + / v,(x', y + Ay)dx' 
1 3 x g 3 g x+Ax 

Wap AVE 

as ( {v,(x', eg Ay) ar V(x", y)}dx’ 
x, 

a 
Nowa, yay). =v, (4, y) = = Ay + [(Ay)?] and so we can write 

y 

/ i 
143 dy 

Similarly, the integrals over sides 2 and 4 in Figure 7.44 give 

Ov, 
/ v-dr = ——dxdy 
2+4 Ox 

Ov, Ov, 
v-dr = (| — — — }dxdy 3 

f (= ~) oe 

The right-hand side of Equation 3 is the z-component of V x v dxdy, and so we 

can write Equation 3 as 

and so 

f v-dr=(V x v)-kKdxdy (4) 

Cj 

Generally dS; in Figure 7.43 will not lie in the xy-plane, and so we replace k by 
n and dxdy by dS; in Equation 4 to give 

f v-dr=(¥ xv)-nds, (5) 

Cj 
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We’re almost finished. If we sum over all the area elements in Figure 7.43, we 

see that all the interior line integrals vanish because the integrals along the borders 

of adjacent area elements are in opposite directions along the same line. The only 

contribution to the sum of the line integrals on the left of Equation 5 are due to the 

curve C that encloses S$. Therefore, Equation 5 becomes Equation 2, our statement 

of Stokes’s theorem. 

Example 1: 
Verify Stokes’s theorem by evaluating both sides of Equation 2 where 

v=~—yi+.xj-+k, S is the hemisphere described by z = (4 — x? — y*)!/?, 
and C is acircle of radius 2 centered at the origin in the x y-plane (Figure 7.45). 

SOLUTION: The outward unit normal vector to S is given in terms of 

o(x, yz) =z — (4—x* — y*)' by 

ihe rok 
ah. Vo _ oe BY Pie y ja zk 

(Vel ee vie 2) 
(3+35+) 

and so the right-hand rule tells us to traverse the circle in a counterclockwise 

direction. Let the circle be described by the parametric equations x(@) = 

2 cos @ and y(@) =2 sin 0, 0 = @ = 27. Then, r@)=2cos@ i+ 2sin ej 

and v(?) = —2 sin@ i+ 2cos@j+k, and so 

20 

f Ve on i dé@ [(—2 sin @)(—2 sin 8) + (2 cos 8)(2 cos @)] 
0 

20 

=4/ d= 355 
0 

Now, V x v =2k, and so 

[fevxn-nas= ffzas 

D: AY 

= dxdy=2 ff axdy =8n 
In - k| 

R R 

where we have used Equation 5 of Section 3. 

eee en Stanton Se ee 
Example 2: 
Verify Stokes’s theorem for v = yritxjt z?k, where S is the circular 

paraboloid described by z = x? + y? with 0 < z < 1 (Figure 7.46). 

34] 

Figure 7.45 
The surface and its boundary curve that 

are used in Example |. 

Figure 7.46 
The circular paraboloid z = x? + y* and 

the two planes z = 0 and z = 1 used in 

Example 2. 

<4 
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SOLUTION: Figure 7.46 shows that the boundary curve is the circle 

described by x? + y* = land z = 1. We can describe this circle parametrically 

by the position vector 

r(u) =cosui+sinuj+k 

for 0 <u < 27. The left side of Equation 2 gives 

21 

fv-ar= f du |— sin? u + cos’ u] = 
0 

The unit normal vector is given by n= V f/|V f| where f =z — Xo aye 

or 

—2xi-2yj+k 
= 

(1+ 4x2 + 4y?)1/2 

and the curl v is given by 

i j k 

a 6 @ ip 109 
culy hay eae ee 

NON 2 y eZ 
.! 

Therefore, the right side of Equation 2 becomes 

I (l—2y)dS | I (1 — 2y) dxdy 
(1+ 4x24 4y2)/2 JJ (14+ 4x2 4 4y?)!/2 - k) 

S R 

= [fc — 2y) dxdy 

R 

where we have used Equation 7.3.5. The above integral is 

I (1—x2)!/2 

ffo-2y dxay= [ ax [ dy A—2y)=az 
= —(1—x2)!/2 

R 

ree 9 

Stokes’s theorem says that the surface integral of curl F - n over a capping 

surface S is equal to the line integral of F around the boundary curve of S. Notice 

that this implies that [fa -ndS is independent of the surface bounded by C, 

provided A = curl F sie S and n satisfy the requirements of Stokes’s theorem. 

Let’s go back to Example 1, where the boundary curve is a circle of radius 2 

centered at the origin and the capping surface is a hemisphere. We integrated 

curl F - n over the surface of the hemisphere in Example |, but we could just as 

well have integrated over the unit disk itself (see Figure 7.41). If we do that, n =k 

and we have 
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[fewtP-mdxay=2 ff axay = 247) = 8 

S 

in agreement with the result in Example 1. 

nn eg te a 
Example 3: 

Use Stokes’s theorem to evaluate the surface integral [foo F-ndS, 

S 
where F = 3y i— 2x j+ xy k and S is the hemispherical surface described 

by x* + y? +2? =4 with z > 0 (Figure 7.45). 

SOLUTION: Stokes’s theorem allows us to use any capping surface, so 

let’s use the disk of radius 2 given by x? + y? <4 and z = 0. In this case, 

n =k, and using curl F = x? i— yz j — 5k, we have 

[foosr -ndS =—5 |[exay = —5(47) = —207 

S 

Problem 16 has you show that you obtain the same result using the 

hemispherical surface. 

(oa ls ee a a = eee eee ee 

According to Stokes’s theorem, if V x v = 0 in some region containing S, 

then f v - dr = 0 for all simple closed curves in that region. In that case, v is the 

gradient of a scalar potential ¢, or v= V@. This is such an important result in 

physics and engineering that we should be sure to be aware of the strict conditions 

involved. Thus we state the following theorem: 

If v(x, y, Z) is a vector field with continuous first-order partial derivatives 

in a simply connected region R, then V x v = 0 if and only if v = V¢ for 

d(x, y, z) defined in R. 

The operative phrase here is “simply connected region” (see Section 2). te 

A vector field F for which V x F = 0 is called irrotational. Let’s use Stokes’s / 

theorem to see why this is so. Consider a circular disk of radius a centered at a 

point P with a boundary curve C (Figure 7.47). Then Stokes’s theorem says that Figure 7.47 

A circular disk centered at a point P with 

f Ear = [feo F-ndS (6) ? boundary curve C. 

e S 

where n is perpendicular to the disk in Figure 7.47. Using the mean value theorem 

of integration on the right side of Equation 6, we can write 

f F-n= ma’{curl F-n], 

GS 
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where ¢ is some point in the disk. If we divide by sta~ and let a > 0, then we have 

| 
[curl F-n]p = lim —~ @ F-dr (7) 

a0 a2 

G 

The right side of Equation 7 has a nice physical interpretation. Suppose that F 

represents (steady-state) fluid flow, so that F = pv, where p is the mass density of 

the fluid and v is its velocity at any point. Then $c F . dr represents the flow rate 

of fluid around the curve C. Thus, the quantity [ curl F - n ]p, which represents the 

flow rate of fluid around the point P, is maximal when curl F and n point in the 

same direction. Therefore, the axis about which the fluid rotates most rapidly is in 

the same direction as curl F. 

Stokes’s theorem tells us that the vector field is irrotational if and only if it is 

a conservative field; in other words, curl F = 0 if and only if F = V@, where the 

potential function ¢@ is defined in a simply connected region R. 

Stokes’s theorem is often used to derive other results. For example, a wire 

carrying an electric current generates a magnetic field. The relation between the 

current and the magnetic field intensity is given by Ampere’s law, which says that 

fH-dr=1 (8) 
J : .! 

where H is the magnetic intensity, C is a closed curve enclosing the wire, and / 

is the steady current crossing any surface bounded by C. If J is the steady current 

crossing a unit area perpendicular to J (the flux of electrical charge), then the 

current crossing S is given by 

i i / J-nds (9) 
S 

Applying Stokes’s theorem to Equation 8 gives 

r= {{cvxm-nas (10) 

S 

Because the surface S$ in Equations 9 and 10 is arbitrary, the integrals must be 

equal, or 

Voc J (11) 

which is one of Maxwell’s equations for the case where H and J do not vary with 

time. 

We can summarize much of this section by saying that if v has continuous 

first-order partial derivatives in a simply connected region R, then the following 

five statements are equivalent: 
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1. V x v= Oat every point in R. 

2. f v-dr=0. 

b 

33 / v - dr is path independent. 
a 

4. v-dr is an exact differential. 

5. v = grad ¢, where ¢ is a scalar potential. 

7.5 Problems 

10. 

iil 

12. 

13: 

14. 

15. 

. Verify Stokes’s theorem if v = zi+.x j+ yk is taken over the hemispherical surface x? + y? +z? =1,z>0. 

. Verify Stokes’s theorem if F = yi+zj+ xk and S is the surface of the circular paraboloid described by 

z=1—x*— y* withz>0. 

. Evaluate Ml r-ndS where S is the surface of a sphere of radius | centered at the origin. 

. Verify Stokes’s theorem if v= (y — z+ 2) i+ (yz +4) j— xz kis taken over a cube bounded by planes x = 0, 

V0 sa— a ay 0 excluding the dace Ontnerplane @—— 

. Use Stokes’s theorem to evaluate the integral / (V x v)-ndS over the surface of the circular paraboloid 

S 
z= 16 — (x? + y*) above the xy-plane if v = (x + y — 2) i+ xyj+xzk. 

. Verify Stokes’s theorem if F = (2y + z) i+ (x — z) j+ (y — x) K and S is the plane x + y + z = 1 in the first 

octant. 

. Verify Stokes’s theorem if F = 2x i+ 3y? j+ xz kand Sis the surface of the circular paraboloid x* + y* =2 —z 

wih yy" = I. 

. Use Stokes’s theorem to evaluate f. F . dr, where F = —y i+ x j+ 2zk and C is the unit circle x7 + y* = 1 

in the z = 2 plane. 

. Use Stokes’s theorem to evaluate $. F - dr, where F = y?i — x? j — (y +z) K and C is the triangle formed by 

the points (0, 0, 0), (1, 0, 0), and (1, 1, 0). 

Calculate f. F - dr, where F = (x* + y?) i+ xy j—.xzk and C is the circle described by x? + y? =4 in the 

xy-plane. 

Use Stokes’s theorem to evaluate the line integral f, F - dr, where F = xy? i + j4+zk around the circle 

described by x? + y? =a? in the xy-plane. 

Use Stokes’s theorem to evaluate f. F . dr, where F = (z — 2y)i+ (3x —4y)j+ (< + 3y) k and C is the 

boundary of the triangle formed by the points (1, 0, 0), (0, 1, 0), and (0, 0, 1). 

Verify Stokes’s theorem if F = y?i+xj+ 2’ k for the surface described by z = toy oad 

Use Stokes’s theorem to evaluate the line integral f. F . dr, where F= (x + y)i+- (g-—2x+y)j+0 —-z)k 

and C is the unit circle x* + y* = | in the plane z = 5. 

Use Stokes’s theorem to evaluate the line integral f, F - dr, where F = (y — x) i+ (x — z) J+ (x — y) k and 

C is the part of the plane x + 2y + z = 2 in the first octant. 
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16. 

17. 

18. 

19. 

20. 

21. 

22. 

PRR 

24. 

25. 

Chapter 7 / Vector Calculus 

Carry out Example 3 using the hemispherical surface and show that you obtain the same result. 

Use Stokes’s theorem to show that curl grad ¢ = 0. 

Apply Stokes’s theorem to the vector field v = —y i + x j and a surface in the x y-plane bounded by a smooth 
1 

simple closed curve C to show that the area bounded by C is given by A = = fu dy —ydx). 

Use the formula derived in Problem 18 to determine the area of an ellipse described parametrically by 

a= OICOSIO ays IG en ae Te 

Show that f v -dr =2z for v given in Example 2 for the closed path around the square whose vertices are 

(1, =));0; —)), cd, D, and CL, 1). 

Faraday’s law of electricity and magnetism says that the electromotive force around a closed current-carrying 

loop is equal to the negative of the rate of change of the magnetic flux through the loop. In terms of an equation, 
d 

Faraday’s law is / E-dl=— vA if B-ndS for any fixed surface in the field. Use Stokes’s theorem to derive 
C i Js 

F . OB 
one of Maxwell’s equations, V x E = ors 

Tt 

Use Stokes’s theorem to show that V x (V f) = 0. 

Derive Green’s theorem in a plane from Stokes’s theorem. 

We’re going to derive a two-dimensional version of the divergence theorem in this problem. Let v be a two- 

dimensional field with components v, and v, and let F = —v, i+ v, j. Show that [foo F-kdxdy= 

R 

I[v - v dxdy. Now apply Green’s theorem in the plane (Equation 7.2.16) to the field F to obtain 

R 

[fewie-wasdy = $t-wdx + ody 1= ov. (Si- = j) ds 
; ds ds 

R C Cc 

=f vends 

G 

The two-dimensional divergence theorem is I[v -vdxdy= f v-nds. 

R G 

In this problem, we’ll show how to find a vector w such that v = curl w if we are given v. In other words, we’ ll 

determine a vector potential for v. First show that 

see =, v= —*-—4, 0 y=—*-—4 12 
dy Oz ; dz Ox p Ox dy oo 

x x 

Now take w, = 0 (arbitrarily) and show that w, = — i vydx’ + @(y, z) and wy = i! v,dx' + W(y, z), 
X¢) ; x * 

where @ and w are arbitrary differentiable functions of y and z. Now substitute these results into the first of 
Equations 12 to obtain 

a0) p) 
n= | (Se + Ss) as’ 4 

Xx) oy 0z dy Oz 
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‘ : a) 0 : ; 
Show that div v = 0 if v = curl w and use this result to derive v, (x9, y, z) = af = av This equation can 

be satisfied by letting yw = 0, in which case we have 

b(y,z)= | v,(X%o, y’, z) dy’. Show that one possible solution for w is then 
040) 

x x y 

w= | Ue (eae) i jt+ - il Vy(K a Vee ax + U, (Xo, Y's Z) a k 
xo Xo Yo 

26. Show that the solution w to the equation v = curl w for a given vector field v is given by w in the previous 

problem plus a term Vu, where u is an arbitrary scalar function with continuous second partial derivatives. 

27. Use the result of Problem 25 to find w(x, y, z) such that v= (z — y)i+ (x —z)j+(y — x) k=curl w. 

28. Use the result of Problem 25 to find w(x, y, z) such that v= xi+ yj—2zk=curlw. 
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Carl Jacobi (1804-1851), who, along with Abel, developed the theory of elliptic functions, was born on 

December 10, 1804, in Potsdam, Prussia (now Germany), to a prosperous Jewish family. He was a brilliant 

student in the classics, languages, and mathematics, which he studied mostly on his own. Jacobi completed 

all his pre-university studies when he was 12 years old, but he was not able to attend the University of Berlin 

until he was 16. Because he was Jewish, he was unable to obtain a university position when he completed 

his academic studies. Around 1825, he converted to Christianity, thus enabling him to obtain a position at 

the University of K6nigsberg, where he joined Franz Neumann and Wilhelm Bessel. Jacobi was an excellent 

teacher and introduced the seminar method to teach advanced students. Both Jacobi and Niels Abel (1802— 

1829) independently made similar important advances in the theory of elliptic functions. In 1831, Jacobi 

married Marie Schwinck, with whom he had seven children. Due to an economic depression in Prussia 

and throughout Europe, Jacobi lost his inheritance money, leaving him with serious financial difficulties. 

In 1843, he was ill with diabetes, and his doctor recommended that he live in the warmer climate of Italy, 

where his health improved. When he returned, he required a supplement to his salary from the government to 

allow him to live in the supposedly less harsh climate of Berlin. Jacobi entered politics during the revolution 

of 1848 that took place in many of the states of the German Confederation. This did not turn out well for 

him because the revolution failed, and the Prussian government, displeased with his actions, took away his 

supplement. The Prussian government reversed itself, however, in order to keep him in Berlin when they 

learned that he planned to accept a position at the University of Vienna. Jacobi died on February 18, 1851, 

at the age of 46 from smallpox, having been weakened by influenza. 
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Curvilinear Coordinates 

Although cartesian, or rectangular, coordinates are the first ones we learn to use 

and use most often, they are not always the most convenient. For example, if the 

system has a natural center of symmetry, as in the case of an atom with its massive 

nucleus at its center, itis much more convenient to use spherical coordinates, which 

are constructed with exactly such systems in mind. There are many examples of 

problems that become much easier by using the appropriate choice of coordinate 

system. Usually the symmetry of the system of interest will suggest which of a 

number of available coordinate systems to use. In this chapter, we’ ll study plane 

polar coordinates, cylindrical coordinates, and spherical coordinates and learn how 

to express vector quantities, such as the gradient, the divergence, and the curl, in 

these coordinate systems. We’ll see how we can unify the results for these various 

coordinate systems by introducing the idea of a metric coefficient. In Section 

4, we'll learn how to convert differential volume elements from one coordinate 

system to another by means of Jacobian determinants and, in Section 5, we’ll 

generalize most of our previous results into one set of equations by introducing 

curvilinear coordinates. In the last section, we’ll introduce two other coordinate 

systems involving spheroidal coordinates to give a little experience in lesser-used 

coordinate systems. 

8.1. Plane Polar Coordinates 

Instead of locating a point in a plane by the two coordinates (x, y), we can equally 

well locate it by specifying its distance r from the origin, and the angle 9 with which 

the line from the origin to the point makes with the positive x axis (Figure 8.1). 

The coordinates r and @ are called polar coordinates. We shall restrict r to r > 0 

and allow 6 to take on any value, although often @ will vary from 0 to 27. You can 

see from Figure 8.1 that the relation between rectangular coordinates and polar 

coordinates is given by 

7 COse ands “Ny==7 sind (1) 

and 

rax? + ye and 6=tan ! 2 (2) 
x 

(x, y) 

3 

Figure 8.1 
The specification of the location of a point 

in a plane by polar coordinates, (1, @). 
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Figure 8.2 
he poten —— ley — ys 

Figure 8.3 
A polar grid of coordinates for plotting 

functions expressed in polar coordinates. 
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Thus the point (1, 1) in rectangular coordinates becomes the point (eV. mz /4) in 

polar coordinates. When calculating 6 from the arctangent formula in Equation 2, 

you must bear in mind in which quadrant the point lies. Using Equation 2 blindly for 

the point (x = —1, y= —1) gives 9 = 1/4, but realize that tan 57/4 =tan@25") = 

1, also. 

i 
Example 1: 
Equations | give 

and Equation 2 says that 

6 =tan! » 
5 

Use each of these relations to calculate 6 for the point (x = —1, y= =) 

(Figure 8.2). 

SOLUTION: In this case, r = (x2 oo vo = 2. Using a hand calculator, 

you'll find that 

and 

6=tan—! (=4) 60° 

none of which is correct! The point lies in the third quadrant, and the correct 

answer is 180° + cos !(1/2) = YAO. 

ee ee ee eee | 

Many of the famous classical curves of mathematics are conveniently ex- 

pressed in polar form. Figure 8.3 shows a polar grid of coordinates for plotting 

functions expressed in polar coordinates. Because lines of constant r (circles cen- 

tered at the origin) and lines of constant 6 (straight lines emanating from the origin) 

intersect at right angles, the polar coordinate system is said to be orthogonal. A 

circle of radius a centered at the origin is described by r =a. This result fol- 

lows immediately from the equation x” + y* = a?. What about a circle centered 
somewhere else, say at (x =a, y = 0)? In that case, we have (x — a)? + y? =a? 

as the equation in rectangular coordinates, or (r cos @ — a)* +r? sin? 6 = a?, or 

r? = 4a? cos” 6. You should verify by plotting that r2 = 4a? cos? @ is indeed the 
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equation of a circle of radius a centered at (a, 0) and that r2 = 4a? sin? @ is acircle 

of radius a centered at (0, a). 

ae ee Se 
Example 2: 

Plot the equation r~ = cos 26 for 0 < 6 < 2z. The resulting curve is called 

the Lemniscate of Bernoulli. 

2 

SOLUTION: Let’s first make a small table of values of r (remember that 

we restrict r tor > OQ): 

0 0° If 30° 45° 

3 +1.00° +0.93° +0.71 0 

This gives the upper half of the right lobe in Figure 8.4. In the open interval 

(45°, 135°), r? <0, and so there are no real values of r in this range. From 

135° to 225°, we obtain the entire left lobe in Figure 8.4. In the open interval 

(225°, 315°), r2 <0 once again, and finally we obtain the lower half of the 

right lobe in Figure 8.4 for 315° < 6 < 360°. 

a eh ani al lip ee eC Ae Re =e 

If you look at a handbook such as the CRC Standard Mathematical Tables, 

you'll see a number of beautiful curves with names such as cardioid (Figure 8.5) 

or the folium of Descartes expressed in polar form. Better yet, the School of 

Mathematics at the University of St. Andrews has an outstanding tutorial website 

(www-history.mcs.st-and.ac.uk/history/) with a “Famous Curves Index,” which 

gives interactive access to almost 100 “famous curves”, with names such as 

Freeth’s nephroid (Figure 8.6), Fermat’s spiral, and the conchoid of de Sluze. 

It’s easy to determine the slope of a curve that is expressed in polar coordinates, 

r =r(@). In this case x = r(@) cos @ and y = r(@) sin @, and using 

dy _ dydx 
de dx de 

we see that the slope is given by 

dy 

dy _d@ _ r'(O) sind +r cosé 3) 

Li eNO COS = fi suue 

do 
ee ts es 

Example 3: F 

Determine the slope of the cardioid described by r(9) = 1 + cos 6 (Figure 8.5) 

at any point. 

SOLUTION: Using Equation 3, 

oa 

Figure 8.4 
The lemniscate of Bernoulli, r2 = cos 20. 

$y 

G 

Figure 8.5 
A cardioid, r = a(cos 6 + 1). 

ty 

be 

Figure 8.6 
Freeth’s nephroid. The polar equation is 

r=a(1+2sin 0/2). (In this plot, r is 

allowed to take on negative values.) 
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Figure 8.7 
A logarithmic spiral, r = e°". 

es 
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Figure 8.8 
The tangent line of a logarithmic spiral at 

Cc ame sen): 
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dy t= sin 9) sin @ + cos @ + cos? 6 

dx (— sin 8) cos 6 — sin 8 — sin @ cos @ 

cos 0 + cos 20 

sin 90 + sin 20 

For example, the slope at 2/4 is —0.414 (see Figure 8.5). 

ee ee ee 

Figure 8.7 shows a curve described by r = e?? (—oo < @ < 00), called a 

logarithmic spiral. This curve has the unique property that the angle between the 

extended radial line OP and the tangent to the curve at P is a constant. This angle is 

denoted by @ in Figure 8.7. Let’s prove this property of a logarithmic spiral. First, 

we need an equation for the angle aw. Problem 5 helps you prove that 

CO Oe (4) 

If we substitute r = e?’ into Equation 4, we find that cot a = 6 = constant. 

Furthermore, because (1/r)(dr/d@) = constant, we see that the logarithmic spiral 

is the only curve with this property. 

A logarithmic spiral has another interesting property. The tangent line at 

= 27n (n = integer) is shown in Figure 8.8. It turns out that the length of this 

line between where it cuts the x and y axes (bc) is equal to the length of the spiral 

from the origin (where 6 — —oo) to 6 = 2zn. To prove this result, we need a 

formula for the arc length of a curve that is described by polar coordinates. This 

is not difficult. Simply write ds* = dx* + dy* and use Equations 2 to obtain 

ds* = dx* + dy’ =(cos@ dr —r sin@ d@)” + (sin dr +r cos @ dé) 

=dr* + r*d6? 

or 

BN 1/2 

is=|(4) +A] dé (5) 

Therefore, the arc length of a logarithmic spiral from the origin (where 9 > —oo) 

to 0 = 27n is given by 

2mn 

5 = (Bre? + e°P?y\N/2G9 
—COo 

21 
=04 1? | 

—0O 

n 21/2 
eftdg =F ye o2mpn 

Problem 8 has you show that this is equal to the length of the line be in Figure 8.8. 
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od. lh lc ale 
Example 4: 

Determine the length of the perimeter of the cardioid described by 

le— UE COSIO: 

SOLUTION: We use Equation 5: 

20 

=) (sin? 6 + 1+2cos 6 + cos? 6)'/2d@ 
0 

20 54 

=v2 | (1+ 60s 6)!2a9 =2V3 | (1+ cos 6)!/*d@ 
0 0 

a4 Q Toye 

-4/ cos 540 =8 f cosudu=8 
0 Z 0 

_ ines ee 

Now that we know how to calculate slopes and arc lengths of curves that 

are described by polar coordinates, let’s calculate the area of the cardioid given 

by r(@) = 1+ cos @. In rectangular coordinates, the differential area element is 

dxdy, but it is not drdé in polar coordinates. We'll determine just what it is both 

geometrically and analytically. Figure 8.9 shows an area element generated by 

varying r by Ar and @ by A@. If Ar and A@ are small (which we anticipate), then 

the area of the area element is (Ar)(r A@), or rdrdé in differential form. Thus, we 

see that dA = rdrdé. The area of a figure described by r = r(@) is given by 

r(@) 1 A 

a= | a | arr=> | Peas 
0 2 

For the cardioid r(@) = 1+ cos 6 (Figure 8.5), 

2a | 2 3 
A=>| (1+ 0050)°a0 = > (20 + =) = 

0 

eee oe Fr ge re Ore tes Ss a ae ees P| 
Example 5: 
Determine the area of one lobe of the lemniscate of Bernoulli shown in 

Figure 8.4. 

SOLUTION: The equation of the curve in polar coordinates is r? =cos 20. 

The area of one lobe is given by 

mx /4 * pr/4 ‘ 

A=>| cos? 2 a0 = [ bos 20 dé = = 
D —1/4 0 8 

eek ee | Si ee ee 

353 

Figure 8.9 
A differential area element in polar 

coordinates generated by varying r by Ar 

and 6 by A@. 
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ie 

ig) 
. Find the slope of J/2r cos (0 = =) ==)" ae Ab) & at any value of @ in the interval (-3. =). 
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Before we finish this section, we’ll show how to evaluate the integral / = 
1 ap : é . 
es e “ dx using polar coordinates. Write I* as 

lo,eJe.e) 

Z m4 2 —a(x?+y7) ie =|) Cp RAN / Cae yi Crayon ene 
0 0 

0 0 

Now convert to polar coordinates, realizing that the area of integration is the first 

quadrant, or 0 <r < oo and0 < 6 < 7/2. Thus, 

m/2 foe) 5 Co .—au 

je =) dé Hl Op ohp = as ib iy = as 
0 0 2 Jo D 4a 

and so I = (7/4a)!/*. This is a standard trick for evaluating this integral. 

8.1 Problems 

Plot each of the following curves in polar coordinates. In each case, 0 < 6 < 27. Recall that we have elected 

to allow r to take on only non-negative values (r > 0). 

(a) a =2)siniG (b) r=2cos@+sin@ 

DD 
(c) r=sin@ cos? 6 (d) r=-— a ees 

sin 0 + cos 0 6 8 

(e) r=1+2cos0@ () 72 a-cos 20 

. Some authors (particularly of calculus texts) allow r to take on negative values. Plot the curves in Problem 1, 

allowing r to take on negative values. 

. Find the slope of r = sin 26 at 6 = 2/4 and 57/4. (This represents a two-leaved rose if r > 0, and a four-leaved 

rose if r is allowed to assume negative values.) 

3 

. Derive Equation 4. Hint: First show that the angle w in Figure 8.7 is equal to y — 0, where slope = tan y and 

then use the relation dy/dx = tan y along with Equation 3. 

. Determine the angle aw between the extended radial line OP and the tangent to the curve at P for 

(a) r =e? at any 6 (b) r=1+sin@ at0=z/2 

(C) a= sims rat Oly) Ae 

. Calculate the arc length of the perimeter of the limagon of Pascal described by r = a + bcos @ witha > b. 

(Refer to Section 3.5.) 

. Show that the length of the line be in Figure 8.8 is equal to (1 + B7)!/7e27P" /B, 

. Determine the area bounded by the Leminscate of Bernoulli (Example 2). 

10. Determine the area of the limagon of Pascal described by r =a + bcos @ witha > b. 
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11. Calculate the area enclosed by the two-leaved rose r = 2 cos 26 (r > 0). 

12. Determine the area between the curve given by r? = 4 sin? 6 

and the circle given by r = 1. (See Figure 8.10.) 

x 

Figure 8.10 
The area between the curve given by 

r? =4 sin? 6 and the circle given by r = 1. 

13. Determine the volume of the paraboloid given by z = 9 — x* — y? above the xy-plane. 

14. A circular disk of radius a has a density that varies as p = e-2"+y")""" Calculate the mass of the disk. 

15. Use polar coordinates to calculate the volume of a hemisphere of radius a. 

16. Show that the formula A = 3 (x dy — y dx) becomes A = 3 f r7dé in polar coordinates. 

8.2 Vectors in Plane Polar Coordinates 

In Chapter 5, we expressed the location of a particle in two dimensions by the 

vector r(t) = x(t) i+ y(t) j. The velocity and the acceleration of the particle are 

given by 

ar aie. say". 
vy) =— = —i+ —j (1) 

at Wap dt 

and 

dv jdt ade dy) 
a(t) = — = = 1 al (2) by 

te die die Gx ; x 

Let’s look at the corresponding expressions in plane polar coordinates, and write ae 

r(t) =r(t)e, (3) AY) 

where e,. is a unit vector in the direction of r. Before we differentiate this expression ~ =a % 

with respect to f, let’s realize that unlike i and j in Equation 1, the direction of A 

e, changes as r(f) varies with time (Figure 8.11). Thus, the time derivative of Figure 8.11 

Equation 3 is The unit vector e, = e,(¢) in polar 
coordinates at two different times. 

are tar de, 
ae (4) 
dt dt dt 
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v4 

€9 

cos Oj er 
sin 6 j 

—sin i cos di 

Figure 8.12 
The polar coordinate unit vectors 

e, =cos@i+ sin @ j and 

€g = — sin i+ cos @ j expressed 

in terms of the cartesian coordinate unit 

vectors i and j. 

= 

Chapter 8 / Curvilinear Coordinates 

Although its length is always unity, Figure 8.11 shows that e, changes with time 

because its direction changes with time if 6 changes with time. Thus, we see that 

e, =e,(9). The time derivative of e, is equal to 

de, _ d@ de, 
= 5 

dt dt dé © 

We’ll encounter a number of examples where the unit vectors in coordinate 

systems other than rectangular coordinate systems depend upon the coordinates, 

so we’re going to have to learn how to evaluate derivatives like de, /d6. Perhaps the 

simplest way is to express the unit vector e, in terms of the cartesian unit vectors 

i and j: 

e, =cos@i+sin@ j 

Then 

Ar = — sin i+ 008 8 j 

This unit vector is perpendicular to e,. and is shown in Figure 8.12. If we define 

e, to be a unit vector perpendicular to e,. and in the direction of increasing @, then 

we can identify de,/d0@ with eg and write 
‘ 

‘ 

de, ee : 
=—sindi+coséj=e 6 10 J=&o (6) 

Equation 4 tells us that 

dr dé 
v(t) = —e,.+r—e I ( dt ? dt 6 ( ) 

The two unit vectors e, and eg constitute an orthogonal pair of unit vectors 

(e,. - €g = 0) and any vector in the plane can be written as 

u=uU, e, am Ug &6 (8) 

Taking the dot product of u with e, and eg shows that u, =u-e, and ug =U - eg, 

so Equation 8 can be written as 

u=(u-e,)e, + (U- eg) eg (9) 

The two vectors e, and @g are said to form a basis and u, =u-e, =u,(r, 0) and 

Ug =U: eg = U(r, O) are called the components of win this basis. The vectors i and 

jalso form a basis in two-dimensions since u can be expressed asu =u, i+ uy, j. It 

so happens that any pair of non-colinear vectors can forma basis in two dimensions, 

but each coordinate system has a “natural” basis which is most convenient. 

The acceleration of a particle is given by the time derivative of Equation 7: 

Tay et drde, , dr d6 d°0 dd deg 
eg tr—e a(t) = — = €. 

dt dt? Gitde drar™ ape ae at dt 
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We need to evaluate deg/dt, or deg/d0@ because de,/dt = (de,/d0)(d6/dt). 

Problem | has you show that 

pales £7, (11) 

Using Equations 6 and 11, Equation 10 becomes 

d?r do\” a6 dr dé 
A ee pa ee Appears esl Betis 12 
E G) | Gs Maes =) . we) 

which may be familiar to you if you’ve had a course in classical mechanics. 

i Oe ee ee Be eS 
Example 1: 

A force that can be expressed as F = f(r) e,. is called a central force. Show 

that the angular momentum J (mr2d@ /dt in this case) is conserved. 

SOLUTION: Newton’s equations, ma = F, read 

dr do\* | 

2 m (roe vate) 0 
and 

dt? dt dt 

But this equation can be written as 

ld ( 0) 
a) 
r dt dt 

which gives J = mr2d@/dt = constant. 

| oe ee! 

So far we have shown that de,./d@ = eg and that de,/d0 = —e... Figure 8.13 

shows pictorially that e, and eg are independent of r because varying r simply 

moves both unit vectors along r without changing their directions. Therefore, we 

have that de,./dr = 0 and de,/dr = 0. These results are summarized in Table 8.1 

at the end of this section. 

We can use plane polar coordinates to introduce the idea of a scale factor, or a 

metric coefficient. If we start withr =x i+ yj=rcos@i+r sin@ j, then youcan 

see that dr/dr lies along e,. (actually, it’s even equal to e,, but it’s not necessary 

for what follows) and or/06 lies along ey. We define the proportionality factors 

h, and hg, called scale factors or metric coefficients, by 

mor or 
and ho &g =-— (13) aes 

or 00 

BO 

4 y 

€¢ 

Figure 8.13 
A pictorial argument that e, and eg are 

independent of r. 
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so that h, = |dr/dr| and hy = |dr/d6|. We can determine h, by differentiating 

r =x i+ yj with respect to r and then taking its absolute value. 

EN SOE poe (=) +(=) = (cos? 6 + sin? 6)!/? =1 
or or 

Similarly, differentiating r = x i+ y j with respect to 6 gives 

) 9791/2 
Ox dy Yn DD D D spf 

i= ae = (FSi 427 OS oO) =r 
00 00 

Note that Equation 13 allows us to write 

or or 
a dr = noe” = h,.dr ec, ++ hgd@é €6 

- 

and 

ds? = dr -dr =h?dr* + hide? 

which in the case of plane polar coordinates gives ds* = dr? + r7d6?. 

(14) 

(15) 

(16) 

(17) 

We’re now ready to derive expressions for the gradient, divergence, and the 

Laplacian operator in polar coordinates (remember that the curl is essentially a 

three-dimensional quantity). Start with 

grad f= Vf =(Vf)-e, + (Vf) &g (18) 

which defines the components of grad f in polar coordinates. Substitute this 

expression for V f into 

ay = Vf ay, 

with dr given by (see Equation 16) 

dr =h,dr e, + hgdé eg 

=e,dr + rd eg 

to obtain 

df =((Vf),e, + (V f)geg]- Le, dr +r dd eg] 

=(V (je, dre, + (V fees -rde es 

=(V f),dr+-(V foerdé 

If we compare Equation 21 with 

pe le 
ar a0 

we see that 

(19) 

(20) 

(21) 



8.2 Vectors in Plane Polar Coordinates 

af Laf 
(Vp) End V pire 

f ar (V 1e r a0 
or that 

af laf 
Vif aera ot 2 
Lee! Ye Co) 

or 

a 
oan 00 

in operator notation. 

Notice also that we can express Equation 22 in terms of h, and hg by writing 

= e, oO &g 0 (24) 

h, ar hg 20 

We’ ll see in Section 5 that this is a general result. Equation 22 can also be derived 

in other ways (Problem 12). 

ee eee a SS ee | 
Example 2: 
Evaluate V f where f(r,@) =r? sin @. 

SOLUTION: We simply use Equation 22: 

= 27 SIN €,.-- 7.COS. 6.8, 

| i a cael le ae 

We can find an expression for div u in polar coordinates by writing 

: a) €y 0 
div i= Vie 41 ¢.- =") ——— | = (u,,e,, +p € 

( or 7 9&6) 

and using Table 8.1 for the derivatives of e, and eg. The final result is 

’ lo 1 o(ru, | Ou, 
GeV ee ee ee ee Salary geld (25) 

or r r 00 fr “or r 00 

Re te ne ee ee 
Example 3: 
Evaluate div u if u=cos 6 e, — sin @ eg. 

SOLUTION: Use Equation 25: 

Sirs ne SEO? 6 

r 

he” Se ee 

BOW. 
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Finally, let’s find the expression for the Laplacian operator in polar coordi- 

nates. We’ll do this by using V* f = V - V f andthe above results. 

r 00 ar Pee "or 

af 9 (e, of ey, 9 ( “f) €p 9 0° 7 

a er ie a0 Fon oy T= eee 

af ( CrOF wee of See) 
=—+e,- =e — —_— —— 

ar2 r2 00 r oroeg r 00 or 

ey (24 i of “ex L327 

r a00r | dr 30 r2 002 

or 

2 1a 1 6 
pe we Le Te ORO (26) 

dr2 rdr_ r2 002 

or, in operator form, 

a2 10 « 1 8? 
Ve=—+-—+ (27 

dr2 rdér_ r2aez ) 

iyeacciletsien, te ciated: wl teeth. co, el Tillie Ba 
Example 4: 
The equation V? f = 0 is called Laplace’s equation. Show that f(r, 0) = 

r” sinn@, where n is any positive or negative integer (r 4 O ifn < 0), satisfies 

Laplace’s equation. 

SOLUTION: We use Equation 27 to write 

7 = . ec = * 
V7 f =n(n — Dr”? sinnd + nr" sin nd — n?r"~? sin 6 

=i) 

ee ee eee ee eee eS eee) 

Table 8.1 summarizes the results of this section. 

We’ve spent some amount of time on plane polar coordinates because it’s 

pedagogically useful to illustrate some general methods in two dimensions first. 

You'll see in the sections that follow that it will be relatively easy to derive 

expressions involving the V operator in any coordinate system using the methods 

that we have developed here. 



8.2 Vectors in Plane Polar Coordinates 

Table 8.1 

Some useful formulas in plane polar coordinates. 

0 1 p10 hig =r grad faV f= oe, + — “Ke, 
or r 00 

de, F) | 
= bal, septs te ee 

or 00 TanOr r 00 

9 2 2 leg leg tenga ep all ogee ce 
or 00 Or? -rér_ r* 06? 

8.2 Problems 

1. Show that deg/dé = —e,. 

2. Determine du/dt if u=sin@ e, —r?0 eg andr = 1? and @ =2r. 

3: 

4 . Newton’s equations in rectangular coordinates for a particle moving in a plane under the influence of a 

Show that h, = landhg =r. 

. ae kx d? k rae 
coulombic potential are Pee Se and m 2 ie - =375: Express these equations in 

dt? Geaay 2 dt? Gay?) 
polar coordinates. 

5. Derive the equations in Problem 4 starting with a coulombic potential. 

. The trajectory of a particle in the x y-plane is described by x =f, y= t?. Derive an equation for its velocity in 

terms of e,. and eg. 

7. Evaluate grad f if f(r, 0) = r2 — a* cos @ where a is a constant. 

8. Evaluate div uifu=r cos 6 e, —r sin@ eg. 

9. Show that f(r) =Inr (r #0) satisfies Laplace’s equation. 

10. 

is: 

12. 

Show that V - u given by Equation 25 satisfies the equation 

a) a) 

h,hg Lor 

Show that V’ f given by Equation 26 satisfies the equation 

C hg ¢ ) h.o yap | |= (7274 )+ (=). 
hohe \lar \hor J ao Che oe 

We can derive Equation 22 in a more pedestrian way than we did in using Equations 18 and 19. First write 

Vif = ok i+ of j and then show that 
Ox dy 

af _ of or pee PE EE 

Oe OTEO Xs ROG OLS or r 00 

Oe Cat, Se TUGD pati Cle eRs CTs 

dy ordy  d0dy or r 00 

Figure 8.12 shows that e, = cos i+ sin @ j and eg = cos(F + 6)i+ sin(> + @) j= — sin@ i+ cos @ j (note 

that e, - €g = 0). Solve these two equations for i and j and substitute the result and the above equations into 

Once 
Vf=—it 
f a) 

— j to get Equation 22. 
Ox dy 
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13. This problem asks you to convert V’ f from rectangular coordinates to polar coordinates with r fixed by 

repeated application of the chain rule of partial differentiation. Start with 

of ofa af 06 af = SE PR ORME (1) 
Ox or Ox 00 Ox 

and 

Oa S of or of 00 (2) 

dy drdy 00 dy 

and show that 

of sindaf df _ cosd af 
= (r fixed) 

Ox r 06 dy r 06 

Now apply equations | and 2 again to show that 

d°f _ 2sin@ cos af i sin? 6 0° f (r fixed) 

Dat) Git ty eg 2 ap Sag? 

Similarly, show that 

a? f 2sin@cos@ af cos*6 a°f : 
= = = — (r fixed 

dy? r2 00 r2 92 

and so 

q2 a2 Disp 
il @= 

Vip ee I (r fixed) 
“9x2 dy2 ~ 2 92 

14. Generalize Problem 13 to the case in which r is not fixed. 

NX 

8.3° Cylindrical Coordinates 

A direct extension of polar coordinates to three dimensions is to use r and @ to 

locate the projection of a point onto the x y-plane and z to locate the vertical distance 

of the point from the x y-plane (Figure 8.14). The three coordinates, r, 0, and z, are 

called cylindrical coordinates. A surface given by r = constant is a right circular 

cylinder; a surface given by 6 = constant is a half-plane with its edge being the 

z axis; and a surface given by z = constant is a plane perpendicular to the z axis 

(Figure 8.15). Each of these three surfaces is perpendicular to the other two, and 

so they are mutually orthogonal. 

The curve formed by the intersection of a 6 = constant surface and a z = 

ve x constant surface is called an r curve. The curve formed by the intersection of a 

: r = constant surface and a z = constant surface is called a @ curve; and the curve 

leds cae Pye euibatieal formed by the intersection of ar =constant surface and the 6 = constant surface 
coordinates 7.6. and 2. is called a z curve (Figure 8.16). 

= 



8.3. Cylindrical Coordinates 

The relations between rectangular coordinates and cylindrical coordinates are 

KT COSiG r? =(x*+ y*)? 

y= sine 6 =tan-! ~ (1) 
x 

Ko & L=Z 

where r > 0, 0 < 6 < ~, and —oo0 < z < oo. As we did before for polar coordi- 

nates, we shall restrict r to non-negative values (r > 0). 

ER DNR EAE ABI SE Ee ee a 
Example 1: 
What does the graph z = r? look like in cylindrical coordinates? 

SOLUTION: The function is symmetrical about the z axis (it doesn’t 

depend upon @) and any cross section involving the z axis is the parabola, 

z=r-. Thus, z =r? describes the circular paraboloid shown in Figure 8.17. 

Peaaeets Vee S ete e 

We can find a formula for the arc length of a space curve that is described 

by cylindrical coordinates by starting with ds* = dx* + dy? + dz* and using 

Equations 1| (Problem 2): 

ds* =dr? +r°d0? +. dz’ (2) 

If r, 0, and z are given parametrically as r(t), O(t), and z(t), then the arc length of 

the space curve traced out by [ r(t), 9(t), z(¢)] from f, to t, is given by 

th me 2 27 1/2 feel [eye @ey ao ny dt dt dt 

Example 2: 
Find the length of the spiral described parametrically by r =a,0 =t,z=bt, 

from t =O tot =4. 

SOLUTION: We use Equation 3: 

4 

l= if Gb di 4a" 4b)? 
0 

[spare a ee 

Frequently, integrals are easier to evaluate in cylindrical coordinates than 

in rectangular coordinates, so we want to determine the form of the differential 

volume element in cylindrical coordinates. One simple way to do this is to refer 
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Xx 

Figure 8.15 
The surfaces r = constant, 9 = 

constant, and z = constant in cylindrical 

coordinates. 

i r curve 

x 

Figure 8.16 
Anr curve, a @ curve, and a z curve fora 

cylindrical coordinate system. 

te 

x f 

Figure 8.17 
A circular paraboloid expressed in 

cylindrical coordinates by z = > 0f 

z =x? + y in cartesian coordinates. 

| 
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Figure 8.18 
A pictorial argument that the volume 

element in cylindrical coordinates is given 

by dV =rdrdédz. 

N 

Figure 8.19 
A right circular cone with base 

x? + y* <a? and apex at (0, 0, A). 

Chapter 8 / Curvilinear Coordinates 

to Figure 8.18, which shows such a volume element. You can see from this figure 

that 

dV =rdr dé dz (4) 

We’ I discuss a general analytical method to find the appropriate volume elements 

in Section 5, but we’ll just use geometric arguments for now. 

ee ae eee 
Example 3: 

i [ffs dxdydz 

Evaluate the integral: 

over the region x > 0, y > 0,0 <z <b, and ery ae 

SOLUTION: The conditions x > 0, y > 0 imply that 0 < @ < 2/2, so 

l= // (r? cos @ sin @)zr drdddz 

-[ aecf dé cost sin @ drr° 
0 0 

b2 4 loa a‘*b? 

ee ee LO 

ie ae Aeshna frit cele Ct | 90h ung beu cote aetiei 

Notice that the triple integral in Example 3 factored into a product of three single 

integrals because the limits are constants rather than involving the other coordi- 

nates. This will often happen if you employ the “right” or the “natural” coordinate 

system for the problem. Problem 4 asks you to evaluate the above integral using 

rectangular coordinates and you'll see how some of the limits involve the other 

coordinates. } 

We'll evaluate another integral using cylindrical coordinates. Figure 8.19 

shows a right circular cone with base aa We <a? and apex at (0, 0, h). Let’s 

find the volume of this cone. The upper limit of the z integration depends upon 

the value of r = (x? + y*)!/?. The surface of the cone is given by the equation 
h 

z=h—-—r,andso 
a 

Q7G h—4r 

vey ao | arr | dg = saa 

The limits on z involve r here, but the integral is much easier to evaluate in 

cylindrical coordinates than in rectangular coordinates (Problem 5). 



8.3 Cylindrical Coordinates 

Figure 8.15 shows the surfaces r = constant, 9 = constant, and z = constant 
for cylindrical coordinates. The surfaces are mutually orthogonal at any point of 
intersection, and cylindrical coordinates are another example of an orthogonal 

coordinate system. We can prove analytically that a cylindrical coordinate system 

is orthogonal, and in the process introduce the unit vectors in this system. The 

position vector of any point is 

r=xi+yj+zk=rcoséi+rsin@éj+zk (5) 

The vector dr/dr is tangent to the r curve in Figure 8.16. Similarly, dr/06 is 

tangent to the 6 curve and dr/dz is tangent to the z curve. Thus, dr/dr, dr/00, 

and dr/dz form a set of mutually orthogonal vectors. They aren’t necessarily unit 

vectors, but if we divide each one by its length, then we have 

_ or/dr _ or/de _ or/dz 
= A) 77) = ’ a (6) 

\ar /dr| lar /30| |ar/dz| 
r 

Substituting Equation 5 into Equations 6 shows that e,., eg, and e. are indeed mu- 

tually orthogonal unit vectors (Figure 8.20) (Problem 6). It’s easy to see from 

Equation 5 that h, = 1, hg =r, andh, = |dr/dz| = 1. The metric coefficients for a 

cylindrical coordinate system are given in Table 8.2 at the end of the section. Note 

that ds? (Equation 2) can be written as ds* = hdr? cb h2do? + h2dz? (Problem 7). 

The difference between the operator V in plane polar coordinates and cylin- 

drical coordinates is just the k 0/dz term, and so we can write 

0 Qg 0 
eo 

or fF 00 
+e (7) oh 

* Oz 

in cylindrical coordinates. (In this case, e, = k.) 

te OE 
Example 4: 
Evaluate grad f if f(r, 6, z) =zcosd/r. 

SOLUTION: 

zcosé z sin @ cos 0 
€,. ey yy) ) . 

We can obtain expressions for div u and V7 f in cylindrical coordinates by 

the same method that we used in the previous section. The only new factor is that 

e. is a constant vector, so that de,/dr = de,/d0 = de, /dz = 90. Furthermore, e,. 

and e, do not vary with z, so de,/dz = de, /dz = 0. You can see this pictorially 

from Figure 8.20 or analytically (Problem 8). The results for div u and V?f are 

(Problems 9 and 10) 

Stadia, — Vj. —— 
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AN 

Figure 8.20 
The unit vectors e,, €g, and e, of a 

cylindrical coordinate system. Note that 

they form a right-handed coordinate 

system. 
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lo ou. _1aru,) | Ldug , du: 
(8) 

i OE r-0@ 0z 
divu=V-u 

and 

OF fa Liha rwnl 0° fist ony 
i= +-—+ ee (9) 

f ar2 r or r2 062 022 

We didn’t consider curl u = V x u in the previous section because the curl is 

essentially a three-dimensional operation. In this case, 

) 
iC, *) (Une, +p Cg + e;) 

€g (= ) 
+ —— e,. Ug e,. + = (oy 

r 00 0 

0 0 
+e, x ( = e.+ = es] (10) 

Equation 10 is an intermediate result. To arrive at Equation 10, we have used 

the known expressions for the derivatives of the unit vectors with respect to 

the coordinates and e, x e, =e, xX eg =e, x e, = 0 (Problem 11). Referring to 

Figure 8.20, we see that (Problem 12) 

e, X @7 =€,; €) Xie, = €5; €g X e€, =e, (11) 

Using Equations 11 in Equation 10 gives (Problem 13) 

VxKU= ae e+ oe ee (“ite _ Se e, (12) 
r 00 dz Oz or r or 00 ‘ 

peer ae te 8 ee a io ee ae 
Example 5: 
Evaluate div u and curl u if u(r, 6, z) = 22 e. + r? sin @ ep 4-27 &. 

SOLUTION: Equation 8 gives 

2 
divu=V-u=—+rcosé+r P 

and Equation 12 gives 

culu=V xu=Zzeg+ 3r sind e, 

2 utes S's! VEE ERR Aa a sl ele aay sadam wae 

Problems 20 and 21 ask you to use a CAS to evaluate the gradient, divergence, and 

curl in cylindrical coordinates. 



8.3 Cylindrical Coordinates 

Let’s finish this section with a warning regarding the curl in cylindrical coor- 

dinates. Although 

j k 

dO 

ax ay az 

Uy i, 

(13) 

x 

in rectangular coordinates, there is no obvious corresponding determinantal ex- 

pression in curvilinear coordinates. The correct formula for cylindrical coordinates 

is 

€, Tes e; 
1 ‘ 

curl u = — a oO wv (14) 
el ar Oe ae 

RAMTUGD PUR 

which can be obtained by working Equation 12 backwards (Problem 17). 

The key formulas of this section are summarized in Table 8.2. 

Table 8.2 

Some useful formulas in cylindrical coordinates. 

h,. oa | ho Fe 
his = || 

de, _¢ his aks de, 4 

or a0 az 

pg Cae | HOG 
or a0 ac 

chi ae Oe = oe: =0 

or 00 az 

Sem laf af 
SUA Bisa CHEE ree Cgiin eC, 
crane sigars torte nas US hap © 

divu=V-u= 1 O(ru,) ; ldug du, 

Or. 7 0 OZ 

ES I 
Or2 rér 2002 ~~ Az2 

g _ (ldu, dug aot (= ots nme 1 (a - Ate . 

ar r 06 0z ‘ Oz or ae or 00 

e, zj 

ees OOS 0 
Pee Ce Oke 

LOTT ge we 

267 
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8.3 Problems 

1. 

> & 

21. 

Describe the graph that each of the following equations represents in cylindrical coordinates: 

(a) r=a (b) 0= 

(c) +r =constant (d)iiea—i 

. Use Equations | to derive Equation 2. 

. Determine the arc length of a space curve given by r =at, 0 = bt,z=ct, fromt =Otot=1. 

. Evaluate the integral in Example 3 using rectangular coordinates. 

. Use rectangular coordinates to calculate the volume of a right circular cone with base Ko ya and 

height h. (Use a CAS to evaluate the integral.) 

. Substitute Equation 5 into Equation 6 to show that e,, eg, and e, constitute a set of mutually orthogonal unit 

vectors. 

2 2 ‘ 2 

. Show that ds? = h?dr? + hide? + h2dz*, where h? = (=) + (2) + (=) =, 
ér or or 

9) 3) 9 ) 7 9 2) 

oe \~ dy \~ Og \~ 5 ise \ Oy \e oe 

2 iD) a0 a0 eN Gz] w\ dz 

+ 1 or : 
. Use the definition e, = — — to show that e, is a constant vector. 

1, OZ 

. Show that div u is given by Equation 8. 

. Show that V7 f is given by Equation 9. 

. Derive the intermediate result given by Equation 10. 

. Show that e, x eg =€,, €, X €, = eg, and that eg x e, = e,. 

. Finish the derivation of Equation 12. 

. Show that f(r, z) = (r? + z*)~!/ (r? +z? £0) is a solution to Laplace’s equation. 

. Express the velocity of the space curve [ r(t), (¢), z(¢)] in terms of e,, eg, and e.. 

. Here’s a fairly easy way to express grad f in cylindrical coordinates. Write df = of dr+ 4 dé + of az 
Ke 

Now use the fact that df = (Vf) - dr to determine the components of V /. 

. Show that Equations 12 and 14 are equivalent. 

. Express the vector u = 2z i— x j+ yk in cylindrical coordinates. 

. Determine V -uand V x uifu=e, + cos@e,. 

. Use a CAS to evaluate V f if f(r, 6, z) = (r? — z2)e" cos? 6. 

Use a CAS to evaluate div u and curl u if u(r, 0, z) =r? cos 6 e, — rz? sin? 6 eg +e ex. 

—_KX a2. 



8.4 Spherical Coordinates 

8.4 Spherical Coordinates 

Other than a rectangular coordinate system, a spherical coordinate system is prob- 

ably the most widely useful coordinate system in physical applications. Spherical 

coordinates are the choice coordinates for any system with some sort of natural 

center, as in the case of an atom, where the (massive) nucleus serves as a center. 

The three spherical coordinates r, 0, and @ are depicted in Figure 8.21. The radial 

coordinate r measures the distance of a point P from the origin, @ is the angle that 

the line OP makes with the positive z axis, and ¢ is the angle that the projection of 

OP onto the x y-plane makes with the positive x axis. We restrict r to non-negative 

values, and the two angles to 0 <6 <z and0 < ¢ < 27. As @ and ¢ take on all 

their allowed values for a fixed value of r, the point P sweeps out a spherical sur- 

face. Figure 8.22 shows a band formed in the interval (6, 6 + d@) as @ goes from 0 

to 277. The cumulative sum of the bands covers the complete surface of the sphere 

as 6 goes from 0 to 7. 

We should point out right now that some authors use 0 where we use @ and 

od where we use 9! A survey of many texts will show that physicists, chemists, 

and some engineers use the notation that we are using, whereas mathematicians 

and many engineers tend to use the other notation. It wouldn’t be so bad if one 

group used 6 and ¢ and the other used a and £, but to interchange 6 and @ 

is really unfortunate. In addition, some CAS interchange our choice of 6 and 

@. Consequently, you must take extra care when referencing formulas involving 

spherical coordinates from book to book or CAS to CAS. 

You can see from Figure 8.21 that the relation between rectangular coordinates 

and spherical coordinates is 

x=rsin@cos¢@ ee ee ae 

y=rsin@ sind cos. 0 = 2/7 (1) 

L708 OG tan @ = y/x 

The surfaces r = constant, 6 = constant, and ¢ = constant are mutually perpendic- 

ular at any point of intersection (Figure 8.23). The surface r = constant describes 

Figure 8.23 
The surfaces r = constant, 9 = constant, 

¢ = constant in spherical coordinates. 
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(7, 8, #) 

<4 
XN 

N 
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4x 

Figure 8.21 
A point specified by the spherical 

coordinates r, 9, and ¢. 

hs 
Figure 8.22 
A band on a spherical surface formed as 

@ varies from 0 to 27 for @ in the interval 

(0,6 + A@). 
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xx 

Figure 8.24 
Anr curve, a @ curve, and a ¢ curve for a 

spherical coordinate system. 

se 

Figure 8.25 
The conical spiral described by the 

spherical coordinates r = @ and 6 = 7/4. 
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a spherical surface centered at the origin; the surface 9 = constant describes the 

surface of a right circular cone whose axis is the z.axis and whose apex is the 

origin; and the surface @ = constant is a half plane through the z axis. 

The intersection of a 6 = constant surface and a ¢ = constant surface yields 

the r curve, which in this case, is a radial line from the origin (Figure 8.24). The 

intersection of ar = constant surface and a @ = constant surface yields the 6 curve, 

which is an arc along the sphere r = constant surface, and the intersection of a 

6 =constant surface and a r = constant surface yields the ¢ curve, which is the 

circle in the plane z = constant centered on the z axis (Figure 8.24). 

We can derive a formula for the arc length of a space curve that is described in 

terms of spherical coordinates by starting with ds? =dx* + dy* + dz’ and using 

Equations | for x, y, and z. The result is (Problem 3) 

ds* =dr? +r°d0° +r? sin? 6 do” (2) 

If r, 9, and ¢ are given parametrically as r(t), O(t), and @(f), then the arc length 

from ¢, to t, is given by 

‘ l z > {do 7 2 2 ra 
pss / ds =i) ($) + r* (=) +r sin* 6 (4) dt (3) 

ty dt dt dt 
le 

[eT RGSS dist Goal wick ate a 
Example 1: 
The equations r = ¢ and 0 = 7/4 describe a conical spiral (Figure 8.25). 

Calculate the arc length of the conical spiral from @ = 0 to d = aoe 

SOLUTION: Equation 2, with dr = d@ and sin @ = sin 2/4 = 1/V2, 

becomes 

2 | 1/2 

=| (1+ 30°) do 
0 2 

| 
ee SS ew 

Va 

ee ae ee eee ee eee eee | 

Integrals involving three-dimensional regions with a center of symmetry are 

usually much easier to evaluate using spherical coordinates. Figure 8.26 helps you 

see that the differential volume element in spherical coordinates is 

dV =(dr)(rd6)(r sin @d¢) =r? sin 6drdddd (4) 

We’ll learn how to derive this result analytically in the next section, but we’ ll just 

rely on the geometrical argument here. We can use Equation 4 to calculate the 

volume of a sphere of radius a: 
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a a4 20 3 

V =) Par | sin eae | ni eteae 
0 0 0 3 

Notice that the triple integral for V factors into three separate single integrals. 

Example 2: 

i If z*dxdydz 

Evaluate 

V 

over the spherical region of radius a centered at the origin. 

a 4 ‘ D5 

l= | ridr fl cos’ 6 sin 6 dé / do 
0 O 0 

a 2 

Dare) 

SOLUTION: 

Ana? 

15 

The evaluation of this integral would have been quite a bit messier in 

rectangular coordinates (Problem 4). 

Example 3: 
Determine the volume of the part of a unit sphere centered at the origin that 

lies within the right circular cone with its apex at the origin and making an 

angle 6 with the positive z axis (Figure 8.27). 

SOLUTION: 

! 2 p 28 20 
v=/ rar | sinode f ao = —(l—€os Bp) 

0 0 0 3 

Note that V =0 if 8 =0, and V =47/3 if B=nz. 

Figure 8.26 can also be used to convince yourself that an element of surface 

area on the surface of a sphere of radius a centered at the origin is 

dS =a’ sin@ dod (5) 

Equation 5 tells us that the area of the polar cap with 6 < f is 

B hyp) 

cal sino ao | do = 2na7(1—cos B) 
0 0 

If 8 =z, we obtain the surface area of a sphere (47a”). 

ol 

NX 

Figure 8.26 
A pictorial argument that the volume 

element in spherical coordinates is given 

by dV =r? sin 6 drdéd@. 

<4 

Figure 8.27 
The volume to be determined in 

Example 3. 
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Figure 8.28 
The unit vectors e,., €g, and ey of a 

spherical coordinate system. 
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Now let’s find the unit vectors of a spherical coordinate system so that we 

can derive expressions for the various vector quantities related to this coordinate 

system. As we did in the previous section, we start with r = x i+ y j+ zk, which 

in this case is equal tor sin@ cos@i+r sin 6 sing j+rcosé k. The vector dr/dr 

is tangent to the r curve; the vector dr/08@ is tangent to the 6 curve; and the vector 

or/d¢@ is tangent to the @ curve in Figure 8.24. These three vectors form a set of 

mutually orthogonal vectors. (Do Problem 9 if you have any doubts about this.) 

They aren’t necessarily unit vectors, but they will be if we divide each one by its 

length. Thus, we have 

Or/or | _ or/d0 | _ or/d¢ 
Te = ? eg = > eg = (6) |ar/ar| ° Jar/96| ° |ar/a| 

The three unit vectors e,., eg, and ey are shown in Figure 8.28. If we let 

or or or 
ae tes OS ae © (ifia e (7) 

or 00 od 

Equations 6 can be written as 

or - or or 
[peas =: C= 8 

ar ay Seinen 4 

We can use Equations 7 to determine the h’s. For example, 

OL LO Vee Vo Sena 
—— = _——__ jj a. = -++ — k 

of “Or or : or 

and so 

1/2 

hy = (6: x) > 2) ae (2 * 54 (%) x] 
‘ or OF * or or : or 

= (sin? 6 cos” ¢ + sin? @ sin? @ + cos” @)!/2 = 1 (9) 

Similarly, we find that (Problem 10) 

io and hg =r sin@ (10) 

Using 

a) 
dr = (=) dr + (=) fore alae 

or 00 Op 

and Equation 8, we see that 

dr =dre,+rdé0 eg +r sin Odd eg (11) 

which gives (ds? = dr - dr) 
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Dipl ae, Dea 2 2 ds“ =h*dr° + hido t+ hodo 

= dr? + 17d0? +r? sin? 6dg? 

as in Equation 2. 

We can derive a formula for the gradient in spherical coordinates by letting 
Vf=(VS)-e, + (VA)geg + (V f)g€¢ and comparing the following two expres- 
sions for df: 

of of of 
df =—d —_ — if ra Oe ad ap Ae 

and 

df =Vf-dr=(Vf),e, dre, + (V f)geg -rd0 eg + (V fgey -r sin Odo ey 

=(Vf),dr+(V f)grdé + OV) ar sin Odo 

where we have used Equation 11 for dr. Comparing the two expressions for df, 

we see that 

af laf 1 af 
(V ) — ——— s (V ae V — eva 

ae Do = 56 Whe r sin 0 dg 

Thus, 

af laf 1 af 
Vj=—e, +-— en Te 12 
re rao” rsindad ° oo 

or 

ra) : e et oe eee (13) dr r 00. rsin@ ad 

in operator form. 

aie A ep a 
Example 4: 
Evaluate grad f if f(r,0,¢) =r? sind. 

SOLUTION: Using Equation 12, we obtain 

Gan = Vy oan ee e 
sin 0 3 

[Se ee aa seer 

To derive expressions for the divergence and curl, we have to see how the unit 

vectors, e,., €g, and ey vary with r, 0, and @. We’ll do this by first expressing e,., 

e€,, and ey in terms of i, j, and k. According to Equations |, 

e, =sin@ cos @i+sind singj+cosék (14) 

es: 



374 Chapter 8 / Curvilinear Coordinates 

Figure 8.28 shows that eg = de,/d0, in which case we have 

e, = cos @ cos Pi+ cos @ sin gj — siné k (15) 

Notice that €, can also be obtained by adding 2/2 to 6 (Problem 11). Figure 8.25 

shows that ey =e, x €g, and so we find that 

eg =—singditcosdj (16) 

None of these unit vectors depends upon r, so we have immediately that 

(= 8° _9 (17) 

You can also see this result from Figure 8.28; varying r simply moves the entire set 

of unit vectors along r without changing their directions. We’ ll leave the details to 

Problem 13 just to save space, but it is straightforward (and fairly brief) to show 

that 

0e,. 0e,. 
ae = €4 Pana = sin 0 7) 

00 ad 

deg de, ~ 
=e) —“=cosfe 
a0 d ad ¢ as) 

oe oe 
—£=9 —* —— sind e, —cosé e, 
00 ad 

These results are summarized in Table 8.3 at the end of the section. 

We’re now ready to find the spherical coordinate expressions for div u. 

; ) Cy 0 ey 0 
divu=V -u=(e, 3F se (Ge & €p tuge 

( ap 0G. Pano a) a 

Ou, de, Ug dep Ig dey 
=€,- Oe he 4p === Oy sp Uig—— s- === C — 

( or " Or or 8 ° or aroma +e or 

4 8 (F He de, i Jug ee de A dug ri dey 
— ,tu,— + — ug — + — — 
r \ ae 00 «(00 88s 8B 

e Ou, 0% 90. ) du de 
ie ( epee rey ei” ene 

rsin@ Op dp Op ap ap ol) 

Use Equations 17 and 18 to get 

du, | Uy , Ldug , Uy, | Ug cos@ 1 dug 
div u = — + — at 

or r r 00 r rsin@ rsin@ dd 

lorie 1 d(ug sin @ 1 du Blac 2 ree CS SL 
ie or rsin@ 00 rsin@ dd 

(19) 
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To find V*, substitute u, = df/dr, ug = (1/r)(af/0), and ug = 
(1/r sin #)dfd¢ from Equation 12 into Equation 19: 

TE peeoasy ih 8 of (Mec cei 
V2 f = div grad = —— 4+ -— + = (sinost) + of 

f grad f dr2 or Or_—sr2 sin 6 00 a0 r2 sin? 6 dg2 

(20) 

Mais. 0: >. = S Ss et ee 
Example 5: 
Show that f(r, 6, ¢) =r sin @ cos ¢ satisfies Laplace’s equation. 

SOLUTION: 

Vf= sin @ cos ¢ ue SSS ONCOSSY sin“ 0) rsin@dcos@ 

r r2 sin 6 r2 sin? 6 

Disiy oe . _ cos yes Bs sin* 0 sin 0 

i sin 6 sin? 6 

__ sin @ cos @ 
—- (2 sin? @ + cos? 6 — sin? 6 — 1) =0 

r sin* 0 

a8 2 te | 

We’ ll leave the derivation of curl u to the problems; the result is (Problem 15) 

1 OG: 0 
eur a= Vex iy : sind ug) — ec, 

rsin@ | 06 ako) 

. O(rug) 4 | a Ou, o z (21) 

r Lsin@ dd or 

or 

cher pet (22) 

Example 6: 
Evaluate div u and curl u foru =r e,. 

SOLUTION: Equation 19 gives 

divu=V.-u=3 

and Equation 21 or 22 gives : 

culu=Vxu=0 

Po ee er ee ee 

375 
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Table 8.3 

Some useful formulas in spherical coordinates. 
Ne ee ee 

haa i hy=rsing 

de, _9 ae) oer — sin 6 eg 

or 00 ap 

deg —0 de6 =—e, des COSC ey 
or 00 a) 

de de de 
ares) eG =! = sind © cos 6 e, 
or 00 a) 

of lof rahi? 
Stade Vie ear =e 
Be a ag 8 rsindad ° 

a(r? 1 d(ug sin@ 1 Ou (r 2 a. (Ug Si ) i ¢ 

or rsin@ 00 r sind ab 

| 
divu=V-u=— 

aD 

g? a [|e 

dr2. ror r2sin@ 00 r2 sin? 0 dp? 

: |= cin 0 Ug)-— =| e. 
rsin@ Loé ap 

| 1 du, (rug) 1[d(rug) du, 
Ste 5 ; eg 7 = a Eee ey 

r Lsin@ dd or r or 00 

CULV oo 

Problems 22 and 23 ask you to use a CAS to evaluate the gradient, divergence, 

and curl in spherical coordinates. 

We summarize the key formulas of this section in Table 8.3. 

8.4 Problems 

1. What is the relation between geographical latitude (@) and longitude (8) and the angles 6 and #? 

2. Use Equation 2 to calculate the arc length of the equator of a sphere of radius a. 

3. Show that ds? = dr? + r2d6? +r? sin? 6d¢? in spherical coordinates. 

4. Evaluate the integral in Example 2 using cartesian coordinates. 

5. Evaluate the integral J = ll xe dxdydz over a sphere of radius a centered at the origin and compare your 

result to the one obtained in Example 2. Why are the answers the same? 

6. Evaluate the integral / = ih / / r> dxd ydz over a sphere of radius a centered at the origin and compare your 

result to those obtained in Example 2 and Problem 5. Why is the answer to this problem three times the answer 

to Problem 5 and Example 2? 

7. Use spherical coordinates to evaluate the integral / = fife cos” 6 dV over all space. 
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oye 

8. 

18. 

Consider a sphere of unit radius so that dS = sin 6 déd@. We call the region connecting the origin with dS a 
solid angle, dQ (see Figure 8.29). We express this by writing d2 = sin 6 déd@. Notice that a complete solid 

angle 2 = 47 (called 47 steradians) just as a complete circle = 27 radians. Evaluate [fs 6 cos’ 6 dQ 

> . . S 

over the surface of a sphere of unit radius. 

z} 

=< 

Figure 8.29 
An illustration of a solid angle dQ. 

. Starting withr =xi+yj+zk=rsin6écos@i+r sin6 singj+rcosé@k, show that dr/dr, dr/06 , and 

dr/d¢@ are mutually orthogonal. 

. Show that hg =r andhg =r sin@. 

. Show that eg can be obtained from e,. by adding 7/2 to 0. 

. Evaluate grad f if f =rcos®@. 

. Derive Equations 18 by starting with Equations 14 through 16. 

. Show that f(r, 0, 6) =r? sin’ @ sin 2¢ satisfies Laplace’s equation. 

. Derive Equation 21. 

. Show that Equation 22 is equivalent to Equation 21. 

. Use the metric coefficients h, = 1, hg =r, and hg =r sin @ and the entry in Table 8.3 to show that 

) ) a) 
divu=V-u= | so (hatam) se — (h3h up) ae Sth) 

Ou 0U3 hyhohz Ou 

if uj =r, uy =9, andu3z=¢@. 

Use the metric coefficients h, = 1, hg =r, and hg =r sin @ and the entry in Table 8.3 to show that 

hye ho e> hz e3 

I Y ] a) a) id 
curlu= V xu= 

hyhyh3 | Ou, dun U3 

Ayu, hou h3u3 

UE ie) FW to), ehNal fie ay 
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19. 

20. 

21. 

22. 

23. Use any CAS to find div u and curl u if u= e— 
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An integral that occurs in a number of applications (and one that we will encounter in Chapter 17) is 

k 

CO 

F(k) = // f(rye'*"dr. Show that F(k) = I fir)" Ly) dr by letting k- r =kr cos @ and using a 

—CO 

spherical coordinate system with k along the “z axis.” The notation dr means r? sin 0dr ddd. 

Show that the great circle distance between two points of latitude and longitude (a, 62) and (a, B2) is given 

by d = R cos~![ cos(B; — >) cos a cos a + sin a; sin a]. 

Evaluate the integral || (ax + by + cz)*"dxdydz over the region x? + y? + 2? < R?. Hint: Recognize that 

ax + by +czisr-v where v=ai+bj+c Kk and take the “z axis” to be directed along v. 

Use any CAS to find grad f if f = e-” cos? @ sin ~. 
R 

es 9) 

” cos 0e, — r* sin b €g + cos 6 cos > eg. 

8.5 Curvilinear Coordinates 

In the previous sections of this chapter, we deduced the form of the differential vol- 

ume elements in cylindrical coordinates and spherical coordinates geometrically 

with the aid of Figures 8.18 and 8.26. We found that dA = rdrd6dz in cylindrical 

coordinates and that dA = r? sin 9@drd@d¢@ in spherical coordinates. We can actu- 

ally derive these relations analytically using vector methods. We can handle both 

cylindrical coordinates and spherical coordinates simultaneously by considering 

three general orthogonal coordinates, wu), v2, and u3, where u; =r, uv, = 9, and 

u3 = z in the case of cylindrical coordinates and u; =r, uy = 6, and uz = ¢ in the 

case of spherical coordinates. We say that v1, uv, and w3 are orthogonal coordinates 

if the surfaces uv; = constant, v7 = constant, and w3 = constant intersect at right 

angles. Let 

NN ios tha) y= yy, Uo, U3); Z = Z(Uy4, Up, U3) (1) 

be the equations that relate the x, y, z coordinates to the u1, uy, uz coordinates. 

(Compare these to Equations | of the previous two sections.) If the functions 

X(Uj, Un, U3), Y(Uy, U2, U3), and Z(uy, WU, U3) are Continuous, have continuous first 

partial derivatives, and have single-valued inverses, then Equations | represent a 

one-to-one correspondence between points in the x, y, z coordinate system and 

the w;, U2, U3 coordinate system. The position vector r in either coordinate system 

is given by 

r=xityjtzk=x(uj, up, u3)i+ yy, U2, U3) J+ 24, U2, U3) k (2) 

Now consider a differential volume element in the xyz coordinate system, 

where dr = dxi+dyj+dzk. We learned in Section 5.3 that the volume of 

a parallelepiped formed by three non-coplanar vectors u, v, and w is given by 
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|u - (v x w)|, so that the volume element in the xyz coordinate system is given 

by dV = |dxi- (dy j x dzk)| = |i- (j x k)| dxdydz. Buti, j, and k are mutually 

orthogonal unit vectors, sod V = dxdydz. Now consider a differential volume ele- 

ment in spherical coordinates, where dr = dr e, + rd eg +r sin @ eg. Recall that 

dr/dr is tangent to ther curve and that dr/06 is tangent to the 6 curve, and dr/0¢ is 

tangent to the @ curve. The differential volume element in spherical coordinates is 

given by dV = |dre,- (rd0 eg x r sin@ ey) |= r? sin 6 drdédq| e, - (€g X €g)|. 

But e,, eg, and eg are orthogonal unit vectors, so |e, - (€g x €g)| = 1 and dV = 

r? sin 6 drdéd@. 
Now let’s consider the corresponding differential volume element in terms 

of UW), Uz, U3, Which we will call curvilinear coordinates. The vector dr/du, will 

be tangent to the uw, curve, which is the curve that is formed by the intersection 

of the uw» = constant and u3 = constant surfaces (Figure 8.30). Similarly, dr/du> 

is tangent to the w> curve and dr/du3 is tangent to the v3 curve. Thus, the three 

vectors 0Or/du,, Or/duy, and dr/du3 are mutually orthogonal (Figure 8.31). They 

are not necessarily unit vectors, but we can form unit vectors by writing 

dr/du or/du or/du ets Ee j= MES ae /du3 GB) 
|or/du)| |or/dup| |or/du3| 

or 

or or or 
—=h,e;; — =h)e; —=h.e (4) AP 1 An, 2) oun 3 &3 

where h ; = |dr/du;| for j =1, 2, 3. Using Equation 3, we can write 

dy =h, du,e,; + hy dun en +h; du; e3 (5) 

a es 
Example 1: 
Show that 

2 2 27/2 
Ox 0 Oz 

du j Ou j OU j 

SOLUTION: 

0 Oz hj = Bp ty jee i+ st ae k 
OU; Ou; Ou j Ou; 

1/2 

ll 

aS 
Q> 

Q 

2/8 we 

to 

+ 

ee 
Q> 

Q 

= {3 en 

to 

+ 

a 
lob) 

Q 

SS 

1) 

579 

u3 constant 

Figure 8.30 
The intersection of two coordinate 

surfaces produces a coordinate curve. 

Figure 8.31 
The coordinate surfaces of an orthogonal 

coordinate system are mutually 

perpendicular at any point of intersection. 
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The differential volume element in the w;, v2, w3 coordinate system is given 

by 

a |h; du, e|- (hy duy Cy X hz duz e3)| =e): (€5 x e3) [hy h h3 du, duy duz (6) 

But e;, e>, and e3 are mutually orthogonal unit vectors, so |e, - (e2 x e3)| = | and 

Equation 6 becomes 

dV =hyhy hy du, duy du, (7) 

which is our desired result. 

ReSrrray eee eee een | 
Example 2: 
Show that Equation 7 is consistent with our earlier results dV =r drd@d¢ for 

cylindrical coordinates and dV = r? sin 6 drd@d¢ for spherical coordinates. 

SOLUTION: Recall that h, = 1, hg =r, and h, = 1 for cylindrical 

coordinates and that h, = 1, hg =r, and hg =r sin @ for spherical 

coordinates. Therefore, 

hy ho hz du, duy du3 =r drd0dz 

and 

hy hy hy du, du du; =r? sin@ drdddd 

for cylindrical coordinates and spherical coordinates, respectively. 

Equation 7 is often written in the form 

a Ore 
Sa dade. (8) dV =|— -— 

du; OU, du3 

Recall from Section 5.3 that the expression in brackets in Equation 8 (called a 

scalar vector product) can be written in determinantal form (Problem 7) 

ag oceteé 
du; Ou, du, 

or or or Ox dy OZ 
Sau Gas Sie alte es (9) 
du; OU, dUu3 dU, OuUy dup 

ax dy a2 
0U3 0U3 0U3 

(We haven't discussed determinants “officially” so far (see Chapter 9), but we 

assume that you remember how to expand a 3 x 3 determinant. That’s all you’ll 

need to know here.) 
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The type of determinant in Equation 9 occurs fairly often and is called a 

Jacobian determinant, or usually just a Jacobian. In particular, the Jacobian in 

Equation 9 is said to be the Jacobian of x, y, z with respect to w1, uy, u3 and is 

written as 0(x, y, z)/0(uy, U2, U3) so that Equation 8 becomes 

HG Vs) 

O(uy, uj, U3) 

etn te) a 
Example 3: 
Evaluate the Jacobian for polar coordinates x =r cos @ and y =r sin@. 

av = du, dun duz (10) 

SOLUTION: We want to evaluate d(x, y)/d(r, 0). 

ax ay 
O(x, y) a or or 

0O(r,@) ox dy 

00 «08 

cos 0 sin 0 

—rsinOd rcosé@ 

= r(cos* 6 + sin? =i 

Therefore, dV =r drd@ in polar coordinates. 

i ei Se ee le AO nS 

We can also derive expressions for differential area elements in curvilinear 

coordinates. Let’s consider the area element involving the uw» and w3 coordinates 

on the uw; = constant surface. For example, uy and u3 would be 6 and ¢ on the 

surface of a sphere of fixed radius in spherical coordinates. Figure 8.31 shows that 

dA>3 = |(ho dup €>) x (h3 du, e3)| 

=hyh3| eo x €3 | dun duz =hy hz du duz (11) 

since €> and e3 are mutually orthogonal unit vectors. The area elements on other 

surfaces are similar to Equation 11. 

Meee Woe > et ee 
Example 4: 
Use Equation 11 to derive an expression for the differential area element on 

the surface of a sphere. 

SOLUTION: According to Equation 11, we use 

dA =hghg dod =r? sin 6 dod 

in agreement with Equation 5 in the previous section. 

SS a eee 

38] 
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We’ve derived equations for arc length of a space curve in terms of the e; and 

h; in previous sections. To do this in general, start. with 

3 a 
hp i ato ae Ga hye Ndi haer da wee) 

du, OU, dU; 

and form 

ds* = dr - dr =h" dus + hj du; + hy du; (13) 

If uw}, uw, and uz depend parametrically on some variable t, then the arc length is 

given by 

1/2 
f 1 ae diay =f [aCe onlay en (Ta ty dt dt dt 

We can derive an expression for the gradient in curvilinear coordinates by 

recalling that 

dj = rad 7 sar Vp dr (15) 

If f = f (4, 45, 43), then 

0 0 
a one , pee (16) 

Ou, du ou 

and using Equation 12 for dr gives 

df= Vai 2 ay 

=((Vf)yu, ei + VA, 2 + V Au, &3] (hy €1 duy + hg ep dug + hz 3 du3) 

=(Vf)yh1 duy + (V f)uyhz dug + (Vf) y,23 duz (17) 

Comparing Equations 16 and 17, we see that 

1 af 1 af 1 af 
Vf= Cian eo +——e 18 
Sa hy Ou, 1 hy dup ‘ h 0u3 : ( ) 

or 

WN Oe Soe ae ee (19) 

in operator form. 

5 Fg we ee | 
Example 5: 
Show how Equation 18 is consistent with our previous results in cylindrical 

and spherical coordinates. 
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SOLUTION: For cylindrical coordinates, uv, =r, uv) = 6, and u3 = z, and 

h, = 1,hg =r, and h, = 1, so Equation 18 gives 

a9 et, lof 0 
pe ep eee, 

or r 00 Oz 

Similarly, uj =r, v2 = 6, and u3 = ¢, andh, = 1, hg =r, and hg =r sin 6, 

SO 

Of lof il oir 
= ie Oe a : ae 

or r 00 r sin@ dd 

eet See a ee re ae 

We can derive an expression for the divergence by evaluating V - v using 

Equation 19. When you do this, you must remember that the unit vectors e; are 

not fixed in space, and so may depend upon wy), uw, and u3. We’ve evaluated the 

derivatives de; /du, for cylindrical and spherical coordinates in previous sections, 

but Problem 17 helps you show that 

de; = 1 Oh; sl eS 

Ou; we hy Ouy Kral ele 

and 

de, e; oh; a 

eee iiek tienthae. 
OU j h; Ou; J = il Dh 3 

(20) 

(21) 

in general. Thus, the various derivatives of the e; depend upon the metric co- 

efficients (as does everything else). The following Example shows how to use 

Equations 20 and 21. 

Maem ige ie 
Example 6: 
Use Equations 20 and 21 to derive the results in Table 8.2. 

SOLUTION: First note that h, = 1, hg =r, and h, = 1. From Equation 20 

de, 1 Oh, 1 Oh, 
= Cg cr 

or hg 00 heroG 

= 

deg as 1 dhe pe | dhg ie 

00 i, Ole [ignore 

=—e, 

de, 1 oh, 1 oh, 
= = =e =e 

dz h, or hg 00 

383 
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Using Equation 21, 

de,  €p dhg 
a ee 

OOM shel dr 

de, _ &; dh; a0 
Oz Oe 

Bey _ & dhr _ 4 
or hg 00 

dep _ € 9h: _ 
Oz hg 00 

de, _ er dh, 
or amy 4 

Cea ae 
00h, az 

Problem 12 asks you to do this for spherical coordinates. 

ee ee ae ee eee S| 

Using Equations 20 and 21 along with div v = V - v gives (Problem 10) 

l 0 B 9 

ae A — (hyh3v1) + —(hyhgv) + —(hyhgv 22 
hyhyhz a pu? ) aa We) 2) i CR »| ( ) 

We can also derive Equation 22 by starting with the definition 

divv= lim ——WW—— (23) 

and considering the flux in and out of the volume AV (Problem 11). Similarly, it 

turns out that (Problem 13) 

curly=V xv 

=~ fev [ue oe + eho [een 0(h3U3) 

hyhyh, L ( du 0U3 0U3 du, 

d(h a(/ re evs | (Agv2) ed || 
du, du, 

hye, hye> h3e3 

ore ae ee me 
hyhoh, | du; Ounh Ou; 

hyvy hyv> h3v3 

Finally, we can derive an expression for the Laplacian operator in curvilinear 

coordinates by using V? f =div grad f = V-V f and Equations 18 and 22 (Prob- 

lem 14): 
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pei ere ene (ST). (ab) 
hyhyhz Ou, hy du du ho du> 0U3 hz 0U3 

(25) 

Example 7: 
Use Equation 25 to derive Equation 20 of Section 4. 

SOLUTION: Recall that h, = 1,hg =r, andhy =r sin. 

1 a a 
Vf== |= (sino) + 5 (sini) + > ( ~) 

ig UO) ole or 00 00 dd \sin@ dd 

1a af 1 @ a 2 
=35 (P)+ oe wy (sino) + 5 oF 

29 ar r2 sin @ 060 a0 r2 sin? 6 ag2 

ee Te 

II 

Figure 8.32 
The volume formed by a set of intersecting 

orthogonal coordinate surfaces and used 

a to help derive an expression for div v in 

8.5 Problems curvilinear coordinates in Problem 11. 

1. Describe the coordinate surfaces and the coordinate curves in cylindrical coordinates. 

2. Describe the coordinate surfaces and the coordinate curves in spherical coordinates. 

3. Show that cylindrical coordinates form an orthogonal coordinate system by showing that the dr/du ; are 

orthogonal. 

4. Show that spherical coordinates form an orthogonal coordinate system by showing that the dr/du ; are 

orthogonal. 

5. Express the vector v = xy i+ zk in acylindrical coordinate system. 

6. Show thati- (j x k) = 1. 

7. Show that u- v x wcan be expressed in terms of a determinant. 

8. Evaluate d(x, y, z)/d(r, 6, z) for cylindrical coordinates. 

9. Evaluate d(x, y, z)/0(r, 6, d) for spherical coordinates. 

10. Derive Equation 22 using V - v and Equations 20 and 21. 

11. We can derive an ae for the divergence in curvilinear coordinates by starting with the definition 

Jsv-nds 

orthogonal seonanete surfaces, as in Figure 8.32, and calculate the flow of v through all the surfaces to derive 

div v= an , where the surface S encloses the volume V. Let V be formed by a set of intersecting 

an expression for div v. 

12. Use Equations 20 and 21 to verify the corresponding entries in Table 8.3. 
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13; 

14. 

15. 

16. 

17. 
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e, | 

Figure 8.33 Vi 
“4° > / 

The uw, = constant curvilinear surface that vf 

is used to derive an expression for curl v gy e; 

in curvilinear coordinates in Problem 13. 

We can derive an expression for the curl in curvilinear coordinates by starting with the definition 

Ps -ds curl v = Tom ae, where the curve s surrounds the area S. Consider the uw; = c,; coordinate surface 

in Figure 8.33. Evaluate f v - ds around the path in Figure 8.33 to derive an expression for curl y. 

Derive Equation 25 using V? f = div grad f = V - Vf and Equations 18 and 22. 

‘ 

Use Equation 11 to calculate the surface area of a unit sphere. 

Use Equation 11 to calculate the total surface area of a right circular cone of slant height s with a base of 

radius R. 

This problem helps you derive Equations 20 and 21. Start with Equations 4 and use the fact that 

d°r/dujdu; = 0°r/du du; to get 

: +h; . —€- : Sf (1) 

dh; 
es thy By =e +h E;; (2) 

with no restrictions on 7, j, or k. Now differentiate e; - e, = 5;, (Kronecker delta) and show that 

Ej; - e& = —Ej; - e; (3) 

with no restrictions oni, j, or k. Use (3) to show that 

Ej; ¢; =0 (4) 

Ey e= po FD (5) 
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Similarly, operate on (2) with e, (k 4i, 4 j) to get 

h,Bj; ee =h Bj; - ey (kK#i, FJ) (6) 

Now substitute (3) into (6) to get 

h-E.. pee = hj Ege; TAS AK (7) 

Lette pk 3152, 3); "(233 /wand Gy 1,2) andshow that Ej; -e =0 fori 4 j #k. Using these results, 
show that 

de) 

raileag Ej9 = (Ej2 - €;) €; + (Ej - ep) €9 + (Ej2 - €3) €3 A 

ie ] dh> 

hy Ou 

de 1 oh de> 1 of 
and 6, an —— z e,, or generally 

Ou _ h, ou, Ou - ho uy 

de; - 1 dh j 

du; hj du; 3 
le J (8) 

Now show that 

de; 

uy 
(Ey) - €)) e; + (Ey - €2) €2 + (Ey, - 3) €3 

= —(Ep, - e;) en — (Es) - €)) €3 

] dh, | dh, 
: e5 = e 

hy du, ~~ hg, Ou 

and 

de> | dh» | dh) 
= e; e 

Ou hy ouy h3 0u3 

de3 | dh, | dh; 
= = e| —ie 

Ou hy Ou hy Ou 

8.6 Some Other Coordinate Systems 

The only coordinate systems that we have discussed so far are plane polar coor- 

dinates, cylindrical coordinates, and spherical coordinates. If a physical system 

has a certain degree of symmetry, then choosing the “right” coordinate system 

to describe the system can greatly simplify the problem. For example, spherical 

coordinates are natural coordinates in dealing with systems that have a center of 

symmetry. There are a number of well studied coordinate systems, each of which 
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Figure 8.34 
A prolate spheroid is obtained by rotating 

the ellipse in the figure about its long axis. 

Figure 8.35 
The geometry associated with a hydrogen 

molecular ion, Hj. The two nuclei are 
separated by a distance R = 2a and the 

electron is located at the point (x, y, z). 

Figure 8.36 
A prolate spheroidal coordinate system. 

The coordinate surfaces are prolate 

spheroids given by 7 = constant, 

hyperboloids of two sheets given by 0 = 

constant, and planes containing the z axis 

given by @ = constant. 

Chapter 8 / Curvilinear Coordinates 

is appropriate for problems with certain symmetry. In this section, we shall briefly 

introduce a few other coordinate systems to give an example of what’s available. 

A prolate spheroid is obtained by rotating the ellipse shown in Figure 8.34 

about its long axis. Suppose we want to determine the electrostatic potential or 

the electrostatic field about an isolated metallic prolate spheroid whose surface is 

at a potential V. The natural coordinate to use in this case is a prolate spheroidal 

coordinate system. We shall also see that this same coordinate system can be used 

to calculate the properties of a molecular hydrogen ion, He , which consists of two 

(massive) nuclei separated by a distance R with one electron interacting with them. 

Figure 8.35 shows the geometry for this system. 

We can generate a prolate spheroidal coordinate system by rotating a family 

of ellipses and hyperbolas having the same foci (confocal) about the major axis of 

the ellipse, as shown in Figure 8.36. The distance between the two foci is 2a and 

n, 9, and ¢@ are the prolate spheroidal coordinates. The relations between x, y, z 

and n, 0, ¢ are 

x =asinh n sin@ cos ¢ 

y =a sinh n sin@ sind (1) 

zZ=acoshyncosé 

Fixed 6 
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Let’s look at each prolate spheroidal coordinate surface in turn. The surfaces 

7 = constant are prolate spheroids 

22 oY 

rs = + a aa Gb 

where b =a sinh n and c=a cosh n, and.n varies from 0 to oo. The surfaces 

? = constant are hyperboloids of two sheets. The angle @ is the angle between 

the asymptotic cone of a hyperboloid and the z axis as shown in Figure 8.36, and 

varies from 0 to 7; 0 < @ < 2/2 describes the upper hyperboloid in Figure 8.36 and 

mz /2<6<a describes the lower hyperboloid. When 6 = 7/2, the two hyper- 

boloids degenerate into the xy-plane. The angle ¢ simply represents the angle 

about the z axis and varies from 0 to 277. The ¢ = constant surfaces are half planes 

containing the z axis. Equations 2 summarize the full ranges of the three coordi- 

nates: 

ORSir4co- SO < ae 0<@<2z (2) 

As with any new coordinate system, it takes a little practice and experience to 

become comfortable with it. 

ens, cndvn atin Ah MMs udewttin cubeg wl” 
Example 1: 
Show that prolate spheroidal coordinates are an orthogonal coordinate 

system. 

SOLUTION: Write r=xi+yj+ zk in terms of 7, 0, ¢, using 

Equations 1. 

r(n, 0, 6) =a sinh 7 sin 8 cos @i+a sinh 7 sin @ sin d j +a cosh 7 cos 6 k 

Then, 

= a cosh 1 sin 8 c0s i +4 cosh 7 sin @ sin @ j +a sinh n cosé k 
1) 

< =a sinh 7 cos cos i +a sinh 9 cos sin p j —a cosh n sin? k 

5p =a sinh nsind sin i+a sinh n sin 8 cos 4 j-+ 0k 

and 

or or or or or or 

dn 00 an dp 90 dd 

ictal 

389 
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We can use Equations | to evaluate the scale factors h,, hg, and hg. For 

example, 

1/2 
ax\? (ay \* 2 (82\" 

LE he mae et | a ere 
an an an 

= (a* cosh? n sin? 0 cos* p+ a’ cosh” n sin? @ sin? p+ a’ sinh? n cos’ 6)!/? 

= (a? cosh? n sin? 9 + a? sinh? n cos’ 6)!/? 

=a [(1 + sinh? 7) sin’ 6 + sinh? n(1 — sin? 6)]'/ 

= a(sinh? n + sin? 9)'/? (3) 

Similarly (Problem 1), 

he = he. and hy =a sinh sind (4) 

We can use the scale factors to calculate the volume of a prolate spheroid. 

“ 

Example 2: . s! 
Use prolate spheroidal coordinates to calculate the volume of a prolate 

spheroid. 

SOLUTION: 

n0 1 20 

v= [edn [ao [ db h,hghg 
0 0 0 

. 0 3 18 : no 1 : 

— Ts / dn sinh- n | dé sin @ + 27a i dn sinh nf d@ sin’ @ 
0 0 0 0 

sh° oN Sia 
= Arq? (one — cosh 79 + ‘) i 7 (cosh npg — 1) 

And 05 
Ps sinh* no cosh no 

But b =a sinh np and c =a cosh no, so 

Problem 2 asks you to calculate the surface area of a prolate spheroid in a similar 

way. 
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Laplace’s equation in prolate spheroidal coordinates is (Problem 3) 

2 
We Ser een a eee (<4 CO oeca! ot ) = th 7n— + —~ +cot 

a?(sinh? n + sin? 0) \ dn? ee 062 00 

1 On 
pom et 5 

a? sinh? n sin? 6 dg? ©) 

This equation may not look too inviting, but it reduces to a fairly simple equation 

under certain (realistic) conditions. Suppose we want to determine the electro- 

static field about an isolated metallic prolate spheroid 7 = no, which is at a fixed 

potential Vj. (Recall that Laplace’s equation governs the electrostatic potential 

throughout a charged-free region.) In this case, the potential will depend upon 

only 7 and so Equation 5 will become 4 

d’V V 
V2V = —— +coth aes, (6) 

dn? dn 

We haven’t studied differential equations yet, but surely Equation 6 is a lot simpler 

than Equation 5, and this simplification will occur only in a spheroidal coordinate 

system. The solution to Equation 6 is 

In tanh(7 /2) Vy ee 7 
CU resorres is 7) 

(Equation 6 is actually easy to solve and Problem 5 helps you solve it.) Figure 8.37 

shows that the equipotential surfaces are spheroidal surfaces 7 = c). Figure 8.37 

There is another way of expressing prolate spheroidal coordinates that is used The equipotential surfaces (color) and the 

in molecular quantum mechanics. Consider two nuclei separated by a distance _©o'Tesponding electric field (black) about 

R = 2a and an electron located at a point (x, y, z), as in Figure 8.35. Let r, and rp a prolele suheraid beldiata Her yoreuual 

be the distance of the electron from each nucleus. Then r, + rz = constant maps out 

a prolate spheroid and r; — ry = constant maps out the hyperboloids in Figure 8.36. 

To see this analytically, we use 

yee ay ae 

and 

rg=[Z - ay eae yp 

and Equations | to get (Problem 6) 

Be ee a and ee eT and p= (8) ny 
2a 2a 

The two coordinates A and jz and @, the angle about the z axis as in Figure 8.36, 

constitute an orthogonal coordinate system equivalent to the prolate spheroidal 

coordinates n, 0, @ (Problem 7). This coordinate system, which is sometimes 

called a bipolar coordinate system, is shown in Figure 8.38. 
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Figure 8.38 
A bipolar coordinate system, where 

oy = (r} + 12)/2a, “ = (71 — 1) /2a, and 

is the angle about the interfocal axis. 

Because A = cosh n and 0 < 7 < ~, then 1 < A < o (as you can also see 

pictorially from Figure 8.38). Also, because jz = cos 6, then —1 < yz < 1. Of course, 

o, being the same as the ¢ in Figure 8.38, varies from 0 to 277. Thus, we have 

(Soh ale or Ny | UST eas P2515 (9) 

Notice that Equations 8 say that 4 = constant (7 = constant) surfaces are 

prolate spheroids and 4 = constant (9 = constant) surfaces are hyperboloids. 

Problem 8 has you show that 

Geis ade Bay 2 1/2 21/2 
Cee a ea. meee em ea 

(10) 

Example 3: 
Use Equations 10 to calculate the volume of a prolate spheroid. 

3 Qn Ao ] 

vae f ap | af duo? — 2) 

SOLUTION: 
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Ao i} 4 3 

= ana’ | (?- +) di= = holAg — D 

De 4na> c b> rm An cb? 

3 a az 3 

because A,9 = cosh ny = c/a and iN —1= sinh? No = b?/a?. 

I se ee Pe in| 

An integral that occurs in a quantum-mechanical treatment of a hydrogen 

molecule is 

1 —r) —-r [=— Cm lemme ay (11) 
IN 

all space 

where r, and r> are as depicted in Figure 8.35. This integral is fairly awkward to 

evaluate (see Problem 10) unless we use the bipolar coordinates 4, 4, @, in which 

case it’s simple. In terms of A, uw, and ¢, J becomes 

1 =i 

ye 1 
= 4a f ddew™ (3 :) 

I 

R\> Bs iss 12 \ (Sheard | De BRR” -R? 

oR Ne = (14 R4 38°) (12) 

Physically, 7 is a measure of the overlap of the wave function centered on one 

nucleus with the wave function centered on the other nucleus and is called an jon 

overlap integral (Figure 8.39). , 

Another coordinate system that is similar to the one we have discussed here is whos sk) 
d ; ; ; The overlap integral, Equation 12, which 

an oblate spheroidal coordinate system (Figure 8.40). The three oblate spheroidal jj, a measure of the overlap of the wave 

coordinates are related to x, y, z by function centered on one nucleus with 

the wave function centered on the other 

x =acosh 7 sin @ cos d nucleus. 

y =acoshn sin@ sing (13) 

z=asinh 7 cos @ 

We can generate an oblate spheroidal coordinate system by rotating an orthogonal 

family of confocal ellipses and hyperbolas about the minor axis of the ellipse 

(compare to prolate spheroidal coordinates). As in the case of prolate spheroidal 

coordinates, 2a is the distance between the foci. The 7 = constant surfaces are 
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Figure 8.40 
An oblate spheroidal coordinate system. 

oblate spheroids 

+—=] ls 

where b = a cosh 7 and c =a sinh n. The surfaces 6 = constant are hyperboloids 

of one sheet and ¢ is the angle about the z axis. The coordinates range from 

0 == co; Ox @ Sar Osos 2n (14) 

We leave the discussion of this coordinate system to a set of problems (Prob- 

lems 12-16). 

8.6 Problems 

1. Show that hg = a(sinh? 7 + sin? 6)!/? and hy =a sinh 7 sin @ for prolate spheroidal coordinates. 

2. Use prolate spheroidal coordinates to calculate the surface area of a prolate spheroid. 

3. Show that Laplace’s equation in prolate spheroidal coordinates is 

| Oo Of Oe a 
vf = >———- LE reg teeta Ec ogyey 

a?(sinh* n + sin- 0) \ dn dn 0@2 00 

eee 
=—a\() 

a? sinh? n sin? 6 a¢? 

4. Show that f(7, 6, 6) = sinh 7 sin @ sin ¢ is a solution to Laplace’s equation in prolate spheroidal coordinates. 

5. Here’s how to solve Equation 6. First let g = dV/dn and then separate variables and integrate to get g. Then 
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integrate again to get V. You can determine the two integration constants by using the fact that V(7) = 0 as 
n — oo and that V(n9) = Vo. 

6. Start with the equations r,; = [(a + z)* + x? + y?]!/? and rs ={((@ =z) +x + y")!” to derive Equations 8. 

7. Show that A, 42, ¢ in Equations 8 form an orthogonal coordinate system. 

Lt 

12. 

13. 

14. 

15. 

16. 

» ag? — ye _ a2 — p2)}/2 
. Show that h, = —>———_; h, = —_———_-; and hg = a(? — 1)". — p”)” for the 2, 1, o (A2 — 1)1/2 antl (1 = p2)!/2 

coordinate system defined by Equations 8. 

- Use the prolate spheroidal coordinates A, j1, ¢ to calculate the surface area of a prolate spheroid. 

10. Show that the integral in Equation 11 is given by 

1 co : 20 54 ; 

I(R)=—- fl dry ens / dd / d@ sin Ge "2 using spherical coordinates centered on nucleus A, 
I JO 0 0 

as shown in Figure 8.41. To evaluate this integral, use the law 

of cosines to express r> in terms of r;, 6, and R. ry 

Figure 8.41 g 
The geometry used in Problem 10 to K 

evaluate the integral in Equation 11. 

eon 

Another integral that occurs in a quantum-mechanical treatment of a hydrogen atom is J = /I/ dV, 
iD) 

where the integration is over all space. Use the 4, 4, @ bipolar coordinate system to show that 

J 
JS ek (: + =). where R 1s the distance between the nuclei. 

Show that the oblate spheroidal coordinate system is orthogonal. 

Determine the scale factors h,, hg, and hy for oblate spheroidal coordinates. 

Use the scale factors that you determined in the previous problem to calculate the volume of an oblate spheroid. 

Use the scale factors that you determined in Problem 13 to calculate the surface area of an oblate spheroid. 

Show that your answer reduces to that of a sphere if b = c. 

; La l ar 
Show that Laplace’s equation in oblate spheroidal coordinates reduces to a + tanh n = (if f depends 

dn " 

only upon 7. Can you give an example of a physical problem where this would be the case? 
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Carl Friedrich Gauss (1777-1855), who is often referred to as the Prince of Mathematics, was born on 

April 30, 1777, in Brunswick, Duchy of Brunswick (now Germany), into a laboring family. His talents were 

recognized at a very early age and were developed with the aid of a maternal uncle. In 1792, he received 

financial support, which continued long after he finished his schooling, from the Duke of Brunswick. In 

1795, Gauss left home to study at Gottingen University, although he received his degree from the University 

of Helmstedt in 1799. He then returned to Brunswick, where he devoted himself to mathematical research. 

In 1801, he published his first major work on number theory. In the same year, he correctly predicted the 

orbit of the newly discovered “planet,” Ceres, using the least squares method without explaining his method. 

In 1805, he married Johanna Ostoff, with whom he had three children. In 1807, Gauss took the position of 

Director of the new observatory at Gottingen, partially because of the death of the Duke of Brunswick. He 

remained at Gottingen until his death 48 years later. His wife and infant son died in 1809, leaving him grief- 

stricken. He remarried less than a year later to a friend of his wife, but it would appear that it was more a 

marriage of convenience, even though they had three children together. One of his greatest contributions 

was the introduction of rigor to mathematical proofs, although he also worked on experimental problems 

of a practical nature for much of his life. Gauss did not seek fame or fortune, and he published only a 

portion of his extensive research. He often claimed that he had solved a problem years earlier when younger 

mathematicians published their results, which occasionally upset other mathematicians. However, after 

Gauss died, his unpublished work was discovered, and it vindicated his claims. Gauss died on February 23, 

1855, when he was 77 years old. 
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Linear Algebra and Vector Spaces 

Although we learned how to solve simultaneous linear algebraic equations in high 

school, the fundamental theory behind the manipulations we learned constitutes 

the study of linear algebra, one of the most sophisticated and beautiful fields of 

mathematics. We can only touch on some of the more relevant topics for our 

purposes in this chapter. In Section 1, we introduce determinants and show how 

they can be used to solve simultaneous linear algebraic equations by Cramer’s rule. 

As elegant as Cramer’s rule may be, it is not well suited computationally, and in 

Section 2, we use Gaussian elimination to not only solve n linear equations in n 

unknowns, but other cases as well. The key quantity in Section 2 is the augmented 

matrix. In Section 3, we discuss matrices more fully, and learn how to multiply 

matrices together and to find their inverses, among other things. Section 4 deals 

with the idea of the rank of a matrix, one of the most important quantities for 

determining the nature of the solutions to sets of linear algebraic equations. Closely 

related to rank is the concept of linear independence of a set of vectors, which leads 

naturally to Section 5, where we introduce and discuss abstract vector spaces. After 

presenting the axioms of a vector space, we define a basis of a vector space and its 

dimension. When we define the operation of an inner product between the vectors 

in a vector space, we then have what is called an inner product space, which is 

the subject of Section 6. Introducing an inner product allows us to discuss the 

lengths of abstract vectors, the angle between them, the distance between them, 

orthogonality, and a number of other geometric quantities. Finally, in Section 7, 

we generalize the results of the previous two sections to include complex inner 

product spaces, which play a particularly important role in quantum mechanics. 

9.1 Determinants 

We frequently encounter simultaneous algebraic equations in physical applica- 

tions. Let’s start off with just two equationsin two unknowns: 

ayjx + ayy =hy é4) 

Ay\X + ayy = hy 297 
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If we multiply the first of these equations by a 7 and the second by aj and then 

subtract, we obtain 

(ay} Ao2 — A472 Az1)X = hy ag, — hy 42 

or 

ies ayyhy (2) 

1) 422 — 4)2 42) 

Similarly, if we multiply the first equation by a, and the second by aj, and then 

subtract, we get 

oe ay ihy — ayyhy (3) 

Ay G22, — 212,91 

Notice that the denominators in both Equations 2 and 3 are the same. If we had 

started with three equations instead of two as in Equation 1, the denominators 

would have come out to be @) 1 499 33 + 413 Aa] 432 + 412 473 431 — 413 422 43) — 

Oy C7 1G sais 1103143). 
We represent a); a7) — @}7 d>, and the corresponding expression for three 

simultaneous equations by 

a a2 : ? 

MT? | = ayy ayy — ay ay (4) 
a9; 492 

and 

Oy 412 413 
ar Pe, ete? 33 + 13 421 432 + A12 A3 43] (5) 

21 22 | = 
— G13 492 431 — 412 421 433 — 411 423 432 

G37 G32, 1433 

The quantities introduced in Equations 4 and 5 are called a 2 x 2 determinant 

and a3 x 3 determinant, respectively. The reason for introducing this notation is 

that it readily generalizes to n equations in n unknowns. Ann x n determinant, 

called an nth order determinant, is a square array of n* elements arranged in n 

rows and n columns. We’ll represent a determinant consisting of elements aj; by 

|A|. Note that the element.a;; occurs in the 7th row and the jth column of |A\. 

As of now, Equations 4 and 5 simply introduce symbols for the right-hand sides 

of these equations, but we shall develop convenient procedures for evaluating any 

size determinant. 

Let’s rearrange the right side of Equation 5 in the following way: 

a); 42 443 
ree _ Gy (4y2 433 — A23 432) = A42(A2] 433 — 493 434) 6 
IA|=| 421 42 43)]= (6) 

+ 413(A2; 432 — 422 431) 
Le Ca: 

Notice that each term in parentheses in Equation 6 is equal to the 2 x 2 determinant 

that is obtained by striking out the row and the column of the factor in front of 

each set of parentheses. Furthermore, these factors are the members of the first 
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row of |A|. Thus, Equation 6 shows us that we can evaluate a 3 x 3 determinant in 

terms of three 2 x 2 determinants. 

We can express Equation 6 in a systematic way by first introducing the minor 
of an element of an x n determinant |A|. The minor M;; of an element aj; is a 
(n — 1) x (n — 1) determinant obtained by deleting the ith row and the jth column. 
We now define the cofactor Aj; of aj; by Ajj = (=) M For example, Aj, 

the cofactor of a), in Equation 6 is 

ON oe 
Ay =(-1)'?? = — (4) 433 — 43 431) 

Oop. 33 

The introduction of cofactors allows us to write Equation 6 as 

JA] = @yAq1 + 412412 + 413413 (7) 

Equation 7 represents |A| as an expansion in cofactors. In particular, it is an 

expansion in cofactors about the first row of |A|. You can start with Equation 5 

to show that |A| can be expressed in an expansion of cofactors about any row or 

any column (Problem 5). 

a) NM be ar ere ek Tae in| 
Example 1: 
Expand 

al | 

Peo el 

UE ed | 

in an expansion in cofactors about the second row and about the third column 

of |A|. 

SOLUTION: We use Equation 7: 

Al — OCI) E32 2) el) e4ee2) 2 

VA OO = 6 isa) (eer) ) (6: 0)? 

ae ie at NN I) LOS 

We shall show below that Equation 7 readily generalizes to determinants of 

any order. 

are ta eae ea | 
Example 2: 
The determinantal equation 

Spo s eS =—O8 j= = Sa Yo: SS Ge 

399 
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occurs in a quantum-mechanical treatment of a butadiene molecule. Expand 

this determinantal equation into a quartic equation for x. 

SOLUTION: Expand about the first row of elements to obtain 

ee ale) AO) tt @ 

XC ellve eee eld a Ole vee ollie =K0) 

Oil , &% (ll 8% 

Now expand about the first row of each of the 3 x 3 determinants to obtain 

=) 
sel il oe Wal (OY 

(x) (x) \ t-co | t}-o|7 t}-co]5 . 

or 

9) 9) ; 

x(x — 1) — x(x) — (Dar -—1)=0 

or 

s —35 +1=0 

Note that because we can choose any row or column to expand the 

determinant, it is easiest to take the one with the most zeroes. 

Pe ee ee 2 gmp 

Up to now we have used 3 x 3 determinants to illustrate how to evaluate de- 

terminants. We’re going to discuss a number of general properties of determinants 

below, and so we need to discuss determinants more generally at this point. First, 

consider the product of elements of ann x n determinant 

Oy, 22 jn 43 j, ae Oni, 

where the /’s are distinct and take on the values | through n. Note that there is 

only one element from each row and one element from each column in this product, 

and that the first subscripts are in their “natural order.’ Also note that there are n! 

possible products because j, can take on one of n values, j, one of n — | values, 

and so on. Now consider the process of interchanging the elements in the above 

product successively until the second set of subscripts is in its “natural order.’ This 

will require either an even or an odd number of interchanges. For example, 

2 42) 433 —> 49} Gj? 433 

O12 343) a7 431 G93 G19) 23 G19 93 

require one and two interchanges, respectively. Now define the symbol 

€ iit do dein +1 

depending upon whether it takes an even or an odd number of interchanges to order 

the n j’s into their “natural order.” For example, €;, = +1, €9; = —1, €;39 = —-L, 
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and so on. Finally, the general definition of ann x n determinant is 

Al = 0 ej i eM Mh Diy Ani, (8) 

where the summation is over all the n! permutations of the j;, jo, ---, jy. 
Equation 8 is the formal definition of a determinant. It may not be familiar to 

you and may be even a little formidable, but we won’t have to use it to evaluate 

a determinant. Its primary use is to prove some important general properties of 

determinants. First, let’s use Equation 8 to evaluate a 2 x 2 determinant. For a 

2 x 2 determinant, Equation 8 gives 

|Al = Ss es fj jp Uj 2 
Tiee2 

In these summations, j; and j, take on the values | and 2, but there are no terms 

with j; = j> because the j’s are distinct. Therefore, 

IA| = €12 41 Qa + €1 G2 | 

Using the fact that €;, = +1 and €,, = —1, we have 

|A| = 441 492 — 442 4) 

in agreement with Equation 4. Problem 11 has you show that Equation 8 yields 

Equation 5 for 3 x 3 determinant. 

The real utility of Equation 8 is that we can use it to derive general results for 

determinants. For example, suppose that we interchange two adjacent rows, r and 

r + 1. If we denote the resulting determinant by |A,.,,.,.;|, then 

|Areortil = ya Shima a2. CDi i ae 

We can get the order of the first subscripts back into natural order by one permu- 

tation, however, so |A,..,,.;| differs from |A| by one inversion. Therefore we have 

that |A,.,,4)| = —|A|. To analyze the interchange of two adjacent rows is fairly 

easy. Suppose now that we want to interchange two rows separated by one row. For 

concreteness, let these rows be rows 2, 3, and 4. We can interchange rows 2 and 4 

by the process (2, 3, 4) > (2, 4, 3) > (4, 2, 3) — (4, 3, 2), which requires three 

steps. This is a general result and so we can write |A,.,,42| = —|A|. Problem 12 

has you show that it requires 2k — | steps to interchange rows r and r + k, so that 

we see that 

|Areorzel = (DTA = -IA] (9) 

or that |A| changes sign when any two rows are exchanged. (This is property 3 

below.) 

Equation 9 says that |A,.,,4,;| = —|A| even if the two rows are identical. If 

the two rows are identical, however, then the value of |A| cannot change. The only 
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way that |A] = —|A| is if |A] = 0. Thus, we see that |A| = 0 if two rows (or two 

columns) are the same. This is property 2 below. The rest of the properties listed 

below can be proved using Equation 8 in a similar manner. 

ee re eee eee oe 
Example 3: 
Show that 

| 

IAl=|0 - 
3 

SOLUTION: Expand the cofactors about the first column to obtain 

Al = (6). OM0) =. 3-22) —=.0 

Notice that the third column is twice the first column. We’ll see below that 

|A| = 0 because of this. 

ae eee ee ees | 

Some properties of determinants that are useful to know are: 

1. The value of a determinant is unchanged if the rows are made into columns 

in the same order; in other words, first row becomes first column, second row 

becomes second column, and so on. For example, 

ee 5 host 3 

= OQ Sbhe)\2 ©. 16 
i at 2 > = 2 

2. If any two rows or columns are the same, the value of the determinant is zero. 
For example, 

Se ee 
1 0 -i|=o 

Bie al 3 

3. If any two rows or columns are interchanged, the sign of the determinant is 

changed. For example, 

Sills sl ye See 
6 oF any ee ae 
eee5 pms AS 

4. If every element in a single row or column is multiplied by a factor k, the value 

of the determinant is multiplied by k (Problem 13). For example, 

=I 2 

6 8 

=| 2 lea 
Nn . Ifany row or column is written as the sum or difference of two or more terms, the 

determinant can be written as the sum or difference of two or more determinants 
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according to (Problem 14) 

/ / 

ayyHay, a2 443 411 42 443 a, 412 413 
Ay, $45, 4p) 493)=| a, 422 93/4] a5, ay ayy 

fi = 

43,43, 432 433 431 439 433 as, 432 433 

For example, 

Baa eo |eo Sens le slitaiae 
2G) OD AKG 2 6 See 4 6 

6. The value of a determinant is unchanged if one row or column is added or 
subtracted to another, as in 

a; a2 443 Ay, +412 ay2 a43 

491 477 493) =| 4211422 47 3 

a3; 432 433 43; +439 432 433 

For example 

where we added column 2 to column 1. This procedure may be repeated n times 

to obtain 

a), 42 443 QyyrNnayy a2 443 

421 497 493) =] dq +NaAq7 A793 (10) 
43; 439 433 431; + NA30 432 433 

This result is easy to prove: 

aj; +nayy A127 443 G1} 4j2 443 G12 412 443 
aj, + nar aj a3 = aj| a7 a3 +n ay? an a3 

43; + N32 432 433 43, 432 33 432 432 433 

ain 219) aig 
=|€91 G2 43|+0 

Orsi ayy Oiees 

where we used Rule 5 to write the first line. The second determinant on the right 

side equals zero because two columns are the same. 

Example 4: 
Show that the value of 

BESS 
(Aj=|=2 "2 4 

paeea3 

is unchanged if we add 2 times row 2 to row 3. 
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SOLUTION: First of all, |A] = 3(—1) — (—1)(—7) + 2(—9) = —28. Now 

I 2 

—2 1 1)=3C) — (-)DCZ + 2-9) = —28 

OME 

Simultaneous linear algebraic equations can be solved in terms of determi- 

nants. For simplicity, we will consider only a pair of equations, but the final result 

is easy to generalize. Consider the two equations 

aX + ayy =hy 

dy\X + ayy =hy 

The determinant of the coefficients of x and y is 

a}; 42 
|A| = 

421 42 

According to Rule 4, 

A,X a |] 12 =x [Al 

az|X 472 

Furthermore, according to Rule 6, 

a,x + ay2y a2 
37 WA 

A2|X + A22y a2 

If we substitute Equation 11 into Equation 12, then we have 

h, a l Pee IA 

hy app 

Solving for x gives 

hy ay 

hy ayo 
x= 

aj, a2 

42, 472 

Similarly, we get 

ay, hy 

a, hy 
y = 

ai; 412 

a2; 479 

(11) 

(12) 

(13) 

(14) 

Notice that Equations 13 and 14 are identical to Equations 2 and 3. The solution for 
x and y in terms of determinants is called Cramer’s rule. Note that the determinant 
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in the numerator is obtained by replacing the column in |A| that is associated with 

the unknown quantity and replacing it with the column associated with the right 

sides of Equations 11. We shall show after the next Example that this result is 

readily extended to more than two simultaneous equations. 

3 ie RS rae 
Example 5: 
Use Cramer’s rule to solve the equations 

Bias BO) Sie 

SOLUTION: The extension of Equations 13 and 14 is 

Q l 1 

1 -1 -l 

—3 Il 9 
x= == = |l 

1 1 1 ? 

2 -1 -l 

1 2 -1 

Similarly, 

1 D 1 

2 1 -1 

1 -—3 -1 25 
v= = =—|] 

| | 3 

2 -1 -i 

1 2 -1 

and 

1 | 2 

2 -| 1 

1 2 -3 

f= Sey 

1 | | 

2 -1 -!1l 

1 2 -1 

Before we finish this section, let’s discuss the expansion of a determinant 

in terms of its cofactors and how it can be used to derive Cramer’s rule for 7 

simultaneous equations. Equation 7 says that 

|A| = 44 Aq + 412442 + 443413 
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where A;; is the cofactor of a;;. We derived Equation 7 from the expansion of 

a 3 x 3 determinant, but it is a general result in the-sense that if JA] is ann x n 

determinant, then 

|A| =A] + a12Aj2 a + ay, An 

or, in summation notation, 
n 

IAL= 0 ayjAij (15) 

j=l 

Equation 15 can be derived directly from Equation 8, but the general proof is a 

little long. (See “Lipschutz” in the References.) 

Equation 15 represents an expansion of |A| about its first row. More generally, 

we can expand about the ith row of |A], and so we also have 

nA 

j=1 

If we had expanded about the ith column, Equation 16 would read 

A 

IAL = Do ai Aci (17) 
Ne 

Now if we replace the ith column by some other column, say the jth column, then 

|A| = 0 because |A]| now has two identical columns. The cofactors in Equation 17 

don’t change, however, so we have the result 

n 

SPCR le eae (18) 
k=1 

Notice that we can combine Equations 17 and 18 to read 

n 

ss aj Axi =|A| Or; (19) 

k=1 

where 6;;, the Kronecker delta 

1 G=j 
ae ay (20) 

We will refer to Equation 19 several times in later chapters. 

We can use Equation 19 to derive Cramer’s rule. Start with the set of equations 

Ay yX1 + AyQXQ + + th Ay, X, = hy 

AX} + Ag9%o + +++ + Ggnx, = hy 

AniX1 + AngXq +++ + Any X_) = hy, 
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Multiply the first equation by A,,, the second by A>j, and so on, and then add to 
obtain 

n rn n n 

se aj Aj 1X] + Sa jrAjixr +... + Yo ain AjiXn = ie Ajih; (22) 

a4 fel j=! fel 

According to Equation 19, all the terms on the left side except the first one vanish, 

and so the left side is equal to |A| x;. According to Equation 17, the right side is 

the original determinant |A| but with the first column replaced by hy, ho, ..., Ay. 

Thus, we see that 

fy Vago Ee -8 vai, 

No, Orrawubi wa), 
Aga (23) 

iy an2 Ann 

Similar equations for x7 through x, can be obtained by multiplying Equation 21 

by other cofactors (Problem 19). 

9.1 Problems 

Ww 

. Add column 2 to column | to get 

oW eS Re NO 

» al 

1. Evaluate the determinant |A| = | —1 3 2) and evaluate it. 

2) Ol 

2 

2 

Compare your result with the value of |A|. Now add row 2 to row | of |A| to get | — and evaluate it. 

Ne ow sf me NY WwW 

Compare your result with the value of |A| above. 

2. Interchange columns | and 3 in |A| in Problem | and evaluate the resulting determinant. Compare your result 

with the value of |A|. Interchange rows | and 2 and do the same. 

| © | 

3. Evaluate the determinant |A| = | —2 4 —2)}. Can you determine its value by inspection? What about 

i =3 | 

BG 1 

[AjJ=|—4 4 =2)? 

2 —3 | 

4. Starting with |A| in Problem 1, add two times the third row to the second row and evaluate the resulting 

determinant. 

5. Use Equation 5 to derive an expansion in cofactors about the third column. 

I sin x COS x 

6. Evaluate |A| = | 0 cosx —sinx |}. 

QO —sinx —cosx 
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16. 

17. 

18. 

19. 

20. 

21. 

Chapter 9 / Linear Algebra and Vector Spaces 

serine Tale” al 

: lie O20 
. Find the values of x that satisfy the determinantal equation, aie ee 0. 

il @ @ & 

ae RN aed: 

; : ; ee) 
. Find the values of x that satisfy the determinantal equation, Gu weet 0. 

Ib) sth sae 

cos@é —sind O 

. Show that | sin é COSU MOL tak 

0 0 1 

. Evaluate (a) €)3945, (b) €39145, and (C) €543). 

. Show that Equation 8 yields Equation 5 for a 3 x 3 determinant. 

. Show that it requires 2k — | steps to interchange rows r andr + k in a determinant. 

. Use Equation 8 to prove property 4. 

. Use Equation 8 to prove property 5. 

. Solve the following set of equations using Cramer’s rule: 

et ve 

Ske = DSS 

Solve the following set of equations using Cramer’s rule: 

Aas ATS 3763 8) 

—x —3y+z=—14 

28 pee A 

Use Cramer’s rule to solve 

Xe -p2y 3 

2x Ay = | 

What goes wrong here? Why? 

Verify Equation 19 for the determinant in Equation 5 for i = 2 and j = 1. 

Derive an equation for x starting with Equation 21. 

PaaS oil 

Use any CAS to evaluate} 3 1 2). 

—2 1 0 

[ Omorss s=2 

6 1 =1 3 
S A : Use any CAS to evaluate > 0 ; ; 

4 3 2 5 
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9.2 Gaussian Elimination 

Although Cramer’s rule provides a systematic, compact approach to solving simul- 

taneous linear algebraic equations, it is not a convenient computational procedure 

because of the necessity of evaluating numerous determinants. Nor does Cramer’s 

rule apply if the number of equations does not equal the number of unknowns. 

In this section, we shall present an alternative method of solving simultaneous 

equations that is not only computationally convenient, but is not limited ton x n 

systems. Before we present this method, however, we shall discuss some general 

ideas about systems of linear algebraic equations. 

Let’s start off again with two equations in two unknowns. 

Ay 1X1 + Ay2X2 = hy 

g\X1 + A72X2 = hy 

Geometrically we have three possibilities: 1. the graphs of the two straight lines 

intersect and we have a unique solution; 2. the lines are parallel and we have no 

solution; and 3. the lines coincide and we have an infinite number of solutions 

(Figure 9.1). An example of the first case is 

2X1 + X95 =3 

x4 — 3% = —2 

with x; = 1 and x7 = | as its unique solution. An example of the second case is 

2p panes 

2X4 1X = 5 

These two lines are parallel and have no point in common. An example of the third 

case iS 

25 tao 

4x, +2x,=6 

These two lines actually coincide and the solution can be written as x7 = 3 — 2x), 

where x, can take on any value. 

bXo §X> 4X5 

- — a 
e 

(a) xy (b) XxX] (c) Xj 

Figure 9.1 
ae three geometric possibilities of two linear equations in two unknowns, x; and x. (a) The colored line (2x; + x2 = 3) 

and the black line (x; — 3x7 = —2) have a unique point of intersection. (b) The colored line (2x, + x7 = 3) and the black 

line (2x) + x» =5) are parallel and have no point of intersection. (c) The two lines (2x, — x7 = 1) and (4x1 — 2x2 =2) 

superimpose, and so there is an infinite number of solutions. 
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Figure 9.2 
The three geometric possibilities of the 

graphs of three linear algebraic equations: 

(a) a unique solution; (b) an infinite 

number of solutions; and (c) no solution. 

Chapter 9 / Linear Algebra and Vector Spaces 

The geometric interpretation for a 3 x 3 set of equations involves planes. If 

the three planes intersect at one point, there is a unique solution (Figure 9.2a). 

If the three planes intersect as shown in Figure 9.2b, there is an infinite number 

of solutions. And if the three planes have no common point of intersection, as in 

Figure 9.2c, there is no solution. 

Let’s now consider a general n x n system: 

Ay 1X + Gy2Xq + +++ + AyyXp_ = hy 
Ag1X + Ay2Xq + +++ + AanX_ = hy (1) 

Ani] as an2*2 ea Ginn hy, 

If all the h; in Equations | are equal to zero, the system of equations is called 

homogeneous. If at least one h; #0, the system is called nonhomogeneous. We 

may re-express Equations | as 

Oi Gin, 2" = at, xy hy 

Ont, 099, aay, x7 hy 
| — | (2 (ies a (eel (2) 

Gn1 G4n2 °~** Ann Xn hy, 

if we agree that the rth equation in Equations | is formed by multiplying each 

element of the rth row of A by the corresponding element of X, adding the results, 

and then equating the sum to the rth element in H. For example, the second line 

in Equations | is given by 

AgiX1 1 2X7 1 ++ + An Xp = hy (3) 

Thus, we can write Equations | as AX = H, where A is called the coefficient matrix, 

X is called the column vector of unknowns, and H is called the constant vector of 

the system. Note that the left side of Equation 3 can be viewed as the dot product 

of the rth row vector of A and the column vector X. 

The quantity A in Equation 2 is ann x n matrix, which is an array of elements 

that obeys certain algebraic rules such as Equation 3. We shall discuss matrices 

and their algebraic rules in some detail in the next section. The important point 

here is that a matrix is not equal to a single number. However, we can associate a 

determinant with a matrix and write 

Qi, 42 **: Ay 

49, 422 *** Gdn 
detA=|A|=| . an (4) 

Gn} Gn2 **°* Any 

which is a single number. 

Clearly, the coefficient matrix A must have a lot to say about the existence 

and nature of the solutions to Equations |. Cramer’s rule contains |A| in the 

denominators of the equations for the unknowns, so |A| cannot equal zero if there 
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exists a unique solution to a nonhomogeneous system. If |A| = 0, then A is said 

to be singular; if |A| 40, then A is said to be nonsingular. In fact, we have the 

following theorem, which we shall prove later: 

Then x n system AX = Hhas a unique solution if and only if A is nonsingular. 

If H = O, that is, if the system is homogeneous, then x; = x, =---=x, =0 

(called the trivial solution) is always a solution. But the above theorem says that a 

solution is unique if A is nonsingular, so if A is nonsingular, there is only a trivial 

solution to a homogeneous system. To have a nontrivial solution to ann x n set of 

homogeneous equations, the coefficient matrix must be singular. 

We shall now spend the rest of this section actually finding solutions to systems 

of linear equations, even if the coefficient matrix is not square. Let’s consider the 

equations 

2X kg ks 4 

es = 2x9 = X%3 = 1 (5) 

—2x + 4x5 ae ale} = | 

The coefficient matrix and the constant vector are 

2 1 3) 4 

i= 2 —2, —1 and sent fal 

—2 4 ] 1 

We now form a new matrix, called the augmented matrix, by adjoining H to A so 

that it is the last column 

Oa asin) Bates 

A|H= 2 —2 -1/ 1 (6) 
SVG eS SIA 

Clearly this matrix contains all the information in Equations 5, and is just a succinct 

expression of them. Just as we may multiply any of the equations in Equations 5 

by a nonzero constant without jeopardizing the solutions, we may multiply any 

row of A|H without altering its content. Similarly, we may interchange any two 

rows of either Equations 5 or A|H and replace any row by the sum of that row and 

a constant times another row. These three operations are called elementary (row) 

operations: 

1. We may multiply any row by a nonzero constant. 

2. We may interchange any pair of rows. 

3. We may replace any row by the sum of that row and a constant times another 

row. 

The key point is that these elementary operations produce an equivalent system, 

that is, a system with the same solution as the original system. Matrices that differ 

by a set of elementary operations are said to be equivalent. 

41] 
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We are now going to manipulate A|H by elementary operations so that there 

are zeros in the lower left positions of AJH. Add —1 times row | to row 2 and add 

row | to row 3 in Equation 5 to get 

ee 
Ones eas 
(yee 

Now add 5/3 times row 2 to row 3 to get 

0 60 =87/3 0 

Write out the corresponding system of equations: 

2x, + x2. + 3x3 =4 

—3x5 oa 4x3 =-3 

=$7x3/3—0 

and work your way from bottom to top to find x3; = 0, x) = 1, and x, = 3/2. 

This procedure is called Gaussian elimination and the final form of A|H is said 

to be in echelon form. The following Examples provide two other applications of 

Gaussian elimination. 

Example 1: 
Solve the equations 

2 Se I} = SRS 

2X = X9 - oka =O 

3x) + 2X9 — 2x2 = 5 

SOLUTION: The augmented matrix is 

sib) 2 

2 =! ea ae) 

BEA es em 

Add —2 times row | to row 2 and —3 times row | to row 3 to obtain 

| are 2 

OQ) +35 1 

OF] ip al 

To avoid introducing fractions, interchange rows 2 and 3 and then add —3 

times the new row 2 to the new row 3 to get 
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The corresponding set of equations is 

cp eis 

=p sp dig = 1 

2x3=4 

Solving these equations from top to bottom gives x3 = 2, x7 = 3, and x, = 1. 

eee mene Be 7 i 7 ghee pit a 9S 5 

eis. Re Tenn am Gms y- ie | 
Example 2: 
Solve the equations 

Ma oot ko — 

ii — 2 =P SZ 

aie XS 

SOLUTION: The augmented matrix is 

—2Xx> = 

0x3 =i () 

The solutions are x3 = arbitrary, x = —2, and x; = —x3, so the solution is 

not unique. Note that |A| = 0 in this case, so we should not expect a unique 

solution. 

[ae C= oe 
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iiaeakial Lae Whine +. | 
Example 3: 
Solve the equations 

414 

2X, — a5! 

3x4 + 2x,=4 

Ax, + 3x3 =6 

SOLUTION: The augmented matrix is 

Add —3/2 times row | to row 2 to obtain 

2o0e Stall eal 
eae ay 
Oi 244 46 6 

Now add —2 times row 2 to row 3 to get 

2 0-=1 =a] 
O23) ore 
OU. Vie aG 

This last line says that —10/2 = 0, meaning that there is no solution to the 

above equations. They are inconsistent. 

Up to now we have considered only n x n systems of equations. Suppose 

we have a system with more equations than unknowns. (Such systems are called 

overdetermined.) For example, consider 

Xx] an x= 4 

3x, = 4x 9) (7) 

SE Pag iI) 

The augmented matrix is 

I 1 4 

3  —4 9 

SY =2) | 17 

Multiplying row | by —3 and adding to row 2, and then multiplying row | by —5 

and adding to row 3 gives 
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Now multiply row 2 by —1 and add to row 3: 

fa] diel) 4 
Or 74,23 
OP fe Wnt 

The corresponding algebraic equations are 

cite ko 

—71x» = —3 

and the solution is x7 = 3/7 and x; = 25/7. The coefficient matrix of the final set 

: ] | : sg eae 
of equations is ( 0 4) and is nonsingular; thus the solution is unique. 

|. yi ia ean pag Taare abe ae imal 
Example 4: 
Solve the equations 

3x} = 2x9 =) 

—6x| ae 4x5 =-—4 

Shh, + 2x9 — 

SOLUTION: The augmented matrix is 

Fae ee 
26% 474 
234 wt Ibe 

Adding 2 times row | to row 2, then adding row | to row 3, and then 

interchanging the resultant rows 2 and 3 gives 

S| 

0 0 | 4 

0 Om 20 

The second line here claims that 0 = 4, so there is no solution. 

[aes eee er eee eee eee eT eae, 

Example 5: 
Solve the equations 

iy = 2x5 25)5) 

2x, — 4x, =6 

=3x; +°6% = —9 
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SOLUTION: The augmented matrix is 

17 2 3 

PE, i 6 

=3 Grille —0 

| ae 8 Is 

Om ag 20 

Orne 5 )e0 

The corresponding algebraic equations are x; — 2x» = 3, or xj = 2x7 +3. 

Thus, there is an infinite number of solutions. 

Lee ee ee 

In summary, if we have more equations than unknowns, then there are three 

possible outcomes: |. there is a unique solution; 2. there is no solution; and 3. there 

is an infinite number of solutions. In each case, Gaussian elimination leads us to 

the correct result. 

If we have more unknowns than equations, as in 

x1 + X2 + %3+%4=0 
Xy + 3x5 + 2x3 + 4x4 =i() (8) 

2X] ta — x4 =U 

then the system is called underdetermined. The augmented matrix is 

NR ae LphaG) berate Le eh ae) 

D8 2 Ae OLS | 06 2 oO 

2 OO tows) 1.0 Op OmORO 780 

where we have written ~ to indicate that the first matrix is equivalent to the 

second; that is, it can be manipulated into the second by elementary operations. 

The corresponding algebraic equations are 

A hot tes 

2X9 + X3 + 3x4 =0 

Solving for x; and xz in terms of x3 and x4, we have x; = (x4 — x3)/2 and 

Xy = —(x3 + 3x4)/2. Thus, there is an infinite number of solutions in this case. 

Example 6: 
Solve the equations 

BS Ue ie yin ke oe 

24 ky = X73 — 23 = 2 

4x) + 5x2 + 3x3 = 
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SOLUTION: The augmented matrix is 

il al 2 eS i) il 2, 1 5 

2 3 -1 —2)}2]~170 1 —-5 —-4/] -8 

ay) 3 OI Om) 0 O | —5 

The last line corresponds to 0 = —5, so there are no solutions. 

er ae ee OP ee te | 

There are only two possibilities when there are more unknowns than equations. 

Either there is an infinite number of solutions, or there are no solutions. Either way, 

Gaussian elimination will give the correct answer. 

Before we finish this section, we should point out that any CAS can be used 

to solve simultaneous linear equations (Problems 14 through 16). 

9.2 Problems 

1. Solve the equations 

x| ae 2X9 = 3x3 = (At 

UG, = Jy oF oy = | 

3x) + 2x =X =) 

2. Solve the equations 

Le Oy 2) 

x+4y+2z=1 

4x+10y—z=1 

3. Solve the equations 

aay = 1 

x — 

Zeyh z 10 

4. Solve the equations 

2X + Xo — X34 X4 = —2 

X}—X,— 2X3 4+%,=1 

xX] — 4x — 2x3 +2x,=6 

4x, +X2 — 3x3 4+ 3x4=—1 

5. Solve the equations 

x+2y—6z=2 

x+4y+4z=1 

3x 1LOy -2z = —1 

6. Solve the equations 

x] = 2%3 —X4—3 

Xp + X3 =5 

3X1 4 2X5 —2x,=-1 

—x3 + 4x, = 13 

2X = Tersp spe Il 

7. Solve the equations 

2x1) — 4x9 + x3 — 3x4 =6 

x, 2X9 ar 3x3 =F 6x4 a) 

8. Solve the equations 

Xx, — 2x2 + 3x3 — x4 =0 

50 + 2x3 +%4=0 

2X — 2x,=0 
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10. 

11. 

12. 

13. 

14. 

15. 

16. 

. Solve the equations 
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25 = 2X9 To X3 — X4 ++ DBs =—7 

X92 + X3 SE D3 5 5 

x1 — X92 Se 2X3 + OX aia DIGS =—| 

For what values of A will the following equations have a unique solution? 

x VS AK 

—x+y=dy 

For what values of 4 will the following equations have a unique solution? 

xXx+y+Z= 

EPAMEr Aaa 

For what values of A will the equations in the previous problem have an infinite number of solutions? 

For what values of A will the following equations have a unique solution? 

abe pA 4; 

4x + 37 =3 

Ax — 6y =3 

Use any CAS to solve the equations in Problems 2 through 4. 

Use any CAS to solve the equations in Problems 5 through 7. 

Use any CAS to solve the equations in Problems 8 and 9. 

y$ r(cos(a+6), sin(a~+6) ) 

‘(cos a, sin @) 

= 

Figure 9.3 
A pictorial representation of the rotation 

of the vector r; through an angle @ ina 

counterclockwise direction. The result is 

the vector rp. 

9.3. Matrices 

Up to now we have used matrices only as a representation of the coefficients 

in systems of linear algebraic equations. The utility of matrices far exceeds that 

use, however, and in this section we shall present some of the basic properties of 

matrices. Then, in Chapter 10, we will discuss a number of important physical 

applications of matrices. 

Many physical operations such as magnification, rotation, and reflection 

through a plane can be represented mathematically by quantities called matrices. 

Consider the lower of the two vectors shown in Figure 9.3. The x and y compo- 

nents of the vector are given by x; =r cosa and y, =r sina, where r is the length 

of r;. Now, let’s rotate the vector counterclockwise through an angle @, so that 

xX» =r cos(a + @) and yy =r sin(a + @) (see Figure 9.3). Using trigonometric 

formulas, we can write 

XxX,» =rcos(a+60)=rcosacos@ —r sina sind 

yp =r sin(a+0)=rcosa sind +r sina cos é 
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or 

Xo — X71. COS 0 — Vy; sin? 

yo = x; sin @ + y, cos 0 

We can display the set of coefficients here in the form 

cos@ —siné@ 
Rec fale (2) 

sin 0 cos 0 

We have expressed R in the form of a matrix, which is an array of numbers (or 

functions in this case) that obey a certain set of rules, called matrix algebra. Unlike 

determinants, matrices do not have to be square arrays. The matrix R in Equation 2 

corresponds to a rotation of a vector through an angle 6. 

Example 1: 
Show that the matrices 

| 0 ee ee ory, : 

correspond to reflections of a vector through the x axis and y axis, 

respectively. 

SOLUTION: If we reflect the vector r; = x; i+ y,j through the x axis, 

we obtain the vector ry = x7 i+ yo j= x, i— yj (Figure 9.4a). Thus, we 

can write 

X= X=] = Oy, 

yD) — aay = Ox _ Jy 

The set of coefficients can be expressed as 

ent) 
A=(4 of 

so we see that the matrix A corresponds to a reflection of a vector through 

the x axis. Similarly, for a reflection through the y axis 

Xo = =X, = —x, + Oy, 

== ye OK ty SA =o) | 

ee) 
so that B= 0 * corresponds to a reflection through the y axis 

(Figure 9.4b). ‘ 

We shall see that matrices usually correspond to physical transformations. 

419 

ty 

(b) Xx 

Figure 9.4 
A pictorial representation of the reflection 

of a vector through (a) the x axis and (b) 

the y axis. 
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The entries in a matrix A are called its matrix elements and are denoted by aj; 

where, as in the case of determinants, i designates the row and j designates 

the column. Two matrices, A and B, are equal if and only if they are of the 

same dimension (that is, have the same number of rows and the same number 

of columns), and if and only if a;; = 5;; for all @ and j. In other words, equal 

matrices are identical. Matrices can be added or subtracted only if they have the 

same number of rows and columns, in which case the elements of the resultant 

matrix are given by a;; + b;;. Thus, if 

then 

If we write 

260es A= 4 ( 0 7) 

we see that scalar multiplication of a matrix means that each element is multiplied 

by the scalar. Thus, 

SEC i (3) 

cM), cM), 

at ee ee 
Example 2: 
Using the matrices A and B above, form the matrix D= 3 A — 2B. 

SOLUTION: 

is Slee AN As (Det DENT Se TSO 0 

Sa OMRG =(2 58.65) SiS 20 

One of the most important operations involving matrices is matrix multipli- 

cation. For simplicity, we will discuss the multiplication of square matrices first. 

Consider some linear transformation of (x, y,) into (x), yp): 

X= 41%, +412) 

Y2 = 421 X1 + Ag) Yj 
(4) 
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represented by the matrix equation 

1 che a) Cs a2; ay) y\ y2 

Now let’s transform (x, y>) into (x3, 3): 

X3 = bi, X72 + by yo 
6 

¥3 = bp1 Xz + by Yr - 

represented by the matrix equation 

b b X9 Xx Sh vpoemg hall Meee ) la el a WY 7 

as ( Dine pp ep y3 : be 

Let the transformation of (x), y,) directly into (x3, 3) be given by 

X3 = C4, %X%1 + C12 Vy 
net: : (8) 

Y3 = C21 X1 + C22 Vy 

represented by the matrix equation 

cv, = (2 ees =( ee (9) 

oie ee? y1 oe 

Symbolically, we can write that 

V3=CV,=BV,=BAV, 

or that 

C= BA 

Let’s find the relation between the elements of C and those of A and B. Substitute 

Equations 4 into 6 to obtain 

X3 = by 1(4q1 X1 + 442 Vy) + 4 42(Ag1 x1 + 422 1) (10) y3 = bo) (ay, X1 + 412 V1) + b99(o1 X1 + Ao Y}) 

or 

X3 = (Dy yy + D2 Gg) X1 + (O41 G2 + O42 An2) yy 

y3 = (bg) A414 + bo2 Gz) + (D214 Ay2 + by Gy2) ¥1 

Thus, we see that 

Caine bi; Dy Qj, 42\ _ ( Oy, 4114+ 412 1 Seat 

SN Doi. Dog ax, ay) \ bo, ay, +92 Ag) a, ayy + Dy? Ay 

(11) 

421 
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This result may look complicated, but it has a nice pattern which we will 

illustrate two ways. Mathematically, the jth element of C is given by the formula 

Cij = er: kj G2) 

k 

Note that the right side of Equation 12 is the dot product of a row of B into a column 

of A. For example, 

Cy = DDK gy = B41 41 + O42 1 
k 

as in Equation 11. A more pictorial way is to notice that any element in C can be 

obtained by multiplying elements in any row in B by the corresponding elements 

in any column in A, adding them, and then placing them in C where the row and 

column intersect. For example, c;; is obtained by multiplying the elements of row | 

of B with the elements of column | of A, or by the scheme 

J 
=f Dia Pye ay, 42) ( Oy ay, t+ Dir a2, - 

by, by) \an, a) : 

and c;> by 

> (by, diy Qyy 42\_ (> 941 4424+ 412 an 

by, bo a, ay) \- 

| 
Example 3: 
Find C = BA if 

| 2 | —3 0 =1 

B= 3 0 -!1 and A= ee 0 

—l —-l y Lael 1 

SOLUTION: 

1 2 | —3 0 -Il 

— 3 0 —-!1 Ib a 0 

—| =] p) ol | 

St eee Oe Rene eee 
[eS te OU el — BO aal 

21? Oo 10 

On oy nO 
=| io =2 4 

Coy 

a a 
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— Se Ul  SSS*T 
Example 4: 
The matrix R given by Equation 2 represents a rotation through the angle 0. 

Show that R? represents a rotation through an angle 20. 

SOLUTION: 

R2 cos@ —sing cos@é —sin@g 

~ \ sin @ cos 0 sin 0 cos @ 

pa cos? @ —sin?@ —2sin@cosé 

~ \ 2sin@cos@ cos? 6 — sin? 

Using standard trigonometric identities, we get 

R2 — [{ ©°S 20 —sin 20 

PeVsim2e" <cos'26 

which represents rotation through an angle 26. 

ee ee ee eS an a ee 

Matrices do not have to be square to be multiplied together, but either Equa- 

tion 11 or the pictorial method illustrated above suggests that the number of col- 

umns of B must be equal to the number of rows of A. When this is so, A and B are 

said to be compatible. We call a matrix having n rows and m columns ann x m ma- 

trix. Thus, an x m matrix can multiply into only an m x p matrix and produces 

ann X p matrix. 

For example, the product of a2 x 3 matrix anda 3 x 3 matrix produces a2 x 3 

matrix: 

4 (; 44 ) ae sé -4 B 
- ee 17 —-4 1 3) Z 014 ; 3 at 

An important aspect of matrix multiplication is that BA does not usually 

equal AB. For example, if 

then 

and 

ee: 5) 
so AB # BA. If it does happen that AB = BA, then A and B are said to commute. 

423 
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. fees 20) ios Wl’ Gopi ere 
Example 5: 
Do the matrices A and B commute if 

sl itil 
= | and nai ') 

SOLUTION: 

and 

so they do not commute. 

eee eee ee ee 

Another property of matrix multiplication that differs from ordinary scalar 

multiplication is that the equation 

AD =O 

where 0 is the zero matrix or the null matrix (all elements equal to zero) does not 

imply that A or B necessarily is a zero matrix. For example, 

[sacl —1 Matt 20) a 

Pa) ee Oa 0 

Although matrices correspond to transformations and should not be confused 

with determinants, we can associate a determinant with a square matrix. In fact, if 

Ai ao = ain 

421 422 *** Gdn 
A= 

Gn) ay2 Ann 

then 

Chie io) oa, 

49, 4792 °°: Gdn 
detA=|A|=| . fete <i ; (13) 

Gnt 4n2 *** Any 

If det A 4 0, then A is said to be nonsingular. Conversely, if det A = 0, then A is 

said to be singular. A useful property of the determinants of matrices is that 

det AB = (det A) (det B) (14) 

(See Problem 21). Of course, A and B must both be square matrices and of the 

same dimension. 
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-odih- =i ec a 
Example 6: 
Given 

2 0 —-1 —-1 1 0 

ele 3 and B= i @ itl 

2 0 -1 2 

Show that |AB| = |A| |B]. 

SOLUTION: First calculate AB: 

4 0 -!1 —-1 1 0 -—6 3 0 

Na ele 3 LO ifs 6 a | 

2 0 -1 2 i @ —-4 1 0 

Then |A| = —2, |B] = 3, and |AB| = —6. 

Pe eos fa Wha eae bp 8 pg Pipe hens A oS a 

The determinant of a matrix A is used in the construction of the inverse of A, which 

we define below. 

A transformation that leaves (x;, y,) unaltered is called the identity trans- 

formation, and the corresponding matrix is called the identity matrix or the unit 

matrix. All the elements of the identity matrix are equal to zero, except those along 

the main diagonal, which equal one: 

LS Oe Oa € oO) 

OTs Et Renee) 

= 8 AO ay eg 0 

OOO eee OI 

A unit matrix is necessarily a square matrix. The elements of | are 6;;, the Kro- 

necker delta, which equals one when i = j and zero when i ¥ j. The unit matrix 

has the property that 

IA=Al (15) 

The unit matrix is an example of a diagonal matrix. The only nonzero elements 

of a diagonal matrix are along its main diagonal. Generally, the elements on the 

main diagonal of a matrix are called diagonal elements and the others are called 

off-diagonal elements. Thus, we can say that all the off-diagonal elements of a 

diagonal matrix are zero. Diagonal matrices are necessarily square matrices. Also, 

any twon x n diagonal matrices commute with each other. 

If BA = AB =, then B is said to be the inverse of A, and is denoted by A~!. 

Thus, A~! has the property that 

AA =A A=I (16) 

If A represents some transformation, then A~! undoes that transformation and 

restores the original state. The fact that AA~'=A7!A implies that A must be 
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a square matrix. It should be clear on physical grounds that the inverse of R in 

Equation 2 is a rotation through the angle —0@. Thus,.we write 

(17) 
Ra) =R(-#) = ( cos 6 ae) 

—sin 6 cosé 

which is obtained from R by replacing 6 by —0. It’s easy to show that R(@)R~ l(@) = 

R-!(@)R(O) = 1. 
We found the inverse of R(@) in Equation 2 by a physical argument, but how 

do we find the inverse of a (square) matrix in general? It turns out that we essenti- 

ally derived the formula for the inverse of A in Section 1. Equation 19 of that sec- 

tion is 
n A : 

x (iii) ae oe 

The quantities A;,; are the cofactors of the a,; of A, and the right side of Equation 18 

are the elements of a unit matrix. 

Let’s first define a matrix of cofactors of A by 

gh ea Aan 

Ax, (Aaa +t Ae 
Rope. a red ie (19) 

al An? Ann 

Now we define the transpose A! of a matrix A to be the matrix that is obtained 

by interchanging the rows and columns of A. In terms of the matrix elements of a 

general matrix (a;;), we have aj = a;;. For example, if 

eS 37 eee) ce 
Neal i= (Pia. Me then Accel Bie Sel eet 

=). ale = (ees 

Notice that we can also form A! from A by simply flipping A about its main 

diagonal. 

We can now write the term in parentheses in Equation 18 as the ikth element 

of AL Als so that Equation 18 becomes, in matrix notation, 

oF A — | (20) 

where | is a unit matrix. Thus, we see that if det A 4 0, then the inverse of A is 

given by 

aa 

Av} = cot (21) 
|A| 

Some authors call Ieee the adjoint of A, written as adj (A). One clear implication of 

Equation 21 is that A must be nonsingular. Singular matrices do not have inverses. 



9.3. Matrices 

Equation 21 may look awkward to use, but it’s pretty straightforward. Let’s 
find the inverse of 

lo 40 

a0) Ae ual 

Cine at 0) 

The determinant of A is equal to —4 and the matrix of cofactors is 

Jee ao =e 

cot = 0 Oe 

—l1 -1 | 

Using Equation 21, we have 

20m 80. 2 UF 
A t=— 2 0 -lJ=]|-3 0 | 

—2 —4 I LS i hee 
D 4 

It’s readily verified that AT'A = AA“! =I. 

a yaar Tay ha kinin ping oo tmre tas el 
Example 7: 
Find the inverse of 

SOLUTION: det A= 16 and 

7 ode? 
hee 10 et 

=f 7 

and so 

FAY ees ad 
ee Se An» One eT 

Le ey a 

An example of a matrix that has no inverse, which occurs in a number of 

physical applications, is a matrix that corresponds to a projection of a vector onto 

a coordinate axis. For example, the matrix * 

r=(o 0) 

427 
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sy projects the vector r = x i+ yj onto the x axis; that 1s, 

et) x x 
P —_— ae =(6 0) (G)=(6) 

| 

Mathematically, P has no inverse because |P| = 0. Physically, P has no inverse 

- because any vector r with an x component xp will yield the same result, as you 

* can see in Figure 9.5. 

Figure 9.5 Finally, we mention that any CAS can readily find inverses of matrices (Prob- 

An illustration of why a matrix lems 23 and 24). 
corresponding to a projection does not 

have an inverse. Both vectors have the 

same projection onto the x axis. 

9.3 Problems 

1 O -1 —1 1 0 

1. Given the two matrices A= [| —1 2 0 | andB= 3 0 2 |, form the matrices C = 2A — 3B and 

Ol 1 ell 

D=6B—A. < 

' 3 

2. Given the three matrices A = — ee apes ? Ren eaee : , show that 
DN i © DW \ 0 2\0 -1l 

A24+B24+C= 31, where | is a unit matrix. Also show that 

AB — BA =iC 

BC —CB=iA 

CA —AC=iB 

' Q il @ | QO -i 0 ib © 0 

3. Given the matrices A= —= | 1 0 1 }|,B=——=1 7 QO -i |,andC=]|]0 O O |, show that 

v2 Q i @ v2 0 y 0 0 0 -!1 

AB— BA=i1€ 

BC —CB=iA 

CA — AC =iB 

A? 4+ B74+C? =21 

where | is a unit matrix. 

4. Does (A + B)? always equal A2 + 2AB + B2? Does (AB)? = A2B2? 

5. A three-dimensional rotation of a vector about the z axis can be represented by the matrix 

cos@ —sin@ OQ cos? sind O 

Res leesimne cos@ 0 |. Show that det R = |R| = 1 and that R7! = R(—86)= | —sin@ cos@ O 

0 0 1 0 0 1 

6. Show that (a) (A')' =A; (b) (A+ B)' = A™+BI; (c) (@A)! =a@A!; (d) (AB)! =BIAT, 



9.3. Matrices 

a) wees ON 2th gh Bas oe 
7. : : = 2 2 = 2 2 hip 2 2 

Given the matrices C3 te <i )on (; i} a, -(] i ).amaay=(~ ) 

2 2 2 a 2 

show that o,C3 = 01’, Czoy = 0, oo), = C3, and C30,” = oy. Calculate the determinant associated with each 
matrix. 

Nl— 

8. If A' = A7|, then A is said to be orthogonal. Which of the matrices in Problem 7 are orthogonal? 

9. Find the matrix of cofactors, A,o¢, and the adjoint of A, adj (A), for 

Lt OP St ae 

(a) Sd A i (b) en 9Q) 

Peo rt lh @ il 

10. Verify that (AB)' = BIA! ifA = C a and B= ( 3 :) 

11. Prove that A~! is unique. 

Fans) 

Le 
AB == (it A= ? Be 4 id sd 

13. Prove that (a) (A~!)7! =A; (b) (A!)7! = (A74!, 

Lae, : : 
Dake ( ) (a) Find a nonzero matrix B such that AB = 0. Does BA = 0? (b) Can you find B such that 

14. Prove that det (A~!) = (det A)~!. Hint: Use the relation det AB = (det A) (det B). 

15. Prove that (AB)~! = B~!A~!. 

1s WS A ts ie and B = e a to verify the relations in Problems 13 through 15. 

0 

2 

0 

—| | 4 1 -1 

Ll, WSEAS = 0 eiieand Bi 1 2 0 | to verify the relations in Problems 13 through 15. 

1 2 R. vi | 

Pia 2 ieee i? 

18. Find the inverse of (a) | 0 1 1 (bo 1 2) | anda) ic 4 

Oe Z Poh) 

19. Solve the equations 

ey == 3 

4x —3y=5 

by writing them as AX = H and then X = Ae 

20. Show that two n x n diagonal matrices commute. Does ann x n diagonal matrix necessarily commute with 

any n X n matrix? 

21. The general proof that det (AB) = (det A)(det B) is fairly long and so we shall not prove it here. Nevertheless, 

verify that it is true for 2 x 2 matrices. 

22. A matrix that satisfies the relation A? = A is called idempotent. Show that if A has an inverse, then it must 

be the identity matrix. Argue that a projection matrix must be idempotent. Does a projection matrix have an 

inverse? 

429 
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ge Sal 

23. Use any CAS to find the inverse of By Il? 

—2 I 0 

oO 3 %=2 

: : Onn a | 3 
24. Use any CAS to find the inverse of > 0 ; 1 

CM se ge) 2 

9.4 Rank of a Matrix 

In Section 2, we used Gaussian elimination to solve sets of linear algebraic equa- 

tions and saw that we could have a unique solution, an infinity of solutions, or no 

solutions. Gaussian elimination leads directly to the correct result in each case, but 

it would be nice to have a general theory that tells us beforehand what to expect 

about the solutions. Surely, the nature of the solutions depends upon some prop- 

erty of the coefficient matrix and/or the augmented matrix since they describe the 

system of equations completely. This property is the rank of a matrix, which is the 

subject of this section. 

There are several equivalent definitions of rank. One definition of rank is 

expressed in terms of square submatrices of A. A square submatrix of A is any 

square matrix obtained from A by deleting a certain number of rows and columns. 

If A happens to be square, then A is a submatrix of itself, obtained by deleting no 

rows and no columns. For example, consider the matrix 

The possible square submatrices of A are the 2 x 2 matrices 

i ib 2 aes 

Sian 3 al j) al 

and the 1 x | matrices (1), (2), (3), and (4). 

The rank, r(A), of A is the order of the largest square submatrix of A whose 

determinant is not equal to zero. The rank of the matrix A, above, is 2. The rank of 

ee, 8) ial Caries) 
Fd i ea : 

is also 2 because the submatrix ( 3 0 ) is nonsingular, even though the other two 

2 x 2 submatrices are singular. 
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ign ane Gul; WPM G tal pcs Ret rent] 
Example 1: 
Determine the rank of 

Dy ilies OARS 

wes || 3 © tt Al 

Se Les 

SOLUTION: The largest that r(A) can be is 3 since the largest possible 

square submatrix of A is 3 x 3, and there are four 3 x 3 square submatrices. 

The determinant of the 3 x 3 submatrix obtained by striking out the fourth 

column is zero, but the determinants of the other three 3 x 3 submatrices are 

not equal to zero. Therefore, r(A) = 3. 

|__- te tga eet re etree teak Seer aceite alia 

Another, perhaps more convenient but nevertheless equivalent, definition of 

rank is the number of nonzero rows in the matrix after it has been transformed 

into echelon form by elementary row operations. Since we are going to base the 

defintion of rank on the echelon form of a matrix, we should give a formal definition 

of what we mean by echelon form. We say that a matrix is in echelon if 

1. All rows consisting of all zeros appear at the bottom. 

2. If the first nonzero element of a row appears in column c, then all the elements 

in column c in lower rows are zero. 

3. The first nonzero element of any nonzero row appears to the right of the first 

nonzero element in any higher row. 

All the final versions of the augmented matrices in Section 2 were in echelon form. 

Let’s determine the rank of the matrix in Example | by this method. In obvious 

notation, 

BTM Or S ” | 0 5 2 0 5 

Jaro ls ee Dee. et ES 2 eae Oa 13/2 

By hk ee 0 9/2 1 —9/2 (Oe Open) 2D; 

There are three nonzero rows, so r(A) = 3. 

[cides Sou Sl | 
Example 2: 
Determine the rank of 

3 a | 

A= || 2 SU ee ll 

LO ee 6 i 

SOLUTION: Rearrange the rows so that the left-most column reads 1,2,3 

(this avoids introducing fractions). Now add —2 times row | to row 2 and 
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—3 times row | to row 3 to obtain 

| 

OP ets e207 155 15 

OF 205-8 20 -—20 

The last two rows are a constant multiple of each other, so if we multiply 

row 2 by —4/3 and add the result to row 3, we get 

ft = Sa) es i 

OL Se OrailS = 15 

Oe20 Op ath 0 

There are two nonzero rows, so the rank of A is 2. 

There are ten 3 x 3 submatrices of the matrix in Example 2 (can you show 

this?), so you would have to evaluate ten 3 x 3 determinants just to find out the rank 

of A is not equal to 3. This result suggests that the row echelon method is usually 

much easier to apply than our first definition of the rank of a matrix. Nevertheless, 

the definition of rank in terms of the largest nonsingular square submatrix of A is 

a standard definition. e 

There is another definition of rank that we will present here for completeness. 

We say that the m nonzero vectors Vj, V2, ..., V,, are linearly dependent if there 

exist constants cj, C2, ..., C, not all zero such that 

CiVy tr CaVo 4b * 2 Cy Vy =O (1) 

Linear dependence means that one of the vectors can be written as a linear combi- 

nation of the others. If Equation | is satisfied only if all the c ; = 0, then the vectors 

are said to be linearly independent. In three dimensions, the unit vectors i, j, and k 

are linearly independent, but any other vector in three dimensions can be written 

as a linear combination of i, j, and k (v= v, i+ v, j+v_k). 

We now define the rank of a matrix in terms of linear independence of vectors. 

Recall from Chapter 5 that a vector can be represented by an ordered n-tuple of 

numbers, (v;, V2, .--, U,), Where we can think of the v; as the components of v 

in some coordinate system. We think of the rows of the matrix A as vectors. If A is 

n X m, then we have n m-dimensional vectors constituting the rows of A. The rank 

of A is the maximum number of linearly independent vectors that can be formed 

from these row vectors. In practice, this fundamental definition of rank isn’t that 

useful because it often isn’t easy to use Equation | to determine if a set of vectors is 

linearly independent or not. In fact, the easiest way to determine if a set of vectors 

is linearly independent or linearly dependent is to use the echelon matrix procedure 

to determine the rank of A, and hence the number of linearly independent vectors. 

Nevertheless, this definition is useful in theoretical discussions. Of course, the 

three definitions of rank that we have presented are equivalent. 
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To see more clearly the relation between rank and the number of linearly 

independent rows of a matrix, consider the following matrix in echelon form: 

Ss 6s) S&S 9) 

Let 

1 1 

OF: 3 

Vio 8) SEO cortS 

Row | cannot possibly be a linear combination of rows 2 and 3 because they have 

zeros in their first entries and so any linear combination of rows 2 and 3 must have 

a zero in its first position. Similarly, row 2 cannot be a multiple of row 3 because it 

has a zero in its first and second entries. Working from Row 3 upwards now, notice 

that no row can be a linear combination of higher rows because of the positions of 

the leading zeros in each row. Thus, there are three linearly independent vectors 

in this rank 3 matrix. 

Poeiecresais tr er | 
Example 3: 
Determine whether the three vectors (3, 2, 1, —4, 1), (2, 3, 0, —1, —1), and 

(1, —6, 3, —8, 7) are linearly independent. 

SOLUTION: 

(We have arranged the rows in this way to avoid fractions.) This is the 

same matrix as in Example 2, where we determined that the rank of A is 2. 

Therefore, only two of the three vectors are linearly independent. 

i, 2st alt ihe ee a ee 

We now present a theorem on the existence of solutions to a set of m linear 

algebraic equations in n unknowns in terms of rank. 

Let A be the m x n coefficient matrix of the set of m linear algebraic 

equations AX = H and let A|H be the m x (n + 1) augmented matrix of the 

system. If 

1. r(A) =r(AJH) =2, there is a unique solution. 

2. r(A) =r(A|H) <2, there are infinitely many solutions, expressible in 

terms of n — r(A) parameters. 

3. r(A) <r(A|H), there are no solutions. 

This theorem summarizes all the possible cases for all linear systems, ho- 

mogeneous or nonhomogeneous. Let’s go back and examine each of the cases in 
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Section 2 in terms of the ranks of A and A|H. For Equations 5, 

Die sale wn Fa lie aled 
en (oie til, Mae Te heed it pe eh 

=O) an a 2p SiS 

Both r(A) and r(A|H) = 3, so Equations 5 have a unique solution. 

For Example 1, 

| el | 1 -1|2 

Ne peal 3) and fall et es A Sales 

ae ae Cee eee) 

In this case, r(A) = r(A]|H) = 3, and so the solution is unique. 

For Example 2, 

] | 1 1 | —2 

yee ssi | and Ta Va os I =] 1 2 

= i eS =I eet Oil a4 

In this case, r(A) = r(A|H) = 2 < 3, and so there are infinitely many solutions, 

expressible in terms of one parameter. 

For Equation 7, : “¢ 

1 | l 1 4 \ 

(= (3) 4 and Alle |)3) =4 9 

5 -—2 5 —2 7 

In this case, r(A) =r(A|H) = 2, and so the solution is unique. The rest of the cases 

are left to the Problems. 

Before leaving this section, we shall present a theorem regarding homoge- 

neous sets of linear algebraic equations. Even though the above theorem applies to 

both homogeneous and nonhomogeneous systems, homogeneous systems occur 

quite often in physical problems, so we'll present the implications of the above 

general theorem to homogeneous systems. 

The m x n homogeneous system AX = 0 always has a trivial solution, 

XxX, =X2=:+--=x, =0. [It is always consistent because r(A) =r(A|H).] 

If r(A) =n, then the trivial solution is the only solution. If r(A) <n, then the 

general theorem assures the existence of non-trivial solutions. In particular, these 

non-trivial solutions constitute an [n — r(A)]|-parameter family of solutions. 

Ann Xx n homogeneous system has a property that we shall emphasize here 

by setting it off: 

Then x n homogeneous system of linear algebraic equations AX = 0 has a 

non-trivial solution if and only if det A = 0. 
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This last theorem follows directly from everything above, but it is important enough 
to emphasize. 

ge eet) wre eas eer 5 
Example 4: 

Determine the values of x such that the equations 

XCy +C) =a) 

Cyt XCa + Cg =) 

Cais Gaat Gti) 

Canc, =O 

have non-trivial solutions for the c;. (This set of equations occurs in a 

quantum-mechanical calculation for a butadiene molecule.) 

SOLUTION: To assure a non-trivial solution, the determinant of the 

coefficient matrix must vanish. 

—() 

| 0 

i 0 

1 1 

0 x oor RR 

Expanding in cofactors about the first row gives 

Pe =O 1) 0 

or xt — 3x2 + 1=0, or x? = (3+ V5)/2, or x = +1.61804 and 0.61804. 

oe es Se el 

9.4 Problems 

Use the concept of rank to investigate the nature of the solutions in Problems I through 12. 

1. Example 4 of Section 2. 7. Problem 4 of Section 2. 

2. Equations 8 of Section 2. 8. Problem 5 of Section 2. 

3. Example 5 of Section 2. 9. Problem 6 of Section 2. 

4. Problem | of Section 2. 10. Problem 7 of Section 2. 

5. Problem 2 of Section 2. "11. Problem 8 of Section 2. 

6. Problem 3 of Section 2. 12. Problem 9 of Section 2. 
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13. For what values of x will the following equations have non-trivial solutions? 

LC} ae CD C4 = 0 

Cy + XE2 + C3 =0 

Gp + XC3 + cq =0 

cy +¢3+%x¢4,=0 

14. Determine the values of x for which the following equations will have a non-trivial solution: 

MOE ie ies CaO 

Get eG +4 =0 

Cy +x¢3+¢4=0 

Cla C7 ea eer — 0 

9.5 Vector Spaces 

Although we didn’t point it out explicitly in the previous section, matrices obey 

the following algebraic rules: . 

1LA+B=B+A 

2.A+(B+C)=(A+B)+C 

3.a(A +B)=aA+aB 

4.(a+b)A=aA+bA 

5. a(bA) = (ab)A 

where a and b are scalars. It so happens that many other mathematical quantities 

obey the same set of rules. For example, complex numbers, vectors, and functions 

obey these rules. There is a mathematical formalism that treats all these quantities 

in an abstract unified manner and allows us to see the similarities between them. 

We define a vector space V to be a set of objects (which we’ll call vectors) for 

which addition and multiplication by a scalar, either real or complex, are defined 

and satisfy the following requirements: 

|. Two vectors, x and y, may be added to give another vector, x + y, which is also 

in V. (We say that the set is closed under addition.) 

2. Addition is commutative; in other words, x + y=y +x. 

3. Addition is associative; in other words, (x + y) +z=x+(y+z)=x+y+z. 

4. There exists in V a unique zero vector, 0, such that x + 0 = 0 + x =x for any 
xin V. 

5. For every x in V, there is an additive inverse —x such that x + (—x) = 0. 

6. Any vector x may be multiplied by a scalar c such that cx is in V. In other 
words, the set is closed under scalar multiplication. 
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7. Scalar multiplication is associative; in other words, for any two numbers a and 
-b, a(bx) = (ab)x. 

8. Scalar multiplication is distributive over addition; in other words, 

a(x+y) =ax+ay and (a+ b)x=ax+ bx. 

9. For the unit scalar, 1x = x for all x in V. 

Properties | through 9 are called the axioms of a vector space. If the scalars are 

real numbers, V is called a real vector space; if they are complex, V is called a 

complex vector space. 

The geometric vectors that we discussed in Chapter 5 satisfy all the above 

properties of a vector space, and form what is called a Euclidean vector space, 

in particular. The elements or members of a vector space, however, need not be 

geometric vectors. For example, the set of all nth order polynomials, P,,, with real 

or complex coefficients, forms a vector space, as long as we consider mth order 

polynomials (m <n) to be nth order polynomials with certain zero coefficients. 

Another vector space consists of all n-tuples of real numbers, where the sum 

OL (7,5, .- +, U,) and (07,05, +... U,) 1S defined as (uj + Uj, 1 + U9;...:, 

u, + v,) and the product of an n-tuple by a scalar is defined as a(uj, U2, ...,U,) = 

(au;, Au, ...,au,) (Problem 1). (We’ll use ordered n-tuples fairly often to 

illustrate the properties of vector spaces, so we’ ll designate the space of all ordered 

n-tuples of real numbers by R” and that of complex numbers by C”.) 

MG 0 al 
Example 1: 
Show that the set of functions whose first derivatives are continuous in [a, b] 

and satisfy 

df 
—+2f =a) pe vhs] 

form a vector space. 

SOLUTION: To show that the set is closed under addition (1), let f and 

g be two elements of V (in other words, both f and g satisfy the above 

equation). Then, 

d d d : 
sa CN Oy egy Ie + 2¢ 
dx Ose (ole 

d 
=-(¢ +26) + (2 +28) =0+0=0 

dx dx 

To show that the set is closed under scalar multiplication (6), consider 

d (df £ (af) +2@f) =a (2 : 21 =0 
dx alee 

The other axioms are satisfied by any continuous function. 

tinea itis aah ina Hf tt Seiten ge coe 
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Example | suggests that the set of solutions to any linear homogeneous differential 

equation forms a vector space (Chapter 11). 

It often happens that a subset of the vectors in V forms a vector space with 

respect to the same addition and multiplication operations as V. In such a case, 

the set of vectors is said to form a subspace of V. A simple geometric example 

of a subspace is the xy-plane of a three-dimensional Euclidean space. The set of 

all vectors that lie in the x y-plane forms a vector space. To see another example 

of a subspace, consider the vector space R” made up of ordered n-tuples of real 

numbers (u;, U7, ..., U,). The set of n-tuples (a, a, ..., a) forms a subspace of 

R" (Problem 5). 

An important concept associated with vector spaces is the linear independence 

and linear dependence of vectors. We touched upon this idea in the previous 

section, but we shall study it more thoroughly here. Let (Ye ft Le eee) 

be a set of nonzero vectors from a vector space V. We say that the set of vectors 

is linearly independent if the only way that 

n 

Daeg) = 
j=l 

is for each and every cj = 0. If the vectors are not independent, then they are 

linearly dependent. There are several convenjent ways to determine if a set of 

vectors is independent or not. Let’s test the three vectors (1, 0, 0), (1, —1, 1), and 

(1, 2, —1) for linear independence. Is there a set of c;, not all zero, such that 

€;V; = (ci, 0, 0) + (ca, —€p, Cp) + (C3, 2€3, —c3) = (0,0; 0) 

=" 

or is there a nontrivial solution to the equations 

=) 

oye uo) ab) 

—=0) 

The determinant of the mairix of coefficients is nonzero, so the only solution is 

the solution c; = c) = cz = 0, and so the three vectors are linearly independent. 

We could also have arranged the three vectors as the rows of a matrix and then 

transformed it into echelon form: 

Le Ole 0 lee ieee Le OU 0 

1 —I Ti~|; 0 =1 Pies Tt 

l 2 =1 0 2 -] Oaea0) eel 

which shows that the three vectors are linearly independent. 

It’s easy to see from the echelon form approach that a set of m n-tuples must 
be linearly dependent if m > n because the bottom m — n rows will always be 
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zeros. For example, consider the three vectors (1, 1), (1, —1), and (—1, 1). Then, 

1 l l I 

and so only two of the vectors are linearly independent. We can also see that the 

rank of A can equal 2 at the most. 

es ee 
Example 2: 
How many linearly independent vectors are there in the set {(1, 1, 0, 1), 

(—1, —1, 0, —), , 0, 1, 1), (1, 0, —1, —)}? 

SOLUTION: 

1 0) il ft @ 1 t @ il 

lb ll el Oe 60) OUP OS a al O-7 clin» 0) 

lie 50 1 0 -1 it o@ Ngee 0) 

aa) OC al 0 [Pees Baath) oO © © 

where we placed the two zero rows at the bottom. Thus, there are two linearly 

independent vectors in the set. 

| ee ae ee eed ee ee TL: 

If Vj, Vo, ..., V, are vectors in a vector space V and if any other vector u in 

V can be expressed as a linear combination of v;, V2, ..., V,, so that 

U=CyVp+CgV2 + °° + Cy Vy 

where the c; are constants, then we say that vj, V2, ..., V, span V. For example, 

the three unit vectors i, j, and k span the three-dimensional space R°, as does any 

three non-coplanar (linearly independent) vectors. If the vectors v), V7, ..., V,, in 

a vector space V are linearly independent and span V, then the set Vv), V7, ..., V, 

is called a basis or basis set for V. The unit vectors i, j, and k, or any three non- 

coplanar vectors, form a basis in R*. The number of vectors in a basis is defined to 

be the dimension of the vector space. The dimension of a vector space V is equal 

to the maximum number of linearly independent vectors in V. 

Suppose that {v;; j =1,2,...,} is a set of linearly independent vectors 

in an n-dimensional vector space V. If the set composed of the v; and any other 

(non-zero) vector u in V is linearly dependent, then the set {v;; 7 =1,2,...,7} 

is said to be maximal. Thus, the maximum number of linearly independent vectors 

in V is n. Because u and the v; are linearly dependent, we can write 

CpVjptCoVo+---+ce,V, +¢,uU=0 

where the c’s are not all zero. If c, = 0, then’the set vj, V2, ..., V,, is linearly 
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dependent, contrary to our assertion. Therefore, c,, 4 0 and we can write 

We see, then, that u can be written as a linear combination of the set of linearly 

independent vectors, and so the v; constitute a basis. 

\ceeliatetec Aka ec? YEE oc ids chow ch 71 chia Ke 
Example 3: 
Show that the vectors (1, 0, 0), (0, 1, 0), and (0, 0, 1) form a basis in R?. 

What familiar vectors do they correspond to? 

SOLUTION: They form a basis in R> because any vector u = (x, y, Z) in 

R? can be written as 

w= x Cl; 05.0), yO, 1:0) + 210307 1) 

These vectors correspond to the unit vectors i, j, and k. 

ce Nae tg yd etl oe ee 
“ 

Example 4: 
Show that the vector space V of ordered n-tuples is an n-dimensional space. 

SOLUMONES Ihe nivectors; (a) Omer 0) (Ossi epeary 4) a eter (0), Ose enensD) 

constitute a linearly independent set of vectors in V. Furthermore, they span 

V because any other vector in V can be written as a linear combination of 

these vectors according to 

iS (Win Was a2 ag fh) =k, Os 455 50) ep, 1h oo We oos 

=e (OO 8 sean) 

Thus, the n vectors constitute a basis and the dimension of V is n. 

[Ree cree maT eraricen We nai Aer EN Pe YE | 

Suppose that {v;; j =1,2,...,n} is a basis of V. Then any vector u of V 

can be written as a linear combination of the Vi: 

n 

u=) 04; V; 
jel 

We say that w; is the jth coordinate of u with respect to the given basis set. 

Problem 19 asks you to show that the coordinates of u with respect to a given 

basis in a given basis are unique. 

When we study differential equations in Chapter 11, we’ll see that the set of 

solutions to an nth order linear homogeneous differential equation forms a vector 
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space. Consequently, it’s not unusual to inquire about the linear independence of 
a set of functions over some interval /. In other words, we ask if the only way that 

n 

di ci fi) =0 2) 
j=l 

is forc; =O for j=1, 2, ..., n. If that’s the case, we say that the n functions 

fj(x), j =1, 2, ..., n are linearly independent. Otherwise, they are linearly 

dependent. 

There is a convenient way to test for the linear independence of a set of 

functions. Start with Equation 2: 

Cin C(O are icy) = 0 (3) 

Ifthe f j(x) are differentiable up to (n — 1)th order over the interval /, differentiate 

Equation 3 n — | times to obtain 

cif, @) Jon Cie Giana se 7 (0 
; ee : (4) 

Ch ety ys G0 x3 Ci s(n) 0 

The coefficient matrix of these equations is 

fi) fox) - WAC) 

Coy a LCE emer een dC 
Woxy=| Sains (5) 

jem: i eeekeS WA, 4 sme 

The determinant W (x) in Equation 5 is called the Wronskian of the functions fj). 

If W(x) # 0 at any point in the interval /, then the f;(x) are linearly independent. 

Example 5: 
Test the functions sin x and cos x for linear independence over the interval 

00 < X <0; 

SOLUTION: The Wronskian is 

sin x COS x 
Wie) =—-—] 

COSP EE SIME G 

for all x, and so sin x and cos x are linearly independent for all values of x. 

Unfortunately, the converse of the above result is not true. If W(x) = 0, the 

f(x) may or may not be linearly independent, as the next Example shows. (See 

Problem 18 also.) 
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t fi ip 

-j (b) 1 

Figure 9.6 
The functions f\(x) =x and f5(x) = |x| 

in Example 6 are linearly independent 
over the interval —1 <x <1. (a) 

Example 6: 
Show that f(x) =x and f>(x) = |x| are linearly independent over the 

interval —1 < x < 1, but linearly dependent over the interval 0 < x < I. 

SOLUTION: For the interval [—1, 1 ], 

ea ae! gee 
Wixi 

* * 0 : =a () 
aoe) Ae way 

W(x) £0 for —1 <x <0, so f(x) and f5(x) are linearly independent over 

the interval [—1, | ] (Figure 9.6). 

For the interval [ 0, 1 ] 

W(x) = i pee’ ORS 

and so this test does not tell us anything. However, f(x) and f>(x) are 

identical over the interval [ 0, | |, so they are linearly dependent (Figure 9.7). 

fi ie 

Figure 9.7 
The functions f\(x) =x and fp(x) = |x| 

in Example 6 are linearly dependent over 

the interval 0 < x < |. (a) 
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One final comment before we leave this section. It’s easy to show (Problem 17) 

that if a set of differentiable functions f,(x), fo(x),..., f,(%) is linearly depen- 

dent on an interval /, then the Wronskian of these functions vanishes over the en- 

tire interval. 

9.5 Problems 

1. Show that the set of all ordered n-tuples of real numbers forms a vector space if addition of two n-tuples 

(UG, Wan a ly) AG (V7, Uys ce, Up) is defined as (uj + Vj, Up + U2,..., Up, + U,) and scalar multiplication 

is defined by c(uy, u2,..., -)) =(CDijy We 0.00 Cte) 

2. Show that the set of all two-dimensional geometric vectors forms a vector space. 

3. Show that the set of all polynomials of degree less than or equal to 3 forms a vector space. What is its 

dimension? 

4. Show that the set of functions that are continuous in the interval (a, b) forms a vector space. 

5. Show that the set of n-tuples (a, a, ..., a) is a subspace of R”. 

6. Let S be a subset of R* spanned by (1, 1, 0) and (1, 0, 1). Is Sa subspace of V? 

7. Test the following vectors for linear independence: (0, 1, 0, 0), (1, 1, 0, 0), (0, 1, 1, 0), and (0, 0, 0, 1). 

8. Test the following vectors for linear independence: (1, 1, 1), (1, —1, 1), and (—1, 1, —1). 

9. Is the vector (1, 0, 2) in the set spanned by (1, 1, 1), (1, —1, —1), @, 1, 1)? 

16. 

We 

18. 

19. 

20. 

. Show that the set of vectors {(1, 1, 1, J), (1, —1, 1, —D), (1, 2, 3, 4), C, 0, 2, 0)} is a basis for R*. 

. Show that (1, 1, 0) and (1, 0, 1) are linearly independent in R? and find a third linearly independent vector. 

. Find the coordinates of (1, 2, 3) with respect to the basis (1, 1, 0), (1, 0, 1), C1, 1, 1) in R?. 

. Use the Wronskian to test the three functions 1, sin x, and cos x for linear independence. 

. Use the Wronskian to test the three functions e*, e~*, and sinh x for linear independence. 

. Evaluate the Wronskian of f;(x) =x? and f(x) = |x|x over the interval [—1, 1 ]. Are the functions linearly 

independent over the interval [—1, 1 }? What about over the open interval (0, | |? 

Use the Wronskian to test for the linear independence of f(x) = 1, fo(x) = sin? x, and f;(x) = cos? x for 

all x. If W =0, can you check for linear independence by any other method? 

We’ll prove that if a set of (n — 1) times differentiable functions f{(x), fo(x),..., f,(x) in an interval J is 

linearly dependent, their Wronskian vanishes identically on /. Argue that there must be nonzero constants in 

the expression cy f\(x) + co fo(x) ++ +++, f,(x) = 0 for every x in J. Now form the set of n equations in 

the f; (x) and their first n — | derivatives. Why must the Wronskian equal zero? 

This problem shows that the Wronskian of linearly independent functions may equal zero. First show that 

Ox 0 hae =e t= 0 
neo=| 2 x>0 and fr(x) = 0 x =0 

W(x) =0. 

Prove that the coordinates of a vector in a given basis are unique. 

are linearly independent over (—oo, 00). Now show that 

Show that the coefficient matrix of Equations | is made up of the three vectors in question arranged as columns. 

Using this observation, test the vectors (1, —1, 1, —1), (2, 3, —4, 1), and (0, —5, 6, —3) for linear independence 

in R*. 
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9.6 Inner Product Spaces 

The idea of a vector space generalizes the spaces of two- and three-dimensional 

geometric vectors that we discussed in Chapter 5. In those spaces we used a dot 

product to define lengths of vectors and the angle between two vectors. These 

concepts are so useful that it is desirable to introduce them into our general vector 

spaces. We shall now introduce a definition of an inner product for the vectors of 

a vector space. 

A vector space is called an inner product space if in addition to the nine 

requirements that we listed in the previous section, there is a rule that associates 

with any two vectors u and v in V areal number, written as (u, v) [some authors 

use (u, v)], that satisfies for all vectors in V 

Le 
(a uy +b Uy, U3) a a(uy, U3) = b(Uy, U3) (1) 

where a and b are scalars. (The inner product is a linear property.) 

(u, Vv) = (Vv, U) (2) 

(The inner product is commutative.) 

(u, u) > 0; and (u, u) =6 if and only if 1 OS) 

(This property is known as positive definiteness.) 

Problem | has you prove that the dot product that we defined for geometric vec- 

tors is an inner product, so that the Euclidian space of two- or three-dimensional 

geometric vectors with a defined dot product is an inner product space. 

Example 1: 
Let (445.45, ea u,) and vV = (v1, U2, ..., V,). Show that the product 

defined by 

(u, V) =u,v, +---+u,v, 

in the vector space R” is an inner product. 

SOLUTION: We shall verify each of the above three properties in turn: 

1. (au+bv, w) = (au, + bv)w, + (auz + bv2)w2 +--+ + (au, + bv,) wy, 

= aUyW, + auqW2 +--+ +au,w, + bvjwy+---+bu,w, 

=a(u, w) + bv, w) 

2. (U,V) = yd, ++ +> + Up, = Vy, +--+ +0,u, = (V, U) 

3); (u, u) =ut +--+ +u2 > Ounless uj; = uy =--- =u, =0. 

es ee ee 
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i NG pSV RGuM seep me | 
Example 2: 
Let V be the vector space of real-valued functions that are continuous on the 

interval [@, 6]. Show that 

B 

ee / ReyeGaas 

is an inner product. 

SOLUTION: 

B 

TAGi) 4 Pfs, 2) =| (af, + bfa)gdx =a(f), g) + d( fo, g) 

B B 

EG GRES =| fixdgdx = f a(x) f (x)dx = (g, f) 

B 
6 iho Hf) = i f?(x)dx > 0 and is equal to zero if and only if f(x) =0 

a 

Motivated by geometric vectors, we define the length of a vector in V by 

jul] = (u, uw)? (4) 

We also call ||u|| the norm of u. For the case of R”, the norm is given by 

Jul] = (a, w)!/* = wt +5 ++ +u2y!? (5) 

The inner product satisfies an important inequality called the Schwarz in- 

equality: 

|(u, v)| < |/ull [lvl (6) 

The proof of the Schwarz inequality goes as follows: Start with (u + Av, 

u + Av) > 0, where 4 is an arbitrary constant. Expand this inner product to write 

7 (v, v) + 2i(u, v) + (u, u) > 0 (7) 

This inequality must be true for any value of 4, so we choose A = —(u, v)/(vV, V). 

Substituting this choice of A into Equation 7 gives 

(u, v)? < (u, u)(v, v) 

The square root of this result gives Equation 6. Notice from Equation 6 that we 

can define the angle between u and v by cos 6 = (u, v)/||ul| ||v|], whereO0 <6 <7 

because —1 < (u, v)/||ul] ||v|| < +1. 
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The norm in a vector space V satisfies the following properties: 

a \|v|| > 0; |v|| =O ifandonlyif v=0O (8) 
\ 

II VII lev|| = Ic} lvl (9) 

ju + vi] < |lull + {lvl (10) 

|| ul 
Equation 10 is called the triangle inequality (Figure 9.8). It can be readily proved 

Figure 9.8 using the Schwarz inequality (Problem 4). An illustration of the triangle inequality 

presented in Equation 10. 

ae on OL bad Ce eee Ge 
Example 3: 
Verify the Schwarz inequality for u = (2, 1, —1, 2,0) andv = (—1, 0, 1, 2, —2). 

SOLUTION: We use Equation 6: 

(u,v) = —2+0-—1+4+4+0=1 

{u,u)=4+1+14+4+0=10 

(v,v)=1+04+14+4+4+4=10 

The inequality reads 1< 10 inthis case. \: 

ee ee eee eee | 

Ifu and v represent geometric vectors from an origin to points given by the tips 

of u and v, then |u — v| is the geometric distance between these points. We define 

the distance between vectors u and v in a vector space V by d(u, v) = ||u — v|l, 

which you can show satisfies the following conditions (Problem 8): 

d(u, v) = |lu—v|| >0, which =O ifandonlyif u=v (11) 

= d(v, u) (12) 

< d(u, w) + d(w, v) (13) 

where w is a third vector (Figure 9.9). Equation 13 is another form of the triangle 

inequality. 

If (u, v) = 0, wand vare said to be orthogonal. For two- and three-dimensional 

geometric vectors, orthogonality means that the vectors are perpendicular to each 
Figure 9.9 rane ine f 
ne illustration of the triangle inequality other, but orthogonality is more general than that. Using the definition of the inner 

presented in Equation 13. product of two functions as given in Example 2, we say the two functions, f(x) 

and g(x), are orthogonal over [a, b] if 

b 

Co) f@)g@)dx=0 

Suppose that v; for 7 = 1,2, ..., is a set of orthogonal vectors in a vector 

space V, then we can express orthogonality by writing 



9.6 Inner Product Spaces 

( i ;) | j \|75; j ee J ly 

where 4; ; is the Kronecker delta. If the lengths of all the vectors are made to be unity 

by dividing each one by its length ||v ||, then the new set is called orthonormal. 

An orthonormal set of vectors satisfies 

(14) 

Example 4: 

Show that the geometric vectors v; = (i Hea) fal 2s v> = (i— j)/V2, and 

v3 =k form an orthonormal set of vectors. 

SOLUTION: 

(vv) = PEED (V7, Vo =f ed A 

1 
Vig Yo) = 07) iJ) = 0 (Vj, V3) = 

Therefore, {v;, vj) = 5;;. 

[Lee en ee ee a ey eee ae ae en 

It’s easy to show that an orthonormal set of vectors is linearly independent. 

Let V|, Vo, ..., V, be an orthonormal set, and form 

Cy Vitae oe cy Vy = 0 (15) 

where the c; are to be determined. Now form the inner product of Equation 15 with 

each of the vectors Vv), V7, ..-., V,, in turn, and find that c; =0 for j =1,2,...,n. 

Thus, the set of vectors is linearly independent. 

We shall now show that every n-dimensional vector space V has an orthonor- 

mal basis by actually constructing one. Let v; for j = 1,2,...,/ be any set of 

(nonzero) linearly independent vectors in V. Start with v, and call it u;. Now take 

the second vector in the new set to be a linear combination of v> and uj: 

Up = V2 ap da, Uy 

such that (u,, u») = 0. This condition gives 0 = (uy, V2) + a ;(u,, U;) and so 

Uy = V2 — M2) Yay, (16) 
(Uy, u)) 

Now take the third member of the orthogonal set to be 

U3 = V3 +b, uy + bp Uy 

1 (v3, v3) =k-k=1 

447 



448 Chapter 9 / Linear Algebra and Vector Spaces 

and require that (u3, u,;) = 0 and (u3, u») = 0. This gives (Problem 15) 

eee Se SD eI (17) 2 
(Uy, Up) (u;, Uj) 

The general pattern is evident now, and 

ioe (v;, u;) 
a u; (18) u;=Vv;— Jj j u,;, U; 

t= 

The u i do not form an orthonormal set because they are not normalized, but it 

is easy to normalize each one simply by dividing by its length. This procedure 

for generating an orthonormal basis from a general basis is called Gram-Schmidt 

orthogonalization. 

Example 5: 
The three functions f\(x) = 1, fo(x) =x, and f;(x) =x? form a basis for 

the vector space of all polynomials of degree equal to or less than 2. Using 

the definition of an inner product given in Example 2, find an orthonormal 

basis over the interval [—1, 1]. : v 

SOLUTION: We start with v, = 1, v> = x, and v3 = x’. Take u, = | and 

write 

l I 
(uy. v2) = f ake =Op (uy. u) = | Ope ==?) 

1 1 

Using Equation 16, we find that uy = x. Equation 17 requires that we evaluate 

I 2 
(Uy, V3) = il xdx == 

=i 3 

l I 
(Uy, V3) = / xdx = 0; (Uy, Uy) =i! xdx = : 

—t -1 

which gives u; = x* — i. We can normalize uj, Uy, and u3: 

nie 2 sia ioe commlba 
(u;, U;) =2 (uy, up) = f Anis and (U3, U3) =| (x = :) ai 

—1 eal 

and so the three orthonormal vectors are 

1\ 1/2 3\ 1/2 

oi =(5) : x00) = (3) : a 
45 \ 12 | 

nile) alga) 
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9.6 Problems 

1. 

2. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

Lf 

Show that the dot product that we defined in Chapter 5 for geometric vectors is an inner product. 

Show that the two geometric vectors u =i +2j+k and v= —i+j+k satisfy the Schwarz inequality. 

- Show that the two functions f(x) = 1+ x and f(x) = x over the interval [ 0, 1 ] satisfy the Schwarz inequality 

given the definition of the inner product in Example 2. 

- Prove the triangle inequality (Equation 10). 

. Show that |juj + uy +--+ u,||? = lull? + up|? + ---+ flu, |i? if the u; are orthogonal. This is the 
Pythagorean theorem in n-dimensions. 

- Let V be the vector space of real functions that are continuous on [—7, zr]. Using the inner product defined in 

Example 2, show that 1, cos x, cos 2x, ..., sin x, sin 2x, ... form an orthogonal subset of V. 

. Suppose that uj, U5,..., u,, 1s an orthogonal basis of V. Show that 
» (Vv, U;) (Vv, Uy) ras (v, u,) 

Tes 

(U,, U,) 
1 

(u;, U;) (Ug, Uy) 

. Show that the distance function d(u, v) satisfies Equations 11 to 13. 

. Using the inner product defined in Example 1, show that the norm of an ordered n-tuple of real numbers is 

Ge ee ea, Sous ene)! 
We defined the so-called Euclidean norm in Problem 9. We could also define the norm of an ordered n-tuple 

of real numbers by |/u|] = |w,| + |v2| +---+ |u,|. Show that this definition satisfies Equations 8 through 10. 

Show that if we define the norm of an ordered n-tuple of real numbers by ||u|| = max (|u ;|), then this definition 

satisfies Equations 8 through 10. 

Calculate the norms of the vectors (1, —2, 3) and (2, 4, —1) according to the definition given in Problem 10. 

Calculate the norms of the vectors (1, —2, 3) and (2, 4, —1) according to the definition given in Problem 11. 

Calculate the distance functions of the vectors in Problem 12 using the three definitions of a norm that we have 

presented. 

Derive Equation 17. 

Construct an orthonormal basis from the three vectors (1, —1, 0), (1, 1, 0), and (0, 1, 1). 

The functions f\(x) = 1, fo(x) = sin 2x, and f3(x) = cos 2x over [—7, 2] are a basis for a three-dimensional 

vector space. Construct an orthonormal set from these three vectors. 

9.7 Complex Inner Product Spaces 

In our discussion of vector spaces, we have tacitly assumed that the scalars and 

vectors are real-valued quantities. It turns out that quantum mechanics can be 

formulated in terms of complex vector spaces with complex inner products, so 

in this brief section, we shall extend the results of the previous sections to include 

complex numbers. 

The central notion of linear independence is not altered if we are dealing 

with a complex vector space instead of a real one. Nowhere in the previous 
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section did we specify that the vectors or the set of constants in the definition of 

linear independence had to be real. Let’s determine whether the vectors (1,7, —1), 

(1+i,0, 1—i), and (i, —1, —i) are linearly independent or linearly dependent. 

We form a matrix with the vectors as rows and then transform the matrix into 

echelon form: 

tee Oa Oat le 

1 Sal Sy 0 0 0 

Thus we see that the vectors are not linearly independent. (See also Problem 1.) 

The primary difference between a real and a complex inner product space is 

in our definition of an inner product. If we allow the scalars and vectors to be 

complex, Equations | through 3 of the previous section become 

(ula vj + b vx) = a(uly;) + (uly) (1) 

(ulv) = (vju)* (2) 

(uju) > 0 and (uju) =O ifandonlyif u=O (3) 

We are using a vertical line rather than a comma to separate the two vectors en- 

closed by the angular brackets in Equations | through 3 to distinguish between real 

and complex product spaces. (This is standard notation in quantum mechanics.) 

If we take the complex conjugate of Equation | and use Equation 2, we obtain 

(av, +b vo|u) = a*(v\|u) + b* (v5 |u) (4) 

In particular, if we let v. = 0, then we have 

(ula v) = a(ulv) (5) 

from Equation | and 

(a ulv) = a*(ulv) (6) 

from Equation 4. Note that these two equations say that a scalar comes out of the 

inner product “as is” from the second position, but as its complex conjugate from 

the first position. This is standard notation in quantum mechanics texts, but not 

in all mathematics texts. Some mathematics texts define a complex inner product 

such that (ula v) = a*(ul|v) and (a ulv) = a(ulv). 

If u and v are ordered n-tuples of complex numbers, then we can define (u|v) 

by 

(ulv) = uyvy +502 +---+ uv, (7) 
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and the length of u, |ju|| by 

|u|] = (uju) = wyuy + usu. +---+u*u, > 0 (8) 

Equation 7 is sometimes called a Hermitian inner product. Problem 9 has you 

show that this definition satisfies Equations | through 3. 

een ee 
Example 1: 

Given u= (1+ /, 3,4 —/) and v= (3 — 47, 1+ i, 2i), find (u|v), (v|u), 

i|u||, and ||v|]. 

SOLUTION: 

(ulv) = (1-1) — 4’) + 30. +i) + 44+ (Qi) =4i 

(vju) = (34+ 4i)(1 +i) +301 — i) — 2i(4 — i) = —4i = (ulv)* 

jul] =(1+)0-)4+94+4404- id)? = V28 

lvl =(G +4) G6 — 41) + d+) —i) + Qi)(-21)]!” = V31 

ie eid taal in eh ll le I | 

If a set of vectors v; for 7 = 1,2, ..., 1 satisfies the condition (v;|v;) = 4;;, 

we Say that the set is orthonormal. 

eee er Or ee ere SE SS te ies Fons et ea 
Example 2: 
Show that the three 3-tuples u; = (1,7, 1+ 7), uw = (0, 1 —i, 1), and 

uz = (3/ — 3, 1 +7, 2) form an orthogonal set. How would you make them 

orthonormal? 

SOLUTION: 

(ulus) =0-i(1—i) #1 —’i =0 

(ulus) = Gi — 3) —i1 +1) +20 —1) =0 

(u5|u3) =0 + (1+i)(1 +i) — 21 =0 

To make them orthonormal, divide each one by its norm: 

ray l| = (uylug)'? = (CQ) — i) + - NA+ HI? =2 

jus|| = @pju,)/? =(A + )d—-)+ GAN@!” =3!” 

([u3|| = (uslus)!/? = ((—3i — 3)(3i — 3) + 1-41) +4)? = 24)” 

eee Pe el 

451 
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Ee 
Example 3: 
Show that the set of functions 

Le eea0 
G0) en 0<0<2n 

/ 20 

form =0, +1, +2, ...is orthonormal if we define the complex inner product 

by 

21 

(Pin|Pn) aa ’,, (9), (0) dé 
0 

SOLUTION: 

1 20 . ; 

(Pn |Pn) = a ‘| pe er de 
Tw JO 

1 20 

yes el(n—m)6 169 

2m Jo 

The integral here equals | if m =n and 0 if m <n. If m #7, then it is an 

integral over complete cycles of the complex exponential function. 

The Schwarz inequality takes on the same form for a complex vector space: 

|(ulv)| < |ull Iivil (9) 

and its proof parallels the one for a real vector space (Problem 11). 

The Gram-Schmidt procedure is also valid for complex vector spaces. Let’s 

construct an orthonormal basis from the two vectors v; = (—1, 1) and vj = (i, —1). 

We start with u; = v, = (—1, 1) and write 

Uj =Vv.+au, 

Form the inner product with u, from the right (see Problem 13) to get (u,|u,) = 

0 = (v>|u,) + (a u,|u;), which in this case gives 

0=i —1+a*(u,|u,) =i — 14 2a* 

or a = (1 + 1)/2. Thus, the two orthogonal vectors are u,; = (—1, 1) and 

1+i i—li-l | 
wb =7,—l)- =.= 1 =-(-—1l,i-1 2=(i ) ee ) (5 a ae 1—1) 

The two orthonormal vectors are 

| 
u, = —(-1, 1 and up=-(i-l,i-| I a. ) 2 A l ) 
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Be Problems 

1. 

iS: 

14. 

. Show that the projection of a geometric vector u onto another geometric vector v is given by 

Show that the three vectors (1,7, —1), (1 +i, 0, 1-1), and (i, —1, —i) are not linearly independent by 

expressing one of them as a linear combination of the others. 

. Determine if the vectors (1, 1, —i), (0, 7, 1), and (0, 1, —1) are linearly independent. 

- Determine if the vectors (7, 0, 0), (i, i, 0), and (i, i, /) are linearly independent. 

- Suppose that (u | v) = 2 +7. Determine (a) ((1 — i)u| v) and (b) (u | 2i v). 

Y . Calculate 
(uly) 

v| 
the projection of u = (1 — i, 27) onto v = (3 + 21, —2 + i) in a complex inner product space. 

- Determine if the four matsces I= ( 5 phe" Mice: @ jrando.= (4 * dare 

linearly independent. These matrices are called the Pauli spin matrices. 

. Verify Equation 2 explicitly for (a) u=(1+i, 1); v=(-i, —1) and (b) u = (3, —i, 21); v = C1, 3i, —1). 

. Letu = (1, 1) and v = (1, —2). Verify Equations 5 and 6 explicitly for a =i. 

. Show that the inner product defined by Equation 7 satisfies Equations | through 3. 

. Find the inner products and the lengths of the vectors in Problem 2. 

. Prove the Schwarz inequality for a complex vector space. 

. The two vectors (1, 7) and (1, 1) are the basis of a two-dimensional complex vector space. Construct a pair of 

orthogonal vectors in this space. 

Re-do the derivation at the end of the section by forming the inner product of u, from the left. 

We derive Bessel’s inequality in this problem. Let $ ;, j = 1, 2, ..., be an orthonormal set of vectors in V 

and let v be any vector in V. If 

V=Cpb ter Gjp to +e dn oy 
r r 

show that c; = (v|¢;). Now form u=v— > cj @;, where r <n, and show that IIv il? > sy Ge. 

j= he 
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Arthur Cayley James Joseph Sylvester 

Arthur Cayley (1821-1895), who presented the first abstract definition of a matrix, was born on August 

16, 1821, in Richmond while his parents were visiting England. His father was a merchant in Russia, where 

the family lived for the first eight years of his childhood. Upon their.permanent return to England, his 

aptitude for mathematics was soon apparent. Although his family wished him to continue in the family 

business, they relented and gave him their approval to study mathematics. He entered Cambridge University 

at age 17, graduating first in mathematics in 1842. He remained as a fellow for four years, but he left when 

he elected not to take holy orders as required. Needing a profession, he trained as a lawyer and was admitted 

to the bar in London when he was 28 years old. During his 14 years in the legal profession, he published 

nearly 250 mathematical papers. In 1863, he was appointed Sadleirian Professor of Pure Mathematics at 

Cambridge, taking a large cut in salary. In the same year, he married Susan Moline. Theirs was a happy 

marriage, producing two children. Cayley had a calm and quiet demeanor. He almost never had an angry 

outburst, quite in contrast to Sylvester, whom we shall meet below. Cayley died after a long illness on 

January 26, 1895. 

James Joseph Sylvester (1814-1897), who gave us the term “matrix,” was born on September 3, 

1814, in London. He entered Cambridge University in 1833 but did not graduate because he refused to sign 

the required religious oath due to his Jewish faith. After working at a variety of occupations, he studied law 

and was admitted to the bar in London at the age of 36. He met Cayley while both men were working as 

lawyers. Cayley and Sylvester had orthogonal personalities. Sylvester had a fiery nature and easily lost his 

temper, but they remained life-long friends. In 1855, Sylvester was appointed Professor of Mathematics 

at the Royal Military Academy in Woolrich, from which he was forced to retire at the age of 55. In 1877, 

he accepted a Chair in Mathematics at the newly founded Johns Hopkins University in Baltimore, where 

he established the first Ph.D. program in mathematics in the United States. After six years, he returned to 

England in 1883 to accept the Savilian Chair of Geometry at Oxford University. Sylvester fancied himself 

a poet throughout his life, and he was most proud of his book The Laws of Verse. While in Baltimore, he 

regularly read poetry at the Peabody Institute. One of his poems, Rosalind, consisted of 400 lines, each 

rhyming with the word Rosalind. A story goes that he once spent several hours introducing this poem, and 

then he read it to what remained of his audience. Sylvester retired from Oxford at age 78 and returned to 

London, where he died on March 15, 1897. 
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Matrices and Eigenvalue Problems 

In the previous chapter, we learned that a matrix is a rectangular array of elements 

that obeys a certain set of algebraic rules, called matrix algebra. For example, we 

learned to add and subtract matrices and to multiply them together. We saw that we 

can associate a matrix with an operation or a transformation such as a rotation of a 

vector through some angle 6 about some axis or the reflection of a vector through a 

plane. Matrix multiplication corresponds to applying two or more transformations 

in succession. The idea of undoing a transformation leads to the idea of the inverse 

of a matrix, so that if S represents some transformation, then S~! represents the 

effect of undoing that transformation. 

We shall continue our discussion of matrices in this chapter. Section | deals 

with orthogonal transformations. A matrix that represents a rotation or a reflection 

is called an orthogonal matrix and satisfies the convenient relation A~! = A'. This 

relation implies that the rows (columns) of an orthogonal matrix are orthogonal. In 

Section 2, we introduce one of the most important matrix equations, those that have 

the form Ax = Ax, where d is a scalar and x is a (nonzero) column vector. Values of 

i that satisfy this condition are called eigenvalues, and the corresponding vectors 

x are called eigenvectors. We’ll learn how to determine the set of eigenvalues and 

eigenvectors of a given matrix (this is called an eigenvalue problem). Many diverse 

physical problems can be formulated as eigenvalue problems, and we discuss 

several illustrative applications in Section 3. We shall see that the values of the 

elements of a transformation matrix A depend upon the particular basis being used. 

If we change the basis, then we change the elements of A. It is often possible that 

if we choose the basis appropriately, A will be a diagonal matrix, which is very 

convenient computationally. In Section 5, we learn how to determine the basis 

for which A is diagonal, a process called diagonalization. Many mathematical 

and physical problems involve the diagonalization of matrices, and we discuss 

a number of these problems in the final section. 

10.1 Orthogonal and Unitary Transformations 

In Section 9.3, we showed that the matrix 

Ro) = (re hes) (1) 

sin 6 cos 0 

corresponds to the rotation of a two-dimensional vector through an angle @ in a 

counterclockwise direction. In other words, Ru = v, where u and v are shown in 455 
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ty 

Figure 10.1 
The rotation of a vector counterclockwise 

through an angle 0. 

ta 

Figure 10.2 
The reflection of a vector through the y 

axis. 
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Figure 10.1. We say that R transforms u into y. Similarly, the matrix 

=i) @ = ; ') (2) 

corresponds to reflecting a vector u through the y axis because Su = (—u,, iy) 

(Figure 10.2). (We write the column vector with components —u, and uw, as 

(—#,; be for convenience in typesetting.) 

The matrices R and $ represent not only transformations, but they represent 

linear transformations. A linear transformation A on the vectors of a vector space 

V is a function that takes one vector in V into another vector in V such that for all 

u and v in V 

A(au + Bv) =aAu+ BAV (3) 

where a and f are scalars. Let’s show that R given by Equation | is a linear 

transformation. Let u =u, i+u,jandv=v,i-+ vy, j. Then, 

R(au+ Bv) =R[ (au, + Bvy)i+ (au, + Bry) Jj] 

(cose = sin 8 au, + Bv,, 

Psine  ‘cos0) Vans bu, 

afl est Bv,) ye (au, + Bvy) sin é (4) 

~ \ (au, + Bv,) sind + (au, + Bv,) cos é 

Now Ru and Rv are given by 

Sin COs Ou, — sin @ uy ave ie cee OU, Smee, 

sin 6 u, + Cos @ uy sin 0 v, + cos @ vy 

Thus, 

Peay = ( (au, + Bv,) cos 6 — (au, + Bry) sin 6 (5) 

(au, + Bv,) sin @ + (au, + Bry) cos 6 

in agreement with Equation 4. 

Example 1: 
Show that 

A(au+ pv) =aAu+ BAv 

if 

1 oO -1 

nd) 1 1 

27 =) 0 

SOLUTION: The expression A(au + fv) in matrix form is 
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lie Oe=1 au, + Buy OU PU (Clie U,) 

0 ] l au, + Boy | = au, + Buy + au, + By, 

ae au, + Bv, Z(G, PU) — (au, + Bv,) 

pi! VU, 

=Q | Uru, p+ P| vy vy, 

2u, — Uy 2 Uy 

=aAu+ PAV 

ep 

If we introduce a basis set into our vector spaces, then we can investigate the 

result of the transformation in terms of the basis vectors. For concreteness (and 

simplicity), we will choose the so-called standard basis in V = R". By a standard 

basis, we mean a set of basis vectorse,; = (1,0,0,..., o)!, Cy els Oe OM 

en (0,00 Loc 0)! and sorongpsto €,, = (0; 0,0, .25., 1)", where n is the 

dimensionality of V. Note that e;, e, e3 correspond to i, j, k in three-dimensional 

Euclidian space. We shall restrict our discussion to transformations v = Au such 

that v is in the same vector space as u. Because v = Au is in V, we can write 

Furthermore, 

n 

Eo ctpete A tg ae oO (6) 

j=l ee 

But the vector Ae; can be expressed as a linear combination of the {e;}, so 

A 

Ae; => S aijei (7) 

al 

In Equation 7, a;; is the ith component of the vector Ae ; in the standard basis {e;}. 

Substituting Equation 7 into Equation 6 gives 

Thus, the ith component of v in the standard: basis is given by 

n 

Oe ) Gj jUj (8) 

j=l 
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Let’s write out Equation 8 in full so we can view the components more clearly. 

Vp = yy + Quy +++ + Any 

Vz = AzUy + AggUy +++ + Agny 
(9) 

Un = An {Uy + Aqua +++ + Anny 

Notice that if u =e, = (1,0,..., 0)', then v= (aj, ay), ---, np) 1fu=e2 = 
(0, 1,0,..., 0)", then v = (ay5, ay, . . ., dn)', and so forth. Thus, the jth column 

of A is given by Ae;. In other words, the matrix A is completely determined by 

how it transforms the vectors of the standard basis. 

i Wl tae. it epeminen han bee 
Example 2: 
Determine the matrix A if Ae; = (1, 2, = 1h ING = (Wt, 1, and 

ise — Cll 0)!. Show that A is nonsingular. 

SOLUTION: The jth column of A is given by Ae;, so 

ja a 

A= 2 Leal 

—1 1 0 

The determinant of A = 2, so A is nonsingular. 

ines eee Ses eS | 

The linear transformations that we have considered in this section transform 

given vectors into other vectors. For example, the matrix described by Equation | 

corresponds to a rotation of a vector through an angle 6 in a counterclockwise 

direction. Since Ru corresponds to a rotation of u, we should expect that the length 

of u does not get altered under R (Problem 7). Let v = Au be a linear transformation 

of u that preserves its length. Then 

(v, v) = (Au, Au) = (Au) (Au) =u A'Au (10) 

If v and ware to have the same length, then we must have A'A= |,orthat A' = A7!, 

A matrix with this property is said to be orthogonal, and v = Au is said to be an 

orthogonal transformation. We can state this important result as follows: 

A linear transformation preserves lengths if and only if its matrix is 

orthogonal. 

aS ee 
Example 3: 
Show that R given by Equation | is an orthogonal matrix. 
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SOLUTION: We need to show that R' = R~! or that RR! =|. 

RTR — cos@ sing cos@ —sin@ 

~ \—sin@ cosé sin @ cos 6 

_ (cos? 6 + sin? 6 0 ney ano 
iF 0 sin?6@+cos?6) \O 1 

It is also true that RR! =1. 

a S| 

Not only are the lengths of vectors preserved under orthogonal transforma- 

tions, but the angles between vectors are preserved as well. Recall that the angle 

(x, y) 
(x; x) ty, yy? 

prove that the angle is preserved under an orthogonal transformation, we simply 

need to show that (Ax, Ay) = (x, y). Now 

between two vectors in a vector space is defined by cos 6 = 

(AXyAY) = (Ax) Ay = x'ATAy = xly = (Xen y)) CUD} 

Furthermore, the distances between the ends of vectors are also preserved by 

orthogonal transformations (Problem 8). 

The orthogonality expression 

MA=AA' =| (12) 

implies that the rows of A! and the columns of A are orthonormal. The rows of A‘, 

however, are the columns of A, so Equation 12 implies that the column vectors (also 

the row vectors) of an orthogonal matrix are orthonormal. To see this analytically, 

insert the fact that ai; =a; into A'A = Ito get 

n n 

ii = 
Yo aaj = oy =) ajiajx (13) 

j=l ye! 

Equation 13 says that the ith and kth columns of A are orthonormal vectors. If 

we use A A! =1 instead of A'A =|, we find that the ith and kth rows of A are 

orthonormal vectors (Problem 9). 

ee ee ae | 
Example 4: 
First show that 

/(1 8 -4 
 eadineel CY eae 

2 Veg oe «A 

is orthogonal and then show explicitly that its rows (columns) are orthonormal 

vectors. 

459 
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SOLUTION: 

; je Saas dy SS i (oie 9 
NAS QP aden | Ae FAS] =, OR Oo 

NN aa ee ame Ae Cine ie 

ey ane tara is “4 *8 ne! 0 
7 ee Py. 9) S44 = Om ci 

SU eS ee cima ig) Neigh eayfaee 0 81 

The columns are normalized because 

1 1 
= (I+ 16+ 64) = 1, ae 16+ 1)=1, and Pit Sato Lo) al 

Column | and column 2 are orthogonal vectors because 

8 

(1, 4,8) | —4 | =8-—16+8=0 

Similarly, columns | and 3 and columns 2 and 3 are orthogonal. For rows 2 

and rows 3, 

8 ' 
CA = lela ae 0 

4 

Rows | and 2 and rows | and 3 are also orthogonal. 

pelt = eee sect al rotates | Sie Ge SE mle tee 

Using the fact that det (AB) = det (A) det (B), it is easy to show that the 

determinant of an orthogonal matrix is equal to +1 (Problem 11). If det (A) = 1, 

then A corresponds to a pure rotation, and if det (A) = —1, A corresponds to a 

rotation and an inversion through a plane. 

Up to this point, we have considered only matrices whose elements are real. 

We frequently deal with vector spaces over the field of complex numbers in 

quantum mechanics, and so we shall end this section with an extension of our 

results to matrices whose elements are complex. Recall from Section 9.7 that we 

defined an inner product in a complex vector space by 

(u, v) = (u*!)v = U0 alls cheer eee Ue (14) 

so that the length of a vector is given by 

[|u|] = (ay + jug tee + ar (iS) 

A linear transformation that preserves lengths must satisfy 

(Au, Au) = (A*u*)' (Au) = u*!(A*)'Au=u*!u & (u, u) 
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or 

C= (16) 

A matrix that satisfies Equation 16 is said to be unitary. We shall denote (A*)' by 

A! (called the Hermitian conjugate of A), so that Equation 16 becomes 

A'A=AAT =| (17) 

or A~! = A’. Note that a unitary matrix is the analog of an orthogonal matrix in a 

complex vector space. The analog of Equation 12 is A'A = AA‘ = I. Equation 17 

shows that the rows (columns) of a unitary matrix are orthonormal. Using the fact 
Piety that aj; = G53, Equation 17 becomes 

n n 

: iT a * ak 
epee = 2 554 jk = Sik 

= | 

which shows that the rows of A‘ are orthonormal. The second expression in 

Equation 17 shows that the columns are orthonormal. Problem 14 has you show 

that the determinant of a unitary matrix is of absolute value 1. 

Example 5: 
Show that 

oa coe =o 

5 2—4i —2-i 

is unitary. 

SOLUTION: 

1f/—-1-—-2i 244i 
{ieee KN A es 

j Cy alleen 8) 

and 

a fe ee —14+2i -4—2i == (7 = 

Sew a Sd 2) 8 0 tS 

Note also that the rows and columns of A are orthonormal and that det A = 

(20 — 15i)/25, which is of unit magnitude. 
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10.1 Problems 

LS; 

16. 

17. 

. Show that the matrix S given by Equation 2 represents a reflection of u through the y axis. 

. Construct a 2 x 2 matrix that represents the reflection of a two-dimensional vector through the origin. (This 

operation is called inversion.) 

. Determine the geometric result of the following matrices acting on a two-dimensional vector u: 

- 1 0 Let ea 
© (% 1) (0 4) © aG 4) 

. Prove that a nonsingular transformation transforms linearly independent vectors into linearly independent 

vectors. Hint: Assume the contrary. 

. Determine the matrix A if Ae; = (0, 1, 1)', Aes = (1, 0, 1)", and Ae; = (1, 1, 0)'. Show that A is nonsingular. 

. Suppose the linear transformation v = Au transforms uy = (1, 0, 1) into vy, = (2, 1, —1), up = (0, 1, 1) 

into v7 = (1, —1, 0) and uz = (1, 1, 0) into v3 = (0, —1, 1). Find the matrix that corresponds to this linear 

transformation. 

. Show that u and Ru have the same length if R is given by Equation 1. 

. Show that the distance between two points is preserved under an orthogonal transformation; in other words, 

show that orthogonal transformations preserve distances. 
a 

. Show that the rows of an orthogonal matrix are orthogonal vectors. 

. Prove that the product of two orthogonal matrices is orthogonal. 

. Using the fact that det (AB) = det (A) det (B), show that the determinant of an orthogonal matrix is equal 

TORE 

| | 2 2 

. Show that A = — 2 1. —2 | is orthogonal. 

oN Gee ae 
. Show that the columns of a unitary matrix are orthogonal. 

. Show that the determinant of a unitary matrix is of absolute value unity. Hint: You need the relation 

det (AB) = det (A) det (B). 

1 (2-4i 4i 
h ata is unitary. Show that 6 ( he Layee ) is unitary 

Show that the rows and columns of the unitary matrix in Problem 15 are orthonormal. 

| 1 i!) 

Le ae 
hat A = —= is unitary. Show tha a 0 is unitary 

0 al i | 

10.2 Eigenvalues and Eigenvectors 

Most of the linear transformations that we have discussed have been of the form 

Au = Vv, where u and v are vectors in the same vector space, be it real or complex. 

It turns out that linear transformations of the form 



10.2 Eigenvalues and Eigenvectors 

ae Gems No. (1) 

play an important role in a wide variety of physical applications. In Equation 1, A 

is a given square matrix, A is a scalar that we do not know beforehand, and x is a 

vector to be determined. Certainly x = 0 satisfies Equation 1, but we wish to find 

solutions other than trivial solutions. Values of 4 that satisfy Equation | are called 

eigenvalues and nontrivial vectors that satisfy Equation | are called eigenvectors. 

The problem of determining the sets of A and x that satisfy Equation 1 is called an 

eigenvalue problem. 

We can rewrite Equation | in the form 

(A—Al)x=0 (2) 

where we have inserted the unit matrix | so that the factor in parentheses is a 

well-defined matrix. If A is ann x n matrix, Equation 2 represents a system of n 

simultaneous linear algebraic equations in n unknowns, x1, x3, ..., X,. We know 

from Chapter 9 that the condition that there be a nontrivial solution to Equations 2 

is that 

Be A A 0 (3) 

Upon expanding this n x n determinant, you'll find that it yields an nth degree 

polynomial in (the unknown) A. The polynomial equation given by Equation 3 is 

called the characteristic equation or the secular equation. The n solutions to the 

characteristic equation give n values of 4 for which Equation 1 will be satisfied. 

MRI Ahinne veins G @ Ps 4 in =e 
Example 1: 
Find the eigenvalues of the matrix 

—-1 1 
A= 

SOLUTION: The characteristic equation is 

es | 
=~7 —1—6=0 eae 

or A = 3 and —2. Thus, this 2 x 2 eigenvalue problem yields two eigenvalues. 

Sa Ee es ee ee ee ee eee ee 

Once the eigenvalues are determined, we can determine the corresponding 

eigenvectors. If we substitute 4 = 3 into Ax = Ax, we have 

eo 

4x +2y =3y 
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or 

—4x+y=0 

4x = y=0 

These two equations are essentially the same, and yield y = 4x. Thus, the eigen- 

value corresponding to A = 3 is (a, Aa)', where a is any nonzero constant. For 

A = —2, we find that Ax = —2 x gives 

x+y=0 

4x +4y=0 

and so the corresponding eigenvector is (b, —b)', where b is any nonzero constant. 

It shouldn’t be surprising that both eigenvectors are determined only to within 

an arbitrary factor because you can see from Equation | that if x is a solution, 

so is any multiple of x. Thus, Equation | can determine x only to within a 

multiplicative constant. Notice that the two eigenvectors (a, 4a) and (b, —b) are 

linearly independent. 

“ 

Example 2: : ; 
Find the eigenvalues and eigenvectors of the matrix 

A(T) 
SOLUTION: The characteristic equation of A is 

l1-~A -2 5) _ 
| 5 J Jza-» +4=0 

or (1 — A) = £2i, or A = 1+ 21. For A = 1+ 27, we have 

2ix ++2y=0 

2x — 2iy=0 

or x = iy. Thus, the corresponding eigenvector is (ia, a)'. For A = 1 — 2i, 

we have 

2ix —2y=0 

2x + 2iy =0 

or x = —iy. The corresponding eigenvector is (—ib, b)!. 

eres fe Poe re rr | 
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eee eS es Te. | 
Example 3: 
Find the eigenvalues and eigenvectors of 

Ort 

2 | 

2 S) 

1 

AS 1 

2 

SOLUTION: The characteristic equation of A is 

1-2 0 —1 

Oe iL t= 6A) —3 +17) =0 
2 ae BEL) 

and so A = 1, 2, and 3. For A = 1, Ax = x gives 

= 0 

Roy Zia) 

x+y+z=0 

or x; = (a, —a, 0)'. For 4 = 2, we get 

PAG =| i () 

ae +z=0 

2x+2y+z=0 

Or X» = (—2b, b, 2b)". For A = 3, we get x3 = (c, —c, —2c)!. 

etree ere Socata tet ae nb net cee os eee grit ke Se) al 

If the eigenvalues of a matrix are distinct, we say that they are non-degenerate. 

If an eigenvalue repeats, we say that it is degenerate, and if it repeats k times, we 

say that it is k-fold degenerate. All the eigenvalues that we have found so far are 

non-degenerate. 

You may not have noticed it, but the product of the eigenvalues in each case 

above is equal to the determinant of A. To see why this is so, write the characteristic 

polynomial as (A; — A)(A, — A) +--+ (A, — A), where Aj, A>,...,A, are the n 

eigenvalues. This product is equal to 

det (A —A 1) = (Ay —A) (An — A) ++ A, — A) (4) 

If we let A = 0, we see that A;A> ...A,, = det (A). This result tells us that A is a 

singular matrix if and only if at least one of its eigenvalues is equal to zero. 

The above calculations of eigenvalues also suggest that the sum of the eigen- 

values of A is equal to the sum of the diagonal elements of A. In Section 4, we'll 

prove that this is true in general. The sum of the diagonal elements of a matrix A 

is called the trace of A, and so we can write 

AyptAgte+: +A, =TrA (5) 
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Another observation from the four calculations that we did above is that 

the eigenvectors corresponding to different eigenvalues are linearly independent 

(Problem 7). We can formalize this observation with the following theorem: 

If X\, Xo, .--,Xp, are the eigenvectors corresponding to the distinct 

eigenvalues 1, i,...+5 An, then X1, X2,..-, Xp are linearly independent. 

Problem 8 works you through a proof of this theorem. 

If the eigenvalues aren’t distinct, then there is no assurance that the eigen- 

vectors will be linearly independent. They may or may not be. Problem 3 treats 

a 2 x 2 matrix with equal eigenvalues for which there is only one linearly inde- 

pendent eigenvector, whereas Problem 4 treats a 3 x 3 matrix with a degenerate 

eigenvalue with three linearly independent eigenvectors. 

There is a certain class of matrices, however, for which the eigenvectors are 

linearly independent even if the eigenvalues are not all distinct. In a real vector 

space, these matrices are symmetric, meaning that 

AT=A (symmetric matrix) (6) 

In terms of the elements, a;; = a ;;. The corresponding property for a complex vec- 

tor space is that 

(A')*=A'=A_ (Hermitian matrix) (7) 

or that A equals its Hermitian conjugate. In terms of the elements, aij = a, = di. 

Matrices that satisfy Equation 7 are called Hermitian. A Hermitian matrix is the 

complex vector space analog of a symmetric matrix in a real vector space. It turns 

out that symmetric and Hermitian matrices arise frequently in applied problems. 

In fact, the formalism of quantum mechanics is based upon Hermitian matrices, 

and Hermitian operators in general. 

Example 4: 
Show that the matrix 

is Hermitian. 

SOLUTION: The complex conjugate of A! is 

| i es 
AUS ba 0 My GE | a 

iP pe ei 3 

and so A is Hermitian. Also note that ai, = 4;; =¢ aie 

nnn Perr ry eee 
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Symmetric and Hermitian matrices have a number of important and useful 
properties. Since a symmetric matrix is a special case of a Hermitian matrix if 
its elements happen to be real, we shall illustrate these properties for Hermitian 
matrices. 

The eigenvalues of a Hermitian matrix are real. 

The proof of this is fairly straightforward. Let A be a Hermitian matrix with 

eigenvalue A and corresponding eigenvector x. Then 

AX Ax and POX = aXe 

Multiply the first equation from the left by (x*)' = x’, to get 

x'Ax =Ax'x (8) 

Now, transpose the second equation 

(A*x*)? = (x*)T(A*)! = xtat = a*xt 

and then multiply the result from the right by x to obtain 

x'A'x = A*x'x (9) 

Now subtract Equations 8 and 9 to get 

x'(A —Al)x=(A —2*) x'x 

But A =A\' because A is Hermitian, and x'x > 0 since x 0S OT) In 

other words, A is real. In quantum mechanics, measurable quantities correspond 

to eigenvalues of matrices that are required to be Hermitian matrices because 

measurable quantities must be real. 

The proof that we just presented to prove that the eigenvalues of a Hermitian 

matrix are real can be slightly modified to prove that 

The eigenvectors corresponding to distinct eigenvalues of a Hermitian matrix 

are orthogonal. 

To prove this, let A be a Hermitian matrix with distinct eigenvalues A and jz and 

corresponding eigenvectors x and y, respectively, so that 

Ax = Ax and Dy Sey 
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Multiply the first equation from the left by y’, then transpose the second equation 

and multiply it into x to get 

y'Ax=Ay'x and yiA'x=py'x 

Subtract these two equations and recognize that A = A‘, because A is Hermitian, 

to arrive at 

(A —p) y'x =0 

Because A # jz, we have y'x = 0, meaning that the eigenvalues of distinct eigen- 

values are orthogonal. 

Pee Ma tk et ener 22 Bin ene een ae ee 
Example 5: 
Find the eigenvalues and eigenvectors of 

Li xOingt 

fate | AO VG) 

1 | 

and show that the eigenvectors are mutually orthogonal. 

SOLUTION: The characteristic equation of A is 

a) re (iE al So SO) 
| eae 

or A = 0, 2, and 1. For A = 0, we have 

or Xp = (a, 0, —a)'. For A= 1 and 2, we get x, = (0, b, 0)' and 

X) = (c, 0, c)', respectively. 

0 G 

x)X1 = (a 0 —a) Da 0: Xx) = (@ 0 —a) O30 

0 G 

and 

€ 

xiX7= (0b 0)| 0 | =0 
Cc 

a | 



10.2 Eigenvalues and Eigenvectors 

Even if the eigenvalues of a Hermitian matrix are not distinct, we can con- 
struct an orthogonal set of eigenvectors. Suppose that the eigenvalue i, is k-fold 
degenerate. In this case, we have 

AX; = A4x; LOD yea ly ek (10) 

Although we shall not prove it here, if A is a k-fold degenerate eigenvalue of a 

Hermitian matrix, then there are always k linearly independent eigenvectors cor- 

responding to 2. Because of this, we can use the Gram-Schmidt orthogonalization 

procedure that we introduced in Section 9.6 to construct k orthogonal eigenvec- 

tors from the k linearly independent eigenvectors in Equation 10. Consequently, 

we can Say that 

Ann x n Hermitian matrix has n mutually orthogonal eigenvalues. 

te ae eae ge ere omy 
Example 6: 
Find an orthogonal set of eigenvectors of 

3 i © 

ial WE eSi a!) 

OY O 2 

SOLUTION: The characteristic equation is (2 — NZ — 61+ 8) =0 or 

d = 2, 2, and 4. The eigenvector corresponding to A = 4 is x, = (a, a, 0)". For 

N— awe cern — —Vviandiz — galiweletxa—c and z—)p, the elgenvector 

can be written as 

a | 0 

—a |=a]|—-1]+ A] 0 

B 0 I 

diberetores xo — (hee 0)! and x3 = (0, 0, 1)! are (linearly independent) 

eigenvectors corresponding to A = 2, as you can show by direct calculation. 

It turns out that x and x3 as we have written them here are orthogonal to x, 

and orthogonal to each other. 

| 2 a ee 

As is often the case, we conclude this section by pointing out that any CAS 

can be used to calculate the eigenvalues and eigenvectors of a matrix. For example, 

the one-line command in Mathematica, 

Eigensystem [ { {1,0,1}, {0,1,0}, {1,0,1} } ] 

gives the results of Example 5. Problems 17 through 19 ask you to use any CAS 

to determine the eigenvalues and eigenvectors of some matrices. 
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10.2 Problems 

: bil : 
1. Determine the eigenvalues and eigenvectors of A = ( > 2 ) How many linearly independent eigenvectors 

are there? 

| | i 

2. Determine the eigenvalues and eigenvectors of A= | 1 Q —2 |. How many linearly independent 

16. 

17. 

eigenvectors are there? 

1 —l : F 
. Determine the eigenvalues and eigenvectors of A = ( I 3 ) . Show that there is only one linearly independent 

eigenvector. 

3 -2 -Il 

. Determine the eigenvalues and eigenvectors of A= | 3. —4 —3 |. Show that there are three linearly 

2, Ae 0 
independent eigenvectors. 

. Show that the eigenvalues obtained in Problems | through 4 satisfy Equations 4 and 5. 

. Show that Equation 4 is true for a general 3 x 3 matrix. Do you see any pattern? 

. Show that the eigenvectors in Examples 2 and 3 are linearly independent. 

. Prove that if x,, X,...,X, are the eigenvectors corresponding to the distinct eigenvalues Aj, Ax, ..., An, 

then x, X,..., X, are linearly independent. Hint: Suppose that c) x; A cp X) +--+ +c, X, = 0 for some 

nonzero c ;s. Show that (A — AgI) (cy X; + cz Xp + +++ + Cy X;) iS missing the term cyx7. Now operate with 

(A — A3l)(A — Agl) -- - (A — A, |) and show that the result is c(A} — Az) (Ay — A3) ++ + (Ay — A,)X) = 0. Now 

argue that because all the ’s are distinct and x; # 0, then c, = 0. Derive a similar result for all the x; and show 

that c; =O for 7 =1,2,...,n. 

. Show that the eigenvalues of A! are the same as those of A. 
Oo 

. Show that if A is a real matrix with a complex eigenvalue 4 and eigenvector x, then the complex conjugates A* 

and x* are also eigenvalues and eigenvectors. 

. Show that the eigenvalues of a unitary matrix are of absolute value one. 

. A matrix is called skew-Hermitian if A = =(A*)! = —A'. Show that the eigenvalues of a skew-Hermitian 

matrix are pure imaginary. 

. Show that the eigenvalues of A~! are r; ls 

. Show that A”x = "x if Ax = Ax. 

. We can formally define a function of a matrix by a Maclaurin expansion. If a function has a Maclaurin 
Co Co 

expansion f(x) = Sy a,x", which converges for |x| < R, then the matrix series f(A) = se a,A" converges 

n=0 n=0 

if each of the eigenvalues of A is less than R. Show that if Ax = Ax, then f(A) x = f(A) x. 

The Cayley-Hamilton theorem says that every square matrix satisfies its own characteristic equation. Verify 

this theorem for the matrices given in Problems | and 3. 

Ve 

Use any CAS to determine the eigenvalues and eigenvectorsof A= | 1 3. 1 

| RS 
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Oa Os gamed 

18. Use any CAS to determine the eigenvalues and eigenvectors of A = . : ‘ 

CL Oy aC 

19. Use any CAS to determine the eigenvalues and eigenvectors of 

2 HPN De Sy 
R=) Sy. 2 0 

i //2 0 2 

10.3 Some Applied Eigenvalue Problems 

In this section, we shall present a few examples of eigenvalue problems that arise 

in physical systems. A couple of these will involve differential equations (which 

we don’t discuss formally until the next chapter), but only in an elementary way. 

A wide variety of applications of eigenvalue problems involve systems of 

simultaneous first-order linear differential equations with constant coefficients. 

For example, a sequence of radioactive decays from a parent isotope through 

subsequent generations 

A— B—>C-—>D—=:-:-:—x 

or the time dependence of the occupation of energy levels of the molecules in a 

lasing material, or a study of the stability of equilibrium systems, or calculations 

of currents in electrical networks lead to sets of differential equations of the form 

dx 

ie = AyjX1 + AyQX2 ++ F AyXy 

dx 
= = AQiX1 + Az72X2 + +++ + AgnXp 
dt (1) 

a 
YP = An\*] ay an2*2 Te ee AnnXn 

where the a;;S are constants. We can write this set of equations in matrix form: 

as Sa IANK (2) 
dt 

Let’s consider a two-dimensional case first: 

al =X] = 2X7 

(3) 
X57 = 2x] + x 

where the overdots are standard notation for time derivatives. In the one-dimensional 

case, dx /dt = ax, the solution is simply x(t) = x(0)e"'. Therefore, let’s try a so- 

- OOO 
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lution of the form x ;(t) = u ee If we substitute this into Equation 3, we obtain 

ujA =u, + 2uy 

Und = 2u; + U2 

or 

uj(1—A) +2u,=0 
(4) 

2u, + u,(1—A) =0 

To have a nontrivial solution for u, and uw, the determinant of the coefficients must 

equal zero, so that we have 

i 2 

2 =x : 
Note that this is just the determinantal characteristic equation of the coefficient 

matrix A in Equation 3. The eigenvalues are A = —1 and A = 3. To determine 

u, and uy associated with each value of 4, we set A = —1 in Equation 4 to find 

that uv; = —u, or that u= (1, =1)% Similarly, for 4 = 3, we have u = (1, 1)!. 

Therefore, 

a fei) | ~} ey ag 3t 

w=(2 )= (Ca) an me(S)=()¢ 

are both solutions to Equation 3. We’ll learn in the next chapter that the general 

solution is a linear combination of v,(¢) and v>(f), or 

= x,(t) ead. I —t l 3t RO yee ale ta({)e (5) 

We can determine the values of c; and c) by employing the initial values of x(t) 

and x(t). Suppose that x,(O0) = 1 and x»(0) = 0. Then Equation 5 reads 

x1(0) =C = C7 = 

%)(0) =e) cy — 0 

Or Cc) = Cp = 1/2. Thus, Equation 5 becomes 

or, in terms of x(t) and x(t), 

1 1 
Xi) ens er \(t) ; = 

(Are 1 
X(t) = mak to a 

It is a simple matter to show that x(t) and x>(¢) satisfy Equation 3 and the initial 

conditions. 
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In general, we substitute x(t) = ue*! into Equation 2 to obtain 

(A= Al) a= 0 (6) 

Let the eigenvalues and the corresponding eigenvectors of A be A,,..., 4, and 

ly, .. 55 Up SO that 

Au; =A ju; Se PDe Boca yg (7) 

Substituting x(t) = ujeri" into Equation 2 shows that this is a solution to Equa- 

tion 2. The general solution to Equation 2 can be written as a linear combination 

of the individual solutions uje*/": 

XG cue! | oye’ ue" (8) 

To prove that this is indeed a solution to Equation 2, we substitute it into Equation 2 

and show that the two sides are the same (Problem 1). Equation 8 expresses the 

solution to Equation 2 in terms of the eigenvalues and eigenvectors of A. The c; 

in Equation 8 depend upon the initial conditions x (0), x.(0), ..., x,,(0). 

Example 1: 
Solve the system of equations 

xy = X32 

Xp = 3X1 + Tx — 9x5 

x3 = 2x5 — X3 

SOLUTION: Let Xj (X) = uje™ to obtain 

=)\ 0 1 

3. 7—xX —9 |=0 

0 2 =|l=A 

(See Equation 6.) The three eigenvalues are A = 1, 2, and 3 and the 

corresponding eigenvectors are 

u= 1 Uw = 3 wy 6 

1 2 3 

According to Equation 8, the general solution is 

X,(t) | | 1 

x(t) =| x(t) }=c, [1] ete. | 3 | e*+c3| 6 | e* 

X3(t) | 2 3 

bi 2 So ee 
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ae ea eee = Genel) ape ae VON eee Oe 
Example 2: 
The radioactive decay of a certain nucleus satisfies the equations 

A Ags 
dt 

dB 
=———k,A—k>B dt 1 2 

Eon. Fe 
dt 

Solve this set of equations for k, = 2 and ky = | with the initial conditions 

A(0) = Ag and B(O) = C(0) = 0. 

SOLUTION: We write these equations in matrix notation 

Ay —2 0 O 

di aah kant) 

The eigenvalues and corresponding eigenvectors of M are A; = —2, Ay = —l, 

A3 = 0 and u, = (1, —2, DN", uy = (0, —1, 1)’, us = ©, 0, 1)". Thus, the 
general solution is 

‘ 
‘ 

A 1 0 0 

B enh =2/ eo =e [1 te +e | 0 

4 € | 1 

Using A(0) = Ap and B(O) = C(0) = 0 gives c; = Ag, cp = —2 Ao, and 

C3 = Apo, so that 

A(t) = Age! 

BOl=2Anev =e) 

GQj=Ani=2er pe) 

Figure 10.3 shows A(t), B(t), and C(t) plotted against t. Can you explain 

the shape of the curve B(t)? 

ee eee abe Eads ers | 
Figure 10.3 
The solutions to the radioactive decay rate owe The examples that we have considered so far have had real eigenvalues. What 
equations in Example 2. 

if the eigenvalues come out to be complex? 

a eS 
Example 3: 
Solve the system of equations 

xy = —3x1 = 2X9 

xX = 2X9 X3 
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SOLUTION: Letx =ue” to obtain 

= —2 

( ae ) Senn 

The eigenvalues and corresponding eigenvectors are —2 +i V3 and 

u, = ((-1 —i V3) /2, 1), uw = ((—1+ i V3) /2, 1). Proceeding formally, 
the solution is 

(—24+iV/3)t (2218/3)t 
x= cue + Cpe 

We can use Euler’s formula (e’’ = cos 6 +i sin @) to write x as 

X = (cyu, + coun)e-~ cos V3 t +: i(cyuy — Coun)e sin V3 t 

=ae~ cos V3t+be sin V3t 

Thus, we see that complex roots lead to exponentially damped harmonic 

behavior (Figure 10.4). We’ll discuss this type of behavior in more detail in 

the next chapter. 

| 5 SEE ell ad ae eee oe 

Although we illustrated this approach with 2 x 2 and 3 x 3 systems, the size 

of the system is really irrelevant, particularly with the CAS that are currently 

available. (See Problem 21.) 

Vibrating or oscillating mechanical systems can be formulated as eigenvalue 

problems. Our first example will consist of two particles of mass m connected by 

three identical springs of relaxed length / and constrained to move horizontally 

as shown in Figure 10.5. We shall displace the masses from their equilibrium 

positions, then let them go and investigate their subsequent motion. If x, and x 

denote small displacements of the two particles from their equilibrium positions, 

then the potential energy of the system is given by 

k k 
Va — x7 + pe —1K)r SF ; res (9) 

wl > 

where k is the force constant of each spring. Newton’s equation for each particle is 

ax aV 
m— = —— =k(x — 2x) 

dt? ax ike 
(10) 

ax aV 
= — — =k (x, — 2X2) 
dt? dx> ae 

Write Equation 10 in matrix notation: 

2 
es Ay (11) i ——— 

dt? 
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Figure 10.4 
An illustration of exponentially damped 

harmonic behavior. The function e~‘ cos t 

is plotted against f. 

Figure 10.5 
Two particles of mass m connected by 

three identical springs of relaxed length / 

and constrained to move longitudinally. 
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where 

—2k k 
= 12 

a ( k ay us) 

We know that this system oscillates in time, so we’ll assume that x(t) =u ABE S 

Substituting this expresion into Equation 11 gives 

D uy, = —2k k uy 

ee Ne en Se 

Thus, w* turns out to be given by 

2 = ree k 4 (13) 

=f 2k — ma 

and so we find two characteristic frequencies 

2 ap) V2 
o,= (=) and" © @'= (=) (14) 

m) m 

with corresponding eigenvectors x 

u=(4) and eee) (15) 

where a is an arbitrary (possibly complex) constant. The motion of the two masses 

is given by 

x(t) si Cy & ) ele as és ( a ) el @2! (16) 

a =a 

X(t) = dye’! + bye! 2! 

or 

(17) 
x(t) = byel@ — by ei! 

where b; = ac, and by = dcp. 

Equations 17 say that the masses will vibrate in phase if b) = 0 (b; #0) 

and 180° out of phase if b; = 0 (b, #0). To prove these last statements, write 

b, = Aje'®!, so that the real part of the solutions associated with frequency @, are 

X\(t) = A cos(@yt = 1) and X>(t) = Ay COs(wyt = ?)) (18) 

Equation 18 shows that the two masses vibrate back and forth in unison. Similarly, 

write b> = A,e'*2 and find that the real part of the solutions associated with 
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frequency w > are 

X1(t) = A> COS(Wt = >) 

19 
X>(t) = —A» COS(Wot = >) — A> COS(Wot = p> + 70) oF 

Thus, in this case, the two masses vibrate in opposite directions. 

Equations 18 and 19 are called the normal modes of vibration of the two- 

mass system. If the initial conditions are just so, the system will vibrate either in 

phase with a frequency @, or 180° out of phase with frequency w (Figure 10.6) 

(Problem 10). Usually, however, the motion of the system will be described by a 

superposition of the two normal modes according to 

x1(t) = Ay COS(@)t as ?)) SF A> COS(Wt = >) 

(b) 

mae Figure 10.6 
An illustration of the normal modes of the 

X>(t) = Aj coSs(@)t — $1) — Az cOS(@yt — >) system shown in Figure 10.5. 

The four constants, A,, A>, ¢;, and @>, can be determined from the values of x (0), 

x>(0), x,(0), and X7(0). 

| > snipe te gh pha eae ale Reali. i> cl ola 
Example 4: 
Figure 10.7 shows two pendula of length / constrained to move in a single 

plane coupled by a harmonic spring with force constant k. Problem 9 has you 

show that the equations of motion for small displacements from the vertical 

position are 

d’s aV mgs 
i ei Sa ; > + k(s9 — 81) Figure 10.7 

Two pendula of length / coupled by a 

harmonic spring and constrained to move 

and in a single plane. 

ds5 aV Mgs> 
1 = = k(s> — 84) 
dt? OS l cee 

i 

where s; and s measure the distances of the masses along their arc of motion 

from their vertical positions. Solve for the characteristic frequencies and the 

normal modes of this system. 

SOLUTION: The equations of motion in matrix form are 

d’s - (“ +k) : ye s 
Sypie tee mg k - ("£ +4) 
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(b) 

Figure 10.8 
An illustration of the two normal modes of 

the coupled pendula shown in Figure 10.7. 

IG, \|¢ 

Figure 10.9 
The electrical circuit described by 

Equation 20. 
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Substitute s = ue!” into these equations to get the eigenvalue equation 

a +k — moa’ —k 

==i() 
—k a +k —mo* 

which gives @, = (g/1)'/? and wy = (g/1)!/2(1 + 2kl/mg)'/?. 
For oF = g/1, the eigenvector is given by 

Or Uy = Uy. For W5 = g(1 4+ 2kl/mg)/l, we get u; = —up. Thus, the two 

normal modes for this system are 

The motion corresponding to @ is in phase and that corresponding to @) is 

180° out of phase (Figure 10.8). 

Le le nt le Se int tne er ol 
4 

Eigenvalue problems also arise in the analysis of electrical circuits. Consider 

the circuit shown in Figure 10.9. Using the fatt that the sum of the voltage drops 

around each closed loop is equal to zero, we have 

dl, 
(GaSe Ue ea) 

dt 1~ 12) 
(20) 

C / I, dt+Rl, == RU = T,) —A() 

Differentiating the second equation with repsect to time gives the pair of simulta- 

neous linear equations 

dl; 
LR, 0 

dt 

dl dl, di a 
Leek = Or (<2 = 4) =0 

dt dt dt 

Before we go on, we can make these equations look cleaner if we choose to measure 

time in units of CR. If we let t = t/CR, then these equations become 

Bedi, 
ey yy EA) 
GRo dps as 

dis. dk 
|e eee = 

dt dt 

Notice that Equations 22 contain only one apparent parameter (the C R is absorbed 

into tT). We can write Equations 22 in matrix notation as follows: 
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Re TO \ iM as: 
( a )i+( (lt (23) 

where the dot represents differentiation with respect to t =1/RC. If we let 

I=ue”’, we obtain 

or 

at —1 
( = cages (24) 

where aw = L/CR?. For concreteness, take C = 20 microfarads, L = 100 milli- 

henrys, and R = 50 ohms, so that a = 2. In that case, we have the condition 

Pe oitectt 
bee weap nee -y) 

which gives A, = (—3+i /7){8, so that l=u est etiv7 1/8, Thus, we see that 

the current will undergo damped harmonic motion. 

Notice that the equation of the eigenvalues in this case is not of the form 

|A — AJ| =0 because the coefficient matrix of I, and I, is not diagonal. We could 

have manipulated Equation 23 into the form I=AI by multiplying by the inverse 

of the matrix multiplying I in Equation 23. Of course, we must end up with the 

same result (Problem 19). 

We have presented just two different examples of the application of eigenvalue 

problems in this section, but they occur frequently in various physical problems. 

10.3. Problems 

1. Show that Equation 8 is a solution to Equation 2. 

2. Solve the simultaneous equations 

by assuming that x ;(t) = u je. 

3. Solve the simultaneous equations 

ie 

Xy =4x, + xX 

4. Solve the simultaneous equations 

X = Ox; + 8x9 

X> = —3x; ae 4x5 

479 
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, 1 aS : 
5. Solve the simultaneous equations oi =x ( ; a xentiex(O) (65 =2)h 

t 

d 2 -il . 
6. Solve the simultaneous equations oa — Ake ( ) x if x(0) = (1, 0)!. t af 6 1 

ae oe go. 0 

7. Solve the simultaneous equations —- = Ax = 1 =—2 -1] x. 

—2 1 --—2 

8. Show that the potential energy of the coupled pendulum in Example 4 is given by V (6), 6) = 

smglo? aE 3mgl0; = skI? (0, — 0,)° for small values of 6, and 4). 

9. Derive the equations of motion in Example 4. Assume small displacements from the vertical position. 

10. Show that the two-mass vibrating system shown in Figure 10.5 will vibrate solely in one of its two normal 

modes only if the initial displacement is x; = x or xj = —Xp. 

11. Show that the potential energy in Equation 9 has no cross terms if it is expressed in terms of the two normal 

modes, yy = (x, + X7)/</2 and y = (x; — %5)/</ 2. 

12. Show that the total energy of the system shown in Figure 10.5 is conserved. 

13. Consider the system shown in Figure 10.5, but now assume that the two masses are different, say m, and mp. 

Determine the fundamental frequencies and the normal modes in this case. 

14. Consider the three-mass, four-spring system shown in Figure 10.10. Show that the potential energy of this 

system is given by V = We + Ga) 5 (x3 =a 59) 26 3X5, where x), x2, and x3 denote small displacements 

of the masses from their equilibrium displacements. 

15. Consider the three-mass, four-spring system shown in Figure 10.10. Show that Newton’s equation for this 

system are 

d2. , 

Sn = —8x| + 2x7 

ax, 
2 70) => —3x> + 2x =F X3 

ax 

: a a a 

16. Calculate the three fundamental frequencies associated with the system shown in Figure 10.10. 

17. Determine the three normal modes of the system shown in Figure 10.10. 

Figure 10.10 
The three-mass, four-spring system that 

is analyzed in Problems 14 through 18. 

The system is allowed to vibrate only 

longitudinally. 
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Figure 10.11 
A double pendulum. One pendulum is 

suspended from the other and both are 

constrained to move in the same vertical 

plane. 

18. Show that the total energy associated with the normal mode of lowest frequency of the system shown in 

Figure 10.10 is conserved. 

19. Convert Equation 23 into the form I = AI and show that the eigenvalues of A are the same as those we obtain 

from Equation 24. 

20. Figure 10.11 shows a double pendulum, which consists of one pendulum suspended freely from another, with 

both constrained to swing in the same vertical plane. The equations of motion for small amplitude are 

d’6 d6 A ype alas 
dt? dt? i 

d? 2 6, d 5 & eg: ted 0 

dt2 dt? l 

where M =m /(m, +m ) and / is the length of each pendulum. Show that the two characteristic frequencies 

of this system are given by w* = g/I(14 JM). 

21. Use any CAS to solve the simulataneous equations 

Hy = — xy + 2x9 + 24 + X5 

Xo = 2x1 — Xy — 3x3 — 2x4 4+ X5 

hg = ONG fp 2kg — X4— 2X5 

X4 = 2x, + 2xn — X34 2x4 

Le a4 SP 89} = 2x3 NS 

10.4 Change of Basis 

Up to this point, our linear transformations have acted upon vectors to produce 

new vectors, all with respect to the same basis. For concreteness and simplicity, 

we have used the standard basis in R”,e, = (1,0,..., (OE Cre Or 1 ‘ie 

---,e, =(0,0,..., 1)! throughout. It is often convenient to think of the linear 
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Figure 10.12 
The hyperbola described by the equation 

x? + 4xy +-y? = 1. 

by! 

Figure 10.13 
The hyperbola that results from rotating 

the x, y axes in Figure 10.12. 
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transformation as acting on the basis to produce a new basis. Consider the quadratic 

form 

fa, yer? +4xy+y? (1) 

A quadratic form inn variables is an expression of the form 

n n 

0@)= >s Ye Aj jX;Xj (2) 
i=l j=] 

containing both square terms and cross products of the n variables. We can express 

the quadratic form in Equation | in matrix form: 

[2 4 

as you can verify by direct calculation. If we plot the equation 

[Pee 05 
flen=ey(, JC ae ey (4) 

we see that it represents a hyperbola (Figure 10.12). The occurrence of the cross 

term 4xy tilts the hyperbola at an angle with respect to the x and y axes. It would 

appear from Figure 10.12 that if we were to rotate the axes through some yet 

undetermined angle, then the plot of the hyperbola would look like the one in 

Figure 10.13. 

We’ ll refer to Figure 10.14 to derive the transformation of coordinate axes that 

results when we rotate the x, y axes in a counterclockwise direction through an 

angle 6. If we denote the fixed vector by r’ when we express it in the rotated (the 

primed) coordinates, then according to Figure 10.14, 

es x’ i’ ae y’ i 

r cos(a — 0) i’ +r sin(a — 6) j/ 

=rcosacos@i’ +r sina sin é@ i’ 

+ rsinacos@j —rcosasiné@ j 

=xcosdi’+ysin6i'+ ycos@j —xsindy 

where we have used the fact that x =r cosa and y =r sina. Thus, we have 

x’=xcos@ + ysiné 

y = y cos —x sind 

We can express the relation between x’, y’, and x, y in matrix form: 

a cos@ sin @ x 5 

y' J} \—sin@ cosé y ©) 
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Notice that the matrix in this case is R (—@) from Section 9.3, where R (@) 

is the matrix that rotates r keeping the axes fixed. Rotating r through an angle 

+6 is equivalent to rotating the axes through an angle —@. Thus, Equation 5 can 

be written as x’ = R(—@) x. But R(—@) = R7!(6), and R—-!(@) = R'(6) because 

R(@) is orthogonal. Solving Equation 5 for x in terms of x’ gives x = R(6)x’. If we 

substitute this result into 

(Cy) Ax 

we have 

e(x’, y’) = (Rx’)'A (Rx) =x RIARX’ (6) 

Gia cos@ sin@ je cos? —sind a 
== [56 Wy , 

Y —sin6 cosé (lees sin 6 cos 6 a 

( 1+ 4cos@ sin @ oe ea) i 

2cos*6—2sind 1—4cos@sind y’ 
=e W) 

Soe, 1+ 2 sin 20 2 cos 20 ne Se 

mee: 260520 122 sin'20') \ yl) 

— x/2 42x” sin 20 + 4x’y’ cos 20 + y? — 2y” sin 26 = 1 (7) 

Note that we use the notation g(x’, y’) to represent f(x, y) when x and y are 

eliminated in terms of x’ and y’. 

If we eliminate the cross term in Equation 7, then g(x’, y’) will be of the form 

g(x’, y’) =ax’ + by”, which is the standard form of a conic section. We can 

eliminate the cross term in Equation 7 by choosing 6 such that cos 20 = 0, or by 

choosing 6 = 7/4. In this case, Equation 7 becomes 

72 
g(x’, y)=3x Ly? =! (8) 

It’s easy to see now that g(x’, y’) =1 is a hyperbola, whereas the nature of 

x? + 4xy + y* = 1 is not at all clear. The equation g(x’, y’) = Byler = Nis 
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Figure 10.14 
An illustration of rotating the x, y axes 

counterclockwise through an angle +0. 

The vector r’ is fixed. 
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Figure 10.15 
The hyperbola described by the equation 

f(x, y) =3x?- y=. 

y 

Figure 10.16 

A plot of 9x? + 2/3 xy + 3y? = 1, 
showing that its graph is an ellipse whose 

major axis is not aligned with either 

coordinate axis. 
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plotted in Figure 10.15, and you can see that it is simply the same curve as in 

Figure 10.11 but plotted in a coordinate system that has been rotated by 45°. 

The relation between the original coordinates and the new coordinates is given 

by Equation 5 with 6 = 7/4, or 

or 

tee ane +y) oi 

(9) 

y= —=(-—x+ y) 
V2 

If we substitute Equations 9 into Equation 8, you get Equation 4. We see that the 

quadratic form in Equation 4 has only quadratic terms (no cross terms) if it is 

expressed in terms of (x’, y’) instead of (x, y). We will develop a more efficient 

way of determining coordinates like (x’, y’) in the next section, but the message 

here is that it is often desirable to transform coordinate systems, or basis sets into 

new basis sets. } 

We can summarize the above procedure hy writing x = Rx’, where 

aed ee a) 

sin 0 cos 6 

Now substitute x = Rx’ into 

fe. y)=x' Ax (10) 

to obtain 

PG, y= (Rx) A (Rx) =x RARXIS1 (11) 

Generally, g(x’y’) will contain a cross term whose coefficient depends upon @, as 

in Equation 7. Now choose 6 so that there are no cross terms in g(x’, y’). This 

amounts to choosing @ such that R'A R is diagonal. 

fee ee haere Banr WTO HT rants Sa ae ae ea ah 
Example 1: 
Determine the rotation of coordinate axes that eliminates the cross term in 

the equation 

Ox? op 2/3 xy ai 3y? al 

(See Figure 10.16.) 
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SOLUTION: First write the equation in matrix form: 

9 J3 Xx Tf 

(i eas 

Now use Equation 6, where 

sin@)\ (e Olen /3 cos 0 
cos 6 ve. 3 sin 0 

~ 9 cos? 6 + 3 sin? 6 + 2/3 sin 8 cos 8 

~ \ ¥3 cos? 6 — V3 sin? 6 — 6 sin 6 cos 0 

cos 0 
N= RAR = 

@ sin @ 

— sind 

cos 0 

(gle aaa /3 cos 20 — 3 sin 26 

J/3 cos 20 — 3 sin 26 3+ 6 sin? 6 — /3 sin 20 

Set /3 cos 26 — 3 sin 26 = 0, or tan 20 = /3/3, to see that 20 = /6, or 

6 = 2/12. Substituting @ = 2/12 into A’ gives 

va ( 94641 0 
aie OF 5356 

so that 

g(x’, y') =9.4641x? + 2.5359y? = 1 

This equation is plotted in Figure 10.17. The transformation that produces 

this result is given by Equation 5 with 6 = 7/12. 

x \--/ 0.9659. 0,2588-\ (x 
y')~ \ -0.2588 0.9659 } \ y 

x’ = 0.9659x + 0.2588y 

or 

y’ = —0.2588x + 0.9659y 

ee ee Re ee ee | 

We’ ll now spend the rest of this section discussing general linear transforma- 

tions of basis sets, or coordinate systems. There are many instances where it is 

convenient to analyze a problem in one basis, but to report the results in another 

basis. For example, in studying the dynamics of a rotating body, it is most conve- 

nient to use a coordinate system that is rotating with the body, but you might want 

to express your result in the coordinate system of a fixed observer. Or, if you are 

analyzing the dynamics of the collisions between particles, it is conveninet to use 

center-of-mass coordinates, but you would feport your results in laboratory-fixed 

coordinates. 

The only basis set that we have dealt with so far is the standard basis, e; = 

CIO? . 2.0)! ces O mere ets.(0) ecoy est (©, 0; . 25,1)! iniV.= R™ Now let 
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J/3 cos? 6 — V3 sin? 6 — 6 sin 0 cos 0 

9 cos? 6 + 3 sin? 6 — 2/3 sin @ cos 0 

Figure 10.17 
The figure in Figure 10.16 rotated through 

15° so that its axes are aligned with the x 

axis and the y axis. 
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Figure 10.18 
The same vector in two coordinate 

systems (bases) that differ by a rotation 

through +60°. 
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{z;} be another basis in V. This new basis can be expanded in terms of the standard 

basis 

n 

% = yey (| era (12) 

A vector u can be expressed in this basis as 

n 

eee yy nae, (13) 

i=l 

where we subscript u with a z to emphasize that we are expanding u in the z-basis. 

We can express u expanded in the standard basis {e;} as 

n 

Up => Ugje; (14) 

Je 

Realize that u, and u, represent the very same vector, u, expressed in terms of 

different bases. For example, Figure 10.18 shows the same vector in two coordinate 

systems that differ from each other by a rotation through +60°. In Figure 10.18, 

the components of u in the {z;} basis are related to the components of u in the {e;} 

basis by ° 

Leal 

Gea Hee meee ea u-_> SS | URE? 

+ eek. 

(Problem 6). 

We'd like to know in general how the components of u, are related to those 

of ug. Substitute Equation 12 into Equation 13 to obtain 

n n i hn 

Wi) vey eel lee (15) 
gan i=l j=1 \i=1 

If we compare this result with Equation 14, we see that 

n 

Upp = > Zilles (16) 
i=l 

We can express this result in matrix notation by writing 

uz; =Zu, (17) 

By referring to Equation 12, you can see that the ith column of Z consists of the 

components of z; in the standard basis. We can express Equation 17 in a more 

symmetric form by writing lug = Z u,, where | is the unit matrix. 
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na ee 
Example 2: 

Suppose we have a basis z; = (1, 0, 0)!, rip (ly ile 0)', and Za (lee 1)!. 

Determine u, if uz = (1, 2, 3)!. 

SOLUTION: The matrix Z in Equation 17 consists of the column vectors 

Z), Zp, and Z3, so 

(Pg eren| 

Leper el { 

Gets 

According to Equation 17, u, = Z~'up, and so to find u, in terms of ug, we 

need Z~!, which is 

ia tae) 
Zo POM 1 Oy 

OF410; Bis 

Therefore, 

t= -0 1 =4 
Oe Zep 0 eat ee 

Cee wil 3 3 

Let’s check this result. We’ve just shown that 

u,=—Z, ee aly 2 

Now substitute z; = e€;, Z) =e, + ep, and z3 =e; + e» + e; into this result 

to obtain 

Weep Co (le) 

| sat Ne a 

a a ge Oi er 
Example 3: 
Show that u; and u, in Example 2 have the same length. 

SOLUTION: Because u, is expressed in terms of an orthonormal basis, 

jue ll? =ug - Up = (e; +2e, +3e3) - (e; +2) +3€3) 

SP? 43 14 

so that the (Euclidian) length of u; is (14) '/2 Note, however, that the z basis 

is not orthogonal. Nevertheless, 
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lu, |? =u, U, = (—Zy — % + 3:23) S62, — +323) 

= 2-2 +% +2 +923° 2 

+ 22,):% —62,-273—62):23 

Sle 2 a ) ee (= OO) 

= 14 

so that the (Euclidean) length of u, is (14) 2, Of course, ug and u, must 

have the same length because they are the same vector expressed in different 

coordinate systems. 

[a ee a BS Uhive AS ale eS ee eee 

We can generalize Equation 17 to the case where u is expressed in terms of two 

(arbitrary) coordinate systems z and w, instead of in the standard basis E and one 

(arbitrary) coordinate system. If {w} is yet another basis in V, then Equation 17 

becomes 

u; = Zu, = Wu,, (18) 
a 

where the ith column of W consists of the components of w; in the standard basis. 

Thus, according to Equation 18, if {z;} and {w } are any two basis sets in V, then 

u, =Z~'Wu, = Pu, (19) 

where P = Z~' W is a linear transformation that relates u, to u,,. 

One last topic: Suppose we have a transformation matrix A relative to some 

given basis, and we wish to determine the form of A relative to some other basis. 

In other words, suppose we have A in a basis {zZ;}, so that 

¥,=A;,U; 

(the z subscripts here are just for emphasis) and we introduce a new basis {w |} 

related to {z;} by 

VeVi, and u, = Puy (20) 

as in Equation 19. Then, 

Vj=Po yy SP" Ag =P“ A Pa Au, (21) 

where A, = P~!A.P. Therefore, we see that 

A =P ALR (22) 

where P is defined through Equation 19. Thus, if we can construct a matrix in one 
basis (such as the standard basis), we can construct the matrix in another basis if we 
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know the linear transformation that relates the two basis sets. The transformation 

depicted in Equation 22 is called a similarity transformation and two matrices that 

are related by a similarity transformation are said to be similar. We shall see in 

the next section that similarity transformations play a central role in transforming 

matrices into diagonal form. 

ae eis ee ee 
Example 4: 
Given the representation of a matrix 

1 

Ag = D 

cal 

in the standard basis, determine A, in terms of the basis in Example 2. 

SOLUTION: We first write 

Ve= Agug 

Equation 18 gives us ug = Zu, and vg = Zv,. Therefore, 

Vn = es = Te Nae => heed oy u, 

Using Z and Z~—! from Example 2, we have 

A, =Z'AgZ 

i=. 0 {0-1 Tetle 
=/0 1 -1 rah SCR eomten 

G5 1 Sill eee Crane 

—1 -2 -2 
= eae 3. 13 

Silty Sag 

Notice that the determinants of A; and A, are equal (Problem 23). 

In the next section, we’ Il learn how to transform quadratic forms into canonical 

form by using the eigenvalues and eigenvectors of A. 

10.4 Problems 

1. Determine the rotation of coordinate axes that eliminates the cross term in the equation f(x, y) = 

Ox? + Dxy + Qy> = 1, 

2. Determine the rotation of coordinate axes that eliminates the cross term in the quadratic form f(x, y) 

x? — 3xy — y°. 
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18. 

19; 

20. 

21. 

. Show that if f(x, y) =(@ y) ( 
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a b 
: ) le ), then a rotation of the axes through an angle that satisfies the 

c y 

relation tan 20 = will eliminate the cross term in f(x, y). 
(DIG, 

. Determine the rotation of coordinate axes that eliminates the cross term in the equation 3x7 + 6xy — Ay? =1. 

. Determine the rotation of coordinate axes that eliminates the cross term in the equation 3x2 42/3 xy+y2%=1. 

. Show that the components of the vectors in Figure 10.18 are related by 

eee 
u-| ) = 2 2 

UL) /3 | 

De 

. Suppose that we have a basis set z, = (1, 0, 2 fig S (Hy Mh 2)', and z, = (0, 1, 0)! with i — (1 iy 

Find Up. 

. Show that u, and ug in the previous problem have the same (Euclidian) length. 

. Referring to Problem 7, calculate u, given that ug = (—3, 3, pie 

. Show that u, and uz in the previous problem have the same (Euclidian) length. 

. Suppose we have a basis z, = (2, —4)' and zy = (3, 8)'. Given ug = (ly 1)", find u,. 

. Show that u, and u, in the previous problem have the same (Euclidian) length. 

. Consider the two basis sets e; = (1, 0)', e5 = (0, 1), and zZ, = (2, 1)', z = (-3, 4)". (a) Find the matrix that 

will express u, in the basis set e;, €y. (b) Find the matrix that will express uz, in the basis set 2), Zp. 

. Suppose that ug = (1, 2, 1)'. Find u relative to the basis set z, = (1, 1, 0)', z) = (1, 0, 1)", and z; = (1, 1, 1)!. 

. Consider two basis sets, z; = (1, 1, 0)', z) = (1, 0, 1)", and z3 = (1, 1, 1)', and w, = (1, 0, 0)", wy = (1, 1, 0)', 

and w3 = (1, 1, 1)'. Determine the matrix that transforms u in the z basis to u in the w basis. 

. Find the coordinates of u; = (1, 1, (0)! relative to the basis 7A = Ue Ak ONE Vij (Uy He and z3 = (1, 2, 2)", 

. A certain matrix A transforms u, = (1, 0, 1)! into (2, 3, =f)" (y= (Ch, ll. 1! into (3, 0, =e and 

a 1)' into (—2, 7, —1)'. Determine the representation of A in the standard basis. 

nO) 3 

Let A= {2 1 -—2 ] bea matrix expressed in the standard basis and let w, = (1, 0, 0)!, Wo — (Ole ay 

| 2 | 

and w; = (0, 0, Lt be another basis. If up = (3, 0, 2)! find the vector A uz in the w basis. 

Referring to Problem 18, find the transformation u,, = B u,, corresponding to vp = A up. 

Consider two basis sets of an n-dimensional vector space Z), Z), ..., Z, and W,, Wo, ..., W,,- If A is a matrix 

representation in the z basis, show that its representation in the w basis is A, = W~!Z A,Z7'W. 

19 Mei Lie) 

If A=] 2 2 1 | is a matrix representation in the z basis of Problem 15, determine the corresponding 

Baal, 2 

matrix representation in the w basis of that problem. Use the result of the previous problem. 
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is a matrix representation in the basis w, = (0, —1, 2) w> = (4, 1, Oy", and 

I NO 

22 Ae 1 LON a Ol 

Ik @ i 

w; = (—2, 0, 4), find the corresponding matrix in the z basis Ze (1) 71,0, — and 

Zz = (1, 2, 1)!. 

23. Show that the determinants of Ag and A, in Example 4 are equal to 3. 

10.5 Diagonalization of Matrices 

Consider the eigenvalue problem Au; = Aj; uj; in which A is n xn and j = 

1,2, ...,m. It turns out that a matrix whose columns are the eigenvectors of A 

has a very useful property. Let 

S= (hy, U5 oi) (1) 

where the jth column of S is u;. More explicitly, 

Uj, Ug, U3, °° Un 

Ujg Uo2 U32 *** Un? 

S=] 413 423° W393 Uy (2) 

Ujn Un U3n st Unn 

Now notice that 

AS= (Au, Aus, ..., AU,) = OqUys Acs, ©. 05 ApUa) 

Nee eee) 

ae eG (3) 
=S$ : 2 : ay g =SD 

Oni 0 A0e metone 

(Problems | and 2). The matrix D is a diagonal matrix whose elements are the 

eigenvalues of A. 

If the n eigenvectors of A are linearly independent, then S is non-singular. 

Therefore, S~! exists and we can multiply Equation 3 from the left by S~! to obtain 

D=S ‘AS (4) 

Thus, we see that S~'AS yields a diagonal matrix whose elements are the eigen- 

values of A. 

Example 1: 
Diagonalize 
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SOLUTION: The eigenvalues of A are 1, = —1 and Ay = —2 and the 

corresponding eigenvectors are 

a 2b 
u, = i and w= 5 

where a and b are arbitrary constants, which for convenience we'll let be 

equal to one. Therefore, 

and 

and 

—-1 0 =i Sn No = ( 0 — ) =i) 

Notice that the elements of D are the eigenvalues of A. 
| on 

As we said at the end of the previous section, two matrices A and B that are 

related by a relation such as 

Be SAS (5) 

are said to be similar and Equation 5 is said to be a similarity transformation. A 

matrix S, whose columns are the eigenvectors of A, is called a modal matrix of A. 

We shall now prove that similar matrices have the same characteristic equation, 

and consequently the same eigenvalues. If A and B are two similar matrices, then 

B=wl=S-AS—=A1l=S (AS 

Take the determinant of these matrices and use the property that det AB = 

(det A)(det B) to obtain 

[B= AleaSSa Aol | = A= (6) 

Thus, A and B have the same characteristic equation. Write the characteristic 

equation of B and A as 

(A —Ay)(A = Ag) + (A= Ag) =A" — BA"! + Bor”? +---+ (-1)"B, (7) 

Multiply out the left side of this equation and compare like powers of A to obtain 
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By= A) Ag+ ><. +A, 

Bo = AjAg + AgAg +++ + Ag—1An 
: (8) 

By =AjAQ +++ Ay 

The Bs do not change under a similarity transformation and are said to be invariants 

of the similarity transformation. Of particular interest are B, and £,,, which are 

the trace of a matrix (the sum of its main diagonal terms) and its determinant, 

respectively. 

a et 
Example 2: 
Show that Tr (AB) = Tr (BA). 

SOLUTION: 

ibe (AB) = Ss eee 

i=l j=l 

ay Se = \hir (BA) 

j=l i=l 

ae A a | 

ree Nae Sa eee 
Example 3: 
Show explicitly that the trace of a matrix is invariant under a similarity 

transformation. 

SOLUTION: We wish to show that Tr (S~'A S) = Tr A. Using the fact 

that Tr (AB) = Tr (BA) from Example 2, we have 

Tr (S~!AS) = Tr (SS7!A) = Tr (A) 

|. a ree en ee 

We’re going to see a number of applications of the diagonalization of matrices 

in the remainder of this chapter. As our first application, consider the rate equations 

d 4 

a*1 —3x, + 2x2 
dt 

dxy =X) 
dt 
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which we write in matrix form as 

or 

In the one-dimensional case, the solution to Equation 9 is x(t) = x(O)e’. It is 

tempting to write the solution to Equation 9 in general as 

x(t) = e’'x(0) (10) 

which would be useful if we can find a meaningful expression for e. 

We can actually define a function of a matrix through its Maclaurin expansion. 

If f(x) has a Maclaurin expansion 

(o,6) 

(ae — ‘Ss Cexy 

n=0 

which converges for |x| < R, then the matrix series 

CO 

ONE SIs: (11) 
n=0 

converges and is a well-defined function of A, provided that A is square and each 

of its eigenvalues has absolute value less than R. Now, if D = S~'AS where D is 

diagonal, then A = SDS~! and A” is given by 

A” =(SDS~ (SDS) «- (SDS =SD"S7! (12) 
SS 

n times 

Because D is diagonal, D” is simply each diagonal element raised to the nth power 

(Problem 20). 

Let’s apply this result to the matrix in Equation 9. We determined S and S~! 

for A in Example | and found that 

o=(% 2) 
Using Equation 12, we can write 
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and so 

ee » f 2h Se), 2er = 2657! X10 

Oyen \eeeeeate Oe no! X99 

4 (Qe See ane (le  — 2e x, 

(Cpe ee ape 3 6 ian 

is the solution to Equation 9. Although Equation 9 is just a 2 x 2 system, our 

method of solution is easily extended ton x n systems. Most CAS have routines 

to find e* (Problem 21). 

Realize that the eigenvectors of A must be linearly independent in order 

to diagonalize A. We saw in Section 2 that if an n x n matrix has n distinct 

eigenvalues, then its n eigenvectors are linearly independent. Consequently, we 

can say that 

Ifann x n matrix has n distinct eigenvalues, then it is diagonalizable by a 

similarity transformation S~'AS, where the columns of S are the eigenvectors 

of A. 

The eigenvectors of a matrix with degenerate eigenvalues may or may not be 

linearly independent. For example, the matrix 

Li 2a 

A= Oy try th G3) 

Se 

has eigenvalues 4 = 1, 2, and 2, and corresponding eigenvectors (—1, —I, (ye 

(2, 1, 0)', and (0, 0, 0)'. These eigenvectors are not linearly independent, so A in 

Equation 13 cannot be diagonalized by a similarity transformation. Another way 

to see this is to realize that if the eigenvectors are not linearly independent, then 

|S| = 0 and S~! does not exist. 

We saw in Section 3 that the eigenvectors of a symmetric matrix (or a Her- 

mitian matrix in complex vector space) are not only linearly independent, but can 

be made to be orthogonal, even if the matrix has repeated roots. Consequently, we 

can state that 

A symmetric or a Hermitian matrix A is diagonalizable by a similarity 

transformation. 

Furthermore, if we normalize the eigenvectors of A and then construct the modal 

matrix of A (which we’ll call a normalized modal matrix), then 

sl=s! (14) 

In other words, S, the normalized modal matrix of A, 1s orthogonal. 
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ay al. ee 
Example 4: 
First show that the normalized modal matrix S of 

3 4 

Aree) 
is orthogonal, and then diagonalize A by a similarity transformation, 

SHAS = SIAS. 

SOLUTION: The characteristic equation of A is A? — 25 =0, or Ay = Sand 

dy = —5. The corresponding normalized eigenvectors are u; = (2, 11/75 

and uy = (—1, DIRE: The normalized modal matrix of A is 

Selly a 
he ih ile” 

and it is easy to show that S'S = SS! = |. Note that S'£S~! if we had not 

normalized the eigenvectors of A. 

Let’s now diagonalize A: 

De ety ey hy hy ee pe ae 
Di oe Eee eee 

Dit Or md Va hae Oye fen eeO 
S509 SOs eNO ok, 

Note that A; + Ay =Tr A and that AjA> = det A. 

ee ee ee ene ee eet eee | 

Symmetric matrices are diagonalized by similarity transformations S~'AS = 

S'AS, where S is an orthogonal matrix. Hermitian matrices, which are the analog 

of symmetric matrices in complex vector spaces, are diagonalized by similarity 

transformation of the form S~!AS = SAS, where S is a unitary matrix. 

Example 5: 
First show that the normalized modal matrix of 

1 ep 
N= (25 '3') 

is unitary, and then diagonalize A by the transformation S~!'AS = S'AS. 

SOLUTION: The eigenvalues of A are 1; = 0 and A, = 3. The correspond- 

ing eigenvectors are uy = a(—1 — i, 1)' and uy = b(1 +, 2)'. We normalize 

these according to ulu, = land usu, = 1, so we have u, = (-1—i, 1)'/V3 

and uy, = (1+ i, 2)'//6. Therefore, 
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Sine 141 ee! gly 

S= v3 V6 and St= v3 V3 

at Imi 2 
V3 /6 J6 V6 

and 

Note that Tr D = Tr A and det D = det A. 

Our last topic of this section is the following: It is often important in quantum 

mechanics to diagonalize two matrices A and B by the same similarity transfor- 

mation. What are the special properties of A and B that allow this to be done? 

We’ll now show that if two matrices can be diagonalized by the same similarity 

transformation, they necessarily commute. Let 

D,=S'AS and D,=S~'BS 

Then, using the fact that D};D, = D»D), we have 

(S~!AS) (S7'BS) = S~!ABS = (S~'BS)(S~'AS) = S7!BAS 

Multiply from the left by S and from the right by S~! and find that AB = BA. AI- 

though we shall not prove it here, the converse of this statement is also true: If two 

matrices commute, they can be diagonalized by the same similarity transformation. 

ea Se NY Fee 
Example 6: 
Show that 

commute and diagonalize both with the same similarity transformation. 

SOLUTION: 

oh a7 
aB=(5 y)=BA 

The eigenvalues and corresponding eigenvectors of A are A; = | and Ay = 3 

and u, = (1, iy 2 and uy = (1, DT /V2. Those of B are 4, = | and 

Ao = Sand u, = (1, —1)'/V2 and uy = (1, 1)'//2. Thus, 

en 
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in both cases and 

iO BACH See = D,=S = 4 

and 

10.5 Problems 

1. Substitute Equation 2 into Equation 3 to show that AS = SD. 

2. Here is another proof of Equation 3. First show that (AS);; = ju ;;. Now use the fact that Dj; = 4;5;; to show 

that GD); = A jj; 

3. Diagonalize A = ( : 2 

eae ae) 

4. DiagonalizeA=]0 1 1 ; 

Onl 4 

2. “0 -=2 

5. DiagonalizeA= | 0 3 0 

Oo 05 sees 

6. Which of the following matrices is diagonalizable? 

7, ew 
(a) (b) 2 0 (c) 

| 2 a | eee 

7. Diagonalize A = 

8. Diagonalize A = 

(ok TST Ks) - © OC 

SSS SS eet J eek See fom tee) 

| 

0 

0 

: 2 | 3A 
2 1D: g iagonalize A = ( 33 \ ) 

10. Diagonalize A = es ae ure a 

2 

11. Diagonalize A= | 0 

0 

1 
12. Find e4 if A= ee a 
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. : 1 13. FindsinAifA=(7 ind sin Ai Z eal 

14. Under what conditions does e4t+® = e*e8? 

el. 
15. Find e™ if A= 1nd @ 1 ie A 

16. Solve the kinetic system 

xX} =X | SF 2x4 

X> = 2Xx| Lt x2 

that we solved in Section 3, but by evaluating e”’. 

17. Show that your answer to the previous problem is the same as the result that we obtained in Section 3. 

oe ) Show that SS‘ = S'S “lL unless S is a 18. S se that S = uppose tha 4 3 ; ) is the modal matrix of A = ( 

normalized modal matrix. 

1 

Ie es) 
similarity transformation and show the similarity transformation. 

19. Show that the commuting matrices A = ) and B = & ; ) can both be diagonalized by the same 

20. Show that if D is diagonal, then D” is diagonal and its elements are the elements of D raised to the nth power. 

3 —2 -l 

21. Use any CAS to find e* ifA=]| 3 -—4 -3 

2-4 0O 

10.6 Quadratic Forms 

The expression ax? bx x94 ae, which consists of squares of variables or 

products of two variables, is called a quadratic form. The general expression of a 

quadratic form is 

OSs ey Ajj XjXj (1) 

i=l j=! 

where the a;; are real constants. Quadratic forms occur in a wide variety of 

applications. For example, consider the simple one-dimensional system shown in 

Figure 10.19. Let the equilibrium separation of each pair of neighboring masses 

be /. Then the potential energy of the system depends upon the displacements of the 

masses about the equilibrium positions, x, x2, x3, and x4. For small displacements, 

we can expand V (xj, x7, x3, 4) in a Taylor series about the equilibrium positions 

Gio > — X4 — 0) 0 obtain 

4 fay Figure 10.19 
Ce = V(0, 0, 0,0 x; Four masses connected by springs. 

Cr TFS x4) 05.0: i a Ox; J The motion is constrained to be only 

longitudinal. 
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where the zero subscript means that the derivatives are evaluated at x; = x2 = 

x3 = x4 = 0. The first term is just a constant, which we can let be equal to zero, 

and the second terms vanish because the (0 V/dx (0 are forces, which equal zero at 

the equilibrium position x; = x7 = x3 = x4 = 0. Consequently, if we neglect cubic 

terms in the x;, then 

3 3 
] 

VaGay X72, X3; X4) = 2 ye eo Kj jXjX; 

i=l j=l 

is a quadratic form, which reflects Hooke’s law for this system. There are many 

examples in physical applications where a quadratic form occurs because we 

expand some quantity in a multidimensional Taylor series and truncate after the 

quadratic terms. 

We can write Equation | in matrix notation: 

QO = xAx (2) 

For example, if Q = 3x7 + 8x ,x2 — 3x3, then we can express Q as 

. / 
Caters ie) 3) 

Notice that we split the cross term 8x)» into two equal terms when we wrote Equa- 

tion 3. This makes A a symmetric matrix, which we know from the previous section 

has two linearly independent eigenvectors. We shall always write Equation 2 with 

A expressed as a symmetric matrix (Problem 2). 

We now wish to express x), %2,...,X, aS a linear combination of new 

coordinates x}, x5, ..., x, such that Q becomes a sum of only squares of the 

x’, there being no cross terms. In other words, we want to express Q in canonical 

form. Let this transformation be denoted by 

x= Sk (4) 

where S is the n x n normalized modal matrix of A. Substitute Equation 4 into 

Equation 2 to obtain 

O = (Sx’)'A(Sx’) = x''STASx’ = x'TA’x’ (5) 

which will be in canonical form because the matrix A’ is diagonal. We know from 

the previous section that if the eigenvalues of A are Aj, Ax, ..., A, then Q will 

be in the form 

OH Ayxy + Ages? te +A_x!? (6) 

This procedure is similar to the rotations that we carried out in Section 4 but is 

more general. 
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Let’s apply these results to Equation 3. The eigenvalues of A are 4 = +5. Thus, 

the canonical form of Equation 3 is Q = 5x/* — 5x/,*. The normalized eigenvectors 

of A are u; = (2, 1)'//S and uy = (—1, 2)'//5 and so the matrix S in Equation 4, 

the normalized modal matrix of A, is 

1 2-1 
S= — 

Vs ¢ ) © 
Therefore, 

= Sx =Sx= 5 ( é a 
MOE aL 2 hate 

or 

x= Oy + xX») i} as 1 SM) 

: (8) 

X= —=(—X, + 2x) 2 J5 l D 

If you substitute Equations 8 into Q = Se ~ a you get Equation 3, as you 

should expect. 

Example 1: 
What type of conic section (ellipse or hyperbola) is described by the equation 

3x? + 8xy + 3y? = 1? 

SOLUTION: The symmetric matrix of the quadratic form 1s 

a=(7 3) 
The eigenvalues and corresponding eigenvectors of A are A = —1, 7 and 

u, = (—1, 1)' and uy = (1, 1)'. The normalized modal matrix is 

and 

Thee al 
STAs = ( 0.7 

Thus, the transformed equation is g(x’, y’) = —x’* + 7y”” = 1, or that of a 

hyperbola (Figure 10.20). 

Ce | ck ee 

501 

Figure 10.20 

A plot of the hyperbola —x/2 4. Jy2=1 

determined in Example 1. 
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Figure 10.21 
A plot of the hyperboloid of two sheets 

determined in Example 2. 
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[RS eh Pe Re atemigie yk” ciel ak wea 
Example 2: 
Reduce the quadratic form 

f(x,y, Z) = 2x7 + By? + 2327 + 72xz+1=0 

to canonical form. Describe the resulting quadric surface. 

SOLUTION: The matrix A in x!Ax is 

2 OC. 36 

fatal | 10 neta U) 

Bom Ot 225 

The eigenvalues and corresponding eigenvectors of A are 4 = —25, 3, and 

50, and (—4, 0, 3)", (0, 1, 0)", and (3, 0, 4)'. The normalized modal matrix 

of A is 

4 3 es Gy ae 
5 5 

S= Opal 

3 ; 2 cy = 
5 5 

Then & 

ee eel) 
SUNS = O30) 

CMOS 50 

and the canonical form of f(x, y, z) is 

/ / 
ey y= 25 By +5077 +1=0 

which is a hyperboloid of two sheets (Figure 10.21). 

ee eee eee Semester re 

Diagonalizing a quadratic form allows us to see more clearly the type of curve or 

surface that it describes. It’s not obvious that the quadratic form in Example | is a 

hyperbola or that the quadratic form in Example 2 is a hyperboloid of two sheets 

until they are expressed in canonical form. 

The more general expression 

ax? + 2bxy + cy? +dx +ey+ f =0 (9) 

is called a quadratic equation, and ax? + 2bxy + cy? is called the associated 

quadratic form. Equation 9 represents a conic section whose major axes do not 

coincide with the x and y axes if b £0, d £0, or e £0. For example, consider 

the quadratic equation 

x? — 2x, +3y? + 12y 412=0 (10) 
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The linear terms in x and y show that the graph of this equation is not centered at 

the origin (Figure 10.22). The lack of cross terms shows that the major axes of the 

graph are parallel to the x and y axes. To express Equation 10 as a sum of squared 

terms, we complete the squares of the x and y terms to get (x — 1)? + 3(y +2)? = 1, 

which is the equation of an ellipse centered at x = 1 and y = —2 (Figure 10.22). 

We'll call the equation (x — 1)? + 3(y + 2)? = I the standard form of Equation 10. 

To convert a quadratic equation such as 

Ox? day by? = 10x — 20y=5 (11) 

into standard form, first diagonalize the quadratic part (the associated quadratic 

form) and then eliminate linear terms by completing the square. 

me re 
Example 3: 
Express Equation 11 in standard form (Figure 10.23). 

SOLUTION: The associated quadratic form is Ox = Axy + 6y7/ The 

eigenvalues and eigenvectors of the symmetric coefficient matrix are A; = 5, 

dy = 10, u, = C1, 2)'/V75, and uy = (2, 1)'//5. The matrix that rotates the 

graph of Equation 10 into canonical form according to x = S x’ (Equation 4) 

is 

Oa (eee 
SRO ell 

or 

C= aie: Dy) 

y=—0x' +! - a/ 5 if 

Substituting x and y into the quadratic equation gives 

5x2 + 10y* — 10V5x =5 

Completing the square by adding 5 to both sides gives 

(x — V5)? + 2y? =6 

Thus, the quadratic equation represents an ellipse centered at x = /5, 

y = 0 (Figure 10.24). Notice that we have rotated and shifted the ellipse in 

Figure 10.23. 

Iannis hg} ean eae 23 i Ascent 

There are a number of physical applications where quadratic forms occur. Re- 

call from Section 6.5 that the rotation of a rigid body may be viewed as the rotation 
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Xs 

1 

—) 

Figure 10.22 
A graph of the equation 

Ox ay ily — 0: 

4 y 

i 

Figure 10.23 
A graph of the equation 

9x” — Axy + 6y* — 10x — 20y =5 used 

in Example 3. 

Figure 10.24 
The graph of the ellipse described by 

(x — /5)? + 2y? =6. 
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Figure 10.25 
A rigid body rotating about an axis passing 

through the center of mass of the body. 
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with an angular velocity w about an axis passing through some origin, which for 

simplicity, we take to be the center of mass (see Figure 10.25). Equation 5.4.15 

says that the total angular momentum of a collection of masses m; located by the 

position vectors r; is given by 

Leen x (m;v;) = >> mir; x (w X ¥;) (12) 

If the triple cross product in Equation 12 is written out (Problem 9), Equation 12 

becomes 

& 
L =i (,,@, + yoy + 1,07) 

+) (1) .@y af Ty y@y aa I,,@;) (13) 

eR Oats Ly 1 [7 @:) 

where 

n n n 

Le, = >) mil? +) f=) Om Geez) =) mix, 

i TI =I 

n 

Tey SS DE MX} Yi Lez =o yy MX Pj Ly, =e oe Mj Viki 

i=l i=l i= 

(14) 

Equation 13 can be written in matrix notation by writing 

Lela (15) 

where the elements of the moment of inertia matrix | (not to be confused with the 

identity matrix) are given by Equations 14. In Problem 16, we show that the kinetic 

energy 7 of the rotating body is given by 

Lect 
r=—-o lo (16) 

2 

The axes in Figure 10.25 were chosen arbitrarily, and that’s why there are 

nonzero non-diagonal elements in |. It should be clear from our discussion of 

quadratic forms, however, that we can find an orthogonal transformation of the 

axes in Figure 10.25 such that | becomes diagonal. The axes in which | is diagonal 

are called principal axes and the diagonal elements of | are called the principal 

moments of inertia of the body. 

Another important application where quadratic forms arise is in the theory of 

the thermodynamics of irreversible processes. Consider an abiabatically insulated 

system, which is described thermodynamically by a set of state variables. The 

entropy S of the system is a maximum when these state variables assume their 

equilibrium values, say A}, A5, ..., A’. Suppose now that the system undergoes 
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a fluctuation from its equilibrium state, where the state variables have (nonequi- 

librium) values Aj, A>, ..., A,. Then the deviation of the entropy of the system 

from its equilibrium value is a function of the quantities {aj =A; — A‘}, and if 

the fluctuations are small so that the {a j} are small, then we can write AS as 

n n 

a 4 ee ae 
i=l j=l 

where kg is the Boltzmann constant. There are no linear terms here because S is 

a maximum when the a; = 0. Using the relation between the entropy of a system 

and its disorder, it turns out the probability of observing the values {a;} is given 

by 

JACM RETIN ey oe oe Wes apo fs 

l n n 

= exp 5 Sy Sij%j%j 
i=l j=l 

All the central results of the thermodynamics of irreversible processes can be 

derived from this basic relation, which is a multivariate Gaussian distribution. 

Recall (Section 3.3) that a Gaussian distribution is of the form 

1 —x*/20* a 
(no) 72° dx CoS 15 SCS (17) f(x)dx = 

A general multivariate Gaussian distribution is of the form 

sMeay Kee 8) Xe) — Cen 2 Ok Fae att 2y_tn¥n— 1 nF nnXp) 

(18) 
ee iOO Kp 100 be AA ee 

where c is a normalization constant. Multivariate Gaussian distributions occur 

in statistics, in fluctuation theory in statistical mechanics, in the theory of non- 

equilibrium thermodynamics, and in a number of other areas. (See Chapter 21.) 

We often need to evaluate integrals involving f(x), x2, ...,X,). For example, 

the determination of the statistical correlation between the variables x), x2, ..., X; 

requires that we evaluate integrals like 

CO 

Miy= ff xxi Fler. anlday ds (19) 

{1,2} 

The cross terms in the exponential make these integrals difficult to evaluate. 

However, if we write the quadratic form in the exponential in canonical form, 

then f(x), ...,X,) becomes just a product of independent factors and integrals 

like Equation 19 can be readily evaluated. 
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We’ll evaluate the normalization constant c in Equation 18 first. The normal- 

ization constant satisfies the relation 

[o,2) 

e [ : | Fries aah Lead eee, 

—0o 
(20) 

co 

= [ fe Saxdx, Md veal 

—0oo 

Write x = Sx’ or x’ = S~!x. Then, x'Ax = x’'S'ASx’ = x’'Dx’, where 

jee inal eset 

Se ee Ql) 
Ut liter ae 

Therefore, x'Ax = x’'Dx’ = Ree + Axis? 5 is Mex and af Ort eee 

Xn) = B(x}, x5, -.., x/). Note that all the eigenvalues of A must be greater than 

zero in order that integrals involving g(x}, x5, . . . , x/,) converge. We convert the 

“volume element” dx dx, --- dx, to dx}dx/, ...dx’ by introducing the Jacobian 

determinant 

Ox; 0x4 Ox| 

‘bel = ure eaicorg (22) 
OXp OXp, OXp, 

ax, Oxh xy 
But x = Sx’, so this determinant is equal to |S| (Problem 19). Therefore, 

eB 
xX 

because S is orthogonal. 

Equation 20 now reads 

[e,9) 

cf | feci.x, ...,x))dxidx!,...dx! 
=Co) 

n 

[e,2) 

Se ee OS 2 =Cc [ fe 2D Sis RY aha Mdeia x! Pd 

=O 

This n-fold integral is actually the product of integrals, so we can write 
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ee K 2 2) es 2/9 eo) 2 

cf dx ye = ‘| dye 02!" % fl dx,e?m'nl? 
—co —0o C0) 

(Qr)"/? 

(Ce eee 
(Ajay +++ A,)1/2 

But AjA> -- +A, = det A, so we finally have that 

Kd ay 
= (27 )r/2 (24) 

i a i 
Example 4: 
Evaluate the integral 

co 

a ff eeapens
s ca 

—0oO 

by diagonalizing the quadratic form explicitly and in doing so verify that the 

Jacobian determinant in Equation 22 is equal to one and that your final result 

agrees with (27)"/? / (det A)!/2 (with n = 2). 

SOLUTION: The matrix A is 

3 =1 
A= (1.3) 

The eigenvalues of A are A = 2 and 4, and its corresponding normalized 

eigenvectors are (1, Aye and (—1, 1h 2. Its normalized modal matrix 

1S 

all ees 
a al 

OE eal 
and so 

or 

/ | 
ee as and « y=—=(x'+ y’) 
a ee 

The quadratic form becomes 2x’? + 4y’* when expressed in terms of the 

primed variables. 

(25) 
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To evaluate the Jacobian determinant, we differentiate Equation 25 to 

obtain 

Uo) g  e asis 
pte OX LOVE | AP V2 = 

Te ee 
Ox’ dy’ ae af Ds 

We’ ll now determine / from 

CO 

os [faayetor 
165) 

= eG ee "Ganes dy? _ 2 
are a 91/2 

vot 20 = Digg 

> 2% \gi2 a2 

Pa a Oe 
/ 

For our final manipulation of multidimensional Gaussian integrals, let’s eval- 

uate M;; in Equation 19. We’re going to see that Mj; is the ijth element of Ase 

First, write Mj; as 

(det A)'/ AyD ag beet) grat ; 

ny? mae oF  dxidx,...dx’ (26) 

and use the relation x = S x’ to write 

n n 

i = Sit Xy and x= ye 5 j1X, (27) 
l=1 k=1 

Substitute Equations 27 into Equation 26 to get 

n n 

12 2 

De Deans J foie! 20m tax the ad y'dx! dx! (28) 
Sail [ssi 

Bn za) es okey 
a (Qnynl2- 

The only terms that are nonzero in this double summation are the terms in which 

k =I because terms such as 

©O 

Were eee “ 2 eS 2 
// xye 201% TY dydy =|! tem dx i! ye 2" dy =0 

CO CO 
—0O 



10.6 Quadratic Forms 

Thus, Equation 28 becomes 

nA n 

(det A)!/? 2 Fiat Aaxy bed 
Daa ie eae (Qn)n/2 Do Dessnty J fi athe Aa, nn qx Ha SMC Ea 

kl 

n 2 

(det A)!/2 On Vf ae Ve aN Qn \? 
Sa Ran/ae ) SiS j] —— — Son Rear apo | P= 

n jl 

= 8 S88 (29) 

We’ ll now show that this summation is equal to the ijth element of A~!. Start 

with 

S'TAS=D 

Take the inverse of both sides and use the relation (AB)~! = B~'A! and the fact 

that S' = S~! to obtain 

SAS = STATS = Dis 

Now multiply from the left by S and from the right by S' to get 

A+=>sps! (30) 

The ijth element of A~! according to Equation 30 is 

n i 

"= =a 
ANG =D) Dd SP a 5) 

k=1 [=1 

But D;; = d4;/A,, SO we have 

n if 
SiS); 

A)ij =>. — (31) 
eit 

If we realize that 5; =s,,, then Equation 31 is the same as Equation 29, so we 

= — 
jy? 

M=A7! (32) 

in matrix notation. The quantities M;; are called covariances and M is called the 

covariance matrix. The values of the covariances are a measure of the statistical 

correlation between the x;. 

Because of the relation A= M7! given by Equation 32 and the relation 

509 
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det (A) = 1/det (A~!), the multivariate Gaussian distribution is often written as 

i —1x™M—!x . a i 33 Ti Caitg Fs sreer ee (27 )"/2(det myi/2° ( ) 

yee Gt ee ee 
Example 5: 
Use Equation 33 to write out a Gaussian distribution in two variables. Use 

the notation 

=o°; (xy) =ro,oy 

SOLUTION: The covariance matrix is given by 

2) 

ie a; rOxOy 

ie (or o2 10,0, f 

det M= o-0°(1 — r’) 

2 
ete 1 o;, =1OZ0, 

~ 92¢62(1— r2) \ —ro,o o2 
aeiy) Cay ; 

1 I xe SEs a 
=x'M7 lx = a = eee ees 
2 KOS) VO Ger oe 

x 

] l x* 2 rxy y? oS + ‘(t,.)) = ex 
ir, y) Poo, (leat a Ml 

Notice that f(x, y) = p(x) p(y) when r = 0, when x and y are statistically 

independent or uncorrelated. Because of this, r? is called the correlation 

coefficient. Also note that r must satisfy —1 <r < 1 (Problem 13). 

nen ee a 

Another important application of the diagonalization of a quadratic form is the 

following. Recall from Section 6.8 that we investigated the nature of the extremum 

of a function of two variables at a point (a, b) by considering Taylor’s formula, 

i 
flath,b+k)= f(a,b)+ sl fax, n) + 2hkfyy(€,n) +k fyy(E, n)] G4) 

where a —-h<&<a+handb—k<n<b+k. The nature of the extremum 

depends upon the sign of the quadratic form in Equation 34 for the various values 

of h and k about the point (a, b). If we convert this quadratic form to canonical 

form, then we have 

Q = Ah? + Agk” (35) 

where the sign of Q now depends entirely upon the signs of A, and A>. 



10.6 Quadratic Forms 

A quadratic form is said to be positive definite if Q = x'Ax > 0 forall values of 

x £0. Itis called positive semi-definite if x'Ax > 0; negative definite if x'Ax <0; 

negative semi-definite if x'Ax <0; and indefinite if x'Ax has both positive and 

negative values. You can see from Equation 35 that x! Ax is positive definite if and 

only if A; > 0 and 4, > 0 and negative definite if and only if 4, < 0 and A <0. 

Thus, the behavior of the sign of Q = x'Ax and the quadratic form in Equation 34 

depend upon the eigenvalues of 

Pex Sry es iad: 
( Fey f yy 

which are 

= Tex + Fyy x 
= 2 £1 + fy) Mech — RM? G6) 

You can see from Equation 36 that both eigenvalues will be positive if f,, + 

Top 0 and f,. tyy = sie > 0, or equivalently, if either f,, > 0 or f,, > 0 and 

ii 7 0 (ecanscnt yf 0) then 7, = Ot f.nfy— f= 0). Uh this 
is so, then f(a +h,b+k)> f(a, b) and f(a, b) is a local minimum. 

Simei eM fet yy) ANC y yy ire > 0, or equivalently, if either 

er UIOL fj. 0 and fa J yy les > O (because if f,, <0, then f,, < 0 if 

I oe fe. > 0), both eigenvalues will be negative. In this case, f(a +h, 

b+k) < f(a, b) and f(a, b) will be a local maximum. If the eigenvalues have 

opposite signs, then f(a, b) is a saddle point. 

We derived these results for a function of two variables in Chapter 6 without 

the use of the theory of quadratic forms, but for the case of n variables, the 

characterization of an extremum in terms of the eigenvalues of A is indispensable. 

10.6 Problems 

1. Express the following quadratic forms in matrix notation x'Ax, where A is a symmetric matrix: 

Sn rn Nn Ww & 

(a) 3he = XX + 2% 4x3 + oe (b) ie = 226p0) 46 6x5 (c) 6xyx3+ a 

. Show that writing a quadratic form in terms of a symmetric matrix is equivalent to replacing the original matrix 

A by the symmetric matrix (A + A')/2. Now show that x'Ax=x!'[(A+A!)/2]x. 

. Find the standard form of the equation 5x? + 4xy + 2y* = I. Find the orthonormal basis which yields this 

standard form. 

. Identify the graph of 2x? + y* — 4xy — 4yz =4. 

. Identify the type of surface described by 3x7 + 6y? + 327 — oxy — 2yz=1. 

. Identify the type of surface described by On + 5y- + 52° + 4xy — 4xz— 8yz = 10. 

. Express 3x? — 8xy 12y? — 30x — 64y = 0 in standard form. 

. Identify the type of surface described by 2xy + 2xz + 2yz=1. 

Dull 



Dae 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

ive 
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. Derive Equation 13 from Equation 12. 

[o.2) 

Show that the probability distribution in Equation 17 is normalized; in other words, show that / io) daa 
1,9) 

Co 

and that (x) = 0 and (x?) =o, where (x”) = / x" f (x)dx. The quantity (x) is the mean, or the average, 
—=le9) 

of f(x), and (x2) is its variance [the square of the standard deviation of f(x)]. 

If (x) =u £0, Equation 17 becomes f(x)dx = (2102) "/2e-@-#)"/20"dx for —oo < x < 00. Show that 
(x) = pw as inferred. Now show that ((x — p)?) = a. Interpret ((x — Ly) physically. It is called the second 

central moment. 

Use the relation det (AB) = det (A) det (B) to show that det A~! = I/det A. 

In this problem, we prove that the correlation coefficient r defined in Example 5 must satisfy —1 <r < 1. First 

show that ((awx + By)*) = ao? + 20Bro,.0y + Bo. > 0. Now take a = o and B = —ro,o, and show that 

r2<lor—l<r <1. 

In this problem, we show that 

co 

it'x—1xTA x Ay Matai 
---fe 2 dx,dx»...dx, = —————~e 2 1 
| | ks "(det A)!/?2 So Lee 

Let S be the normalized modal matrix of A, so that S'AS = D and x'Ax:= x 'Dx’, where x = Sx’. (The 

quadratic form is now diagonalized.) Now let u = S~'t =S't so that t'x = (Su)! x =u'S'x =u'x’. Thus, we 
oO 

n 

iuex!—2x'Dix" py / - iu ;x!, —1),5'2 ; : 
have |---Je 2 dx,dx,...dx, = I] QV VEE dx, where the A; are the eigenvalues of 

j=1e~ a se 

j a 

1/2 
Ce rr bose Oe pei) 20 —u2/22. 

A. Now use the fact that (see the next problem for a proof) / e Pig UI; dy! — (2) e piers and 
a j 

use u'D~'u = t'SD7!S't = t'A7't to verify equation 1. 

(oe) 

Show that J = i] 
—0o 

1/2 
ee ilps DD 2 ye : : 
etl (=) e' /?h by expanding e“* and integrating term by term. 

We derive Equation 16 in this problem. First, write the kinetic energy as T = }* m ie /2 where r; = dr; /dt. 
n 

Now use r; = w x r; to get T= 5 Se m\(@ X ¥;) - (@ x r;). Now use the scalar triple product formula 

ye 
V1 - (V2 X V3) = (Vy X V2) - V3 = V2: (V3 X V;) to write T = ep SS xX (w xX r;) = 5@-L= 50° | o= 
ail 

This problem illustrates how the principal moments ty 

of inertia can be obtained as an eigenvalue problem. 

We will work in two dimensions for simplicity. 

Consider the “molecule” represented here, 



References 

where all the masses are unit masses and the long and short bond lengths are 2 and 1, respectively. Show that 

I, =2 cos” 6 + 8 sin? 6 

ly =8 cos? @ + 2 sin” 6 

I) = —6 cos @ sin @ 

The fact that /,,, 4 0 indicates that these /; j are not the principal moments of inertia. Now solve the secular 

determinantal equation for i, 

and compare your result with the values of /,, and /,,, that you would obtain if you align the “molecule” and 

the coordinate system such that 6 = 90°. What does this comparison tell you? What are the values of /,, and 

Fygelt 0. 0°? yy ; 

18. Which of the following quadratic forms is positive definite? 

Qn — 4x oy (b) x*+ 6xy + 3y? (CG) 5 2x7 — oxy Sy" 

19. Show that the Jacobian determinant in Equation 22 is equal to | S|. 
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Jacob Bernoulli (1654-1705), one of the earliest to recognize the power of calculus, was born on December 

27, 1654, in Basel, Switzerland, into a wealthy merchant family. Bernoulli graduated from the University 

of Basel with a degree in philosophy in 1671 and in theology in 1676. It was during this time that he began 

studying mathematics and astronomy. Despite the disapproval of his family, he decided to pursue a career in 

mathematics. Jacob Bernoulli was the first in a long line of distinguished Bernoulli mathematicians. After 

an extensive period of travel throughout Europe and England, during which he met a number of leading 

mathematicians and scientists, he returned to Basel and began his career at the University of Basel, where 

he held the Chair of Mathematics from 1693 until his death. In 1684, he married Judith Stupanus. Unlike 

many members of the family, neither of his two children became mathematicians or scientists. 

Jacob Bernoulli had a difficult personality. He was quick to criticize, took criticism of himself badly, 

and had a great need for recognition. He was a strong advocate of the calculus of Leibnitz and made great 

contributions to its development. One of his most famous students was his younger brother, Johann, with 

whom he had a tumultuous relationship. He and Johann, whom we shall meet later, developed the calculus 

of variations. Jacob showed that the problem of determining the isochrone, a curve along which a particle 

will descend under gravity from any point to the bottom in the same time, no matter what the starting point, 

is equivalent to solving a first-order nonlinear differential equation, which he was able to solve. In the same 

paper, he introduced the term “integral” in the modern sense of the word. A few years later, he introduced 

isoperimetric problems, the simplest of which is the determination of an isoperimetric curve, that is, the 

curve of fixed length that encloses a maximum area. Bernoulli made contributions in a number of areas 

of mathematics. His most significant work, Ars Conjectandi, published eight years after his death, was 

important in the development of the theory of probability. Bernoulli died in Basel on August 16, 1705. He 

requested that a logarithmic spiral, of mystical importance to him, be carved on his tombstone. 
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Ordinary Differential Equations 

Many scientific laws can be expressed in terms of differential equations. In fact, 

differential equations are the most common and most useful means of formulat- 

ing these laws. A differential equation is an equation involving derivatives of an 

unknown function that depends upon one or more independent variables. If the 

unknown function depends upon only one independent variable, then the equation 

is called an ordinary differential equation. Ordinary differential equations nec- 

essarily involve ordinary derivatives. Examples of ordinary differential equations 

are 

dy 5 say dy ; Gin a7 yd Os oe ee yp Se 
ss ae rate eo ” 

9793/2 5 
dy ay) B) 2) dy x 

(a 1+ | — = k— b x°~ + y*)— =xy 2 ) (2) | 73 Cea eae atlas ta ee rv) (2) 

In each case, there is only one independent variable, x, and one dependent vari- 

able, y. If the unknown function depends upon more than one independent variable, 

then its equation is called a partial differential equation. Partial differential equa- 

tions necessarily involve partial derivatives. Examples are 

a td ‘ibe oe ae 
Ox dy? OL er Ox 

We shall not discuss partial differential equations until Chapter 16. 

There are several terms that we often use when discussing differential equa- 

tions. We say that y(x) is a solution of an ordinary differential equation if it satisfies 

the equation identically over some interval (a, 8) of x when it and its derivatives 

are substituted into the equation. The order of a differential equation is the order 

of the highest derivative that occurs in the equation. Equations la and 2b are first- 

order equations, 1b is a second-order equation, and 2a is a third-order equation. 

The degree of a differential equation is the power of its highest-order derivative yl bs: 
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when the equation is written as a polynomial in all the derivatives involved. Equa- 

tions la, 1b, and 2b are easily seen to be first-degree equations and Equation 2a is 

second-degree because it takes the form 

(By) DD Ve ea aN @) 
: (3) ates (2) es (2) os dx 

when it is written as a polynomial in its derivatives. 

One reason that we classify differential equations according to order and 

degree is because the properties of their solutions and the methods that we use 

to determine the solutions often depend upon this classification. The titles of the 

sections of this chapter specify the types of equations that are discussed. Section | 

deals with differential equations of first order and first degree and Section 2 deals 

with linear first-order equations. A differential equation is said to be linear if 

the dependent variable (the function to be determined) and all its derivatives occur 

only to the first power and there are no cross terms. Equation 1b is the only linear 

differential equation of Equations | and 2. Equation 1a is nonlinear because of the 

y* term; Equation 2a is nonlinear because of the (dy /dx)? term; and Equation 2b 

is nonlinear because of the y* dy/dx term. Sections 3 and 4 deal exclusively with 

linear differential equations. Section 6 deals with systems of first-order differential 

equations, such as the simultaneous equations 

d 
Sere 
dt 

dy 
eek 
dt 

In this case, we have two differential equations to solve simultaneously. 

11.1 Differential Equations of First Order and First Degree 

A first-order differential equation can be written in the form 

dy _ 
i = f(x,y) (1) 

If f(x, y) =—M(x, y)/N(x, y), then Equation 1 can be written in terms of 

differentials: 

M(x, y)dx + N(x, y)dy =0 (2) 

In Equation 1, we say that x is the independent variable and that y, which depends 

upon x, is the dependent variable. In Equation 2, we don’t necessarily distinguish 

between the independent variable and the dependent variable. In either case, a 

solution is a relation between x and y that satisfies the differential equation. 

For example, the function y(x) = c/(1 — cx), where c is a constant, satisfies the 
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differential equation 

dy 2) 
a re, 

3 Tm (3) 

if x A 1/c. You can see that this is so by differentiating y(x) = c/(1 — cx). It 

turns out that every solution to Equation 3 is of the form y(x) = c/(1 — cx), and 

SO we say that y(x) = c/(1 — cx) is a general solution of Equation 3. If we are 

given additional information, such as y = 1 when x = 1, then we can determine 

the constant c, which in this case would be c = 1/2. The solution y(x) = 1/(2 — x) 

is called a particular solution of Equation 3. 

—— eee 
Example 1: 

Show that y(x) = ce* — 2 — 2x — x”, where c is a constant, is a solution of 

d 
oY ay +x? 
dx 

Find a particular solution if y = 1 when x = 0. 

SOLUTION: Differentiating y(x) gives 

dy 
Ee ee 
dx 

Because y(0) = 1, c = 3, and so the particular solution is y = 3e* — 2 — 

ee 

1 ch aad eee pt se eile ah sete eset 

Before we go on, we should address the question of whether a given differ- 

ential equation even has a solution. For example, the equation (y’)? + y* + 1=0 

doesn’t even have a real solution because the left side is necessarily positive. The 

following important theorem, which is proved in most textbooks on differential 

equations, addresses not only the existence of a solution, but its uniqueness as 

well. 

Consider the first-order differential equation 

oY f(, y) 
dx 

along with the auxiliary condition y(x9) = yo. If f (x, y) and Of /dy are real, 

finite, single-valued, and continuous in some region surrounding the point 

(x9, Yo), then there is one and only one solution to the above equation in an 

interval —h < xp <h lying within the region. 

Applying this theorem to the equation in Example | shows that the solution is 

unique for all values of x. 

Si 
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ty 

1 x 

Figure 11.1 
A family of solutions of y’ = 3y?/? with 
y(0) = 0 given in Example 2. 

v<0 —mg 

Figure 11.2 
The coordinate system used in Example 3. 

The positive x axis is directed upward, so 

that v = dx/dt is negative for a falling 

body. 

Chapter 11 / Ordinary Differential Equations 

nr 
Example 2: 
The functions y,(x) = 0 and y)(x) =x? are solutions to 

y=3y (0) =0 

How do you reconcile this with the above theorem? 

SOLUTION: Because df/dy = 2/y'/> is not continuous along the line 

y =0, there is no guarantee that the solution is unique in any region 

containing the line y = 0. In fact, there are infinitely many solutions because 

; a 0 —0o0 <x<k 

YA) = (=k)? cep e108 

is a solution for any value of k > 0. Figure 11.1 shows this family of curves. 

ti ae ages ee eae ea a ee 

We should mention at this point that the continuity of f(x, y) and 0f/dy isa 

sufficient but not necessary condition. In particular, the condition on the derivative 

can be substantially relaxed, but the continuity of 0f/0y will cover all the cases 

we shall consider. | 

Let’s go back to Equation 2. If M(x, y) and:N (x, y) are such that Equation 2 

can be written as 

f(x)dx + g(y)dy =0 (4) 

then we can simply integrate both sides of Equation 4 to obtain a solution to the 

differential equation. In this case, we say that Equation 2 is separable. A separable 

differential equation is the easiest to solve because it readily reduces to a problem 

of integration. For example, the differential equation 

dy xy 

dx y+] 

is separable because it can be written as 

a (* Bs ") dy 
y 

which can be integrated to give a = y+In y+c as the solution. 

[EA SESS er i Pe a Oe ae 
Example 3: 
Consider the vertical motion of a body of mass m subject to a gravitational 

force mg and a resistive force proportional to its speed. If we let v = dx /dt 

and take the positive x axis to be directed upward as in Figure 11.2, then the 
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equation of motion of the body is 

dv 
ye i 7 Y § 

where v is its velocity. Solve this equation with the initial condition v = vp. 

SOLUTION: This differential equation is separable, so 

d _mdv ok 
yu+meg 

or 
m 
— In(vu+mg)=—-t+c 

or Ue 

yu+mg = Ae vm 

where A = eY°/ . Letting v = up at t = 0 gives A= yuo + mg, or 

ae (+ z “| eoviim _ m8 
ve Na 

Note that this solution says that a body falling through a resistive medium 

approaches a constant velocity, —mg/y, called the terminal velocity. Note 

also that we can obtain this result by letting dv/dt = 0 in the original 

equation. 

|< a ae ante, bala 

Another type of first-order differential equation that is easy to solve is an 

exact differential equation. An exact differential equation 1s the total derivative of 

Cay) Gn Ob 

OF OF 
I oe ae immense ke 44 stad ph) 2 Y= 0 ©) 

% y 

in which case the equality of the mixed second partial derivatives of F(x, y) gives 

the criterion 

@F IM ON 90°F 
ae eka ag (6) 

dyOx dy dx  dxdy 

If Equation 6 is satisfied, then the solution is given by 

OF OF 
Fo.y= | “Pax +a) = | 0) i) (7) 

Ox oy 

where the integrations are “partial” integrations and where h(x) and g(y) are 

arbitrary “functions of integration.” In other words, y is held fixed in the first 

integral and x is held fixed in the second. For example, consider the differential 

549 
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equation 

(2y + 2)dx +2xdy=0 

Equation 6 is satisfied because 0(2y + 2)/dy = 0(2x)/dx, and so 

F(x, y)= [oy + 2)dx + g(y) 

Now y is a constant in this integral, so we have 

F(x, y) = 2xy + 2x + g(y) 

We can determine g(y) by substituting this result into dF /dy = N(x, y) = 2x to 

obtain 

from which we have g(y) = c, where c is a constant. The solution, then, is 

1EGS.. 0) = es) See 

where A is another constant. 

Example 4: 
Solve the differential equation 

dy _a*—2xy—y? 

dx GHEY)? 

SOLUTION: First write the equation in the form 

(a= 2xy — y*)dx = (GF =p y)*dy ==4() 

Equation 6 is satisfied because 

OG — ry — 7) d(x + y)* oe yee 
dy Ox 

and so we see that the differential equation is exact. Therefore, 

FQ@sy)= fe — Ixy — y*)dx + g(y) 

=a°x — xy — xy" + gy) 

Now use the fact that 

OF d 
— =x? —2xy 4+ SoN(x, y)=—-( + y)* = —x? — Ixy — y? 
dy dy 
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3 

to obtain g(y) = oe + c. Therefore, 

3 

B= akan yy hc 

The total derivative of F(x, y) = —c is exactly the original differential 

equation. 

| ee | 

If an equation is not exact, it can sometimes be turned into an exact equation 

by multiplying it by an appropriate function of x and y. Such a function, if it exists, 

is called an integrating factor. For example, if M(x, y) and N(x, y) are sums of 

products of powers of x and y, then a possible integrating factor is x“ y?. Let’s 

consider the differential equation 

d (1—xy)2 + y?+3xy3=0 (8) 
dx 

where M(x, y) = Me — 3xy? and N(x, y) = 1— xy. Equation 8 is not exact as it 

stands, but if we multiply it by x” y* and then set 0M/dy = 0N/dx, we find that 

a = 0 and f = —3 (Problem 22). Equation 8 becomes 

(0+) ar+ (4-4) dy=0 (9) 
y ay 

which is now exact. Using the procedure that we developed above for exact 

equations, we find that the solution to Equation 8 or 9 is (Problem 23) 

spine Veith, se 21 cow iin x (10) 
Lak LY, 

as you can verify by direct substitution. 

Textbooks on differential equations develop procedures for finding integrating 

factors for certain types of differential equations, but even then finding an integrat- 

ing factor can be a matter of good fortune. Nevertheless, integrating factors play 

an important role in some theoretical developments of differential equations, as 

we Shall see in the next section. 

Recall from Section 6.4 that a homogeneous function of degree n is a function 

that satisfies the relation 

fax, Ay) =A" f(x, y) (11) 

A differential equation M(x, y)dx + N(x, y)dy = 0 is said to be homogeneous if 

M(x, y) and N(x, y) are homogeneous functions of the same degree. Problem 18 

has you prove that the substitution w = y/x transforms a homogeneous differential 

equation into one whose variables are separable. For example, the equation 

onl 
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11.1 Problems 

(a) y= x2 +x 

Chapter 11 / Ordinary Differential Equations 

dy _ gett a 

dx 2xy 

is homogeneous. The substitution y = wx yields 

d 1 2 
x +w= = 
dx 2w 

which yields 

—In(1 — w”) =Inx +e, 

or 

Vie) = +(x? — Oy aes 

ne ee oe 
Example 5: 
In Chapter 13, we shall encounter equations of the form 

cern 
dx x-y 

Find the general solution to this equation. 

SOLUTION: Both 2y and x — y are homogeneous functions of degree 

one, so we let y = wx to get 

au _ w+w) 

“dx l—w 

or 

eet 
w(l+ w) oy 

Upon integration, this gives 

(x+y)? =cy 

je ee ee 

1. Show that the expression on the left is a solution to the differential equation on the right. 

d 
jae =x? +y 
dx 

(b) y=c, cos x + cy sinx ty 



ied 

13. 

14. 

Differential Equations of First Order and First Degree 

id od 
(Cys cjye* 4cye7* x rma See 6y =0 

dx* dx 
2 d a 

@) y=are yar + (2) 
dx dx 

. Solve the following differential equations: 

dy y dy dy ds 
(a) = = —-—— b a («2 42y) =: — = = lp —N6s3 75.0 -when't — 

dx eal ”) dx wR: ‘s) dt ee nae : 

- Solve poe = sea 
3 dy 

- A copper pellet at a temperature of 200°C is dropped into a large bucket of water at 20°C. (The bucket is 

so large that the temperature of the water doesn’t change.) After six minutes, the temperature of the pellet is 

100°C. How much longer will it take for the temperature of the pellet to reach 25°C? Use Newton’s law of 
- ae het dT ; : : 

cooling, which says in this case that a = —k(T — 20), where T is the temperature in degrees Celsius and k 
t 

is an empirical constant. 

. A simple equation describing population growth is a em bx”, where x(t) is the population size and a 
is 

and b are empirical constants. Derive the solution to this equation, called the logistic curve. Plot this curve and 

explain its behavior. Show that x(t) — a/b for all x(0) [except for x(0) = OJ. 

. Determine which of the following equations is exact and solve the ones that are: 

(a) 2xy dx + (x7 + y*)dy =0 (b) (2x + y)dx + (y —x)dy =0 

(c) (4+ xy*)dx + yx*dy =0 (d) (sinx + y)dx + (x —2 cos y)dy =0 

. Sometimes a simple substitution turns an opaque differential equation into one that is easy to solve. Can you 

find such substitutions for the following differential equations? 

dy xy dy x-y dy xt+y-1 
(a) xdy+ydx =xy%dx (b) —= : SS d = 

) KS : dx x+y dx xty+l e dx x*+y? 

. The speed of a body falling through air experiences a resistance that is a function of its speed. Newton’s 
d mts 

equation can be written as m eat mg — f(v). In many cases, f(v) is found to be proportional to the speed. 
t 

Derive an equation for v(t) assuming that f(v) = qv and that the body is initially released from rest, so that 

WO) — 0) 

. Derive and solve a differential equation that describes the curve such that the intercept of its tangent line at 

any point (x, y) with the y axis is equal to Day 

. Determine the equations of the curves for which the normals (lines that are perpendicular to the tangent lines) 

at any point pass through the origin. 

. Determine the family of curves that are orthogonal to the family of rectangular hyperbolas described by xy = c. 

. Determine a family of curves that is orthogonal to the family of cardioids, r = c(1 + sin @). Hint: Use 

Equation 8.1.3. 

Find the equation of a curve that has the property that every point (x, y) on the curve is equidistant from the 

origin and the intersection of the x axis with the normal to the curve at that point. 

Consider the flow of a liquid through a hole in the bottom of a container. If A(t) is the height of the liq- 

uid above the hole, then the velocity of the liquid emerging from the hole will be given by v = c(2gh) /2 where g 

5) 
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is the acceleration of gravity (9.81 m - 5) and c is an empirical constant, which is about 0.6 in many cases. 

_ dV j 
The rate of change of the volume of liquid in the tank is ia =—dv= —acQ2gh)'/?, where a is the cross- 

t 
h 

sectional area of the hole. Using the fact that V = A(h)dh, where A(h) is the cross-sectional area of the 

dh 2gh)'/? phan 
tank at a height 4, show that = gatash) . This result is known as Torricelli’s law. 

dt A(h) 

This problem relies upon the previous problem. A hemispherical tank of radius 1.00 meters is full of liquid. 

How long will it take all the fluid to flow through a hole of cross-sectional area 1.00 cm*? 

A tank intially contains 1000 liters of an aqueous salt solution of concentration 100 grams per liter. If pure water 

enters the tank at 5 liters per minute and the solution flows out at the same rate, calculate the concentration 

of salt in the solution in the tank after one hour. Assume that the solution in the tank is well stirred, so that 

solution is kept uniform throughout. 

Repeat the previous problem if a salt solution of 5 grams per liter is used to flush out the tank. 

Show that the substitution uw = y/x transforms a homogeneous differential equation into a differential equation 

whose variables are separable. Hint: Let A = 1/x in the definition of a homogeneous function to write 

“fa. =f (2. ») -0(2). 
x 20S 2,9 x 

Use the method outlined in the previous problem to solve the following differential equations: 

d xy d x 
@ 2= 4, @ 2=-~—, 

dx +y d = Ve 

Show that a differential equation of the form igs 208 a0 ata 
dx ax+ Bx+y 

homogeneous differential equation by the substitution x = u + x9 and y = v + yo where xp and yo are given 

by 

with aB — ab £0 can be reduced to a 

axg + byg +c=0 

ax + Byy ty =0 

dy 2&w+y—4 

dx x-yt+1- 
Use the method of the previous problem to solve 

Evaluate w and f such that Equation 8 becomes exact if it is multiplied by x“ y?. 

Show that Equation 10 is a solution to Equation 8. 

11.2 Linear First-Order Differential Equations 

There is an important class of differential equations that we didn’t mention in 

Section |. A differential equation is said to be linear if every term containing the 

dependent variable is raised to the first power and if, in addition, no term contains 

a product of the dependent variable and any of its derivatives. Thus, 

d*y dy =D eI + a9(x)y = f(x) 
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is linear, whereas 

dy 
—— a 

ES 

and 

d 
Set y= 0) 
dx 

are nonlinear. It turns out that linear differential equations are much easier to solve 

than nonlinear differential equations. Furthermore, many natural laws can be ex- 

pressed by linear differential equations to a high degree of accuracy. Consequently, 

linear differential equations occur frequently in applied problems. 

The general form of a first-order linear differential equation is 

d “+ pwy=qie)  a<x<b (1) 
dx 

where p(x) and g(x) are known functions. We can solve this equation in general 

by finding an integrating factor, which in this case is fairly straightforward. First 

write Equation | as 

[ p@)y — q(x) ]dx +dy =0 

Now multiply by 4(x), which we hope turns out to be an integrating factor: 

[u(x)px)y — w(x) (x) Jdx + ux)dy =0 (2) 

If Equation 2 is to be exact, then we must have that 

on = a U(x) p(x)y — w(x)q(x) |= p(x) u(x) 
ox oy 

or 

din w(x) 
(Eas p(x) 

Solving for (x) gives u(x) = ed PH) 4 TE we multiply Equation 1| by this inte- 

grating factor, then we obtain 

dy of p(x) dx =k: peeved P(x) dx = Fae! p(x) dx 

xX d 

Notice that the left side of this result is the derivative of yer PO) 4 vith respect 

to x, and so we have 

qa | ve a oe! p(x) dx 

dx 
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Figure 11.3 
An electrical circuit consisting of a 

resistance R and an inductance L. 
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or 

Wea PIX) axe / Ate PO)ax ay 4 ¢ (3) 

Solving Equation 3 for y(x) gives 

y(x) <7) p(x) dx / ACaal P(x) dx 4. 4 cow J Pax (4) 

The existence-uniqueness theorem for first-order differential equations presented 

in the previous section tells us that Equation 4 is the general solution to Equation | 

over any interval in which p(x) and q(x) are continuous. 

Let’s use this result to solve 

dy 
x—+2y=x 
ax 

3 

First divide by x to put this equation into the form of Equation 1: 

Ou a 
LG 

: 2dx 2 : 
Thus, the integrating factor is w(x) = BF POD Bf acl ae Equation 4 

gives 

1 
WEI / xtdx + a 

ce xg X 

WwW Nake 

es x? 

as you can verify by direct substitution. 

arn ee ee eel 
Example 1: 
Figure 11.3 shows an RL circuit, which is an electrical circuit containing 

a resistance R and an inductance L. The voltage drop is Ri across the 

resistance and Ldi/dt across the inductance, where 7 is the current. If E(t) 

is the driving voltage, then Kirchoff’s law for electrical circuits gives 

ba RE) 
dt 

Solve this equation if E(t) = Eg = constant. 

SOLUTION: First write the equation in standard form: 

di 

dt 
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Then “f pdx” = Rt/L, and Equation 3 gives 

E 
i(tyeRt/E = sent at +c 

E = ORL. 

ree 
Let i(0) = ip, so c = ig — Ep/R, and E/R 

Ey er CO ee Ret 
NU) = = se | iq= — lhe (t) R (i =) 

Figure 11.4 shows that i(t) becomes steady at Eg/R when t > L/R. 

LIR Ri/L 

Figure 11.4 
The current in Example | plotted against 

Example 2: Ane 
Find the general solution of 

(sin 26 — 2r cos @)d@ = 2dr 

SOLUTION: First write the equation as 

Ibs. 
ae +r cos @ = — sin 20 
dé 2 

which is in the form of Equation 1. Now “f p dx” = | cos @ d6 = sin @ and 

, | ¥ 
FG )e 5 i| sin 26 eS" "dé +c 

= i sin 6 cos 6 e!"°dé + 

Integrate by parts, letting “w” = sin @ and “dv” = e’'® cos 6 dé, to get 

rye"? = sind et” — / ed (sin @) +c 

: si sin 6 = sin 6es" Cia eon 4+¢ 

And so 

rey = sind —1 tice 7"? 

1M wore atau ee ee ae 

There is a slight extension of Equation 1, which is always discussed along 

with Equation 1. The equation is 

d 
ae p(x)y =q(x)y" (5) 
dx 
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and is called Bernoulli’s equation. When n = 0 or 1, Equation 5 is just a first-order 

linear differential equation. When n # 0 or 1, even though it is nonlinear, it can be 

reduced to the first-order linear equation 

ETE (yp Seen in (are) (6) dx 

by the substitution u = y'~” (Problem 10). 

pa a a ee ey CO 
Example 3: 
Solve 

dy 1 
Hee ey x yt = 0 
aise 5 

with the condition y(1) = 1. 

SOLUTION: Comparing this equation with Equation 5, we see that this 

is a Bernoulli equation with n = 2, so we let u = y'!~” = 1/y. The above 

equation then becomes 

du 1 3 
— — —u =x 
Glse a 

The solution to this first-order linear equation is 

Lx 
—=—4+¢ 

a 3 

or 

3 
yO) =e 
: Bex xt 

(Problem 11 asks you to verify that this is indeed a solution to the original 

differential equation.) The condition y(1) = 1 gives c = 2/3, so the particular 
solution we are seeking is 

x) = —— y(x) ira ss 

ce seen OS a wt ie eae 

11.2 Problems 

1. Find the general solutions of 

A dy 2 
(@) Saye by) aye 

dx dx x 



11.2 Linear First-Order Differential Equations 

2. Find the general solutions of 

10. 

11. 

. Find a continuous solution of « 2a viuy (Xx), wheres) «= 
Be 

. Derive an expression for i(t) in Example 1 if E(t) = | 

ay 3 d 
fai iy a 1b) = = (3t + l)s + Pe 

sy) 

. Find the solutions of 

dy d 
(a) x—+y=2x y=2, x=2 (b) = (tanxyey = cos: x eee () 

dx dx 

gm USP Ee? 
0 Py, and y(O) = 2. 

. Find the general solutions of 

d di (ayy =) by = is cin 
dx dt 

. Derive an expression for i(t) in Example 1 for the square potential, 

0 fea) 

E(@)=4 Ey O<t<1. 

0 ip Il 

Let ig = 0 and assume that the current is a continuous function of time. 

0 f—i() 
finns SUF Assume that 1(0) = 0. 

- Consider the two-step kinetic process 

This kinetic process might represent radioactive decay or a chemical reaction. The differential equations 

describing this scheme are 

dA 
—_—_ = —k,A 

dt 

B 
eye kA — kB 
dt 

dC 
= =k»B 

dt 

where k, and k> are called rate constants. Solve the first equation for A and substitute the result into the second 

equation and then solve the resulting first-order linear differential equation for B. Plot the result for various 

ratios of k; and ky. Assume that A(O) = Ap and Bo = 0. 

. This problem presents another method of solving Equation 1. If g(x) = 0 in Equation |, then Equation | is 

said to be homogeneous. If Equation | were homogeneous, it would be easy to solve by separation of variables 

to give y(x) = Ae fp 4x “Assume then that the solution to Equation 1 (the inhomogeneous equation) has the give y q g q 

same form, but with A = u(x), and determine u(x) and hence the solution to Equation 1. 

Verify that the substitution u = y!~” into Equation 5 yields Equation 6. 

Verify that the solution found in Example 3 is’ indeed a solution to the original equation. 

529 
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Find the general solutions of 

ly d. 
(a) etd +y= 3x3 y? (b) smite Xe 1% ye 

dx dy 

1 
Find the solution of a = War ee = 0 with y(O) = 1. 

dx 

Here are some first-order differential equations. Find their general solutions. 

dy x+y? d x+y 
@ Sa > () S=——_ 

dx 3xy dx 3x+3y—4 

Here are some first-order differential equations. Find their general solutions. 

du dy y (- 2x)y* 
ao — 4 — iu [Ny SS ae SS eee 
ey dt My dx 3 3 

In chemical kinetics and other types of rate processes, you frequently encounter the scheme A = B representing 

the interconversion of two species, A and B. The rate equation for this interconversion can be written as 

- = —k,A + kB, where k, and k, are called rate constants. By conservation of mass, A(t) + B(t) = Ag + Bo, 
t 

where Ag = A(O) and By = B(O). Solve the above equation for A(t) and B(t). 

Sere k ko 
Another kinetic scheme involves the sequential decay, A —+ B —>C. The simultaneous equations that 

A dB dC ; 
describe this scheme are == KAS ae = k,A — kB, and oF = k>B. Solve the first equation with the 

t t P t 

Sy iat a , ab. nae 
initial condition A(O) = Ap and substitute the result into the second equation to obtain uA =k, Age Eis K5B. 

2 t 

Solve this equation with the initial condition B(0) = 0. Plot your result for various values of k, and ky and 

interpret the resulting curves. 

Solve the equation y’ = | + 2xy in terms of an error function. 

Determine the equation of the curve which passes through the point (1, 2) whose slope at any point (x, y) is 

2— y/x. 

A container contains 100 liters of a salt solution whose concentration is 200 grams per liter. A salt solution of 

concentration 2 grams per liter is added to the container at a rate of 10 liters per minute and the efflux from the 

container is 5 liters per minute. Calculate the minimum amount of salt in the container and when it will occur. 

Assume that the solution is stirred vigorously so that it is maintained at a uniform concentration. 

od y : Se 
Solve the equation x“ — + xy = sin x along with the condition y = 2 when x = 1. Hint: Leave your answer 

x 
in terms of a definite integral. 

11.3 Homogeneous Linear Differential Equations 
with Constant Coefficients 

In the previous section, we found the general solution of a first-order linear dif- 

ferential equation. This is not possible for general higher-order linear differential 

equations. We’ll see in this section, however, that we can solve higher-order linear 

differential equations if the coefficients are constants. Fortunately, a great many 

of the differential equations that occur in physical applications have constant co- 
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efficients. We'll discuss some properties of general higher-order linear differential 

equations first, and then spend the rest of this section discussing those with constant 

coefficients. 

A general nth order linear differential equation can be written in the form 

ny, n—1 

an(a) a" ay) Seeae es ayo) t+ dg(x)y = f(x) (1) 

where we shall always assume that the a (x) are continuous functions of x on some 

interval (@, 6). Note that all the terms involving y or its derivatives occur only to 

the first power and that there are no cross terms. If f(x) = 0, Equation | is said to 

be homogeneous; otherwise it is nonhomogeneous. It is sometimes convenient to 

write Equation | in the abbreviated form, 

Ley RES) (2) 

where £ is the linear differential operator 

n n—1 d d 
L= aD er a eet od seas Sor aa res Ie dg (x) (3) 

An important property of a homogeneous Jinear differential equation, £ y = 0, is 

that if y(x) is a solution, then so is cy(x) where c is a constant. Furthermore, if 

y (x) and y>(x) are solutions to Ly = 0, then so is cy y\(x) + cp y2(X), or 

Lleyyy(x) + co y2(x)] = chy, (x) + coh y2(x) = 0 (4) 

because Ly(x) = 0 and Lyz(x) = 0. We can continue this process and say that 

if y\(x), yo(x), .-., y,(%) (n can be any positive integer) are solutions to the 

homogeneous equation, then so is the linear combination c;y,(x) + cy yo(x) + 

Sa Cn Yn (x). 

We introduced the idea of a vector space in Section 9.5. Recall that a vector 

space is a set of quantities that satisfy a set of requirements, laid down toward the 

end of Section 9.5. It turns out that the set of solutions of an nth order homoge- 

neous linear differential equation forms a vector space, called the solution space. 

This statement follows directly from Equation 4, for if y,(x) and y2(x) are any 

two solutions to Ly = 0, then so is the linear combination c,;y|(x) + cy y2(x). Fur- 

thermore, the dimension of the solution space of an nth order homogeneous linear 

differential equation is n. Thus, there must be n linearly independent solutions to 

Ly =0, and a general solution is of the form 

nl 

yx) = DU ayia) (5) 
i=l 

if the y;(x) are linearly independent. 

Recall from Section 9.5 that a set of functions if} (Ca) ha ee SiSardito 

531 



a2 Chapter 11 / Ordinary Differential Equations 

be linearly independent in an interval (a, B) if 

ee fja0 e=x=6 (6) 

implies that all the c; = 0. We presented a convenient test for linear independence 

in terms of the Wronskian determinant. Differentiating Equation 6 n — | times 

gives us n simultaneous equations in the c Ae which can be written in matrix form as 

fi Se Cy 
yi / es / C 

i eee 2 1 =0 (7) 

fom) pian 245 qe Cc 
1 2 n n 

If the f;(x) are linearly independent, then ¢ = (c, ¢9,..., cy)! = 0 is the unique 

solution to Equation 7. But this will be so only if the determinant 

fi pe ee bn 
ft Ff ih ‘5 

WH fae f=! ee "| #0 (8) 
n—-1 n—| A , ) fi ) ee f' 1) 

for some value of x in the interval (a, 8). The determinant given by Equation 8 is 

called the Wronskian determinant, and Equation 8 is a test for linear independence. 

ae ge Cm wey bE turin ime SF JTS ah rs ee o> Fp) a 
Example 1: 
Three solutions to 

ye a 3y" ay 3y/ —y= 0 

are y,(x) =e*, y9(x) =xe*, and y3(x) = x*e*. Are they linearly 

independent? 

SOLUTION: The coefficients of the differential equation are continuous 

for all values of x (they’re constants) and the Wronskian determinant is 

equal to 

er xex x2 ex 

Wa "ea evre. Qxe* + x2e% 

e* 2er+xe* 2e% + Axe* + x72e% 

=2e* £0 

Therefore, the three solutions are linearly independent over the entire x axis. 

eRe even eer Werner ee ely rE eye Fo 
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We’ ll now spend the rest of the section discussing homogeneous linear differ- 

ential. equations with constant coefficients. These are best discussed by means of 

examples. Let’s start with 

y(x) + y'(x) — 6y(x) =0 (9) 

This equation will be satisfied by a function whose derivatives are multiples of 

itself. The function e®* (where a is a constant) is such a function. If we substitute 

y =e into Equation 9, we get 

(a* +a —6)e* =0 (10) 

The factor e* 4 0, so Equation 10 tells us that 

aw +a—6=0 

or that ~@ = 2 and —3. Two solutions to Equation 9 are e** and e~** 

solution is 

and the general 

O16 8 18 anes en as 

Equation 10 is called the auxiliary equation of Equation 9. 

Example 2: 
Determine the solution of 

yi ty —2y=0 

subject to the conditions y(0) = 0 and y’(0) = 6. 

SOLUTION: The auxiliary equation is a? + a — 2 = 0, which gives a = | 

and —2. The general solution 1s 

y(x) = cye* + e,e-% 

Applying the conditions y(0) = 0 and y’(0) = 6 gives c; + cy = 0 and 

Cc — 2c = 6, or cy = 2 and cy = —2. Thus, the particular solution is 

y(x) = 2e* — Jes 

poe 

If we attempt to solve 

y"(x) — 2y"(x) + yx) =0 (11) 

the auxiliary equation, w7 — 2a + 1=0, gives us only one distinct root a = 1. 

Thus y(x) = e* is one solution, but we need to find another linearly independent 

533 
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solution in order to have a general solution. It is not uncommon to have one solution 

in hand and to search for another. This can be done very nicely by a method called 

reduction of order. The solution that we have in hand is y(x) = ce”. To find a 

second solution, we assume that 

y(x) =u(x)e” (12) 

where u(x) is to be determined. Substitute Equation 12 into Equation 11 to obtain 

i (er 30 

The factor e* #0, so u(x) = 0. This gives us u(x) = cyx + Cy, which substituted 

into Equation 12 gives 

y(x) = (cx + c9)e* = cyxe* + cpe* (13) 

The two functions e* and xe* are linearly independent (see Example 1), and so 

Equation 13 represents the general solution to Equation 12. 

Although we have introduced the method of reduction by a specific example, 

the method is general. 

‘ 

cae Coker aa caieed (poh un sacra ae aa 
Example 3: 
Find the general solution of 

1 

yy" (x) — 3y/(x) + 2y(x) =0 

SOLUTION: The auxiliary equation is a* — 3~ + 2 =0. You can see by 

inspection that w = 1 is a solution. Dividing a* — 3a + 2 by a — | gives 

a* + a —2, and so the other two values of a are a = | and a = —2. The 

root w = | is repeated, so substitute y(x) = u(x)e* into the above differential 

equation to obtain 

(u” + 3u”)e* =0 

or uw” + 3u” = 0. We can solve this equation by first letting uw” = z to get 

z’ + 3z = 0. Now we integrate to get 

Integrate twice more to get 

ens 

u(x) =cyx + Cy + 9 

The complete solution is 
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—2x y(x) =u(x)e* + c3e 

1 
= (c\x ar c7)e* = (cs + 3) eo 

; Sips 

= (cx ap C9)e" CAG = 

where we have simply replaced c3 + 1/9 by another constant, c4. 

2. § (EOS ee ae ane 

Example 3 shows us that our method of solving homogeneous linear differ- 

ential equations with constant coefficients is certainly not limited to second order 

equations. Furthermore, we can use reduction of order to find the “companion” 

solution(s) of the one solution obtained from a repeated root of the auxiliary equa- 

tion. If a root aw occurs n times, then the solution associated with that root will be 

of the form 

Ni Geen teic > once” eo (14) 

Example 4: 
Find the general solution of 

Ml 

y = oy oy, y= 0 

SOLUTION: The auxiliary equation is a? — 3a* + 3a — 1=0, or 

(a — 1)? =0, so that we have a triple root of a = 1. According to Equation 14, 

the general solution is 

y(x) = (cg teyx + Cox*)e* 

as you can verify by direct substitution. 

|, re aeacea: Na Saatchi eae aad 

So far, the roots of the auxiliary equation have been real. Let’s consider the 

equation 

x(t) +x(t) =0 (15) 

The auxiliary equation is w* + 1=0, soa = +i. The general solution in this case is 

x(t) =cye’ +e" (16) 

We can use Euler’s formula, e!’ = cos f +i sin f, to write Equation 16 as 

aes oe Dies sin ¢ (17) 

where cz3= cy + Cp and cy =i(c, — C2). Figure 11.5 shows Equation 17 plotted 

for various values of c; and c>. The reason that the plots are harmonic (sinusoidal 

53D 

Lb a 

. t 

bx 

j ; 

by 

t 

Figure 11.5 
The function x(t) = c, cost +c) sint 

plotted against ¢ for various values of c 

and c). Note that the motion is harmonic 

in all cases. 
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Figure 11.6 
The function x(t) given by Equation 18 

plotted against f. 
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or cosinusoidal) is because x(t) can be written as A cos(wt + @), where A = 

(c} + aye and @ = tan /(—c,/¢3) (Problem 18). Thus, we see that Equation 15 

has oscillatory solutions. 

Let’s consider the following case, where the roots of the auxiliary equation 

are a complex conjugate pair: 

Ni) 2x G) 4 ext) =O 

The auxiliary equation is a* + 2a + 2 =0, soa = —1 +i. The general solution is 

x cje fel! + eenee 

=e ‘(c3cost + cq sin ft) 

where ¢3 = Cj + C7 and cq = i(c; — Cz). Problem 18 helps you show this equation 

can be written as 

x(t) = Ae‘ cos(t + ) (18) 

where A = (C2 + cue and ¢@ = tan—!(—c,4/c3). Thus, in this case, the solution 

displays damped harmonic behavior (Figure 11.6). 

Example 5: 
Solve the equation 

d?x 2 
— + w*x(t) =0 
dt? : 

subject to the initial conditions x(0) = A and x(0) = 0. What do these initial 

conditions represent physically? 

SOLUTION: The auxiliary equation yields a = +i @, and so the general 

solution is 

X(t) =c), cos wt + c2 sin wt 

The initial conditions require that cj = A and cy = 0, so the particular 

solution we are seeking is 

x(t) = A cos ot 

This solution oscillates cosinusoidally in time, with an amplitude A and 

a frequency of w radians per second or v = w/2z cycles per second. The 

differential equation is that of a harmonic oscillator and the initial conditions 

depict displacing the oscillator to its amplitude and then just letting go. 

Pa eT ee rer ee ee er 
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The equation in Example 5 occurs in a variety of physical applications. It 

represents the motion of a mass connected to a spring that obeys Hooke’s law, a 

pendulum swinging through small angles, the electric current in a circuit contain- 

ing an inductance and capacitance, and numerous others. Let’s use the case of a 

pendulum swinging in a fixed plane for concreteness. We’ll express the equation 

of motion in terms of the arc length s(t) =/0(t), where 6 is the angle that the 

pendulum makes with respect to the vertical (Figure 11.7). 

The potential energy is given by (see also Section 3.5) 

V(@) =me(l —I cos @) 

and the force is given by 

aV loV 
Se SS ee SS Eee eh : 

which becomes f = —mgé for small values of 8. The momentum of the supported 

mass is ms = ml0, so Newton’s equation 1s 

d6 

or 

d’0 sat w,0 =0 (19) 

where wy = (g/1)! ? is the natural frequency of the pendulum. The solution to 

Equation 19 with the initial condition 6(0) = 9 and 6(0) =O0is 01) =@9 cos wot: 

(See Example 5.) Physically, this solution depicts the back and forth motion of the 

pendulum. 

We can introduce frictional resistance in a fairly simple way by saying that 

the frictional force is proportional to but opposite the motion, ds/dt =1d0/dt. 

Equation 19 then becomes 

See: —— + y— + @,0 =0 (20) 
eis 

where y is a frictional coefficient. Let’s solve Equation 20 under the initial con- 

ditions 6(0) = 6 and 6(0) = 0. The auxiliary equation is a? + ya t+ Or == () earn 

yields 

1 a= —* + <(y? — 402)? (21) 

You can see that the motion of the pendulum depends upon the relative values 

of y* and 4p. If 4a > y*, a is a complex conjugate pair and the solution to 

Equation 20 is 

OG)i= eer (Gy COS wt’'+ C7 Sin wt) 

ys 

Figure 11.7 
A pendulum oscillating in a single plane. 

The pendulum support is rigid and 

mass-less, and supports a mass m. 
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Figure 11.8 
Equation 23 plotted against wot for 

several values of 6 = y/2wo = 0.20 (long 

dashed), 0.40 (short dashed), and 0.80 

(solid). 
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where w = (4@3 — y?)'/?/2. Applying the initial conditions, 0(0) = and 

6(0) = (0), gives (Problem 16) 

Oo. 
O(t)=e (% cos wt + a sin or) (22) 

w 

Using the results of Problem 17, Equation 22 can be written as (Problem 19) 

2 1/2 

A(t) = Oye7¥8/2 (: 42 *) sin(wt + ¢) 
5 4a? 

or 

baie 690 int (1 — 822 23 OSes = 6) “@ot +] (3) 

where 6 = y/2wp) and ¢ = fan | —6-)-/ ol) Equation 23 reduces to @(t) = 

Oo COS Wot, as y > O (Problem 19). 

Equation 23 is plotted against wpft in Figure 11.8 for several values of 6 = 

y /2w < 1. Note that the motion represents damped oscillations and that 6(t) > 0 

as tf > oo inall cases, which represents the pendulum having stopped and hanging 

straight down. The motion in this case is called underdamped. 

As y approaches 2p, the oscillations given by Equation 23 become weaker 

and weaker, until they disappear altogether when y = 2a). As y — 2a , Equa- 

tion 23 becomes 

XG) = Oye?" + Wot) (24) 

You can see this by taking the limit, 6 — 1, in Equation 23 (Problem 20) or by 

going back to Equation 21, where a = —y/2. Being a repeated root, the general 

solution to Equation 20 is 

@(t) = (ce; + eilew 

and Equation 24 is the particular solution for 6(0) = 69 and 6(0) = 0. The motion 

corresponding to the case where y = 2w9 is called critically damped because it 

represents the point where the oscillations no longer occur as y increases. 

For y? > 40%, Equation 21 yields two real values of a, and the general solution 

to Equation 20 is 

a(t) =e 7/2 ce —409)'74/2 if ce Ae) 71/2 1 

or 

O(t) = e °° fe cosh [(87 + 1)/7 at] + cg sinh [62 — 1) /7at 1} (25) 
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where c3 = cy + cp and cy = c, — C9. The particular solution for 6(0) = 09 and 

8(0) = 0 is (Problem 21) 

—dwot 

ais ae sinh[(5° — 1)'/wot] + (5? — 1)'? cosh[(6? — 1)! aot} 

(26) 

Equation 26 is plotted against wot for several values of 5 > 1 in Figure 11.9. The 

pendulum simply approaches its equilibrium position 6 = 0 monotonically. There 

are no oscillations in this case, and the motion is called overdamped. Using the 

limits sinh x — x and cosh x — las x — 0, you can readily show that Equation 26 

reduces to Equation 24 as 6 — 1. Furthermore, you can show that Equation 26 

becomes Equation 23 if 5 < 1 (Problem 22). 

11.3. Problems 

1. Are 1, x, x2, and x? linearly independent? What about 1, 1+ x, 1+ x?,1+x7? 

2. Are e*, sinh x, and cosh x linearly independent? 

3. Are 1+ x, 1— x, and x linearly independent? 

4 . Find the general solution of 

DDO 

Figure 11.9 
Equation 26 plotted against wot for several 

values of 6 = y/2w9 = 1.1 (solid), 2.0 

(long dashed), 4.0 (short dashed), and 8.0 

(dash-dot). 

(a) y"(x)— yx) —2y(x%)=0 = (b) y"(x) —6y’(x) + 9V(x) =0 (Ce) y"(x) +. 4y’(x) + y(X) = 0 

5. Find the general solution of 

(a) y"(x)-—4y(~)=0 3 (b) y"(x) 4+ 2y'(x~)+4yQ@)=0 (©) yx) +9y(x) =0 

6. Find the general solution of 

(a) y"(x)+6y'(x)=0 3 (b) y"(x) -—4y’/@) +3yQ~)=0 3 (©) y"(x~) +3y(%) =0 

7. Find the particular solutions to the equations in Problem 4 if y(0) = | and y’(0) = 0. 

8. Find the particular solutions to the equations in Problem 4 if y(0) = 0 and y‘(0) = 1. 

9, Solve 

(a) y"(x) -—4y@)=0 ~=y(0) =2, 0) =4 
(b) y"(x) — 5y/(x) + 6y(x)=0 yO)=—-1, y'(0)=0 

(i @) —=2y@)=0° -yO)=2 

10. Find the general solution of y’”(x) — 2y"(x) — y'(x) + 2y(x) =0. 

11. Find the general solution of y’”(x) — 6y"(x) + 12y/(x) — 8y(x) = 0. 

12. Given that y = x? satisfies Roy oo) + xy!(x) — 4y(x) = 0, use reduction of order to find a second solution. 

13. Given that y = x satisfies xy xy'(x) + y(x) =0, use reduction of order to find a second solution. 

14. In this problem, we will derive a general result using the method of reduction of order. Consider the second- 

order equation ay(x)y""(x) + a;(x)y(x) + do(x) y(x) = 0, where ap(x), a)(x), and ag(x) are continuous in the 
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15. 

16. 

17. 

18. 

1: 

20. 

21. 

22. 

23. 

24. 
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open interval (a, 8). Suppose we know one solution, y,(x). Assume that a second solution will be of the form 

yo (x) = u(x) y,(x), where u(x) is to be determined. Show that u(x) satisfies 

ay(x)yi(x)u" (x) + [ 2an(x) yj (x) + ay (x) yx) J u'r) = 0 

Note that this result is a linear first-order differential equation in u(x). Let v(x) = u'(x) to write 

y if 

v(x) + aie ca v(x) = 0. Show that 
yy(x) 210 

y Cy a(x) 
és = ue ee v(x) =u (x) oO) exp i! Fes | 

where c is a constant, which we can take equal to 1. (Why?) Now show that 

dx ae C2. noe incu 
y7(x) 

where we can let c7 = 0 (why?). The second solution then is 

wo[-1 2 
y2(x) =a f 2 dx. Ray 

Use the general result of Problem 14 to re-do Problems 12 and 13. 

Derive Equation 22. 

Show that A cost + B sin t can be written as C sin(t + ¢), where C = (A? + B)!/2 and Or tan—!(A/B). 

Hint: Work backwards from sin(a + 6) = sina cos B + cos @ sin B. 

Show that A cost + B sint can be written as C cos(t + w), where C = (A2 ap B2)1/2 and y = tan—'(—B/A). 

Hint: Work backwards from cos(@ + 8B) = cos a cos B — sina sin B. 

Derive Equation 23 from Equation 22 and show that it reduces to 6(t) = 09 cos wt as y > 0. 

Show that Equation 23 reduces to Equation 24 as 6 > 1 (vy > 20). 

Derive Equation 26 from Equation 25. 

Show that Equation 26 becomes Equation 24 as 5 —> land Equation 23 if 6 < 1. 

In this problem, we will show that the Wronskian determinant of the two solutions of a)(x)y”(x) + a;(x)y/(x) + 

dy(x)y(x) = 0 can be written as W = ce i pax where P =4,(x)/a>(x) and c is a constant. This result is 
I} known as Abel’s formula. Start with ayy/ + ayy; + agy, = 0 and ayyy + ayy} + agy2 = 0. Multiply the first 

of these equations by y> and the second by yj, then subtract, and show that the result can be written as 
dW 

ae +a,W =0, where W = y,y, — y,y2. Now obtain Abel’s formula. : D 

Use the result of the previous problem to argue that W = 0 either everywhere in the interval (a, 8) where 

a,(x)/ay(x) and ag(x)/az(x) are continuous or nowhere in the interval. Thus, if W 4 0 at some point in (@, B), 

then W £0 everywhere in (a, B). 
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11.4 Nonhomogeneous Linear Differential Equations 
with Constant Coefficients 

In this section, we shall consider nonhomogeneous linear differential equations, 

Lovie h(x) (1) 

where f(x) 40 and 

n n—|\ d 
i= a a oats rere PhoteeaG soa) (2) 

dx 

The method of finding the general solution to Equation | is based upon the 

following theorem: 

If y (x) ts any solution to Equation 1, then the general solution is given by 

y(x) = Cy (x) ts C2 y2(X) pea oe CnYn(X) oa Yp(*) = ye (x) ae Yp(*) (3) 

where y,(x) is the general solution to the homogeneous equation Ly = 0. 

{n Equation 3, y,(x) is called the complementary solution and y,(x) is called a 

particular solution. 

The proof of the above statement is fairly short. Given yp (x), let Ypi (x) be 

any other solution of Equation 1. Because £ is a linear operator, 

L(Yp — Ypt) =LYp — Ly pi = f&) — f(x) =0 (4) 

Thus, y, — yp; is a solution of the homogeneous equation (Equation | with 

f(x) =0), and so y, — Yp1 = Ye, OF 

Ypl = etn 

Because y,,;(x) is any other solution to Equation 1, all solutions can be written as 

Equation 3. 

Equation 4 says that the difference between any two particular solutions is a 

solution to the homogenous equation. Consequently, two particular solutions to 

Equation | may be quite different. For example, both y,(x) = 3x — sin 2x and 

3x + 4 cos 2x are solutions to 

y’ (x) + 4y(x) = 12x (5) 

They differ by 4 cos 2x + sin 2x, which is a solution to y”(x) + 4y(x) = 0, whose 

general solution is y, = c, cos 2x + Cc) sin 2x. The general solution to Equation 5 

is 

y(x) =) cos 2x + cy sm 2x + 3x (6) 

54] 
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It may be fine that y,,(x) = 3x is a particular solution of Equation 5, but how 

do we find a particular solution in the first place? There are two methods that 

are presented in all texts on differential equations. These methods are called the 

method of undetermined coefficients and the method of variation of parameters. 

The method of undetermined coefficients is not only limited to linear differential 

equations with constant coefficients, but the function f(x) in Equation | must 

be of a certain form, which we will learn about later. Its advantage is that the 

method is fairly easy to use. The method of variation of parameters is not limited 

to linear differential equations with constant coefficients nor is f(x) restricted to 

any particular form, but the method is fairly tedious to use. Consequently, we shall 

discuss the method of variation of parameters only briefly. The references at the 

end of the chapter discuss both methods in detail. 

We're going to use an almost empirical approach and introduce the method of 

undetermined coefficients with a few examples and then develop it into a formal 

procedure. Let’s consider the nonhomogeneous equation 

y’ —2y' + y = 2x (7) 

We can see by inspection that a particular solution is of the form 

ye) =a + Bx (8) 

because if we substitute Equation 8 into nee 7, we obtain 

—2p ol + Bx = 2x 

Equating coefficients of like powers of x on the two sides of this equation gives 

a — 28 = 0 and B = 2, and so we see that 

Yp(xX) = 4 4 2x 

which you can verify by direct substitution into Equation 7. If f(x) = x3 instead 

of 2x, then the differential equation is 

y" —2y' + yx 

we would try 

Yp(x) =a + Bx + yx? + 6x? 

Substituting this into Equation 7 gives 

2y + 66x — 2B —4yx —66x* +a + Bx + yx? + 6x2 =x3 

Equating coefficients of like powers of x on the two sides gives a = 24, B = 18, 
y =6, and 6 = 1, and so 
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2 3 Yp(x) = 24 + 18x + 6x% + x 

as you can verify by direct substitution. 

Generally, if f(x) is a polynomial of degree n, we assume that y,(x) is a 

polynomial of degree n and determine its parameters by substituting it into the 

nonhomogeneous equation and equating the coefficients of like powers of x on 

each side of the resulting equation. 

ae Be Ser ie as ey 
Example 1: 
Solve the differential equation 

my as 3y’ a 2y Gre x2 

SOLUTION: We assume that y,(x) =a + Bx + yx. Substituting p(x) 

into the differential equation gives 

2y +36 + 6yx + 2a + 26x + 2yx* =64+ x? 

from which we find a = 19/4, 6B = —3/2, and y = 1/2, or 

is 19 a Wee 
y.(x) = — —-xX 

ae ieee) 

The complementary solution is 

Ye(x) = cye* +e" 

and so the complete solution is 

ee wiley | 5) | — —2x ae) 
y(x) =cje ~ + c7€ 17 = SP a See yx) = 2 ree 5 

epee ee ee ee ea 

Now let’s consider the equation 

y" « 3y' “i 2y = 3e2* 

Again, by inspection, you can see that y,(x) = ae**. Substituting this into the 

differential equation gives 

Aae2* + 6ue2* + 2ae?* = 3e?* 

or that a = 1/4. Thus, we see that a particular solution is y,(x) = e** /4, as you 

can verify by direct substitution. 

543 
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[on <span 
Example 2: 
Find a particular solution of 

y” + 3y! + 2y = 12xe”* 

SOLUTION: You will find that y,(x) = ae2* will not work because we 

need terms of the form xe2* on the left side of the above equation. Let’s try 

p(x) of the form 

yp(x) = (a + Bx)e™* 

Substituting this into the differential equation gives 

(4a + 4B)e2* + 4Bxe?* + (6a + 3B)e>* + 6Bxe* + 2ae* + 2Bxe* 

= 12xe* 

Equating coefficients of e?* and xe** on the two sides gives a = —7/12 and 

i — tO 

7 ; 
Yp (x) = (: = 4 ie 

as you can verify by direct substitution. 

ee ee er res 

Generally, if f(x) is a polynomial of degree n times an exponential, then y,(x) 

will be of the same form. (See Table 11.1.) 

Let’s look at another case, and find the particular solution of 

y” + 3y’ + 2y = 10sinx (9) 

Notice that if we assume that y,(x) = sin x, then we’ll generate terms involving 

cos x when we substitute it into Equation 9. So let’s try 

Yp(x) =acosx + B sinx 

Substituting this guess into Equation 9 gives 

(a + 3B) cosx + (6 — 3a) sin x = 10 sin x 

Equating coefficients of like terms gives 

Yp (x) = sin x —3cosx 

as you can verify by direct substitution. 
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ETT iT | 
Example 3: 
Find a particular solution of 

y” + 3y’ + 2y = 10x cos x 

SOLUTION: Using Example 2 as a guide, we’ll try 

Yp(x) = (@ + Bx) cosx + (y + 45x) sin x 

Substituting this into the differential equation gives 

(a + 3B + 3y + 26) cos x + (y — 3a + 36 — 2B) sin x + (B + 35)x cos x 

+ (6 —3£8)x sin x = 10x cos x 

from which we find a = 6/15, B = 1, y = —17/15, and 5 = 3. Therefore, 

6 iar 
Yp(x) = tae cos x + ers sin x 

Oe eee ee ae ee eae ey 

Let’s look at one last case, and find the particular solution of 

y” + 3y’ + 2y = tan x (10) 

Certainly assuming that y,(x) = q@ tan x will not work because this will yield 

2a sec” x tan x + 3a sec” x + 2@ tan x on the left side of Equation 10. If we 

try yp(x) =a sec’ x tanx + B sec’ x + y tan x, then it gets even worse. The 

problem here is that f(x) = tan x generates more and more terms as it is repeatedly 

differentiated. The limitations on f(x) that we alluded to in the beginning of this 

section is that repeated differentiation of f(x) must yield only a finite number of 

terms. All the successful cases that we tried above are of this nature. Table 11.1 

summarizes the forms of f (x) and of p(x) for which the method of undetermined 

coefficients is successful. Note that the last entry in Table 11.1 includes all the 

others as special cases. 

Before we apply the method of undetermined coefficients to some mechanical 

and electrical systems, we must discuss an important modification that is required if 

f (x) happens to be a solution to the homogeneous equation. Consider the equation 

y” + 3y’ + 2y =2e™ (11) 

If we assume that Yp (x) =ae “*, then we obtain 

Ci. = een 2a C=O Je ~ 

The problem here is that we” is a solution to the homogeneous equation. We need 

Yp(x) to be of the form such that its derivatives yield e~~ along with some other 

terms. Let’s try yp(x) =a@xe~*. Substituting this guess into Equation 11 gives 

545 
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Figure 11.10 
An electrical circuit containing a 

resistance, R, an inductance, L, and a 

capacitance, C. 
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Table 11.1 

Forms of y,(x) to use for various forms of f(x). 

f(x) Yp(x) 

Cot ex t---+e,x" Oy + ayx +--+ + a,x" 

(co + cyx +--+ + ¢,x” Je" (Qp tayx +---+a,x")e"™ 

(co + cyx + +++ +c,x") sin wx (py +ajx +--+ +a,x") cos wx 

or + (By + Bix +--+ B,x") sin wx 

(co tcyx +--+ +¢,x") cos wx 

(Co + cjx +--++c¢,x")e™ sin wx (a tayx +---+a,x")e’* cos wx 

or + (Bo + Bix +--+ + B,x")e’™ sin wx 

(Coe Cy <b cx Je’ cos ex ore n 

a = 2, so we see that 2xe * is a particular solution of Equation 11. Generally, 

if a term of the assumed form for y,(x) in Table 11.1 is the same as a term in 

the complementary solution, then all the terms in the entry in Table 11.1 must 

be multiplied by x, and sometimes even a higher power of x. We're going to 

use this result when we discuss an oscillator in resonance with no damping (see 

Equation 24). “ 

The method of undetermined coefficients is applicable to a number of prob- 

lems involving mechanical oscillators and electrical circuits. Well use an RLC 

circuit as our primary example (Figure 11.10). We can model an electrical circuit as 

having components that resist an electric current (a resistance, R), a change in the 

current (an inductance, L), ora change in voltage (a capacitance, C) (Figure 11.10). 

The voltage drop across each component is given by Vp =iR, V; = L di/dt, 

and Vo = {i i(t) dt/C, where i(t) 1s the current. According to Kirchoff’s law, the 

driving voltage of the circuit is equal to the sum of the voltage drops across each 

component, and so we write 

ai ye: 
Lo +Ri+e | HP .dt ia V 

dt G 

Differentiating with respect to time gives 

L— + R—+ i= — (12) 

Before we find a particular solution of Equation 12, let’s investigate the 

properties of the complementary solutions, or the solutions of 

L i ak oe (13) 
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The auxiliary equation associated with Equation 13 is La? + Ra + - = 0, whose 

solutions are 

ee: Ay Cy 
14 aL (14) 

If R* > 4L/C, both values of w are real and the solution to Equation 13 is of the 

form 

iiy=acje COP ee Oe (15) 

where a = R/2L and b = (R? — 4L/C)'/7/2L = RU — 4L/R2C)"/7/2L. Fig- 
ure 11.11 shows i(t) plotted against Rt/2L for 4L/R°C = 1/2 for various values 

of c, and c>. The graphs cut the horizontal axis one time at most and correspond 

to overdamping. Figure 11.12 shows i(t) for the critically damped case, where 

R? =4L/C and i(t) = (cj + cot)e~*'/*". The curves are similar to those of over- 

damping. 

If R? <4L/C, then the values of w in Equation 14 are complex conjugates, 

which we write as —a + imp, where w, = (4L/C — R*)/2L. The solution to 
Equation 13 in this case is given by 

= QE (16) 
BCE ies 6 (C1 COS Wot + Cz SiN Wot) 

Equation 16 corresponds to underdamping, as shown in Figure 11.13. Thus, we 

see that RLC circuits provide examples of overdamping, critical damping, and 

underdamping, just as we saw in Section 3 for mechanical oscillators. 

Now let’s go back to Equation 12, the nonhomogeneous equation. Assume 

that V(t) = Ey cos wt, so that Equation 12 reads 

i = —Epo sin wt (17) 

We’ ll consider the case where R = 0 first and then include the effect of resistance 

later. Equation 17 with R = 0 can be written as 

ic 
; E 
TS + off = — eosin ot (18) 

ip 

where Or = 1/LC. Equation 18 corresponds to a harmonically driven harmonic 

oscillator with no resistance. 

Let’s consider the case w # wo first. If @ 4 wo, Table 11.1 tells us to use 

in(t) = a cos wt + B sin wt, in which case we easily find that a =0 and B = 

—Eyw/L (wp — @7), or 

Eo 
Wy FO 

L(a — w*) s 
ip(t) = — sin wt 
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Figure 11.11 
Plots of i(¢) given by Equation 15 against 

Rt/2L for 4L/R7C = 1/2 for various 

values of c; and c>. The behavior in this 

case is called overdamping. 

Wee 

rm qassre ROE 

Figure 11.12 
Plots of i(¢) given by Equation 15 against 

Rt/2L for 4L/R7C = 1.0 for various 

values of c; and cy. The behavior in this 

case is called critical damping. 

Figure 11.13 
Plots of i(f) given by Equation 16 against 

Rt/2L for L@p/R = 2.0 for various 

values of c; and cy. The behavior in this 

case is called underdamping. 
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Figure 11.14 
Equation 22 plotted against ¢ for e = 0.10 

and wp = 1.0, illustrating what is called 

amplitude-modulation. 
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The complete solution is the sum of (tf) and ip(t), or 

Ew 
—__——— sin wt Wy FW (19) 
L(@ —w*) ‘ 

i(t) = C1 COS Wot + C2 SiN Wot — 

We can use Equation 19 to illustrate the phenomenon of beats. Suppose initially 

that the circuit is in a quiescent state, with i = 0 and di /dt = 0, and then the driving 

voltage is imposed. In this case 

Ey” 

Cy = 0 and C2 = eee, Ore Re 

Lag(@ — @ ) 

and so 

: Eo : 
He) (@ SiN Wot — Wo SiN wt) Wy Fw (20) 

Lay(@ — w) 

Now if we let w © wg and write @ = wy + €, where € is small, then Equation 20 

becomes 

i hae 
i(t) © <9 {sin Wot — sin(@o + €)t} (21) 

2Le 

We can use the trigonometric formula for sin a — sin B, 

Z 5 a 
sin a — sin B = 2 cos 

to write Equation 21 as 

Eo EF 
i(t) © — sin — - cos wot 22 
@) Le 2) : 

Equation 22 is plotted in Figure 11.14. Because € is small, the period of 

sin(€t/2) is large, and x(t) oscillates with a frequency wo (wavelength 277 /wo) with 

an amplitude that oscillates with a frequency €/2 (wavelength 47 /e). Equation 22 

illustrates an example of the phenomenon of beats, which occurs when the driving 

force is close to the natural frequency of the system, or when a system is driven by 

two nearly equal frequencies. Figure 11.14 illustrates what is called an amplitude- 

modulated wave, or amplitude modulation (the “AM” on a radio dial). 

If wp) = @ in Equation 18, then we must assume that ip(t) is of the form 

(a + Bt) COS Mot + (y + dt) sin Wot (23) 

When Equation 23 is substituted into Equation 18, we find that i,(t) = 

—A(t cos Wot) /2@o, or that 

; E, 
i(t) = Cy COS Wot + C2 SIN Wot + a COS Wot (24) 
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When w = wp, the system is said to be in resonance. In this case, the displace- 
ment increases with time until the circuit undergoes failure (Figure 11.15). The 

frequency wp = /1/LC is called resonant angular frequency. 
Let’s consider the more realistic case in which there is a resistance. The 

differential equation to solve is 

2. : 

Lo + RS 4 Fi = Fy sina (25) 

The particular solution to this equation is (Problem 10) 

: REo Eo. 
ip(t) a en cos wt + 72 sin wt (26) 

where 

| 
Xx =o — Ae (27) 

w 

is called the reactance of the circuit and 

Deh (28) 

is called the impedance. We can write Equation 26 as (Problem 11) 

E 
Ove oe cos(wt + $) (29) 

where the phase angle ¢ is given by 

¢@ = tan! (-2) =— tan! (=) (30) 

The complete solution is the sum of i,.(t) (Equation 16) and ip(t) (Equa- 

tion 29). Because of the factor e~'/? in i,(t), this part of the complete solution 

dies out for large values of time, and the solution is then given by Equation 29. 

The solution /,(f) is called the transient solution and ip(t) is called the steady-state 

solution. Thus, after the steady state has been reached, the system oscillates with 

the frequency of the driving force, albeit with a phase factor ¢, whose magnitude 

depends upon the resistance. The amplitude of the oscillation 1s given by 

sie Ngee (31) 

The ratio Ra/ Ep is plotted against w/mwp, where wp) = (1/LC) '/2 for various values 

of Bie RA (Problem 12) in Figure 11.16. The value of w that produces the greatest 

magnitude is called the resonance frequency. Note that the amplitude remains 

finite, unlike in Figure 11.15, where R is equal to zero. Typically, the experimental 
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SAU 

Figure 11.15 
An illustration of resonance in an LC 

circuit. The frequency wo is called the 

resonance frequency. 

fa 

l = 

1 (W/W 

Figure 11.16 
The amplitude of the steady-state current 

in an RLC circuit plotted against w/w 

for various values of L?@o/R?, where 

eee TE: 
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Figure 11.17 
A geometric aid to the determination of 

Equation 32. 
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quantity that is observed is the absorption of energy from electromagnetic radiation 

by an atomic oscillator, the resonance behavior of.a cavity in a laser, or the 

amplification of a signal in an electric circuit, among many others. 

lids aetna sieipeies Se lip che Masa ceron ot fee ee 
Example 4: 
It’s possible to determine the steady-state solution to Equation 25 directly. 

We know physically that at steady state the circuit sustains oscillations with a 

frequency equal to the driving frequency but with a phase angle . Therefore, 

substitute i(f) = a cos(wt + @) into Equation 25 and determine a and @. 

SOLUTION: Substituting i(t) = a cos(wt + @) into Equation 25 gives 

a ; 
—Lw’a cos(wt + ob) — Roa sin(wt + d) + Fi cos(wt + ¢) = —Eow sin wt 

Now use sin(wt + %)=sin wt cosd + cos wt sin d and cos(wt + ¢) = 

cos wt cos ¢ — sin wt sin ¢ to get 

2 ‘ a 
(-Lo0%« cos @ — Raa sin @ + Ee cos 6) COs wl 

Ste (tor sin @ — Rwa cos ¢ = = sin 6) sin wf = —Epw sin wt 

from which we find 

—awX cos d — Rwa sin d = 0 

and 

awX sind — Rwa cos 6 = —Epo sin wt 

The first equation gives ¢ = tan—!(—X/R) = — tan~!(X/R). We can 

determine cos @ and sin ¢@ from this expression for tan @ by using 

Figure 11.17, where we construct a right triangle such that tan = X/R. 

The hypotenuse is equal to Z = (R* + X7)!/?, and so 

cos(—¢) = ; and sin(—d) = — sing = . (32) 

Substituting into the second of the above two equations gives a = E/Z, in 

agreement with Equation 29. 

ees 17S ee ees ee ee 

There is actually an easier way to do Example 4. This method uses complex 

exponentials rather than sines and cosines. Its efficacy results from the fact that all 

derivatives of e'! produce e'', whereas derivatives of sines and cosines alternate 

between the two. Let V(t) = Boas so that Re {V} = Ep cos wt. The response of 

the RLC circuit to V(t) can be expressed as i(t) = Je'@“+®), where J and ¢ are 

iwt 
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to be determined. The response to the actual voltage, Re {V(t)}, is Re {i(t)}. We 

write i(t) in the notation 

i(t) = Te'Pei™! =T ei (33) 

where I = Je’® is called a phasor. Solving Equation 25 is equivalent to determin- 

ing I. Substitute V(t) = Eye’! and Equation 33 into Equation 12 to obtain 

—Lw*I + iwRI + aI =iwEp 

Solving for I gives 

1Eo Eo EG , 

= = 8 = (R -iX) 
PRX. GR-EaX Zz 

The magnitude of Lis E)/Z and its argument is @ = tan =X, so that the real 

part of Lis 

i(t) = ~ cos[wrt — tan” !(X/R)] 

in agreement with Equation 29 and Example 4. The use of phasors is readily ex- 

tended to networks and essentially reduces calculations involving a-c networks to 

the algebra of complex numbers. Electrical engineers have taken such calculations 

to a fine art. 

We’ ll conclude this section by briefly presenting an alternative method for 

solving nonhomogeneous linear differential equations. This method, called the 

method of variation of parameters, is not limited to linear differential equations 

with constant coefficients nor must the repeated differentiation of f(x) yield a 

finite number of terms. We shall illustrate the method of variation of parameters 

with the second-order equation 

ay(x)y"(x) + ay(x)y"(x) + ag(x)y¥@) = f(x) (34) 

Suppose we know that the general solution to the homogeneous equation is 

Y(x) = yyy (%) + Cp y2(%) (35) 

The method of variation of parameters assumes that the solution to Equation 34 is 

of the form 

y(x) =u, (x) y1(%) + U(x) y2(X) (36) 

Recall that we made similar assumptions when we solved a linear first-order equa- 

tion in Section 2 and when we introduced the method of reduction of order in the 

previous section. Substitution of Equation 36 into Equation 34 yields (Problem 25) 
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uy(any) + ayy, + aoyy) + U2(anyz + ayy + agy2) 

ea Mood “ a J ais / ) ati a (u' + ul. ) 

oh an(uyy, of UY) aes Uy, + Uyy2 4, Y] 7¥2 

= f(x) (37) 

Because y and y> are solutions to the homogeneous equation, the first two terms 

in Equation 37 vanish. Equation 37 now becomes 

y / CNT, / / 
ay(uyy, ot U5Y>) oe Pieper te U5Y2) Siz ay(uyyy aa Uy2) = Fe) (38) 

Furthermore, because we have two functions, u;(x) and u>(x), to be determined, 

we need to impose two conditions on them. The first is that Equation 36 must 

satisfy Equation 34, which leads to Equation 37 in the first place. The second is 

clearly suggested by looking at Equation 38, which simplifies greatly if we say 

that 

uy ar UY? ==) (39) 

because then the second and third terms in Equation 38 vanish, and Equation 38 

becomes simply 

an(uly' + whys) = f(x) (40) 

Equations 39 and 40 constitute two simultaneous equations for wu) and v5. We 

can solve these equations using Cramer’s rule to get 

i yo f (x) oh thera ae 41 
is W(y1, y2)ar(x) se 

and 

ul, = yif &) (42) 

W(y1, Y2)ao(x) 

where W(y,, y2) is the Wronskian determinant of y, and yy. Because y, and y> 

are linearly independent, W # 0 in the interval in which a(x), a(x), and ag(x) 

are continuous. Integrating Equations 41 and 42 gives us u,(x) and u>(x), and 

therefore a particular solution to Equation 34. 

We’ ll illustrate the method of variation of parameters with two Examples. 

a Rs a a re 
Example 5: 
Find the general solution of 

y” (x) + 4y(x) = tan 2x O<x<27/4 

SOLUTION: The solution to the homogeneous equation is 
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Ye(x) = cy sin 2x + cy cos 2x 

and W(y,, yz) = —2. Using Equations 41 and 42 with y,(x) = sin 2x and 

yn = Cos 2x gives us 

1 
u(x) = — cos 2x tan 2x = s sin 2x 

2 2 

/ Va; 
Uuy(x) = a sin 2x tan 2x 

So 

u;(x) = —— cos 2x \(x) 4 

is 1 
Ux(x) = a sin 2x — ri In(sec 2x + tan 2x) 

and 

ODS irs iho BE In(sec 2x + tan 2x) 0=% =7/4 

The general solution is y(x) = y,(x) + y,(x). Why do you think that there 

is a restriction that x < 7/4? 

Example 6: 
Find the general solution of 

Vy LON yee ee 

SOLUTION: The complementary solution is 

y.(x) =cye * +coxe * 

So, using Equations 41 and 42 with y, =e * and yy = xe *, W()yq, yo) = 

e?* and 

—x —2 ,-x 

way=— f & was ie aria 
Y 

—x\(2 —2 ,—x 2 

u(x) = | & iat E ee : 
e 

The particular solution that we obtain from this is 

Yp_(x) = Jon inn cen 

The general solution is 

y(x) =cye * + cpxe * — 2e * In x 

| 

553 
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Notice that neither Example can be handled by the method of undetermined 

coefficients. 

11.4 Problems 

— 

13. 

14. 

15. 

3. il eS ] : : 
Explain how both Fi + ne and e* + Fi + a can be particular solutions of y” — 3y’ + 2y =x. 

. Given that x — 1 is a solution of y” + 3y’ + 2y = 2x + 1, find the general solution. 

. Given that x + 2, x + sin x, and x + 1 — sin x are solutions to a certain nonhomogeneous linear second-order 

differential equation, find the general solution. 

. Use the method of undetermined coefficients to find a particular solution of 

(a) y”—2y'+2y=xe* (b) y’—y=x? 

. Use the method of undetermined coefficients to find a particular solution of 

(a) vy bya pe” (b) yl = a = 

. Use the method of undetermined coefficients to find a particular solution of 

(a) y’+y=e* (db) y” —3y'4+2y=x3 

. Use the method of undetermined coefficients to find a particular solution of 

(a) y"(x) + y(@) =sinx (b) y"(x) -ya)=e 

. Find the general solution of y” + y’ —6y =x. 

. Find the general solution of y” + 4y = 6 cos 3x + 20 sin 3x. 

. Show that Equation 26 is a particular solution of Equation 25. 

. Show that Equation 26 can be written as Equation 29. 

. Show that Equation 31 can be written in the form 

5, where wp = 1/LC. 
ce Deo) 2q1/ Tea] 

R2 a (0) (60) 

The next ten problems deal with various mechanical systems. 

Consider a frictionless harmonic oscillator (with m = 1) driven by an external force f(t) = A sin wf, so that 

aon : A 

dt2 alg Wax = A sin wt. Show that the particular solution for @ # wg is xp(t) = aaa sin wt. 
t Wy) — W 

0 

Suppose that the oscillator in the previous problem is initially in its quiescent state (x(0) = 0, x(0) =0) 

and then the driving force f(t) = A sin wt is imposed. Show that the resulting complete solution is 

a) — 7 (@p SIN Wt — w SiN Wof). = 
Wy (@p — @*) 

Use the result of the previous problem to illustrate the phenomenon of beats. Hint: Let w © wo and use the 

trigonometric relation sin a — sin B = 2[cos(@ + B)/2][sin(a — B)/2]. 
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16. 

17; 

18. 

|e 

20. 

21. 

22. 

Show that the solution to the equation in Problem 13 for @ = ay is 

; A 
X(t) = cy cos wt + cp Sin Wpt — ——t cos wot 

Wo 

Use this result to illustrate the phenomenon of resonance. 

ax, as =7 = ar Wax = A sin Qt, where we have Consider a driven harmonic oscillator with a damping term i , 
t t 

set m = | for convenience. Show that the general solution is 

yQA cos Ot + (Q? — Wa)A sin wt 

y?22 iG w)? 
x(t)= rset COS Wt + Cz Sin wt) — 

where w* = ws, = [A 0. 

Show that the steady-state solution for the previous problem is 
A sin(QQt + ¢) ch Gae ; : 

[y222 + (22 — w2)?]!/2’ where @ = tan” Ly 82/(S2" —ao)]. Xs5(t) = 

Use the result of the previous problem to illustrate resonance with a damping factor. 

Start with the differential equation in Problem 17, multiply by dx /dt, and derive 

2 DD 2 
d ] d OnxX 

Zs ;(2) Bee +y() BE Ae 
Gt ND Ndi. 2, dt dt 

Give a physical interpretation to each of these terms. (Remember that we have set the mass = |.) Show that 

2 2 ; (4=) = | vy (Ss) oP 

dt (27/2) Jo dt 
ave 

y A222? 

2 [ (op — 22)? + 722? | 

in the steady state. Show that this quantity has a maximum at 82 = wy). What does this mean physically? 

Referring to the previous problem, the average rate at which the driving force is doing work is given by 

(=) A sin 21 . Show that this is equal to the average rate at which energy is dissipated. 
t ave 

A simple yet useful model for the absorption of electromagnetic radiation by an electron in an atom is to assume 

: dx dx 
that the electron is bound elastically by the nucleus and so obeys the equation Lares + my ae aE mapx = 

at t 

Ee cos wt, where m is the mass of the electron, e is its charge, wg is the “natural” frequency of the elastically 

bound electron, E is the amplitude of the radiation, and y is the radiation-damping term. The nature of the 

energy dissipated through y is a continual, reradiation of some of the absorbed energy. Show that the average 
DA Le ee E*w eet . Plot 

2m[y2a? + (a —w)?| 
rate of absorption of energy is given by (see the previous problem) /(w) = 

I(w) against w for small values of y and discuss your result. 

Boys) 
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23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 
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Show that a solution to Ly = f(x) + fo(X) i8 pie) + Yp2(x), where yp) (*) is a solution to Ly = f(x) and 

Yp2(x) is a solution to Ly = f(x). 

xX 

Show that the particular solution to y”(x) + y(x) = f(x) can be expressed as y,(x) = ‘| f(z) sin(x — z)dz. 
0 

Derive Equation 37. 

Use the method of variation of parameters to solve y”(x) — 2y’(x) = e* sin x. 

Use the method of variation of parameters to solve y"(x) + y(x) =csc x. 

e 
Use the method of variation of parameters to solve y”(x) + 2y(x) + y(x) = 

a 

Use the method of variation of parameters to solve y”(x) + 2y’(x) + y(x) =e Inx, x £0. 

Use a CAS to verify your solutions to Problems 26 through 29. 

11.5 Some Other Types of Higher-Order 
Differential Equations 

Up to this point, almost all the higher-order differential equations that we have 

solved have had constant coefficients. There is no general procedure for solving 

higher-order linear differential equations with variable coefficients as there is for 

first-order equations (Section 2), but there are a few special cases that occur 

frequently enough in applications that it is worth discussing them here. We’ ll 

discuss three types of higher-order equations in this section: 

1. The Euler, or Cauchy, equation which is of the form 

yk" YX) + dy gx” ly" (x) +++ + ayxy’@) + aye) =0 (1) 

where the a;s are constants. Note that the power of x in each term is the same 

as the order of the derivative. 

2. Equations, even nonlinear ones, in which the dependent variable, y, is missing. 
An example of this case is 

y C= Dioali-oiG) (2) 

3. Equations, even nonlinear ones, in which the independent variable, say x, is 
missing. An example is 

yy” = 2(y')? + 2y’ =0 (3) 

We’ll learn how to solve each of these types of equations in turn. 

Let’s look at the Euler-Cauchy equation 

ey) + 4xy'(x) + DY (Co) == 10) (4) 
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From the nature of each term, it is clear that the substitution y(x) = x” might yield 

a solution. Substituting y(x) = x” into Equation 4 gives 

m(m — 1) +4m+2=0 

orm = —2 and —1. So, the general solution to Equation 4 is y(x) = cyx7* + cox 71. 

Generally, if the second-order Euler-Cauchy equation is of the form 

ax? y"(x) AP ayxy’ (x) + agy(x) = () (5) 

then the equation for m (which we’ll call the auxiliary equation) is 

am? oo (a, — ay)m 4 aj= 0 (6) 

If the two roots of Equation 6 are distinct, then we obtain two linearly independent 

solutions, as we did above. 

The following example shows that Euler’s equation can be transformed into 

one with constant coefficients. 

meget ee eS 
Example 1: 
Show that the substitution x = e* transforms Equation 5 into an equation 

with constant coefficients. 

SOLUTION: We use the chain rule to write 

dy _dydz _\dy 
dx dzdx 56 ale 

| (22) ldy  1dzd*y l.dy . 1 d’y 

dx? dx \xdz : x2 dz ray dz x2 dz x? dz? 

Substituting these results into Equation 5 gives 

a dy 
ayy + (a — ay) +agy =0 (7) 

ve Kj 

(ee ee ee ee eee 

ee Pees (1) Gel Cee te as, Mme i ms | 
Example 2: 
Use the result of Example 1 to solve Equation 4. 

SOLUTION: The transformed equation is 

y"(z) + 3y'(z) + 2y(z) =0 

DoT 
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The auxiliary equation is a” + 3a + 2 =0, which gives a = —1 anda = —2. 

The general solution is cje~ 7% + cye~“, or cyx~7 + c>x~|, in agreement with 

our above result. 

ee So ee ee on ee 

Problems 3 through 6 have you find solutions to Equation 5 when the roots of 

Equation 5 are repeated or when they are complex conjugates. 

Now let’s consider differential equations in which the dependent variable y is 

missing, such as Equation 2: 

y"(x) = by’@P + y'@) 

In this case, we simply let y’ = p(x) and the equation reduces to a first-order 

equation in p(x). Equation 2 becomes 

d 
oP = p(p? +1) 
dx 

or 

Solving for p gives 

dry . 

where cy = e“!. Let cpe~* = u and integrate 

VG) = sin7!(4!/?) + ¢3 

== sin !(c4e*) +03 

1/2 
where cg=c,. 

Paemel | eno, +" aa 
Example 3: 
The differential equation for an ideal cable that is suspended between two 
horizontal points and hanging under its own weight is 

where q@ is a constant that depends upon the tension in the cable and its 
weight. Solve this equation for y(0) = 1/a@ and dy/dx =O at x =0. 
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SOLUTION: The dependent variable is missing, so we let y’ = p and write 

d 
as =a(1+ p*)¥/? 
dx 

The solution to this equation is 

Inf[p+(1+ p?)?j=ax +c 

or 

pt (ee p-)'? = ae** 

The condition p = 0 when x = 0 gives us a = |. Now solve for p to obtain 

Dr = ak: 

Another integration gives 

] 
y(x) = — coshax +c 

a 

If y(O) = 1/a, then c = O and we have 

y(x) = — coshax 
a 

The curve is called a catenary and is plotted in Figure 11.18. 

| er ee 2 ae 2 ee ee Figure 11.18 
| 

A catenary, y(x) = — cosh ax, is the 
. . Aaa . . (04 

. The next by Pe Be SAUD OS that ee Seal discuss are HOR am which the Shopeot an idcalicapicen neniete pom 

independent variable is missing. Equation 3 is an example, since it does not — ends. 

contain x. We solve these by a kind of reduction of order, where we think of y 

as the independent variable, and p as a function of y. If we let y’ = p and write y” 

as ie UE = mee then (Equation 3) 
dx dy dx dy 

py — 20s tay = 0 

becomes 

d 
p (> ap 2) =() 

dy 

Certainly, p =0, or y(x) =c, 1s a solution to Equation 3. Another solution is 

given by 

dp “dy 
=2 

po y 

or In(p — 1) =In y* +c), or p= 1+ cy? (whére c, = In cy). Thus, we have 
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dy 2 
—=Il+e oe Dy, 

which gives upon integration 

! =f -=— tan /oy=x+c3 C7 > 0 
/ 2 

or 

1 
y@) = —— tanG/e7x + c4) C, >0 

Vf 62 

Gta kcicekse Seis oar 4 <a 0 eee 
Example 4: 
The equation 

D d-o . 
—— =sinh 
dx? ¢ 

called the Poisson-Boltzmann equation, occurs frequently in colloidal 

science and biophysics. It’s a fairly good approximation for the electrostatic 

potential @ at a distance x from a charge surface that is in contact with an 

electrolyte solution. Solve this equation under the condition that (x) > 0 

(and df/dx — 0 as x — o) and that (0) = go. 

SOLUTION: The equation is missing the independent variable x, so we 

let d*/dx* = p dp/d¢ to get 

p? =2cosh¢ +c; 

or 

ae = +(2 cosh ¢ + c,)/? 
dx 

Using the fact that both @¢ > 0 and d@/dx —> 0 as x > ov, we find that 

c, = —2, or that 

d 
ate +(2 cosh @ — 2)!/? = 42 sinh ? 
dx 2 

Integrate again, using @(0) = @o, to obtain 

tanh g = («anh ®) ee 
4 4 

where we chose the negative sign because ¢ — 0 as x — oo. This equation 

can be solved for e?/?: 
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Figure 11.19 shows ¢ plotted against x for several values of do. 

ee re ee 

Equations like the one in Example 4 occur often enough that it’s worth seeing 

another way to solve them. Suppose we have the equation 

da 

iG) (8) 
dx? 

Multiply by dy/dx, use the relation 

sa (2) “Ga ) 2dx \dx) ~~ \dx/) \dx? 

and then integrate both sides of Equation 8 to obtain 

ied ay dy 
eats) a= f orga 

1 (dy =f >(2) = | {Ody +c (9) 

Of course, this is equivalent to what we did in Example 4, but ina slightly different 

or 

procedure. 

11.5 Problems 

1. Solve the equation x*y"(x) — 2xy’(x) + 2y(x) = 0. 

2. Solve the equation x7y"(x) + 4xy/(x) — 4y(x) =0. 
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Figure 11.19 
The potential calculated from the Poisson- 

Boltzmann equation (Example 4) plotted 

against x for dg = 0.20 (solid), 1.00 (long 

dashed), and 3.00 (short dashed). 

3. Suppose the roots of Equation 6 are repeated. In that case, we use reduction of order to find a second solution. 

Use this method to solve the equation x*y"(x) — 3xy/(x) + 4y(x) = 0. 

4. Show that if the two roots of Equation 6 are equal to m, then the two linearly independent solutions are x” and 

xe Nn Se, 

5. Suppose the roots of Equation 6 are complex conjugates of each other, as for the equation x7 y"(x) + xy’(x) + 

y(x) = 0. Show that the general solution,to this equation is y(x) = cyx! + cx '. Now use Euler’s identity to 

show that x*! = cos(In x) +i sin(In x), x > 0, and that the general solution to the above differential equation 

is cy cos(In x) + c sin(In x). 

6. Use the method of the previous problem to solve x*y"(x) + 3xy/(x) + Sy(x) =0. 
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17. 

18. 

19. 
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. Solve the equation xy (ey yo) a0: 

. Solve the equation x7 y"(x) — xy/(x) + 4y(x) =0. 

. Solve the equation x3y’"(x) — 3x7 y""(x) + Oxy’ (x) — 6y(x) = 0. 

. Solve the equation x*y/"(x) + 2xy/(x) — 2y(x) =0. 

. Solve the equation x2y"(x) — xy’/(x) — 3y(x) = x?. 

. Solve the equation x7y"(x) + 2xy'(x) — 2y(x) = 6x. 

. Solve the equation xy” + y’ =x. 

. Solve the equation y’(x) = [y’(x)P + y/(x). 

. Solve the equation yy” = (y’)?. 

. In Chapter 20, we’ll discuss the shape of a soap film between two parallel concentric rings (Figure 11.20). The 

differential equation for the profile of the surface is yy” — (y’)* = 1. Show that y(x) = a cosh(x/a), where a 

is a constant. 

Figure 11.20 
A soap film between two parallel 

concentric rings. 

Solve the equation yy” + (y’)? =0. 

One important property of a harmonic oscillator is that its natural frequency of oscillation, wo, or its natural 

period, Tt) = 1/qo, is independent of its amplitude. We'll show in this problem that this is true only for a 

harmonic oscillator, where the restoring force is given by Hooke’s law, f(x) = —kx. Newton’s equation is 

m d? Ix \? 
m ees — f (x). Show that this leads to S (=) = | f(u)du, where A is the amplitude (dx /dt = 0 

A dt? dt 
when x = +A), and to 

1/2 1/2 ; > fA 

[2 f Feo -(=) [F(A) — F(x)]', 
dt i diez m 

if 0 < x < A and where F(x) is the antiderivative of f(x). Now show that the period Tg is given by 
A 

d oe : : 
t= (8m)!/2 / x =. Show that tT is independent of A for a harmonic oscillator. 

or C= Ee 
Show that energy is conserved for a particle of mass m if the forces acting on the particle are derivable from a 

potential energy V(x, y, Z). 
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11.6 Systems of Linear Differential Equations 

Systems of n simultaneous first-order linear differential equations such as 

yj = ay\(X) yy + Q12(X) yo JE agai Ain(X)Yp 

Y> = Ay4(X) y] + Ao2(x) yo +++ + Gon) Yn (1) 

/ 

va = An(X) Vy 5% An2(X) V2 glee ae Dank) yn 

where a < x < f, occur quite frequently in physical applictions. We can write 

Equations | compactly in matrix notation: 

y = A(x)y O) < i 1p} (2) 

where A(x) is ann x n matrix. We encountered and solved several homogeneous 

systems of differential equations in Section 10.3, where we discussed eigenvalue 

problems and the methods that we shall use in this section will be fairly similar. 

This section contains little new material, but will summarize the results for systems 

of linear equations in one place. 

Because Equation 2 is linear, if y,(x) and y>(x) are solutions, then so is 

(Problem 1) 

y(x) = Cy (x) SI C2Y2(xX) (3) 

This result can be readily extended to any finite number of solutions. If A is an 

n xX n matrix, then there are n linearly independent solutions to Equation 1. If 

y\(X), Yo(Xx), ..., Y,(%) are n linearly independent solutions, then the general 

solution is given by 

y(x) => 0 cjy;() (4) 
ye! 

The n vectors are linearly independent if 

C1Y1(%) + Co¥2(x) ++ +++ Ca¥) =O (5) 

which implies that all the c;s are equal to zero. Otherwise, they are linearly 

dependent. 

Equation 5 provides us with a convenient test for linear independence. Let the 

jth component of y;(x) be denoted by y;;(«). Then Equation 5 can be expressed 

in matrix form as 

C1yi1 a C221 =P net Cn Yn 

Ciaran fan nd | | 0 (6) 

C1 in a C2Y2n +t ++ CnYan 0 

hele: 
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If we define a matrix Y with elements y;; and a column vector ¢ by(cpee «5 ce 

then Equation 6 can be written in matrix form as 

Yc=0 (7) 

We learned in Chapter 9 that if |Y| #0, then Y~! exists and the only solu- 

tion to Equation 7 is ¢ = 0. Furthermore, if |Y| = 0, then there is a nontrivial 

solution to Equation 7. Thus, we have the important result that the solutions 

y\(x), yo(x), .--, Y,(x) are linearly independent if and only if |Y| = 0. Note that 

|Y| need be nonzero for any value of x in the interval (a, 8) to obtain the result 

c = 0, and so the condition |Y| 4 0 for any value of x implies that |Y| 4 0 for all 

values of x in (a, f). 

Ve ee ar ee 
Example 1: 
Show that the following three vector functions are linearly independent on 

the entire real axis: 

e e* én 

D 2, a 

Vir 6 ; Yo= [=e 1s y3=| e° 

e* 2e* Bem; 

e ex “er 

[Y]=|e* —e* e* |=—4e* £0 
Ge UGE By 

Up to this point, our statements apply even if the coefficient matrix in Equa- 

tion | or Equation 2 depends upon x. For the remainder of this section, we shall 

assume that all the coefficients in Equation | are constants. Equation 2 becomes 

y =Ay (8) 

Being the solution to a set of first-order linear differential equations with constant 

coefficients, it is reasonable to expect y(x) to be of the form 

ya)=ve~ (9) 

where A and vy are to be determined. Substituting Equation 9 into Equation 8 gives 

the eigenvalue problem (after cancelling e** from both sides): 

AvV=Av (10) 

The eigenvalues A are given by |A — A 1| = 0 and eigenvectors v are solutions to 

Equation 10. 
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PMN H RE Gakteninin me. saa thn 6 ee 
Example 2: 
Solve the equations 

yj =yi t+ 2y2 

yy =2y1 + yp 

SOLUTION: The coefficient matrix of this system is 

The eigenvalues and corresponding eigenvectors are 4; = 3, Ay = —l, 

v, = (1, 1)!" and v> = (1, —1)!. The general solution is 

y(x) =cye*v, + ce * V5 

fal = 1 
=cje* (|) +e x bay 

yx) = cye* + ce 

and 

yo(x) = cye™* — coe * 

ee 

The eigenvalues in Example 2 are real and distinct, which is the simplest situation. 

Now let’s consider the case of complex eigenvalues. If the elements of A 

are real, any complex eigenvalues will occur as complex conjugate pairs, with 

corresponding complex conjugate pairs of eigenvectors. To see that this is so, start 

with the eigenvalue equation 

(A—Al)v=0 

and take its complex conjugate, 

(A—1" 1)v* =0 

Thus, we see that A, v and 4*, v* are eigenvalue-eigenvector pairs if the elements 

of A are real. The general solution to Equation 8 would include the terms 

cyve™ + cnv*e* * 

or, if A =a +ib, the two terms would be 

tbx cyve™ elP* ES Ce ee 

We usually want to express our solutions in terms of real functions. We can 

do this using Euler’s formula to write this part of the solution in terms of sines 

565 
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and cosines, but it is much easier algebraically to realize that if ve** is a solution 

to Equation 8, then so are its real and imaginary parts separately, giving us two 

linearly independent real-valued solutions (Problem 12). The advantage to this is 

that we need to consider only one of the pair of complex conjugates. 

Consider the pair of equations 

y, = 391 + 5y2 
(11) 

Vy Oy 2 

with y(0) = (0, 1)". The eigenvalues are A = 3 + 5i and the corresponding eigen- 

vectors are Vj — (—7, 1)' and Va 1)'. (Note that vi — v5.) 

Therefore, 

Sx is a solution to Equation 9. We use e!>* = cos 5x +i sin 5x to write y(x) as 

oe sin 5x oe (e cos 5x 2 

FET \ Cos 5x sin 5x 

Now the real and imaginary parts of y, (x) are linearly independent solutions, so 

the general solution to Equation 11 expressed in terms of real functions is 

= SMO IX Ves ne | COS Oe Vay 

MEA? (aege ae ( sin ae . 

The initial conditions y(0) = (0, 1)' gives us c, = 1 and cy = 0, so the particular 

solution to Equation 9 is 

Boat ff LSU Os \igia, i 
HO eke (13) 

or 

yy (x) = e* sin Sx and y9(x) = e** cos 5x 

3x in component form. Thus, y,(x) = e** sin 5x and yy(x) = e** cos 5x are two 

linearly independent solutions to Equations 11. 

Sy ee, 0 ete Mees |. See 
Example 3: 
Solve the equations 

y, =4)1 —2y2 

Wy = Oy — 292 

with the initial conditions y(0) = (1, Ds 
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SOLUTION: The eigenvalues are ) = 1 +i and the corresponding 

eigenvectors are (3+i,5)!. Choosing A = 1+i and v= (3 +i, 5)', we 

have 

3+i ; yi (x) on ( By ) e(ltix 

SOS 0) SINK Wey oh Cos.x 453 Sine \ 
= Gar : g 

S cos x 5 sin x 

The general solution is a linear combination of the real and imaginary parts 

of y, (x), so 

oe Ce head pies ees oa) oe 
5 cos x 5 sin x 

The initial conditions give us 3c, + c) = | and 5c; = 2, or c; = 2/5 and 

C7 = —1/5, so the particular solution is 

COS —siIMes x 
view) i e 

2 cos x — sinx 

y{(x) = e* cos x — e* sin x 

or 

and 

yo(x) = 2e* cos x — e* sin x 

in component form. 

(ce mein taint i ear lis sid tae 

Example 4: 
In Section 3, we wrote the equation describing a harmonic oscillator as the 

second-order equation 

d2x 

dt? 
m +kx =0 

In Chapter 13, it will be convenient to write this equation as two coupled 

first-order equations. Express this equation as coupled equations in matrix 

form for the momentum and the position of the oscillator. Find the general 

solution. 

SOLUTION: Let p=mdx/dt and x =x to get the coupled equations in 

matrix form: 

jE ee fi 1.0 ar oo 
x ) > elim. O is 

The eigenvalues and corresponding eigenvectors are A = tiwp and 

(+ik/@, 1)', where Ws ae eneroresme 

sey 
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ik 
u, = ( Wo ei ot 

1 

is a solution corresponding to A = i@p. Using Euler’s formula, we obtain 

Sore k 
Se SIN Wor ' — COS Wol 

COS Wot Sin Wot 

4 
x The real and imaginary parts of u constitute linearly independent solutions, 

so the general solution is given by 

= Ne t i: COS Wot —— sino = Feo") = COS Wot Sin Wot 

Notice that p = —kx and that x = p/m. If we plot p(t) against x(t) 

Figure 11.21 parametrically, we obtain a family of ellipses, as shown in Figure 11.21. The 

A parametric plot of the momentum curves (trajectories) in Figure 11.21 represent periodic motion. 
p(t) against the displacement x(t) for a 

harmonic oscillator. 

11.6 Problems 

1. Show that if y,(x) and y>(x) are solutions to Equation 2, then so is a linear combination of y;(x) and y>(x). 

2. Test the following three vector functions for linear independence over the x axis: 

e 0 Cat 

y=] -e yYo=| 1 y3= er 
px oe —e 

3. Solve the system of equations 

y, =5y + 4y2 

er 

4. Solve the system of equations 

Yy=Nty2 

y, =4y + y2 

5. Solve the system of equations 

y, = 6y, + 8y2 

yy = —3y — 4y2 
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6. Solve the system of equations 

7. Solve the system of equations 

8. Solve the system of equations 

9. Solve the system of equations 

10. Solve the system of equations 

11. Solve the system of equations 

12. Show that the real and imaginary parts of Equation 10 are separately solutions to Equations 9. 

y, = 3y, + 2y, 

¥,=—-y, + y2 

Yj =y1 — 2y2 

yy = 2y, + yo 

/ 

y,=2y1+ Y2- Y3 

/ 

Yo = —4y, — 3y2 — y3 

¥3 =4y, + 4y2 + 2y3 

ky 
; : Aaess k 

13. The rate equations for the chemical kinetic scheme A Ze, B —> Care 

Solve these equations for k; = kz = 2 and ky = 1 with the initial conditions A(0O) = Ap, B(O) = C(O) = 0. 

Notice that the sum of these equations is d(A + B + C)/dt = 0. What does this mean physically? 

ee 

> dt 

ky 

dA 
— =-—k,A+k)B 
dt 

dB 
=a =k,A =a (ky ata k3)B 

dt 

kB 
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14. Consider the two-mass, three-spring system shown in Figure 11.22. 

Figure 11.22 
The two-mass, three-spring system 

referred to in Problem 14. 

Assuming that the springs obey Hooke’s law, show that the equations of motion are 

m xy = —(ky + ky)X1 + KyX> 

MX = Kx] = (ko =e k3)x9 

where x, and x, are the displacements of the masses from their equilibrium positions. Write these equations 

as four coupled first-order linear equations. 

15. Write the third-order equation y’” + ayy” + ayy’ + apy = 0, where the a ;s are constants, as three simultaneous 

first-order equations by letting y = x), y’ =x, =X, y"” =X, = 2X3, and y"” = —ayx3 — ayxX7 — agxy. Now 

show that the auxiliary equation associated with y”” + ayy” + a,y’ + agy = 0 is the same as the characteristic 
equation for the system of first-order equations. What does this tell you? 

11.7 Two Invaluable Resources for Solutions 

to Differential Equations 

The book Ordinary Differential Equations and Their Solutions by George M. 

Murphy (see the references at the end of the chapter) is to differential equations 

what a table of integrals is to integrals. The first half of the book reviews the 

methods that can be used to solve a great variety of differential equations, and 

the second half of the book lists over 200 pages of differential equations along 

with their solutions. A great feature of this list is that it is organized in such a way 

that any of the many differential equations included can be readily found. They 

are ordered as follows: 

|. First Order and First Degree (751 equations) 

2. First Order and Higher Degree (423 equations) 

3. Second Order and Linear (596 equations) 

4. Second Order and Nonlinear (196 equations) 

5. Order Greater than Two and Linear (196 equations) 

6. Order Greater than Two and Nonlinear (34 equations) 



11.7 Two Invaluable Resources for Solutions to Differential Equations 

The tables include homogeneous as well as nonhomogeneous equations. Unfortu- 
nately, this 1960 book is out of print; nevertheless, it is such a great resource that 

it is worth checking to see if it is available in your library. 

The second invaluable resource in the title of this short section is a Computer 
Algebra System such as Mathematica, Matlab, or Maple. Each of these programs 

can solve differential equations analytically (called symbolically). For example, 

the one-line command 

DSolve [y”[x]+3«y[x]+2+*y[x]==12* x Exp[2+x], y[x], x] 
// Simplify 

in Mathematica gives the solution 

: = x 
y(x) =e (-3 + *) eejen tye 

iby. 

to the nonhomogeneous differential equation in Example 2 of Section 4. 

These programs can also yield analytic solutions to systems of equations. For 

example, the Mathematica command 

DSolve [ {x’[t] == 4« x[t]-y[t] + Exp [+t], y[t]==5+x[t] 

-2+y[t]+2+ Exp[-t], x[0]==0, y[0] ==0}, {x[t], y[t]}. t] 

gives the solution 

Bot : f) == Palla oe lh te t 

ee ee ae: 

3 =i) 3 3t ae 
L) == sp SSO SP HVE 
fear 16 

to the two simultaneous differential equations 

X=4x—-—y+e! 

y =5x—-2y+2e" 

with x(0) = 0 and y(0) = 0. 

The ability of these CAS to solve differential equations symbolically is some- 

what limited, but you should be aware that these systems can also solve differential 

equations numerically. We’re not going to discuss numerical methods for solving 

differential equations here, but they are discussed in most texts on differential equa- 

tions. (See the references to Edwards and Penney and to Boyce and DiPrima at the 

end of the chapter.) For example, Mathematica is unable to provide a symbolic 

solution for 

2y"(x) + y'(x) + 8y° =0 (1) 

oy 



By 

Figure 11.23 
A plot of the numerical solution to 

Equation | with the initial conditions 

y(0) = Land y’(0) =0. 

oo 

Chapter 11 / Ordinary Differential Equations 

but the command 

NDSolve [{2*y’[x]+y[x]+8+*y[x]3==0, y[0]==1, 

y'[ 0] == 0}, y[ x], {x, 0, 20 }] 

provides a numerical solution with the initial conditions y(0) = 1, y’(0) = 0 over 

the interval 0 < x < 20, which is plotted in Figure 11.23. 

Neither of these resources is a substitute for an understanding of how solutions 

are obtained, but they are great supplements. 
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The Weierstrass Function: A Function That Is Everywhere Continuous, 
But Nowhere Differentiable. 

There are many functions that are continuous everywhere but not differentiable at certain points. One of the 

simplest examples is f(x) = |x|, which is continuous everywhere, but does not have a derivative at x = 0. 

In 1872, however, Weierstrass showed that the function 

Cg yes DS b” cos(a"1x) 

n=0 

where 0 < b < | and a is an odd positive integer, is continuous everywhere, but differentiable nowhere. We 

can use none other than the Weierstrass M test (Section 2.5) to show that f(x) is uniformly convergent by 

taking M,, = b", in which case we have |b” cos(a"1x)| < b”. Because f(x) is a uniformly convergent series 

of continuous functions, f(x) itself must be continuous. 

The series obtained from term-by-term differentiation of f(x) diverges for ab > 1, which in itself does 

not prove that f (x) is not differentiable, but does suggest caution. A careful analysis of {f(x +h) — f(x)}/h 

shows that its magnitude diverges for ab > 1 for any value of x, and so f(x) has a derivative nowhere. 

What does such a function look like? We can’t sum an infinite number of terms, but the figure below, 

which includes 1000 terms in the above summation for a = 3 and b = 4/5, gives you an idea. 

DD 



Adrien-Marie Legendre Wilhelm Bessel 

Adrien-Marie Legendre (1752-1833), one of the most unassuming,of the great mathematicians and the 

one who introduced the method of least squares, was born on September 18, 1752, in Paris into a wealthy 

family. Few details of his early life are known, probably because Legendre felt that his work spoke for 

him and his personal life was unimportant. At age 18, he defended his thesis in mathematics and physics 

at the College Mazarin in Paris. Being independently wealthy, Legendre was able to remain in Paris and 

concentrate on his work. From 1775 to 1780, he taught at the Ecole Militaire with Laplace, where his work 

on determining the trajectories of cannonballs brought him to the attention of other notable mathematicians. 

In 1783, he assumed Laplace’s position in the Académie des Sciences. Legendre suffered financially from 

the French Revolution, losing his fortune and his position at the Académie due to its being closed. In 1793, 

he married Marguerite Couhin, who helped a great deal with his financial situation. In 1824, as a result of 

his refusal to vote for the.government’s candidate for the Institut National, he lost his pension and died in 

poverty on January 10, 1833. His wife made a cult of his memory until her death in 1856. They had no 

children. 

Wilhelm Bessel (1784-1846), who was a great astronomer as well as a mathematician, was born 

on July 22, 1784, in Minden, Westphalia (now Germany), where his father was a civil servant. He was an 

indifferent student and left school at age 14 to become an apprentice to an import-export firm in Bremen. 

Because of the nature of the firm’s business, he began studying astronomy and mathematics on his own 

in order to determine longitude to aid in navigation at sea. In 1804, Bessel wrote a paper on Halley’s 

comet, which he sent to Heinrich Olbers, the leading comet expert. Olbers recognized Bessel’s talent and 

recommended that he should become an astronomer. In 1806, Bessel decided to take a position at the 

Lilienthal Observatory, a private observatory near Bremen, in spite of the low salary. His brilliant work 

there led to his dual appointment in 1809 as Professor of Astronomy and Director of Frederick William 

III of Prussia’s new Konigsberg (now Kaliningrad, Russia) Observatory. A doctorate was awarded by 

the University of Gottingen on the recommendation of Gauss so that Bessel would be able to receive his 

professorship. In 1812, he married Johanna Hagen, with whom he had five children. After several years of 

deteriorating health, Bessel died of cancer on March 17, 1846. 
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Series Solutions of Differential Equations 

In the previous chapter, we learned how to solve any linear differential equation 

with constant coefficients and a few special types of differential equations whose 

coefficients are functions of x. Generally, however, there is no method that allows 

us to find an analytic solution to a differential equation of the form 

Gk y dy 
ay(x)—~, a (a )—- aga) yx) =0 

dx dx 

even if the a;’s are well-behaved functions of x, at least in a finite number of steps. 

There is a method, however, that does allow us to solve the above equation in terms 

of a power series in x. In its simplest application, we assume that y(x) is of the 

form 

CO 

a= sy axe 

n=0 

then substitute it into the differential equation, and determine all the coefficients, 

{c,}, in the power series. We can then use and manipulate the power series solution 

much as we would any simple analytic solution. 

Surely, the coefficients a; in the differential equation determine the efficacy of 

this series method. For example, the radius of convergence of the solution depends 

upon the radii of convergence of the series expansions of the coefficients {aj (x)}. 

Furthermore, the behavior of the coefficients about the point x = 0 determine if 

such a power series exists. In most cases, the series has to be modified somewhat 

in order to serve as a solution, and we shall learn how to do this in this chapter. 

You may think that resorting to series solutions is not a particularly convenient 

approach, but it turns out that many of the most important differential equations 

of the physical sciences can be solved only in terms of infinite series. These 

equations are very often second-order equations with non-constant coefficients 

and are named after the mathematicians who introduced them and applied them 

to significant problems. Thus, we have Bessel’s equation with Bessel functions as 

its solutions, Legendre’s equations with its Legendre polynomials and Legendre 

functions, and a host of others. Even though these “name” functions are formally 

defined only through power series, it is possible to deduce many of their properties 

and relations between them, as we shall do for Bessel functions in Section 6. o/s) 
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In time, you can be as comfortable with Bessel functions as you are with the 

trigonometric functions. In fact, if we were to define sin x and cos x formally as 

the odd and even power series solutions to the equation 

y"(x) + yx) =0 

we would still have our myriad of trigonometric identities. 

12.1 The Power Series Method 

We shall illustrate the method of solving differential equations by the power series 

method with a fairly simple example. Consider the equation 

y"(x) + yx) =0 (1) 

We solved this equation several times in the previous chapter to obtain y(x) = 

acos x +b sin x, but let’s assume here that we are unable to solve it using the 

methods of the previous chapter. Now let’s assume that y(x) is a power series in x: 

“ 

‘ 

yx) =) ay x” (2) 
n=0 

Our task then is to determine the a,, in Equation 2 such that Equation 2 is a solution 

of Equation 1. Substitute Equation 2 into Equation | to obtain 

(oe) CO 

Yn = Vagx"? + Yo agx” =0 (3) 
n=0 n=0 

Notice that the first summation here vanishes if n = 0 or n = 1, so Equation 3 can 

be written as 

[o,@) CO 

y nn saxo ye Ce 0) (4) 

2, n=0 

The first summation in Equation 4 written out explicitly is 

2a, +3-2a3x +4 -3a4x*+--- 

Using this series as a guide, we can change the lower limit in the first summation 

from n = 2 to n = 0 by writing the summand as (n + 2)(n + la,42x", so that 

Equation 4 now becomes 

CO 

Yo (n+ 2)(n + Vanyy +a, |x" =0 (5) 
n=0 

(Problem | provides practice in changing indices of summation if you need it.) 



12.1 The Power Series Method 

We now use the fact that if a power series vanishes identically over some 

interval, then each of the coefficients of the series must equal zero. Therefore, 

Equation 5 gives us 

a 
" w= Oot, 2... (6) 

eee) Gea) 
Equation 6 is a recursion formula for a, ,5 in terms of a,,. As youletn =0, 1,2,... 

in Equation 6, you get the even-subscripted a’s in terms of ag and the odd- 

subscripted a’s in terms of a;. Thus, we get two separate sets of coefficients. 

Starting with n = 0, we have for even values of n, 

qian pepe age te Cee 4,20 
pe | Ae unud ee A! 

pene) 
6-5 6! 

The general result is 

pt 
(2n)! 

i= ao jo =Os ty Bo.do< (7) 

Notice that we have determined only the even-subscripted coefficients (all in terms 

of dg). To determine the odd-subscripted coefficients, we start with n = | and we 

use odd values of n in Equation 6: 

a) a3 a| ay} == —— a= ——— = 
3a Scth Sotho siey Syl 

peers eae eal 
71-6 7! 

or 

CDE 
a = ——a ie (|) ae) ee 8 2n+1 Qn+D! | (8) 

If we substitute Equations 7 and 8 into Equation 2, we obtain 

= (Py 2n+1 y(x) = Date +42 On4 Dr (9) 

Notice that the solution has two arbitrary constants as you would expect for the 

general solution for Equation |. Furthermore, notice that the radius of convergence 

of each of the power series in Equation 9 is infinity. In fact, the two power series 

in Equation 9 are the Maclaurin series of cos x and sin x, respectively, so Equa- 

tion 9 is 

y(x) =a cos x + ay sin x (10) 

which we could have obtained easily since Equation | has constant coefficients. 

Nevertheless, we used the power series method to illustrate the procedure. Usually 

oyey 
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you will not be able to identify the resulting power series solution with any known 

function, but will have to deal with the power series as such. 

Suppose now that we did not know that the two solutions in Equation 9 were 

the familiar sine and cosine functions from trigonometry. We might define two 

functions 

ies (—1)"x2"+1 Ss (tx 

vo X Site d (2n)! 

The first task might be to evaluate these series numerically as a function of x and 

plot them. (This is certainly a lot easier nowadays than it was when most of the 

special functions were first studied.) We then might notice that s’(x) = c(x) and 

that c’(x) = —s(x). With a little inspiration, you might notice that 

c(x) ti s(x) =e! ats saat 

and so on. If s(x) and c(x) occurred in a number of different problems, then they 

would eventually be given names accepted by the mathematical community and 

become part of the mathematical literature. 

ee eee 
Example 1: 
Solve the equation 

y" (x) + 3xy'(x) + 3y@) = 

by the power series method. 

SOLUTION: Substitute Equation 2 into the above equation to obtain 

oe) 

Ss n(n — Dae ae na,x" +3 e Chast 

n=0 n=0 n=0 

co 

Rewrite the first summation as Yon + 2)(n + l)ay42x" and collect terms 

=) 
to get i 

[e.@) 

Yot(n +2)(@@4+ Nags. + 3(n + Da, }x” =0 

n=0 

Setting the coefficients of x” equal to zero gives the recursion formula: 

3 

n+2 
GIaN Re Ap aN VON Eee: 



12.1 The Power Series Method 

Starting with n = 0 and working with even values of n gives 

a 2p 2’ yo SS SS hi D 5 0 4 4 D) eal 

P 3 o. 3 
— ad 

ee a en ee 

By continuing to determine more a>, the general term is found to be 

(= 1732 

adn = ap! ay 

The odd-subscripted a’s are 

a a a : S — =—-2=—a 3 1 5 5 3 5 | 

- 3 3. Be 
=== SS, SS) Sh SS a 7 5 5 1 7.5.30 

The general term is 

(= [232 

agn+1 = a) 
Gas acu deo dell 

Substituting these results for the a, into the power series gives 

ee) 

aE eee yee an (=))5 cM ent 
eee Sn x ok ame Du 

where we have introduced the standard notation, (2n + 1)!!=(2n + 1)--- 

5-3-1. In this case, the resulting two power series do not seem to be 

expressable in terms of known functions but the radius of convergence of 

each power series is infinity (Problem 13). 

ee eee tw Cie) hte 

So far, everything has been fairly straightforward. Now let’s try to solve 

x7y"(x) + 3x + Dy(x) =0 (11) 

by the power series method. Substituting Equation 2 into Equation 11 gives 

ee) e) ee) 

n(n — l)a,x" +3 2 ao cee De Cn = 

n=0 7= One n=0 

or 

CO CO CO 

Se DG@ 4 Da oc" +3 ax" +) a,x" =0 (12) 
n=0 n=0 n=0 

D7) 
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12.1 Problems 

1: 

10. 
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or 

CO 

ay + ax + 3ayx + a [(n +2) + Dan gr + 34n41 + argo 1x"*? =0 
n=0 

Thus, we see in this case that ag = 0, a; = 0, and 

3 
posal Te 7108 {lp Pe GA (13) Oy 0) ae 

But Equation 13 says that a7 = —a, = 0, a3 = —a)/7 =0, and so on. Every 

coefficient in Equation 2 is equal to zero, so there is no power series solution 

to Equation 11. 

Equation | yields two linearly independent power series solutions, while 

Equation 11 yields none. The only difference between these two equations are 

the coefficients of y’(x) and y(x), so clearly there is some property of these 

coefficients that dictates when a power series solution can or can not be obtained. 

This is the subject of the next section. 

gf 

Rewrite the following summations so that they begin with an n = 0 term: 
CO [o,@) Cc 

(a) De Nae (b) Ss n(n — ax" (c) Soa — 2)Cp_7x" 

n=1 n=2 n=2 
. Determine a general expression for a, in terms of ap from the following recursion formulas (n > 0 in all cases): 

2a n+2 a 
(a) a,.4;=-—~— (bd) a,4,;=———a ©) 4n4,=—-—— n+l ae n+l 2(n + 1) n ( n+l (n+ 1)2 

. Evaluate 11!! and 10!!. 

z 1)! 
. Show that (2n + 1)!!= ae and that (2n)!! = 2"n!. 

i 

. Determine general expressions for a, in terms of ag and a>, ,, in terms of a, for the following recursion 

formulas: . 

a fia 
(a) 4,4. = ————_ (b) 4,42. = ————a 

pare Gn eoreees REET pAGieno) y" 
. Solve the equation y’(x) + y(x) = 0 about x = 0 by the power series method. 

. If the differential equation is nonhomogeneous, we equate the coefficients of like powers of x on both sides of 

the equation. Solve the equation y’(x) + y = 1+ x about x = 0 by the power series method. 

. If the differential equation is nonhomogeneous, we equate the coefficients of like powers of x on both sides of 

the equation. Solve the equation xy/(x) — y = x7e* about x = 0 by the power series method. 

. Solve the equation (1 — x”) (x) — 2xy/(x) + 2y(x) =0 about x = 0 using the power series method. 

Solve the equation y”(x) — 2xy/(x) + 4y(x) = 0 about x = 0 using the power series method. 



12.2 Ordinary Points and Singular Points of Differential Equations 

11. 

12. 

Jes 

14. 

iS: 

16. 

AT, 

18. 

: ; ec) (=1)?x277! eo (—1)"x2" 

Starting with the two infinite series s(x) = yy ———__ and c(x) = a —_ ., show that 
a (2n + 1)! =, (2n)! 

s?(x) +c7(x) = 1. If you can’t do it in general, show that it’s true for sequential powers of x. Similarly, 

show that s(2x) = 2s(x)c(x). 

Starting with s(x) and c(x) of the previous problem, show that 

3 

S(x ; 2 17 
DG) ayere oe ey SRY =x em ne cen 
c(x) 3 15 BYIS) , 

Show that the radius of convergence of each of the series solutions in Example | is infinity. 

Determine the radius of convergence of each of the following series: 
ee nee eo (—1)"x2" 

(a) y= “(b aa 
dX n ye (2n)! 

Determine the radius of convergence of the following series: 

x ae 
a _ b —. @>Z wo Ds 

n=0 n=1 

Show that the equation x7 y"(x) + xy'(x) + (x? — iy) = 0 has no power series solution about x = 0. 

In all our examples, we have found a solution about x = 0. Suppose we wish to find a solution about some other 
CO 

point instead, say x = 1. We could substitute y(x) = yas OL ASE = 1)? and then determine the da, in the usual 

n=0 

manner, but it is easier to let z = x — | and convert the differential equation so that z is the independent variable. 

Then find the power series solution about z = 0 and then substitute x — 1 for z. Transform the independent 

variable of the equation xy”(x) + y'(x) +xy(x)=Otoz=2x-1l. 

The solutions to the equation y”(x) + y(x) = 0 are sin x and cos x, an odd function and an even function, 

respectively. There must be some property of the differential equation that gives this result. Show that if y,(x) 

is a solution, then so is y;(—x), and y;(—x) is a constant multiple of y|(x). Show that this constant is 1, or 

that y,(x) must be either an even or an odd function x. 

12.2 Ordinary Points and Singular Points of 
Differential Equations 

Consider the linear differential equation 

A(x)y"(x) + P(@x)y'(x) + O@)y(x) =0 (1) 

where A(x), P(x), and Q(x) are polynomials containing no common factors. 

Suppose we want to solve Equation | in some interval containing the point xp. 

If A(xo) #0, then the point xg is called am ordinary point. In this case, we can 

divide Equation | by A(x) to obtain 

y"(x) + p(x)y'(x) +4 (4) yx) =0 (2) 
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where p(x) = P(x)/A(x) and q(x) = Q(x)/A(x) are continuous in the neighbor- 

hood of x9. The functions p(x) and q(x) in Equation 2 will usually be ratios of 

polynomials if A(x), P(x), and Q(x) are polynomials, in which case they will 

have series expansions about the point x). We can actually relax the condition that 

A(x), P(x), and Q(x) in Equation | be polynomials to the condition that p(x) and 

q(x) are analytic at xq; that is, they have convergent series expansions about xo. If 

p(x) and g(x) are analytic at xp, then xp is an ordinary point of Equation 2. 

We’re now ready to state (but not prove) an important theorem concerning 

ordinary points. 

If Xp is an ordinary point of 

y" (x) + p(x) yx) + g(x) y@) =0 (3) 

then the general solution of Equation 3 consists of two linearly independent 

power series 

[o,@) CO 

y(x) cl SS ay \X — xo)" ate C2 Ne Dy (x - x)" 

n=(0. n=0 

where c, and c> are arbitrary constants and the a’s and b’s are determined 

as in Section 1. Furthermore, the two power series are analytic at x = xo 

and the radius of convergence of each one isvat least as large as the minimum 

of the radii of convergence of the series expansions of p(x) and q(x). 

Let’s consider the solution of 

(1—- x7) y"(x) — 6xy' (x) — 4y(x) =0 (4) 

in the neighborhood of the point x = 0. This point is an ordinary point and 

z and q(x) =- I(x) =— 
: | — x- ten 

We can obtain the series expansion of p(x) and g(x) by using the geometric series 

for (1 — x?) ~!, in which case we have 

00 00 

p(x) =—6 SS yo and q(x) =—4 Ds see 

n=0 n=0 

The radius of convergence of each of these series is 1 (the same as that of the 

geometric series), So we expect that the two series solutions to Equation 4 converge 

for at least | x | < 1. It turns out that the power series solutions to Equation 4 are 

(Problem 1) 

“  2n +3 
y(x) =a x + 1)x?" ay a : 2ntl (5) 

n=0 n=0 

which fortuitously can be expressed in closed form as (Problem 2) 



12.2 Ordinary Points and Singular Points of Differential Equations 

ao a,x — x?) 

(l—x?)*  3(1— x2)? 9 
yX)= 

The ratio test shows that the two series in Equation 5 converge for |x| < 1 (Prob- 

lem 3). 

eal iaiaeiditets sd as of is) not ent win! 
Example 1: 
Predict the radius of convergence of each of the power series solutions to 

d+ Ax) y"(x) — 8y(x) =0 

about the point x = 0. 

SOLUTION: The point x = 0 is an ordinary point and 

co 

pee) =0 and qoa= Se Os =—8 Yo y"ax?)" 
BS ea 

The radius of convergence of p(x) is infinity, but that of g(x) is |4x?| <1, 

or |x| < 1/2. Thus, we expect the two power series solutions to converge for 

at least |x| < 1/2. It turns out that the two solutions are given by (Problem 4) 

CO (—1)"t14",2n4+1 

Vieira (1 4x7) + a oo : 0 | d veep ne 

The first term has an infinite radius of convergence (at least as large as 

|x| < 1/2) and that of the second term is 1/2. 

i PE Ce ky eer eh 8 ry 2 aes Se HL in ey 

Equation | and the equation in Example | of the previous section yielded two 

linearly independent power series solutions because x = 0 is an ordinary point of 

both equations. Furthermore, the radii of convergence of p(x) and q(x) in each 

case is infinity, and the solutions converge for all x. Equation 11 of the previous 

section, 

4x2y"(x) + 3x + l)y(x) =0 (7) 

however, is a different story. In this case, the point x = 0 is not an ordinary point, 

and consequently q(x) is not analytic about x = 0. Thus, we shouldn’t be surprised 

that we found no power series solution. 

A point that is not an ordinary point of a differential equation is called a 

singular point. For the case in which A(x), P(x), and Q(x) in Equation | are 

polynomials with no common factors, a singular point is a point at which A(x) = 0. 

Notice that x = 0 is a singular point of Equation 7. All other points of Equation 7 

are ordinary points. We expressed our statement about the radii of convergence of 

the two power series about an ordinary point in terms of the radii of convergence 
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Figure 12.1 
A pictorial aid to determining that the 

distance from the point x = 2 to the points 

ent tain! O: 

Chapter 12 / Series Solutions of Differential Equations 

of p(x) = P(x)/A(x) and q(x) = Q(x)/A(x). We may express it in terms of 

singular points as well. 

If x = Xo is an ordinary point of 

A(x)y"(x) + P(x)y'(x) + Ox) y@) =0 

then the general solution consists of two linearly independent power series 

CO CO 

y(x) SC) = Ay (x FF xo)" mr C9) Sen by, (x = xo)" 

n=0 n=0 

The radius of convergence of each series is at least as great as the distance 

from Xo to the nearest singular point (real or complex) of the differential 

equation. 

For example, consider the equation 

(1— x*)y"(x) — 2xy'(x) + yx) =0 

The point x = 0 is an ordinary point, and the nearest singular points are x = +1. 

Consequently, the radii of convergence of the two power series solutions are at 

least 1. The solutions are guaranteed to converge within the interval |x| < 1. This 

is the same as the interval of convergence of p(x) = P(x)/A(x) = —2x/(1— x2) 

and q(x) = O(x)/A(x) = 1/(1— x’). 
Consider now the equation 

(1+ x?)y”(x) — 2xy'(x) + yx) =0 (8) 

Once again, x = 0 is an ordinary point. The nearest singular points are x = +7. 

The distance from x = 0 to x = +i is 1, and so the two power series solutions 

to Equation 8 converge (at least) for |x| < 1. Even though the singular points 

are complex, they still govern the convergence of the solutions, and also the 

convergence of 

2 
= and NEO (x) =— 

4 1+ x? Ley 

for that matter (see Section 2.7). 

iste canines cy vee ne = nin se) ae 9ity ri) reais Tri w SP 
Example 2: 
Determine the radii of convergence of the power series solutions to Equation 8 

about the ordinary point x = 2. 

SOLUTION: The singular points occur at x = +/, and as Figure 12.1 

shows, the distance from the point x = 2 to the points x = +i is /5, so we 

expect the two power series in (x — 2) to have radii of convergence equal to 

J/5 (at least). 

io ee ye 



12.2 Ordinary Points and Singular Points of Differential Equations 

The solutions to differential equations often have dramatic behavior around 

singular points; for example, the solution may blow up or go through rapid 

oscillations. On the other hand, there may be two linearly independent solutions 

that are finite at a singular point. For example, the Euler-Cauchy equation 

xy" (x) — 2xy'(x) + 2y(x) =0 

has the two linearly independent solutions y,(x) =x and y(x) = x7, both of which 

are well behaved at the singular point x = 0, while the Euler-Cauchy equation 

x°y"(x) + 2xy'(x) — 12y(x) =0 

has the solutions y,(x) = x? and y7(x) = x~*, one of which diverges at x = 0. 

The functions p(x) = P(x)/A(x) and q(x) = Q(x)/A(x) diverge at a sin- 

gular point x = x9 because A(x) = 0 [provided A(x), P(x), and Q(x) have no 

common factors involving xg]. The nature of the solutions in the neighborhood of 

a singular point depends critically upon how strongly p(x) and g(x) diverge there. 

In particular, if p(x) and q(x) diverge at x = xg, but 

lim (x — x9) p(x) = finite and lim (« — x9)"q (x) = finite (9) 
9, re Loe 

then we are able to find two linearly independent solutions. Equations 9 mean 

that p(x) and q(x) do not diverge more strongly than 1/(x — x9) and 1/(x — x9), 

respectively. The point x = xq in this case is called a regular singular point. If the 

singular point x = xg is not a regular singular point, itis called an irregular singular 

point. The study of the solutions to differential equations about irregular singular 

points is a fairly advanced topic and will not be discussed here. Fortunately, most 

of the equations of applied mathematics do not involve irregular singular points. 

eet asics. 
Example 3: 
Classify the points x = 1, 0, and —1 for the equation 

x1 — x)y"(x) + (1—x)y’(x) — 4xy(x) =0 

SOLUTION: The point x = —1 is an ordinary point. The point x = 0 is an 

irregular singular point because 

BC 3% : = 
lim xp(x) = lim EK), lin x = 
x0 x—>0 x3(1 —x) x—0 

Note that lim x2g(x) is finite, but all it takes is for one of Equations 9 to fail. 

The point x = 1 is a regular singular point because 

ake 
lim (x — 1) p(x) = lim ~ 
x2] x1 x3 
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and 

4s 
lim (x — 1)?q(x) = lim alla) 
x> x—> 

ee ee 

The functions P(x) and Q(x) in Equation | do not necessarily have to be 

polynomials. For example, consider the equation 

x7y"(x) + sin x y'(x) +2 cos x y(x) =0 

In this case, the point x = 0 is a regular singular point because 

sin x F 
—— = | = finite ln ep) = lim 

x0 mY, 

and 

lim x?g(x) = lim 2 cos x = 2 = finite 
x30 x0 

The next Example is another case where P(x) and Q(x) in Equation | are not 

polynomials. 
‘ 

‘ 

Example 4: 
Classify the point x = 0 as a regular singular point or an irregular singular 

point for the equation 

x?y"(x) + sin x y'(x) + e-*y(x) =0 

SOLUTION: 

; Ae eS 
lim xp(x) = lim ue all 
x0 x0 x 

and 

lim x2 = lime *~=1 
x30 qo) ae : 

so x = 0 is a regular singular point. 

a ee ee ee eee | 

We shall see in Sections 4 and 5 that we can obtain a series solution about a 

regular singular point x by assuming a solution of the form 

y(x) = (& — x9)" DY ay(x — x9)" 
n=0 
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where r may or may not be a positive integer. For example, we’ll find that one 

solution to Equation 7, with a regular singular point at x) = 0, is 

ipyesye 

neyasl? ee x” 

We'll also find that the other solution is 

3 My 11 
(4) = y syinx +33? ( x + e+) 
ik 2 64 | 256 

12.2 Problems 

on NN NM 

17; 

18. 

. Show that Equation 5 is the general solution of Equation 4. 

. Derive Equation 6 from Equation 5. 

1 

2 

3: 

4 

Show that the two series in Equation 5 converge for |x| < 1. 

. Show that the two power series solutions to (1 + 4x7) y"(x) — 8y(x) = 0 are those given in Example 1. 

Determine the radii of convergence of the power series of the following differential equations about the 

indicated points: 

. (x? + 4)y"(x) — Oxy’(x) + yx) =0; x =0 

» (x? + 4)y"(x) — 6xy'(x) + yx) =0; x =4 

~ (1+ x?) y"(x) + xy’ (x) + 6x? yx) =0; x =1/2 

Sy Oey OY Ory S00 

Determine the singular points of the following equations and classify them as regular or irregular: 

Ay aay Oo) Py) = 

~ x(x — Ly"(x) + (« + Dy’(x) + xy(x) = 0 

ley Gye GO) a — DyG@) =0 

x1 + x7) y" (x) + 2y'() + y@) =0 

Classify the point x =0 as an ordinary point, a regular singular point, or an irregular singular point for the 

following equations: 

x*y"(x) + cos x y'(x) + yx) = 

x*y"(x) + sinh x y/(x) + cosh x y(x) = 

xy!"(x) + (e* — Dy'(x) + (e%* + Dy) = 

. Determine all the ordinary points of Bessel’s equation x*y""(x) + xy/(x) + (x? — v?)y(x) =0, where 

v = constant. 

Determine all the ordinary points of Airy’s equation y"(x) — xy(x) =0 

Determine all the ordinary points of Hermite’s equation y’(x) — 2xy'(x) + 2ny(x) = 0, where n is a positive 

integer. 
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19. Determine all the ordinary points of Laguerre’s equation xy"(x) + (1 — x)y’(x) + ny(x) = 0, where n is a 

positive integer. 

20. Determine all the ordinary points of Chebyshev’s equation (1 — x*)y"(x) — xy’(x) +n?y(x) =0, where n is 

a positive integer. 

12.3. Series Solutions Near an Ordinary Point: 
Legendre’s Equation 

We learned in the previous section that if x = x9 is an ordinary point of 

A(x)y"(x) + P(x)y'(x) + O(x)y(x) = 0, then its general solution can be ex- 

pressed as the sum of two linearly independent power series whose radii of 

convergence are at least as large as the smaller of the radii of convergence of 

the series expansions of p(x) = P(x)/A(x) and q(x) = Q(x)/A(x), or at least as 

large as the distance from xp to the nearest singular point. 

Consider the equation 

(1 — x*)y"(x) — 2x yx) + a(@ + Dy(x) =0 (1) 

where a(@ + I) is a constant, which with foresight we write in that form. Equa- 

tion 1, which is called Legendre’s equation, is one of the most famous and impor- 

tant differential equations in science and engineering. We will learn in Chapter 16 

that Equation | arises naturally in problems involving spherical coordinates, where 

x = cos @, but it also occurs in a variety of other instances as well. The point x = 0 

is an ordinary point in Equation | and so we expect two linearly independent power 

series solutions to Equation |. The functions p(x) and g(x) associated with Equa- 

tion | are 

pas a(a + 1) 
D(x) = — and = ee p(x) aS q(x) =o 

The singularities of p(x) and q(x) occur at x = +1, so the power series solutions 

will converge at least for |x| < 1, and perhaps for larger values of x. 

If we substitute 

oe) 

Wee eS pis ke 

n=0 

into Equation 1, we find that (Problem 1) 

(o=rn)\ioee ns yl) 

(n+ 1)(n +2) 
IV =) (2) n 
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Starting with n = 0 and using even values of n, we find that 

pie _ ala + )) | 
Da D2] 0 

(@=2)(@.4- 3) CO 2) Gia) (GEES) 
= Co — ap 

3-4 4! 

ee Oat) (Or) 0 (OC 2) — A) toll) (3) (AS) 

coe eae Renee 6! 0 

or generally 

(SD CeCe terns) 
A2n = (-)"= (2n)! 0 

He (3) 

Similarly, we find that 

(@ = Ya = 3) ++ (@ = Ant VO t2)@ +4) ++ (@t2n) 
; 1 Q2n4+1 = (ie 

Qn yt 

n>1 (4) 

The two linearly independent solutions of Equation | then are 

00 00 

Via aa i ahd ey) Sree (5) 
n=0 n=0 

For arbitrary values of a, both series of Equation 5 diverge at x = +1. Yet in 

many applications, x = cos 9, where 6 is the polar angle in spherical coordinates. 

Consequently, we often require a solution that is finite at the points x = +l, 

which corresponds to 6 = 0 and 6 = 77/2. It turns out that this is actually easy to 

accomplish. If we set a equal to zero or a positive integer, then one of the two series 

in Equation 5 will truncate, resulting in a polynomial. Thus, we will always have 

a polynomial solution to Equation | for integer values of a. This may be easiest 

to see if we write out the expressions for the first few coefficients in Equations 5 

explicitly. Expressions for az, a4, and dg appear above in Equation 3, and using 

Equation 4 for n = | and n = 2, we have 

(a —D@ +2) | __@-D@—3)@+H@+4) | 

‘ie 6 we 120 1 

So, if we let ~w = 0, we get a, = 0, ag = 0, or ay, = 0 forn > land thus y;(x) = dp. 

If a = 1, we get a; = 0, as =0, or ay, ,; =O forn > land so y7(x) = a,x. Ifa =2, 

ay = —3ap, and then az, = 0 for n = 2, and so y;(x) = do + @x* = ag(1 = 3x"). 

If we continue in this manner, we generate a set of polynomial solutions to 

Equation 1. If we denote these solutions by f,,(x), where n is the value of a, then 

we have (setting the arbitrary constants dj and a; equal to unity) 
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Figure 12.2 
The first few Legendre polynomials 

plotted against x: Po(x) (solid), P(x) 

(long dashed), P>(x) (short dashed), and 

P3(x) (long-short dashed). 
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fox) = 1 fi) =x 

3 (6) 
fo) =1-3x? f(x) =x— ~~ 

and so on. Each of these polynomials is a solution of Equation 1. 

[ho ae ea Twas | 
Example 1: 
Show that f(x) =x — 5x3/3 is a solution to Equation 1 (with a = 3). 

SOLUTION: 

L@at— ox: fq (x) = 10x 

Substitute these and /3(x) into Equation | with a = 3 to get 

(1 = x7) f(x) — 2x fh(x) + 12 h(x) 

= —10x + 10x* — 2x + 10x? + 12x — 20x7 = 0 

Any multiple of the polynomials given in Equations 6 is also a solution to 

Equation |, so we are free to choose any multiplicative constants. It’s conventional 

to choose the constants such that P,, (x) = c,, f,(x) = 1 when x = 1. Thus, we define 

Po(x)=1 Pi@)=x P(x) = 5x" —1) P(x) = 5(5x3 =3x) (7) 

and so on. The polynomials defined by Equations 7 are called Legendre polynomi- 

als. Note that the P,, (x) are even or odd, depending upon the value of n. A general 

formula for P,,(x) is 

ne) (ite 
ie SNe eae 8 Be: 2 ja — jin 2p)! sy 

The upper limit in Equation 8 is formally infinity, but the denominator contains the 

factors (n — j)! and (2n — j)!. These factors diverge when either j > n or j > 2n, 

and so Equation 8 represents a polynomial expression (Problem 5). We can also 

write P,,(x) as 

[n/2] ; 
l —1)/(2n —2j)! 

Pie I sins (9) Qn = Jin -— pilm—2;)! 

where [n/2]=n/2 if n is even and (n — 1)/2 if n is odd. The first few Legendre 

polynomials are plotted in Figure 12.2. 



12.3. Series Solutions Near an Ordinary Point: Legendre’s Equation 

[te peas ee lL 
Example 2: 
Show that the first few Legendre polynomials are orthogonal over the interval 

(—1, 1). 

SOLUTION: Using Equations 7, 

1 l 
/ Foe) Pix) ax = i! Po(x) P3(x) dx 
-1 —1 

1 

=i Pie PCa = 0 
—1 

because of the parity of the P,,(x). In addition, 

I ay cea 

i Po(x) Po(x) dx = 5 / (3x° — 1) dx =0 
—1 0 

1 1 

/ Py@)P3@)\idx = ; i (5x — 3x7) a0 
—l 0 

You should keep in mind that when a = 0, 1, 2, ... in Equations 3 through 

5, we obtain a polynomial solution from one of Equations 3 and 4 plus an infinite 

series that diverges at x = +1 from the other. For example, if a = 0, Equation 3 

leads to Po(x) = 1, while Equation 4 gives 

3 5 7 

niy=a (xt o4+o+54--) 
(10) 

3 2) 7 

This infinite series is equal to (1/2) In{(1 + x)/(1 — x)](Problem 6). It is customary 

to denote this second solution by Qo(x), so we write 

1 l+x x xX 
x)=-—In = 6 SP SS se ear ee (11 

PO tio i ay 5 

Thus, the complete solution to Equation | with a = 0 is a linear combination of 

Po(x) and Qo(x): 

y(x) = cy Po(x) + c2Qo(X) (12) 

For a = 1, the complete solution is (Problem 8) 

Vix) = Cl (te) ier) (13) 

where 

O\(x) =xQo(x) — | (14) 

ool 
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Generally, 

Q,,(x) = P,,(x) Qo(x) + a polynomial of degree n — 1 

- The first few Q,,(x) are plotted in Figure 12.3. As the functional forms indicate, 
x 

they all diverge at x = +1. 

The general solution to Legendre’s equation when @ is zero or a positive 

integer is 

Figure 12.3 
The first few second solutions, Qo (x) Vi) == Cre) Gn) Hig) ele eee Gls) 

(solid), Q;(x) (long dash), Q>(x) (short 

dash), Q3(x) (dash-dot), to Legendre’s where P,,(x) is the nth degree polynomial that is finite for all values of x and Q,,(x) 
equation plotted against x. Note that they 

all diverge at x = +1. 
is a logarithmic function that diverges at x = +1. Because we want y(x) to be finite 

at x = +1 in the vast majority of applications, we choose cy = 0 and work with 

the Legendre polynomials. This happens so frequently that you tend to forget that 

there are indeed non-polynomial solutions to Legendre’s equation even when n is 

an integer. 

12.3. Problems 

CS men NH nm 

12. 

13; 

14. 

. Derive Equation 2. 

. Extend the polynomial solutions given in Equation 6 up to f5(x). 

. Show that the polynomials f4(x) and fs(x) that you generated in the previous problem satisfy Legendre’s 

equation. 

. Use the polynomials f4(x) and fs5(x) that you generated in Problem 2 to derive expressions for P4(x) and P(x). 

. Use Equation 8 to generate the first four Legendre polynomials. 

. Show that the Maclaurin series of In[(1 + x)/(1 — x)] is given by Equation 10. 

. Show that In[(1 + x)/(1 — x)] is a solution to Legendre’s equation for a = 0. 

. Show that Q)(x) =x Qo(x) — lis a solution to Legendre’s equation for aw = 1. 

. Show that the coefficient of x” in P,, (x) 1s (2n)!/2"(n!)?. 

. Show that Legendre’s equation can be written as [(1 — x2)y/(x)] + (a + 1)y(x) = 0. 

. In this problem, we’ll show in general that the Legendre polynomials are orthogonal over the interval (—1, 1). 

Start with Legendre’s equation in the previous problem for @ = n and a = m. Multiply the first by P,,, (x) and 

the second by P,,(x) and integrate both results from —1 to +1 by parts. Now equate the results and show the 

orthogonality. 

Show that the first few Legendre polynomials satisfy the recursion formula 

Gy Fre) — Cr 2) Oy eX) he! 

(ie dq” 

ACN Gee 
called Rodrigues’ formula. 

Use the formula P,, (x) = (L=3 ate generate the first few Legendre polynomials. This formula is 

Argue that the solutions to Legendre’s equation should be either even or odd functions of x (see Problem 18 

of Section 1). Are they? 
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15. Often, in physical problems, x in Equation | is equal to cos 0, where 0 is the polar angle in spherical coordinates 

(0.< 6 < 2/2). Express Equation | in terms of 0. 

1 
16. Show that (aon Se Sale tex) t? P(x) +.---. The left side of this equation is called a 

generating function of the Legendre polynomials. 

12.4 Solutions Near Regular Singular Points 

We’ ve already seen that a power series method may not work for solutions about 

regular singular points. In these cases we shall assume an expansion of the form 

(oe) 

VO) ae (1) 
n=0 

If r happens to be an integer, then Equation | is just a power series, but often r 

will not be an integer. The general series given by Equation | is called a Frobenius 

series, and the use of such a series to find solutions about regular singular points 

is called the method of Frobenius. The theory of differential equations tells us that 

there is always at least one Frobenius series solution about a regular singular point. 

To determine the coefficients in the Frobenius series, we substitute Equation | into 

the differential equation and equate the coefficients of the various powers of x to 

zero, much as we did in the previous sections. 

Let’s start with the equation 

2xy" (x) + 3y'(x) — yx) =0 (2) 

If we write Equation 2 in the form 

y"(x) + p(x) y'(x) + g(x) yx) = 0 (3) 

then we see that the point x = 0 is a regular singular point because xp(x) = 3/2 

and x*q(x) = —x/2 are analytic about x = 0. Therefore, we use the Frobenius 

method and substitute Equation | into Equation 2 to obtain (Problem 1) 

CO 

agr(2r + Ix’! + S° [a tr) Qn + 2r + Vay — ay] x" =0 (4) 
n= 

The coefficient of the lowest power of x gives 

aor (2r + 1) =0 (5) 

This equation for r, which is always obtained by setting the coefficient of the lowest 

power of x equal to zero, is called the indicial equation. Equation 5 tells us that 

r = (and —1/2. We reject the choice that ay = 0 because we have taken ap to be 

the coefficient of the lowest power of x in Equation 1. Therefore, we expect our 
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two linearly independent solutions to be of the form 

(oe) lee) 

ica eee and AE ead 0 er 

n=0 

The first solution happens to be a power series, but the second is not. 

If we set the remaining coefficients in Equation 4 (with r = 0) equal to zero, 

we obtain 

Diet 
= ——. (6) 

n(2n + 1) 

or (Problem 2) 

2" bo 

(2n + 1)! 
i 

Similarly, for r = —1/2, we obtain (Problem 3) 

= DLS 

Se (2n)! 

and so the general solution to Equation 2 is 

CO 
DES n ‘ OX n 

b ee 7 
oe 0D atm t Le oN 

where bp and co are arbitrary constants. [Do you recognize these series? (Prob- 

lem 4)] 

Example 1: 
Solve the following equation about x = 0: 

xy" (x) + LOxy’(x) — (1+ x)y(x) =0 

SOLUTION: The point x = 0 is a regular singular point because 

l+x 

8 

5 
0G) — a and x7q(x) = 

are both analytic about x = 0. If we substitute Equation | into the above 

differential equation, we obtain 

oe 
Ce 

EC +r)(4n + 4r + 1) — 1Ja,x"*" — SS ater Ei 

n=0 

The lowest power of x (whichis x’) comes from the n = 0 term of the first 

summation, so the indicial equation is 

2r(4r + 1) -—1=0 
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The two roots of this equation are r = 1/4 and —1/2. Thus, we expect two 

Frobenius series, 

[o.e) CO 

yi(x) = 1/4 De b,x” and yo(x) ae x2 Di eax 

n=0 n=O 

The recursion formula for the coefficients in terms of r is 

an 
io =O 

2(n+1+r)(4n+4r+5)—-1 a 
an+1>= 

If we let r = 1/4 and —1/2 in turn, we find that (Problem 6) 

5/4 9/4 
_ ,1/4 os WCo) Sse se = Sb SE 

me 14" 616 

and 

yoy 
x) =x 1/2 ai as + cna 

2 40 

So far everything has been fairly straightforward. Finding series solutions 

often involves quite a bit of algebra, but the procedure itself is straightforward. 

Let’s look at the equation 

xy ise Bxy GE (1=— 2x) yO) SO (8) 

The indicial equation associated with this equation is (r2 + ihe = 0, and so has a 

repeated root of —1. Clearly, we are not going to obtain two linearly independent 

solutions by the method that we have been using. 

The general theory of differential equations tells us that there is at least one 

Frobenius series solution about a regular singular point, so the Frobenius method 

is always going to give us one solution. Once we have one solution, we can always 

find the other by the method of reduction of order. Recall that the method of 

reduction of order says that if y,(x) 1s a solution to Equation 3, then we can find 

another solution by assuming that y3(x) = u(x) y,(x), where u(x) is determined by 

substituting y>(x) into Equation 3. The final result for y)(x) is (Problem 11.3.14) 

- ae 

ve) = yen f £ Sem dx (9) 

Let’s go back to Equation 8, 

x y" (x) + 3xy'(x) + (1 — 2x) y(x) = 

which we saw above has the indicial equation (r + 1)* = 0, and so has a repeated 

595 
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root of r = —1. If we substitute Equation 1 with r = —1 into Equation 7, we 

eventually obtain the simple recursion relation (Problem 12), 

20a5— 
a, = = het 

n 

or 

Ye 

Sarre oe 
so the Frobenius series solution is 

ee) oD, — (CZ ek 2x 
= =—+24+x+—+-:: (11) 

ae » (nl? x 9 

d ; 
To use Equation 9, we first note that i) Dax==3 / ee ahh x, so Equation 9 

x 
becomes 

(x) = (x) / = Ve x3ye(x) 

= yi(x) i! Ss 
pet x +4x?2 + 6x3 + O(x*) 

x co | ee Oe ee 
ee eiite4yee Ge OG 

Now expand 1/[1 + 4x + 6x2 + O(x3)] using the geometric series (Problem 13) 

l 
y(x) = yy (x) / E —4+4 10x + o%)| dx 

BS 

= y,(x)[ In x — 4x — 5x? + O(x*)] 

= y,(x) Inx —4— 13x + O(%?) (12) 

Thus, we see that a second solution to Equation 8 has the form y,;(x) In x + a power 

series in x. The y,(x) In x term will always occur when the indicial equation has 

two equal roots, as in this case. 

The Frobenius method sometimes runs into difficulty if the two roots of the 

indicial equation differ by an integer. In this case, you may or may not obtain 

a second solution of the form y,(x) In x. Rather than go through a number of 

examples involving lots of algebra, we’ll state the general results for the three 

cases in which (1) the two roots of the indicial equation do not differ by zero or 

an integer, (2) the two roots are equal, and (3) the two roots differ by an integer in 

the form of a general theorem: 

Suppose that x = 0 is a regular singular point of the equation 

y" (x) + p@)y') + 4) y@) =0 
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and that x p(x) and xq (x) have series expansions about x = 0 that converge 
for |x| < R, where R is the smaller of the radii of convergence of xp(x) and 
x7q (x). There are two linearly independent solutions that are valid for at 
least 0 < |x| < R, whose form depends upon the relative values of r, and rp. 
Let r; and ry be the two roots of the indicial equation, with r > rp. 

1. If, — ry #0 nor an integer, then 

[o.@) 

MiG) lal, ax"), ay #0 (13) 
n=0 

and 

[e,@) 

yor) = |x) bx” By £0 (14) 
n=0 

NTP = Py LOAD 

[e.@) 

yy(x) = |x|" ye axe ay £0 (15) 

n=0 

and 

co 

yo(x) = y1(x) Inx + |x|t SY” b,x” (16) 
n=0 

3. If; — ry = an integer, then 

CO 

Vi) =Ix(2 >) a,x" — ay 0 (17) 
n=0 

and 

CO 

yp (x) = cyy(x) In |x| + |x| }° b,x" by AO (18) 
n=0 

In each case, the a’s and the b’s may be determined by substituting y,(x) or y2(x) 

into the differential equation and setting the coefficients of the various powers of x 

equal to zero. In case 2, there is no requirement that by 4 0 and, in fact, the entire 

series may be absent. In case 3, the constant c may equal zero and so the complete 

solution is the sum of two Frobenius series, as in case |. Finally, all the power 

series in the three cases define functions that are analytic at x = 0. 

We’ Il illustrate the above theorem with a few examples to see how the solutions 

conform to these results. Consider the equation 

4x*y"(x) + Gx + Dy(x) =0 (19) 

for x > 0. Here we have : 

3 1 
pix) = 0 and GON i G0 

57 
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Substituting Equation 1 into Equation 19 yields the indicial equation Apa Ap al 

= 0, or (2r — 1)? = 0. Thus, r; => = 1/2, and our solution will be given by case 2. 

The Frobenius series solution is (Problem 14) 

[e,@) ; Soe \ 
vice) = xi? ) | at Sag 

n=0 

in accord with Equation 15. The radius of convergence of both xp(x) and x°q(x) 

is infinity, so we know that y,(x) converges for at least 0 < x < oo and in fact, 

it converges for 0 < x < oo. The second solution is given by Equation 16. If 

we substitute y (x) into Equation 19, we can determine the b’s. The result is 

(Problem 15) 

cane meena 
n(x) = yy (x nxt? (3 — Fat Sere) 21 
eS INNS 264 F856 a 

The above theorem tells us that y(x) converges for 0 < x < oo. 

As another example, consider the equation 

x*y"(x) + 2x(x — 2)y/(x) + 2(2 — 3x)y(x) =0 (22) 

for x > 0. Here we have 

4 ; 4 
De) =2—— — and (= o 

BG we OX 

Substituting Equation | into Equation 22 yields the indicial equation r* — 5r +4 = 

0, so r; = 4 and rz = 1. The solution corresponding to r; = 4 is (Problem 16) 

mya flie ee” yOojax c ER, (23) 

n=l 

When you substitute y>(x) from Equation 18 into Equation 22, you find that c = 0 

and that (Problems 17 and 20) 

aa EV) 
yp(x) = box (1 — 2x + 2x”) + bax4 11+6 
4 vate an “| aed 

(il 

= bax 2x 2x) 4 Day) (24) 

Notice that we obtain the general solution from the method of finding the sec- 

ond solution in this case. It turns out that when Equation 18 is substituted into 

Equation 22, the coefficient of x4 gives 0b; + 3c = 0, which makes c = 0 and bj 

arbitrary. So, the b, for n > 4 are multiples of b3, and we obtain b3y,(x). Both 

xp(x) and x?q(x) converge for all values of x, and in this case so do y;(x) and 

y2(x). 

Let’s look at one more example: 

x(T xy 2 ay (ee) 0 (25) 
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for x > O. In this case, 

2 2 2 
x) = — d a n p@)=— and ge) = be 

Substituting Equation | into Equation 25 yields the indicial equation r* + r = 0, 

or r; = 0 and r) = —1. The solution corresponding to r; = 0.is (Problem 19) 

y(x) = —2 + 2x (26) 

and the solution corresponding to r; = —1 is (Problem 19) 

Yo(x) = yy(x) Inx + x7 erase +2 y i i al (27) 
n(n 

n=] 

Note that x*g (x) converges for x < 1, and although y,;(x) converges for all values 

of x, y>(x) converges only for 0 < x < |. 

12.4 Problems 

1. Derive Equation 4. 

2. Show that the recursion formula b, = b,_,/n(2n + 1), n = 1, leads to b, = 2”"/(2n + 1)!. 

3. Show that the recursion formula for the second solution of Equation 2 is c, = c,—,/n(2n — 1), n = 1, and that 

a2 of On 

4. Identify the series in Equation 7. 

5. Using the results of the previous problem, show that (2x)~/? sinh /2x and x~!/? cosh 2x are solutions to 

Equation 2. 

6. Verify the solutions given in Example 1. 

if 2% the Frobenius method to determine the solution of 

x? y""(x) — 2x(x + 2)y’(x) + (x + 3)y(x) = 0 about the point x = 0. 

Determine the indicial equation and its two roots for the equations in Problems 8 through 11. 

$. 3x7y"(x) + xy’(x) — d+ x)y@) = 

9. 4x7y"(x) + 1 —2x)y@) = 

10. xy"(x) + yx) =0 

118 xy @) xy @) +O =—4y@) = 

12. Derive Equation 10. 

13. Derive Equation 12. 

14. Derive the Frobenius solution to Equation 19. 

15. Derive Equation 21. 

16. Derive Equation 23. 

529 
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20. Show that Equation 24 can be written as cjx(1 — 2x + 2x7) + e9xe7 

Chapter 12 / Series Solutions of Differential Equations 

17. Derive Equation 24 by substituting Equation 18 into Equation 22. 

18. Derive the Frobenius series solution (Equation 26) to Equation 25. 

19. Use Equation 9 to derive the expression for y>(x) for Equation 25. 

2x 

12.5 Bessel’s Equation 

In Section 3, we studied Legendre’s differential equation, whose solutions that 

are finite at x = +1 are Legendre polynomials. We stated there that Legendre’s 

equation is one of the most important equations in the physical sciences because 

it occurs in many problems involving spherical coordinates, as we shall see in 

Chapter 16. Another equally important differential equation is Bessel’s equation, 

which occurs in many problems involving cylindrical coordinates. Bessel’s equa- 

tion nicely illustrates the various cases for the relative values of the roots of the 

indicial equation that we discussed in the previous section, so we’ll spend this 

entire section discussing Bessel’s equation: 

xey' Ge) a xy’ (x) + (x? - v7)y(x) =(0 (1) 

where v > 0 is a parameter that will subsequently label the various solutions, called 

Bessel functions. Equation | is called Bessel’s equation of order v. 

The variable x usually takes on the values 0 < x < oo in physical problems, 

so we will always take x to be equal to or greater than zero. First note that x = 0 

is a regular singular point and that all other values of x are ordinary points. 

The functions p(x) and g(x), when Equation | is written in the form y”(x) + 

p(x)y'(x) + g(x) y(x) =0, are 

2 | 
p)=- and g(x)=1-4 

x x2 

Because xp(x) = 1 and x*q(x) = x? — v? are analytic everywhere, we expect the 

solutions to Equation | (the Bessel functions) to converge for 0 < x < ov, and 

perhaps for 0 < x < oo. 

If we substitute y(x) = }° a,.x”"*" into Equation 1, we obtain 

(r2 — Y)agx” foes eee y lax aE a2) v7 Jay + Gaal 

(2) 
Sug oe ae {L(r =i n)? ze va, Heap 455 = () 

The n = 0 term gives the indicial equation because ag 4 0 (essentially by 
definition) and so r=; the n=1 term reads [(7 + 1)* — vay = 
[(£v + 1)? — v*Ja, = (1 + 2v)a, = 0; and the n > 2 terms give the recursion 
formula for the other a’s: 

[(r+n)’—v7]a,+a,.=0 n>2 (3) 
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Taking v to be zero or positive, we see that r) — r) = 2v, so depending upon the 

value of v, Bessel’s equation provides examples of all three cases in the general 

theorem of the previous section. 

Many applications occur in which v = 0 ora positive integer, with v = 0 being 

particularly important. Thus, let’s look at the case v = 0 first. If v = 0, we have 

r| =ry = 0. According to Equations 15 and 16 of the previous section, the two 

solutions to Equation | are of the form 

y(x)= D5 a,x” (an £0) (4) 
n=) 

and 

yo(x) = yx) Inx +x > b,x” (5) 
n=0 

We can determine the a,, by substituting y,(x) into the zero-order Bessel equation, 

in which case we obtain a, = 0 and (Problem 1) 

A2n—2 (—1)"ao 
a =— Some i 22 1 6 

on (ny? 22n(n!)2 = 

Thus, if we denote y;(x) by the standard notation Jo(x), we have 

4 
(ove) (—1)" =: 2n Jo(x) 

Az) => — (=) (7) 
ah (GaN NP 

Equation 7 defines a Bessel function of the first kind of order zero. It is easy to show An 

that Jo(x) converges for 0 < x < oo (Problem 2). The function Jp(x) is oscillatory, i 

as you can see in Figure 12.4. 

We can obtain the second solution to Equation | (with v = 0) by substituting _. 
Figure 12.4 

Equation 5 ito Equation 1. This gives (Problem 3) The zero-order Bessel function of the first 

kind, Jo(x), plotted against x. 
2 3 4 

x IX 
nla) = fo) inx + (2-3) 

(8) 

The general form of Equation 8 is (Problem 23) 

a x face x° ee! 
y2(x) = Jo(x) Inx + ie aioe Sap 7 pdendAd 62 ieee Aes 2S 

If we define the quantity 

et ise 
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Equation 9 becomes 

(= tyrant ow 

11 
(2n)2(2n — 2)? - - - (2)? (11) yo(x) = Jo(x) Inx + D7 

i=) 

This solution converges for 0 < x < oo, but diverges at x = 0. 

oS aw, ~~... 
Example 1: 
Show that the series in Equation 11 converges for 0 < x < oo. 

SOLUTION: We'll use the ratio test: 

Un+] = An+1 E ee 

Un H, 4(n+1)? 

Write | 9 ray == lal. ar ee co 

An 41 a HI, I 1 as n— oo 

H, H, “HaGe-e-1) 

Thus, 

iis for all values of x 
Uy 

The general solution to the zero-order Bessel equation is 

y(x) = cy Jo(x) + c2y2(x) (12) 

where y(x) is given by Equation 11. Accordingly, there is some flexibility in how 

we define the second solution to the zero-order Bessel equation. For example, we 

could write 

y(X) = c3JQ(x) + cglaJo(x) + y2(x)] 

where @ is some chosen constant. It turns out that the most commonly used zero- 

order Bessel function of the second kind is 

2 ; DZ, 
Yo(x) = —(y — In 2)Jo(x) + —yo(x) 

Ut oT. 

0) x DY gay (a oh 8 Be 
= _— ] _— 5 —_ ee = (v + In =) I(x) + = y mie (=) (13) 

A= 
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where b Y,(x) 

y= shini Ca inn) = 0.57 72215 =<¢ (14) 
nC 

is called Euler’s constant (Section 3.4). This certainly unintuitive form of Yo(x) ; 

is chosen because of its convenient behavior as x — oo, as we shall see in the 

next section. Figure 12.5 shows Yo(x) plotted against x. Like Jo(x), Yo(x) is an 

oscillatory function of x. Notice that Yo(x) — —oo as x — 0 due to the In x term in 

Equation 13. In summary, the general solution to the zero-order Bessel equation is Figure 12.5 

The zero-order Bessel function of the 

y(x) = CyJo(x) + Yo(x) (15) second kind, Yo(x), plotted against x. 

Let’s now look at the case where v in Equation | is a positive integer, so that 

r| — ry = 2n, an integer. According to Equations 17 and 18 of the previous section, 

the two solutions to Bessel’s equation of integer order are 

Vi =x" asx! (agiZ 0) (16) 
7—O 

and 

yo(x) =cy,(x)Inx +x") d;x/ (by #0) (17) 
j=0 

Substituting Equation 16 into Equation | (with v =n) gives (Problem 4) 

1 QfyQj+2n) 2ijl(n+V(n+2)---(+ Jf) - 

The factor (n + 1) -- + (n + j) in the denominator of a); can be written as 

Tin+j+/T(™-+ 1, where F(z) is a gamma function (Section 3.1), so a9; 

can be written as 

(=f PGs Dag 
— — (18) 

227 jj + 1+n) 
a9 j 

It is customary to choose ag to be 1/[2"P(n + 1)], and so Equation 18 becomes 

ely 
ayy Sa, : : ZA) 

2IT*T( 7+ Dr +14+n) 

and one solution to Equation 1 is 

eo) j 2j-+n zits 
Oe Sa (5) (19) 

= TrgG+)rG+ti+n) \2 

Equation 19 defines a Bessel function of the first kind of order n. It’s easy to show 

by the ratio test that J, (x) converges for 0 <x < oo (Problem 5). 

i] 

a 
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Figure 12.6 
The Bessel functions Jp(x) (solid), J\(x) 

(dashed), and J>(x) (dash-dot), plotted 

against x. 
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If we let n = 1 and n =2 in Equation 19, we obtain the first-order Bessel 

functions of the first kind: 

3 5 
Xx 36 Xx ica ree ee a ee (20) 

UN) oy eae eae 
and 

2 x4 x9 
x 

2.2 24.31) 27-4) ce Jy(x) = 

The functions Jo(x), Jj(x), and J>(x) are oscillatory and are plotted in Figure 12.6. 

Because they are power series, Jg(x), J\(x), J2(x), and all their derivatives are 

continuous functions of x. 

Example 2: 
Show that Jj(x) = —J,(x). 

SOLUTION: Wecan differentiate a power series term by term within its 

radius of convergence. From Equation 7, 

~~ CI" (yee 
WX) = 2 ay In a 1, 22ny In! 

A= 

and 

oo) : Bs ene 2n—1 Ce 1)"x 2n+1 

Jo(x) ce » Q2n— In\(n = Dl a. Z ees + 1In! 
n=l 

By comparing the final result with Equation 19, we see that Jj(x) = —J) (x). 

i Se et a Decorate tile A a ele n AN WY Aa oat 

Equation 19 does not give us a second linearly independent solution if we 

replace n by —n. In fact, Problem 6 has you show that 

I(x) = GEE) n=1,2,... 

er rr ein ac) | 
Example 3: 
Use Equation 19 to show that J_ (x) = —J,(x). 

SOLUTION: Equation 19 with n = —1 is 

— hey fa if = li 

Bi DTG EDF) (3) 

The 7 = 0 term has I'(0) in the denominator, but (0) = oo. Therefore, the 

summation really starts with the 7 = | term. 
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CO pi 5 \ 2-1 
fe —= 

ne) TGs 0rG (5) j=l 
0° (Sir 3 2j+1 

eo nee) (3) 

= —J\(x) 

according to Equation 19. 

| eee Se a a ee eel 

The second solution to Bessel’s equation of integer order can be obtained by 

substituting Equation 17 into Equation |. The form of a second solution that is 

most widely used is similar to Y9(x) (Equation 13) and is denoted by Y,,(x). Thus, 

the general solution to Bessel’s equation for integral order is 

yO) =e, %) + ok) TSO p AED eee: (22) 

where Y,,(x) is a Bessel function of the second kind of order n. The Y,(x) are 

well tabulated and Figure 12.7 shows Y,,(x) plotted against x for n = 0, 1, and 2. 

Notice that all the Y,, (x) — —ooas x — 0. Usually the physical problems involving 

Bessel’s equation require that the solutions be finite at x = 0, so the Y,,(x) aren’t 

used that often in practice, although the propagation of electromagnetic radiation 

along coaxial wave guides provides an important example where the Y,,(x) occur. 

Thus, there are problems where they do arise and you must be aware of them, just 

as you must remember that there are second solutions to Legendre’s equation [the 

Q,,(x) in Section 3]. 

Up to now, we’ve discussed the case where r; =r) (v = 0 in Equation 1) 

and r; — ry = an integer (v = an integer in Equation 1). There is another situation 

in which r; — r7 = an integer, and that’s when v = a half odd-integer such as 

1/2, 3/2, and so on. It turns out that Bessel functions of half odd-integer occur 

frequently in problems with spherical symmetry, so we’ll discuss this case here. 

Equation 18 of the previous section says that the second solution in the case where 

rf; — rp = an integer is of the form 

[e,6) 

y(x) = cy,(x) In x + x”? ei bax: by #0 (23) 

n=0 

where c may or may not equal zero. In other words, both solutions may be 

Frobenius series or one of them may have a term y,(x) In x. Bessel’s equation of 

order half odd-integer is an example where c = 0 in Equation 23 and both solutions 

are Frobenius series. For example, if we substitute 

oe) 

yi) =x"? V0 a,x" (ap £0) 
n=0 
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Figure 12.7 
The Bessel functions of the second kind, 

Yo(x) (solid), Y\(x) (long dashed), and 

Y>(x) (short dashed), plotted against x. 



606 

Figure 12.8 
The Bessel functions J/2(x) (solid) and 

J_1/2(x) (dashed) plotted against x. 
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into Equation | with v = 1/2, we obtain (Problem 7) 

) js SS (—1)" x22 2 

eee aes 24 
fa) ( dX (2n + 1)! oa 

If we substitute Equation 23 into Equation 1 with v = —1/2, we obtain (Problem 8) 

2 1/2 © (a 

er ae ee 25 
wy) (=) d (2n)! oe 

These two series are linearly independent since one starts with x'/* and the other 

with x !/?. Thus, we can write the general solution to Equation 1| as 

Y(X) = Cy 2) + €2J_ 12%) (26) 

where Jj/2(x) and J_1/2(x) are given by Equations 24 and 25, respectively. 

It turns out that J;/2(x) and J_,/2(x) can be expressed in terms of sin x and 

cos x. From Equations 24 and 25 we see that 

9 \1/2 4 \1/2 

Ji2(%) = (=) sin x and J_1/2(x) = (=) cosx (27) 
Ts UX 

Note that J; /2(x) converges for all values of x but that J_, /2(x) diverges at x = 0. 

The two functions Jj/2(x) and J_1/2(x) are plotted in Figure 12.8. 

Example 4: 
Show that Jj/2(x) and J_j/2(x) are linearly independent. 

SOLUTION: We'll form the Wronskian determinant, so we need the 

derivatives of J) /2(x) and J_j/2(x). Using Equations 27, we have 

; 9 \ 12 3 

Ji /2(X) = (=) (cos. — =) 
a UX DX 

1/2 
pee 2 ; 

JL j9*) = — (=) (sinx +) 
5 UX xs 

and so the Wronskian determinant is 

sin x COS x 

Ww D} x 1/2 x 1/2 

x | COSX sin x SUX COS 

Se ee 

1 =—- #0 
x 

Lesa ly ge ee | 
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Problem 17 shows that W = —A/x for all pairs of linearly independent solutions 

to Bessel’s equation. 

Equation 26 is valid not only for v = 1/2, but for all half odd-integer values 

of v. The general solution to Bessel’s equation when v is a half odd-integer is 

WC Pa) Popa) (neSOaNe (28) 

For the case where r, — r) = 2v does not equal zero or an integer, the method 

of Frobenius tells us that the general solution to Bessel’s equation of order v is 

W(x) = cl J (x) + J) Pine SO Mil Pasa, he (29) 

where 

= (-1)/ ey 
I(x) = 0 30 

TG DrGFiFD 2 olaneta dae 

and J_,,(x) is obtained from J,,(x) by replacing v by —v 

(oe) (—1)" 2n—v 

c/w i) 0 Sil 
v() rns (5) cay fee 

n=0 

It is easy to show that J,,(x) converges for 0 < x < oo. Because the leading term 

in\J=,,(x) 1sx~ ”, J_4,(x) divetges atx = 0; however; it converges-for 0.< x-< 00, 

as you would expect. 

Note that Jo(x), Jj(x), Jo(x), and J;/2(x) are special cases of Equation 30. 

Generally, at least one solution of Equation | will be given by Equation 30. The 

other solution may or may not be obtainable from Equation 30 by replacing v 

by —v. We’ve seen above that Equation 29 is the general solution even if v is 

equal to a half odd-integer, so we can actually write Equation 29 as 

y¥(x) = ¢)5, (x) + co J_,(%) vege OTe De os. (32) 

We can write Equations 22 and 32 as one equation if we define Y,,(x) by 

VONE COST (rad Ut oa) (33) 

sin v7 

If v £0, 1, 2, . . ., then Equation 33 is a linear combination of J,,(x) and J_,(x), 

and so Equation 32 can be expressed as 

Voc J, oy ia (*) (34) 

If v is equal to zero or an integer, then Equation 33 has the indeterminate form 0/0, 

which can be handled by I’ H6pital’s rule (Section 1.6). Furthermore, the Y,, (x) that 

result from using |’ H6pital’s rule are the same as Yo(x) given by Equation 13 and 

those in Equation 22. Thus, Equation 34 has no réstrictions on the value of v. 
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Figure 12.9 
The modified Bessel functions of the first 

kind, /o(x) (solid), 7,(x) (long dashed), 

and />(x) (short dashed), plotted against x. 

Figure 12.10 
The modified Bessel functions of the 

second kind, Ko(x) (solid) and K;(x) 

(long dashed), plotted against x. 
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Before we leave this section, we will briefly introduce two commonly occur- 

ring variations of Bessel’s equation. Consider the equation 

xy" (x) + xy'@) — @? + v7) ye) =0 (35) 

which differs from Equation | by the sign of x? in the last term. If we replace x 

by iz, then we obtain (Problem 12) 

zy" (z) + zy (2) + (2 — v*)y@) =0 (36) 

which is Equation 1. The Frobenius series solution to Equation 35 for an arbitrary 

value of v is 

= (x /2)214" a0 ES 0 37 
a) 2TG+rG+isy) Ora) ah 

which is called a modified Bessel function of the first kind. Notice that Equation 37 

is similar to Equation 30 for J,,(x). In fact, the relation between /,,(x) and J,,(x) 

is given by 

Pe) (Ea) (38) 

(Problem 9 has you show that J\,(7x) is a solution to Equation 35.) The terms in 

I,(x) do not alternate in sign, so we expect'that /,,(x) increases monotonically 

with increasing x. Figure 12.9 shows Jp(x), /,(x), and /,(x) plotted against x. 

If we define the second solution to Equation 35 by 

Leo) = 16 
Ky) = sep veN A7) (39) 

2 sin v7 

where K,,(x) is a modified Bessel function of the second kind, then the general 

solution to Equation 35 is given by 

y(x) = cyl, @) + co K,@) (40) 

Equations 39 and 40 are analogous to Equations 33 and 34. If v 40, 1, 2,..., 

then Equation 39 is a linear combination of /,,(x) and J_,,(x). If v is equal to zero 

or an integer, then Equation 39 has the indeterminate form 0/0, and K,,(x) is a 

complicated function similar to Y,,(x). In fact, 

2n 

Ko(x) = -(y + In = gel Loe Fa (5) (41) 

which is similar to Equation 13 for Yo(x), and is obtained in a similar manner. 

Notice that K(x) + 00 as x — 0 because of the In(x/2) term in Equation 41. 

The K,,(x) are similar to K(x) given by Equation 41 and are well tabulated. 

Figure 12.10 shows Ko(x) and K(x) plotted against x. 

It so happens that Bessel’s equation in one form or another arises in a great 

variety of unrelated problems. As a result, the following general form of the 
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equation is very convenient to know: 

x? y"(x) + (1— 2a)xy'(x) + (By?x7¥ + a? — vy) y(x) = 0 

The general solution to this equation is 

y(x) =x" [cy J,(Bx").+ c2¥,(Bx") |] 

We will refer to this equation a number of times in later chapters. 

(42) 

(43) 

a Se oe ae neni aa as ae 
Example 5: 
Use Equation 42 to show that J,,(ix) and Y,,(ix) are solutions to the modified 

Bessel’s equation, Equation 35. 

SOLUTION: By comparing Equations 35 and 42, we see that a = 0, 

y = 1, v= v, and f =1. Therefore, according to Equation 43, the general 

solution to Equation 35 is 

WE} Seid (Wa) = C4 C2) 

which we actually write as 

y(x) = cyl, (x) ae 7K, (x) 

Example 6: 
Consider a mass supported by a string swinging in a plane. Let the length 

of the string be played out at a constant rate b, so that the length of the 

string at any time is / =a + bt. If @ is the angle that the pendulum makes 

with the vertical, then Equation 8.2.12 shows that the transverse acceleration 

along the arc of motion is /@ + 2/6, so that the equation of motion of this 

pendulum is 

m(160 + 216) = —mg sin @ 

or 

(a + bt)O + 2b0 + g@ =0 

for small 6. Find the general solution of this equation. 

SOLUTION: First let x =a + bt, so that the equation of motion becomes 

2 

pe ‘spa eer 
dx? ax” 

If we compare this equation to Equation 43, we see that 1 — 2a = 2, y = 1/2, 

a? — vy? =0, and B*y* = g/b*. The general solution is 

O(x) =x fe) F[2(gx)/?/b) + co ¥i[(2(gx)/*/b}} 

|e rt a A TT 
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Aa nn b&b WY WY 

7. 

. Derive Equation 24 from Equation 30. Hint: Use the identity [ (n)T (: + ;) = 

Chapter 12 / Series Solutions of Differential Equations 

We’ll return to this problem in the next section, but note here that we will 

retain the Y,[(2(gx)!/?/b] term because x = a + bt, and never equals zero if 

a>Oandb> 0. 

In the next, and last, section of this chapter, we shall study some more 

properties of Bessel functions. 

12.5 Problems 

Derive Equation 6. 

. Show that Jo(x) given by Equation 7 converges for all values of x. 

. Show that the second solution to Equation | for v = 0 is given by Equation 8. 

. Derive Equation 18. 

. Show that J,,(x) given by Equation 19 converges for all values of x. 

. Show that J_,,(x) = (—1)"J,,(x) when n is an integer. Hint: Recall that P(z) = co when z is equal to zero or a 

negative integer. 

co 

. Derive Equation 24 by substituting y,(x) = x!/? SS a,x" into Equation 1. 

n=0 

CO 

. Derive Equation 25 by substituting y,(x) =x !/? ye a,x" into Equation 1. 

n=0 

. Show that J, (ix) is a solution to Equation 35. 

m'/2T(2n) 
J2n—1 

. Derive Equation 25 from Equation 30. See the hint given in the previous problem. 

. Show that the substitution x = 7z transforms the modified Bessel equation, Equation 35, into Bessel’s equation 

given by Equation 36. 

. Find the general solution of y’(x) + 4x7y(x) =0. 

. Find the general solution of x!/?,y/"(x) + y(x) =0. 

. Find the general solution of x*y”(x) + Sxy/(x) + x?y(x) =0. 

. The following equation occurs in a treatment of the stability of a flexible vertical rod, y”(x) + a?xy(x) = 0, 

where a depends upon the linear mass density, the Young’s modulus, and the radius of the rod. Find the general 

solution to this equation. 

Consider the differential equation y”(x) + p(x)y'(x) + g(x)y(x) = 0. Suppose that y;(x) and y>(x) are two 

linearly independent solutions. Multiply the equation for y,(x) by y2(x) and the equation for yy(x) by y;(x), 
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18. 

Lb 

20. 

21. 

22. 

23. 

and then subtract to get 

[ yy (x) y2(x) = yy (r)y5 (x) | ++ D(x) [ yx) y2(x) _— yx) y5 (x) | —0 

Notice that the first term in brackets is the derivative of the second term in brackets. Show that this leads to 

W(y1, y2) = Ae J pax Where W is the Wronskian determinant and A is a constant. This result is known as 

Abel’s equation. Now show that this relation gives W = A/x for Bessel’s equation. 

We can determine the value of A in the previous problem if y,(x) = J,(x) and y(x) = J_,(x) are the 

two linearly independent solutions. Use Equations 30 and 31 to show that A = —2 sin va/z. Hint: 

You need to use only the leading terms of J,,(x) and J_,,(x). Another hint: You need to use the relation 

Pw)ld—v)=27/ sin vz. 

/ A 
Problem 17 says that J,,(x)¥)(x) — HG), (x) = —. Use the method of the previous problem to show that 

XxX 

N= OME 

In this problem, we’ll introduce another method of finding the second solution when the roots of the indicial 

equation are repeated (or differ by an integer). Recall that we used the method of reduction of order in the 

previous section. Let’s go back to Equation 2, with v = 0, but with r left arbitrary (we'll set it equal to zero 

later). Show that the recursion relation a,(r +n)? +a, _> =0 gives 

y(x,7r) se |Ieil x + ua al == (1) Coa i—2y3 5 = ae a EE ee 
: : (42/2 9 © 42)2(r +42  (r +.2)2 +420 +6) 

The only remaining term in Equation 2 is the first term, r?a9x". Show that this implies that y(x, r) satisfies 

2" byes. D) : PEDIC 
32 -W(OS P) Ar 28s) (Ch 12) SP 28 AGE, 1) Sra (2) 

(Note that this is just the zero-order Bessel equation when we set r = 0.) 

Differentiate both sides of equation 2 with respect to r to obtain 

Dias 3 ay 
x2 d (>) renee (> 4 x? (2) =ayrs"2 +r In) (3) 

dx \ dr dx \ar or 

for x > 0. Now let r = 0. The right side of equation 3 vanishes and we see that (dy(x, r)/dr),—o is also a 

solution to the zero-order Bessel equation. 

The differentiation of y(x, r) given by equation | of the previous problem is awkward unless you do it in the 

following way. Consider the product u(x) = u4(x)u9(x) » + + u,(x). Show that 

i ae u5(x) a] 

ae) a (On) = ES 3 ee geen 

uUy(xX) u(x) Uy, (x) 

Hint: Take the logarithm of u(x) first. 

| 

(r+ D7 +2)---r +n) 

Use the results of the previous three problems to derive Equation 9 from equation | in Problem 20. 

Use the result of the previous problem to differentiate u(r) = 

—__————————— TT 
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12.6 Bessel Functions 

Often in applications, the first few Bessel functions of the first kind are the most 

important. Recall that 

x2 4 x? 

NG ics Uemirrea sirrr riya remrmertxera) 57) ie (1) 

and 
3 5 

x », Sag x WG les tenes 2 
Nola Speco Rare plore: . 

Generally, J,(x) is an even function of x when n is even and an odd function 

of x when n is odd. Also, Jo(x) = 1 when x = 0 and J,,(x) = 0 when x = 0 and 

n > 1. Extensive tables of the J, (x) are available for many values of n and there are 

built-in Bessel functions in many CAS. Figure 12.6 shows that Jo(x) and J;(x) are 

oscillatory, each having an infinite number of zeros; or in other words, solutions 

to the equation J,(x) = 0. These zeros are distinct and well tabulated, and often 

play key roles in physical problems, as we shall see in Chapter 16. 

You can see directly from Equations | and 2 that 

J) ==Ji@) and [x Ji@)) =x) (3) 

We can use Equations 3 to derive a number of integrals involving Jo(x) and J;(x). 

OE eS Se Sere So ee 
Example 1: 
Show that 

| x? Ig(x)dx = x(x? — 4)J,(x) + 2x7 Jo(x) 

SOLUTION: Integrate by parts, letting “w” = x? and “dv” = weds ane 

/ Ig ieee bye / 2x7 J,(x)dx 

For the remaining integral, let “w” = x* and “dv” = J\(x)dx: 

[ encoas x Jax) +2 f xJgooas 

= =x? Jo(x) + 2x J,(x) 

Putting all this together gives 

/ x3 Jo(x)dx = x7Jy(x) + 2x7 Ig(x) — 4x Jy(x) 

= x(x? — 4) Ji(x) aT Dee Ino) 

ee ae eS | 
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Bessel functions have an interesting type of orthogonality condition. To see 
what it is, first write Equation | of the previous section with v = 0 in terms of z 
rather than x: 

d?y dy 2 
$2 42 K 
dz dz OS 

The solution to this equation is Jo(z). Now let z = ax to obtain 

d*y d 
Ca ee +a°xy =0 
Ge? GIS 

whose solution is Jo(ax). Now let u = Jo(a;x) and v = Jo(a jx), which satisfy the 

equations 

eae a a xu =(0 (4) 

oUt tre =) (5) 

Multiply Equation 4 by v and Equation 5 by u and then subtract to 38 

x(u"v — uv") + (u'v —uv') = (a = a? )xuv 

The two terms on the left can be written as [ x(u'v — uv’) |’, and so we write 

— [x(u'v — uv’) ]= (a2 — a) xuv (6) 
dx J : 

which upon integration between 0 and | gives 

ere: 
(a 20) / x In(ajx) Jo(ajx)dx = a; Jg(a;)Jo(a;) — a; Jo(a;)Jg(a;) (7) 

where Jp (a@;) and Jp (a ;) denote J (x) evaluated at x = a; andx = m ;, respectively. 

If a; i a; are two zeros a Teo then the right side of enero 7 is equal to 

zero. Pacers a? re as * if i A j because the roots of Jo(x) = 0 do not repeat, 

and so we have 

1 

/ X Jy(@jx) Jo(a jx )dx =a) bey (8) 
0 

If i = j, we have 

i ae (ax) = ste +7 (a) | (9) 
0 

for any real constant (Problem 5). 
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l 
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! 
Y 

Figure 12.11 
The zero-order Bessel functions Jo(x) 

(solid) and Yo(x) (dashed) plotted 

against x. 
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nt Seeks Fer gence is Saige Sanaa 
Example 2: 
Show that if a; 1s any zero of Jo(x), then 

a; 

if Side 
0 

SOLUTION: Simply use the first of Equations 3: 

a; a; 

if Iy(x)dx = -| Joo | = 
0 0 

ceil alarms bales eect ENP te er d caaertn  .| 

The second solution to Bessel’s equation when v = 0 is (Equation 13 of the 

previous section) 

2) 3 oe (—1)"*!4,, ak 

n=) 

Figure 12.11 shows Jo(x) and Yo(x) plotted against x. The key point is that Jo(x) is 

well behaved for all values of x > 0, whereas Yo(x) diverges as x + 0. In certain 

scattering problems we need to know the behavior of Jo(x) and Yo(x) for large 

values of x. Asymptotically, 

pac us 
Joa (=) co (x = = | a po] (11) 

UX 4 

1/2 

Yo(x) ~ (=) sin (x E: *) 4 at] (12) 
UX 4 

where p(x) and q(x) — 0 as x > oo. This convenient relation between these 

expressions is due to the “peculiar” definition of Yp(x) in Equation 10, as discussed 

in the previous section. The similarity of the asymptotic forms of Jo(x) and Yo(x) 

to cosine and sine functions and the relation et’? = cos 9 +i sin @ has led to the 

definition of the following auxiliary Bessel functions: 

and 

Hj? (x) = Jo(x) + i¥o(x) 
5% (13) 

Hye) = Joe) —t¥ ox) 

These auxiliary functions are called Hankel functions. Their primary use is in 

problems involving the scattering of electromagnetic radiation because they have 
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the following asymptotic forms: 

1/2 
2 ae H6? (x) ~ (=) eil—%) 

TUX 

1/2 
2 oe HO (x) mm (=) iti) 

IIS 

Just as there are numerous relations between the trigonometric functions, there 

are numerous relations between Bessel functions. For example, we showed above 

that Jj (x) = —J\(x). By starting with the definition of J, (x), 

(14) 

J,(x) = Ss ey Se a (15) 
; a niv(l+tn+v) \2 

n= 

it is straightforward to show that (Problem 6) 

d 
ope teste onal ce: | (16) dx 

and that (Problem 7) 

d Vv Vv 

ak I I= XJ yg () (17) 
dx 

Equation 17 gives Jj(x) = —J,(x) when v = 0. 

We can use Equations 16 and 17 to derive other relations between Bessel func- 

tions of various orders. For example, if we carry out the derivative in Equation 16 

and then multiply by x’*!, we obtain the recursion formula 

DI) = VT (&) eid yey OE) (18) 

Similarly, if we carry out the derivative in Equation 17 and then divide by x’, 

we get 

BIC av) (19) 

Equations 18 and 19 are recursion formulas involving derivatives. We can 

obtain a pure recursion formula (one without derivatives) by equating Equations 18 

and 19: 

id eee) 20 (ey ak 1 (X,) (20) 

Equation 20 gives J,,, ;(x) in terms of J, (x) and J,,_ (x). 
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Figure 12.12 
The Bessel functions, J;/2(x) (solid), 

J3/2(x) (long dashed), and J5/2{x) (short 

dashed), plotted against x. 
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te | 
Example 3: 
We found in the previous section that 

a) 1/2 

J/2(x) = (=) sin x 

Use the above formulas to find J3/(x) and Js5/2(x). 

SOLUTION: Use Equation 16 to find J3/9(x): 

1/2 . 
2 d /(sinx 

372) ‘ t dx x 

Now use Equation 20: 

2 ie 3 sin x BICOsx ; 
J5/2(x) = | — 5) = sin x 

TOG 5 ay; 

Figure 12.12 shows J)/2(x), J3/2(x), and Js /2(x) plotted against x. Note 

that all three functions are equal to zero at x = 0 (Problem 8). The functions 

defined by j,, (x) = (/2x) doa 1/2(x) are called spherical Bessel functions. 

The quantum-mechanical problem of a particle in a spherical cavity involves 

spherical Bessel functions (Section 16.8). 

eee eee ee eh Ne ee 

Although the Y,,(x) do not play a role in most applied problems, we point out 

here that the Y,,(x) satisfy the same recursion formulas as the J,,(x) (Equations 16 

through 20). 

Using the result of Problem 18 of the previous section and Equation 18 for 

J i (x) and ie (x), itis an easy matter to derive the relation (Problem 25) 

2 
FO) y= J 4G ee) = (21) 

Jt 

Equation 21 is one of a family of such relations. These relations find frequent use 

in physical problems. 

sh species ia hbdesiinied nett clindhs andiatdl daete die st eels ee 
Example 4: 
In Example 6 of the previous section, we showed that the general solution to 

the problem of a pendulum whose length increases at a constant rate is 

O(x) =x? {cy A [2(gx)/*/b] + c2¥\[2(ex)/2/b]} 
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where x =a + bt. Find the particular solution if 6 = 09 and d0/dt = 0 at 

ps0: 

SOLUTION: The first initial condition gives 

al = cyJi(A) + oY, (A) (22) 

where A = 2(ag)!//b. To implement the second initial condition, we write 

0 as 

1/2 
ou) = 8 jt Hog 

b u u 

where u = 2(gx)!/?/b and then use Equation 16 with v = 1: 

do _ d0 du 
dt  dudt 

| d (+) du d (4) du 
= C= == 6 Cy —— — ——— 

b du \u dt du \u dt 

91/2 y. 1/2 
_ 28 |-a12 = «| 

b Uu 

2 
= ee [ cy Jo(u) + €2¥>(u) | 

bxu 

Letting t = 0 and setting the result equal to zero gives 

CJ (A) + €2¥9(A) =0 (23) 

Solving Equations 22 and 23 for c; and c gives 

nm) a/2@o¥>(A) _ wha! !*Oy¥2(A) 

i” TAC ACen aee 2 

and 

bie al? Jy (A) _ mwha'/?6yJo(A) 

2) FOOT, CO) — J, 0SK20) 2 

where we have used Equation 21 to rewrite the denominators. Finally, then, 

we have 

1/2 

A(t) = a (2) {JOY 1 2ex) 7b 1 = YoO) I 2(ex) "7/6 1} 

This result is plotted in Figure 12.13 for A = 600 and ¢ in units of b/4g 

(Problem 28). 

[ot 

Oly 

Figure 12.13 
The solution to Example 4 (multiplied 

by 2/776,) plotted against 4g¢/b for 

A = 600. 
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In Section 3.7, we encountered the idea of a generating function, and in 

particular, we saw that 

te 3 Me 
{G50 = = Be) — 

e — | aa n! 

where the B,, (x) are the Bernoulli polynomials. There is a generating function for 

the Bessel functions of integral order that has the form 

G(x, t) = exp E (: = *)| eC)” (24) 
n=—CO 

We can derive this generating function fairly easily from the recursion formula, 

Equation 20. Since many of the “name” functions of applied mathematics have 

generating functions that can be derived from their recursion relations, we shall 

derive Equation 24 from Equation 20. Perhaps it’s easiest to write out Equation 24 

for reference: 

GOS ine at ene ere ee 

Now multiply Equation 20 (with v =n) by t” and then sum from n = —oo to 

n = oo. The term on the left in Equation 20 gives 

(exe) 

Ss Jnqit™ = iy dag ie et dotiasek J FP Jot dat? te 

n=—0Oo 

_ Ge 

aay 

The first term on the right gives 

CO 

ere hae 8 ee CEE ees Be 
n=—O 

dG 

Ot 

The second term on the right gives 

Cc 

De Eee ie yas a UN Fee 
n=—OoO 

=f Gi ent) 

Putting all this together gives 
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Integration gives 

G(x,t) = A(x) exp E (: — *)| 

where A(x) is the “constant” of the partial integration with respect tor. Equation 15 

shows that all the J, (x) = 0 at x = 0 except Jo(x), which equals one at x = 0. Thus, 

G(x =0, t) = 1, A(x) = 1, and we obtain Equation 24. 

We can use Equation 24 to derive many relations involving Bessel functions. 

For example, using the fact that J_,, (x) = (—1)"J,,(x), Equation 24 can be writ- 

ten as 

1 | 
exp E (: _ *)| =Jo(x) + Jy(x) (: = *) + Jo(x) (~ _ 5) +.J3(x) (* = 

Letting t = e’® and using sin @ = (e'? — e~') /2i and cos 6 = (e’? + @)/2.we 

have 

ef NF — Jy(x) + 21 J,(x) sin 8 + 2J4(x) cos 26 + 2iJ3(x) sin 30 +--- (25) 

Equating real and imaginary parts gives 

cos(x sin 8) = Jo(x) + 2J5(x) cos 26 + 2J4(x) cos 46 + --- (26) 

sin(x sin @) = 2J,(x) sin 8 + 2J3(x) sin 30 +--- (27) 

| 
Example 5: 
Use Equation 25 to show that 

ore) 
eix cos 6 __ Jo(x) sD) Da RAGS) COS NX 

(ee 

This formula is used in quantum-mechanical scattering theory. 

SOLUTION: Let@=@ + 4. Then sin(g + 7/2) =cos 9, 

nIt WK 
sin [n(y + 2 /2)] = sin ng cos oF + cos n@ sin Te 

= (a9 cos n@ for n odd 

nA , 5. HE 
cos [n(y + 1 /2)] = cos ng cos he sin n@ sin a 

= (aie cos NY for n even 

619 
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Then Equation 25 becomes 

love) CO 

elF O8P — I(x) + 2i SoH 1" Jong) cos [(2n + 1)y] +2 Yo(HD)" Jon (x) cos 2ng 
n=0 n=1 

CO 

= Jo(x) +2 ) i” J,(x) cos ng 

eens Sieh gabrine, etieabrs. tik awl 52 8S BON 

Problem 9 shows that Equation 25 gives 

1 21 : ; 1 20 rm 

Jo(x) =, i} gee sin 840 ain (Bre cos 940 (28) 

Bago Shy 2m Jo 

which serves as another definition of Jo(x). We shall use this integral representation 

of Jo(x) several times in later chapters. Problem 26 has you show that you get 

Equation | if you expand the exponential in Equation 28 and integrate term by 

term. 

In the previous section, we defined the modified Bessel functions as the 

solutions of 

x? y"(x) + xy'(x) — («* + v)y(x) =0 (29) 

We wrote the general solution to Equation 29 as 

y(x) = c,1,(x) + cK, (x) (30) 

where /,,(x) is a modified Bessel function of the first kind and K,,(x) is a modified 

Bessel function of the second kind. The behavior of the /,,(x) for integral values 

of v is quite different from that of the J,,(x). All the terms of J, (x) are positive, so 

[,(x) increases monotonically with x, as Figure 12.9 shows, where Jo(x), T(x), 

and />(x) are plotted against x. Note that Jg(x) = 1 at x = 0, while J, (x) = 0 at 

x =0 for n > 1. The asymptotic form of J,,(x) is 

e* Aye =] 
T(x) ~ 1 Ome 31 @) (nx) ee + OG | (31) 

As Figure 12.10 suggests, the K,,(x) for integral values of v diverge at x = 0 and 

decay monotonically with x. The asymptotic form of K,,(x) is 

n \ 1/2 Apa Koy ~ (2) eo [i+ e +O) (32) 

The /,(x) and K,,(x) satisfy similar recursion relations to the J,,(x) and Y,,(x), but 
some terms differ in sign. 



12.6 Bessel Functions 

Finally, just as Jj/2(x) and J_1/2(x) can be expressed in terms of sin x and 

COSA, 

1/2 9) 1/2 

1 /2(x) = (=) sinh x and T_4/2(x) = (=) cosh x (33) 

TURK TX 

There is a huge textbook literature on Bessel functions. Abramowitz and 

Stegun devote four entire chapters to Bessel functions (Bessel Functions of Integer 

Order; Bessel Functions of Fractional Order; Integrals of Bessel Functions; and 

Struve Functions and Related Functions). (Struve functions are closely related to 

Bessel functions.) The classic reference is Watson’s 800-page “A Treatise on the 

Theory of Bessel Function.” 

12.6 Problems 

") heey ; 
1. Show that the general solution to y' (x) + —y (x) + a y(x) = 0 is y(x) =c,Jo(ax) + crYo(ax). 

x 

l 
2. Show that [ RIglaxjadx = —J,(a). 

0 a 

3. Show that i cin Je ajax =Jolox In XJ 1). 

| 
4. Show that [ Jo@) J, (x)dx = 545 @). 

1 ] 
5. Show that [ x Jj (ax)dx = 5 Mj (@) + J} (a)}. 

0 

6. Starting with Equation 15, show that [x~"J,(x)]/ = —x 7° J, 44 (2). 

7. Starting with Equation 15, show that [x’J,,(x)]/ = x" J,_\(x). 

8. Determine the behavior of Jj /2(x) = (2/7) a sina, J3/2(x), and Js/2(x) given in Example 3 for small values 

of x. 

9. Assuming that we can integrate Equation 25 term by term, show that 

1 Cr gn | Phe 
Io(x) ay BE / el* sin 40 ae, at ‘| el cos 9d. 

2m JO 2x Jo 

oo 

10. Show that e!* 7? — oss er T(r), 
n=—CO 

11. Assuming that we can multiply Equation 26 by cos n@ and integrate term by term, show that 
8 

LC) = i i cos(x sin @) cos n@ dé for n even. 
TT 0 Oy 

12. Assuming that we can multiply Equation 27 by sin n@ and integrate term by term, show that 

Co) es / sin(x sin @) sinn@ dé for n odd. 
T JO d 

621 
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13. 

14. 

15. 

16. 

17. 

18. 

19: 

20. 

2A: 

22. 

23. 

24. 

25. 

26. 

Chapter 12 / Series Solutions of Differential Equations 

ie iy : 
Using the results of the two previous problems, show that J, (x) = — il cos(n@ — x sin @) dé for 

HT JO 
OA 2 ee This integral is known as Bessel’s integral. 

Ses a ; ! 4 
Start with Ge ACOS boed Yo PA ph which can be obtained by expanding cos bx in a power series about 

aaa 
0 . 

x = 0 and integrating term by term and using the definition of the gamma function. Replace b by b sin 6. The 

integral on the left is uniformly convergent with respect to 6, so integrate over 6 from 0 to z under the integral 
CO 

sign to obtain a oi — é [ of (a2 + 6212 
CO 

Evaluate the first integral in the previous problem by taking the real part of / a a bs 
0 

co 

Use the result of Problem 14 to show that / UKs) dale 
0 

Show that /p(x) converges for all values of x. 

° . . // ! / 

Using the fact that J;(x) — 0 as x — 0, integrate the equation Jg(x) + —Jo(x) + Jo(x) = 0 from 0 to oo to 
x 

Sag) 
show that / dx = |. Hint: You need the result of Problem 16. 

0 x; 

1 20 as 

Show that Jg(x) = oe i C70. 
0 Tt v aih 

2 ; 1 2 
Show that / e™ Jo(bx/*)dx = —e~? /*4 by integrating the power series of Jo(bx!/*) term by term. 

0 a 

a 2 b" 2 
Show that il e J (bx) x" dx = Para | /*4 by integrating the power series of Jo(bx) term by term. 

0 a 

Start with the two generating functions G(x, t) = exp E (: = ‘| and G(y, tf) = exp 2 (: = *)) 
t t 

Multiply them together and show that Jo(x + y) = Jo(x)Jo(y) — 2J,(4) JQ) + 2Jo(x) Jo(y) — + + +. Can you 
CO 

also show that J, (x + y) = DE SAG) omen (V2 

m>=—OCO 

In the previous problem, let y = —x and y = x in turn to derive 

1 = JG (x) + 257 (x) + 25) +o 

Jo(2x) = Jp (x) — 257 (x) +252 (x) +> 

We derived the Bessel function orthogonality relation for Jo(x), Equation 8, by starting with Equations 4 and 

5. Derive the corresponding orthogonality relation for J, (x), i XJ (B;) J (B;)dx =0 for i ¢ 7 by starting 

with the Bessel equations of order n. 

Derive Equation 21. 

Show that Equation 28 gives Equation | if you expand the exponential and integrate term by term. 
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a 1 

27. Show that Jp(x) = = i et S976 — ke / or sin 8 1g. 

IU —1 20. Jon 

28. Show that 6(t) in Example 4 can be written as 

TAO if A ‘ 

0 = 
5 od /2 Abs 5 WD 1/2 _ 

(t) 5 (=) [LOYLO +1) /*]—Y,A)J[A* + 7) I}, where x 4et/b. 
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Henri Poincaré (1854-1912), the last of the mathematical universalists, was born on April 29, 1854, in 

Nancy, France, where his father was Professor of Medicine at the University. The Poincaré family produced 

several men of distinction besides Henri, including his cousin Raymond, who was President of France 

during World War I. Poincaré was tutored at home by his mother in his early years while he recovered from 

diphtheria. When he entered school, he excelled in all subjects except those requiring physical dexterity. 

Poincaré had extremely poor muscular coordination that prevented him from playing any kind of musical 

instrument or sports, or performing experimental work. He once received a zero in drawing, which nearly 

caused him to be dismissed from school. He had a remarkable memory and retained most of what he read 

with little effort. Because he had such poor eyesight, he learned by hearing and visualizing the material 

from lectures in his mind. Poincaré entered the Ecole Polytechnique in 1873, graduated in 1875, and then 

continued his studies at the Ecole des Mines. He worked briefly as a mining engineer before receiving his 

doctorate in mathematics from the University of Paris in 1879 as a student of Charles Hermite. He then 

spent two years at the University of Caen, where he was known as a rather disorganized lecturer. When 

he was 27, he returned to Paris to the Faculty of Science. Five years later, he was appointed to both the 

Chair of Mathematical Physics and Probability at the Sorbonne and a chair at the Ecole Polytechnique. He 

held both positions until his death. He was married to Jeanne D’ Andecy, with whom he had four children. 

Poincaré is considered one the great geniuses of all time, and there is no field of mathematics to which he 

did not make significant contributions. He kept a strict work schedule, working between 10 am and noon and 

between 5 pm and 7 pm, and reading journals in the evening. In addition to his scientific and mathematical 

publications, he wrote several popular articles for the general public on the meaning and importance of 

science and mathematics. While recovering from surgery, he died suddenly of an embolism on July 17, 

1912. 



GIETEASE wreak | é 

Qualitative Methods for Nonlinear 

Differential Equations 

We studied primarily linear differential equations in the previous two chapters. We 

saw that there are systematic methods for solving many of these equations, espe- 

cially if we can be satisfied with series solutions. There are no general systematic 

methods for the analytic solutions of nonlinear differential equations. A method 

that may prove useful for one equation may be useless for others. In a sense, each 

nonlinear differential equation 1s a challenge unto itself. Nevertheless, even though 

we may not be able to find any type of analytic solution, we often can determine 

certain key properties of solutions, such as their behavior for large values of the 

independent variable or whether the solution is periodic. 

Many of the equations that we shall be discussing in this chapter are motivated 

from classical mechanics, and so consequently will be of the form 

apie HX) 

Even though it is a fairly simple matter to solve differential equations numerically, 

it is still useful to extract properties of the solutions before attacking them com- 

putationally for several very good reasons: |. You can gain physical insight into 

the nature of the solution; 2. You may glean restrictions on the values of certain 

parameters and reduce the number of computer runs; and 3. You will have some 

checks for the final numerical solutions. 

Section | presents an overview of the approach that we shall use throughout 

the chapter. We’ll show that we can learn a great deal about the solutions of the 

equation that governs a pendulum of arbitrary amplitude, 

6 +a? sind =0 

without ever solving it. The key concept that we introduce in this section is the 

phase plane. In Sections 2 and 3, we introduce critical points in the phase plane 

and their classification and stability. Then, in Section 4, we apply these ideas to 

nonlinear oscillators. We’ ll learn about an oscillator with no external driving force 

that will oscillate with an amplitude of 2 after transient terms die out, for just about 

any initial conditions. Finally, in Section 5, we’ ll study some models of population 

dynamics that involve coupled first-order nonlinear differential equations. At the 

end of the chapter, we shall briefly discuss chaotic systems. 625 
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a4 

Figure 13.1 
The phase portrait of a simple harmonic 

oscillator. The arrows indicate the forward 

direction of time. 

Chapter 13 / Qualitative Methods for Nonlinear Differential Equations 

13.1. The Phase Plane 

Let’s start off with a simple equation, 

¥+o°x =0 (1) 

which is the equation of a simple harmonic oscillator. We know that the solution 

to this equation, x(t) = xg cos wt + (v9/@) sin wt, where x and vp are the initial 

position and velocity, is periodic with frequency w. It so happens that we can 

deduce this important property of the solution without ever solving Equation 1. 

Multiply Equation | by x and use the two relations 

1 3 
UE ame hee ee 
2d 2 dt 

to get 

Oe 
(2 4+ Ox 0 
dt 

or 

C+oOxr= constant (2) 

Equation 2 simply expresses conservation of energy. Now plot Equation 2 in an 

x, X coordinate system, which shows a family of ellipses centered at the origin 

(Figure 13.1). The arrows on the ellipses indicate the forward direction of time. 

This x, x coordinate system is called the phase plane, and each ellipse represents 

a trajectory of the harmonic oscillations. The phase plane, including the family of 

trajectories, is called a phase portrait. 

Figure 13.1 contains the essential physical properties of the solution of Equa- 

tion |. Each ellipse depicts oscillatory motion. If we write Equation 2 as 

a ae jp (3) 

and use the fact that x = 0 when x is at one of its extreme values, we see that x 

varies between +(2E/k)!/?, or that the amplitude is (2E/k)'/?. Of course, this 

is the same result that we would obtain from the explicit solution of Equation 1, 

which we happen to know in this case (Problem 1). Furthermore, you can show 

that the period of the oscillatory motion is tT = 277/@ (Problems 2 and 3). 

Before leaving this simple example, we’ ll look at it from another point of view. 

If we let x = y in Equation 1, we can write it as the pair of first-order equations 

(see Example 11.6-4) 

2», (4) 
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or 

vV=Av (5) 

in matrix form, where v = (x, y)! and 

0 I Nee al 6) 

Note that x = y = 0 is a solution to Equation 4. Any point for which x = y = 0 is 

called a critical point. In this case, the critical point corresponds to the oscillator 

at rest in its equilibrium position. For this reason, critical points are sometimes 

called equilibrium points. 

The eigenvalues and the corresponding eigenvectors of A in Equation 6 are 

t+iw and (1, +iw)', so according to Section 11.6, the real-valued solution to 

Equation 5 is (Problem 4) 

BY; COS wt sin wt 
\ee2 7 + C9 (7) 

y —@ sin wt @ COs wt 

Equation 7 represents a family of ellipses centered at the origin, as in Figure 13.1 

(Problem 5). The point (0, 0) is called a center. We can use Equations 4 to verify 

the directions of the arrows in Figure 13.1. Notice from Equation 4 that x > 0 when 

y > 0, so x increases with time in the upper half of the phase plane, and that x < 0 

when y < 0, so x decreases with time in the lower half of the phase plane. 

Now let’s look at a damped harmonic oscillator and see what its phase plane 

behavior is like. The differential equation is 

X+tyxto-x=0 (8) 

Let x = y and write Equation 8 as 

(9) 
y=-yy-w'x 

or 

| 
a ts )y (10) 

in matrix form. Note that the point (0, 0) is a critical point of Equation 9, corre- 

sponding to the final state of rest of the oscillator. The eigenvalues of the matrix 

in Equation 10 are 

are 2) 1/2 
A,=—- +t -(y* — 40°) (11) =f ym) y 

and so the nature of the solutions depends upon the relative values of y and w. If 

y> > 4a, then both eigenvalues are real and negative, so x(t) decays monotoni- 

cally to zero. Recall from Chapter 11 that we called this behavior overdamped. As 

627 
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Figure 13.2 
The phase portrait of an overdamped 

harmonic oscillator. 

es 

Figure 13.3 
The phase portrait of an underdamped 

harmonic oscillator. 

Figure 13.4 
An illustration of a pendulum consisting 

of a mass m supported by a massless rigid 

rod of length / swinging in a fixed plane. 

Chapter 13 / Qualitative Methods for Nonlinear Differential Equations 

a concrete example, let y = 5 and w = 2, so that the eigenvalues and corresponding 

eigenvectors of A are —4, —1 and (—1, Ay eas 1)'. Therefore, the solution to 

Equations 10 in this case is given by 

= Aryt se (Jea(detea(er 
The phase portrait for this system is shown in Figure 13.2. Note that all the 

trajectories approach the origin tangentially to a single straight line as t + oo. It 

turns out that this straight line coincides with the eigenvector direction of (—1, ies 

which is the line y = x = —x in the phase plane (Problem 8). The reason for this 

behavior is that as ¢ increases, the first term in Equation 12 becomes negligible 

compared to the second term, and so the directions of the trajectories coincide 

with the direction of (—1, 1)' as t > oo. The critical point (0, 0) in this case is 

called a node, and a stable node, in particular. 

a teed aah el) eee 
Example 1: 
Investigate the phase portrait of the damped harmonic oscillator for the case 

where y* < 4a”. 
a“ 

SOLUTION: If y* <4”, then the eigenvalues given by Equation 11 are 

complex numbers of the form 

Mou Bia teelh boca Ag =— > = —4O"— + 5 5S y*) 

so the motion of the oscillator is underdamped and is described by a damped 

harmonic function. Figure 13.3 shows the phase portrait of this motion. Note 

that the trajectories spiral into the origin (the equilbrium position) as f > oo, 

as you should expect on physical grounds. The critical point in this case is 

called a spiral point. 

i, i eerie Maine eee aaa wae 

So far we have discussed only cases where we could solve the differential 

equation analytically. Now let’s consider a case that we cannot solve it analytically. 

In Section 3.5, we introduced the problem of a pendulum of arbitrary amplitude. 

Figure 13.4 shows a mass m suspended from a fixed point O by a light rod of 

length /, which swings in a fixed plane. If is the angle of the rod from vertical, 

then the equation of motion is given by (Problem 16) 

6+ sind —0 (13) 

where w* = g/1. Note that if the motion is restricted to small angles, then sin 6 ~ 0 

and Equation 13 becomes that of a simple harmonic oscillator. Generally, however, 

Equation 13 is nonlinear and canbe solved analytically only in terms of fairly 

advanced functions (elliptic functions). 
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We can learn a great deal, however, about the solutions to Equation 13 without 

solving it. First we'll write Equation 13 as two first-order equations by letting 

82 = 6, so that Equation 13 becomes 

6=2 
: 14 
Q = —@* sin 6 ey 

The phase plane in this case will have coordinates Q and 6. The critical points are 

given by the two equations 

6=2=0 
(15 

Q = —w’ sind =0 

orby 62. = O-and¢ = =n, forn =0, 1.2... .. The points within = 0,42, 44, ... 

correspond to the pendulum hanging straight down at rest. We expect these po- 

sitions to be stable in the sense that small displacements about those points will 

remain near those points. The points with n = +1, +3, . . . correspond to the pen- 

dulum balanced straight upwards at rest. We expect these positions to be unstable 

in the sense that small displacements from those points will result in the pendulum 

moving away from those points. 

We can investigate the nature of the trajectories near these critical points by 

linearizing Equations 14 about these points. Let’s take the point (0, 0) as typical 

of a stable critical point. If we linearize sin 6 about the point 6 = 0, Equations 14 

become 

6 (il 6 

*=(5)=(22 o) (3) ube 
The eigenvalues of this system are A4 = ti, and so we see that the motion is 

oscillatory about the point (0, 0) and that the trajectories are ellipses centered about 

the origin, as in Figure 13.1. The point (0, 0) is a center. 

Now let’s look at the trajectories near an unstable critical point, such as (0, zr). 

If we linearize sin 6 about 6 = z in Equation 14, we obtain (Problem 17) 

-Q)-(29Q # 
where 0, = 6 — 2. The eigenvalues in this case are A, = + and the solutions are 

0 I D I — elias as es 
Figure 13.5 shows the trajectories about the point (0, 7) for various initial condi- 

tions with w = 2. Notice that the trajectories are hyperbolas with the eigenvector 

directions as asymptotes and that they are all repelled by the unstable critical point 

(Problem 20). Such a point is called a saddle point. 

We have shown that the point (0, 0) is a center and that the point (0, 77) is a 

saddle point. It’s easy to show generally that all the critical points (0, Enz) with 

629 

£20 

Sy 

Figure 13.5 
The trajectories of the pendulum described 

by Equation 13 about the point Q2 = 0, 

@ =z for various initial conditions with 

OZ 
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oO 

Figure 13.6 X K g 
A partial phase portrait of the pendulum 
described by Equation 13, showing 

the trajectories around the centers at 

(O, +2nzr) and the saddle points at 

(Os se 25 Wht) oo? =O) hy Po eo ss 

n=O, +2, +4, ...are centers and that all the critical points (0, nzr) with n odd 

are saddle points (Problem 18). 

So far our phase portrait for the pendulum of arbitrary amplitude looks like that 

shown in Figure 13.6. We can complete the picture by going back to Equation 13 

and multiplying by 6 to get 

lid os : . 
~—6* +" sind 6 =0 
2 dt 

or 

d 
— (5° — w* cos 0) =i() 
dt 

which upon integration gives 

i) 2 
ope — w~ cos 0 = constant = C (18) 

The smallest value that C can take on is —w?, when Q = 6 =0 and 6 =0. 

Therefore, C can vary from —a” to oo. Solving Equation 18 for Q gives 

Q =2"7(C +a cosa)? (19) 

Equation 19 gives all the trajectories in the phase plane for this system. For 

values of C less than w”, 6 is restricted to lie in the interval — cos~!(—C/a*) to 

ae) cos !(—C/w), leading to closed path trajectories as shown in Figure 13.7. For 

values of C greater than w*, there is no restriction on 6 and the trajectories are 

given by the wavy lines in Figure 13.7. These trajectories correspond to a rotary 

motion of the oscillator. The direction of the arrows can be easily determined from 

\\ A Equation 14. 

WWGYYGY The value of C = w” is special in the sense that this curve serves as a boundary 

between oscillatory motion and rotary motion, and is shown as a black curve in 

Figure 13.7 Figure 13.7. This special curve is called a separatrix. Note that Figure 13.7 gives 

The phase portrait of the pendulum 

described by Equation 13. 

a detailed portrait of the solutions to Equation 13, and yet we obtained all this 

information without ever solving it. 
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(el ag et ta a aa 
Example 2: 
Equation 18 is essentially the equation for conservation of energy. Express 

Equation 18 in terms of energy and discuss the nature of the trajectories in 

Figure 13.7 in terms of the value of the energy, E. 

SOLUTION: Referring to Figure 13.4, we see that the potential energy is 

given by 

V(0) =meg(l —I cos 0) 

= mgl(1 — cos 0) 

The kinetic energy is given by m/*67/2, so the total energy is 

a 
= aa + mgl(1 — cos @) 

or 

lg 5) E 
—Q°- + w*(l — cos é) = — 
D: ( ) ml2 

Comparing this result to Equation 18 shows us that C = E/ml* — w”, or 

that E/ml* = C + w*. Thus, if 0 < E < 2w?ml* = 2mgl, the motion will be 
oscillatory. If E > 2mgl, the motion will be rotary. The separatrix is given 

by the curve corresponding to E = 2mel. 

IAD AK Aca ARO oo Ns Bet to Na EM 9 ear nbs, adh 

It is often useful to know the long-time behavior of a solution to a differential 

equation. Consider the equation 

¥+yx+o*x=0 (20) 

with y > 0. We’ll show without solving this equation that x(t) — 0 as t > on. 

Multiply by x to get 

Integrate from 0 to f to get 

t t 

[i +23] =-2 [ xdt 
0 0 

The integrand on the right side is always positive and so the right side here de- 

creases steadily with increasing time, and so x? + x? must decrease with increasing 

time, and so x(t) > O ast > oo. 
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re eee CC 
Example 3: 
Show that x(t) — O as t + oo for the equation 

K+yx%+x7?=0 

with y > 0. 

SOLUTION: Multiply by x to get 

= (3° + i) =-y i? 
dv \2 4 

and now integrate to obtain 

x4 : 
ee abe -2y | xdt 

2 0 
0 

The right side decreases steadily with increasing time, so x? + x4/2 decreases 

steadily, yielding x(t) > 0 as t > ov. 

ees oe. Rie Ee ee ee 
“ 

In this section we’ve shown how you can glean important information about 

the solution of a differential equation without solving it. We started with a couple 

of equations that you could easily solve analytically just to present some general 

ideas, but we then went on to discuss a pendulum of arbitrary amplitude, whose 

governing differential equation does not readily admit an analytic solution. We 

were able to map out the complete phase portrait for this system, which illustrates 

all the properties of the solutions to its governing differential equation. In the 

remainder of this chapter we shall build on the techniques that we have presented 

in this preliminary section and show how to construct phase portraits for a number 

of physically important nonlinear differential equations. 

13.1 Problems 

1. Show that the amplitude of x(t) = x9 cos wt + (vp/@) sin ot is (2E/k)¥? = Ce 45 Dafa yee 

2. Show that the time that it takes to go from a point A to a point B along a trajectory in a phase plane is given 
B 

dx 
by Ta B i} a 

x 

. Use the result of the previous problem to show that the period of a simple harmonic oscillator is tT = 277/w. 

. Show that the solution to Equations 5 and 6 is given by Equation 7. 

. Show that Equation 7 represents a family of ellipses centered at the origin. 

NHN un & W . Express the following second-order differential equations as a pair of first-order equations: 

(a) ¥+yitkx—-Bx=0 (b) vte(Fi-1)itx=0 



tel The Phase Plane 

(ce) ¥+eQ?-Yi+x=0 @ F¥+yi+o%sinx=0 

9} 
ban is pe oii het 

7. Start with ¥ + w*x =0 and let t = ot to write a + x = 0. Now let dx/dt = y and dy/dt = —x. Convert 7 

to polar coordinates to show that d@/dt = —1. Interpret this result. 

8. Show that the straight line in the eigenvector direction (—1, 1)! that passes through the origin is described by 
oe 

9. Show that the straight line in the eigenvector direction (1, 2)! that passes through the origin is described by 

jy) See 

10. Find the critical points of the following equations: 

eS y PS se THY Xa=dx-—xy e— ay 
aah Dice Cs ale ; aly os ; ( pol? (b) Sree Bens (c) Rane ee (d) 5 eas 

11. Find the critical points of the following equations: 

% = 15x — 3x7 —4xy ely in — 3x y 
a)yke ; b) . § 
(a) y = 9y — 3y? — Ixy (b) py = 14y — 2y? — 3xy 

: ; =3 4 , 
12. Find the general solution of v= Av = ( ‘er ) v. Express your result in terms of real functions. 

; , —2 —5 ; 
13. Find the general solution of v= Av = ; Ba Express your result in terms of real functions. 

14. Sketch the phase-plane trajectories of 

: Ones . —4 -3 
(a) si, 0) (b) al 4 sh 

15. Another way to map out the trajectories of a system that is described by two first-order differential equations, 

x = P(x, y) and y= Q(x, y), is to form dy/dx = y/x = Q(x, y)/P(x, y) and then integrate. Show that the 

trajectories associated with Equations 4 are ellipses centered at the origin. 

16. Derive Equation 13. (See Section 3.5.) 

17. Derive Equation 17. 

18. Generalize the discussion of the pendulum of arbitrary amplitude to include all the critical points rather than 

just (0, 0) and (0, zr). 

19. Use the method introduced in Problem 15 to derive Equation 18. 

20. Why are the trajectories in Figure 13.5 asymptotic to the eigenvector directions given by (1, +w)!? 

21. Verify the directions of the arrows shown in Figure 13.7. 

22. We made a point to not call the separatrix a trajectory. To see why, first show that the time that it takes to go 
5 ; ; ope: dé dé 

from a point A to a point B along a trajectory is given by t, p= | dt= a os or where C denotes 
a C é 

the path from A to B along the trajectory. Now substitute Equation 19 with C = w? into T,4_ p to show that 

Tox IS 

I { dé l [i Ans (¢ =a 
T = = 

a (2a2)'/2, Jo (14+cos@)'/2 aw 4 0 

Show that this result diverges at the point 9 = zr, which says that it takes an infinitely long time for the oscillator 

to reach the point (0, 77) in the phase plane, and so the separatrix does not represent a physical trajectory. 
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13.2 Critical Points in the Phase Plane 

In the previous section we used mechanical systems as examples, and so one of 

the first-order differential equations was always of the form x = y. That’s why the 

equilibrium points all lay on the x axis. We'll be more general now and consider 

the pair of equations 

Gee brony,) 

y = Q(x, y) 

with the initial conditions x = xg and y = yo at t = 4%. The first thing to note 

is that these equations do not contain time explicitly. Such equations are called 

autonomous. Physically, an autonomous system is one where its parameters are 

independent of time. Mathematically, the solutions to Equations 1 depend only 

upon the elapsed time ¢ — fg, where fg is some initial time (Problems 1 and 2). 

Autonomous systems of equations have the property that closed trajectories in the 

(1) 

phase plane represent periodic solutions. 

The solutions to Equations 1, x(t) and y(t), parametrically describe the trajec- 

tories in the phase plane. If the initial value problem associated with Equations | 

is unique, as it will be if P(x, y) and Q(x, y) are continuously differentiable, then 

the trajectories will never intersect each other (Problem 3). 

The points in the phase plane where P(x, y) and Q(x, y) equal zero are called 

critical points, or equilibrium points. We’ll denote critical points by (ave) SO 

that we have 

PAK es Yo) =a) and Oe Yc) = 0 

Pe ge SEs eS re ee ees Rae 
Example 1: 
Find the critical points of the system 

X= 15x — 3x- ayy 
y=9y — 3y2 — 2xy 

SOLUTION: We set each equation equal to zero: 

15x — 3x? — 4xy = x(15 — 3x —4y) =0 
9y — 3y* —2xy=y( 9- DY 2%) =O 

Certainly (0, 0) is a critical point. Let x = 0 and y 4 0. The second equation 

gives y = 3, giving a critical point (0, 3). Now let y = 0 and x 40. The first 

equation gives x = 5, for a critical point (5, 0). Finally, let x 40 and y £0 

and solve the two equations 

15 = 3x —4y =0 

o> oy — 2x = 0 

simultaneously to give (9, —3) as the fourth critical point. 

ER ee) ee | 
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We can always treat a critical point as if it were at (0, 0) by substituting 

u =x —x, and v= y — y, into Equations 1. In this case, x = u and y = v, and 

Equations | become 

CP aU ys) PAU) 

WANGIt eens sarah) @ 

where the subscript s stands for shifted. The critical point of Equations 2 is now 

(O, 0) instead of (x,, ye). 

aoe 17 As yes 
Example 2: 
Modify the equations in Example | such that the critical point (9, —3) is 

transformed to the origin. 

SOLUTION: Letu =x —9andv= y +3 to obtain 

u = —27u — 36v — 3u2 — 4uv 
b = 6u + 9v — 3v2 — 2uv 

ee a ry eee ee 

Even though Equations | or 2 may be nonlinear, we can gain insight into the 

behavior of the solutions near the critical points by expanding the right sides of 

these equations about each critical point in turn. The result of such an expansion 

will be 

Me Ah Ne OLY Va) D(X) 

Vip (Mee tay an Va) 0X, 0))) 

from Equations | or 

“u=ayu -bv-+ pu, v) 
3 

bv =cu+dv+q,(u, v) Me 

from Equations 2 and where the lowercase p and q are second order or higher in 

x and y. More precisely, 

\U, UV ; HA Psy Vv) _ AC ey, (4) 
(u,v)— (0,0) (u2 + y2) 1/2 (u,v)—(0,0) (u2 + v2)l/2 

Equations 4 will be satisfied if p,(u, v) and g,(u, v) can be expressed as power 

series in u and v that begin with terms of at least the second degree. Thus, the 

functions p,(u, v) and q,(u, v) become negligible with respect to the linear terms 

in Equations 3 as we approach a critical point and we expect that the linearized 

system 

fi SOD 4b» 
5 

v=cu+duv 2} 

will be a good approximation to the nonlinear system near a critical point. The 
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= 

Figure 13.8 
The trajectories of Equation 8 for various 

values of c, and c>. The critical point is an 

improper node. 

Chapter 13 / Qualitative Methods for Nonlinear Differential Equations 

nature of the solutions to Equations 5, 

Gi aliGieale) 2 
depend upon the nature of the eigenvalues of the matrix A in Equation 6. 

We’ll spend most of the remainder of this section investigating relations 

between the nature of the trajectories near critical points and the relative properties 

of the eigenvalues in Equation 6. There are five cases to consider: The eigenvalues 

are 1. real, unequal, and of the same sign; 2. real and of opposite sign; 3. real and 

equal; 4. a complex conjugate pair; and 5. pure imaginary. We shall discuss each 

case in turn. 

1. The eigenvalues are real, unequal, and of the same sign. 

An example of such a system is given by 

u —4 1 u 
= gi OEE 6) g 

The point (0, 0) is the only critical point of this system. Therefore, the eigenvalues 

are Ay = —3 = ./2 and the corresponding eigenvectors are (—1 + /2, 1)". The 

general solution to Equations 7 is 

(lal atvae| aaa. # Gale Alsi wo acc (8) 

The trajectories given by Equation 8 are shown in Figure 13.8 for various val- 

ues of c, and c>. Note that all the trajectories approach the critical point tangentially 

to the same straight line as ¢ increases. A critical point with this property is called 

an improper node. The straight line in Figure 13.8 corresponds to the eigenvector 

direction (—1+ V2, 1)', because for large values of t, the first term in Equation 8 

dominates the behavior of the trajectories. 

If the eigenvalues are real, unequal, and positive, the trajectories are similar to 

those in Figure 13.8 except that the directions of the arrows are reversed; in other 

words, the trajectories recede from the critical point and go off toward infinity. 

Example 3: 
Describe the nature of the trajectories around the critical point of 

Un OA: u 

Wuhiree2 | v 

SOLUTION: The critical point of this system occurs at (0, 0). The 

eigenvalues are equal to 2 and 3, and the corresponding eigenvectors are 

(1, 2)' and (1, 1)'. Therefore, the general solution is given by 

()-a(Jera({)e 
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The critical point is an improper node, but the trajectories recede from the 

node as t > oo. Figure 13.9 shows that all the trajectories are tangential to 

the same straight line (the straight line given by y = 2x) as tf > —oo. 

age eet ines Se 

2. The eigenvalues are real and of opposite sign. 

An example of this system is given by 

u Oars u 

Gta )G) ® 
The origin is the only critical point for this system. The eigenvalues and eigenvec- 

tors are —1 and 2 and (—1, ibe and (1, ayh respectively. The general solution to 

Equation 9 is (Problem 11) 

(Jea(sera(e aw 
The trajectories given by Equation 10 are shown in Figure 13.10. 

Because Equation 10 consists of an e~! term and an e~! term, the trajectories 

approach the origin along the eigenvector direction (—1, 1)' (because of the factor 

e') and recede along the eigenvector direction (1, Ds (because of the factor e2') 

as t increases. The eigenvector directions (—1, ne and (1,2) correspond to the 

straight lines v = —u and v = 2u, respectively, in the wv-plane (Problem 8). The 

critical point in this case is called a saddle point. 

3. The eigenvalues are real and equal. 

We did not discuss the procedure for solving systems of linear differential equa- 

tions when the eigenvalues of the coefficient matrix are repeated. The general 

matrix procedure for ann x n system of equations is a little bit involved, but 2 x 2 

systems, which is all we consider in this chapter, are fairly easy to solve. Recall 

from Section 11.4 that if the two roots (call them m) of the characteristic equation 

of ahomogeneous second-order differential equation with constant coefficients are 

equal, then the solution is of the form y(x) = (c, + cpx)e”*. Using this result as 

a motivation, we assume that u(t) and v(t) in Equations 5 are given by 

LA) e—a(Grecte cote et 
(11) 

u(t) = (ce; + egte™ 

where only two of the four constants are arbitrary. The nature of the trajectories 

depends upon whether c, and c4 are zero or not. If cy) = c4 = 0, then 

v(t)= tui) (3 £0) (12) 
C3 

and all the trajectories are straight lines passing through the origin. This situation 
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Figure 13.9 
The trajectories of Example 3 for various 

values of c, and c9. The critical point is an 

improper node. 

Figure 13.10 
The trajectories of Equation 10 for various 

values of c, and cz. The critical point is a 

saddle point. 
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B 
Ay 

Figure 13.11 
An illustration of a proper node with the 

trajectories approaching the critical point. 

Figure 13.12 
The trajectories given by Equation 15 for 

various values of c, and c>. The critical 

point is an improper node. 

Chapter 13 / Qualitative Methods for Nonlinear Differential Equations 

is illustrated by the system 

Ais (OO) u 

Orie a 0) te v 

The solution is given by u(t) = uge™ and v(t) = uge™’. If a < 0, the trajectories 

approach the origin and if w > 0, the trajectories recede from the origin as ¢ 

increases, as shown in Figure 13.11. This type of critical point is called a proper 

node. 

The case in which cy and cq are not both equal to zero is illustrated by 

GG JG) is 
The eigenvalue 2 = | is repeated in this case and we obtain only one independent 

eigenvector, (0, 1)'. However, Problem 12 helps you show that if we substitute 

Equations 11 into Equations 13, we obtain 

ult) = ce" and v(t) =(c3 + cyte’ (14) 

We can solve for the trajectories explicitly in this case by solving the first of 

Equations 14 for ¢ and substitute the result into the second of Equations 14. This 

gives us ‘ 
‘ 

C3 Uu 
v=—ut+uln — (15) 

C1 cy 

The trajectories given by Equation 15 are shown in Figure 13.12. Note that all the 

trajectories recede from the critical point (the origin) tangentially to the vertical 

axis, and so the critical point in this case is an improper node. 

Example 4: 
Investigate the critical point of the system 

u =e) u 

ie = (ere) a 
SOLUTION: The critical point occurs at (0, 0) and the repeated eigenvalue 

is — 1. To find a solution to Equations 16, substitute Equations 11 with A = —1 

into them to obtain 

Opry Cia Col — — Ci iCoL 

and 

O37 Gh = Ch = G6) = E42 = Ga 3 2 4 

Equating the coefficients of like powers of t gives cy = 0, c; = cy, and c3 
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arbitrary. Therefore, the solution to Equations 16 is 

t 
Uo iC em and UG) = (s ++ cyte! 

Solve the first of these equations for ¢ and substitute the result into the second 

to obtain 

The phase portrait for this system is shown in Figure 13.13. Note that all the 

trajectories in the figure approach the origin (the critical point) tangentially 

to the vertical axis. The critical point is an improper node. 

[ee ee ee ee 

4. The eigenvalues are a complex conjugate pair. 

An example for this case is 

ee — 2 u 

vv) \-2 -1 v 

The critical point is at (0, 0) and the eigenvalues are A~ = —1 + 27 with corre- 

sponding eigenvectors (+i, 1)'. The general solution to this system is 

u 1 Vey LN ie 9; 
(lait | ete tea ( | ere a 

A =p : 
=i se cos 21+ ( le sin 2t (17) 

We expect the trajectories to spiral into the origin as in the case of an underdamped 

oscillator (Figure 13.3), so let’s introduce polar coordinates u = r cos @ and v = 

r sin @. Equations 17 give (Problem 15) 

r=Ce! and 6=2t+a 

where C = (A? + B?)!/? and a = tan~!(B/A). We can combine these two equa- 

tions into 

y= Ce VP ace (18) 

where c = Ce®%/*. This result represents a family of curves that spiral into the 

critical point (the origin) as t, or 9, increases. The critical point in this case is 

called a spiral point, or a focus (Figure 13.14). 

5. The eigenvalues are pure imaginary. 

This case is represented by 
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Figure 13.13 
The phase portrait for Example 4. The 

critical point is an improper node. 

typ 

Figure 13.14 
An illustration of the spiral point described 

by Equation 18. 
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whose eigenvalues and corresponding eigenvectors are +i and (+7, 1)". The gen- 

eral solution is 

Note that 

opp A2 + B? 

The trajectories happen to be a family of circles centered about the origin in this 

case, but more generally, they are described by a set of curves that are closed about 

the critical point, representing periodic motion. The critical point is this case is 

called a center. 

Pa ee ne eer 
Example 5: 
Investigate the trajectories of the system 

lel en 
ty 

SOLUTION: The critical point is at (0, 0) and the eigenvalues and 

corresponding eigenvectors are +/ and (2 +1, 1)'. The general solution 

in terms of cos t and sin f is (Problem 18) 

7 2 5) u u Ug — Sv : 
=( Veastes | 7 SY Visine 

UV Vo ug — 2up 

Figure 13.15 Figure 13.15 shows two phase-plane trajectories, one with uy = vp = | and 

Two Racor of the system described in one with up = —0.5, vp = 1. Both trajectories represent periodic motion 

Example 5. The critical point is a center. about the critical point, which is a center in this case. 

ee ee 

Table 13.1 summarizes the results of the five cases that we discussed in this 

section. This table includes one property (stability) that we haven’t discussed so 

far. The concept of stability is central to many physical and engineering problems 

and we shall discuss it in the next section. We shall also discuss how the results 

for the linear systems that we have discussed in this section carry over to nonlin- 

ear systems. In particular, we shall see that the properties of the critical points 

of nonlinear systems are very similar to those of their corresponding linearized 

systems. 
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Table 13.1 

A summary of the type of critical point associated with the properties of the 

eigenvalues of the coefficient matrix of the pair of first-order differential equations. 

type of stability of 

eigenvalues critical point the critical point 

1. real, unequal, both negative improper node asymptotically stable 

1. real, unequal, both positive improper node unstable 

2. real, opposite signs saddle unstable 

3. equal and positive proper or improper node unstable 

3. equal and negative proper or improper node asymptotically stable 

4. complex conjugates, real part > 0 spiral point unstable 

4. complex conjugates, real part <0 spiral point asymptotically stable 

5. pure imaginary center stable 

13.2 Problems 

1. Let t =f — fp in Equations | and show that they take on the same form. 

2. Show that the solution to x = y and y = —x for x = xp and y = O at f = 49 is a function of ft — fg. 

3. Argue that the uniqueness of the solutions to Equations | prevents trajectories in the phase plane from 

intersecting. 

4. Find the critical points of 

7 = lay aly) X =x — 3x? +xy X=x-y 

jaxy—y 
. Modify the equations in Problem 4 so that the critical points occur at (0, 0). 

(a) (b) y = x2 a y? (c) y as Ay + We = 2xy (d) y -_ x2 = 

. Determine the coefficient matrices of the linearized equations of Problem 5. 

. Show that the general solution to Equations 7 is given by Equations 8. 

ao NN NM . Show that the eigenvector directions (—1, 1)' and (1, 2)! that pass through the origin correspond to the straight 

lines v = —u and v = 2u, respectively, in the wv-plane. 

9. Show that the straight line in the eigenvector direction (— 1 + /2, 1)! that passes through the origin is described 

by v =u/(V2 — 1). 

10. Show that all the trajectories associated with Equations 8 (except for two) approach the origin tangentially to 

the eigenvector (—1 + Vp). 1)! as t > ©Oo. 

11. Show that Equation 10 is the general solution of Equation 9. 

12. We'll derive Equations 14 in this problem. Substitute Equations 11 into Equations 13 to obtain 

Co + (cy + Cat) = cy + Cot and cq + (C3 + Cqt) = (Cy + Cot) + (3 + c4t). Now equate similar powers of 

t on the two sides of each equation to show that cy = 0, cy = c4, and c3 is arbitrary. This gives us Equations 14. 

f =3 0 
13. Classify the singular point of the system ( ; ) = ( ; ) ( } ) 
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14. 

iS: 

16. 

17. 

18. 

19. 

20. 
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! : : : u 1 —4 u 
Classify the singular point of the system ( F ) = ie St ( i ) 

Derive Equation 18 from Equations 17. Hint: You need to use the formula tan(@ + 8) = (tan a + tan B)/A= 

tan @ tan f). 

Starting with ( a ) = : : ) ( : i show that the critical point (0, 0) is 
v C 

(a) a saddle point if g =ad — bc <0 

(b) anode if g > 0 and A= p* —4q > 0, where p=a+d 

(c) aspiral point if p= (a +d) #0 and A <0 

(d) acenter if p =O andg >0 

Classify the critical points of the systems of equations whose coefficient matrix is 

—4 3 4 |] Ome 
(a) ( 5 =) (b) (ses 5 (c) ( 6 - 

Verify the general solution given in Example 5. 

Consider the equations x = y and y = —x — 2x°. First show that there is a center at (0, 0). Determine y(x) by 

integrating dy/dx = y/x for both the linearized equations and the full nonlinear equations. Plot and compare 

their trajectories. 

Consider the equations + = y and j = x + x°. First show that there is a saddle point at (0, 0). Determine 

y(x) by integrating dy/dx = y/x for both the linearized equations and the full nonlinear equations. Plot and 

compare their trajectories. 

13.3 Stability of Critical Points 

The trajectories in all the cases that we have discussed fall into one of three 

categories: 

1. They all approach the critical point as t + oo. This case occurs when the 

eigenvalues are real and negative or if the real part of the complex conjugates 

are negative. We say that the critical point is asymptotically stable. 

2. They neither approach the critical point nor tend to infinity as t > oo. This case 

occurs when the eigenvalues are pure imaginary and we say that the critical point 

is stable. 

3. The trajectories tend to infinity as tf + oo. This will occur if at least one of the 

eigenvalues is real and positive or if the real part of the complex conjugate roots 

is positive. In this case, we say that the critical point is unstable. 

Example 1: 
Determine the nature of the stability of the critical point (0, 0) for the system 
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SOLUTION: The eigenvalues of the system are +/, so the trajectories 

are circles centered at the critical point (a center). Any circle that starts at 

a distance equal to the radius of the circle from the center remains at that 

distance, so a center is necessarily a stable critical point. 

renew « wha reise baombenred 1 eonmimd i ae oxen 

Resta aay tuonto) Ban Geri aso | 
Example 2: 
Determine the nature of the stability of the critical point (0, 0) for the system 

Na) 

ys2xty 

SOLUTION: The eigenvalues and corresponding eigenvectors are —1 and 

3 and (—1, 1)! and GE 1)!, so the critical point is a saddle point and the ~ 

trajectories are given by %; 

GJea(eva(e ge 
There are many trajectories that start close to the origin and tend to infinity 

as t increases. (See Figure 13.16.) Because a saddle point occurs when 

the eigenvalues are real and of opposite sign, a saddle point is necessarily 
The trajectories around the saddle point 

—— associated with the system in Example 2 

illustrating that a saddle point is unstable. 

Figure 13.16 

RET MRT, wet Sax SetT hon © He ey Mesbis Sot Foy 
Example 3: 
Determine the nature of the stability of the critical point (0, 0) for the system 

a la ha ae 1 % 

PAP). SR Ney 

SOLUTION: The eigenvalues and corresponding eigenvectors are —3 and 

—1and (—1, 1)" and (1, 1)!: 

@EiGuri@ia.
 

The two eigenvalues have the same sign, so the critical point is an improper 

node, and since they are both negative, the critical point is an asymptotically 

stable improper node. Furthermore, as f — ov, the second term in the 

equation becomes negligible compared to the first term and so the trajectories 

Figure 13.17 
The trajectories described in Example 3, 

showing that the critical point (0, 0) is 

an asymptotically stable improper node. 
approach the node tangent to the eigenvector direction (1, 1)! or tangent to Note that all the trajectories approach 

the straight line y = x (see Figure 13.17). the origin tangentially to the straight line 
po Se Sea ae y = x (black) as ¢ increases. 
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At this point, you should be able to determine the nature of the stability of 

all the entries in Table 13.1. Table 13.1 is based upon the eigenvalues of linear 

systems, which usually come about from linearizing nonlinear systems. In many 

physical and engineering problems, the coefficients a, b, c, and d may have small 

uncertainties, due to limitations in experimental procedures or for a variety of 

other reasons. Let’s see how small uncertainties in the values of the coefficients 

may affect some of the results in Table 13.1. 

There are really only two cases to consider. The more interesting case occurs 

when the eigenvalues are pure imaginary, say tiv, because even a small change 

in the values of a, b, c, and d can change the eigenvalues from pure imaginary to 

complex. For example, consider the system 

W\ AOy al x 

pee MO ety, 

whose eigenvalues are +7. Suppose now that the values of a and d are changed 

from 0 to some small value € so that 

é- = 

€ 

0 =! 

Ge 
Then the eigenvalues go from +i to € + i, and the trajectories change from closed 

curves to spirals, and the critical point changes from a center to a spiral point. The 

stability of the spiral point depends upon the sign of the real part of the eigenvalues, 

being asymptotically stable if € < 0 and unstable if € > 0. Thus, in this case, even 

a small change in the coefficients may change a stable system into an unstable 

system. 

The only other sensitive case occurs when the eigenvalues are real and equal, 

where the critical point is a node. There are two possibilities to consider. The 

eigenvalues become real and unequal or they split into a complex conjugate pair. 

An example of the first case would occur if 

(lila Wa) 
in which case the eigenvalues change from A = 2, 2 to A =2 + €. Thus, if the 

eigenvalues split, but remain real, then the critical point remains a node and the 

nature of its stability is unchanged. If, on the other hand, the eigenvalues split 

into a complex conjugate pair, then the critical point becomes a spiral point. For 

example, this would occur if 

Go eaGar), 
in which case the eigenvalues change from A = 2, 2 to A = 2 + ie. The stability of 

the critical point will not be affected, however, because the real part of the complex 

conjugate pair will have the same sign as the original real eigenvalues even for a 

small change. 



13.3 Stability of Critical Points 

We can summarize all of our results regarding the type of critical point and 

the nature of its stability in terms of two quantities, p =a +d and g =ad — be, 

where 

The eigenvalues of A are given by 

ol 
ete + 5a +d)? ~A(ad ~ be)? =F 2 1/2 

A Lp —4¢ | (1) 
| 

2 

Let’s look at the three cases, p = 0, p > 0, and p < 0, in turn. 

1. If p =O and g > 0, then the eigenvalues are pure imaginary and the critical 

point is a center, which is necessarily stable. 

2. If p > 0 and q > 0, then the eigenvalues are real, unequal, and positive if 

A = p* — 4q > 0, and so the critical point is an unstable improper node. If 

A <0, on the other hand, then the eigenvalues are a complex conjugate pair 

with a positive real part, so the critical point is an unstable spiral point. 

3. If p <0 and qg > 0, then the eigenvalues are real, unequal, and negative if 

A = p* — 4q > 0, and so the critical point is a stable improper node. If A < 0, 

on the other hand, then the eigenvalues are a complex conjugate pair with a 

negative real part, so the critical point is an asymptotically stable spiral point. 

4. Finally, if g < 0, then the eigenvalues will be real and with opposite signs for any 

value of p, and so the critical point will be a saddle point, which is necessarily 

unstable. 

We can summarize these results in a plot of g against p, as we show in 

Figure 13.18. Note that the critical points in the upper half plane are unstable if 

p > 0, stable if p <0, and stable if p = 0. The critical points in the lower half plane 

are always saddle points. Also note that the curve A = 0, which is the parabola 

described by g = p?/4, separates various types of critical points in the figure. 

The eigenvalues given by Equation | are real and equal along the parabola. The 

nature of the critical point changes as we cross the parabola, but the stability of the 

critical point is not affected. This behavior illustrates the fact that small changes 

in the parameters of A can affect the type of node, but not its stability when the 

eigenvalues are real and equal. Another feature of Figure 13.18 to notice is that the 

positive vertical axis, where the eigenvalues are pure imaginary, separates a region 

describing an asymptotically stable spiral point from an unstable spiral point. The 

figure emphasizes just how sensitive the case of pure imaginary eigenvalues is. 

Even a small displacement from the vertical axis can lead to either a stable or an 

unstable crtical point. At this point, you should be able to relate Figure 13.18 to 

Table 13.1. 
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q 

p-4q=0 ND 

Stable “ 

Improper Center Improper 

Node, Node, 

Stable Unstable 
Spiral point, Spiral point, 

Stable Unstable 

z 5 ad 

p?-4q>0 Saddle Point, P 
Unstable 

Figure 13.18 
A diagram showing the various types of nodes and their stabilities as a function of 

gq =ad — be and p=a +d. There is a center all along the vertical line p = 0 for 

q > Oand the parabola A = p* — 4q = 0 separates different types of critical points. 

We’re finally ready to address the types of critical points and their stabilities 

for nonlinear equations of the form 

u=au-+ bu + p,(u, v) 

(2) 
y= cl-F dv q, 4, v) 

where 

p,(u, v) qs (u, Vv) 
———_~_ —() and lim ———_—_ = 0 3 

(u,v) (0,0) (uz + v2)!/2 (u,v) > (0,0) (u2 + v2)!/2 2 

The following theorem, which is due to the French mathematician Henri Poincaré 

one of the pioneers of nonlinear mechanics, applies to Equations 2 and 3: 
> 

(a) If the eigenvalues of the coefficient matrix A are real and equal 

(A, =A), then the critical point is either a node or a spiral point, 

and is asymptotically stable if }; = A <0 and unstable if 4, = > 0. 
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(b) If the eigenvalues are pure imaginary (4. = tiv), then the critical 

point ts either a center or a spiral point, and the spiral point may be 

asymptotically stable or unstable. 

(c) In all other cases, the type of critical point and its stability is the same 

as that of the corresponding linear system. 

Note that the two cases where the results for the nonlinear system can differ from 

those of the linear system are the so-called sensitive cases that we discussed above 

and are illustrated in Figure 13.18 by the vertical positive axis and the parabola 

A = 0. Thus, in a sense, the effect of the nonlinearity is equivalent to introducing 

a small uncertainty in the values of a, b, c, and d. 

| 

Example 4: 
Find all the critical points and investigate the type and stability of each for 

the system 

L=xT—y 

: 2 
v=x7— y 

SOLUTION: There are two critical points, (0, 0) and (1, 1). The linearized 

equations about (0, 0) are 

URN ay a aie u 

y) \O -1 v 

The eigenvalues are A, = +1, and so the origin is a saddle point, which is 

necessarily unstable. 

The linearized equations about (1, 1) are given by substituting u = x — | 

and v = y — | into the above differential equations and then linearizing them 

to obtain 

HN eld al, aed u 

yy 2 | v 

The eigenvalues are +i and so the critical point (1, 1) is either a center or a 

spiral point, which may be either asymptotically stable or unstable. 

|. Ao ceeeretlinrha heeled acetate aaa 

Before we leave this section, there is one more topic to discuss. Consider the 

system 

E=xty—x(x?4+y?) 
: (4 
ya—xty— yx? + y’) 

The only critical point is at the origin. The presence of the (x? + y?) term in both 

equations suggests that we use polar coordinates in Equations 4. Letting x =r cos 0 
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Figure 13.19 
Equation 6 plotted against ¢ for values 

of rp > 1 and rp < 1. In both cases, the 

trajectories spiral toward the unit circle. 

Chapter 13 / Qualitative Methods for Nonlinear Differential Equations 

and y =r sin @, Equations 4 become (Problem 18) 

r=r(l—-r’?) and 6=-1 (5) 

Certainly one solution is r = 1,9 =—t + constant, which represents periodic 

motion (clockwise) around the unit circle. We can find other solutions by solving 

Equations 5. The equation for r is easy to solve, yielding 

2 

u In = t + constant 
2) 1-r 

or, upon solving for r, 

(t) pee ae Pe — 

(1+ ce~2ty 1/2 

Let r(0) = ro to get 

6 r(t)= pegs Soe (6) 

2 Ale ey \ eer 
= 2 e 

0 

Figure 13.19 shows r(t) plotted against t for rg > | and rg < 1. The trajectories 

spiral in toward the unit circle as tf — oo if rp > |, and they spiral out toward the 

unit circle as f > oo if rg < |. Hence, all trajectories spiral into the unit circle as 

ji => CO, 

The unit circle in this case is called a limit cycle and a stable limit cycle, 

in particular, since all the trajectories spiral into the unit circle as t — on. If 

trajectories that start near a closed curve spiral away from it as tf — oo, then 

that curve is an unstable limit curve. An isolated closed curve is not necessarily a 

limit cycle, although a closed curve does represent periodic motion. Limit cycles 

are important because the existence of a limit cycle guarantees the existence of 

periodic solutions to a system, such as stable orbits in a planetary system or stable 

oscillations in an electrical circuit. Furthermore, if a system such as an electrical 

circuit drifts away from its limit cycle, then it will return to it as ¢ increases if the 

limit cycle is stable, thus conferring a certain stability to the oscillations of the 

circuit (provided all the trajectories approach the limit cycle, as in Figure 13.19; 

see Problem 20 for a limit cycle that is unstable; in other words, neighboring 

trajectories move away from it as f increases). 

It would be nice to have simple criteria to determine if a system of equations 

admits a limit cycle, but there aren’t any. The theorems that do exist are fairly 

difficult to apply. There is one, however, that is easy to apply and is useful in some 

cases. It is called the negative criterion of Bendixson because, as you'll see, it gives 

a sufficient condition for the nonexistence of a limit cycle. Bendixson’s (negative) 

criterion says that (Problem 24) 
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If P(x, y) and Q(x, y) in the equations 

MPa ay) andes Y=. ORHy) 

have continuous first partial derivatives in a bounded simply connected 

region D (no holes in it) of the phase plane, and the quantity 

oP 9@ 
ee 

ox oy 

does not change sign or vanish identically in D, then there can be no closed 

trajectory lying within D. 

|= a iain a mg a lial ge 
Example 5: 
Show that the system 

x=y+ ae 

sa 3 
yS=xtryry 

has no periodic solutions. 

SOLUTION: 

Nees) 
pe ay ag 

Ox dy 

This quantity is always positive, and so the system has no periodic solutions. It 

has critical points at (0, 0), (—0.85171, 0.61666), and (0.85171, —0.61666); 

one of these is a saddle point and two are unstable nodes (Problem 21). 

|e ee ir 

13.3 Problems 

For each of Problems 1 through 6, classify the critical point (0, 0) and determine if it is stable, asymptotically 

stable, or unstable. 

Lax 2 Le =F Saxe oy 

y=-y y=—3y Vi= x — By 

A. Sk SS ey Gx Hy 
y= —Ki—y Va ey. y= Oe ay 

For each of Problems 7 through 10, find the critical point, classify it, and determine its stability. 

ck =4% —Sy +3 S30 — Voy oS yy 1 10. x =—x-1 
y=5x —4y+6 y=5x —3y—2 y=x-—3y-5 y=-x-y-2 
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11. 

12. 

13. 

16. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 
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In this problem, we shall see how a small change in the values of the coefficients of the linear system can 

change the nature of the critical points. Consider the system « = ax + y and y = —x + ay. What type of 

critical point is (0, 0) if a = 0? What if a 4 0, no matter how small? 

In this problem, we shall see how a small change in the values of the coefficients of the linear system can 

change the nature of the critical points. Consider the system x = —x + y and y = —ax — y. What type of 

critical point is (0, 0) if a = 0? What if a 40? 

For each of Problems 13 through 17, find the critical point, classify it, and determine its stability. 

x=4x —6y+xy 145% =2y xy SS oe ary = 2 
y = 6x —4y — xy y=xy —3y y=x-—2y 

k=x+4+y? 17. x =1—xy 

yexty yoxy-y 

Derive Equations 5. 

Show that the unit circle is a limit cycle for the system « = —y + x —x*— xy? and y=x+y—x? Ny; y : 3 y j 

Hint: Use polar coordinates. 

y-y?. 

Show that the unit circle is a limit cycle for the system 

bax —y+x(x? + y*) — yr? + y’) 

y=eax—y + x(x? + y”) + y(x? + y?) 

Hint: Use polar coordinates. 

Show that the system in Example 5 has one saddle point and two unstable nodes. 

Show that the following systems have no periodic solutions 

y=—(1+x?)y — x? 

ssiy 
D) Sane c 
©) ya4xy 4x? 

we — (il eee 
(c) es 3 

y=y zy 

Show that the system x = x — xy and y = —y + xy has no periodic solutions. 

We’ ll prove Bendixson’s negative criterion for the existence of a limit cycle in this problem. Recall Green’s 

theorem in a plane, which can be written as (Section 7.5) 
aP -a 

f (-Qdx+Pdy)= / (= + <2) dxdy, where C is a closed path enclosing the area S$. Now let 
Gc S x y 

x = P(x, y) and y = Q(x, y) and assume that there is a closed path enclosing S$, where dP/dx +d0Q/dy 

does not change sign, and show that this leads to a contradiction. 
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13.4 Nonlinear Oscillators 

In this section, we’re going to apply the ideas that we have presented in the previous 

sections of this chapter to systems of equations that describe oscillating systems, 

whether they are mechanical or electrical systems. Let’s start with a nonlinear 

oscillator described by 

ree =O (1) 

Like most any differential equation, we can solve Equation | numerically using a 

CAS. For example, if we solve Equation | with the initial conditions x(0) = 0.20 

and x(0) = 0, we obtain Figure 13.20a. You might have expected what appears to 

be essentially harmonic behavior because the initial conditions restrict x(t) to small 

oscillations, where Equation | will be almost linear. Figure 13.20b shows x(t) for 

the initial conditions x(0) = 0.99 and x(0) = 0. The behavior is still oscillatory, 

but does not look harmonic. Notice also that the frequency is about one-half of the 

frequency in Figure 13.20a, a good example where the frequency of a nonlinear 

system can depend upon the initial conditions. If we increase x(Q) to equal 1, 

we obtain Figure 13.20c, which is decidedly non-oscillatory. If we now increase 

x(0) beyond 1, we get a deluge of error messages from our CAS. The same thing 

happens if we let x(0) = 0.8, x(0) = 0.8 or x(O) = 0, x(O) = 1, and so on. Thus, 

even though we could simply solve Equation | numerically, it will not give us 

much insight into why the solutions vary so much with the initial conditions. The 

methods that we have developed earlier, however, are easy to apply and will explain 

the numerical results that we mentioned above. 

First, we'll write Equation | as two first-order equations and then find the 

critical points. Letting x = y, Equation 1 becomes 

2p 

Ee ee 

The critical points are given by y = 0 and —x + x? =0, or by (0, 0) and (+1, 0). 

The linearized equations about the origin are 

5 es 0 | oe 

Pe sll Oy Nery 

The eigenvalues are A = +7, so according to Poincaré’s theorem, the critical point 

is either a center or a spiral point. We can distinguish between these two choices 

by realizing that there is no damping term in Equation 1, so we expect the critical 

point to be a center. (We’ll verify this below.) 

The linearized equations about the critical points (+1, 0) are (Problem 2) 

cain ® 
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Figure 13.20 
A numerical solution to the equation 

¥ + x — x3 =0 for the initial conditions 

(a) x(0) = 0.20 and x (0) = 0 (solid color); 

(b) x(O0) = 0.99 and x(0) = 0 (dashed 

color); (c) x(0) = 1 and x(0) = 0 (black). 

Note that curve c is simply a horizontal 

line. 
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pe 

A, Y, 

xO; 

Figure 13.21 
The phase portrait of Equations 2 about its 

three critical points at (0, 0) and (+1, 0). 

V~T N 
Figure 13.22 
The family of closed trajectories given by 

Equation 6 for various values of C. The 

separatrix, which is shown in black, is 

given by Equation 5. 

= 
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The eigenvalues are A = +,/2 and the corresponding eigenvectors are (1, xp) 

and (1, —V/2)', and the solution to Equations 3 is 

(2)-a()etea( ta)e 
The critical points at (+1, 0) are saddle points and the eigenvectors serve as 

asymptotic directions of the trajectories. The straight lines corresponding to the 

eigenvector directions are 

v= 2a and v=—v2u 

Therefore, the asymptotic directions of the trajectories around the critical point 

(1, 0) are 

y=aV2G 2 DY? and “yo 2 =H 

and those around the critical point (—1, 0) are 

vise JS2(x + 1) and Y= SY 2 + 1) 

(Problem 3). Figure 13.21 shows the phase portrait of Equations 2 that we have 

deduced so far. We’ll now fill in the rest of it. Divide the equation for } by the 

equation for x in Equations 2 to obtain 

Kee eax, y 

An integration gives 

4 
x 

eA oe (4) 

where c is a constant. Looking at Figure 13.21, we see (guess?) that the largest 

closed trajectory passes through the points (+1, 0), so we set x = +1 and y = Oin 

Equation 4 to obtain c = 1/2. Thus, the largest closed trajectory (actually, it’s the 

separatrix) is given by 

1 1 2 2 4 
Wospse” = S35 SS 5) ; 5 5 (5) 

and the smaller trajectories are given by a family of curves described by 

= ln ees ae (6) 
) 

with C < 1/2. Figure 13.22 shows trajectories for various values of C, both 

greater than and less than 1/2. The closed curve that separates the region of closed 
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trajectories from the region of asymptotically unstable trajectories is a separatrix. 

The separatrix is given by Equation 5. 

We can now explain the behavior that we obtained numerically in Figure 13.20. 
Notice that when the initial values lie within the closed curve described by Equa- 
tion 5, the motion is oscillatory. If the initial conditions are x(0) = +1, x(0) = 0, 

then x = y = 0 (the point is a critical point) and the solution is x = £1, as shown 

in Figure 13.20c. 

Deak een Sst 
Example 1: 

Include a damping term of the form x in Equation | and discuss its phase 

portrait. 

SOLUTION: We start with 

S+x+x—-x°=0 

which we write as 

x= yV 

y=-x-ytx 

The critical points are at (0, 0) and (+1, 0). The eigenvalues associated with 

the equation linearized about the origin are (—1 + i/3)/2, which says that 

the origin is an asymptotically stable spiral point. 

The equations linearized about the critical points (+1, 0) are the same: 

FO ee a 8] | u 

G)-G «)G) 
The eigenvalues and corresponding eigenvectors are —2 and 1, and (—1, 2)1 

and (1, 1)', respectively, and so these two critical points are saddle points. 

Furthermore, the trajectories about the saddle point (+1, 0) are asymptotic 

to the two straight lines y = x — | and y = —2(x — 1), and those about 

the critical point (—1, 0) are asymptotic to y =x + 1 and y = —2(x + 1). 

Figure 13.23 shows the phase portrait about the three critical points. 

You can now fill in the other trajectories using numerical methods and 

judicious initial values to get the result shown in Figure 13.24. 

In Section 1, we used the physical problem of an undamped pendulum of 

arbitrary amplitude to introduce the idea of a phase plane, critical points, and a 

phase portrait, which is shown in Figure 13.7. With the experience we have, it 

should be fairly straightforward to sketch the phase portrait of a damped pendulum 

of arbitrary amplitude, described by 

6+y6+o° sind =0 (7) 
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Figure 13.23 
The phase portrait for the system described 

in Example | about its three critical points. 

Figure 13.24 
The complete phase portrait for the system 

described in Example 1. 
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Sy 

Figure 13.25 
The phase portrait of an underdamped 

pendulum of arbitrary amplitude described 

by Equations 8. 

io) 

SY 

Figure 13.26 
The phase portrait of an overdamped 

pendulum of arbitrary amplitude described 

by Equations 8. 

Figure 13.27 
The displacement of a van der Pol 

oscillator plotted against time for 

x(0) = 0.0010 and x(0) = 0. 
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We rewrite Equation 7 as 

6=2 
8 

Q =-y Q—o* sind @ 

The critical points occur at (nz, 0), withn =0, +1, +2, ..., just as in the un- 

damped case. Expanding sin 6 about 6 = nz, we obtain sin 0 = (—1)"(6 — nz) 

+ ---, and the linearized equations are 

é, 0 1) (% 
Cee wren ® 

where 0,, = 0 — nz. Ifn is odd, the eigenvalues are A, = —y/2 + s(y? doa 

so the critical points are saddle points. If n is even, the eigenvalues are A, = 

—y/2+ (vy? —4qw*)!/?, and the critical points are stable nodes if y? > 40? 

(overdamped) and asymptotically stable spiral points if y? < 4w* (underdamped). 

Figure 13.25 shows the phase portrait for the underdamped case. Notice that every 

realized trajectory approaches a spiral point as t > oo. 

pa ee ee as 
Example 2: y 
Sketch the phase portrait for the overdamped case for the system described 

by Equation 8. ! a 

SOLUTION: In the overdamped case, the critical points at (nz, 0) with 

n=0, 2,4, ...are stable nodes like in Figure 13.2, rather than spiral points 

as in Figure 13.25. Therefore, the phase portrait looks like the one shown in 

Figure 13.26. 

Na See, a es Ss ee 

We'll study one more equation in this section. The equation 

4 Sela nex =O e>0 (10) 

has some interesting properties. If x < 1, then the damping term is negative, 

which means that it causes x(t) to increase with time. As x exceeds unity, the 

damping term becomes positive, meaning that it causes x(t) to decrease. We might 

expect, then, that a balance will be reached, the solution will become stable and 

periodic, and that Equation 10 will admit a limit cycle. Furthermore, even with 

initial conditions such as x(0) = 0.0010 and x(0) = 0, the system will approach 

its limit cycle and become periodic with its amplitude being independent of the 

value of x(0). This behavior is shown in Figure 13.27. 

Realize that the amplitude grows into its final value (determined by the limit 

cycle) without any input of energy. This type of behavior is called a self-excited 

oscillation, and can occur only in nonlinear systems. Equation 10 is called the van 

der Pol equation, and is a classic equation of nonlinear mechanics. It was originally 

derived to describe certain electrical circuits with feedback, but it (and its relatives) 
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has since been used to describe a variety of systems such as the pulsations of 

variable stars and biophysical systems. 

We’ll use the van der Pol equation to introduce the following theorem con- 

cerning the existence of limit cycles: 

Consider the equation 

¥+ fe + g(x) =0 (11) 

where f(x) is even and continuous everywhere, and g(x) is odd with 

g(x) > 0 for all x > 0 and g'(x) is continuous everywhere. Now let 

Tomah fu)du and Guy = | e(u) du (12) 
0 0 

If G(x) — 00 as x — ©, and there is a value of x, say Xo, such that F (x) <0 

for 0 <x <x9 and F(x) > 0 for x > x9, and if F(x) is monotonically 

increasing for x > XQ with F(x) > © as x > ©, then Equation 1/ has a 

limit cycle enclosing the origin. 

(a) 

Vea 
Example 3: 
Use the above theorem to show that the van der Pol equation has a limit cycle 

enclosing the origin if € > 0. 

SOLUTION: 

x 5 x3 x 

Fix) —e f= wydu =~ x-— — 
0 8 

(b) 

and 

bs x2 

cw = | udu = — 
0 2 i 

We see that G(x) > 00 as x > 00 and that F(x) < 0 for 0 < x < V3 and 

F(x) > 0 for x > /3. Furthermore, F(x) increases monotonically to infinity is 

as x —> oo. Therefore, Equation 10 has a limit cycle enclosing the origin in 3 

the phase plane. Figure 13.28 shows the limit cycle for « = 0.10, 1.0, and 

50) (c) 

Figure 13.28 
An illustration of the limit cycle of the van 

der Pol equation obtained numerically for 

€ = 0.10 (a), 1.0 (b), and 5.0 (c). 
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13.4 Problems 

14. 

15. 

16. 

. Do you see why the point x = 1 in Equation | might be a special point? Plot the potential energy. 

. Verify Equations 3. 

. Show that the eigenvector directions of (1, +,/2)' passing through the points (+1, 0) are described by 

i +/2(x — 1) and y= +/2(x + 1), respectively. 

Al 
. A spring governed by a potential energy of the form V(x) = skx? - 5 Bx4 is said to be hard if B < 0 and soft 

if 8 > 0. For example, the spring associated with Equation | is soft, and is the more interesting case. Sketch 

the phase portrait for a nonlinear oscillation governed by a potential V(x) = 5x? = ix" and see why we say 

that the soft case is more interesting physically. (Take m = 1.) 

. Sketch the phase portrait of the nonlinear oscillator in the previous problem, but let there be a damping term 

rt 

l . Consider the nonlinear oscillator described by ¥ + x — qx? = 0. If this equation is solved numerically with 

the initial conditions x(0) = 4, x(0) = 0, the result is shown in Figure 13.29. Why do we obtain this result? 

x 

4 

Figure 13.29 
The numerical solution to of a eS 

¥ +x - qx = 0 for the initial t 

conditions x(0) = 4, x(0) = 0. 

. Determine the phase portrait of the oscillator described in the previous problem. 

. Which of the curves in Problem 7 is the separatrix? 

. Show that it takes an infinite time for the system to reach the point (4, 0) along the separatrix of the previous 

problem. 

. Show that the trajectories of mechanical systems cross the x axis at right angles except at critical points. 

. Determine and classify the critical points for the nonlinear oscillator described by ¥ + 9x — x* = 0. 

. What is the reason for the critical points at (-£3, 0) in the previous problem? Hint: Plot the potential energy. 

. The differential equation for an oscillator whose linear part of the force is repulsive rather than attractive is 

— Ne hee qx 0. Determine the nature of the critical points for this system. Sketch its phase portrait. 

; : ] 
An oscillator moves in the potential V(x) = a ae ie rank Plot this potential. Determine the nature of the 

critical points and sketch the phase portrait. 

lint Sx cern Boxe ite xe : 
An oscillator moves in the potential V(x) = ; — Te 3 ~ 40 + aa Plot this potential. Use this plot to 

determine the nature of the critical points. Sketch the phase portrait. (See the previous problems.) 

DOES on ae Bs is Be 
Plot the potential V(x) = — — —— — — — = soe UNethal theres a es 

“ gees 73 460 iis 0 (Note that there is no left-hand minimum 

here.) Sketch the phase portrait for this system and compare it to the phase portrait of the two previous 

problems. 



13.5 Population Dynamics 657 

17. This problem continues the three previous problems. Show that the critical points of ¥ + f(x) =0, where 

fi (x) is a polynomial, must either be centers or saddle points. Can you show that centers and saddle points 

must occur alternately along the x axis? Hint: Expand f (x) about the critical points. 

18. Show that each of the following equations has a limit cycle: 

(a) ¥+e(x*-NE+x7=0 €>0 

(b) ¥+e€Qx?-Dxt+x4+x7=0 €50 

19. In Example 3, we showed that the van der Pol equation has a limit cycle about the origin if € > 0. Show that the 

eigenvalues corresponding to the equation linearized about the origin are Ay. = €/2 + (€* — 4)!/*/2. Show 

that the origin is an unstable spiral point if 0 < « < 2. How do you reconcile this result with the existence of 

the limit cycle? 

20. Another classic nonlinear oscillator equation is Rayleigh’s equation, X — €(x — 3x3) + x = 0. Lord Rayleigh, 

certainly one the greatest physicists of the 19th century, first derived this equation to describe the vibrations 

of a violin string caused by moving the bow across it, but it has since been applied to the screech when chalk 

is dragged across a blackboard, the squeaking of an unoiled hinge, the waving of a flag in the wind, and a 

number of other systems. Use any CAS to show that Rayleigh’s equation displays self-excited oscillations. 

Take x (0) = 0.010, x(0) = 0, and « = 0.0100. 

21. Use any CAS to show that Rayleigh’s equation (see the previous problem) has a limit cycle of radius 2 for 

small values of €. 

13.5 Population Dynamics 

The mathematical modelling of population growth is quite sophisticated and em- 

braces a number of mathematical methods, but here we shall present only the 

fundamental ideas. Nevertheless, even at this simple level the basic equations are 

nonlinear and require the techniques that we have developed in this chapter. 

We’ll start off with the simplest system, describing a single population. We 

assume that the population grows at a rate that is proportional to the size of the 

population: 

P=kP (1) 

For k > 0, Equation | leads to an exponential growth, which might be valid during 

the initial stage of growth, but cannot persist indefinitely due to limited resources 

or overcrowding. We can include these effects by letting k be a function of P 

which decreases as P increases, so that the rate of growth decreases with increasing 

population. A simple functional dependence that reflects this effect isk =a — bP, 

in which case Equation 1 becomes 

P =aP — bP? (2) 

Both a and b are positive in Equation 2. You can see that the P? term leads to a 

decrease in P as P increases. Equation 2 is readily, solved by separation of variables 
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Figure 13.30 
Equation 3 plotted against f for various 

values of Po. 

‘Pp 

Figure 13.31 
Equation 4 plotted against ¢ for a = 0.020, 

b = 0.00020, and / = 10 for various 

values of Po. The limiting value of Po is 

[a + (a2 + 4b1)'/7]/2b = 279. 

1 — 
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and its solution is (Problem 1) 

(a/b) Po 

Py + (a/b — Po)e 
PO) = (3) 

where Py = P(0). Note that P(t) > a/b as t > ov, so that Equation 3 predicts 

a stable population. You can see this same result by setting P equal to zero in 

Equation 2. Equation 3 is plotted against ¢ in Figure 13.30 for a/b = 50 and several 

values of Pp. Equation |, or its solution, Equation 3, is called the logistic equation, 

and is one of the early equations of population dynamics. 

Cae Sl Deane) | 
Example 1: 
Modify Equation | to include the effect of the addition of individuals to the 

population due to immigration, for example, at a constant rate /. 

SOLUTION: Equation 1 becomes 

P=aP—bP*+1 

This equation can be solved by separation of variables and yields (Problem 2) 

; E —KI pn =o +5 (44) a) 
2b 2b \1— Ae“ 

where 

Kk = (a7 + 4b1) 2 
and 

4 — Poxa/2b — K/2b 
Po — a/2b + /2b 

Note that Equation 4 says that P(t) > (a + «)/2b as t — oo, independently 

of the value of Py. Figure 13.31 shows P(t) plotted against ¢ for a = 0.020, 

b = 0.00020, and / = 10 for various values of Pp. The limiting value of P(t) 

is (@ + k)/2b = 279. 

eee es 

A more interesting population study is that of two species that interact with 

each other. One species (the prey) lives on an abundant supply of food in its 

environment, while the other species (the predator) lives off the prey. Let x(t) 

be the population of the prey and y(t) be the population of the predator. Then x(t) 

increases proportionally to x(t) (as in Equation 1) and decreases proportionally to 

its encounters with the predator. If we assume that the encounters are proportional 

to x(t) y(t), then x(t) 1s given by 

x(t) =ax(t) — bx(t)y(t) (5) 
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where a and b are positive constants. Similarly, if we assume that the only food 

source of the predators is the prey, then y(r) is given by 

y(t) = —cy(t) + dx(t)y(t) (6) 

where c and d are positive constants. 

Equations 5 and 6 are classic equations of population dynamics and are called 

the predator-prey equations, or the Lotka-Volterra equations. They were intro- 

duced independently in the 1920s by the American biophysicist A.J. Lotka and 

the Italian mathematician Vito Volterra. There are extensive data of population 

records and the Lotka-Volterra equations have been applied to shark/fish popula- 

tions, lynx/hare populations, bass/sunfish populations, ladybug/aphid populations, 

and many others. The constants a, b, c, and d are empirical constants that are used 

to fit the population data. 

Equations 5 and 6 have two critical points, (0, 0) and (c/d, a/b). The origin 

is a saddle point and can be reached asymptotically only if x(t) = 0, in which 

case y(t) decays exponentially to zero according to Equation 6. The other critical 

point is much more interesting. Equations 5 and 6 linearized about (c/d, a/b) are 

(Problem 3) 

be : ee ees 
u\ A Uu 

(5)- ad 0 (*) ae 
b 

The eigenvalues are A* = +i(ac)'/7, indicating that the critical point is a (stable) 

center for the linearized system. The trajectories are ellipses centered at the critical 

point (Problem 4). 

Recall, however, that if the eigenvalues of the linearized system are ti ju 

(indicating a center), then the critical point of the parent nonlinear equations may 

be either a center or a spiral point. Equations 5 and 6 present no problem, however, 

because if we divide one by the other, we obtain 

dx Gy Diy (a = Dy) 

dy 7 —cy+dxy y(dx—c) 

which can be readily integrated to get 

aln y — by +c|lnx — dx = constant (8) 

It’s not obvious (nor that easy to prove), but Equation 8 represents a family 

of closed curves in the phase plane. Equation 8 is shown in Figure 13.32 for 

a = 1.0, b= 0.040, c = 4.0, and d = 0.020. Note that the curves are centered at 

x =c/d = 200 and y =a/b = 2S. Figure 13,33 shows that both x(t) and y(t) are 

periodic functions, but we have to solve Equations 5 and 6 numerically to obtain 

x(t) and y(t). 

We can learn about the solutions to Equation 5 qualitatively by restricting 

ourselves to regions near the critical point, where we can use the linearized version, 
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200 x 

Figure 13.32 
Equation 8 with a = 1.0, b = 0.040, 

c =4.0, and d = 0.020 plotted in the 

phase plane. 

Dit t 

Figure 13.33 
Plots of x(¢) (color) and y(t) (black) from 

Equations 5 and 6 with a = 1.0, b = 0.040, 
c =4.0, and d = 0.020 plotted against r. 
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21 t 

Figure 13.34 
The numerical solution of Equations 5 

and 6 for x(t) (color) and y(t) (black) for 

GQ) = e— a — andes (0)i=20%and 

y(0) = 0.50. 

L - 
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Equation 7, to determine x(t) = u(t) + c/d and y(t) = v(t) + b/a. The solutions 

to Equation 7 are (Problem 5) 

x(t) = ; + C cos[(ac)!/?t + 6] 

(9) 
a ald , 1/2 

We) = 7 ata ai sin[(ac) ‘“t + ¢] 

These equations say that x(t) and y(t) are periodic with a period 277/ (ac)\/? 

that does not depend upon the initial conditions. Figure 13.34 shows x(t) and 

y(t) obtained numerically from Equations 5 and 6 with a=b=c=d=1 and 

xO) = 2: Orandy (O)r= 8:50: 

Note that the two curves have a period of about 27. The predator curve lags 

behind that of the prey, as you might expect physically. As the population of the 

prey builds up, the predator has an ample food supply, and so its population grows 

at the expense of the prey. Then, as the density of the prey decreases, the density of 

the predator decreases, thus allowing the density of the prey to increase, and this 

cycle continues to play out. The following Example shows that phase difference 

between the two curves in Figure 13.34 is one quarter of the period, or 2 /2(ac)!/?. 

Example 2: 
Use Equations 9 to show that the phase difference between x(t) and y(t) is 

m/2(ac)'/. 

SOLUTION: Let’s find the difference in times when cos[(ac)'/t + 6] = 1 

and sin[(ac)!/?t + ] = 1. Lett = 1, when the cosine equals 1 andt = t, when 

the sine equals 1. This occurs when (ac)!/?t + @ = 2nz (n =0, 1, 2,...) 

for the cosine and when (ac)!/*t + @ = 2nm + Ths ty 25 oo JUOPINE 

sine. The difference between f, and f, is m/2(ac)'/2, or [22 /(ac)/71/4. 

La gies Lome 5 ete Ps 2 oon) Brant a elena 

Notice that neither Equation 5 nor 6 reduces to Equation 2 when b = d =0, 

when the two populations do not interact. In the absence of any interaction, the 

population of the prey increases indefinitely, while that of the predator decreases 

indefinitely. We can, therefore, improve the simple Lotka-Volterra model by in- 

cluding negative quadratic terms in Equations 5 and 6. Let’s consider the equations 

% = 3x — xy — 2x" 

y =—y + 2xy — y* (10) 

These equations have critical points at (0, 0), (0, —1), (3/2, 0), and (1, 1). We 

can ignore the one at (0, —1) because x(t) and y(t) must be greater than zero. 

The critical point at the origin is a saddle point, which is approached only along 

the line x = 0. The critical point at (3/2, 0) is a saddle point with eigenvalues 

(—3, 2) and corresponding eigenvectors (1, 0)' and (—3/10, 1)". The asymptotes 
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Figure 13.35 Figure 13.36 
The numerical solution of Equations 10 The phase portrait for the system described 

for x(t) (color) and y(t) (black) for by Equations 10. 

the initial conditions x(0) = 1/2 and 

y(O) = 0.010. 

to the trajectories at the saddle point are the lines y = 0 and y = —10(x — 3/2)/3 

(Problem 12). The critical point at (1, 1) is a stable spiral point. Thus, the two 

populations become stable at x = 1 and y = 1 and coexist. Figure 13.35 shows 

trajectories obtained numerically from Equations 10 with x(0) = 1/2 and y(0) = 

0.010 and Figure 13.36 shows the phase portrait for this system. 

Equations similar to those that we have discussed in this section have been 

applied to areas other than population dynamics. For example, equations similar 

to the Lotka-Volterra equations have been used to describe chemical reactions in 

which the concentrations of certain reactants are observed to vary periodically in 

time. (More complicated equations have been used to model both temporal and 

spatial variations as in pattern formation.) These types of equations have also 

been used to model various types of epidemics, the spread of rumors through a 

population, the employment of pesticides and insecticides, and a number of other 

areas. 

Before we leave this chapter, we should briefly mention the topic of chaos, 

a phenomenon linked to sets of coupled nonlinear equations that became an 

explosive field of activity in the 1980s. There are a number of ways of defining 

what is meant by a chaotic system, but one that is the most physical is a very 

sensitive dependence on initial conditions. Consider the forced nonlinear damped 

oscillator described by 

X(t) + 0.050X(t) + x(t) = 7.50 cos t (11) 

Figure 13.37 shows the difference between x (¢) calculated for the initial conditions 

x(0) = 2.000, x(0) = 0 and x(0) = 2.002 and x (0) = 0. Notice that the two curves 

start out together but rapidly becomes very different, for only a 0.10% difference 

in the value of x(0). This behavior is typical of chaotic systems. 
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Figure 13.37 
A plot of the difference between x(f) 

calculated for the initial conditions 

x(0) = 2.000, *(0) = 0, and x (0) = 2.002, 

x(0) = 0, a 0.10% difference in x(0). 
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We have considered only pairs of coupled nonlinear differential equations, but 

one of the requirements that a system of nonlinear first-order differential equations 

must fulfill to show chaotic behavior is that there be at least three coupled nonlinear 

equations. It may not be obvious at first sight that Equation 11 can be written as 

three first-order equations, but if we let y = x and z =f, then Equation 11 becomes 

ary 

jy =x? — 0.050y + 7.50 cos z (12) 

x = Il 

Figure 13.38 
A parametric plot of y(t) against x(t) for criteria that tell whether or not a set of equations will display chaotic behavior, but 
Equations 12. 

and these three equations lead to chaotic behavior. The parametric plot of y(t) 

against x(t) in Figure 13.38 suggests a chaotic behavior. 

We don’t mean to imply that all sets of three or more coupled nonlinear first- 

order equations lead to chaotic behavior. Both the forms of the equations and the 

numerical coefficients must be just so. Unfortunately, there are no simple general 

many systems have been studied both experimentally and computationally and 

there is an extensive literature on the subject. Problem 20 discusses the Lorenz 

equations, which are the classical equations of chaos theory. 

13.5 Problems a eas 

. Solve Equation 2 to obtain Equation 3. 

. Derive Equation 4. 

1 

2 

3 

4 

> 

Linearize Equations 5 and 6 about the critical point (c/d, a/b). 

. Show that the solutions to Equations 7 are ellipses centered at (c/d, a/b). 

. Derive Equations 9. 

The following six problems require the use of a computer. 

. Divide y by x to construct a phase portrait for the predator-prey system 

x = —2x — 0.0050xy 

y =4y —0.015xy 

. Compute x(t) and y(t) for the system in Problem 6 and compare the period to 27/(ac)!/?. 

- Plot x(¢) and y(t) parametrically for the system in Problem 6 and compare your result to the appropriate 

member of the family plotted in Problem 6. 

. Figure 13.39 shows the parametric plot of y(t) against x(t) for the system 

x =5x —0.40xy 

y=—10y + 0.20xy 

with x(0) = 200 and y(0) = 10. Interpret this result. 
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10. 

i 

12. 

13. 

14. 

13. 

S00); 

Figure 13.39 
A parametric plot of the system described 

in Problem 9. 
100 x 

Compute x(t) and y(t) for the system in Problem 9. Does this result help you answer Problem 9? 

Consider the system in Problem 9. Now take the initial conditions to be x(0) = 51 and y(O) = 12.5. Compare 

these values to the critical point. What do you think a plot of x(t) and y(t) will look like in this case? What 

about the parametric plot of y(t) against x(t)? 

Show that the asymptotes to the saddle point associated with Equations 10 are given by the lines y = 0 and 

y = —10@.— 3/2)/3. 

Consider the predator-prey system 

x=4x —x* — xy 

y=—2y+xy 

Find and classify all the critical points and sketch the phase portrait. 

This problem explores how the basic predator-prey system changes if we add predators at a constant rate. 

Consider the system 

x =x —0.040xy 

y=—4y + 0.020xy +5 

with x(0) = 200 and y(0) = 20. Show that this system leads to a state of equilibrium with x = 190 and y = 25. 

The next three problems deal with a simple model for a system of two species that both compete for the same 

food (competing species), but do not prey on one another. We assume that in the absence of one species, each 

species obeys a logistic equation like Equation 2. Because both species compete for the same food, however, 

we subtract a term proportional to xy from the logistic equation for each species to get 

% = ax — Bx’ — yyxy 
‘ (1) 

y=a2y — Boy” — yoxy 

where x and y are the numbers of each species. All the constants in equations I are positive, unlike in the 

predator-prey models that we have been using. 

Analyze the competing species model 

, x =12x Ay 6xy 

y = loy — 4y? — 4xy 

What is the ultimate fate of each species? 
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18. 

Be 

20. 
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Analyze the competing species model 

% = 10x — 2x” — Sxy 

y= 14y —- Ay” — Ixy 

What is the ultimate fate of each species? 

Analyze the competing species model 

P= 6x = 2x — xy 

y = By —3y’ — 2xy 
Show that the two species coexist in this case. 

Equations similar to those in this section have been used to model chemical reactions involving (intermediate) 

species whose concentrations oscillate in time. Consider the kinetic scheme 

k 
eX 

ko 
XY = ony 

k3 
Vf Se 

Add these reactions to show that the overall reaction is A —> P. (That’s why X and Y are called 

“intermediates.”) Show that the rate equations corresponding to this reaction scheme are 

XK =k XA — XY 

Y=RxY iY 

where A, X, and Y represent concentrations. Take A = Ap = 1.00 mol - L—! (this can be readily achieved by 

adding A to the reaction system as the reaction proceeds), k, = 1.00 L - mol~!- s~!, ky = 0.500 L- mol7!- s71, 

k, = 0.100 s~!, and X(0) = Y(O) = 1.00 mol - L~! and show that X(t) and Y(t) are periodic. Hint: Determine 
the phase portrait for this system. 

Equations similar to those in this section have been used to model epidemics. Suppose that out of a total 

population of n individuals, x of them are considered to be susceptible, y of them are infected and can transmit 

the disease to a susceptible individual, and z of them are recovered and immune. Argue that the equations 

x = —Bxy 

y =Bxy — yy 

£= yy 

can model the spread of the disease. Show that x + y + z = constant. Take 6 = 0.20 and y = 0.040, x(0) = 1 

(in some units) and y(O) = 0.030 and solve the equations numerically for x(t) and y(t) and discuss the result. 

The concept of chaotic systems came to the attention of physical scientists and engineers in 1963 when the 

MIT atmospheric scientist E.N. Lorenz proposed a simple model for thermally induced fluid convection in the 

atmosphere. His model consisted of three coupled nonlinear equations: 

2G = C(vi oo) 

y=PBx-yrxz 

L=AY Sz 
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There are hundreds of papers discussing these equations, and many of them choose a = 10, y = 8/3, and allow 

B to vary. 

Using these parameters, show that there are critical points at (0, 0, 0), ([S(6 Sap [$(B jays Seay 

and (—[8(B = })}!/2, —[8(B = 1) B — 1). Use any CAS to show that the eigenvalues associated with 

(0, 0, 0) are real and differ in sign (two negative and one positive) when f > 1, and the eigenvalues associated 

with the other two critical points are the same and that one is negative and the other two are of the form a + ib. 

Now show that a < Oif B < 24.74...anda > Oif 6 > 24,74.... How would you interpret this result? 

Now solve the Lorenz equations for 6 = 15 and x(0) = 15, y(O) = 10, and z(0) = 15 and then for B = 15 

and x(0) = 15, y(O) = 10.1, and z(0) = 15, and show that the results are essentially identical. Now do the same 

thing with 6 = 30 and show that the two solutions differ markedly. 
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Charles-Francois Sturm Joseph Liouville 

Charles-Francois Sturm (1803-1855) was born on September 22, 1803, in Geneva, where his father was 

an arithmetic teacher. He showed early talent in school in many subjects, but he decided to concentrate on 

mathematics at age 16. After his father died, two of his teachers helped him financially so that he was able 

to complete his education. He and his school friend, Daniel Colladon, measured the speed of sound in water 

in Lake Geneva, for which they won a prestigious prize and used the prize money to study in Paris. Sturm 

went into mathematics while Colladon continued in experimental physics. Unfortunately, Sturm was not 

able to obtain a position because the political climate was unfavorable for foreigners and Protestants. In 

1830, when things changed, he was appointed Professor of Mathematics in the Collége Rollin. He moved to 

the Ecole Polytechnique eight years later, and he eventually succeeded Poisson in the Chair of Mechanics 

in the Faculté des Sciences. Sturm was an excellent teacher and devoted much time preparing his lectures. 

In 1854, his health began to deteriorate, and he died at the age of 52 on December 18, 1855, of an illness of 

an unknown nature. 

Joseph Liouville (1809-1882) was born on March 24, 1809, in Saint-Omer, France, where he lived 

with his uncle while his father served as an officer in Napoleon’s army. He entered the Ecole Polytechnique 

in 1825, and, upon graduating two years later, he held a number of teaching jobs, including one at the Ecole 

Polytechnique. He married a cousin, Marie-Louise Balland, with whom he had four children. In 1836, 

Liouville founded the journal Journal de Mathématiques Pures et Appliquées, sometimes called Journal 

de Liouville, which helped to raise the level of mathematics in France. Liouville became involved with 

politics and was elected to the Constituting Assembly in 1848 as a republican. However, the political climate 

changed, and he was defeated in 1849. His defeat embittered him about politics and even about his own 

work. Sturm and Liouville became friends when Sturm was in Liouville’s class at the Ecole Polytechnique. 

When they discovered that they both were working on similar problems in differential equations, they got 

together and published a series of papers in 1836 and 1837. The result of this work on boundary value 

problems of differential equations is now called the Sturm-Liouville theory. Liouville suffered from ill health 

for much of his life, and his mathematical output declined markedly after 1859. He died on September 8, 

1882, in Paris. 
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Orthogonal Polynomials and 

Sturm-Liouville Problems 

In Chapter 12, we learned that certain special functions can be defined as series 

solutions to differential equations. In particular, we learned about Legendre poly- 

nomials in Section 12.3 and Bessel functions in Sections 12.5 and 12.6. These 

functions have become standard functions because they occur in a wide variety of 

physical and mathematical problems. Legendre’s differential equation and its solu- 

tions arise naturally in problems having spherical symmetry and Bessel’s equation 

and its solutions arise naturally in problems having cylindrical symmetry. Both of 

these sets of functions occur in many other applications as well. 

There are a number of other special functions that have become part of the 

repertoire of applied mathematics, and many of them form sets of orthogonal 

polynomials. In Section 1, we shall revisit Legendre polynomials and learn about 

their properties. We’ll see that they can be defined in a number of ways besides 

the series solution of their differential equation (Legendre’s equation). One of the 

most important properties of Legendre polynomials is that they can be used as a 

basis set for the expansion of a fairly arbitrary function. 

In Section 2, we’ll develop a general theory of orthogonal polynomials that 

encompasses the Legendre polynomials as a special case. This will lead us to La- 

guerre polynomials, Hermite polynomials, Chebyshev polynomials, and others. 

The similar properties of all these special functions lie ultimately in their defin- 

ing differential equations, and in Section 3, we introduce a general theory called 

Sturm-Liouville theory that accounts for many of the properties of the name func- 

tions. We’ll see that these special functions are actually eigenfunctions of certain 

differential operators and that they can all serve as basis sets for eigenfunction ex- 

pansions, which is the topic of Section 4. In the final section, we’ll define Green’s 

functions, which can be used to solve boundary-value problems associated with 

nonhomogeneous differential equations. 667 



668 

Figure 14.1 
The Legendre polynomials, Po(x) (solid), 

P(x) (long dashed), P>(x) (short dashed), 

P3(x) (dash-dot), and P4(x) (dotted). 
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14.1 Legendre Polynomials 

We saw in Chapter 12 that the Legendre polynomials are solutions to the differen- 

tial equation 

(1— x*)y"(x) — 2xy'(x) +: n(n + Dye) =0 (1) 

where n is an integer. The first few Legendre polynomials are 

P(x)=1  Pi(x)=x Py(x)= 56x" =) 

; (2) 

P3(x) = 5 Gx" —3x)  Py(x)= 3 35x" Oe f3) 

and are plotted in Figure 14.1. Note that P,,(x) has exactly n — 1 distinct zeros in 

the open interval (—1, 1). A general formula for P,,(x) is 

[n/2] ‘ 
1 (2n — 27)! = 

I Co) ee ee (3) 
2H 2 ia — Pia —2;7)! 

where [1/2] = n/2 when n is even and (n — 1)/2 when n is odd. Because x appears 

as x”~*J in Equation 3, P,,(x) is an even function if n is even and an odd function 

if n is odd (Problem 1). : 

It shouldn’t be apparent at this point, but the Legendre polynomials form an 

orthogonal set of functions over the interval [—1, 1]. For example, 

l 1 1 
/ P,(x) P3(x)dx = - / x(5x° — 3x)dx =0 
=1 =] 

Generally, 

I 
/ P(x) pia 0 fish ett (4) 
—1 

The orthogonality property of the Legendre polynomials follows from the 

differential equation that defines them. Let’s go back to Equation | and write it in 

the form 

—[(l = x°)P’(x)|' =n + IP, (x) (5) 

with a similar equation for P,,, (x) 

—[(1— x°)P’ (x)]/ = m(m + IP, (x) (6) 

Multiply Equation 5 by P,,,(x) and integrate from —1 to +1: 

1 1 

— / [di - Lo en Cay VeHe®) dx =n(n+ l) i! Poy PAOj)ax 
—3i| —1 
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Integrate the left side by parts to obtain 

1 I 
i} d_—- eee IRE) dx =n(n+1) / eal (3) 9 AA Goh Wr (7) 
=I —1 

Now multiply Equation 6 by P,,(x) and integrate by parts from —1 to +1 to get 

| I 
/ (1 — x?) P’(x) P! (x) dx =m(m + 1) / PG)P, ay dx (8) 
=| =I 

Subtract Equation 8 from Equation 7 to get 

I 
[n(n + 1) —m(m + nif A he (aX 0. 

=i 

If n £m, then we get Equation 4, the orthogonality condition of the Legendre 

polynomials. 

The Legendre polynomials also satisfy a number of recursion formulas. For 

example, 

Ca al NN cee VEN 2s lh a ae Gary aero) al) i = I (9) 

Example 1: 
Use Equation 9 to derive expressions for P)(x) and P3(x) from Po(x) = 1 

amie (Cho 

SOLUTION: Let = 1 in Equation 9: 

MPC) = DIAC) = lays) 

or 

P35) 5 3x" — 1) 

FOnvi— 2: 

PAG) = S226) = AAC) 

or 

P3(x) = (58° 3) 

Equation 9 is particularly well suited for numerical routines. 

The function 

CO 

Ci) = ar (10) 
n=0 

is called a generating function for the Legendre polynomials. If you know the 

function G(x, t), then the coefficient of t” in the Maclaurin expansion of G(x, ft) 
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ty 

Figure 14.2 
The geometry used to calculate the 

electrostatic potential at r due to a charge 

located at I. 
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is P(x). Thus, G(x, ft) is said to generate the Legendre polynomials. Problem 6 

helps you derive an explicit expression for G(x, t) from Equation 9. The result is 

] 

(1 — 2xt + t?)!/? 

ie eae 9 Ferret of) | = al 
Example 2: 
Use Equation 11 to generate the first three Legendre polynomials. 

G Cost) (11) 

SOLUTION: Use the expansion 

ee ee ake pret aah G 

with z = 2xt — t?. 

2 

G(x, t)=14xt— = Bs =(4xr? Ae OW VIE = (807 OC) 

ae A) Silay ice ee 6 
sbi 2) prea 5 = 13 + O(¢*) 

ee ee ee ee eee eee 

= xt 

Equation 11 may not look familiar, but you actually know the equation from 

electrostatics. Suppose an electric charge qg is located at a point specified by a 

vector I. The electrostatic potential at a point specified by r (Figure 14.2) is given by 

q 
SS ss SS St 12 

4réo|r —1| oO 

where €, is the permittivity of free space. Using the law of cosines, | r —1| = 

(r? + I? — 2rl cos 6)'/?, Equation 12 becomes 

= q RE aa eR are (13) 
treor(1 —2-—cosé + =) 

r r 

Comparing Equation 13 to Equation 11, with x =cos@ and t =1/r, and using 

Equation 10 gives 

— I" P,(cos 6) 
prtl 

op ees = 14 
ATE at) ( ) 
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Suppose now we have a set of charges qj at positions specified by 1;. The 

potential is given by 

oO 1 I 
Ve isgaen DGili; Pn (cos 8) (15) 

J 
ATE, eet) 

Equation 15 has an important physical interpretation. Let the summation over / in 

Equation 15 be denoted by 

M,, =)» ajl; P,(cos 6;) (16) 

j 

Then V can be written as 

bone ent 
— 4 17 

Att € dX, prt ey 

Let’s apply Equation 17 to the two-charge distribution shown in Figure 14.3. 

Using Equation 16, the first few M,, in Equation 17 are 

M)=4q-q=0 

ql ql 
Mi = 00s @ = — Cosi — 7) 

D) ) 

=) COS) WE COS 

where ju is the magnitude of the dipole moment of the two-charge distribution, and 

gl? : gl? 
i P>(Cos@) — mare [ cos(z — 6)|=0 M,= 

Equation 17 becomes 

y= 20 +0(5) (18) 
Aner? 

Equation 18 is the electrostatic potential due to a dipole located at the origin of a 

coordinate system. If r >> /, then the first term dominates all the others. 

Figure 14.4 shows equipotential lines and the corresponding electric field 

for the dipole shown in Figure 14.3. Recall that the electric field is given by 

E = ~grad V, which in this case is 

aV Lov 
= ee, fs 

or r 00 

cos 0 sin 0 
bi e e 

E 

Age;  VAmeor? 
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== 

Figure 14.3 
The two-charge distribution used to derive 

Equation 18. 

Figure 14.4 
The equipotential lines (color) and the 

corresponding electric field (black) due to 

the dipole shown in Figure 14.3. 
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2 

+q 

Bi ie 

+9 

Figure 14.5 
The linear quadrupole that is used to 

determine the electrostatic potential in 

Example 3. 

Figure 14.6 
The equipotential lines (color) and the 

corresponding electric field (black) 

due to the linear quadrupole shown in 

Figure 14.5. 
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LaF REAL eon | poem” Rape ered aaa 
Example 3: 
Apply Equation 17 to the point charge distribution shown in Figure 14.5. 

SOLUTION: Using Equation 16, the first few M,, are My = 0, 

gi l 
Mi cos 8 + = cos( — 6) = 

2 iB | M, = 7 Pr(cos 6) + 7 Palcosta = @)) 

2 I? 3cos?6 —1 
= CES ee 0)= nee 

D 2 2 

3 3 

M; = 7 Ps(cos 0) + T py(cos( =a) 

To calculate M> and M3, we have used the fact that P)(— cos 0) = + P2(cos @) 

and that P3(— cos 8) = — P3(cos @). 

Equation 17 becomes 

~ An & 2r3 

where Q is the magnitude of the quadrupole moment of the charge 

distribution. If r > /, then the potential due to the quadrupole at the origin 

is given by the first term above. The equipotential lines and electric field 

(arrows) due to a quadrupole moment located at the origin are shown in 

Figure 14.6. 

ee eens Seta TRS Fo) 

The quantities M,, in Equation 16 are called multipole moments, with M, 

being the magnitude of the dipole moment, jz, with M> being the magnitude of 

the quadrupole moment, Q, and so on, and Equation 17 is called a multipole 

expansion. Multipole expansions play a key role in the theory of the interactions 

between molecules. 

Equation 11 is awkward to use to generate Legendre polynomials, but it is very 

useful for developing general properties of Legendre polynomials. For example, 

Problems 7 and 8 have you use Equation 11 to show generally that 

1 
2) 

P?(x)dx = 19 
ik ne Iae onee I aw?) 

Combining this result with Equation 4 gives 

1 
pe 

eb le d =F 2 ik (XP he ax on™ (20) 



14.1 Legendre Polynomials 

ee ee rae setae tse Mae TSS eet ee | 
Example 4: 
Show that the first few Legendre polynomials obey Equation 19. 

SOLUTION: 

it 1 1 

/ PCa 2 | Pigs = | aie : 
=I =I al 

ib P2(x)dx : [oc 2 hyd 3 x= Le a 
Oe 4 J-4 > 

1 ia at aed neared co oso tet plied ee ea a 

A useful property of Legendre polynomials, as well as other orthogonal 

polynomials that we shall encounter in this chapter, is that it is possible to expand 

a suitably behaved function f(x) as an infinite series of Legendre polynomials 

oO 

y= SD aaP Ge) (21) 
n=0 

We shall explain below what we mean by this equality, but first let’s determine 

the a, by multiplying both sides of Equation 21 by P,,,(x), integrating over x, and 

using Equation 20 to obtain 

= ue Cay 
iP (CaO h a i PP Ga = dX mae 

Sn 
2m + 1 

or 

Aan = aa [ AC vec aner: (22) 

Equation 22, along with Equation 20, is reminiscent of an expansion of a 

vector in terms of a basis of orthogonal vectors. In fact, suppose that f(x) is 

continuous on the interval (—1, 1). It is easy to show that the set of all continuous 

functions on (—1, 1) forms a vector space. It is an infinite dimensional vector space, 

and so requires an infinite number of basis vectors, as in Equation 21. The inner 

product in this vector space is defined by 

1 

(f,.g9)= / ; f (x) g(x)dx 

where f(x) and g(x) are any two vectors in the vector space. The a,, given by 

Equation 22 can be thought of as the components of f(x) in the basis {P,,()}, 

it) = Wy ly Ay ose i 
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We can use this vector-space picture to define what we mean when we say 

that f(x) can be represented by the series in Equation 21. We define the distance nt 

between f(x) and De On: (x) DY 

n=0 

N : 
Dee / fGl—De, &, PG) | ax (23) 

=i n=0 

Problem 17 has you show that Ds, will be a minimum with respect to the a,, if 

they are equal to the a, given by Equation 22. This result tells us that the “best 

approximation” of f(x) by a finite sum of Legendre polynomials is given by 

N 

f(x) ® Y> a, P,(x) 
n=0 

if we define “best approximation” as the one that minimizes the “distance” between 

f (x) and the finite sum, or minimizes the mean square error between f (x) and 

the finite sum. 

Furthermore, the requirement of continuity of f(«) can be considerably re- 

laxed to 
‘ 

‘ 

| 
If f (x) is square integrable—that is, if / i *(x)dx exists, then 

=i 

I N 2 
im Dy = vim ie [rs — Ss Ap P| x0) 

m1) 

where the a, are given by Equation 22. When this occurs, we say that f (x) 
CO 

converges to ) Ay P(x) in the mean. 

n=0 

Notice that convergence in the mean does not imply pointwise convergence. In 

fact, we can change f(x) at a finite (actually countably infinite) number of points 

without changing the value of the integral in Equation 23. You might think that 

pointwise convergence would imply convergence in the mean, but that’s not true 

either. There are sequences that are pointwise convergent, yet not convergent in 

the mean (Problem 16). The two types of convergence are independent. 

In summary, then, what we have shown is that if f(x) is square integrable, 

then we can write 

CO 

fia oP) (24) 
n=0 

where the a, are given by Equation 22 and the equality in Equation 24 means 

convergence in the mean. 
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re Pie Misenrs ai sea oT] 
Example 5: 
Expand the function 

: hams —l<x<0O 

oe Ie O<x<1 

in terms of Legendre polynomials. 

SOLUTION: 

CoO 

ce) x Glen (OG) 

n=0 

where 

nee f 
—— / i CON (6a) das 

2 =i 

Thus, 

a 1 
aj =-— / (+ ndx + | (l—x)dx|=- 

2|J-1 0 D 

Because f(x) is an even function of x, 

0 | 

a3] f x(t adx + = nits | =O ama 
ai 0 

0 i 

a= ; (1+ x) P5(x)dx + i (1 — ora 
] 0 

5 
=i (1—x)P)(x) =—= 

0 8 

©) 1 

9 (1—x)Py(x) = — a4 / X) P4(x) 16 

Figure 14.7 shows a few partial sums of the series and Figure 14.8 shows 

De plotted against N for this same function. 

ee ete oe 

a eee Ae OES ST UP YT He AE a 
Example 6: 
Show that 

1 N 2 

D » 2 
yelyelie = a 

[ Pore ae 
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Figure 14.7 
Partial sums of the series in Example 5 

using 2 (long dashed), 4 (short dashed), 

and 16 (solid) nonzero terms. 

t D2, 

Olas 

oo 090-6 6 4-48: = 

10 N 

Figure 14.8 
A plot of De against N for the function 

given in Example 5. (See also Figure 14.7.) 
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This inequality is called Bessel’s inequality, which is valid for any value of 

N, including N > oo. 

SOLUTION: Start with 

N 2 i 2 

i [rs ) Gale «| dx >0 
= n=0 

Then, 

i f idx 2a f TACaU 
Gaye! 

n=0 Er 

N WN 

+ )° Y atm fi P re) le G5), dx >0 

n=0 m=0 

or 

d 1 25 [ Pow2y erat (25) 

; 

You can use Bessel’s inequality to show that lim [2/(2n + 1))]!7a, = (0) (Prob- 
n—>co 

lem 18). 
(o,@) 

The Legendre series Sve P(x) of any square integrable function f(x) 

n=0 
converges to f(x) in the mean. We say that the Legendre polynomials form a 

complete set, they span the vector space of square integrable functions. Because 

the Legendre polynomials form a complete set, Equation 25 implies that 

[e.e) l ) 
2 (x)dx = eer 26 

iE a dX 2ne= et 20) 

Equation 26 is called Parseval’s equality. You can think of it as an infinite vector 

space version of Pythagoras’s theorem. 

Equation 26 is a statement of the completeness of the Legendre polynomials. 

You might think that the Legendre polynomials are complete because there is an 

infinite number of them, but that is not so. If we snip out one of them, say P7g(x), 

we still have an infinite number of them, but they are no longer complete. Although 

Equation 26 gives us a definition of completeness, it is difficult in practice to show 

that any set of functions is complete. 



14.1 Legendre Polynomials 

14 

1. 

Nn non — Ww 

10. 

AI. 

12. 

.1 Problems 

Use Equation 3 to generate the first few Legendre polynomials. 

i 

. Show that P,,(x) is orthogonal to every power of x less than n. In other words, show that / Ket Kame 0 
—1 F 

if s <n. Hint: Use the fact that we can express x* as a linear combination x* = ye a7 RG). 

j=0 

- Use Equation 3 to show that. P,(—x)=(—1)” P,, (x). 

. Show explicitly that P;(x) is orthogonal to P,(x) and to Py(x). 

. Use Equation 9 to derive an expression for P4(x) from P>(x) and P3(x). 

. We’ll see how to derive a generating function G(x, t) from Equation 9 in this problem. Multiply Equation 9 

by t” and sum from n = 0 to 00 to obtain G/(t) — 2xtG’ —xG +t(tG)! =0 or (1— 2xt +: 17)G! = (x —NG. 

Integrate this expression and use the condition Pp = | to obtain Equation 11. 

. In this problem and the next problem, we’re going to use the generating function (Equation 11) to show that 

the Legendre polynomials are orthogonal. Start with 

G(x, t)G(x, u) = SS > P,, (x) Py (x)t"U™ 
n=0 m=0 

weir) ee) 

I 
Now argue that the Legendre polynomials are orthogonal it f G(x, t)G(x, u)dx = function of tu only. 

-] 

. Carry out the integration in the previous problem and show explicitly that the result is a function of fu only. 

. Let x = 1 in the generating function in Equation 11 to show that P,,(1) = 1. 

Use the generating function in Equation 11 to show that P,(—1) = (—1)". 

The generating function in Equation 11 is a function of 2xt — t2, which we can write as G(x, t) = F (2xt — t?). 

First show that “ = 2tF’ and = (2x — 2t)F’, where F’ means dF'/d(2xt — t*). Now show that 
x t 

(x — ye - = = 0) Given that GiXnt)— Y P,,(x)t", show that the Legendre polynomials satisfy the 
x t 

n=0 

differential recursion formula canes) = MEG) ae Poe (x). 

We’ll derive another differential FECUrsION formula (see the previous problem) in this HO Nes. First show 

0G 33/0) dG a6 S46 p | 

that — =f(1—2xt+t . 3, P)(x)t” and that — = —= nP,(x)t' . Now 
Sax re aetintk) dt = (1—2xt + 17)3/2 ye 

n=1 n=1 

multiply the first equation by (1 — t*)/t, the second by 2r, and subtract to show that 

= 1 (x Wo 1 =) ie (it = 5 an, (x)t" = ay xP (x)t". 

i n=l n=(0 

Use this result to show that (2n + 1) P,,(x) = Pe ae) jee iG 
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13. 

14. 

15. 

16. 

7h 

18. 

19} 

20. 

21. 

22. 
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We can derive Legendre’s differential equation from the two differential recursion formulas in Problems 11 and 

12. Use these two results to show that x P’(x) = 2 ACS) — (n+ 1)P,(x) or xP _,() ead UN ODT oe He esl C2, 

Differentiate this with respect to x to obtain xP” (x) =P" (x) —(n+ 1)P’_,(x). Now use this result 

and the result of Problem 11 to eliminate P’ (x) and P/”_,(x) to obtain (1 — PA) — 2x P(x) + n=l 

nae LP, (x) 0: 

1 n+l 2 Cen 
Show that if Ree ea he aU 

1 (2n + 1)(2n)! 
degree polynomial. 

. Hint: Use the fact that x” = [2” (n!)?/(2n)!|P,, (x) + a lower 

| 2 1 
The integral i x P,,(x)P,,(x)dx occurs in atomic spectroscopy. Show that J = one SSE eee 

be (2n + 1)(2n + 3) 

2n 

(2n + 1)(2n — 1) 

Consider the sequence of functions f,,(x) = x” for 0 < x < 1. Show that this sequence converges to 

tin o. eae 
Ji CO. 1 

Oe 

Nei Now show that it converges in the mean to f(x) =0 forO <x <1. 
a 

Show that De given by Equation 23 is a minimum with respect to a, if they are equal to the a, given by 

Equation 22. 

Use Bessel’s inequality to show that lim [2/(2n + 1)", = (). (See Equation 25.) 
nC 

Expand the function f(x) = sin rx ina series of Legendre polynomials. Plot the first few partial sums. 

Expand f(x) =1—.x?, —1 <x <1, in terms of Legendre polynomials. Vetify Parseval’s equality for this case. 

Suppose we wish to expand a function defined on the interval (a, 6) in terms of Legendre polynomials. Show 

that the transformation u = (2x — a — B)/(6 — a) maps the function onto the interval (—1, 1). 

Bxpandiaco) sal x14, —2 <x <2, in terms of Legendre polynomials. 

14.2 Orthogonal Polynomials 

As we implied in the previous section, the Legendre polynomials are just one of a 

number of “name” polynomials that arise in applied mathematics. In this section 

we will present a general theory of orthogonal polynomials that encompasses any 

one of them as a special case. 

Consider a set of functions p(x), (x), . . .. This set is said to be orthogonal 

over an interval a < x < b with weight function r(x) > 0 if 

b 

/ r(x) (xP; (x)dx = 0 L#AJ (1) 

Note the presence of the weight function r(x), which is equal to one for the 

Legendre polynomials. If in addition to Equation 1, we have 

b 

i r(x)p(x)dx all (2) 
a 
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the set {@, (x)} is said to be orthonormal. 

The interval and the weight function specify the polynomials. We can see this 

by construction. Take ¢p(x) = 1. Now let ¢\(x) = c\x + c> and use the fact that 

b b b 

i! FS (x)do(x)b\a)dx =0=c, / r(x)x dx +c if r(x)dx (3) 

This equation gives us c, in terms of c>, or f;(x) to within a multiplicative constant. 

We can determine this constant by requiring that ¢,(1) = 1, as we did in the case 

of Legendre polynomials, or by requiring that ¢;(x) be normalized, or by any 

other convenient convention. To find ¢(x), we let it be equal to c3x* + c4x + Cs 

and require that it be orthogonal to ¢g(x) and ¢,(x). This gives ¢9(x) to within 

a multiplicative constant. Continuing this procedure generates a set of orthogonal 

polynomials. This procedure is called Gram-Schmidt orthogonalization. 

ee es eae ene Re ea 
Example 1: 
Generate the first few polynomials that are orthogonal over the interval 

0 <x <o with weight function e~*. Fix the multiplicative constant by 

requiring that ¢,, (0) = 1. (This is just a convention.) 

SOLUTION: Let ¢o(x) = land $\(x) = cyx + cp. Equation 3 gives 

CO CO 

C| i e *xdx+c) / Crd Mie yO) 
0 0 

or O)(x) =c U1 — x), or d(x) = 1—x. For 2(x) = 3x” + c4x + C5, We 

have 

[e,.@) (oe) CO ; 

C3 / Cw idx cs if e “x dx +s / évdx =O 
0 0 0 

and 

Co CO 

C3 / g “(l= x)x?dx +4 / BG Ul = sar ahs 
0 0 

CO 

+ ¢5 / @ (lx )dx=0 
0 

These two equations give 2c3 + cq + ¢5 = 0 and —4c3 — cq = 0, and so 

do(x) = c3(x? — 4x + 2), or b2(x) = 5x? — 2x + 1. The next one gives 

ee eae ik =——-x +—x°-—3x+1 
a ea ame 

These polynomials are called Laguerre polynomials, L,(x). Laguerre 

polynomials occur in the quantum-mechanical treatment of a hydrogen 

atom. 

Se SS eee 
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‘\ o Se ry a V4 
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Figure 14.9 
The Chebyshev polynomials, 7(x) 

(solid), 7;(x) (ong dashed), 7>(x) (short 

dashed), 73(x) (dot-dash), and 7,(x) 

(dotted), plotted against x. 
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Table 14.1 

Some commonly-used orthogonal polynomials. 

name symbol interval weight function 

Legendre [P(G¥) —l<x<l 1 

Chebyshev(Tchebychef) — 7, (x) Shay) (=e 

Laguerre Ee) ORS 00 Cie 

Associated Laguerre LO"™) NS ar 26S aiCabe 

Hermite H,,(x) —00 <% < 60 eo 

Hermite He,,(x) —0 <x <0 ene /2 

The defining intervals and weight functions of some other commonly occur- 

ring sets of orthogonal polynomials are given in Table 14.1. 

We devoted the entire first section of this chapter to the Legendre polyno- 

mials. The associated Laguerre polynomials reduce to the Laguerre polynomials 

(Example 1) when a = 0 and also occur in the quantum-mechanical treatment 

of a hydrogen atom. The Hermite polynomials, H,(x), occur in the quantum- 

mechanical treatment of a harmonic oscillator and those desi gnated by He, (x) in 

Table 14.1 are used in mathematical statistics. The first few Hermite polynomials, 

H,,(x), are (Problem 1) 

Ho(x)=1 Ay(x) =2x H>(x) = 4x? —2 
(4) 

H;(x) =8x° = 12x  HyG@)=16x* — 48x" + 12 

Note that H,,(—x) = (—1)"H,,(x) and that the coefficient of x” is 2” (by conven- 

tion). The Chebyshev polynomials are used in numerical analysis; the first few are 

given by 

Ty(x) =1 (Ce aoe ee gos ee 
(5) 

Ley Ax? — 3x ACS SxS 8x2 ty 

By convention, 7,,(1) = 1. Note that 7,,(—x) = (—1)"T,, (x). Figure 14.9 shows the 

first few Chebyshev polynomials plotted against x. 

i a a 
Example 2: 

Show that 7p(x) is orthogonal to T>(x) with respect to the weight function 

(1 — x*)~!/2 over the interval (—1, 1). 

SOLUTION: 
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Ty(x)h@) , _ pf? 2a1 ey eae, 

<4 4/1 — x2 il fll = 36” 

The Chebyshev polynomials have the curious property that 

T,, (cos 8) = cos n@ (6) 

For example, from trigonometry, 

cos 40 = 8 cos @ — 8cos* 6 + 1 

and Equation 5 gives us 

T,(cos 0) = 8 cos* 6 — 8cos* 6 + 1 

An important general property of orthogonal polynomials is given in the 

following Example. 

Example 3: 
Show that 

b 

/ r(x), (x)x*dx =0 k<n 
a 

SOLUTION: First write 

k 

= Ss aj (x) 
1=(0 

then substitute into the above integral, and use Equation |. We shall use this 

result several times in what follows. 

It is fairly easy to show that all orthogonal polynomials satisfy a recursion 

formula of a form similar to Equation 9 of the previous section 

Pn41(X) — (AnxX + by) Gp (x) + Cn bn—1(x) = 0 (7) 

(Problem 13). Table 14.2 lists resulting recursion formulas for the polynomials in 

Table 14.1. 
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Table 14.2 

The recursion formulas of the orthogonal polynomials listed in Table 14.1. 

recursion formula 

Ea (4) (n + 1)P, 44x) — (Qn + Ix P, (x) + nP,_1(%) =0 

P(e) Tae) =22 T) + T,-1@) =0 

L(x) (n+ DL® (x) + @ — 2n — 1- a) LO) + (n +a) L(x) =0 
He) Hy Oy 24 Hey on Hy y= 0 

Hewa) He G)—she @) + nHe-4G)=0 

coating nell spa 
Example 4: 
Use the recursion formula in Table 14.2 and 75(x) and 73(x) in Equation 5 

to derive an expression for 74(x). 

SOLUTION: From Table 14.2, with n = 3, 

T(x) =2 x T3(x) — Tox) 

e= 2x (4x? = 3x) = Ox? = 1) 

hr ae ily 

(a ee 

We can use the recursion formulas to derive generating functions much as we 

did for the Legendre polynomials in the previous section. 

oS oe ee ee 
Example 5: 
Derive a generating function for the Chebyshev polynomials starting from 

the recursion formula in Table 14.2. 

Co 

SOLUTION: Let G(x, t) = ) > T,(x)t” with To(x) = 1. Multiply each 
n=0 

term of the recursion formula in Table 14.2 by t” and sum from n = | to 

h=oo! 

CO 

G-—1—xt 
DT @)t" = T@)t + BE)? + Y@)e += 
n=] 

Y > (2x7, (x))t” = -2x(G — 1) 
n=| 

RPA Cio nee A eee Tye 
n=! 
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where we have used 7)(x) = x. Putting all this together, we have 

ih c= 

erin aces Fee 

Table 14.3 lists the generating functions associated with the recursion formulas in 

Table 14.2. 

We can use a generating function to determine the value of 

G(x, t)= =D toy" 

b 

i r(x)? (x)dx =I, 
a 

just as we did in the previous section for the Legendre polynomials. Let’s do this 

for the Hermite polynomials. We multiply the square of G(x, t) by r(x) =e * 

and integrate over x: 

i 2 Axt—212 5 ae pe (ge “f- 2 : 
Diabet oh Te Ose ae A, 2 (X) A, (x)dx (8) 

8) n=0 m=0 nt ee: 

Using the orthogonality of the H,,(x), the integral on the right becomes 4,,,,h», 

and we have 

>i = te Loe igs 

—5, h, = 
! 1 Am’ "mM ' 9) hy 

nD man CM! or (n})+ 

Table 14.3 

The generating functions of the orthogonal polynomials 

listed in Table 14.1. 

generating function 

CO 

Boy lorie ed) PG) le) 
n=0 

CO 

a2 ae Gt 
IEG ee Cae Nulla 

tees ee yaiey : a 

ext /G-t) ee 
a) t” LS (x) (ane Boe Oe ates | 

Ax) = = = Hy(x)0" 

705. 
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Table 14.4 

The normalization conditions for 

the orthogonal polynomials listed in 

Table 14.1. 

normalization condition 

2 
LAGS 

Oa 2n+ 1 

18 

7, (2) Be 
0) 

L(x) Pa+n+l) 
n! 

EO) een! 

ELC) J 27 n! 
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The left side of Equation 8 can be written as 

ef 2 2 Vp 2t)2 / on ett—2t Aes er / eis t) Bix 

—oo —OO 

CO 2 2? 2 
=o e dz=J/n e# 

Oo 

a ea 

= 

Equating equal powers of t on the two sides of Equation 8 gives 

re) 3b 

= / e* Hy (x)dx = Jn 2"n! 
CO 

Table 14.4 lists the normalization condition for the orthogonal polynomials given 

in Table 14.1. 

We can also use the generating function to derive the differential equations that 

the orthogonal polynomials satisfy, and Table 14.5 lists the differential equation 

associated with each set of polynomials. 

The final topic that we shall discuss in this section is the expansion of functions 

in terms of orthogonal polynomials. As we did in the previous section for the 

Legendre polynomials, we seek the coefficients a,, Such that 

b N 2 
Dice fer [r= anti dx ) 

n=0 

is minimized. If we differentiate De with respect to the a, and set the results equal 

to zero, we find that (Problem 12) 

b 

Be eee) 

(10) 

fo rx)o2(x)dx 

Table 14.5 

The differential equation for the orthogonal polynomials listed 
in Table 14.1. 

differential equation 

ea) (1 — x)y""(x) — 2xy'(x) + n(n + Dy(x) =0 

io) (= x2) = xy'(x) +n? y(x) = 

L© (x) xy"(x) + (a+1—x)y'(x) +ny(x) = 
eX) y"(x) — 2xy/(x) + 2ny(x) =0 

Hen(x)) y @) —=ay @) -bnyG)y—0 
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Furthermore, if r!/*(x) f (x) is square integrable over a < x <b, then 

N : 2 

Jim, De dim, | r(x) fr = Yds) dx =0 (11) 
n=0 

In other words, we have convergence in the mean. 

We also have Bessel’s inequality (Problem 14) 

b N 

i r(x) f?(x)dx > Ss hya- (12) 
n= 

a 

which is valid for any value of N, including N — oo. If the orthogonal polynomials 

form a complete set, we have Parseval’s equality 

b C 

if BOO dees hia. (13) 
n=0 

Some authors write Equations 12 and 13 with h, = | because they take the @,, (x) 

to be orthonormal. 

ee vun.ih,) bauh 
Example 6: 
Bx pandy Co) — sl x*, —1 <x <1 in terms of Chebyshev polynomials and 

verify Parseval’s equality for f(x). 

SOLUTION: Write 

fCos l= r= dg T(x) + ayT\(x) + agT)(x) 

= 0) 4p Chik ar One = Il) 

This gives us dg = 1/2, a; = 0, and ay = —1/2, or 

ak r= = To(x) T(x) 

Now 

1 ; 1 sae 37 
i rox) f2a) dx = f (l-—x ds = 
=i =] 8 

and 

CO 

370 

ah, = +e == a; 4 8 8 
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14.2 Problems 

tr 

10. 

11. 

12. 

13. 

14. 

15. 

2 ; 

. Generate the first few polynomials that are orthogonal and normalized with respect to e~* over the interval 

(—00, ©). 

. Show that Ho(x) and H)(x) are orthogonal to H>(x) with respect to the weight function e~~ * over the interval 

(=€5, 69). 

. Derive an expression for H4(x) from H>(x) and H3(x) using the recursion formula in Table 14.2. 

. Use the recursion formula for the Laguerre polynomials (a = 0) to verify the formula for L3(x) from the 

expressions in Example 1. 

. Show that the Laguerre polynomials that we derived in Example | are orthogonal. 

. Starting with the recursion formula for Hermite polynomials in Table 14.2, derive the generating function 
CO 

ey 1 
Gaia = > — Hn (xy. Let H(x) = 1. 

ot) 

. Use the recursion formula in Table 14.2 to derive the generating function of the Laguerre polynomials (with 

C1) 

. Use the generating function in Table 14.3 to derive formulas for the first few Hermite polynomials. 

. Use the generating function for the Laguerre polynomials (with a = 0) in Table 14.3 to show that 
CO 

i Ca eX Aneto reas 
0 ‘ 

00 P ; BP: 
The integral / = H,,(x)x H,,(x)dx occurs in a discussion of the vibrational spectrum of a diatomic 

={o9) 

molecule when it is modelled as a harmonic oscillator. Show that this integral is equal to zero unless m =n + 1. 

The average potential energy of a quantum-mechanical harmonic oscillator is directly related to the integral 
©O 

it eH (x)x2H, (x)dx. Show that J = (n + 5) Ja Pata AR 
—oo 

Derive Equation 10. 

We shall derive Equation 7 in this problem. We choose a, so that $,, (x) — a,x@,(x) is at most of degree n 

(the x”*+! terms cancel). Then 

n 

Pn 1X) — AnXbn(x) = Yo ay (x) (1) 
1=0 

Now multiply both sides by r(x);(x) @ = 1, 2,...,) and integrate over (a, b) and show that 

=: J? 1bnyi@) — A,X; (x) r(x); (x)dx dy [2 ro) xo; (2) by (2)dx es 

fa FOR w)dx J? rod? (ad a 

i 

Now, argue that because x¢;(x) is a polynomial of degree x'*!, the numerator in equation 2 will equal zero 

unless i =n — | orn. Therefore, only a, _; and @,, in equation | are nonzero, and so equation | reduces to 

Equation 7. 

Derive Bessel’s inequality, Equation 12. 

Use a CAS to expand f(x) = sin 27x in terms of Chebyshev polynomials. 
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16. Use a CAS to expand e~*’/2 cos 2x in terms of e~* /? H,,(x). Verify Parseval’s equality for this case. 

17. Use a CAS to expand e* cos 2x in terms of en’ /2 H,,(x) and verify Bessel’s inequality and Parseval’s equality 

for this case. 

18. Use a CAS to expand e-*° in terms of e *L, (x). Verify Bessel’s inequality and Parseval’s equality for this 

case. 

19. Use a CAS to expand e~"! in terms of eo /2H, (x). Verify Bessel’s inequality and Parseval’s equality for this 

case. 

14.3 Sturm-Liouville Theory 

In Section 1, we showed that the Legendre polynomials are orthogonal by starting 

with the differential equation that they satisfy. Also in Section 12.6, we showed 

that the Bessel functions, J,,(x), obeyed a certain type of orthogonality condition, 

I 
i XJ, (jx) Jn (a jx)dx = 0 i =| (1) 
0 

where a@; and a; are (distinct) zeros of J,(x). We derived Equation 1 by starting 

with the differential equation for J,,(x). In this section, we shall present a general 

theory that encompasses all the orthogonal polynomials that we have discussed 

up to now and also Equation 1, an orthogonality relation that does not involve 

polynomials. This theory is due to Sturm and Liouville and is called the Sturm- 

Liouville theory. Sturm-Liouville theory plays a central role in the mathematical 

formulation of quantum mechanics. 

Consider the differential equation 

[p(x)y'(x)]' + [g(x) + Ar) yx) =0 (2) 

where A is an unspecified parameter at this point. The functions p(x), p‘(x), 

q(x), and r(x) are continuous on the interval [a, b] and p(x) = 0 and r(x) = 0 

everywhere in [a, b]. Equation 2 together with the boundary conditions 

ayy(a) + ay'(a) =0 (3a) 

and 

By(b) + Boy'(b) =0 (3b) 

constitute what we call a Sturm-Liouville problem. In Equations 3 we assume that 

the coefficients in Equations 3 are real and that at least one w and one 6 # 0. 

Equations 2 and 3 describe a great variety of physical problems. Equation 2 

may look restrictive, but even the general second-order equation a(x)y"(x) + 

b(x)y'(x) + c(x)y(x) + Ad(x)y(x) = 0 can be put into the form of Equation | 

if a(x) 4 0 (Problem 1). 
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Surely y(x) = 0 is a solution to Equations 2 and 3, but it is a trivial solution 

and of no physical interest. It turns out that under fairly general conditions on 

p(x), g(x), and r(x) there are special values of 4 for which there are non-trivial 

solutions. These values of A are called eigenvalues and the corresponding solutions 

are called eigenfunctions. If we introduce the differential operator 

Ly(x) = —[p()y'@) — a@)y@) (4) 

then Equation 2 becomes 

Ly(x) =Ar(x)y@) (5) 

With r(x) = 1, Equation 5 should be reminiscent of the matrix eigenvalue problem 

Ax =A x that we discussed in Section 10.3. 

Equation 5 (with r(x) = 1) has the form of the time-independent Schrodinger 

equation, one of the most famous equations in science. In that case £ is the Hamil- 

tonian operator, y(x) is a wave function, and A represents the allowed observable 

energies of the system. The following Example illustrates the calculation of the 

allowed energy values of a particle constrained to a potential-free finite interval. 

This system is called a particle in a box and is discussed thoroughly in all quantum 

mechanics courses. A 

Example 1: 
Solve the equation 

—y"(x) =Ay(x) 

over the interval 0 < x < 1 with the boundary conditions y(O) = 0 and 

V0) 

SOLUTION: Let’s look at the possibilities, 4X = 0, A < 0, and A > 0, in 

turn. If A =0, then y(x) = c,x +c and it is not possible to satisfy the 

boundary conditions. If 4 < 0, then y(x) = ce) x + ce Px, and 

once again, it is not possible to satisfy the boundary conditions. That leaves 

only the possibility that A > 0. If A > 0, say A = x? with p real, then 

y(X) = Cy SIN [Lx + Cy COS [Lx 

The boundary condition y(0) = 0 requires that cy = 0. The boundary 

condition y(1) = 0 requires that c; sin 4 = 0. We reject the choice c, = 0 

because this gives only a trivial solution. The other possibility is that 

sin 4 = 0, which will occur if jz is an integer multiple of 2, or u =nz. Thus, 

the eigenvalues are A = .* =n*27,n =1,2,..., and the eigenfunctions are 

sin nzx. Physically, these eigenvalues represent the allowed energies of a 

particle restricted to a potential-free interval [ 0, 1 J. 

ne eee en | 
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We tacitly assumed that the eigenvalues in Example 1 are real. We can use 
Equations 2 and 3 or Equations 3 and 5 to not only show that the eigenvalues 
of a Sturm-Liouville problem are real, but also that the eigenfunctions form an 

orthogonal set. Even though p(x), g(x), and r(x) in Equation 2 are real, we’ll 

allow for the possibility that 2 and y(x) are complex. Start with Equation 5 for 

Yn(x) and y,,(x) and take the complex conjugate of the equation for y,,(x) to 

obtain 

Ly, (x) = Apr) y¥_(x) 

and 

Ly eek ry. (x) 

Multiply the first of these equations by y* (x) and the second by y,,(x) and integrate 

both from a to b to obtain 

b b 

[ sncoemncoar =, | P(X) V(X) Vp (x )dx 

b b 

/ m@dbyg@ddx =H, f r(x)yF (x) yn (x)dx 

Now subtract these two equations: 

b b b 

/ y_ (x)L yy (x)dx -| yA )oy, (xdx =, -25) | r(x) yo (x) Y_(x)dx 

(6) 

Using the definition of £ given by Equation 4, the left side of Equation 6 is 

(Problem 2) 

b b 

[ saeoesncodx - f Yalx)h yo (x)dx 
a a 

b 

= | pentyg/ Cyn = vcoy,con| (7) 
a 

Equation 7 is a key equation of Sturm-Liouville theory. It’s easy to show that 

the boundary conditions in Equation 3 make the right side of Equation 7 equal 

to zero (Problem 3). If p(a) #0 and p(b) #0, we have what is called a regular 

Sturm-Liouville problem. In this case, p(x) > 0 fora < x < b. On the other hand, 

suppose that p(a) = 0. Then we really don’t need the boundary condition 3a; all we 

require is that the solution and its derivative be finite at x = a. Similar situations 

occur if p(b) =0, or if both p(a) = 0 and p(b) = 0. If p(x) = 0 at either (or 

both) boundary, then we have what is called a singular Sturm-Liouville problem. 

In this case, p(x) > 0 for a < x < b. We shall see below that some of the general 

properties of Sturm-Liouville systems depend upon whether it is a regular or a 

singular Sturm-Liouville problem. 
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Table 14.6 

A summary of the types of Sturm-Liouville problems. 

p(x) >0 r(x) >0O regular Sturm-Liouville problem 

p(x) =O0 r(x) >0O — singular Sturm-Liouville problem 

p(a)= p(b) r(x)>0__ periodic Sturm-Liouville problem 

Finally, if p(a) = p(b), then Equations 3 may be replaced by y(a) = y(b) 

and y’(a) = y'(b) (Problem 4). This variation is called a periodic Sturm-Liouville 

problem. These results are summarized in Table 14.6. 

The right side of Equation 7 equals zero for a Sturm-Liouville problem, and 

so we have 

b b 

/ a (x) Lyn (x)dx = : Yn (x) L al (x)dx (8) 

a 

An operator that satisfies Equation 8 is called a Hermitian operator, or is said to 

be self-adjoint. Remember that Equation 8 also requires that a set of boundary 

conditions be satisfied. If you go back to Section 10.2, you'll see that we defined a 

Hermitian matrix as one whose elements SUE aij = a5. To see that Equation 8 

has a similar form, write it as y 

b b Si 

/ yok Cid | y, (x) Lym (x)d ‘ (9) 

If we define the left side of this equation by a,,,, then Equation 9 says that 

Amn = @,,> Which is the condition for the elements of a Hermitian matrix. 

Just as we proved in Section 10.2 that the eigenvalues of a Hermitian matrix 

are real and that its eigenvectors are orthogonal, we’ll now prove the same for a 

Hermitian operator. Using Equation 8, Equation 6 becomes 

b 

(Cpe. a) f r(x)y* (x)y_(x)ax =(0 (10) 

Let m =n in Equation 10. Then, the integral cannot equal zero because the 

integrand is never less than zero [remember that r(x) > 0 in (a, b)], so Equation 10 

tells us that A” = A,,. Thus, we see that 

The eigenvalues of a Sturm-Liouville problem are always real. 

Let’s rewrite Equation 10 as 

b 
(Aim — An) if r(x) y,, (ey, (dx = 0 (11) 
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Now if A,, and A, are different, then A,, 4 4,, and the integral in Equation 11 must 
equal zero. Thus, we see that 

b 

if r(x)y" (x) yp(x)dx =0 (12) 

The eigenfunctions corresponding to different eigenvalues of a Sturm- 

Liouville system are orthogonal. 

We learned about a number of orthogonal polynomials in Section 2. All the 

polynomials discussed there arise from singular Sturm-Liouville problems. The 

differential equations that these polynomials satisfy are listed in Table 14.5. We can 

cast these equations into a Sturm-Liouville form by using the procedure outlined 

in Problem 1. We show there that the equation 

a(x)y"(x) + b(x)y'(x) + c(x) yx) + Ad(x) y(x) =0 (13) 

can be written in the Sturm-Liouville form: 

[p(x)y'(x)]) + [g(x) + Ar(x)] y(x) =0 | (14) 

where 

p(x) ee Ba, (15) 
a(x) 

and q(x) = p(x)c(x)/a(x) and r(x) = p(x)d(x)/a(x), so long as a(x) #0. You 

can readily verify this result by substituting Equation {5 into Equation 14 and then 

comparing your result to Equation 13. 

Table 14.7 lists the differential equations in Table 14.5 in Sturm-Liouville 

form. Note that they are all singular for one reason or another. The function 

p(x) = 1— x? for Legendre’s equation is equal to zero at x = +1, so the boundary 

conditions at x = +1 are simply that the solution (and its derivatives) is finite at 

these points. Recall from Chapter 12 that this is exactly the condition that leads to 

the solution being polynomials. The form of r(x) in each differential equation in 

Table 14.7 

The Sturm-Liouville form of the defining differential equation for a few 

orthogonal functions. 

range of x differential equation 

P(X) —l<x<l [1 — x) y/(x)]/ +AQA + Dy(x) =0 

L(x) Om wacom wy ea yeaa G0 

Hak) —00 < xX <cO le y"(x)] IP 2re-* y(x) =i) 

) —l<x<1  [—x?)!y/@)J’ +10 — x?) yx) =0 
Jo(x) Ona ley GG) Arya) =0 
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Table 14.7 is the weighting factor for the orthogonality property of the functions 

listed. Recall that they were given with no justification in Table 14.1. 

iin ne wri Se oe | 
Example 2: 
Express Laguerre’s differential equation (Table 14.5) in the form of a 

Sturm-Liouville equation and use Equation 12 to deduce the orthogonality 

condition. 

SOLUTION: Laguerre’s differential equation is 

xy"(x) + (a+ 1—x)y'(x) +ny(@x) =0 

To convert to a Sturm-Liouville form, use the result of Problem 1, which 

says that 

Doi exp ( 2 ax) = exp (/ a+ 1" as) = xetle—x 

a(x) 

q(x) = p(x)c(x)/a(x) = 0 and r(x) = p(x)d(x)/a(x) = x%e™. Thus, the 

Sturm-Liouville form is 

‘ 
‘ 

[xe ee yw) | aie ty x) = 0 

in agreement with Table 14.7. The orthogonality condition (Equation 12) is 

CO 

‘I Berk Ober jde =O mén 
0 

in agreement with the previous section. 

[SS ie Rae ee ee ee ee eee 

Let’s go back to Example | in view of what we have learned about Sturm- 

Liouville problems. The eigenvalues are 2, =n?7,n = 1, 2, ... and the eigen- 
functions are ¢, (x) =c, sin nzx. Note that these eigenfunctions are orthogonal 

over (0, 1) because 

I 
it sinmmx sinnax dx =0 meén 
0 

We can normalize them by writing 

1 
: 1 

a | sin’ nx dx =co--=1 
0 2 

Thus, the orthonormal eigenfunctions are ¢, (x) = 2)/2 sin nax,n=1, Drak: 
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Example 3: 

Determine the eigenvalues and corresponding eigenfunctions for 

y" (x) + Ay(x) =0 

and the boundary conditions y’(0) = 0 and y(1) = 0. 

SOLUTION: As in Example 1, 4 must be positive in order to have 

non-trivial solutions. Let A = 8”, so that 

y(x) =c, sin Bx + cy cos Bx 

The boundary condition y’(0) = 0 tells us that c; = 0. The boundary condition 

y(1) = 0 tells us that cos Bx = 0, which says that 6, = (2n — 1)7/2, for 

n=1,2,.... Therefore, the eigenvalues are 

(2n — 1)?7? 
6, Mast yu 7 eee 

and the eigenfunctions are 

yi 
Y(t) = Gy cos AIF al ee 

The normalization constant c,, is equal to 2'/?. 

IO ere legs af bd ve v2 bs te Sf 

TE ly iwi wi a hive 9 Sr ao deme il 
Example 4: 
Determine the eigenvalues and corresponding eigenfunctions for 

y"(x) + Ay(x) =0 

and the boundary conditions y(0) = 0 and 5y(1) + y’(1) = 0. 

SOLUTION: As before, there are no eigenvalues for A < 0. Let A = p* 

and write 

¥(x) = Gc; COS Bx -.c>:sin Bx 

The boundary condition y(0) = 0 tells us that c} = 0. The other boundary 

condition gives 

5 sin B + B cos B =0 

The eigenvalues are given by 

Bn 
ea ean P 
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by 

DY Qn 

Figure 14.10 
The functions y = —f/5 and tan £ plotted 

against 6. The eigenvalues of the Sturm- 

Liouville system in Example 4 are given 

by the intersections of these lines. 

Chapter 14 / Orthogonal Polynomials and Sturm-Liouville Problems 

We can see the nature of these eigenvalues by plotting tan £,, and —B,,/5 on 

the same graph as in Figure 14.10. 

Note that there is an infinite number of distinct eigenvalues. The 

corresponding eigenfunctions are 

Yn(X) =Cy sin Bn 

This problem meets all the requirements of a Sturm-Liouville problem, so 

we are guaranteed that 

I 
i SiMe SIO s ax. U nzm 
0 

The normalized eigenfunctions are 

2p)/2 

(2B, = Sin 2B eA 

Yn (x) = sin ByX 

Problem 6 asks you to show explicitly that the eigenfunctions are orthogonal. 

We shall use this result in the next chapter. 

ee ee eee eee | 
“ 

In all the examples that we have done so far, there has been an infinite number 

of discrete eigenvalues. The reason for this is the following theorem: 

Let p(x), p'(x), g(x), and r(x) in the Sturm-Liouville equation 

[p(x)y'@)I' + g(x) y(x) + Ar(x) yx) =0 

be continuous on the interval (a, b| and let p(x) > 0 and r(x) > 0 at all 

points in [a, b]. Let the boundary conditions be of the form 

ay(a) + ayy’ (a) =—1()) and Byy(b) + Boy'(b) = () 

where a, and ay are given constants, not both equal to zero, with the 

same conditions of B, and By. Then there is an infinite number of discrete 

eigenvalues 

Ni ge ee See 

where 2, > © as n — oo. Furthermore, the eigenfunctions are simple, 

meaning that there is only one linearly independent eigenfunction 

corresponding to each eigenvalue. If it happens that q(x) <0 on [a, b] 

and 0), 3, Bj, and By» are all => 0, then the eigenvalues are > 0. 

Recall that a Sturm-Liouville problem is said to be regular if, in addition to 

the above continuity requirements, p(x) > 0 and r(x) > 0 for all points in the 

closed interval [a, b]. The above theorem tells us that a regular Sturm-Liouville 

problem yields an infinite number of discrete eigenvalues, but it does not say that 

a singular Sturm-Liouville problem will not. Singular Sturm-Liouville problems 
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may or may not yield discrete eigenvalues. This is one of the primary differences 

between regular and singular Sturm-Liouville problems. 

14.3. Problems 

1. 

16. 

17, 

18. 

Show that the equation a(x) y"(x) + b(x)y'(x) + c(x) y(x) + Ad(x)y(x) = 0 can be put into a Sturm-Liouville 

form by dividing through by a(x) and then multiplying by p(x) = exp ( 7a). 
a(x 

- Derive Equation 7. 

. Use the boundary conditions in Equations 3 to show that the right side of Equation 7 equals zero. 

. Show that if p(a) = p(b), then the right side of Equation 7 will equal zero if y(a) = y(b) and y’(a) = y'(b) 

(periodic boundary conditions). 

. Show that the eigenfunctions in Example 3 are orthogonal. 

. Show explicitly that the eigenfunctions of Example 4 are orthogonal. 

. Determine the eigenvalues and eigenvectors of y’(x) + A*y(x) = 0 with the boundary conditions y(0) = 0 

and y’(l) =0. 

. Determine the eigenvalues and eigenvectors of y(x) + A?y(x) = 0 with the boundary conditions y’(0) = 0 

and y(z) = 0. 

. Determine the eigenvalues and eigenvectors of y”(x) + 2 y(x) = 0 with the boundary conditions y’(0) = 0 g y j 
and y’(1) =0. 

. Consider the Sturm-Liouville problem y”(x) + Ay(x) =0 with y(0) = 0 and ay(/) — y’(/) = 0. Determine the 

conditions for which there is a negative eigenvalue. 

. Write Hermite’s differential equation in the form of a Sturm-Liouville equation. Identify p(x), g(x), and r(x). 

. Write Chebyshev’s equation in the form of a Sturm-Liouville equation. Identify p(x), g(x), and r(x). 

. Use the result of Problem 11 to write the orthogonality condition for Hermite polynomials. 

. Use the result of Problem 12 to write the orthogonality condition for Chebyshev polynomials. 

. Classify the following Sturm-Liouville problems as regular, singular, or periodic: 

(a) [xy'(x)]/+Axy(%)=0 — [0, 00) 

(b) [1 —x*)y'(@x)I'+ay@)=0 9 [-1, 1] 
(ec) (1—x?)y"(@) — xy’(x) + Ay) =0 [—1, 1] 

Determine the eigenvalues and eigenfunctions of y’(x) + d?y(x) =0 with the boundary conditions 

y(—a) = y(a) and y’(—a) = y'(a). 

Show that the normalization constant of the eigenfunctions in Example 4 1s 26/7 /(2Bn =cini2p,) 

Show that the eigenvalues and eigenfunctions of the equation y”(x) + Ay(x) = 0 with the boundary conditions 

y(0) + y’(0) = O and y(1) = 0 are Ag = O with yo(x) = x — landd, = io With: y,(4)="6,,COS.6,% — sin 2.x. 

for n > 1, where the £,, are the positive roots of tan x = x. 
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14.4 Eigenfunction Expansions 

We have seen that the eigenfunctions of Sturm-Liouville problems are orthogonal 

with respect to the weight function r(x) over the interval [a, b]. Just as in the case 

of the orthogonal polynomials that we discussed in Section 2, if we can express 

the function f(x) in the interval [a, b] in terms of the eigenfunctions of a Sturm- 

Liouville problem, 

(Meo), Ce) (1) 
n=0 

then we can readily determine the coefficients a, by multiplying both sides of 

Equation 1 by r(x) y,,(x) and integrating over [a, b] to obtain 

b 

i! rx)s oy, dx 

d,=— (2) 
b 

/ r(x)y*(x)dx 

Sturm-Liouville theory gives us a powerful theorem to deal with the convergence 

of series such as Equation |. ~ 

Let y\(x), y2(x),... be the eigenfunctions of a regular Sturm-Liouville 

problem, and let f(x) and f'(x) be piecewise continuous on the closed 

interval [a, b]. Then the series 

ee) 

(OS ewes) (3) 
n=0 

converges to f(x) at every point wherever f(x) is continuous, and to the 

average value | f (x+) + f (x—)]/2 wherever f (x) is discontinuous on the 

open interval (a, b). 

This is aremarkable result. The series in Equation 3 not only converges to f (x) 

wherever it is continuous, but even to its average value at points of discontinuity. 

Let’s look at a couple of Examples. 

a a ea ee a eee 
Example 1: 
Expand f(x) = x(1 — x) in the interval (0, 1) in terms of the eigenfunctions 

of y"(x) + A*y(x) = 0, y(0) = 0, and y(1) = 0. 

SOLUTION: The normalized eigenfunctions are y,(x) = 2'/2 sin nx, 

Tia) ee. Then 

CO 

a Ce) — Ele Ds Ay, SIN NIX 

n=0 
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The coefficients are given by 

1 | 
sea | f(x) sin nwx ae x(1— x) sin nix dx 

0 0 

93/2 

= aaa eC S) yee 

and so we have 

’ Ae Tat POSS 
n=] 

ae 

sin nx 
n> 

Figure 14.11 shows f(x) =x(1 — x) and the first few partial sums of the 

series. Because of the n> term in the denominator of the d,, the convergence 

1s very rapid. 

a ae a ee 

The rate of convergence in Example | may not be too surprising because of 

f(x) = x(1 — x) is similar to that of sin zx in the interval [0, 1]. Let’s look at an 

Example where f (x) is discontinuous. 

ao.” lM 
Example 2: 
Expand 

Xx 

xX 
fas {4 

over the interval (0, 1) in terms of the eigenfunctions of Example 1. 

SOLUTION: 
CO 

(Coz ps2 yo Ap SIM NIX 

hl 

1/2 91/2 
| sinnmwx dx = (: cos“) gal We Sedna 

0 ni 2 

Thus, 

nit 
oo | — cos — 

EW) =e 2 sin nnmx 
AIT 

n=! 

The first 10 and 100 partial sums of this series are shown in Figure 14.12. 

The 1/n dependence of the coefficients causes the series to converge rather 

slowly, and so it requires many terms to represent f(x). Note, however, 

that both series representations equal 1/2 at x = 1/2, as our general theorem 

requires. 

| 

697; 

4 
i} 

ih 

Figure 14.11 
The partial sums of f(x) =x(1— x) 

given in Example |. The agreement is 

excellent using only two nonzero terms in 

the partial sum. 

Figure 14.12 
The partial sums of f(x) given in 

Example 2 consisting of 10 (black) and 

100 terms (color). 
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Figure 14.13 
The partial sums of Example 3 consisting 

of 5 (dotted), 10 (short dashed), and 50 

(solid) terms. 
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a eh a Ckererscien> 
Example 3: 
Expand f(x) =x over the interval (0, 1) in terms of the eigenfunctions in 

Example 4 of the previous section. 

SOLUTION: The eigenfunctions are y,(x) = sin B,x, where the B, are 

the solutions of tan 6, = —6,,/5. Thus, 

[o-@) 

f(x) = De ay sin B,X 

n=1 

Multiply by sin £,,.x and integrate to obtain 

] 1 
ee) ; 

Am il sin” B,,x dx = / SSI Bees dx 

Ga — sin “Bs. sin Bra <= Bm COS Pr 6 cos By 
Am SS SSS SS SS 

4B p2 ed Soe 

where we have used tan £,, = —,,/5 in the last line. We have, then, 

Dh cos By, : 
f@)= - — sin BX 

5 dX 26,, — sin 26, “ 

You can determine the f,, numerically, but they are also well-tabulated (see, 

for example, Table 4.19 of Abramowitz and Stegun). Figure 14.13 shows 

partial sums of the series for f (x) consisting of up to 50 terms. 

(ee ee Oe es ee ee | 

One important difference between a regular Sturm-Liouville problem and a 

singular Sturm-Liouville problem is that the eigenvalues of a singular problem 

may not be discrete. That is, there may be a continuous range of eigenvalues for 

which there are non-trivial solutions. When this occurs, we say that the problem 

has a continuous spectrum of eigenvalues. In some cases, the eigenvalues may 

be discrete over some interval and continuous over another. There is no general 

theory that you can use to determine the nature of the eigenvalues for any particular 

case. In those cases where the eigenvalues are discrete, you can show that the 

eigenvalues are real and that the eigenfunctions are orthogonal. Furthermore, there 

is a generalization of the theorem that we gave earlier in this section that guarantees 

the convergence of the series expansion of a function in terms of eigenfunctions. 

The Legendre polynomials are a good example of this case. 
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Seen eY ee Ro ao eT] 
Example 4: 
Expand 

0 =<x <0 

Fe = O2n 21 

in terms of Legendre polynomials. 

SOLUTION: We seek 

CO 

Te) = SS ay, P, (x) 

n=0 

Multiply by P,,,(x) and integrate over (—1, 1) to obtain 

1 il 
2 

i PONE Cows Sah. iE IEE El oe ontag 

or 

2n+ 1 

airs 
2 | 

=e Bere i} P(x)dx 
2 0 

The first few a, come out to be dg = 1/2, a; = 3/4, ay = 0, a3 = —7/16, 

a4 = 0, and as = 11/32. Figure 14.14 shows the partial sums consisting of 

10 terms and 40 terms. Note that all the partial sums intersect at f(x) = 1/2 

at its discontinuity at x = 0, as the above theorem requires. Figure 14.14 

The partial sums of the eigenfunction 

expansion of f(x) given in Example 4 in 

terms of Legendre polynomials: 10 terms 

(dashed) and 40 terms (solid). 

1 

‘if JCOIP Ce eles 
ai 

Recall from Section 2 that if we seek an approximation to f(x) of the form 
N 

78 a, ?, (x), then the mean square error 

n=0 

N 2 
b 

Dy = / r(x) [ros : a) dx (4) 
n=0 

is minimized when the coefficients a, are given by 

b 

/ Tejh esrHes te 
ay = 0S ee pga sn (5) 

b 4, 

i r(x)pedx 
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Furthermore, we defined convergence in the mean by the requirement that 

b N Z 

lim, Di = tim f r(x) [709 Yond dx =0 (6) 
n=0 

In Section 2, the {@,,(x)} were sets of orthogonal polynomials, but here they are 

eigenfunctions of a regular Sturm-Liouville system. 

Using the fact that D>, > 0 in Equation 4, we have 

b N 

/ Feo) ae = a Tae 
ae n=l 

Taking the limit N — oo gives us Bessel’s inequality, 

b eo) 

il r(x) f>(x)dx > = h,a> (7) 
a 1 

N 

If f (x) converges to Dy dyn, (x) in the mean square sense, then we have Parseval’s 

n=! 

equality, 

b "00 
i Fie) f God ==) fae (8) 

a ia 

If Parseval’s equality holds for functions that are all square integrable over the in- 

terval [a, b], then the set {@,,(x)} is said to be complete with respect to convergence 

in the mean. 

Se ae een eee 
Example 5: 
Use the results of Example | to illustrate Parseval’s equality. 

SOLUTION: First evaluate [for r(x) = 1] 

I 1 
20) =| Tea une ad 

[ Peas as Oe aaa 

The coefficients in the expansion of f(x) are 

pe n+l a, = 1+ (-D" 4] nn =1,2,... 
TU 

and so 
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We encountered these summations in Section 3.7 (see also Chapter 23 of 

Abramowitz and Stegun), and so we have (with h,, = 1) 

= oullod ha! 311° | a= | ore 
m©| 945 32-945| 30 

n=l 

in accord with Parseval’s equality. 

rg Fe Eig a ra ew eho erat 2 pS 9h teen none A 

We're now ready to state a theorem concerning Sturm-Liouville systems and 

convergence in the mean. 

The eigenfunctions of a regular Sturm-Liouville problem are complete with 

respect to convergence in the mean for all functions that are square integrable 

over the interval [a, b]. 

Notice that the above theorem applies to regular Sturm-Liouville problems. 

The eigenfunctions of singular Sturm-Liouville problems may or may not be 

complete. It turns out that the Legendre polynomials and Hermite polynomials 

form complete sets, but that the Laguerre polynomials do not. All three of these 

sets of orthogonal polynomials arise from singular Sturm-Liouville problems 

that occur in quantum mechanics. The lack of completeness for the Laguerre 

polynomials has a nice physical interpretation. The Laguerre polynomials occur 

when the Schrodinger equation for an electron in the field of a nucleus is solved (a 

hydrogen atom). The Laguerre polynomials along with the eigenvalues correspond 

to the bound state of an electron in a hydrogen atom. However, there is also a 

continuum of eigenvalues corresponding to an unbound electron, as in an ionized 

hydrogen atom. These states form a continuum because the electron is free and can 

have any kinetic energy. The eigenfunctions are no longer Laguerre polynomials. 

Physically, then, the Laguerre polynomials along with their discrete eigenvalues 

correspond to only one part of the solution to the hydrogen atom problem, and so 

do not form a complete set. If you use only the Laguerre polynomials in certain 

calculations involving a hydrogen atom, you get only about 2/3 of the correct value. 

14.4 Problems 

1. Expand j (x) = x?(1 — x) in the interval (0, 1) in terms of the eigenfunctions of y”(x) + A*y(x) = 0 with 

boundary conditions y(O) = y(1) = 0. 

2. Expand f(x) =x in the interval (0, 1) in terms of the eigenfunctions of y"(x) + 7 y(x) =0 with boundary 

conditions y(O) = y(1) = 0. 

3h lepgeenndl je) acl = x)* in the interval (0, 1) in terms of the eigenfunctions of y”(x) + My(x) = 0 with 

boundary conditions y(0) = 0 and y’(1) = 0. 

4. Expand f(x) =x(1— x) for —1 < x < 1 in terms of Legendre polynomials. Verify Parseval’s equality. 

701 
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10. 

11. 

12. 

13. 

14. 

15. 

16. 
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. Derive a formula for the coefficients of an expansion of f(x) in terms of Chebyshev polynomials. 

. Expand f(x) = sin 7x, —1 <x <1, in terms of Legendre polynomials. 

. A quantum-mechanical particle of unit mass in a box is restricted to have only the energies 

E,, = 1°n*/2a”, where a is the width of the box. If the state of the particle is described by the wave function 

1/2 

VS (5) x(a — x), 0 <x <a, then the probability that if we were to measure the energy of the particle, 
a 

bs we AIX 
the value E,, = *n*/2a* would result is given by tem where c,, is defined by w(x) = (2) Ss Cy Sita 

a a 
n=1 

Hoye if n is odd = 
First show that c,, = 3n3 . Now show that os e = |, as it must be if ce is a probability. 

0 ifn is even n=1 

. Use the result of Problem | to illustrate Bessel’s inequality. 

. Use the result of Problem | to illustrate Parseval’s equality analytically. 

l N g 
Evaluate DD, = if [ro = ae sin ra dx for the function expanded in Example | and plot De 

=1 
against NV. : 

Se 5 ORs) 2 ; , 2 ss : 
Expand f(x) = ee in terms of the eigenfunctions of y"(x) + A*y(x) = 0 with boundary 

conditions y(0) = y(1) = 0 and show that the series converges to 1/2 at x = 1/2. Hint: You need to use the fact 

Pe . 
that] — —-+ -—-—-+---= Les (See Section 3.7.) 

Sy. tak ead 4 

—1 OR 2 
Repeat the previous problem for f(x) = 1 eee 

Show that the eigenfunction expansion in Example 4 equals 1/2 when x = 0. 

Use a CAS to calculate Ds as a function of N for the expansion in Problem 2. 

Show that Bessel’s inequality implies that a, — 0 as n — oo in Equation 7. 

Use a CAS to calculate De as a function of N for the expansion in Problem 6. 

14.5 Green’s Functions 

In this section, we shall consider nonhomogeneous Sturm-Liouville problems, 

such as 

Ly(x) — pr(x)y(x) = g(x) (1) 

where £& is the self-adjoint operator (see Equation 4 of Section 3), 

Ly(x) = —[p(x)y"@) — ayy) (2) 

jz iS a given constant (not to be confused with an eigenvalue), g(x) is a suitably 
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well-behaved given function, and where the boundary conditions are 

aiy(a)+any'(a)=0 and — Byy(b) + Boy'(b) =0 (3) 

We assume that both the solution y(x) and the nonhomogeneous term g(x) can 

be expanded in terms of the eigenfunctions of £, which satisfy the eigenvalue 

problem 

Lob, (x) = Ant (X)Pp (x) (4) 

where the ¢,, (x) satisfy the boundary conditions in Equation 3. For notational con- 

venience only, we assume that the ¢, (x) are normalized and also write Equation | 

as 

Eye) — pr (x) yee) = 7x) fx) () 

where r(x) f(x) = g(x). We shall actually expand f(x) = g(x)/r(x) instead of 

g(x), and write 

y(X) = Do anbn (x) (6) 
n=1 

fC Lee) (7) 
n=l 

We know the f,, because they are given by 

b 

re i) Shr Mer (8) 
a 

and we wish to determine the a,,. Substitute Equations 6 and 7 into Equation 5 to 

obtain 

r(x) Yo Ann by(X) — r(x) 396.) =7@) Y F.0,0) (9) 
n=1 n=l n=l 

Multiply both sides of Equation 9 by ¢)(x) and integrate over [a, b ] using the 

orthogonality of the ¢,,(x) with respect to the weighting function r(x) to find that 

QO, —-Wa =f; Demae) IS Sane ree (10) 

If uw £A, for! =1,2,..., then a formal solution to Equation 5 is given by 

yO) =) andi) = QU 5 tn) (11) 
in! n=1 

If f(x) is continuous, then the series in Equation 11 converges point-wise to the 

solution of Equation 5. 

If jz is not equal to any of the eigenvalues, then the solution to the boundary 

value problem given by Equations | and 3 will be unique for any continuous 
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function g(x). If, on the other hand, jz is equal to one of the eigenvalues, say 

Xm» then Equations | and 3 have no solution, unless it happens that tac Oath 

which case f(x) is orthogonal to ¢,,(x). (See Equation 8.) If f,, =0, then a, 

in Equation 10 is arbitrary. This means that although Equations | and 3 have a 

solution, the solution is not unique. 

Let’s substitute Equation 8 for f,, into Equation 11 (change the integration 

variable to z in Equation 8 so that we don’t confuse the x in ¢, (x) in Equation 11 

with the (dummy) integration variable in Equation 8) to obtain 

b 

yey = Se Fe) f@onleddz 
n LM Ja 

Assuming that we can change the order of summation and integration, we have 

pif es 

y(x) =|) be masts | r(z)f (z)dz 
¢ n=! — 

b 
=a G(x, 2g()dz (12) 

where g(z) =r(z) f(z) and 

G(x, Za) = oS, en 
(13) 

n=l 

The quantity G(x, z) that we have just defined is called a Green’s function. It 

has the property that the solution to the nonhomogeneous equation 

Ley Ge) =r yr) =e) (14) 

has the solution 

b 
yx) = G(x, z)g(z)dz (15) 

a 

Note that G(x, z) depends upon the operator £ (through Equation 5) and its 

associated boundary conditions. 

[ UPreaty at b Avion sl «i nagtet kere Vaca... cde ln (Pee 
Example 1: 
Determine the Green’s function for 

y"(x) + yx) = f(x) 

with the boundary conditions y(0) = 0 and y(1) = 0. 

SOLUTION: We can use Equation 2 with p(x) = 1 and q(x) =0, so 

that & = —d?/dx*, w = 1, r(x) =1, and g(x) = — f(x) in Equation 1. The 
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appropriate eigenvalue problem is (Equation 4) 

$1 (x) + An@n(x) =0 

The normalized solution that satisfies the boundary conditions is 

ob, (x) = 2"? sin naxx 

and the eigenvalues are given by A,, = n*m*. Equation 13 gives 

CO S z 

sin nx sin nwz 
Gi Cee i Sy 

n272 — | 
n=] 

1 at ea a eee 

rt wer Gg wea sii nG jis | 
Example 2: 

Use the Green’s function in Example | to solve the equation 

y"(x)+y@) =x 

with the boundary conditions y(0) = y(1) = 0. 

SOLUTION: According to Equation 15 

| 
y(x) =| G(x, z)(—z)dz 

0 

ee) , 1 
sin nx 

—? Z) sinnaz dz 
oe (nz) a 4 [ ( ) ‘ 

n=1 

~~. sinnax (—1)” 
= 2 oe ae 

Pee (nz) 1 nit 

2 se —1)"*1 sin naxx 

a [1—(nz)2] 

oi Rees RTE ee 2 ee 

This is perhaps a good time to point out that the definition of a Green’s 

function varies from author to author, the difference being a factor of +1. Notice 

in Example 2 that x, the nonhomogeneous term of the differential equation, is 

represented in Equation 15 by —z. The difference can be traced back to the 

definition of £ in Equation 2. Some authors define £ as [p(x) y'(x)]/ + q(x) y(), 

but then require that p(x) < 0 andr(x) <0 for aregular Sturm-Liouville problem. 

There is no consensus on this issue, and if your work leads to working with 

Green’s functions, then you’Il simply refer to your favorite sourcebook on Green’s 

functions. Whichever convention you use, your final answers will always be 

independent of that choice. : 

i 
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We can derive a differential equation for G(x, z) by formally operating on the 

x dependence of both sides of Equation 15 with the operator & — pr(x). Using 

Equation 14 for the left side, we obtain 

b 

[L — ur(x)]y(%) = g(x) =| {2 — ur(x)]G(x, z)}g(z)dz (16) 

Equation 16 says, however, that the term in curly brackets in the integrand is a 

Dirac delta function (Section 3.6) because 

b 

g(x) =4) b(x — z)g(z)dz 
a 

Thus, we have 

BGQs2) = prQGG.z) = 6&2) (17) 

as a differential equation for the Green’s function, G(x, z). 

Let’s see how to use Equation 17 by deriving the Green’s function for the 

equation 

y"(x) + yx) =0 

with boundary conditions y(O) = y(1) = 0. (See Example 1.) We obtain the equa- 

tion for the Green’s function by letting £ = ae (le = Al, euwvel AG) = Ih, aim 

which case Equation 17 becomes 

G" (x, z) + G(x, z) = —8(x — z) (18) 

where the primes denote differentiation with respect to x. The boundary conditions 

on G(x, z) in this case are G(O, z) = 0 and G(1, z) = 0. We work with the regions 

0 <x <zandz <x < 1 separately. In each case, G” (x, z) + G(x, z) =0, and the 

solutions are 

C1 SiN x + Cp COS x 0 

G3 Sil. = C4 COS © Z 
Gix.=| 

Mae 

Xess 

We can apply the G(0, z) =0 boundary condition to the first solution and 

G(1, z) = 0 to the second to obtain (Problem 20) 

a sin x OR 

Guar b sin(x — 1) (des S| 2) 

We still have two constants, a and b, to determine. We do this by integrating 

Equation 18 from z — € to z + €, where « > 0. 

2G ire zte zte 

|: +f G(s, dx =~ f 6(x — z)dx =—1 (20) 
Late Zz 

3) dx? and ee 
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Equation 20 implies that one or both of the integrands on the left is discontinuous, 
for otherwise both integrals would equal zero as € — 0. Since differentiation 
produces discontinuities whereas integration smooths them out, we shall assume 
that G(x, z) isa continuous function of x and that dG/dx is discontinuous at x = z. 
Therefore, 

Erte 

lim / Gos zZdx =0 i) 
€> ze 

and 

Bare if?) Z+e€ 

lim / gue == hero <] =-| (22) 
eV en an <0 dx |e 

Although G(x, z) is continuous at x = z, its first derivative has a jump discontinuity 

there (Figure 14.15). 

We can now use Equations 21 and 22 to determine a and b in Equation 20. 

The continuity of G(x, z) at x = z gives 

asin z= b sin(z — 1) 

and Equation 22 gives 

bcos(z — 1) —acosz=—1 

Solving these equations for a and b gives 

sin(z — 1) 
a= — ———— 

sin | 

and 

eee an Ke 

sin | 

so finally we have 

| — sin x sin(z — 1) OS Z oe = 23 
aa?) sin | | — sin z sin(x — 1) Sie SII 22) 

Note that G(x, z) is a symmetric function of x and z; that is, G(x, z) = G(z, x). 

(if we allow for a complex vector space picture in which the eigenfunctions 

are complex, then the symmetry condition is G(x, z) = G*(z, x) (Problem 21).) 

Figure 14.16 shows G(x, z) in Equation 23 plotted against x for / = 1. You can 

see that G(x, z) is continuous at x = z, but that its slope is discontinuous there 

(Problem 22). 

Because of the symmetry property of G(x, z), we can also write Equation 23 

as 

— sin z sin(x — 1) OS ze <i 
(24) 

all 

] 
G(x, Z)= Sit | — sin x sin(z — D) 

77, 

Figure 14.15 
An illustration that a Green’s function is a 

continuous function of x and that its first 

derivative has a discontinuity of —1 at 
= 7 

Like 

Figure 14.16 
The Green’s function given by Equation 23 

plotted against x and z. 
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ee | 
Example 3: 
Use the Green’s function in Equation 24 to solve the equation 

y"(x) + yx) =x 

with the boundary conditions y(0) = y(1) = 0. 

SOLUTION: 

| eee, OS eK 

OO) aa — sin x sin(z — 1) eee SI 

According to Equation 15, 

| 
y(x) =|) G(x, z) f(z)dz 

0 

ie ee 5 . I 

= Sto) / (—z) sin z dz — eae! i (2) sintz =)dz 
sin | 0 miter Il ose 

ee sin x 

> sin | 

[atten Sa Se et ini Se 

Problem 11 asks you to derive the same result using the method of undeter- 

mined coefficients. Furthermore, the result that we just obtained in Example 3 

should be the same as the one that we obtained in Example 2. The next Example 

shows that this is the case. 

Example 4: 
Expand the function 

sin x 
VX) =x = — 

sin | 

in a series of the eigenfunctions given in Example 1. 

SOLUTION: 

CO 

y(x) = Da Ay, Sin nex 
(=| 

Thus, 

1 

/ y(x) sin nx dx 1 

an = oo 2 | y(x) sin nax dx 
0 

1 

i! sin? nx 
0 
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i | 
: 2 5 

= | x sinnzx dx — —— sin x sin nztx dx 
0 sin | Jo 

2D) 1 
= —— cosna — 2nm cosni a aaaTs 

ni 1—n2n? 

CD 1 

wn 1 —n2n2 

Notice that this yields exactly the result of Example 2. 

IR bee 0 0 te ee fe etl BW Ag sl 

14.5 Problems 

4. Use the Green’s function in Problem 3 to solve the equation y”(x) ve y(x) =x with the boundary conditions 

(0) =O-and y' (1) = 0. 

5. Solve the Green’s function for the equation G (x, z) + G(x, z) = —d(x — z) with the boundary conditions 

G(O, z) =0 and G’(1, z) = 0. 

6. Solve the Green’s function for the equation G Ge Zz) + G(x, z) = —d(x — z) with the boundary conditions 

G (0,2) = Oand G1, z= 0: 

7. Use the Green’s function in Problem 5 to solve the equation y”(x) + y(x) =x with the boundary conditions 

y (0) = O-and y' 1) =0. 

8. Use the Green’s function in Problem 6 to solve the equation y”(x) + y(x) =x with the boundary conditions 

y (O)=Oandiy Ch) = 0) 

9. Use the method of undetermined coefficients to solve the equation y’”(x) + y(x) =x subject to the boundary 

conditions y(0) = y(1) = 0. Compare your result to the one that you obtained in Example 3. 

10. Use the method of variation of parameters to re-do Problem 9. 

11. Use the method of undetermined coefficients to solve the equation y”(x) + y(x) =x subject to the boundary 

conditions y(0) = 0 and y’(1) = 0. Compare your answer to the one that you obtained in Problem 7. 

12. Use the method of variation of parameters to re-do Problem 11. 

13. Use the method of undetermined coefficients to solve the equation y”(x) + y(x) =x with the boundary 

conditions y’(0) = y’(1) = 0. Compare your answer to the one that you obtained in Problem 8. 

14. Use the method of variation of parameters to re-do Problem 13. 

15. Expand the function y(x) =x — * ina series of the eigenfunctions of Problem |. Compare your answer 
cos 

to the one that you got in Problem 2. 

16. Expand the function y(x) = x + (1— cos 1) cos x/ sin 1 — sin x ina series of the eigenfunctions of Problem 3. 

. Determine the Green’s function for y"(x) + y(x) = f (x) with the boundary conditions y(0) = 0 and y’(1) = 0. 

. Use the Green’s function in Problem 1 to solve y”(x) + y(x) = x with the boundary conditions y(0) = 0 and 

y'(1) = 0. 

. Determine the Green’s function for y”(x) + y(x) = f (x) with the boundary conditions y’(0) = 0 and y’(1) = 0. 

Compare your answer to the one that you got in Problem 4. 

LOS 
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17. 

18. 

19: 

20. 

PAE 

22. 

23 . 

24. 

25. 

Chapter 14 / Orthogonal Polynomials and Sturm-Liouville Problems 

Equation 22 is derived from Equation 18, G’’(x, z) + G(x, z) = —6(x — z). Derive the corresponding condition 

on dG/dx at x =z for the equation [ p(x)G’(x)]/ + g(x) G(x) = —d(x — Zz). 

Show that the Green’s function for the equation y”(x) = f(x) with the boundary conditions y(0) = y(1) = 0 

x(l—z) O0<x<z 
AU eas eee en I 

1S GG, 2) = 

Use the Green’s function from the previous problem to determine the solution to y”(x) = sin x with the 

boundary conditions y(0) = y(1) = 0. Compare your result to the solution that you obtain using the method of 

undetermined coefficients. 

Derive Equation 19. 

Show that G(x, z) = G*(z, x) if the eigenfunctions are complex. 

Show explicitly that G(x, z) given by Equation 23 has a discontinuity of —1 at x = z. 

In all the problems that we have considered in this section, the boundary conditions have been given at the 

points x = 0 and x = 1. How is Equation 23 modified if G(a, z) = G(b, z) = 0? 

Re-do Problem 5 if G(a, z) = G’(b, z) = 0. 

Re-do Problem 6 if G’(a, z) = G'(b, z) =0. 
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Transfinite Numbers 

What would you say if someone told you that there is the same number of even numbers as there are integers? 

Or that there is the same number of rational numbers as there are integers? As you might expect, it depends 

upon what we mean when we say “the same number as.” In the late 1800s, Georg Cantor investigated the 

properties of infinite sets, and he discovered that there is more than one type of infinity. He introduced the 

concept of a transfinite number to enumerate what is called the cardinality of an infinite set. He assigned 

the cardinality Xp (aleph naught) to the set of integers, and then he assigned cardinality Xp to the even 

integers by the deceptively simple process of matching the even numbers one-to-one with the integers by the 

arrangement 

1 SS 4) eo Ge ae, 

t~ Yt tt t+ ¢ 
oo 4 6285 10 ei 14 

Similarly, you can show that the set of squares of integers, the set of odd numbers, or any infinite sequence 

has the same cardinality as the set of integers. 

We said above that the number of rational numbers is the same as the number of integers. Cantor was 

able to show by an ingenious counting process that the set of all rational numbers can be matched up one- 

to-one with the integers, or that the set of all rational numbers has a cardinality of &). We say that the set of 

all rational numbers is countable, or denumerable. 

Even though the rational numbers are dense, in the sense that there is always at least one rational number 

between any two (the average of the two), there is still the set of irrational numbers (both algebraic numbers 

and transcendental numbers) in any line segment. Numbers that are solutions to polynomial equations with 

integer coefficients are called algebraic numbers; if not, they are called transcendental numbers (z and e are 

transcendental numbers). Cantor was able to show that the cardinality of the set of all algebraic numbers 

is No, even though they are much more general than rational numbers. He furthermore showed that the 

cardinality of the set of all transcendental numbers is not denumerable, and he assigned it a cardinality of &j. 

The cardinality of the continuum of real numbers, which is also &j, is due to the transcendental numbers. 

In a sense, it is the transcendental numbers that fill up the continuum of real numbers. Cantor also showed 

that the set of the continuum of n-tuples in any finite dimension is still &,, and that there are sets with 

cardinalities greater than &,, thus developing a hierarchy of cardinalities. One of the great unsolved problems 

in mathematics is to determine if there is a cardinality between Xo and &j. 

FV 



Joseph Fourier (1768-1830), who gave us Fourier series, was born on March 21, 1768, in Auxerre, France, 

where his father was a tailor. He was orphaned when he was 10 years old. Because of the talent that he 

displayed in his early school years, he received financial support to finish his education. In 1780, he entered 

the local Ecole Royale Militaire, run by the Benedictine order, where he soon discovered mathematics. In 

1787, he entered the Benedictine abbey of St. Benoil-sur-Loire with the intention of becoming a priest. He 

realized that his true calling was mathematics, and he left the abbey in 1789, returning to teach at his former 

school. In 1793, he became involved in the French Revolution, joining the local Revolutionary Committee. 

At first, Fourier was enamored with the goals of the revolution but became disillusioned by the Reign of 

Terror that followed. In July 1794, he was arrested as a result of a protest speech that he gave in Orléans, 

but he was freed when Napoleon came to power. In 1795, he began teaching at the Ecole Polytechnique and 

succeeded Lagrange as Chair of Analysis and Mechanics in 1797. Fourier was a gifted orator and was an 

outstanding lecturer. In 1798, he, along with several other scientists, joined Napoleon’s army in the invasion 

of Egypt as a scientific advisor. At the request of Napoleon, he served as Prefect in Grenoble. Among his 

duties and accomplishments in Grenoble were the draining of the swamps in the area and the construction of 

a highway between Grenoble and Turin. In 1822, he published his work, Théorie analytique de la chaleur, 

in which he introduced Fourier series. In his later years, he became an “insufferable bore” with his stories 

about the glories of working with Napoleon and the wonderful work he was going to do. His years in Egypt 

led him to believe that desert heat was the ideal condition for health, so he always wore heavy clothes and 

lived in very hot rooms. He died of heart disease on May 16, 1830, in Paris. 
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This chapter is devoted to a single topic, Fourier series, one of the most useful and 

important tools of applied mathematics. At the turn of the 19th century, the French 

mathematician and physicist Joseph Fourier analyzed the flow and the distribution 

of energy as heat in solid bodies. This work was summarized by Fourier in his 

book, The Analytical Theory of Heat, one of the most famous science books ever 

published. Newton had previously proposed that the rate of the temperature change 

of a body is proportional to the difference in the temperature of the body and 

that of its surroundings (Newton’s law of cooling), but this observation applied 

only to temporal behavior. Fourier’s work addressed the spatial distribution of the 

temperature within a solid body and gave us Fourier’s law of heat conduction, 

which says that the flux of energy as heat throughout a body is proportional to 

the gradient of the temperature. Because Fourier was interested in both the spa- 

tial and the temporal distribution of the temperature throughout a solid body, he 

considered functions of temperature of the form T = T(x, y, z, t), which leads 

to partial differential equations, as we shall see in the next chapter. Upon solving 

these equations, Fourier found it necessary to express temperature distributions as 

infinite series of sines and cosines of the form 

[o,8) 

ao : 
eas (Gd, COS. AILX +b, Sin. n76x,) LO 

f= 

where the a, and b, depend upon f(x). This type of series is now called a Fourier 

series. It might not be unexpected that a Fourier series would converge to a function 

f (x) if f (x) is continuous over some interval, but the amazing thing about Fourier 

series is that f(x) does not even have to be continuous. We shall see in this chapter 

that a Fourier series will converge to f(x) even if f(x) is discontinuous, such as 

might occur initially across the boundary of a hot solid quenched in a cold liquid. 

At the time, it was incredible that a series of continuous functions could converge to 

a discontinuous function and Fourier’s work was severely criticized. Nevertheless, 

Fourier’s work not only survived almost two centuries of mathematical scrutiny, 

but has fostered several areas of modern mathematical research. 

We introduce several variations of Fourier series in the first two sections of 

this chapter and then discuss the nature of the convergence of Fourier series in 

Section 3. In the last section, we show how to use Fourier series to solve linear 

Fourier Series 

(aM 



714 Chapter 15 / Fourier Series 

nonhomogeneous ordinary differential equations. Then, in the next chapter, we 

shall show how Fourier series are used to solve partial differential equations. 

15.1 Fourier Series as Eigenfunction Expansions 

We saw in the previous chapter that the normalized eigenfunctions of the regular 

Sturm-Liouville problem 

P(x) Ano, (x) =0 (1) 

with @, (0) = ¢,(/) =O are 

1/2 
$, (x) = (=) sin ae IPR BAL (2) 

These eigenfunctions form a complete orthonormal set over the interval [0, /]: 

l 
2 i si in a Oo} (3) 
l Jo l l 

Similarly, the normalized eigenfunctions of the regular Sturm-Liouville prob- 

lem 

P(X) + AnGn(x) =0 (4) 

with ¢) (0) = (1) = 0 are 

1/2 

$, (x) = (7) cos orm ae (5) 

and these also form a complete set over the interval [0, /]. 

Now let’s consider the periodic Sturm-Liouville problem 

$),(X) + Anbn(x) = 0 (6) 

with the periodic boundary conditions 

bi D=r(l) and g/(-l) =¢" (I) (7) 

The solution to Equation 6 is 

@, (x) =a, sin ques: + B,, COs Nex (8) 

Problem 9 has you show that the periodic boundary conditions given by Equa- 

tions 7 give A,, =n’7/1?, wheren =0, 1,2,.... The boundary conditions in this 

case allow both a, and f,, to be nonzero, so there are two sets of eigenfunctions, 

{sin nx /1} and {cos nax/1}, corresponding to A,, = n*27/1*. Furthermore, the 
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zero eigenvalue, Ay = 0, is allowed in this case because the corresponding eigen- 
function given by Equation 8 is the nontrivial function @9(x) = a constant. 

Although Equations 6 and 7 do not constitute a regular Sturm-Liouville prob- 
lem, we'll see that the powerful expansion theorem of Section 14.4 still applies in 
this case. Thus, the expansion 

CO 

do nx Ay 
(x) =—+ («, COS Sin “* ) ONS Se (9) 

n=1 

converges for a generous class of functions, f(x). By “converges,” we mean either 
point-wise convergence if f(x) is continuous, or convergence in the mean. We’ ll 
see below that the factor 2 in the ap term is included for convenience only. 

We showed in Section 14.3 that the eigenvalues of a periodic Sturm-Liouville 

problem are real and that the eigenfunctions are orthogonal. In particular, we have 

(see Problems | through 8) 

[ onmx . mnx : nIexX mtx 
sin ; sin ax= cos cos Oka On 

=! 
(10) 

i 
5 AES? mux 

i SNe ous ca) 

where n and m = 1, 2, . . .. It’s easy to show that the special case ¢9(x) = constant 

is orthogonal to all the sin nzx// and cos nzx/I. 

All the terms in Equation 9 are periodic functions of period 2/ (Figure 15.1). 

(Recall that a function has period 2/ if f(x + 2/) = f(x) for all values of x.) 

Therefore the series in Equation 9 is particularly suited for the expansion of 

functions of period 2/. In fact, if f(x) is defined on the interval [—/, 1) and has 

period 2/, then the series in Equation 9 is called the Fourier series of f(x) if the 

coefficients are given by 

i 

a=; { f(x) cos “2% [RUS ee. (11) 
Ez l 

pov: RES 
ime re (i re (al) 

—! 

These coefficients, called Fourier coefficients, are obtained using the orthogonality 

conditions in Equation 10. The inclusion of the “2” in the denominator of the ag 

term in Equation 9 allows us to use Equation 11 to calculate ag. Otherwise, the 

integral for dy would have to be listed separately. 

Example 1: 
Determine the Fourier series of f(x) = Neato —Lap wand WiA(CR) = 

f (x + 21) outside this interval (Figure 15.2). 

FARE: 

Figure 15.1 
A periodic function with period 2/. 

a Ela pel! 

Figure 15.2 
The periodic function defined by 

(G)= 1? — x? on the interval [—/, /) and 

f(x) = f( + 21) outside this interval. 
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t fd 

1 l be 

Figure 15.3 
The function f(x) = 1? — x? (solid) for 

(—1, 1) together with 1 (solid), 2 (dashed), 

and 3 (dotted) partial sums of the series in 

Example 1. 

t f@) 

=| l x 

Figure 15.4 
The periodic extension of the functions 

plotted in Figure 15.3. 

FQ) 
A 

— l ys NG 

Figure 15.5 
The periodic function defined by 

f(x) =x on the interval [—/, /) and by 

f(x) = f(x + 21) outside this interval. 

Chapter 15 / Fourier Series 

SOLUTION: 

1 

ie. 1 ik (2 or x) mas eae 2 2x cos(nx/1) (n2m 2x2 / I? — 2) sin(nzx/1) 

any Dohes Led tel n2x2/ [2 n3x3/13 
0 

4/2 (1am 

=— i call) 
m2 on * 

Al? 
ag = Bs 

The b,, are equal to zero because (/* — x’) sin(nx/1) is an odd function 

of x. Thus, 

212 412 S(-1)"*! — nzx oe eae 
n=] 

[Sees ares ok a doy, eth aye es cer the ean ee 

Figure 15.3 shows f(x) =/* — x* and the first few partial sums of the Fourier 

series representation of f(x) over the interval —/ to /. Realize that the Fourier 

series represents not only f(x) in the interval —/ to /, but its periodic extension as 

well (Figure 15.4). 

ee 
Example 2: 
Determine the Fourier series of f(x) = x for [—/, 1) and f(x + 21) = f(x) 

outside this interval (Figure 15.5). 

SOLUTION: The Fourier coefficients are 

if ‘ 
a, =f f(x) cos ~* =0 

If shi I 

l i , 1 

by => fi foo sin 4 = 2 eee : sean 
—l | l n27r2 / [2 nr /l 0 

= yearla) 

Sy aaa i ee 
nIv 

The a, = 0 because the integrand is an odd function of x. The Fourier series 

of f(x) is 

ee SS (-1)"t! nx 
i.) = = me : sin 5 

n=) 

er eee ee SOP Cn ee + we 
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oe ee fo) 

Figure 15.6 Figure 15.7 
The function f (x) = x (solid) on (—/, 1) The Fourier series representation of the 

together with 4 (solid), 20 (dashed), and function f(x) given in Example 2 over the 

100 (dotted) partial sums of the series interval (—3/, 3/). 

in Example 2 plotted over the interval 
GL). 

Figure 15.6 shows f(x) and a few partial sums of its Fourier series represen- 

tation plotted over the interval (—/, /). Once again, realize that the Fourier series 

of f(x) represents not only f(x) over the interval (—/, /), but over its periodic 

extensions as well. (See Figure 15.7.) 

Notice that the rate of convergence in Example 2 is much slower than that in 

Example |. The coefficients in Example 1 decay as 1/n* whereas those in Exam- 

ple 2 decay as 1/n. We’ll see in Section 4 that the reason for this is that f(x) is a 

discontinuous function in Example 2 and f(x) is a continuous function in Exam- 

ple 1. In a sense, it is easier for the continuous functions sinnazx/landcosnzx/I 

to reproduce a continuous function than it is to reproduce a discontinuous function. 

In fact, it is remarkable that Fourier series can represent functions with disconti- 

nuities. A Taylor series, for example, requires not only that f(x) be continuous, 

but that all its derivatives be continuous. 

The Fourier series in Example | consists of only cosines and the one in 

Example 2 consists of only sines. The reason is that f(x) in Example | is an 

even function of x and f(x) in Example 2 is an odd function of x (Problem 10). 

Generally a Fourier series consists of both sines and cosines, as the next Example 

shows. 

Example 3: : 
Determine the Fourier series for 

nO 

TAG 



f(x) 

LEX 

Figure 15.8 
The function f(x) from Example 3. 

f(x) 

a 

2 
= l 

Figure 15.9 
The function f(x) (solid) from Example 3 

together with 4 (solid color), 20 (dashed 

color), and 100 (dotted color) partial sums 

of the series in Example 3 plotted over the 

interval (—/, /). 

fO 

Figure 15.10 
A square wave of period 2fp. 

Chapter 15 / Fourier Series 

(See Figure 15.8.) 

SOLUTION: The Fourier coefficients are given by 

ih NEX 4 l Dp" 4 
ara pee ae 2,21 ) 

= (0) n even ip s= 0 

21 
= “272 n odd a= 0) 

= 2 ri) 
2 

l +1 =) iaed neal ip da age (Sd 
l Jo l ni 

The Fourier series 1s 

ad Big ers 

ay ieee | Qn—Dax 4 
SSS Ss —————— 008) 

TO, v3 2 GaP i 
NITX 

i ————— 

A few partial sums of f (x) over the interval (—/, /) are shown in Figure 15.9. 

Note that the Fourier coefficients decay as 1/n because the periodic extension 

of this function is discontinuous at x = +En/,where n is an odd integer. 

Ei 8 to ee 

Frequently in physical problems, x represents time and the function to be 

expanded as a Fourier series is a periodic signal. Recall that sin t goes through one 

cycle as t goes from 0 to 27 (or from any point fo to fg + 277). Therefore, sin 27t 

goes through one cycle as ¢ goes from 0 to 1, and sin 27 vt goes through v cycles 

as t goes from 0 to |. The function sin 27 vt represents a sinusoidal signal with a 

frequency of v cycles per second, or v hertz (Hz). Because there are 27 radians in 

one cycle (one circle), @ = 27v is the frequency in units of radians per second. If 

a signal has a frequency of v cycles per second, then the time between successive 

maxima or minima is |/v seconds per cycle, which means that the period, t, of 

the signal ist = 1/1) or t= 27 /@. 

Let’s consider the square wave shown in Figure 15.10. We can express f(t) 

mathematically by 

i i te) 

l Ot 
fy =| 

The period of f(t) is tT = 2%9 and its (radian) frequency is w = 27 /t 

write f(t) as 

= 71 /to. If we 

FO= DD. (a eos AE bys nt) 

n=l {0 
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then 

1. £0 t 
a, =— F(t) cos SEE Fs 0 

lo —lto lo 

and 

Pye ' t ?) a a sine d= 1 S(t, >. 
lg J—to ty nIv 

Thus, 

(oe) 
2 f=X21 > onatiescd 

=— —<$§— sin — = — 

FC aoe, n se 

pele — l)wt 

Figure 15.11 shows a few partial sums of this series. Note the slow convergence due 

to the denominator being of order n. Figure 15.12 shows the partial sum consisting 

of 1000 terms, showing that it is possible to represent a square wave by a Fourier 

series, provided enough terms are taken. We shall discuss the little overshoot at 

the edge of the square wave in Section 4. 

Sy Tee ee 
Example 4: 
Determine the Fourier series of the rectified sine wave 

PO) = | Sire —nt/o<t<m/o 

(See Figure 15.13.) 

SOLUTION: The Fourier coefficients are 

a [TOD tas nit 20 
CC | sin wt| cos ——dt = — sin wt cos nat dt 

HU J—r/w T wT JO 

0 n odd 

= 4 
— ——— n even 
m(n2 — 1) 

The b,, are equal to zero by symmetry. Thus, 

. 2 Pee ee 
t)=--- f(t) eo ae y 

n=| 

Re ae 

ets) 

Figure 15.11 
The first five partial sums of the Fourier 

series of the square wave in Figure 15.10 

plotted against wr. 

fO 

Figure 15.12 
The partial sum consisting of 1000 terms 

of the square wave in Figure 15.10 plotted 

against wf. 

t f@ 

= - 

—1/W T/w t 

Figure 15.13 
A rectified sine wave f(t) =| sin wt| for 

one period of the sine function. 
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ee 

Figure 15.14 
The function defined on the interval [0, 2/) 

by f(x) =x? and f(x + 21) = f(x). 

Figure 15.15 
The function f(x) = x? over the interval 

[0, 2/) (black) and the partial sums 

consisting of 5 terms (dotted color), 

10 terms (long dashed color), and 50 

terms (solid color) of the Fourier series 

representation of f(x). 

Sf) 

i] 

~ i) ~— = 

Figure 15.16 
The Fourier series representation of f (x) 

in Figure 15.15, showing that the Fourier 

series representation is a periodic function 

of period 21. 

Chapter 15 / Fourier Series 

All our examples so far have been on a symmetric interval —/ to /. Suppose 

we want to expand f(x) = x? in (0, 2/) with f (x + 21) = f (x) (see Figure 15.14). 

Problem 20 has you show that since f(x) is periodic with period 21, the integrals 

for the Fourier coefficients (Equations 11 and 12) can be written as 

1 I+c | a=zf f(xyeos ax =s | f (x) cos —~dx (13) 
UM ES l L Jabte l 

and 

1 I+e 

b= 7 ff sin dx => f(x) sin ax (14) 
Laat l L Joie l 

where c is an arbitrary constant. 

Therefore, the Fourier coefficents of the expansion of f(x) = x? in (0, 27) and 

f (x) = f(x + 21) are given by Equations 13 and 14 with c =/, or by 

1 2 2 
Os SA f (x) cos ue ix = - i x COs de = 

l Jo l l Jo l nm? 

1 2! ae 
ay=— f piped 

0 3 

Thus, 

wn? l n l 

Ae AP ] nix 1 nNIUx 
8) SS = COs —— sin fo=t+e wi ) 

n= 

Some partial sums of f(x) are shown in Figure 15.15 for the interval (0, 2/), and 

in Figure 15.16 for the periodic extension of f(x). The 1/n terms in the Fourier 

series representation of f(x) are due to the discontinuity of the periodic extension 

Of C0) at yer Wath — OF 2 ee 

Pee ee ee | 
Example 5: 
Expand the function 

5) (tee) eae 
OR, W/2<x <3/2 

with f(x) = f(x + 2). Gee Figure 15.17.) 
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SOLUTION: The period 2/ = 2, so we use Equations 13 and 14 with/ = 1 

Ande wl/D: 

3/2 1/2 2 An 
aN f(x) cosnmx dx =f cosnmx dx = — sin — n#0 

sie! 1/2 ni y) 

1/2 
bo, = / Sinmeead a1) 

_ 1 2 Ssin(nz/2) 
f@a==-+ rs COS NIX 

2 fe n=1 

1 p) ce aya? 

=-—+ cos(2n — l)ax 
Be dX 2n — 1 

The partial sums of f(x) over the interval (—1/2, 3/2) are plotted in 

Figure 15.18. | 

I a hs ee itn ts Ft I econ tate oe al 

For simplicity only, most of the examples of Fourier series that we will discuss 

in this chapter will involve functions defined over a symmetric interval (—/, /), but 

the above Example shows that it is not at all necessary that f(x) be defined over 

a symmetric interval. 

Another form of a Fourier series is the complex Fourier series 

CO 

(ED SS ere! (15) 

n=—-C 

Notice that the summation runs from —oo to oo. We can determine the c,, in 

Equation 15 by realizing that {e'””*/'} is an orthogonal set over the interval —/ 

to / (Problem 24). Multiply Equation 15 by e~!**/! and integrate from —/ to / to 

obtain 

] oe) Ae ore 

/ TOE rN dy = yy Cy [ elm—brxilgy — bu Deeg emery ed 
= = 

n=—CoO n=—CO 

SO 

eye: | 
C= / Fale edz (16) 

DUE Wi ‘ 

Let’s determine the complex Fourier series representation of f(x) =x in 

[=l,4] with f@ + 21): f(x): 

721 

4 
f(x) 

= 1 x 

Figure 15.17 
The function f(x) from Example 5. 

1 £@) 

[he Mtg ge 

Figure 15.18 
The partial sums of the Fourier series 

representation of f(x) given in Example 5 

consisting of 5 (dotted), 10 (solid black), 

and 100 (solid color) terms. 
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. Use integration by parts to show that iz cos au du = 

Chapter 15 / Fourier Series 

° l 

(ag: —iknx/l I oa ( Jkmx ) 
_= — ge dx= — ee a —j —— — | 

Bay ip He * o7 | Smee i be 

ee ae aU k #0 
k ka 1 

1 l 

Ci a iL coax — 0 

Therefore, 

pe ely = fej= es (17) 
ee 

Si 

This is the same result that we got in Example 2 (Problem 25). 

15.1 Problems 

The first 8 problems are a refresher of the evaluation of integrals that occur frequently in this chapter. 

. Use Euler’s formula, e’* = cos x +i sin x, to show that sin ax sin bx = d cos(a — b)x cos(a + b)x and 

that cos ax cos bx = 5 cos(a — b)x + 4 cos(a + b)x. 

. Use Euler’s formula, e'* = cos x + i sin x, to show that sin? x = (1 — cos 2x) and that cos? x = s(1 + cos 2x). 

: 4 I — b)x I b): 
. Use the relations in Problem | to show that / sin ax sin bx dx = ante 2 sina 2) and that 

2(a — b) Ge) 
sin(a—b)x — sin(a + b)x 

cos ax cos bx dx = 
2(a — b) 2(a +b) 

. Use the relations in Problem 2 to show that f sin? ax dx = ~ — — sin 2ax and [ cos’ ax dx = + 7 sin 2ax 
2) a a 

é a aS . il. lacs 
. Use Euler’s formula, e’* = cos x +7 sin x, to show that cos ax sin bx = 5 sin(a + b)x — = sin(a — b)x and 

eee : ~ cos(a —b)x  cos(a +b); 
then show that / sin ax cos ax = — sin* ax and i} sin ax cos bx dx = — ( ) EOE 

a 2(a — b) 2(a +b) 

Wh a 

. Use the results of Problems | through 5 to show that / sinnx sinmx dx = : COS XNCOS in aa — 
Sir iit 

TU IU TU 
. 7 ee: 9g) 

i sinnx cosmx dx =0, when m andn are integers andm £#n, and f Siler 0 — / COSs Tix ax 7r. 
SHE =a TE 

whenn =m. 

. Generalize the result of Problem 6 to include Equation 10. 

u sin au cos au 

2 
and that i u sinau du = 

a a 
sindu ucosau 

10) 
a~ a 
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9. Show that the periodic boundary conditions given by Equation 7 give 1,, =n?27/Il? forn =0, 1,2,..., and 
that both a, and £,, in Equation 8 may be nonzero. 

10. Show that the a,, = 0 in Equation 11 if f(x) is an odd function and that the b, = 0 in Equation 12 if f(x) is 
an even function. 

0 -m <x <0 

| OR paar 
11. Find the Fourier series of f(x) = 

12. Find the Fourier series of f(x) = x? for —1 <x <z. 

13. Find the Fourier series of f(x) = : Dae S cice't : 
sin x OS <a 

0 —m<x<-—7/2 

14. Find the Fourier series of f(x) = { 1 -—2z/2<x<a7/2 

0 DS so Kage 

= Ove] 

15. Find the Fourier series of f(x) = 

Bel. 1p oepertio) 
l 

16. Find the Fourier series of f(x) = x for 0 Sx 2a, 

. : : eri =i ai) 
17. Find the Fourier series of f(x) = 5 Ozer 

18. Find the Fourier series of f(x) =| cos x| for —m <x <Zz. 

19. Find the Fourier series of f(x) = cos* x for —m <x <Z. 

20. Verify Equations 13 and 14. 

21. In this problem, we’ll derive the Fourier series for a function defined in the general interval [a, b). 

b b— se! a! 

2 Page 

and that the function f(x) = f[(b + a)/2 + (b — a)u/2m]= F(u) has a period 277. Now show that 
CO 

: 1 : 
Show that if we define u by x = u, then the interval a < x < b becomes —z <u <z, 

Lp) = =o + Dua cos nu + b, sin nu) becomes 

n=l 

oe) 

—a-— 2x —a—b 
Ce) — a De , COS Sa aS) + b, sin ee ee |. where 

D= a = 
n=1 

b rc —_ 

an= Z Fe) iia: yy n=0,1,2... 
b-—a Ja —a 

b 
2x —a—b aa FE a id ee) 

=O) fe Ia 

22. Show that the general formulas in the previous problem reduce to Equations |1 and 12. 

23. Use the general formulas in Problem 21 to derive the Fourier series of 

(a) in) — ee OR = (De iCe) cose ORS aacn 

24. Show that ieee is an orthogonal set over the interval (—/, /). 
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25. 

26. 

Pag fs 

28. 

29. 
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: a 
Show that the relations between the c, in Equation 15 and the a, and b, in Equation 9 are cg = = 

Op, = UG, aye b: 
Cn = ) a3 = 

Use a CAS to plot the partial sums of the Fourier series representation in Problem 11. 

,n > |. Hint: Use Euler’s formula in Equation 9. 

Use a CAS to plot the partial sums of the Fourier series representation in Problem 12. 

Use a CAS to plot the partial sums of the Fourier series representation in Problem 14. 

Use a CAS to plot the partial sums of the Fourier series representation in Problem 15. 

Figure 15.19 
An even function (black) and an odd 

function (color) plotted against x. 

s 

15.2 Sine and Cosine Series 

If you look back over the Fourier series that we have derived, you’ Il see that some 

of them involve only sine terms and some involve only cosine terms. The reason 

for this is that the function being expanded was either even or odd over the interval 

—l to /. Recall that an even function has the property that f(—x) = f(x) and 

an odd function has the property that f(—x) = — f(x). Geometrically, an even 

function is symmetric across the y axis and an odd function is symmetric through 

the origin (Figure 15.19). The functions e-*” and cos x are even functions and x3 

and sin x are odd functions. The product of twoeven functions is even; the product 

of two odd functions is even; and the product of an even and an odd function is 

odd (Problem 1). 

The property of even and odd functions that we shall make use of is 

l I 

/ folx)dx =2 fl folx)dx 
—l 0 

and 

l 

il Faxjdx=0 
=i) 

or, in particular, 

o NICX l sits 

i! f(x) cos ——dx = 2 | Se(x) cos ——dx 

l 

i ae ax + 2 | fo(*) sin — de 
=! 

i 

! l 

/ JFg(%) Cos Ba: = if JAx)isin nile =i) 
=| =) 

The equation for the Fourier coefficients 

1 l 

Ae al f(x) cos sand (1) 
—| 
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and 

(hoy . REE 
b, = 7 f(x) sin etd (2) 

=i 

show that a, =0 if f(x) is an odd function of x and b, = 0 if f(x) is an even 

function. Thus, f(x) = 12 — x? in Example | of Section 1 has a cosine series and 

f(x) =x in Example 2 of Section | has a sine series. 

Suppose now we have a function f(x) defined only on the interval (0, /). We 

may extend this function in two ways. One way is to extend f(x) so that it is an 

even function of x over the interval (—/, /). For example, if f(x) =x in (0, /), 

then the even extension, f., is defined by 

—x —-l<x<0O 

fs) =| aoe EO Saat] 

This even extension is shown in Figure 15.20a. We can also extend f(x) as an odd 

function of x, f,(x), by defining 

gg =(<Sr aU 

Hore. Ome! 

which is shown in Figure 15.20b. 

Generally, if a function f(x) defined on the interval (0, /) is neither even nor 

odd, then its even and odd extensions are given by 

eG ex) t= x 0 

fs) =| el Cah Nek US seal © 

and 

< | AT) —-l<x <0 

Bea Oe) 0=7 =! (4) 

For example, if f(x) = x* — x on (0, /], then 

yee Gl x 20 

Mee ats Oi, il 

and 

= = =) ae 10 fale) = | a % <<  z 

poe? Ose ey 

These even and odd extensions are plotted against x in Figure 15.21. 

705, 

t f(x) 

—| (a) i! %e 

t AQ) 

(b) 

Figure 15.20 
(a) The even extension of f(x) = x in the 

interval [ 0, /) plotted against x. (b) The 

odd extension of f(x) = x in the interval 

[ 0, /) plotted against x. 

y 

a 

ba 

Figure 15.21 
The (a) even and (b) odd extensions of 

f(x) defined by x” — x on [0, 1) plotted 
against x for [—1, /). 
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Xx 

(a) 

ie 

-l 1 x 

(b) 

Figure 15.22 
The (a) even and (b) odd extensions of 

J (x) defined in Example 1. 

t £@) 

—/} ] 5 

so 

(b) 

Figure 15.23 
(a) The function f(x) =x defined 

on [0, /) made periodic by forming 

its even extension and then letting 

f(x + 21) = f(x). (b) The function 

f (x) =~ defined on [0, /) made periodic 

by forming its odd extension and then 

letting f(x + 21) = f(x). 
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So ae | oS | 0 Se 
Example 1: 
Determine the even and odd extensions of xe* — e* defined on [ 0, /). 

SOLUTION: Equation 3 gives us 

—%eu —e~ —l=ax <0 

Oe Osea 
fee) = 

and 

+e* -l<x <0 

fola) = ee =e A eal 

Both f.(x) and f,(x) are plotted in Figure 15.22. 

ee ee ee ee ee 

Equations | and 2 show that an even extension of f(x) is a cosine series and 

that an odd extension of f(x) is a sine series. Now let’s consider expanding the 

function f(x) = x for (0, /) as a Fourier series. In this case, f (x) is not a periodic 

function, but we can make it a periodic function by extending it as an even function 

over (—/, /) and periodic with period 2/ (see Figure 15.23a) or by extending it as 

an odd function over (—/, /) and periodic with period 2/ (see Figure 15.23b). The 

definitions of f.(x) and f,(x) in (—/, /) are (see Equations 3 and 4) 

—x -l<x <0 
Hoe) ee (5) 

and 

x —-l<x <0 

noel OK) (6) 

The coefficients of the Fourier (cosine) series of f(x) are given by 

ao = as -if ey co a L( ue | es 
n 

2 
“aiewel NU, 

l Jo 

The cosine series is 

i 4— og n= Dex 
x)=--— ——— ON sake 2 Gn (7) 
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The partial sums of f(x) are shown in Figure 15.24. Note that the original function 

to be represented is f(x) in the interval (0, /). The Fourier series, on the other 

hand, produces not only f(x) in (0, /), but also the even extension f.(x) with 

FAxy = fxr 2D): 

Now let’s look at the sine series of f, given by Equation 6. In this case 

b= > | PO ee ed otk, 
= l TA n 

and the sine series is 

2S are 
Ca —— ——— sin —— 8 F(X) = y (8) 

n=1] 

Figure 15.25 shows the some partial sums of Equation 8. The Fourier series in this 

case produces not only f(x) = x in the interval [0, /], but also the odd extension 

Fo(x) with fox) = fo(x + 21). 

Does it make any difference which Fourier series, Equation 7 or 8, you use to 

represent f(x) = x in the interval [0, /)? Yes, it does. The terms in Equation 7 go 

as 1/(2n — 1)*, whereas those in Equation 8 go as 1/n. Thus, Equation 7 converges 

more quickly than Equation 8. You can also see this by comparing Figures 15.24 

and 15.25. The difference in the rate of convergence is due to the fact that the 

periodic extension of f(x) is continuous, but the periodic extension of f.(x) has 

discontinuities at odd multiples of /. We’ll have more to say about the rate of 

convergence of Fourier series in the next section, but we’ve noted several times 

that the Fourier coefficients of discontinuous functions decay as 1/n whereas those 

of continuous functions decay at least as rapidly as 1/n?. 

cee taced ot es een ba inal ty | Sec 9 ta O 
Example 2: 
Determine both the cosine series and the sine series of f(x) = Yok 

defined on the interval [ 0, 1). Which series do you suppose will converge 

more quickly? 

SOLUTION: We must first determine the even and odd extensions of f(x) 

over the interval [—1, 1). It so happens that f(x) is an odd function as 

it stands, so fo = x? — x over [—1, 1). The even extension of f(x) is 

A) — (x2 — (-x)= —x>+ x, so we have 

3) Se eve ee) 

Nest porn Oe | 

along with f.(x + 21) = f.(~) and f,(« +%2/) = f(x). Figure 15.26 shows 

both f(x) and f.(x). The odd extension is more smooth than fe(x) (fe(x) 

has a discontinuity in its derivative at +n), so we suspect that the sine series 

will converge more rapidly than the cosine series. Let’s see. The coefficients 

age 

Sn (x) 

—/ I ey 

Figure 15.24 
The partial sums of the function f,(x) 

defined by Equation 5 consisting of 1 

(dotted), 2 (dashed), and 3 (solid) terms in 

Equation 7. 

t SnGx) 

a 

Figure 15.25 
The partial sums of the function f,(x) 

defined by Equation 6 consisting of 5 

(dotted), 10 (black), and 50 (solid) terms 

in Equation 8. 

b felx) 

ee eee . 

(a) 

t f(x) 

—] 1 i 

(b) 

Figure 15.26 
The (a) even and (b) odd extensions of 

f (x) defined in Example 2. 



(2° 

1S.) 

DS 

(a) 

t Sa@o 

EY Ke 

(b) 

Figure 15.27 
(a) The Fourier series of the odd extension 

of the function defined in Example 2 and 

the partial sums of Equation 9 containing 

just two terms. (b) The Fourier series of 

the even extension of the function defined 

in Example 2 and the partial sums of 

Equation 10 consisting of 4 terms (black), 

8 terms (dotted), and 16 terms (solid 

color). 

AO) 

Figure 15.28 
The odd extension of the function defined 

in Example 3 plotted against x. 
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of the sine series are given by 

—1)"12 
b,= 2 | (x? — x) sinnawx dx = coe 

0 nr 

and the sine series is 

nT EC 
ea = 5 >a ae a (9) 

n=) 

The coefficients of the cosine series are given by 

I 
Oh =o i (x? — x) cosnmx dx 

0 

n 12 n 

qa» 2 = I\-- rr as Glan mAz0 

if in 10 
2 

and the cosine series is 

ee lee 1)208 a NG . 
fa=-t4 5) 5 2 S ral ea 8 I} cos ns 

4 an 
(| ‘ 

= Ma: : (4 1) eos mx + 7 €08 2a 
— A x? 1? : 4 

(5 - x) cos 3x + = cos 4x +-- | (10) 

The continuity of f(x) and its first derivatives leads to Fourier coefficients 

that decay as 1/n°, whereas the continuity of f.(x) but the discontinuity in 

f(x) leads to Fourier coefficients that decay as 1/n?. Some partial sums of 

Equations 9 and 10 are plotted in Figure 15.27. It takes almost twenty terms 

using the cosine series to achieve the same accuracy as just two terms of the 

sine series, as you may have expected. 

Example 3: 
Express the function 

(Oo) = (Sst = ae 

as a Fourier sine series. 

SOLUTION: To express f(x) as a Fourier sine series, we use the odd 

extension of f(x) (see Figure 15.28): 
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—T—-x —-m <x <0 
Folx) = 

mu —x OSs = 5 

The Fourier coefficients are 

n 

pe 7 ie 2 
b= = fx) sinned =* = My Ay 00 

JO 

The sine series is 

FoN=2 sy ne 

n=l 

The first 500 partial sums of f(x) are shown in Figure 15.29. Figure 15.29 

The odd extension of the function defined 

in Example 3 (red) and the partial sums of 

its Fourier series representation consisting 

of 4 terms (dotted), 8 terms (dashed), and 

64 terms (solid). 

15.2 Problems 

1. Show that the product of two even functions is even; the product of two odd functions is even; and the product 

of an even function and an odd function is odd. 

2. Determine which of the following functions is even or odd or neither: 

(a) x? sin 2x (Dien (c) x2e-8? (d) cosh x (ce) x° —sinx (f) ell 

Sketch the ones that are even or odd. 

3. Determine which of the following functions is even or odd or neither: 

(a) tan 3x (b) x — sinh x (c) x +cosx 

i ea ty il s¢<@ (d) xe Oe ee 

Sketch the ones that are even or odd. 

5 5) 

4. Evaluate the integral | x°e* cosx dx. 
= 

5. Determine the even and odd extensions of 

(a) x? sinx +e (by 9° axe 3d 

both of which are defined on [0, /). Plot your results. 

6. Determine the even and odd extensions of 

sin x 
(a) + x COS X (b) sinh x +.x 

ie 

both of which are defined on [0, /). Plot your results. 

7. Express the function f(x) =a +x,0<x <a asa Fourier cosine series. 
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. Express the function f(«) =x 

. Express the function f(x) = 4 , 

Chapter 15 / Fourier Series 

3 __ (<x <2, as both a Fourier sine series and cosine series. 

: 2 : : . 
. Express the function f(x) =x“, 0 < x </, as a Fourier sine series. 

. Express the function f(x) = sin x, 0 <x <7, as a Fourier cosine series. 

. Express the function f(x) = cos x, 0 <x < 7, as a Fourier sine series. 

. Express the function in Problem 10 as a Fourier sine series. 

a Oso < 
as a Fourier sine series. 

— i lee 

. Express the function in Problem 13 as a Fourier cosine series. 

. Express the function in Example 3 as a Fourier cosine series. 

. Consider the function f(x) = sin x defined on the interval (0, 2). Would you expect the Fourier series of its 

even or odd extension to converge more rapidly? 

15.3 Convergence of Fourier Series 

In the previous chapter, we learned about the convergence of eigenfunction expan- 

sions associated with Sturm-Liouville problems. Because the Fourier series that 

we have been discussing in this chapter can be viewed as eigenfunction expan- 

sions, it shouldn’t be surprising that the convergence properties of Fourier series 

are similar to those in the previous chapter. Fourier series are so important in their 

own right, however, that we shall restate the convergence theorems here. 

First, there’s the property of convergence in the mean. Let Sy (x) be the nth 

partial sum of the Fourier expansion of f (x): 

N 
a nNITX ny FIER, 

S xy=—~+) b COS yD Sil l ni ) 7 («, ] / ) ( ) 

n=! 

The mean square error in approximating f(x) by S,y(x) is 

l 

Dy, = i [FG)— Sy(x)Pdx 

l l l @) 

= (| f?(x)dx = | f(x) Sy (x)dx + Si (x)dx >0 
=| =] =] 

But 

l l N 

| PONG i £@) E 1 oe («, COs 
ma =. bo sin =) | dx 

‘i = n= 

Using the definition of the a, and b,, (Equations 11 and 12 of Section 1), we have 

l la2 wv 
ih f (X)Sy (dx = a +1 La, + b?) (3) 
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n 
Using the orthogonality of the set {sn =a cos 7 over the interval [—/, /) 

(Problem 1), we have 

: 2 i S2o)dx = —2 41 Yer +b?) (4) 

Substituting Equations 3 and 4 into Equation 2 yields 

wees Fie ee 
~ “(x)dx > = + Sus 5 [Fe ; Ler (5) 

Since the left side of Equation 5 is independent of N, we have Bessel’s inequality, 

if Paes oy Se + b?) (6) 
n=1 

Because the right side is nondecreasing and bounded from above, the series 

necessarily converges. Consequently, we have 

linva, = 0 and hint o 0 (7) 
Ji — OC n— Oo 

Furthermore, if 

l 

lim i [f (x) — Sy(x)Pdx =0 (8) 
N>oo =) 

the Fourier series converges in the mean to f(x), and we have Parseval’s equality 

(sometimes called Parseval’s theorem), 

2 l co 

| | Peis = LG, +b?) (9) 

The set {sn aan cos =| is said to be complete with respect to f(x). The 

condition on f(x) that its Fourier series converge to f(x) in the mean is that f(x) 

be piecewise continuous over the interval [—/, /). 

Parseval’s theorem has a nice physical interpretation. If /(¢) is the electric 

current flowing through a resistor R, then the power generated is /*R. If I(t) 

varies periodically with time, then /(t)R is the instantaneous power generated 

and the average power generated over one cycle is given by 

if ka 

Pave = average power = a P(t)R dt (10) 
iG =e 

where 2t is the period. Now suppose that / (t) is given by a Fourier series 

on 
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2%) a nit 

Us seae D (cos +b, sin "2" (11) 

If we substitute Equation 11 into Equation 10, the integrals of all the cross products 

vanish and we end up with (see Equation 9) 

Pp. az 

aver Ses fi ESSies +b?) (12) 
2 I 

The quantity of the right side is called the power spectrum of the current, and 

physically tells us the power generated by each frequency component of / (t). 

Parseval’s equality can be used to evaluate sums of reciprocal powers of 

integers. 

Me a ee € SSS ete ee ae 
Example 1: 
Use Parseval’s equality and the Fourier series 

eo __ADNoas! 

Ci oe) Se —Il<x<l 
Sees n I 

that we derived in Example 2 of Section 1 to show that 

SOLUTION: 

or 

Problems 2 through 7 involve evaluating other summations. 

Fourier series (and Sturm-Liouville eigenfunction expansions in general) also 

converge pointwise to f(x) under fairly liberal requirements on f(x). Before we 

state the requirements on f(x) and the relevant theorem, let’s review the terms 

piecewise continuous and piecewise smooth. A function is said to be piecewise 

continuous in an interval [a, b] if there exists a finite number of points a = x; < 

X2 <+++<X, =bsuch that f(x) is continuous in the open intervals x; <x <xj4) 

and the one-sided limits f(x;+) and SO=) existdiorallyjii 52) 409, rea 
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Figure 15.30 shows the graph of a piecewise continuous function plotted against x. 

If, in addition to f(x) being piecewise continuous in [a, b], its first derivative is 

also piecewise continuous, then f(x) is said to be piecewise smooth. 

We’re now ready for the following important theorem: 

If f (x) and its first derivative are piecewise continuous on the interval {—1, 1) 

and have period 21, then the Fourier series of f (x) converges to f (x) at all 

points where it is continuous and to | f (x+) + f(x—)]/2 at points where it 
is discontinuous. 

The conditions stated in the above theorem are sufficient but not necessary. Another 

set of sufficient conditions is that f(x) is bounded, with only a finite number of 

maxima and minima and only a finite number of discontinuities over one period. 

This set of sufficient conditions is called the Dirichlet conditions. 

Because f(x) =[f(x+) + f(x—)]/2 at points where it is continuous, we can 

express the above theorem in an equation by writing 

l ; ag = NIX  eTETEX, 
Ut) + Fo = 2+ > (ay 005 40, sin i ) (13) 

=i 

where 

ess nix liesvi 5 WORE 
a= ’ f(x) cos Ss [oh — 4 f(x) sin Sec (14) 

=) = 

if f(x) satisfies the Dirichlet conditions. Certainly, almost all functions that we 

encounter in physical problems will either be piecewise smooth or satisfy the 

Dirichlet conditions. 

It’s worthwhile to compare the requirements of Taylor series with Fourier 

series. The coefficients of a Taylor series involve successive derivatives of f(x), 

whereas those of Fourier series involve integrals. Many functions that are not 

differentiable, such as f(x) = |x|, can be readily expanded in Fourier series. 

In fact, it is really amazing that even discontinuous functions can be expanded 

in Fourier series and that the Fourier series equals the average value of f(x) 

{Lf (x+) + f(x—)]/2} at a discontinuity. 

RAIDS Ls tai en eaten an Litese fae om irre ta 147%) 
Example 2: 
Use the Fourier series in Example 2 of Section 1| to derive 

i gletl regal 
rus = —-+-4+4+...- 

4 ee ee) 

SOLUTION: Let x =//2 in the series to get 

n=1 

Tiays: 

4 
i 

=Z De) WE 

Figure 15.30 
A plot of the piecewise continuous 

function, 

x4—x-1 -2<x<-l 
Co) eco 

=D (sar 2? 
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or 

| 

4 3 ai ended Ma 

This was the first series involving 2 ever discovered. It converges much 

too slowly to be useful for calculating the value of 2, however, but it was a 

wonderfully curious result when it was first discovered. 

(lee le ded denen v oABGIDe Ae fsneltnlinter ent ps | 

We frequently want to differentiate and integrate Fourier series term by term. 

This leads us to the following theorem: 

Let f(x) be piecewise continuous in [—l, 1) and periodic with period 21, 

then the Fourier series of f (x) may be integrated term by term. 

Interestingly, the above theorem holds even if the Fourier series for f(x) does 

not converge pointwise to f(x). The result of the term by term integration of 

the Fourier series is to introduce a factor of 1/n into the resulting series, hence 

enhancing its convergence. This is due to the fact that integration is a smoothing 

process. 

Recall from Chapter 2 that if the functions {u,,(x)} are continuous in [a, b], 

then we can integrate the series S(x) = oy u,(x) term by term if the series is 

i 
uniformly convergent to S(x). The fact that we can integrate a Fourier series term 

by term makes you wonder about the uniform convergence of Fourier series. We 

can state the following theorem: 

If f (x) is piecewise smooth in the interval [a, b) and is periodic, then the 

Fourier series of f (x) converges uniformly to f (x) in every closed interval 

containing no discontinuity. 

As the above theorem says, the partial sums of a Fourier series cannot approach 

f(x) uniformly over any interval containing a point where f(x) is discontinuous. 

This is nicely illustrated with the Fourier series for the step function 

—1 —-l<x<0 

fos) =| PO 

whose Fourier series is 

4 sin(2n — I)rx 
(x) =— SEEDER IS) f(x) =k am (15) 

n= 



15.3 Convergence of Fourier Series 

Figure 15.31a shows the sum of the first ten terms of Equation 15 plotted against x. 

As more and more terms are taken, the small oscillations along each horizontal 

portion get smaller and smaller and eventually disappear, except for the two outer 

ones of each portion closest to the discontinuities. (See Figure 15.31b.) Even in 

the limit of an infinite number of terms, there persists a small “overshoot.” This 

overshoot is called the Gibbs phenomenon, and is due to the fact that you cannot 

have uniform convergence at a point of discontinuity. 

It so happens that the Gibbs phenomenon was not discovered by Gibbs, nor 

by a mathematician, nor by a theorist. It was actually discovered by the Amer- 

ican experimental physicist Albert Michelson, of Michelson-Morley experiment 

fame. Michelson was a pioneer in interferometry and developed a harmonic ana- 

lyzer, an optical-mechanical device that takes a periodic input and breaks it down 

into its individual Fourier components. He was able to calculate almost 100 terms 

of Fourier series, and noticed that there is always a small discrepancy around 

points of discontinuities. He brought this to the attention of J. Willard Gibbs 

(of thermodynamic and statistical mechanics fame), who analyzed the overshoot 

mathematically and showed that it approaches about 10% of the height of the dis- 

continuity (Problem 17). Thus, the Gibbs phenomenon was discovered empirically 

by an experimentalist extraordinaire. 

SS eee 
Example 3: 
Use the Fourier series in Example 2 of Section 1, 

[e,@) —4yn+l 

ae! se aE Sey (16) 
n l 

n=| 

to derive a Fourier series for x2 in the interval [0, /). 

SOLUTION: Integrate the above series term by term from 0 to x. 

po Oe aire iE _ Agu 
— = — ———— sin du 

2 4) n=1 iH 0 

De Cyn ( “a ) 
= 1 — cos 
2 DE n2 i 

n=! 

= S 
2 ne l 

Oe Git 27 3 (—1)"*! nex 

7 = n2 
n n= 

The first summation here is of the type that we studied in Section 3.7 and is 

equal to 17/12. Thus, we have 

5 AYP Var es (te NITX 
- — —— cos 

: 12 X 3g Se 

735 

t Sso (x) 

| (b) 

Figure 15.31 
(a) The sum of the first 10 terms in 

Equation 15 plotted against x. (b) The 

sum of the first 50 terms in Equation 15 

plotted against x. 
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Sn (x) 

Figure 15.32 
The function f(x) = x? (black) and 

the partial sums of the Fourier series in 

Example 3 consisting of 4 (dotted color), 8 

(dashed color), and 16 (solid color) terms. 

Chapter 15 / Fourier Series 

Figure 15.32 shows some partial sums of this series. Being a cosine series, 

it actually represents f(x) = x? in [—1, 1), as well as its periodic extension. 

Let’s differentiate the series for x in Equation 16 instead of integrating it. 

Differentiation gives 

This series doesn’t even converge! Notice that differentiation of cosnmx/I or 

sin n7zx/1 introduces a factor of n into the resulting series, so we can say that 

differentiation of a Fourier series is a threat to convergence. The relevant theorem 

regarding term by term differentiation of a Fourier series is 

Let f (x) be a continuous function in the interval [—l, 1} with f(—l = f(l), 

and let f'(x) be piecewise smooth in [—l, 1}. Then the Fourier series of 

f'(x) can be obtained by differentiating the Fourier series of f(x) term 

by term. Furthermore, the resulting series for f'(x) converges to f'(x) 

where it is continuous and to [ f'(x+) + fiGpie2 at the points where it is 

discontinuous. ; 

Notice that the theorem governing term by term differentiation of a Fourier 

series is more demanding than for term by term integration. Recall from Chapter 2 

that you can differentiate a series term by term only if the resulting series is 

uniformly convergent. 

The reason that we couldn’t differentiate the Fourier series for f(x) =x in 

Equation 16 is that the function f(x) =x represented by the Fourier series is 

not a continuous function when its periodic extension (which the Fourier series 

represents) is considered. It is continuous in its fundamental interval [—/, / ), but 

not as a periodic function. 

We’ve observed several times that the rate of decay of Fourier coefficients 

depends upon whether or not the periodic extension of f(x) is continuous. We 

found that if the periodic extension of f(x) is discontinuous, then its Fourier 

coefficients decay as I/n, and that they decay at least as fast as 1/n? if the 

periodic extension of f(x) 1s continuous. We can formalize these observations 

in the following theorem: 

If f(x) and its first k derivatives satisfy the Dirichlet conditions on the 

interval [—l, 1] and if the periodic extensions of f (x), f'(x),..., f*(x) 

are all continuous, then the Fourier coefficients of f (x) decay at least as 

rapidly as 1/nk*!, 



15.3 Convergence of Fourier Series 

ee ae es Re = 17 
Example 4: 
Determine the order of the Fourier coefficients of f(x) = x? on the interval 

[—?, 11. 

SOLUTION: Figure 15.33 shows f(x) =x? in [—1, /] and its periodic 

extension. The function f(x) is continuous, but its first derivative is not. 

Therefore, k = | in the above theorem, and so we expect the coefficients in 

the Fourier series for f(x) to decay as 1/n? (at least). 

(ads a ee 

15.3. Problems 

1. Derive Equation 4. 

2. Use Parseval’s equality and the Fourier series in Example 1 of Section | to show that 

3. Use Parseval’s equality and the Fourier series in Example 3 of Section | to show that 

CO 

Hint: You need to use the result of Example 1 ( y n= 6) 

n=1 

ohh 

: | o 

=Peleel x 

Figure 15.33 
The function f(x) = x2, -L<x <I], 

and its periodic coon defined by 

f(x + 21) = f(x). 

pls 
n4 90 

n= 

lao x 
On=1* 96 

a ] mr? 

(Qn—1)2 8 
4. Use Parseval’s equality and the Fourier series in Example 5 of Section | to show that dX —_—_—_. = —. 

5. Use Parseval’s equality and the Fourier series in Example 4 of Section | to show that ) (an 
n 

n= 

aS | _ m8 

< (Qn—1)2(Q2n+1)2 16 ~ 
n=1 

6. The Fourier sine series of f(x) =x? —4x, 0<x <2, is f~)= = LS (DE 

7° ci 
equality to show that De —= 945° 

oO. 

7. The Fourier sine series of f(x) =x(m —x), O<x <7, 1s f(x)= = se sien 

= n® pa 
equality to show that > (Qn — 06 = Dau: 

n=1 

(2n — 1)3 

[o.@) 

sin ae Use Parseval’s 

= Dx Use Parseval’s 

8. The Fourier series of Le) = =x for [—1l,/) and f(x +21) = f(x) outside that interval is (Example 2 of 

aan } nex 

Sl 
2 

Section 1) f(x) = — bs D ripe Why does the series equal zero when x = 0? 

9. Evaluate the series in Example | of Section | at x = 0 and x =/. Do these answers make sense? 
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10. 

ik. 

12. 

13. 

14. 

15. 

16. 

17. 
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The Fourier series of f(x) =x*, 0 <x < 2m with f(x +27) = f(x) is 
i 

on uN ae (4 Cosma — auld sin nx), What does f (277) equal? Does this value make sense? 
ne n 

n=| 

What does f (0) equal? Does this value make sense? 

Verify the Fourier series given in Problem 10. 

Integrate the Fourier series for x* in Example 3 from 0 to x to obtain a Fourier sine series for x>. What function 

does the Fourier series represent? 

id ee a i ee 
ae S The answer to Problem 12 can be written as x° = /?x — A 

nm x ; 
n ere, Integrate this from 0 to 

A 
n=} 

xX once again to obtain 
; Agi4 CO =| n+l Agi4 oO =i n+l 5 0° =i n+l 

x = 21*x? = aE ( : are ( 4 cos yes Let x =/ and show that ys ( : = 

A n=! us a n=l it n=!) Tt 

7 : 
aaa Hint: You need to use the result of Problem 2. 

—l1 —-l<x<0 
Use the Fourier series for f(x) = | Ue ot 

to derive the Fourier series for 

x—-l —-l<x<0O 

cal Weel re 
F(x)=} 

What do you predict for the n dependence of the Fourier coefficients of the periodic functions 

| —-l -l<x<0O 
(a) |cosx|over[—z,7) (b) f(x) = Pie ee) 

(c) x? —x over [—1, 1) (d) (x — 1)? over [—1, 1) 

Find a polynomial over (0, 1] whose Fourier coefficients decay at least as rapidly as 1/n*. What about I/n°? 

—1 -—-l<x<0O 
We analyze the Gibbs phenomenon in this problem. Start with the Fourier series for f(x) = | ie OE 1 

Bap an 

ery 42 sin(2n — 1)ax 4 a sin(2n — 1)x 
which is f(x) = . The Nth partial sum of f(x) is i= . Th dX a p F(x) is f(x) os — e 

N 

derivative of this finite sum is ie (a4 De cos(2n — l)x. Use Euler’s relation (e'* = cos z +i sin z) and 

n=] 
N 

in2N 
the formula S zZi=(1-— ay AG — z) to show that is Ges pices eR Show that the first maximum of 

sin 7x j=0 

: ; 4 Y2N sin WNau 
f(x) occurs at x = 1/2N. Now integrate f,,(x) from 0 to 1/2N to get fy (1/2N) = 2 —————du. 

0 sin ru 
| 2 ae sine rae 

Now let z = 2Nzu and then let N become large to get fy ak — — —— dz. This integral is equal 
H JO Z 

to © 1.1790. Use this value to show that the overshoot is about 0.18 in this case, or about 9% of the magnitude 

of the discontinuity. 
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15.4 Fourier Series and Ordinary Differential Equations 

Fourier series are frequently used to solve linear nonhomogeneous differential 

equations with constant coefficients. For example, consider the equation 

CO ery Ce nets) sO. 1 (1) 

with the boundary conditions y(0) = y(/) = 0. To solve Equation 1 by means of 

Fourier series, first express f(x) as a Fourier series, 

x) = + De («, cos a +0; siti =) (2) 

Now write y(x) as a Fourier series, 

D638) — iS. (4, cos “2% + B,, sin =) (3) 

n=1 

where the A, and B,, are to be determined. We substitute Equations 3 and 2 into 

Equation | to obtain 

aD) D9) : 
la 5 A, (1-4 =) cos = + B, (: plist a ) sin = 

ial 
- (4) 

ay nITX ilies 
ak CONS rani sin ; ) 

n=1 

Equation 4 gives us (Problem 1) 

ae Be 
Bn 0 and ee oe ae | sere (5) 

with/ # nz. Realize that Equations 5 are valid only for Equation 1. (See Problem 7 

for a slight generalization.) 

We still have the boundary conditions to consider. The coefficients a, and 

b, are determined by f(x), and particularly how we choose to extend f(x) to 

the interval [—/, 0). The a, = 0 1f we extend f(x) such that it is an odd function 

over [—/, /] and the b, = 0 if we extend f(x) such that it is an even function. The 

boundary conditions, y(0) = y(/) = 0, will be satisfied by y(x) in Equation 3 if 

all the A,, = 0; this will be the case if all the a, =0, and so we choose the odd 

extension of f(x) to develop its Fourier series in Equation 2. Thus, 

CO 

Mea = OY 2 ae Saas 5 te (6) 

N=! : 

satisfies Equation | and the boundary conditions y(0) = y(/) =0 

739) 
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|_._ eetquipe hasta opal) Gos ote? Sete ean 
Example 1: 
Use Fourier series to solve the equation 

y" (x) + y(x) =x Oma! 

with the boundary conditions y(0) = y(/) = 0. 

SOLUTION: The boundary conditions will be satisfied if we use a sine 

series, So we will use the odd extension of f(x): 

XM ele () 

i ORSeue 
fox) = 

The Fourier coefficients of f,(x) are 

1 n+l —] 21 
b= = ft sin ax = 

l Jo i ni 

and so the Fourier coefficients of y(x) are (Equation 5) 

7 lor 

an na (I? — n212) 

‘ 
‘ 

and the solution y(x) is given by 

[o,@) 
21° Ge ines 

Gays sin L=ngG Mes =e # 
n(l2 — n22) l 

n= 

This is the same result that we obtained using a Green’s function in Example 2 

of Section 14.5. The two approaches are essentially the same. 

Me ce a 

Suppose the boundary conditions in Example | were y’(0) = y’(/) = 0. In this 

case, we would want to express f(x) as a cosine series because the derivative of 

cos nz/l is equal to zero at x = 0 and x =/. Therefore, we would use the even 

extension of f(x) in the above example (Problem 4). 

One of the most important applications of Fourier series is for the solutions 

of differential equations with periodic forcing terms. Consider a mass m attached 

to a spring of force constant k, moving through a viscous medium. If we assume 

that the viscous force on the mass is proportional to but opposite to its velocity, 

then the equation of motion of the mass is 

d*x dx 
—— + y—+kx = F(t a 
av” dt . ) 

m 

where x(t) 1s the displacement of the mass from its equilibrium position and F(t) 

is an external force acting on the mass. Suppose now that F(t) is the periodic 
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function shown in Figure 15.34. Mathematically, 

she San aD) 

ro=| Fo St =i, 

with F(t) = F(t + 2%). 

To solve Equation 7, we first express F(t) as a Fourier series (Problem 11), 

4 1 0 Q 

Foj=—) 5 lee Oe (8) Figure 15.34 
ie The periodic forcing function defined 

. iby /2 a =i) =1o Si < 0 id 
where w = 7/tf is the frequency of F(t). Thus, = Fo (Peery. as 

m3 F(t + 2t9) = F(t) plotted against r. 

FO=D) bysina, (9) 
Fill 

where 

Os 

~ Qn —1)n 
s and On = (21a) (esa Ds as (10) 

Because Equation 7 is linear, the solution x(t) is also a superposition of terms, 

where each term, x,,(t), is a solution of (Problem 12) 

ax. dx 

Tage ag len Pe I OnE (11) 

Therefore, once we solve Equation 11, the solution to Equation 7 is 

1.2) 

Leo ye AO @2) 
n=\] 

2 RUA Ree MII Son SHS Kh oh *T eisin tT”) 
Example 2: 
Show that if 

y" (x) + ayy’(x) + agy(x) = f(x) + fo(x) 

then y(x) = y\(x) + yo(x), where y;(x) (i = 1 and 2) is the solution to 

yj (x) + ayy;'(x) + any; (x) = fix) 

SOLUTION: Simply add the above equations to get 

(v1 + yo)" +a, + y2) +400 +) = fit hf 

This result is readily extended to )> fj) and is known as the principle of 

superposition. 

(Se 
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Xn 

~ 

Figure 15.35 
A plot of Equation 13, the general solution 

to Equation 11, plotted against time. 

Figure 15.36 
The steady periodic solution (Equation 17) 

of Equation 11 with the periodic forcing 

term shown in Figure 15.34. The values of 

the parameters in Equation 17 are m = 1, 

Pe NNO), he =O), Buavel @) == Ih. 

Chapter 15 / Fourier Series 

Let’s now return to Equation 7. For the common case in which y? <4km 

(undamped), the solution to Equation 11 is 

x, (t) =e Y/2™"(e, sin Qt + cy cos Qt) + C,, sin(@pt + dp) (13) 

where Q = (4km — y*)'/?/2m and C,, and @,, are constants that depend upon b,, @, 

m, and y. The first two terms in Equation 13 constitute the complementary solution 

of Equation 11 and the third term constitutes a particular solution (Problem 13). 

Because of the damping factor e~’'/?”", after a time t >> 2m/y, the first two terms 

in Equation 13 become negligible and 

x(t) © C, sin(@,t + o,) t > 2m/y (14) 

(See Figure 15.35.) We call the complementary solution a transient term and 

the particular solution, Equation 14, a steady periodic term. Physically, when 

the driving force b,, sin w,¢ is applied, the system responds initially in a fairly 

complicated way, but after a time (f >> 2m/y), the system settles down, and in 

the case of a single forcing term, responds with the same frequency as the driving 

force, albeit with a phase factor @,,. It is this steady periodic response that is usually 

of primary interest. 

We learned in Section 1 1.4 that we can determine the steady periodic response 

by substituting Equation 14 into Equation 11, in, which case we obtain (Problem 14) 

1 4 Fo 
eG ee sue a Olearet ate Fe 

n | [(mo2 —k)?+y2 20 21/2 (2n — 1
x (py Pn) (15) 

where 

Pp — tan! eee 
(16) 

mo? —k 

Equation 15 is the response to one of the terms in Equation 8. Using the 

principle of superposition, the complete steady periodic solution with the periodic 

forcing term shown in Figure 15.34 is 

x P(t) = 3 x P(t) 
n=l 

= — = sin(@,t + dn) 
7/ 

[(mw — a +y?o2}/2  2n-1 or 
n=1 

Figure 15.36 shows x*P(t) form =1, y = 1/10, k=9, and wm =1 (in some 

consistent set of units), in which case, we have 

‘ 4F 
A i= -—*[0.125 sin(t — 0.0125) + 1.11 sin@t + 1.57) 18) 

+ 0.0125 sin(St + 0.0312) +--+] 
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Notice that x*?(t) in Figure 15.36 oscillates about fives times every ten seconds, and 

so has a period of about 2 seconds. Therefore, its frequency is w = 27 /t ~ 3. The 

frequency of the driving force is @ = | in this case, so the steady periodic response 

has a frequency of about three times w. The reason for this is the following. 

Equation 8 shows that the driving force can be expressed as a sum of harmonic 

terms of frequency w, = (2n — 1)w, and Equation 18 shows the response of the 

mechanical system to each of these harmonic terms. The parameters that we chose 

are such that the coefficient of the sin(3t + 1.57) term, 1/(2n — 1)[(nw? — k)? + 
yw]! *_ is much larger than the coefficients of the other terms. Note that this 

will occur if w, ~ (k/m)'/2 = 3, or if w3 is three times w = 1. Therefore, this 

harmonic component of the driving force dominates the others. If we had chosen 

m=4, y = 1/10, k = 98, and w = 1, then the third term would have dominated 

(Problem 15). 

Example 3: 
Predict the steady periodic behavior x‘? (t) of Equation 17 ifm = 2, y = 0.10, 

Ke Or anda 

SOLUTION: The relative values of the coefficients on the right side of 

Equation 17 go as 1/(2n — 1)[(me aH aya" yaa, and so 

n 1 D) 3 4 5 6 

relative value of coefficient 0.010 0.004 0.004 0.204 0.002 0.001 
Figure 15.37 
The steady periodic solution (Equation 17) 

of Equation 11 with m = 2, y = 0.10, 

k = 100, and w = 1, as in Example 3. 
The resulting series is plotted in Figure 15.37. Note that the period of the Note thatthe coludon oscillates abouu ll 

oscillations is a little less than one, which corresponds to wm = 27/t 7). times in the time interval (0, 10), which 

corresponds to 27/t ~ 7. 

The coefficient of the n = 4 term is much larger than the others, so the system 

will respond with a frequency of about (2n — 1) = 7 times the driving force. 

15.4 Problems 

1. Provide a justification for going from Equation 4 to Equation 5. 

2. Use the method of undetermined coefficients to solve the problem in Example 1. 

3. The solution to Problem 2 is f(x) =x —/ sin x/ sin/, 0 <x <J/. Expand f(x) in a Fourier sine series and 

compare your result to the one obtained in Example |. 

4. Use Fourier series to solve the boundary value problem y’(x) + y(x) =x, 0 <x </, and y'(0) = y'() =0. 

5. Solve the problem posed in Problem 4 by the method of undetermined coefficients. 

= U AN: 
6. The solution to Problem 5 is f(x) = eee ee cos x — sinx +x, 0 <x </. Expand f(x) ina Fourier cosine 

sin 
series and compare your result to the one obtained in Problem 4. 

7. Derive equations like Equations 5 for the differential equation y’(x) + BP yvG)=fC),0s% <1. 

743 
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10. 

11. 

12. 

13. 

14. 

15. 

16. 

7h, 
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. Use Fourier series to solve the equation y’(x) + B*y(x) =x with boundary conditions y(0) = y(1) = 0. Hint: 

You need to use the result of Problem 7. 

. Solve the equation in Problem 8 by the method of undetermined coefficients. 

THe reali tonto Probie Gree ee 
p2 Bsn B 

result to the one obtained in Problem 8. 

. Expand y(x) in a Fourier sine series and compare your 

Derive Equation 8. 

Show that Equation 12 is a solution to Equation 7, when the x,,(t) satisfy Equation 11. 

Show that Equation 14 is a particular solution of Equation 11. 

Derive Equation 15. 

Show that the third term in Equation 17 dominates if m = 4, y = 1/10, k = 98, and w = 1. Derive the equation 

that corresponds to Equation 18. 

Determine the steady periodic solution to y”(t) + 2y’(t) + 3y(t) = f(t), where f(t) =t, —w <t <a, and 

f(t +27) = f(t). 

Consider the general linear second-order nonhomogeneous differential equation with constant coefficients 

x(t) + ayx'(t) + agx(t) = f (t). Show that if f(t) = Ae!®", then the real part of the steady periodic response 

corresponds to the resulting x‘P(t) if f(t) = A cos wt and the imaginary part corresponds to x*P(r) if 

Af) ——S SIMO. % 
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Karl Weierstrass (1815-1897), often called the father of modern analysis, was born on October 31, 

1815, in Ostenfelde, Westphalia (now Germany). His father was a minor government official whose various 

positions required frequent moves throughout Prussia. Although Weierstrass excelled at mathematics, his 

father insisted that he seek a career in government administration. At the University of Bonn, his father 

planned his study of law, finance, and economics. Unable to resolve the conflict between his father’s demands 

and his desire to study mathematics, he spent four years fencing and drinking and left the University without 

taking his examinations. A friend of the family arranged for him to study at the local Theological and 

Philosophical Academy in Miinster to obtain his teaching credentials. Fortunately, a fine mathematician, 

Christoph Gudermann, was lecturing there and greatly encouraged Weierstrass in his mathematical studies. 

Gudermann’s research at the time involved elliptic functions and the expansion of functions in power series, 

both of which were to have a major influence in Weierstrass’s later research. He remained grateful for 

Gudermann’s support throughout his life. Weierstrass became a secondary school teacher, and, in spite of not 

having access to a library nor to other mathematicians (he was too poor to afford postage for correspondence), 

he did some of his finest mathematical research during this time. In 1854, when he was almost forty years old, 

he published a paper on the theory of abelian functions in Crelle’s Journal, which brought him immediate 

recognition. The University of Konigsberg awarded him an honorary degree in 1854 so that he could obtain 

a university position. He received a professorship at the University of Berlin in 1856, where he stayed for 

the second forty years of his life. Weierstrass was an exceptionally fine lecturer. His lectures became famous 

throughout Europe and attracted students from many countries. Weierstrass was a genial person and enjoyed 

spending time with his students, both in and out of the classroom. He died of pneumonia after a long illness 

on February 19, 1897, in Berlin. Weierstrass never married and lived much of his life with his unmarried 

sisters. 



Jean le Rond d’Alembert Lejeune Dirichlet 

Jean le Rond d’Alembert (1717-1783), who made important contributions to the theory of partial 

differential equations, was born on November 17, 1717, in Paris, the illegitimate son of an artillery officer 

and a Mme. de Tencin, a former nun who was well known in Parisian social circles. His mother abandoned 

him on the steps of St. Jean le Rond, from which he received his Christian name. While he was in school, he 

took the surname d’ Alembert. His father placed him in the care of a glazier and his wife whom d’ Alembert 

considered as his real parents throughout his life, and, in fact, he spurned his natural mother when she made 

contact with him after he became well known. d’ Alembert initially studied theology, but then he turned to the 

study of law (he later rejected religion completely). However, he realized that his talent lay in mathematics, 

which he learned on his own. d’ Alembert had an argumentative nature that led him into numerous quarrels 

with other mathematicians. One of his results that brought him recognition was the complete solution to 

the problem of the precession of the equinoxes. In his later life, d’ Alembert was unable to concentrate on 

mathematics, and, after many years of bad health, he died of a bladder infection on October 29, 1783. As 

an unbeliever, he was buried in a common unmarked grave. 

Lejeune Dirichlet (1805-1859), who provided a rigorous foundation for the theory of Fourier series, 

was born on February 13, 1805, in Diiren, French, Empire (now Germany), where his father was postmaster. 

By age 12, he had developed a passion for mathematics, spending all his money on mathematics books. At 

age 16, he finished his schooling and elected to continue his studies in Paris because of the poor quality of 

instruction at German universities. When Dirichlet returned to Germany in 1825, he was unable to obtain 

a university position because he lacked the proper qualifications, a doctorate and a knowledge of Latin. 

The University of Cologne granted him an honorary doctorate, although this caused some controversy. 

Eventually, he went to Berlin to teach at the Military College and was soon appointed Professor at the 

University of Berlin, a position he held for 27 years. Dirichlet was an excellent teacher and raised the 

standards of mathematics in Germany to the highest levels. Among his students were Leopold Kronecker 

and Bernhard Riemann. In 1831, with his financial situation secure, he married Rebecca Mendelssohn, a 

sister of the composer Felix Mendelssohn. Dirichlet was appointed to Gauss’s chair at the University of 

Gottingen upon Gauss’s death in 1855. He died there on May 5, 1859, from heart disease. 
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Partial Differential Equations 

Many of the equations of the sciences and engineering describe how some physical 

quantity such as temperature or an electrical potential vary with position and 

time. This means that one or more spatial variables and time serve as independent 

variables. If we let T = T(x, y, z, t) be the temperature, an equation that governs 

how T(x, y, Z, t) varies with x, y, z, and t is 

fi 
oF oe a 

ax? dy 022 at “Ot 

or 

227 or 
Ot 

where a” is a constant called the thermal diffusivity. This equation, called the 

heat equation, is a partial differential equation because the dependent variable, 7, 

occurs as partial derivatives. A study of partial differential equations is one of the 

most important areas of applied mathematics because so many physical processes 

(such as heat flow) are formulated as partial differential equations. 

The field of partial differential equations is very large. We are going to discuss 

only a few special partial differential equations in this chapter, but ones that occur 

in a wide range of applied problems. We shall concentrate on Laplace’s equation in 

Section 2, the wave equation in Sections 3 and 4, the heat equation (also called the 

diffusion equation) in Section 5, and the Schrédinger equation in Section 6. It turns 

out that these equations (and closely related versions of these equations) comprise 

a sizable fraction of the partial differential equations that many scientists and 

engineers encounter in practice. Furthermore, we shall see that they illustrate all 

the various types of linear partial differential equations according to one important 

classification of such equations that we shall discuss in Section 7. In this chapter, 

we shall use the method of separation of variables to solve these equations, and 

in the next chapter, we shall solve these equations by what are called integral 

transform methods. 747 
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16.1 Some Examples of Partial Differential Equations 

We derived the heat equation in Section 7.4 using the divergence theorem. As we 

stated in the introduction, if we let T = T (x, y, z, t) be the temperature at the point 

(x, y, z) at time f, then the heat equation is 

is 
ype ee (1) 

Or 

where a? is the thermal diffusivity. Equation | is a second-order partial differential 

equation because the order of the highest derivative is two. Furthermore, it is a 

linear partial differential equation because T and its various partial derivatives 

appear only to the first power and there are no products of terms involving T or 

its derivatives. Many of the classic partial differential equations that occur in the 

physical sciences and engineering are linear and second-order. 

ea eae eerie aa 
Example 1: 
Show that 

Pe etter > Ser 
T (x,y,z. t)=Ae ~~! sin x sin.y sin z 

‘ 

satisfies the three-dimensional heat equation, Equation 1. 

SOLUTION: 

WT = —3Ae~3" sin x sin y sin z = —3AT 

an 
—— = 3 AL 
ot 

SO 

aT 
— =a VT 
ot 

Let’s consider the one-dimensional version of Equation 1: 

PT _ aT =— y) 
0x2 ot 2) 

Equation 2 might describe a long, thin bar of length / where its temperature varies 

only along its length x. Equation 2 is second-order with respect to the spatial 
coordinate and first order with respect to time. This suggests that some sort of 
general solution must be made to satisfy two boundary conditions and one initial 



16.1 Some Examples of Partial Differential Equations 7A9 

condition. For example, we might specify the temperature at the ends of the bar, 

x —Oand i, 

EXO; y= iy and RUD) = 

and the initial temperature profile of the bar 

T(x O) 8 fi(2) 

It turns out that these conditions are sufficient to specify the solution T(x, f) 

completely (and uniquely). We'll learn how to find such solutions in this and the 

next chapter. 

Equation | (with different symbols) describes the diffusion of one substance 

through another. If c(x, y, z, t) denotes the concentration of a given substance 

around the point (x, y, z), then c(x, y, z, f) is given (approximately) by (Prob- 

lem 1) 

PVs (3) 
or 

where D is the diffusion constant. Equation 3 is called the diffusion equation. We 

also derived the diffusion equation in Section 7.1. 

Another important partial differential equation is the wave equation. For a 5 

simplicity only, we shall derive the wave equation for the case of just one spatial ee 

variable. The physical system represented is that of a vibrating string. Consider Tj B : 

a perfectly flexible homogeneous string stretched to a uniform tension t between 

two points. Let u(x, t) be the displacement of the string from its horizontal position ee 

(see Figure 16.1). The quantities t, and t> in Figure 16.1 are the tensions at the ee Sie ne ADT 

points P and Q on the string. Both t, and Tz are tangential to the curve of the — The quantities shown in the figure are 

string. Assuming that there is only vertical motion of the string, the horizontal used in the derivation of the classical 

components of the tensions at all points along the string must be equal. Using the be: qamensional Wave cued OU: 

notation in Figure 16.1, we have that 

T, COS @ = T7 COS 6 = T = constant (4) 

There is a net force in the vertical direction that causes the vertical motion of 

the string. Again, using the notation in Figure 16.1, we find that the net vertical 

force 1s 

net vertical force = T, sin B — T, sina 

By Newton’s second law, this net force is equal to the mass p Ax along the segment 

PQ times the acceleration of the string, 0°u/dt*. Thus, we write 

07u 

a 2) sin p — 7 sin @ = pAXx 
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Dividing Equation 5 by Equation 4 gives 

5 
pAx0-u (6) 

tan B —tana = 

But tan B and tan a are the slopes of the curve of the string at x + Ax and at x, 

respectively, and so 

0 a) 
tana = — = (x) and fan B= — =u, + Ax) (7) 

Ox : Ox 

where u., denotes the partial derivative of u with respect to x. Substituting Equa- 

tions 7 into Equation 6 gives 

, | pAxd°u 
u(x + Ax) —u,(4) = Ao (8) 

Expanding w,(x + Ax) ina Taylor series about Ax = 0 gives 

Ou, 2 
Ux AX) =e ; Se Ne) al 

ee 

au @) 

=U, hie A ta O. Azam 
Ox- 

and so Equation 8 becomes ; ! 

a-u 1 d°u 
ora oe (9) 
Ox UH Ot 

in the limit Ax — 0, where v = (aia)! has units of speed. 

Equation 9 is known as the classical one-dimensional wave equation. Its 

extension to more spatial variables is given by 

Viz (10) 

The two-dimensional equation describes the vibrations of a membrane and the 

three-dimensional equation describes the vibrational motion of an elastic solid. 

[i 
Example 2: 
Show that 

U Cant Sine Sime 

is a solution to the one-dimensional wave equation. 

SOLUTION: 
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so u(x, ¢) = sin x sin vf is a solution to Equation 9. Note that the solution to 

the heat equation in Example | decayed exponentially with time, while the 

above solution to the wave equation oscillates in time. 

io SE ee 

Being second-order in both x and f, it may not be surprising to learn that 

Equation 9 requires two boundary conditions and two initial conditions to yield a 

unique solution. For example, these conditions might be 

(Onn) —0 Went) 0) 

u(x,0)= f(x) u,(x,0)=g(x) 

The two boundary conditions say that the displacement is zero at the two ends 

of the string and the initial conditions give the initial displacement and the initial 

velocity of the string. 

As Example 2 suggests, the time dependence of the wave equation is oscilla- 

tory. If we substitute 

u(x, t) = X(x)e' 

into Equation 10, we obtain 

V?X (x) +@’X(x) =0 (11) 

Equation 11 occurs in a number of physical problems and is called the Helmholtz 

equation. 

Another partial differential equation that we shall discuss is Laplace ’s equa- 

tion, 

V°o(x, y, z) =0 (12) 

If T in Equation | is independent of time, then Equation | reduces to Laplace’s 

equation, which in this case describes the equilibrium or the steady-state temper- 

ature distribution in a body. 

Laplace’s equation also governs the electrostatic potential in a charge-free 

region of space. If there is a charge density p,(x, y, z) within the region, then the 

electrostatic potential is given by Poisson’s equation, 

_ Pc(X, Y, 2) 
Vob(x,y,2= (13) 

€0 

where €, is the permittivity of free space. Poisson’s equation is a nonhomogeneous 

version of Laplace’s equation. We derived Poisson’s equation in Section 7.4 from 

Gauss’s law of electrostatics. 

751 
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ilies detalles Wha AMIE Died Aiea 9S | 
Example 3: 
Show that 

1 
(x2 4 y2 + z2)1/2 P(X, y,2= (x, y, z) # (0, 0, 0) 

satisfies Laplace’s equation. 

SOLUTION: 

X 

(x2 + y? +:27)3/2 
y= 

Bx- ] a 

Pax = G2+y2+ 292 +4292 2+ y2 +2257? 

with analogous equations for @,,, and @,,. Thus, 

V"*b = br, + by + bez 

_ (2x? — y? — 27) + (2y* — x* — 27) + (22? — x? — y?) 

7 (x? py g2 2 

— 

—() 

Pe ae er eee 
Example 4: 
Show that if ¢ is spherically symmetric (in other words, depends only upon 

the radial coordinate r), then Laplace’s equation becomes 

Vo = ie (7) =a) 
dr dr 

Solve this equation to show that 

e(rn=- 70 2 

where c is a constant. 

SOLUTION: Referring to Table 8.3, we see that 

ap 29 1 9 a g? 
V-o= Pi ee (sin o5#) + oem 

dr2 or Or r2 sin @ 96 00 r2 sin 8 dg2 

If @ depends only upon r, then 
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and V7 = 0 can be written as 

es (rx) —0 
dr dr 

Integrating once gives df/dr =a/r*, and integrating once again gives 

a or) =-2 +b 
r 

where a and b are constants. If we require that #(r) > 0 as r > on, then 

we find that b = 0. Replacing the constant —a by another constant c gives 

@(r) =c/r (Coulomb’s law). 

[Pe ed ee ae a ae ee 

Before we conclude this section, there is one other partial differential equation 

that we must discuss. The central equation of non-relativistic quantum mechanics is 

the (time-independent) Schrodinger equation, which for a single particle of mass m 

in a potential V(x, y, z) is 

2 

— y+ Vy = EY (14) 
2m 

where i = h/2z and h is the Planck constant. The dependent variable in Equa- 

tion 14, w(x, y, z), is the wave function of the particle. The wave function has the 

physical interpretation that w*(x, y, z)W(x, y, z)dxdydz is the probability that 

the particle will be observed to be in the volume element dxdydz at the point 

(x, y, z). According to quantum mechanics, this probabilistic interpretation is the 

most complete description possible. 

The Schrédinger equation cannot be derived from more fundamental prin- 

ciples, any more than Newton’s classical equations of motion can. Each can be 

deduced from other basically equivalent approaches, but each one is essentially a 

postulate that has withstood intensive and long scrutiny. 

If we define the so-called Hamiltonian operator by 

? 

Te a (15) 
2m 

we can write Equation 14 as an eigenvalue problem 

H Yn (X, Ys 2) = EnWn(%, Y, 2) (16) 

The eigenvalues, {£,,}, have the physical interpretation that they are the allowed 

energies that the particle can have. Equation 16 is generally a partial differential 

equation, but it is just an ordinary differential equation in one dimension. Prob- 

lem 14 works through the most basic non-trivial quantum-mechanical problem, a 

particle in a one-dimensional box. 

159 
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16.1. Problems 

. Use the continuity equation (Equation 7.1.11) and Fick’s law (J = —D grad c) to derive Equation 3. 

> Weaiiiiny (loki WC8., 95 1) = sin(x/2!/?) sin(y/2!/7) sin vt is a solution to the two-dimensional wave equation. 

. Verify that u(x,t) = f(x + vt), where f(z) is a differentiable function, is a solution to the one-dimensional 

wave equation. 

. Show that c(x, 1) = 17 !/? exp(—x?/4Dr) is a solution to the one-dimensional diffusion equation. What initial 

condition does this solution correspond to? 

. Verify that c(r, t) =t~7/* exp(—r?/4 Dt) is a solution to the diffusion equation in spherical coordinates. 

d2c dc ) 
. Starting with the continuity equation (Equation 7.1.11), show that 7 = D— + p= represents a system 

t x ax? 

that is undergoing diffusion and moving with a constant drift velocity 6. This equation could represent the 

diffusion of a large charged particle such as a protein 1n a uniform electric field. 

. Verify that c(x, t) =t7!/? exp[—(x — Sor Bt)*/4Dt] is a solution to the equation in the previous problem. 

What initial condition does this solution correspond to? 

. Maxwell’s equations for a nonconducting medium with no free charges can be written as divE = 0, 

OB ; 1 JE 4 ; 
curl E + — =0, divB = 0, and curl B — es 0, where E and B are the electric field and the magnetic 

t Cc t 

induction, respectively. Show that if ¢ represents any of the components of E and B, then © satsifies 
1 a2 a) . : : 
2a Hint: Use the vector identity curl curl vy = grad div v — V’v. 
C= hii 

Vt= 

ee ee OL 
9. Show that the substitution T(x, t) = (x, He, where h is a constant, reduces the equation pe 

Ot 
20°T ¢.12ar 

a or —hT to the one-dimensional heat equation. 
ee 

10. Show that the kinetic energy and the potential energy of a uniform vibrating string are given by K = 
ne 2 yas 2 

Ou G Ou 
ie il (=) dx and V = — / (**) Gan 
2 Sy & @i 2Jo \Ox 

11. If all the points of a uniform string experience a frictional force proportional to the velocity, show that the 

4 1 07u Ou 07u ' : ah: : 
wave equation becomes — rw) y ees = 0), where y is the proportional frictional coefficient. 

Ve t x ‘ 

12. Show that the substitution u(x, t) = f(x) sin vt reduces the one-dimensional wave equation to an ordinary 

13. 

14. 

differential equation in x. Does this substitution make sense physically? 

Use the divergence theorem to derive the heat equation if a heat source is present within the region of interest. 

Let F(x, y, z, t) be the rate of energy as heat generated per unit volume. 

The time-independent Schrodinger equation for a free particle constrained to the one-dimensional region 0 to 

= Ew. Because y*w dx represents the probability that the particle will be located within the 

interval (x, x + dx), we require that w(x) = 0 for x < 0 and x > a. Show that the energy of the particle is 
DD, } 
—, wheren =1,2,...and#=h/2n. 

8ma- 
quantized, and in particular, that FE, = 
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15. Show that if the linear mass density of the string p(x) is not uniform and, if the tension T(x) is not uniform, 

then the wave equation takes the form 
« ae, 

Ou Ou P 
a |Feee |= oes. 

16. In this problem, we shall examine the heat equation from a physical point of view. First show that 

Ty (%, 1) © 
IL (GE sp AVERT) = 10 AGS, 18) ms T(x + Ax, t) —27T(x,t) + T(x — Ax, ft) 

INS (Ax) 

Now sketch a temperature profile and indicate the points T(x + Ax, 1), T(x, t), and T(x — Ax, t). Defining 

an average temperature of the two points x + Ax by T = [T(x + Ax, t) + T(x — Ax, f)]/2, show that 

2{T — T(x, t)] 
(Ax) i 

physically. Similarly, if T(x, t) < T, then 7,(x, t) > 0. Interpret this result. 

i (x,t) = 

16.2 Laplace’s Equation 

Laplace’s equation 

Vin =0 (1) 

is one of the most important equations in classical physics. It not only describes the 

electrostatic potential in a charge-free region, but it describes the flow of inviscid 

fluids, the gravitational potential in free space, and steady-state heat flow, among 

others. A nonhomogeneous version of Laplace’s equation, 

Vu= eee (2) 
€0 

where p,. is the charge density, is called Poisson’s equation, which we derived 

in Section 7.4. The study of the solutions of Laplace’s equation (or Poisson’s 

equation) has a huge literature, and is known as potential theory. 

Before we go on to solve Laplace’s equation for various boundary conditions, 

we'll discuss some general properties of Laplace’s equation and its solutions. 

There are two types of boundary conditions that occur commonly with Laplace’s 

equation. One type of boundary condition specifies the value of w on the entire 

boundary of the region involved (a Dirichlet boundary condition). In terms of 

equations, we have 

Vu = 0. mR with .¢=ofi on B (3) 

where R is the region over which Laplace’s equation applies, B is its boundary, 

and f is a specified function. Equation 3 is said to constitute a Dirichlet problem. 

Problem 25 has you show that the solution to a Dirichlet problem is unique, but 

you might remember from electrostatics that if; you specify a potential over a 

Pit fred) = 0 a then Tab) 0, and so.(x, 7) = 0. Interpret this tesult 

SYS 
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Figure 16.2 
A summary of the boundary conditions 

for Equations 6 and 7. 
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boundary, then the potential within the region enclosed by the boundary is uniquely 

determined. 

The other commonly occurring boundary condition is the specification of the 

normal derivative of u on the boundary, or 

Veu=0 inR — with a on B (4) 
on 

where du/dn is the normal derivative of u, taken in the outward direction. This 

type of boundary condition is called a Neumann boundary condition and Equa- 

tion 4 constitutes what is called a Neumann problem. You might remember from 

electrostatics that if you specify the charge density (which is directly related to 

du/dn) on a boundary, then the potential is determined to within an additive con- 

stant. 

The proof of the uniqueness of the solutions to the two-dimensional Dirichlet 

problem and the two-dimensional Neumann problem (to within an additive con- 

stant) are given in Problems 24 through 27. The Dirichlet problem will always have 

a solution (existence theorem), but the Neumann problem may not. Problem 28 

helps you show that the Neumann problem has a solution only if 

stds =p f ds=0 (5) 
B On Be as 

where the integral is along the boundary. Equation 5 is called a compatibility 

condition. We can give a simple physical interpretation of this condition. Suppose 

that uw represents the steady-state temperature in some region. Then du/dn = f 

represents the flux of energy as heat across the boundary. Equation 5 says that 

the net flux across the boundary must be zero in order to maintain a steady-state 

temperature. 

Now that we’ve discussed some general properties, let’s solve Laplace’s 

equation for a few special cases. Consider the Dirichlet problem for a rectangle: 

0?T a?T << 8 ee te =) (6) 
0x2 dy? Of vid 

T(O, y¥=0 P(a@yyy=0 - 

TCO) 0 CSD) S-) @) 

This problem might correspond to a determination of the steady-state temperature 

distribution in a rectangular plate with the temperature prescribed on each of its 

edges (Figure 16.2). 

Laplace’s equation, as well as many other partial differential equations that 

arise in physics, can be solved by a method called separation of variables. The 

key step in the method of separation of variables is to assume that T(x, y) in this 

case factors into a function of x only times a function of y only, or that 

T(x, y)=X(x)Y(y) (8) 
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If we substitute Equation 8 into Equation 6, we obtain 

d*X ay 
Y(y Fie les = 0 OG tX@O G5 

Now divide by T(x, y) = X(x)Y(y) and obtain 

eS eee 
X(x) dx2 ~ Y(y) dy? ©) 

The left side of Equation 9 is a function of x only and the right side is a function 

of y only. Because x and y are independent variables, each side of Equation 9 

can be varied independently. The only way for the equality of the two sides of 

Equation 9 to be preserved under any variation of x and y is that each side be 

equal to a constant. If we let this constant be k, then we can write 

X"(x) —kX(x)=0 and = =¥"(y) + kY¥(y) =0 (10) 

where k is called the separation constant and will be determined by the boundary 

conditions, Equations 7. The boundary conditions can be expressed in terms of 

X (x) and Y(y) by 

XO) = Xig=0.9 YO=0, Wa. b= 7) (11) 

Notice that the method of separation of variables has given us two ordinary 

differential equations, one for each independent variable. 

We do not know at this point if the value of k is positive, zero, or negative. 

Let’s first assume that k = 0. In this case, Equations 10 give X (x) = a,x + B, and 

Y(y) = a@>y + fo, and we find that the only way to satisfy X (0) = X (a) = 0 is for 

a, = B; = 0, which gives us a trivial solution. Problem | asks you to show that the 

same situation occurs if k is positive. This leaves only the possibility that k < 0. 

To emphasize that we consider k to be negative, we write it as —)2 (with » real), 

so that Equations 10 become 

X" (x) 4A7X(x)=0 and = ¥"(y) — A ¥(y) =0 (12) 

Solving the first of Equations 12 for X (x) and applying the boundary conditions 

give A, =nz/a and 

Key Sine ep =p 2p (13) 
a 

Solving the second of Equations 12 for Y(y) gives 

ace (14) WG) =e; cosh es + Cy sinh 
a 

FOOT 
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Figure 16.3 
Equation 17 plotted against x and y. 
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The boundary condition Y (0) = 0 forces c; to be equal to zero. So far, then, we 

have 

Sei tie, 
Toy =i 

a 

Because Laplace’s equation is linear, the complete solution to Equation 6 is given 

by a superposition of the 7,,(x, y), 

(o,0) 
AMIORS 

Te, y)= ) c, sin —— sinh 
a 

n=] 

nivy (15) 

Equation 15 satisfies Equation 6 and the three homogeneous boundary conditions. 

We can determine all the c,, in Equation 15 by using the fourth boundary condition. 

Letting y = b in Equation 15, we have 

oO 

Ty i Oi 3 c, sinh ne sin 
a a 

AIX 
O23 &G@ 

eM 

Using the orthogonality of the {sin nz x/a} over the interval (0, a) gives 

yp a x 

c, sinh ne = i f (%) sin ae dx (16) 
0 a a a 

If f(x) = 1p x(a — x), for example, then 

; b DIF; a ; x 

c, sinh gal x 1) sil en 
a Gare a 

1 pa (—1)" 

EE Pg 
a noqr3 

and so the solution is 

sinh ae Bia ee] me Minh (N Cee SS @,y)=—— = i (17) 
n=! sinh —— 

Figure 16.3 shows the steady-state temperature given by Equation 17 plotted 

against x and y. 

ee terms, om be KAN. « omni! cillad wanes loaiieneaeieal 
Example 1: 
Determine the steady-state temperature distribution in a rectangular plate 

that is insulated along the edges x = 0 and x =a, so that 

T, (0, y) =T,(a, y) =0 
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and whose edges y = 0 and y = bare held at 0 and Tp cos x7/a, respectively, 
) 

so that , 

T, cos mx/a 
Lie Oya) and T (x, b) = Ty cos 

a 

(See Figure 16.4.) 

SOLUTION: We wish to solve 

eT oT a 

Ox2 ay? 

Figure 16.4 
A summary of the boundary conditions 

for Example 1. 

subject to the above boundary conditions. Letting T(x, y) = X (x) Y(y) 

yields 

X"(x) —kX (x) =0 X'(0) = X'(a) =0 

and 

Y"(y) +kKY@)=0 ¥(O)=0 Mandel Gb) =Inicos xX/a 

Unlike in the previous example, k = 0 yields a non-trivial solution 

Xo(x) = constant. The boundary conditions cannot be satisfied if k > 0, but 

if k <0, we find that k, = —A2 = —n*2?/a* and that X,,(x) = cos nx /a 
forn = 1,2,....The equation for Y(y) gives us 

y HW 

Capen ies Te es 

The total solution so far is given by a superposition of the X,,(x)Y,,(y): 

CO 

oa, REN NIT 
IE Se, 9) = fH? Se SS (i. Sil. = © —— 

at a a 

We can determine the f, from the boundary conditions at y = b. Using 

T (x, b) =Tp cos mx/a gives 

AIX 
CO 

5 b 
Ty COS te Bob + es B,, sinh rT” cos 

a a a 
n= 

By matching coefficients on the two sides of this equation, we see that only 

the n = | term survives, yielding 

so that 

sinh dbs COs ae 

Pony) = ae 
sinh — 

a 
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It’s easy to verify that T(x, y) satisfies Laplace’s equation and all the 

boundary conditions. Figure 16.5 shows T (x, y)-plotted over the rectangular 
y 

tf f) oO 1 
FA region. 

a ae \ 

SILLA ff} i 
V 

A (Fas ee Rc ee | 

Wiener Suis is 8 orindmed wore 
Example 2: 
The velocity profile u(x, y) for the steady flow of a viscous fluid through a 

(A A A LY a fy ga EY oo) fn [| ee 7 sy OY) 
ZIRT 

Figure 16.5 rectangular conduit is governed by the equation 
The steady-state temperature distribution 

for the system described in Example 1. 5 2 
Vete Oe NE 7 

dx? dy? 

F where 7 is the coefficient of viscosity and y is a constant pressure head. 

» Solve this equation with the “non-slip” boundary conditions 

(GaGa) 0 (any) 11 (Cen )) oe) 

The geometry is shown in Figure 16.6. 

SOLUTION: As with ordinary differential equations, the solution to the 

above equation is given by y, 

u(x, y)=u.(x%, y) + Up(x, y) 

where u(x, y) is the complementary solution (that is, the solution to the 

homogeneous equation), and Up(xX, y) is any particular solution to the 

Figure 16.6 homogeneous equation. Certainly 
The coordinates for a rectangular cross- 

section describing unidirectional flow Yo 
in the rectangular conduit described in Up(x, y) = ie cae at) 
Example 2. 

is a particular solution. 

The boundary conditions that we shall use are the so-called non-slip 
boundary conditions, which say that the velocity of the fluid at a boundary 
is zero. Applying the non-slip boundary conditions to Up(x, y) at y = bin 
Figure 16.6 gives us 

Vane) 2 
UAC, WS (= io 
itis an ° ) 

We use separation of variables to find the complementary solution. Letting 
u(x, y) = X(x)Y(y), we find that 

X"(x)—A?X(x)=0 and Y(y)+A2¥(y)=0 

where A? is the separation constant. The solution to the equation for Y(y) is 

Y(y) =c, cos Ay + cp sin Ay 
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We've taken —a < x <a and —b < y < b. Physically, we expect the velocity 
profile to be symmetric in x and y, so we set c) = 0 in Y(y). The no-slip 
boundary condition, u(x, —b) = u(x, b) = 0, gives us c; cos Ab = 0, or 
An = Qn — 1)7/2b, withn = 1, 2, ... . Thus, we have 

(2n — l)ry 
5 ee a rere oe 

The solution for X (x) is given by c3 cosh Ax + cq sinh Ax. We’ll set cy = 0 

so that X (x) is an even function of x, and so we have 

aes i Scr a= eee 
2b 

The complementary solution is a superposition of X,,(x)Y,,(y), 

[e) 

2n — 2n — 
TROD aie) whet cosh AIT cos SAA 

i 

and the total solution is given by 

CO 

u(x, y)= H(y? — b) + os Cp Cosh AES TE Ae oe 

Zn 2b 2b 
n=1 

We can determine the c,, by requiring that u(x, y) = 0 at x = ka, or from 

(2n — 1)ra (2n — l)zy 
—_—_— cos —————_ = 

CO 

V 9 i) 
u(ta, y) = —(y* — b*) + c, cosh 0 

ue 2n “4 dX ‘ 2b 2b 

so that 

b ae — 1 

2b (a) spy Def 2b 

e l6yb? (—1)"*! 

\ n>  (2n—1)3 

The final solution is 

(2n — 1l)mx 

16yb* (lyr ve 2b (2n — 1) VEO. 2 — = y 
; == (Ay = [py -- = —————~ COS 

ay) a ) 3 De (2n — 1)3 (2n — l)ra 2b 
n=. cosh ee, 

The velocity contours are shown in Figure 16.7. 

eee ae ee ee Fo et | 

To keep things fairly simple, we chose three of the boundary conditions to 

be equal to zero in all the above examples. Problems 6 through 10 show how to 

handle the more general case where 

761 

Figure 16.7 
Velocity contours for the steady 

unidirectional flow through a rectangular 

conduit for a = 2b. 
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HO) i= fi) u(a, y) = fo(y) 
WX Oye 1) u(x, b) = go(x) 

The following Example is a Dirichlet problem in cylindrical coordinates. 

| 
Example 3: 
Consider a homogeneous solid right cylinder of radius a and height J. 

Suppose that its top and bottom faces are maintained at T = O and that 

the temperature on its curved surface is f(z) = Toz(/ — z). Determine its 

steady-state temperature. 

SOLUTION: The temperature is independent of 6, so the mathematical 

problem to be solved is (see Table 8.2) 

0°T Or 0°T ORaraa 

rz r or dz2 Okaw—] 

with T(r, 0) = T(r, 1) =0 and T(a, z) = Tyz(/ — z). As usual, we let 

T(r, z) = R(r)Z(z). The resulting equation for Z(z) yields 

Hi, = Sin) ae i = Ml, 2. 

and the equation for R(r) is 

, nore 
rR" (r) +rR(r) — a r?>R(r) =0 

This equation is a special case of the generalized Bessel’s equation, 

Equation 12.5.42. The general solution is (Problem 17) 

R=e()+eky() nar... 

where J/g and Kg are modified Bessel functions of the first and second kind, 

respectively. We know from Section 12.5 that Kg(nzr/1) diverges as r > 0, 
so we take c) = 0 and write 

KA = Cpl (=) 2 

The solution up to this point is a superposition of Z,,(z)R,(r): 

= nmr NZ 
UCASE a5 | (=) sin —— dX n*0 / ] 

We can determine the c, by recognizing this series as a Fourier sine series. 
Letting r =a and using the boundary condition T (a, z) = Tyz(l — z), we 
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have 

re , 
eal (=) all Tia, sin dz 

l ny l 

ie We F 
eae Ht z(l — z) sin “dz 

I 0 l 

_ AT? 
3x3 

[1—(-1)"] is een 

The final solution is 

AWE lana Ee z i ee ee 
1 n> Ig (nal /a) l 

n=1 

This result is plotted in Figure 16.8. 

RP FB es se age et) B) 

A standard application of Laplace’s equation in spherical coordinates is the 

problem of a conducting sphere in a uniform electric field (Figure 16.9). The sphere 

is centered at the origin of a spherical coordinate system and we take the z axis to 

be in the direction of the external field. One of the boundary conditions is that the 

potential is constant over the surface of the sphere, so it is natural to use spherical 

coordinates. Laplace’s equation in spherical coordinates is (Table 8.3) 

1 a a ey OR (OL eee 
Vitis (r=) 4 ar < (sino) + 2 F5 =0 118) 

r2 or or r2 sin @ 00 00 r2 sin’ 6 02 

Since we have taken the z axis of our spherical coordinate system to lie along 

the direction of the electric field in Figure 16.9, u will be independent of ¢@, and 

Equation 18 becomes 

| 0 Ate (7%) 4 = (sino) =o (19) 
r2 or or r2 sin @ 00 00 

Two boundary conditions are 

HiG..0 =O and u(r, 0) > —Epz =,—Eprcos@ as r—oo (20) 

The first of these says that the surface of the conducting sphere is an equipotential 

surface (we take the potential to be zero) and the second simply gives the form of 

u(r, @) far away from the disturbing influence of the sphere centered at the origin 

of the coordinate system. (Recall that E = —du/0z.) 

We seek a solution of the form u(r, 6) = R(r)©(@). This substitution leads to 

(21) ) KG p= \) 
ad (~ dR(r) 

dr dr 
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a/2 

Figure 16.8 
The steady-state temperature distribution 

T(r, z) given in Example 3 for r =a and 

PS Gil. 

px 

Figure 16.9 
The geometry associated with a 

conducting sphere in a uniform electric 

field. 
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and 

vs (sin ) +i sind O(6) =0 @2) 
dé dé 

where A is the separation constant. The equation in R(r) is 

r2R"(r) + 2rR (r) —AR(r) =0 (23) 

This is an Euler equation (Section 11.5). We substitute R(r) =r’ and find that 

m(m — 1) + 2m — 2 =0, so that 

R(r) =cyr™! + cgr™ (24) 

where m, and m, are the roots of m7 + m — A = 0, where A is yet to be determined. 

The equation for ©(@) may not look at all recognizable, but if we let x = cos 6 

and ©(@) = P(x), then Equation 22 becomes (Problem 20) 

(1— x?) P(x) — 2x P (x) +AP(x) =0 (25) 

This equation is Legendre’s equation, which is the sole topic of Section 12.3. Le- 

gendre’s equation often arises as the separated-equation in 6 in problems involving 

spherical coordinates. We learned in Section 12.3 that Equation 25 has a finite 

solution at x = 1 (at @ = 0) only ifA =n(n + 1) wheren = 0, 1, 2, .. . and that the 

solutions in this case are the Legendre polynomials. Thus, we write Equation 25 as 

(1—x?)P"(x) —2xP (x) +n +1)P,~@)=0 n=0,1,2,... (26) 

Therefore, the solution to Equation 22 becomes 

©) (0) =P. (cos.0) (27) 

where 

©)(@)=1 ©,(0) =cosé ©2(0) = +Gcos? 6 — 1 

Given that A = n(n + 1), the two roots of the equation m2 +m—A’A=Oare 

m, =n and my, = —(n + 1), and so Equation 24 becomes 

Racer nO eee (28) 
rrtl 

The general solution to Equation 19 is a superposition of the R,,(r)®,,(6) 

(oe) CO 

u(r, 0) =) agr"P,(cos@) + > bar * P, (cos 6) (29) 
n=0 n=0 
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We’re now ready to apply the boundary conditions in Equation 20. The condition 

that u(r, 0) + —Epr cos @ as r > oo implies that 

OF vn 1 
ef A= (30) 

The boundary condition u(a, 6) = 0 gives 

OO 

0 = —Epacosé + ys b,a~""*) P (cos @) 

n=0 

by ~ —(n+1) = (= - Foa ) Pi(cos 6) + Yo bya P,(cos 0) 

Pl 

The P,,(cos @) are linearly independent, so this result implies that 

pets eal. G1) 
QO otherwise 

Thus, our final result is 

a 4 
u(r,9)=—Eo (1-5) rcos6 (32) < 

oa 

This result has a nice physical interpretation. The term —Epr cos @ is just the 

potential corresponding to the uniform field. The second term, a*Ep cos 6/r?, 

is the potential corresponding to a dipole moment of strength p. = a*Eo. The 

polarizability of a molecule is the proportionality constant between an induced 

dipole moment and an external electric field, so the equation 4. = a>Ep says that 

the polarizability is equal to a?, or proportional to the volume of the sphere. This 

explains why the polarizability of an atom increases with increasing size. For 

example, the relative polarizabilities of the noble gases He, Ne, Ar, Kr, and Xe 

are 1.00, 1.86, 7.76, 11.8, and 19.09, respectively. a 

see Xx 

16.2 Problems - Figure 16.10 

; Dek rr The block of metal described in Problem 4. 
1. Show that Equations 10 and 11 have only a trivial solution if k > 0. 

2. Solve Laplace’s equation subject to the boundary conditions u(0, y) = 0, u(a, y) = 0, u(x, 0) = 0, and 

u(x, b) = sin zx/a. Plot your result. 

3. Solve Laplace’s equation subject to the boundary conditions u(0, y) = 0, u(a, y) =0, uy (x, 0) = 0, and 

Uy (x, b) = upx(a — x). Plot your result. 

4. Consider the block of metal shown in Figure 16.10. The front and back faces (at x =a and x = 0) are kept 

at zero temperature and the top and bottom faces (at z = 0 and z = c) are thermally insulated. Determine the 

steady-state temperature within the block if the side faces (y = 0 and y = b) are maintained at T = Tp sin 1x/a. 
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5. 

10. 

11. 

12. 
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Redo Problem 4 if the front and back faces are thermally insulated instead of being maintained at zero 

temperature and the side faces are maintained at 7p cos 1x /a. 

a° a? Oa ee 
. Consider the Dirichlet problem o* + =) with u(0, y) = fi(y), ula, y) = fal), 

ONG OV = O<y<b 

u(x, 0) = g)(x), and u(x, b) = g(x). First try to solve this problem using separation of variables and 

show how the boundary conditions cannot be implemented. Now show that you can solve this problem by 

CBON Talat | 
letting u(x, y) = v(x, y) + w(x, y), where v(x, y) is a solution to A + ay2 = 0 with vO, y) = fi). 

x* ~ 

: 3 aw dew 
v(a, y) = fo(y), and v(x, 0) = v(x, b) = 0 and where w(x, y) is a solution to A + Fey = 0 with 

iG y* 
w(x, 0) = g(x), w(x, b) = go(x), and w(0, y) = w(a, y) = 0. Draw a diagram that illustrates this procedure. 

This method illustrates the principle of superposition. 

. Using the principle of superposition (see the previous problem), solve 

ou 0 Osxsa 
ax dy? O0<y<b 

subject to the boundary conditions u(0, y) =u(a, y) =u(x, 0) =u(x, b) = up. 

. Using the principle of superposition (see Problem 6), solve 

2 Ww) 
O-u O-u ORS —a 

dx2 ay? O<y<a 

subject to the boundary conditions u(0, y) = 0, u(a, y) =uo, u (x, 0) =, and UGA iy 

. Using the principle of superposition (see Problem 6), solve 

07u 07u be Os s@ 

axa noes O<y<b 
subject to the boundary conditions u(0, y) =u(a, y) =u(x, a) = up and u(x, 0) = 0. (Refer to Problem 8.) 

What is the relation beween the solution to Laplace’s equation in a square region 0 < x <a,0 < y <a with 

boundary conditions u(0, y) = u(x, 0) = u(x, a) = 0 and u(a, y) = ue and one with the boundary conditions 

uO, 9) =o and u(x, 0) =u(a, y)=uw, a) =0? 

One of the standard elementary problems of potential theory is the Dirichlet problem for a circle. In this case, 

; oe ih AOA cee ls Ortiy weg ln 
we use plane polar coordinates, and so Laplace’s equation is ae 4p = Art ph nOE 

r ror 002 
=0, 0<r <a, with the 

boundary condition u(a, 0) = f(@). Show that u(r; @) is given by 

ie°) n 

OPO) = =~ + SS (£) (a, cosn@ + b, sinné), 

n=l] 

8 | 
where the a, and b, are given by a, = - | DG) COS HOGG. 100i iON ne wean eta 

1 — IE 
1 TU 

a WAC) SSI OLhOY ele ere 
HS dh—igr 

Se rae a* — ar cos(@ — x) 
Show that Ss (£) cos n(@ — x) = = — |. This formula is used in the next problem. 

Sed a* — ar cos(@ — x) + r2 

Hint: Express cos n(@ — x) in complex notation and use the geometric series. 
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13. Substitute a, and b, of Problem 11 into w(r, @) and interchange the order of summation and integration to get 

Poisson’s integral formula for a disk: 

Dime) IU ° 

ao) vs z / pes (25) 
2x Jz a* — 2ar cos(x — 0) +r? 

14. Let r = 0 in the solution to the previous problem and show that 

] 8 

u(O, 8) = — / u(a, 0)d@ (26) 
Dae se 

Interpret this result physically. This property of the solutions to Laplace’s equation is called the mean value 

property. 

15. Use Poisson’s integral formula for a disk (Problem 13) to show that if the electrostatic potential on a circle is 

a constant, then the potential within the circle will be a constant. 

16. Use Poisson’s integral formula for a disk (Problem 13) to show that the maximum value of the electrostatic 

potential within a circular region must occur on the boundary. This result is known as the maximum principle. 

Hint: Show that if f(@) < M (a constant), then u(r, 0) < M. 

ake 
: : 2 pl" / nv 

17. Verify the general solution of r°-R’(r) +rR(r) — 
[2 

r?R(r) =0 given in Example 3. 

18. Determine the potential within a circular annulus of radii equal to | and 2 with u(1, 6) = sin @ and WenG) 0) 

(Figure 16.11). 

19. The curved surface of a right-circular cylinder of radius a (Figure 16.12) is maintained at zero temperature, 

and its two plane ends at z = +/ are fixed at T(r, 0,1) = Ty(1 — r?/a?) at z =1 and at zero at z = 0. Determine 

the steady-state temperature in the cylinder. Hint: You need the integral 
I 
i d= x7) x Io(nX) ibe == 2Jy (an) /ar. 
0 

20. Let x = cos 6 in Equation 22 to derive Legendre’s equation, Equation 25. 

21. Determine the electric potential inside a hollow sphere of radius a given that the potential on its surface is 

Ug Cos 20. 

Figure 16.11 Figure 16.12 
A circular annulus of inner radius | and The right cylinder described in 

outer radius 2. (See Problem 18.) Problem 19. 
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22. 

2S. 

24. 

25. 

26. 

Dil. 

28. 
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Determine the electric potential inside a hollow sphere of radius a given that the potential on its surface is 

uo O20 <7/2 
given by u(a, @) = =n a0 7 

Determine the steady-state temperature of a solid homogeneous sphere of radius a if its surface temperature is 

maintained at Ty cos? 6. 

: a) 
Use Green’s first identity (see Problem 7.4.11), ffirve +V f-V g)dxdy =§ fads, to show that if 

B n 

R 
V2u =0 in some region R and u = 0 everywhere on the boundary B of R, then u = 0 everywhere in R. (Hint: 

Let f = g, above.) 

Use the result of the previous problem to show that if uw; and w, both satisfy Laplace’s equation in a region R 

and, if wu; = uz everywhere on the boundary B of R, then uw; = v2 everywhere in R. 

Use Green’s first identity (Problem 24) to show that if the normal derivative of u, du/dn, vanishes everywhere 

on the boundary B of R, then uw = constant everywhere in R. 

Use the result of the previous problem to show that if wu; and u> both satisfy Laplace’s equation in a region R 

and if du,/dn = du>/dn everywhere on the boundary B of R, then w, and u> differ by at most a constant. 

ad 
Use Green’s first identity (Problem 24) to show that the Neumann problem, V-u =O in R and - =) Oi /e5, 

n 

has a solution only it f hds =0. 

Whee 1) 

16.3. The One-Dimensional Wave Equation 

The one-dimensional wave equation is (Equation 9 of Section 1) 

Raat s aa (1) 

Figure 16.13 
A taut, flexible string fixed at its two 

l where u(x, ¢) 1s the displacement of the string from its horizontal position. Let’s 

assume that the string that Equation | describes is of length / and is fixed at its two 

endpoints, as shown in Figure 16.13. Mathematically, these boundary conditions 

read 
endpoints, 0 and /, so that its displacement 

satisfies u(0, t) =u(l, t) =0. 

nOs1v=0 ands Meee (2) 

We use the method of separation of variables and substitute u(x,t) = 

X (x) T(t) into Equation | to get 

X"@) te X(x)s0 and T'@ Ppa TH)=H0 (3) 

where f? is the separation constant. The boundary conditions, Equations 2, become 

X (Q) = X (J) = 0. The solution to Equations 3 along with the boundary conditions 

gives B, =nz/1, X,(x) =sinnax/l, and T,(t) =a, cos @,t + b, sin w,t, where 

@,, = Byv =n vt (Problems), 
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We have no conditions to specify a, and b,, and so the amplitude w(x, t) is 
(c.f. Equation 3) 

U,(x, t) = (a, COS @,t + b, sin w,t) sin =a feline) one (4) 

Because each u,,(x, f) is a solution to Equation 1, their superposition is also a 

solution, and is, in fact, the general solution, Therefore, we have 

CO 

UX, b) = SG COS w,t + b, sin @,t) sin — (5) 

n=l 

It is easy to verify that Equation 5 is a solution to Equation | by substituting it 

directly into Equation |. Problem 2 shows that a, cos wt + b, sin wt can be written 

in the equivalent form, A,, cos(wt + @,), where A,, is the amplitude of the wave 

and @,, is the phase angle. Using this relation, we can write Equation 5 in the form 

u(x,t) =A, COS(Wpt + @) sin a =o une, t) (6) 
n= n=1 

Equation 6 has a nice physical interpretation. Each u,,(x, t) is called a normal 

mode and the time dependence of each normal mode represents harmonic motion 

of frequency 

REST (7) 

where we have used the fact that w, = Bu =nzv/I. The spatial dependence of 

the first few terms in Equation 6 is shown in Figure 16.14. The first term, u,(x, ¢), 

called the fundamental mode or first harmonic, represents a cosinusoidal (har- 

monic) time dependence of frequency v/2/ of the motion depicted in Figure 16. 14a. 

The second harmonic or first overtone, uz(x, t), vibrates harmonically with fre- 

quency v// and looks like the motion depicted in Figure 16.14b. Note that the 

midpoint of this harmonic is fixed at zero for all t. Such a point is called a node. 

Note also that the second harmonic oscillates with twice the frequency of the first 

harmonic. Figure 16.14c shows that the third harmonic or second overtone has two 

nodes. It is easy to continue and show that the number of nodes is equal to n — | 

(Problem 3). The waves shown in Figure 16.14 are called standing waves because 

the position of the nodes are fixed in time. Between the nodes, the string oscillates 

up and down. 

Example 1: ; 
Show that a standing wave can be expressed as a superposition of traveling 

Waves. 

769 

ey ete. 
sin i 

(a) 
<= on 

X 1 ¢ = mS 

ON ae x 
2 (b) l 

Figure 16.14 
The spatial dependence of the first few 

terms in Equation 6: (a) n = I, (b) n = 2, 

and (c) n = 3. 
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SOLUTION: Wecan see this mathematically by considering only the first 

harmonic in Equation 6, 

Pits 
uy(x, t) = A, COs af sin a 

where, for convenience, we have set ¢ = 0. Using the trigonometric identity 

Uy: Ise 
sina cos B = Fs sin(@ + 6B) + 5 sin(a — f) 

and Equation 7 for @,, u,(x, t) becomes 

oe Ay HX eu a A a (= =) 
u,(X, = sin | S 

2 inn leo Tals Ail 
A 

aa sin Lye: + vut)| + = sin Ez — v»| 
2 l 2 l 

The wavelength of the first harmonic is 4 = 2/ (see Figure 16.14a), and so 

u;(x, f) can be written as 

ae 

a 

Ae. |) a AG ea more 
UC) — StQ [=X sp Ub) i SUN i) 

r 2 r 

Each of the terms in w,(x, ¢) represents a traveling wave. If we look at some 

position x and let ¢ vary, the first term in w(x, t) would appear to be a wave 

of wavelength A and frequency v = v/A, traveling to the left. The second 

term in u4(x, t) would be a similar wave traveling to the right. Thus, we 

see that a standing wave is the superposition of two similar traveling waves, 

traveling opposite directions. 

eh spe irre Te are TE oe AT ie AE ll ho eee oe 

It is instructive to consider a simple case in which u(x, ¢) consists of only the 

first two harmonics and is of the form (Equation 6) 

' See ee ( =) BP PB 
U(X, t) = COS @i1 Sly —— |" — COS ®t + —— | Sin ——— (8) 

l 2 7 2 l 

Equation 8 is illustrated in*Figure 16.15. The left side of Figure 16.15 shows the 

time dependence of each mode separately. Notice that u(x, tf) has gone through 

one complete oscillation in the time depicted while u(x, t) has gone through only 

one-half cycle, nicely illustrating that w, = 2m . The right side of Figure 16.15 

shows the sum of the two harmonics, or the actual motion of the string, as a function 

of time. It is interesting to see how a superposition of the standing waves in the 

left side of the figure yields the traveling wave in the right side. 

We’re not finished solving Equation |. Equation 5 (or equivalently, Equation 6) 

still has two infinite sets of constants to be determined. Note that Equation 5 is of 

the form of a Fourier sine series, where the Fourier coefficients are a, cos @,t + 

b, sin @,t. We can evaluate all the a, and b, from the two initial conditions. 
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ba 5 A a ee a 

Wy, ——— 
4 

Time O55 eee + t=— Ww, ,) 

IK} == sing Ci Ey eee 
\ 

First Second Sum of the 

harmonic harmonic two harmonics 

Suppose that we are given some initial displacement and some initial velocity of 

the string 

ac Ove 1' Ge) and We O(a) 

Setting ¢ = 0 in Equation 5 gives 

ioe 

WAS) GG) Do da, Sin 

n=1 

NITX 
O<x<l (9) 

Equation 9 is a Fourier sine series. We can evaluate the a, by using the orthogo- 

nality of {sin nz x/l} over (0, /), in which case we have 

(10) 

Similarly, assuming that it is valid to differentiate Equation 5 with respect to ¢, we 

can write 

CO 

LO) 12 Go) = ileicon Dp sin Ox (Gg) 

et 

and 

l 

pits be g(x) sin Be dy n=1,2,... (12) 
onl JO 

Let’s use these results to solve the wave equation with boundary conditions 

u(O, t) =u(l, t) = 0 and initial conditions u(x, 0) = ug sin 27x /1 and u,(x, 0) = 

0. The development up through Equation 5'is unchanged, so we shall start with 

nITX 
ie.@) 

WO) — DIG cos w,t +b, sin @,t) sin 

n=l 

ial 

Figure 16.15 
An illustration of how two standing waves 

can combine to give a traveling wave. In 

both parts, time increases downward. The 

left-hand portion shows the independent 

motion of the first two harmonics. Both 

harmonics are standing waves; the first 

harmonic goes through half a cycle and 

the second harmonic goes through one 

complete cycle in the time shown. The 

right side shows the sum of the two 

harmonics. The sum is not a standing 

wave. As shown, the sum is a traveling 

wave that travels back and forth between 

the fixed ends. The traveling wave has 

gone through one-half a cycle in the time 

shown. 
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where w, =nzv/1. The initial condition u,(x, 0) = 0 implies that the b, = 0. The 

a, are given by the initial condition u(x, 0) = ug sin 27x/T, 

Craps 
where 6,,7 is a Kronecker delta. The complete solution is 

2m vt 
S —— 13 i (13) 

5, ZR 
u(x, t) = Uo sin 7 co 

It’s easy to see that this solution satisfies the wave equation along with the given 

boundary conditions and initial conditions (Problem 4). 

i ee eee ea | 
Example 2: 
Express Equation 13 as the sum of two traveling waves. 

SOLUTION: We simply use the trigonometric relation 

ie | ie 
sina cos B = 5 sin(@a + B) + 5 sin(a — B) 

to write 

1 2 1 
HOS. i) = a sin | = + v0 | + 5 sin bac — v»| 

The first term on the right is a sine wave traveling from right to left and the 

second term is a sine wave travelling from left to right. 

Fe a ne CY eee Se see a 

ee Sia Vr rae = See 
Example 3: 
Suppose a string is initially displaced a small distance b at the middle of the 

string and then released (in other words, plucked in the middle). Determine 

the subsequent motion of the string. 

SOLUTION: The initial conditions translate into 

TO) 

and u,(x, 0) = 0. Equation 12 gives b,, = 0 and Equation 10 gives (Problem 5) 

Oe aaeb ns) 
a, = — / et sin eae +f ee — x) sin A, 

0 l l p21 l 
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ena sin Laie 
n27 m) 

Thus, 

8b = 1)" > 
HOS a SES LE hy Carnal Cae 

i n=0 (2n oF ye 
l ] 

Notice that only the odd harmonics are excited; none of the harmonics 

having a node at the center (x = //2) are excited by this initial displacement. 

Figure 16.16 shows the displacement of the string as a function of time. 

Se FA ey A ed 2 

We should be aware that Equation 5 with a, and b, given by Equations 10 and 

12, respectively, is a formal solution to Equations | and 2 with the initial conditions 

xO) == F(X) and (xO) 2(X) O<sze <I) 

By a formal solution, we mean one that is obtained by manipulating with little 

regard to rigor at each step. You might think that it’s clear that we have constructed 

a solution that satsifies Equation | and the boundary conditions, but consider 

Equation 4 for the case where the b, = 0 (u,(x, 0) = 0): 

oO 
WWE, WARES Sse <// 

UG) a,cos sin pay 

n=1 

Each and every term in this result satisfies Equation | and the boundary conditions, 

but does the infinite series satisfy Equation 1? To see, let’s form u,,(x, ¢): 

00 2 nit nmvt . nx 
we Anh == y (=) Ay, COS sin 

R= 

The presence of the factor n° in the numerator here may prevent the series from 

converging even though the series for u(x, f) converges. If w,,(x, ¢) 1s to converge, 

then the a,, must converge faster than 1/n, but this places restrictions on f (x) that 

we did not discuss with our formal approach. A discussion of these details would 

take us too far afield, but you should refer to the references at the end of the chapter 

to fill in this gap. 

We have used separation of variables to solve the one-dimensional wave 

equation and we shall use separation of variables to solve the two-dimensional 

wave equation in the next section. Before we do that, however, we’re going to find 

a general solution to the one-dimensional wave equation that is due to d’ Alembert, 

and is called d’Alembert’s solution. 

Let’s start with the one-dimensional wave equation, 

773 

B= ONO 

7020 

t= 0.30 

& 

‘ou 

t= 0.40 

i 

4 
Uu 

pes) 

Xs 

Figure 16.16 
The time-dependence of the displacement 

of the string described in Example 3. 
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The idea is to find a new pair of independent variables that transforms Equation | 

into a simpler equation. Let’s try a linear transformation: 

é=x-+at and n=x+bt (15) 

where a and b are to be determined. Using the rules of partial differentiation, we 

have 

du dude | Oudn _ Ou - Ou 

ax 0& Ox dnadx d& an 

#2 (#)-2((2)+(2) ax2 ax \ax/] ax L\ dé an 

- a°u an d-u an es a-u 0g a au an 

~ 0€2 dx d£dndx d€dn Ax an? dx 

2 2 42 

BZ ppl yas (16) 
0&2 dEdn On? 

Similarly, 

Ou Ou Ou 
— =a— + )— 
Or 0& an 

and x 

0 a? 4 a? D) Oe asp, (lea) eel (17) 
ote 0&- d&0n Ona 

Substituting Equations 16 and 17 into Equation 14 gives 

Ey) 2 272 
(1-5) 3 +2(1- 5) 244 (1-45) =o (18) 

Ue) Oe? V-) 0607 won” 

The parameters a and b are at our disposal, so let’s choose a* = v? and b? = v’, 

so that two of the terms in Equation 18 drop out, leaving 

We choose a and b to have opposite signs so that the factor multiplying 07u/dEdn 

does not equal zero, giving our desired result: 

5 

O-u 

oe pee. 

where 

=x ur and’ Foy v0 (20) 



16.3. The One-Dimensional Wave Equation 

Equations 19 and 20 are equivalent to Equation 14. You can think of Equa- 

tion 20 as a linear transformation that takes Equation 14 into Equation 19, much 

like we transformed the equation of an ellipse into its standard form by rotating 

axes. 

ia 2. iH}, CCC 
Example 4: 

Show that the general solution to Equation 19 is 

u(g,n) = f(E) + a(n) 

where f(&) and g(7) are arbitrary (well-behaved) functions. 

SOLUTION: Partial integration of Equation 19 with respect to 7 gives a 

“constant,” which, in this case, is an arbitrary function of € because & is held 

fixed when integrating partially with respect to 7. So, we have the following 

up to this point: 

Ou 
ae 

Now integrate partially with respect to €, holding 7 constant. The integration 

of h(€) gives some other function of €, say f(&), and the “constant” of 

integration is a function of 7. Therefore, we have 

u(é,n) = f(€) + gM) (21) 

a eee ace LA pS ol we ht aye 

Equation 21 is a general solution to Equation 19. The corresponding general 

solution to Equation 14 is 

u(x,t) = f(x — vt) + g(x + vt) (22) 

where f and g are (almost) arbitrary functions of a single variable. It turns out that 

f and g must be twice-differentiable for Equation 22 to be the general solution of 

Equation 22. Note that this general solution to the (second-order) wave equation 

consists of two arbitrary functions, whereas the general solution to an ordinary 

linear second-order differential equation contains two arbitrary constants. 

Equation 22 has a nice physical interpretation. Consider f(x — vt) att=0. , 

The resulting function, f(x), is a waveform at the instant f = 0 (Figure 16.17). At 

atime f later, the very same waveform is shifted to the right by a distance ur. Thus, 

f (x — vt) represents a waveform traveling to the right with a speed v. Similarly, 

g(x + vt) represents another waveform traveling to the left with a speed v. The 

displacement of the string is a superposition of these two traveling waves. 

As they stand, f and g are two unspecified functions. We can specify these 

two functions by two initial conditions. Suppose that the initial displacement of 

LID 

ft 

Figure 16.17 
An illustration that f(x — vf) is a 

waveform f(x) traveling from left to 

right. 
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t (x) 

=] l = 

Figure 16.18 
A plot of the initial disturbance 

o(x) =1— |x| when —1 < x < | and 

(x) = 0 otherwise. 

fe 

| ins 

x 

Figure 16.19 
An initial triangular waveform breaking 

into two and moving in opposite 

directions. 
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the string is f(x) and that its initial velocity is w(x), so that 

u(x,0)=o(x) and — u,(x, 0) = (x) (23) 

Then, 

p(x) = f(x) + 8) (24) 

and 

w(x) = —vf’ (x) + vg'(x) (25) 

where the primes here mean differentiating with respect to the arguments of f 

and g. Integrating Equation 25 from 0 to x gives 

] XG 

fx) ay =—= | w(u)du +c 
VU JO 

where c = f (0) — g(0). Adding and subtracting this result from Equation 24 gives 

| a ee C 
x= — — du+-— 26 f(x) ao) s [ y(u)du 5 (26) 

and 

ee (27) ore 2v Jo 2 

Therefore, the solution to Equation 14 is (Problem 17) 

o(x—vt)+o(x+ut) 1 tt” 
UCat) = + — w(u)du (28) 

2 2u Jx—ut 

Equation 28 is known as d’Alembert’s solution to the one-dimensional wave equa- 

tion. It gives us the displacement u(x, ¢) in terms of the given initial displacement 

u(x, 0) = f(x) and the initial velocity u,(x, 0) = W(x). 

Suppose that (x) = u(x, 0) is given by 

1— |x| -l<x<1 

0 otherwise 
PX)= (29) 

and that w(x) = u,(x, 0) = 0. Figure 16.18 shows that (x) is a triangular wave- 

form centered at x = 0. Now, as time increases, the displacement is given by 

1 | 
Gk, i) = ae —vt)+ pe + vt) (30) 

This result suggests that as time increases, the original triangular waveform splits 

into two, with one half moving to the right and the other half moving to the left, 

as in Figure 16.19. 



16.3 The One-Dimensional Wave Equation 

PRS AORSe Net ae on | 
Example 5: 

Consider an infinitely long string that is released from rest with a 

displacement 

ee 

Determine the subsequent motion of the string. 

SOLUTION: Using Equation 28 with w(x) = 0, 

u(x, t) = eo ne en tery) 

The displacement of the string at vt = 0, 1.5, 2, and 8 is shown in 

Figure 16.20. Note that one half of the initial disturbance propagates to 

the right and the other half propagates to the left. 

Vere 

x 

Figure 16.20 
The displacement in Example 5 at 

vt = 0:25, 0:50; 0.75; and! 1-0: 

When d’Alembert discovered his general solution to the one-dimensional 

wave equation, he initially thought that he had discovered a method that is ap- 

plicable to other partial differential equations, but it was not to be. 

16.3 Problems 

10. 

1 

2 

Ss 

4 

. Verify that b, = 0 and that a, = 

Verify Equation 4. 

. Show that F cos wt + G sin wt can be written as A cos(wt + @). 

Show that the number of nodes of sin nzx// between 0 and/ isn — 1. 

initial conditions u(x, 0) = up sin 27x /1 and u,(x, 0) =0. 

8 ni 
sin — in Example 3. 

n2m2 D P 

and 1,(%,:0) =0. 

yl 68, 0) = Wargo 

. Show that Equation 13 satisfies the wave equation and the boundary conditions u(0, t) = u(/, t) = 0 and the 

. Solve the one-dimensional wave equation subject to the conditions u(0, t) = u(/, t) = 0, u(x, 0) = sin(3zx/T), 

eli Alcon 0) ae sin? 7.x/J in the previous problem, can you predict which normal modes will be excited? 

. Solve the one-dimensional wave equation subject to the conditions u(0, t) = u(/, t) = 0, u(x, 0) = 0, and 

Solve the one-dimensional wave equation subject to the conditions u(0, ft) = u(/, t) =0, u(x, 0) = Hox =x); 

and u,(«, 0) = uj,o. 

Show that u(x, t) = f(x + vt), where f(z) is a differentiable function, is a (general) solution to the 

one-dimensional wave equation. 
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11. 

12. 

13; 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

22s 
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If a vibrating string has a resistance to motion that is proportional to the velocity of the string, then the 

: a7u 1 0°u Ou 
wave equation takes the form (see Problem 11 of Section 1) ED) =i 0) Va where y 1s a constant 

we Der dr 

that is a measure of the resistance. Solve this equation subject to the conditions u(0, t) = u(/, t) = 0, 

u(x, 0) =u sin zx/1, and u,(x, 0) =0. Assume that y < I/lv. 

Problem 15 of Section 1 shows that if the linear mass density of a string is not uniform, then the wave equation 

a-u a7u . feet fae ; 
takes the form tT —> = ed rae Show that separation of variables leads to the Sturm-Liouville equation 

TX) Ap (x) X (x) =0. 

The kinetic energy and potential energy of a vibrating string are (see Problem 10 of Section 1) K = 

p l fau\? eR fdas et: : 
= / (=) abs aml VW == Hi (=) dx. Show that the total energy of the string in Problem 4 is a 
2 O ot 2 O Ox 

constant. 

Using the equations in the previous problem, show that the total energy of each normal mode in Equation 6 is 

a constant. 

eye 42 : : 
Use a CAS to show that w(x, t) = e7!©°—" and u(x, t) = 1.5e~°~” are two Gaussian waveforms traveling 

in different directions. 

Show that Equation 22 is a solution to Equation 14. ~ 

Derive Equation 28 from Equations 26 and 27. : o 

Use d’Alembert’s formula to find the solution to the wave equation that satisfies the initial conditions 

1G) e==asinkse.0/ Lander, Com 0) OM OG — OO) <5 00) 

Repeat the previous problem with the initial conditions u(x, 0) = sin(ax/l) cos(ax/l) and u,(x, 0) = 

cos(zx/1). 

Consider an infinitely long string that is released from rest with a displacement ¢(x) = 1/(1 + 4x). Determine 

the subsequent motion of the string. 

Show that if V2 depends upon only the radial coordinate r in spherical coordinates, then V2w = k*u can be 

d? a 
written as ae = k?(ru). Now show that if V? depends upon only r, then the wave equation becomes : 

P(r 1 P(r 
Veu= a ia we Show that the general solution to this equation is u(r, t) = Pee + vt)+ 

if v ‘ r 
| 
—g(r — vt). Interpret this result physically. = 

Consider the wave equation in the previous problem. First show that ru(r, t) = rR(r)et!@ reduces the partial 

differential equation to an ordinary differential equation. Now show that the solution to that equation is of the 

form r R(r) = e*!®"/”, Finally, show that u(r, f) is of the general form given in the previous problem. 



16.4 The Two-Dimensional Wave Equation 

16.4 The Two-Dimensional Wave Equation 

The wave equation in two dimensions is 

O7u O7u 1 02u 

ax? 7 ay? Se Oe Cay =) ” 

where u = u(x, y, t) and x, y, and ¢ are independent variables. We are going to 

concentrate on two problems in this section. We shall first apply Equation | to 

a rectangular membrane whose entire perimeter is clamped. By referring to the 

geometry in Figure 16.21, the boundary conditions that u(x, y, t) of a rectangular 

membrane must satisfy because its four edges are clamped are 

uO. y) = u(a,yv)=0 

u(x, 0) =u(x, b) =0 (for all r) 
(2) 

By applying the method of separation of variables to Equation 1, we assume 

that u(x, y, tf) can be written as the product of a spatial part and a temporal part 

or that 

u(x, y,t) =U, y)T) (3) 

We substitute Equation 3 into Equation 2 and divide by U(x, y)T (t) to find 

a2U 
A + a) (4) 1° der 1 & 

Ode Cin yy ae 

The right side of Equation 4 is a function of x and y only and the left side is 

a function of t only. This can be so only if both sides are equal to a constant. 

Anticipating that the separation constant will be negative, as it was in Section 3, 

we write it as — A and obtain the two separate equations 

a2T alts 
= ye rt) = 0 (5) 
dt? : 

and 

07U = a*U 
+— + p°U(, y)=0 (6) 

Ox* dy? 

Equation 6 is still a partial differential equation. To solve it, we once again 

use separation of variables. Substitute U(x, y) = X(x)¥(y) into Equation 6 and 

divide by X (x) Y (y) to obtain 

Ne tice es 

X(x) dx? Y(y) dy? 
= 0) (7) 

Again we argue that because x and y are independent variables, the only way 

LIS) 

Figure 16.21 
The geometry associated with a 

rectangular drumhead clamped along its 

perimeter. 



780 Chapter 16 / Partial Differential Equations 

that this equation can be valid is that 

2 
Le ay (8) 

X (x) dx? 

and 

2 
stb Detect a (9) 
Y(y) dy? 

where p* and q” are separation constants, which according to Equation 7 must 

satisfy 

P+ = (10) 

Equation 1, a partial differential equation in three independent variables, 

has been reduced to three ordinary differential equations, Equations 5, 8, and 9. 

The boundary conditions in terms of X (x) and Y(y) are X (0) = X(a) =O and 

Y (0) = Y(b) = 0. The solutions to Equations 8 and 9, along with these boundary 

conditions, are 

mity Nes eed ee ands Gyan ee ei 
a 

Recalling that p* + q* = B?, we see that 

1/2 
a all ae Fan = 7 (2 Neue -) n Lee Bh. (12) 

m 2 ae 

where we have subscripted 6 to emphasize that it depends upon the two integers 

nandm. 

Finally, now we solve Equation 5 for the time dependence. The solution to 

Equation 5 is 

Tmt) = Gum COS Ont + Ope, Sin @, 7 t (13) 

where 

eee 1/2 

Oam = Vis = UT ye al a (14) 

The complete solution to Equation | is 

CO [o.@) 

Ue, Vet ye dL DLs Unplasyst) 

mity I 

CO 

Syl ees 
dX 2 (@ Anm COS Wpmt + bpm SiN ®t) Sin —— sin (15) 

a 

As in the one-dimensional case of a vibrating string, we see that the general vi- 

brational motion of a rectangular drumhead can be expressed as a superposition of 
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normal modes, uy»,(x, y, t). Some of these modes are shown in Figure 16.22. Note 

that in this two-dimensional problem, we obtain nodal lines. In two-dimensional 

problems, the nodes are lines, as compared to points in one-dimensional problems. 

Equation 15 is called a double Fourier (sine) series. We can use orthogonality 

of the two sets {sinnzx/a} and {sin mmy/b} to determine the ad, and by n- 

Suppose that the initial displacement of the membrane can be described by 

UX yer 7 xe) 

Setting t = 0 in Equation 15, we have 

. Mmiy 0 Ds Y a sellers u(x, y,0)= fF, y) Gan sin sin 5 

n=0 m=0 

Multiply both sides by sin n’2x/a and sin m'z y/b and integrate over x from 0 to 

a and over y from 0 to b and use orthogonality to get 

2) a b 

dn === ff ax [ dyf (x, y) sin —— sin > (16) 
a b Jo 0 a b 

If the initial velocity of the membrane surface is 

ti (ey ON (sy) 

then we similarly get 

Na Ts a b ; mx . my 

Dani ee Pe i dx il dy g(x, y) sin se sin ee (17) 
a b Jo 0 a b 

Equations 15 through 17 provide a unique solution to the original problem. 

ee a Soca sc. Teh BE Nae AF lig A rie Fae wee | 
Example 1: 
Determine the vibrational behavior of a rectangular membrane described by 

Equations | and 2 if it is initially displaced according to 

UX wy 
u(x, y, 0) = sin — sin — 

a b 

and then released from rest. 

SOLUTION: Because the membrane is released from rest, g(x, y) = 0 in 

Equation 17 and so all the b,,,, = 0. The a,,,, in Equation 15 are given by 

Ty HERS, ROSY 
ais ae Pay sin = sin © sin "sin 

b a 
nam 

10) otherwise 

781 

Figure 16.22 
Some normal modes of a rectangular 

membrane described by Equations | 

and 2. 
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The complete solution is 

1/2 
oo HER oy BESS a> +b? 

u(x, y, t) = sin — sin a cos uit 
a 

Note that the initial displacement happens to be one of the normal modes of 

the membrane and so only that mode is excited in the subsequent motion. 

a eg Se ee 

Now let’s consider the vibration of a circular membrane of radius a that is 

clamped along its perimeter (a circular drumhead). Plane polar coordinates are 

to be preferred over rectangular coordinates in this problem. The displacement u 

will be a function of the two polar coordinates r and @ and of time rt. Using the 

expression for the Laplacian operator V* in polar coordinates (Table 8.1), 

du ldu =. 1 2u 
v= = a 

dr2 rr dr r2 ae? 

the wave equation becomes 

Oe om lee ue ou Beef Sth a ne - 18 
dr2 or Orr 002, v2 At? ee 

The boundary condition for this system is 

WGadnt i—0 (19) 

Before we go on, note that the boundary condition is “natural” in this coordinate 

system, in the sense that the boundary is described by r = a = constant. The same 

situation occurred on the boundaries of the rectangular membrane. 

For simplicity, we'll solve Equations 18 and 19 only for those solutions that 
are circularly symmetric; in other words, those solutions that are independent of @. 

If uv is independent of 0, then Equations 18 and 19 become 

07u : lou 1 a°u 

ar2 Or ve ot? ee) 

and 

UG i —0 (21) 

where u = u(r, ft). For initial conditions, we take 

BO) = 7 @) and Ur Ove O (22) 

We now assume that u(r, t) = R(r)T (t). Substitute this into Equation 20 and 

then divide by R(r)7(t) to obtain 
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1 aR ~~ LaR lemadeT 
= = (2 

R(r) \dr2 or dr) -v2T(t) dt? 

where k is a separation constant. Problem 13 has you show that k must be negative, 

so we'll write it as k = —A, which assures that k is negative so long as A is real. 

The solution to the equation for T(t) is 

T(t) =c, cos Avt +'cp sin Avt (24) 

We could have anticipated that the separation constant k must be negative because 

we expect physically that T(t) should be oscillatory. 

The equation for R(r) is 

aR tae 
ee ie Roce) 25 

dr2 iP ely 2) 

Do you recognize this equation? This is Bessel’s equation of order zero. Referring 

to Equation 12.5.42, we find that the solution to Equation 25 is (Problem 14) 

R(r) = ayJo(Ar) + anYo(Ar) (26) 

where Jo(Ar) and Y(Ar) are zero-order Bessel functions of the first and second 

kind, respectively, and where A is yet to be determined. 

A solution to Equation 20 is the product of Equations 24 and 26: 

u,(r, t) = [ayJo(Ar) + anYo(Ar)\(c) cos Avt + c2 sin Avr) CAD) 

Recall from Section 12.5 that Jo(z) is finite for all values of z, but that Yo(z) 

diverges as z — 0 (Problem 15). In order to assure that the displacement of the 

membrane remains finite as r — 0, we must set a> = 0 in Equation 27. Therefore, 

we have 

u(r, t) = Jo(Ar) (by cos Avt + by sin Avt) (28) 

where b, = a,c, and by = ajcp. ; 

We can now determine A by applying the boundary condition, u(a, t) = 0. 1.0 \/0%) 

This boundary condition implies that 

Jp(Aa) = 0 (29) 

Recall that Jo(z) is an oscillatory function (see Figure 16.23) and has an infinite 

number of discrete zeros (that is, values of z where Jp(z) = 0 ). Let these zeros be 

denoted by a), a, a3, .... Their numerical values are a; = 2.4048, a = 5.5201, Figure 16.23 

a3 = 8.6537, a4 = 11.7913, and so on. Equation 29 then says that The zeroth order Bessel function of the 

first kind, Jp(z), plotted against z. 

“N 

ee ae (30) 
da 
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4 

1.0 

(a) 

(b) 

ria 

Figure 16.24 
(a) Jo(a@yr/a) = Jo(2.4048r/a) 

plotted against r/a and (b) 

Jp (@or/a) = Jo(5.520r/a) plotted 

against r/a. 

(c) 

Figure 16.25 
(a) The n = | mode, Jo(a;r/a) of a 

circular membrane. (b) The n = 2 mode, 

Jo(@r/a) of a circular membrane. (c) 

The n = 3 mode, Jo(a@3r/a) of a circular 

membrane. 
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Using Equation 30, Equation 28 becomes 

u,(r, t) = Jo(a,r/a) (by, COS a, vt/a+ Do, sin a, vt /a) (31) 

and the general solution is a superposition of these solutions: 

C 

ECs) =) Gay) 
iS! 

CO 

De Jy(Apr/a) (bin COS A, vt/a + bo, sin a,vt/a) 

=1 

Y | AnJo(@nr/a) sin(or,vt/a + bn) (32) 
n= 

Sap eats ie pee =) | 
Example 2: 
Determine the first two normal modes and the corresponding frequencies of 

the vibrating circular membrane described by Equations 20 and 21. 

SOLUTION: The spatial nature of the first two normal modes is determined 

by Jo(@,r/a) for n = | and 2, which are plotted in Figure 16.24. The n = 1 

mode, Jo(a@;r/a), equals zero only at r =a, and so the entire membrane 

vibrates up and down with a frequency w, = a,|v/270a cycles per second, as 

_ shown in Figure 16.25a. 

The n = 2 mode, Jo(@2r/a) = Jo(5.5201 r/a), equals zero when r = a 

and when a@r/a is equal to a, the first zero of Jp(x). Therefore, there is 

a nodal circle at r = a,)a/a) = 0.4356 a, as shown in Figure 16.25b. The 

corresponding frequency is @) = av/27a = A)07/a, = 2.295 w. 

Problem 17 has you show that the n = 3 mode has nodal circles at 

0.27779 a and 0.6379 a and that its vibrational frequency is 3.599 a). 

eB Ese 

We can determine the coefficients in Equation 32 from the initial conditions. 

Suppose that u(r, 0) = f(r) and that u,(r, 0) = g(r). Then, according to Equa- 

tion 32, 

fr) = Yo PinJo(@nr/a) (33) 
sell 

and 

ay 
g(r) = YE Jolene /a) (34) 

n=] 
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Recall now that 

: JP (Gn) 
f KIQ(@,, x \ Ip (x) dx = 5 One 

We multiply Equations 33 and 34 by r Jo(@,,r/a) and integrate from 0 to a to obtain 

2; a 

een rf (r)Jo(a,r/a) dr (35) 

and 

b z [ resve /a)d 36 —— a eee st t °n EG ‘ 8(r)Jo(@,r/a) dr (36) 

Equations 33 and 34 are called Fourier-Bessel expansions and Equations 35 and 

36 give the Fourier-Bessel coefficients. 

16.4 Problems 

785 

U3) 

Figure 16.26 
The first few normal modes of a square 

membrane. (The perspective makes the 

membrane look rectangular.) 

1. Show that if a = b in Equation 14, then two or more normal modes can correspond to the same frequency. 

2. Figure 16.26 shows the first few normal modes u,,,, for a square membrane. First show that the mode wu; + uv, 

corresponds to the same frequency as either u}> or u2,. Now plot the nodal lines for uw, + uw; and uj7 — U9). 

3. Show that the mode c,u13 + C23, has the same frequency as either uw 13 or v3; for a square membrane. 

4. Show that w,, for a square membrane is less than w,, for any rectangular membrane with the same area. 

5. Determine the double Fourier sine series of f(x, y) =xy forO <x <m andO<y<z7. 

6. Determine the double Fourier sine series of f(x, y) = 1for0 <x <aand0<y <b. 

7. Show that 

ab 
a b : ae 

/ ax [ sts = inh sin = Stn = d 
0 0 a a b b 0 

: ii) 
if 

as 

otherwise 
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10. 

11. 

12. 

13. 

14. 

15. 

16. 

Wf 

18. 

19. 

Figure 16.27 
A slab of uniform material of thickness /. 
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ee APLeESSiyi Conny) — xy? for —a <x <a and —b < y < basa double Fourier cosine series. 

x 3 2my 20. : : : 
PES DLOS Swi Guam) — COS cos” ~ for —a < x <a and —b < y < basa double Fourier cosine series. 

: ; b a 

Solve the two-dimensional wave equation for the case where a rectangular membrane is given the initial shape 

» 2k ey : 
C6, VY) SW Sil <= on so and is released from rest. 

a 

Solve Equation | with the conditions u(0, y, t) =u(a, y, t) =0; U(X, Ly= Uy(x, Dei 1 Ot (graye 0) es 

Vi Ocemy) sean Cites Caen 0) (0 

Find the solution to the previous problem if f(x, y) = (sin? 2.x/a)(cos* 2 y/b). 

Why must k be negative in Equation 23? 

Use Equation 12.5.42 to verify Equation 26. 

Use the definition of Yo(z) in Section 12.5 to show that Yo(z) > —oo asz > 0. 

Use any CAS to determine numerically the values of the first few zeros of Jo(x). 

Show that the n = 3 mode associated with Equation 32 has a nodal circle at r = 0.2779 a and one at r = 0.6379 a 

and that it vibrates with a frequency 3.598 a). 

Show that the initial condition u,(a, 0) = 0 requires that all the b,, in Equation 32 must vanish. 

Discuss how the solution to the vibrations of an annulus would differ from that of a circular membrane. 

16.5 The Heat Equation 

Consider a slab of uniform material of thickness / in the x direction as shown in 

Figure 16.27. Let the y and z dimensions of the slab be much greater than /, so 

that we can ignore any edge effects at the y and z boundaries. The temperature 

distribution in the slab will vary only in the x direction, so the governing equation 

is the one-dimensional heat equation 

ay Racca las Opsee ued 

ax2 a2 Ot Ou-ad 
(1) 

To find a unique solution, we must have two boundary conditions and one initial 

condition (unlike the wave equation, which requires two initial conditions). Let’s 

assume that the two faces of the slab are maintained at T = 0 and that the initial 

temperature profile in the slab is given by f(x). In terms of equations, we have 

TO0,t)=0 T,t)=0 Tx,0)= f(x) (2) 



16.5 The Heat Equation 

Equations | and 2 could also describe a thin homogeneous rod or wire of 

length / that is insulated along its lateral surface, as shown in Figure 16.28, so that 

its temperature varies only in the x direction. Figure 16.29 summarizes Equations | 

and 2. 

To solve Equation | by separation of variables, substitute T(x, t) = X (x) (ft) 

into Equation | and divide by T(x, t) = X (x) O(f) to get 

x La oe) Eo Me (3) 

DXa(exa) a-O (ft) 

or 

X"(x) + 17K (x) =0 (4) 

and 

@/(t) + a7?A*O(t) =0 (5) 

We wrote the separation constant as —A7 because the boundary conditions require 

that it be negative (Problem 1). The two initial conditions are equivalent to X (0) = 

X (1) = 0. The solution to Equation 4 with these boundary conditions is 

X(Q)=sin—— n=1,2,... (6) 

The solution to Equation 5 gives 

O26 a ea (7) 

and so 

T, (x,t) =c, sin a Bae Oe weep a One (8) 

Equation 8 withn =1, 2, ... satisfies Equation | and the boundary conditions. 

The general solution is a superposition of the solutions in Equation 8: 

0° oo 
: TUX en 

(gee NAG n= Renee en — p arn-nt/1 (9) 

nh i 

We have yet to impose the initial condition. If we set f = 0 in Equation 9, then 

we obtain 

CO 

TSO =I Nt c, sin 

n=l 

ATTX 
(10) 

Equation 10 is a Fourier sine series and the c,, are given by 

l 

aah f(x) sin dx (11) 
bse l 

787 

4 -. 
Figure 16.28 
A thin homogeneous wire of length / that 

is insulated along its lateral surface so 

that the temperature varies only in the x 

direction. 

Figure 16.29 
A summary of the boundary conditions 

and initial conditions for Equations | 

and 2. 
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x/l 

peta ns 2S 
——— 

Ve bf le 

Figure 16.30 
The solution to the equations in Example | 

plotted against x for several values of 

at /1?. 
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[Fae Saerr in a yond cals eT rey Hew Sea 
Example 1: 

Solve Equation | subject to the boundary conditions (Onna (a0 

and the initial condition T(x, 0) = Ty = constant for 0 < x </. 

SOLUTION: The solution is given by Equation 9 with 

l 2) pee i / Spey eietel ee Eames eth Pe 
Leo l nit 

sly i Sls B.S a6 

ni 

and zero otherwise. Thus, 

. (Qn — 1)rx 

4Ty l 2(2n—1)20t/ 1? 
Te ce) em Sil eee ae w= 1 

\ TU be 2n — 1 
n=1 

Figure 16.30 shows T(x, t) plotted against x for several values of t (actually 
24/72 HAA 

[hee peeeeeiciay Rpe eee pple eters eae een oe 

Figure 16.30 illustrates a difference between the wave equation and the heat 

equation (or the diffusion equation). Notice that the box-like initial temperature 

profile smooths out as time increases. This is typical of solutions to the heat equa- 

tion. Compare this to Figure 16.19, which shows an initial triangular waveform 

splitting into two triangular waveforms moving in opposite directions. The under- 

lying reason for this behavior is that the wave equation is time-reversible, in the 

sense that changing ¢ to —¢ leaves the equation unaltered. If you run time back- 

ward, the solutions simply retrace themselves, as you can see by changing f to —t 

in the wave equation. Newton’s equations of motion are also time-reversible, and 

thus we expect mechanical systems in general to be time-reversible. This is not 

so for the heat equation; it is not time-reversible. Unlike mechanical systems, the 

heat equation admits a certain directionality in time, which leads to the smoothing 

process illustrated in Figure 16.30. A molecular (statistical mechanical) derivation 

of the heat equation would show that it rests upon several statistical assumptions, 

which lead to its unidirectionality. 

You may have wondered how the initial temperature throughout the material 

could be 7) and yet the boundary conditions say that T(0, t) = T(/, t) =0. In 

practice there really isn’t a sharp discontinuity at the boundary; the temperature 

might fall from 7 to 0 over a very short distance. What we have formulated in 

Example 1 (and most other problems that we consider) is an idealization of the 

actual situation. Unless we are specifically interested in a small boundary layer 

at the edges of the material, the discrepancy is of no physical importance. Part 

of the challenge in representing a physical system by a mathematical formalism 

is to model the system such that the important physical features are faithfully 

represented and yet keep the mathematical description as simple as possible. 
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So far, the only boundary conditions that we have considered are 7 (0, t) = 

T (1, t) =0. In other words, the temperature is prescribed on the boundary. This 

type of boundary condition, prescribing a value of T (not necessarily zero) is called 

a Dirichlet boundary condition or a boundary condition of the first kind. Another 

common boundary condition is to prescribe the flux of energy as heat across a 

boundary. Mathematically, this amounts to prescribing the normal gradient of T 

at the boundary. For example, if the surface is insulated, then the flux across the 

surface is zero. This type of boundary condition is called a Neumann boundary 

condition or a boundary condition of the second kind. There is also a boundary 

condition of the third kind. Let the surface be in contact with the surrounding 

medium, which we model as an infinite heat bath at temperature 7). According to 

Newton’s law of cooling, the flux of energy as heat across the surface is given by 

Hux =a (Oot) 1 | 

The constant a is called the coeffcient of surface heat transfer. This flux must be 

equal to the flux from the body into the surface of the material due to conduction, 

or 

oT 
flux = —A — 

X |x=0 

where A is the thermal conductivity. Equating these two fluxes gives the boundary 

condition of the third kind: 

i + a(T — Tp) =0 (at a boundary) (12) 
Xx. 

Equation 12 is also called a Robin boundary condition or a radiation boundary 

condition. In practice, it is often difficult to prescribe a fixed surface temperature 

(as in a Dirichlet boundary condition) and a radiation boundary condition may be 

more appropriate. Usually, however, a Dirichlet boundary condition is simpler to 

implement. 

We’ ll now solve the one-dimensional heat equation for boundary conditions 

of the second and third kind. 

a eee 
Example 2: 
A thin wire of length / is totally insulated and its initial temperature profile 

is given by T(x, 0) = 7p sin? 2x /1. Determine the subsequent temperature 

profiles. (Figure 16.31 summarizes these conditions.) 

SOLUTION: The mathematical formulation of this problem is to solve 

Visys) 

t t 

os) ° 
Il I 

= a 
To sin? zx/l a 

0 C4 4A FA ] se 

Figure 16.31 
A summary of the boundary conditions 

and the initial condition for Example 2. 
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with the boundary conditions 7,(0, t) = 7, (/, t) = 0 and the initial condition 

T (x, 0) = Tp sin? 2/1. Separation of variables gives the two equations 

X"(x) +A?X(x) =0 

and 

@'(t) + 2a7O(t) =0 

with X‘(0) = X‘(1) =0. The separation constant has been taken to aie 

because it is not possible to satisfy the boundary conditions if it 1s positive. 

We now determine the allowed values of the separation constant A. Note 

that A = 0 yields X (x) = ax + b. The boundary conditions require that 

a = 0, but b is arbitrary. So far, then, we have Xo(x) = b and 4 = 0. For 

X £0, we have X,,(x) = cosnax/l wheren = 1, 2,..., and so we have 

X40) | cog cae | DBA ernie 
l 

where we set the value of b equal to | arbitrarily. The equation for ©, (¢) 

gives 

constant fia) 
(S). (ft) = D) ? heeag eee) 2 

ea! beth ese 

The superposition of X,,(x)©,(t) gives 

CO 

ime, 2 
T (x, t) = constant + a Gee PT cos 

i= 

NITX 

This result would be of the form of a Fourier cosine series if we let constant 

= do/2, and so we write 

[e.@) 

dg eer nex 
T(x, t)=— = y Ge RE ae aie 

n= 

We now use the initial condition to write 

CO 

Ue Le ee NIX 
T (%,.0) =Tp sin® — = + a COS ara 

and so the a, are given by 

27To baeay nex 
a, = — sin” —— cos ——dx 

lL Jo l l 
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To n —a(() 

= Ti 
ae n #0 

Finally, then, we have 

T ee 
Tet) = = (: 5 pte eos =) 

Figure 16.32 shows T(x, t) plotted against x for various values of t (actually 

for values of x// and at / 1). 

In the next Example, we’ll now solve the heat equation with a radiation 

boundary condition. This Example nicely illustrates the importance and the utility 

of the associated Sturm-Liouville problem in the spatial coordinate. 

i INS a Feet ee 
Example 3: 
Solve the heat equation 

O7T oF / ele BO! Oe (13) 

ax2 at O<t 

with the boundary conditions 

O22) =0 and WL Wedel at) =O (14) 

and with the initial condition T(x, 0) = To. (See Figure 16.33.) 

SOLUTION: Writing T(x, t) = X(x)O(t) gives 

X"(x) +A?X(x)=0 and @/(t) + a7a72@(t) =0 (15) 

with the boundary conditions X (0) = 0 and hX (1) + X'(1) = 0. Once again, 

we have written the separation constant as —)? because the boundary 

condition cannot be satisfied if the separation constant is positive. The 

solution to the equation for X (x) is X (x) = c, cos Ax + co sin Ax. The 

boundary condition X (0) = 0 leads to c; = 0, and the boundary condition 

hX (1) + X (1) =O leads to 

co(h sin Al + A cos Al) =0 

Thus, the eigenvalues A,, are the solutions to h sin A,/ +A, cos A,/ = 0, 

or to 

r 
tana, / =——* (16) 

h 

and the eigenfunctions are X,,(x) = sin A,,x. (See Example 14.3.4.) 

Veh 

x/l 

Yel 

Figure 16.32 
The solutions to the equations in 

Example 2 plotted against x // for various 

values of t = a7t/I?. 
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Figure 16.33 
A summary of the boundary conditions 

and the initial condition for Example 3. 
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x/1 

Figure 16.34 
The solution in Example 3 plotted against 

x for various values of at for h =1 = 1. 
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242 

The solution to the equation for ©,,(¢) is ©,(1) =e“ An! and so the 

solution to Equations 13 and 14 is 

CO 

T(x, 1) = Do cnet sin Ax (17) 
n=l 

where the A,, are given by Equation 16. 

The coefficients in Equation 17 can be determined from the initial 

condition. The equations in X (x) constitute a regular Sturm-Liouville 

problem, so we know that there is an infinite number of real, distinct 

eigenvalues and that the eigenfunctions are orthogonal: 

1 l 

it EXO (OG) Xen (0) Xe / (sin A,x)(sin Aj,x)dx = 0 if nz#zm 
0 0 

(We actually discussed this very problem in Example 14.3-4.) Let ¢ = 0 in 

Equation 17 and use the orthogonality of the sin A,,x to write 

l 

i T(x, 0) sin A,xdx 
0 

I 
ae: 

[sw A,xdx 
0 

hn 

A, — sin X,1 cos 2,1 

i 

i T(x, 0) sin A,xdx 

2h 
l 

=e | lis (Gea1 0) sin A,xdx (18) 

Using the initial condition T(x, 0) = Tp gives 

2h(i — cos X,1) 
SS aaa SSS eS 

"ng (hl + cos? 1,1) 

and the complete solution is 

CO 
l—c 242 T(x,t)=2h > sh aOR a ai eet ae 

Mall 2 COS 2) 
= 

Figure 16.34 shows T(x, t) plotted against x for increasing values of f. 

[i ee ee 

In all the problems that we have done so far, the boundary conditions have 

been of the form 

aT (0, t) + aT, (0, t) =0 

BT (1, t) + BoT, (1, t) =0 

The key point is that the right sides of these equations are equal to zero. If 

the right side is not equal to zero, then the boundary conditions are said to be 

(19) 
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nonhomogeneous. Let’s consider the nonhomogeneous boundary value problem 

— = — — ee | 20 
Ox2 «a dt O77 CO 

with boundary conditions 

FOO = 1 si (ar? Bet 6 O<y (21) 

and the initial condition 

T(x, 0) = f(x) OSs! (22) 

We’re going to solve this problem using a physical argument. As time goes on, the 

solution to Equations 20 through 22 will approach a steady-state solution, s(x), 

where s(x) varies linearly from 79 to 7), or in an equation 

tees fi 
s(x) =T)+ sae (t > 0) (23) 

If you’re not convinced of this, you can obtain this result directly from Equations 20 

and 21 by setting 07/dt = 0, which leads to a steady-state solution (Problem 14). 

We now assume that the complete solution to Equations 20 through 22 is of 

the form 

LCR N= Co) 25 WC (24) 

where u(x, t) > O as t > oo. Equation 24 is of the form of a steady-state term 

and a transient term. The reward for this observation is that v(x, ft) satisfies a 

homogeneous boundary value problem. To see that this is so, substitute Equation 24 

into Equations 20 and 21 to get 

2 : av _ lav O<x<! oe 
0x2 =a? Ot O<t 

with 

s(O0) + v(O, t) = Tp and sl) +, t) =7, 

or simply 

v(0, t) =0 and Ul et) (26) 

Referring to Equation 9 for the solution, v(x, f), to Equations 25 and 26, we have 

i = DA Dp nNICX 
DiGi tah BO Cee oe iar Sin = (27) (x, t) 0 / du n / 

The c,, are given by (Problem 15) 

793 
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Figure 16.35 
The time evolution of the solution given 

in Example 4, showing how T(x, f) 

approaches the steady-state solution 

5(x) = 1+ x (black). 

16.5 Problems 

Chapter 16 / Partial Differential Equations 

y = 
cn=> | ECS Il = 1%, sin aces 

i He l l 

if D 
== / TG) 0) sine dy (gl = 12 8) 

l Jo I nIt 

The following Example illustrates the application of this result. 

Raleeeae kh Gar Ro pac & 45 iiais conti a al eee 
Example 4: 
Find the solution of 

OT eo Tee aac 
Ox  @ Of <i 

with the nonhomogeneous boundary conditions 

(Oxia and Oat) —2 

Inia (Cx) p—9 On Ore Osea 

SOLUTION: The steady-state solution is 

s(x) =1+x 

and the transient solution is 

(e,2) 

—a?n2n*t : i Core) ) Gre sin nx 

n=! 

with 

2 
Cy = —[(—1)"2 ey 1] 

NIT 

Consequently, the complete solution is 

2S eer = 1 22 
Ta,paHlext ) Ne) J ,-en WF siti 10x 

IE nN 
n=l 

Figure 16.35 shows how T(x, ft) evolves from an initial temperature of zero 

to the steady-state solution s(x) =1+4+ x. 

Pie oe le 

1. Show that the boundary conditions require that the separation constant in Equation 3 be negative. 

2. Solve the one-dimensional heat equation subject to the conditions T(0, t) =0, T(J, t) =0, and 
T(x, 0) =2 sinzx/l — 3 sin 32x/1. Plot your result. 
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3 

10. 

1 [p 

12. 

13. 

14. 

i 

16. 

172 

18. 

19. 

Solve the one-dimensional heat equation subject to the conditions 7(0, t) = 0, T(l, t) =0, and 

oT, 
et 0<x<I1/2 

T (x, He as . Plot your result. 

d=) /2sx<l 

- Solve the one-dimensional heat equation subject to the conditions T(0, t) =0, T(/, t) =0, and 

T(x, 0) =x(l — x). Plot your result. 

. Suppose we have a uniform slab of thickness / in the x direction as in Figure 16.27. Let the faces at x = 0 and 

x =/ be insulated, so that the boundary conditions are T,(0) = T,(/) = 0. If the initial temperature profile is 

2To 
7 e OR ea/2 

ti (Coa 0) Ss 

= =a) 12a =! 

determine its temperature profile at later times. Plot your result. 

. Solve the one-dimensional heat equation subject to the conditions T (0, t) = T(/, t) = 0 and T(x, 0) = Tp. 

. Solve the one-dimensional heat equation subject to the conditions 7, (0, t) = 7, (/, t) = 0 and T(x, 0) =x. 

. Solve the one-dimensional heat equation subject to the conditions 7).(0, t) = 7. (/, t) = 0 and T(x, 0) = 

To sin? 1x /I. 

. Solve the one-dimensional heat equation subject to the conditions 7 (0, t) = T(/, t) = Ty and T(x, 0) = 

liar Ul = 29). 

Consider an infinitely long cylinder of radius a. Solve for the temperature in the cylinder as a function of 

time if it is brought to a uniform temperature 7p initially, and then allowed to cool down by keeping its lateral 

surface at zero temperature for t > 0. 

In the case of diffusion, the boundary condition c(/, tf) = 0 corresponds to an absorbing wall at x =/. Solve 

the one-dimensional diffusion equation subject to the conditions c(—/, t) = c(/, t) = 0 and c(x, 0) = cp d(x), 

where 5(x) is the Dirac delta function (Section 3.6). 

In the case of diffusion, the boundary condition c,(/, ¢) = 0 corresponds to a reflecting wall at x =/. Solve the 

one-dimensional diffusion equation subject to the conditions c,(—/, t) = c,(/, t) =0 and c(x, 0) = cd (x), 

where 4(x) is the Dirac delta function (Section 3.6). What is your answer as tf > oo? Does this make sense? 

Solve the two-dimensional diffusion equation subject to the conditions c(r =a, t) = 0 and c(r, 0) = co. 

Derive Equation 23 by setting 7, = 0 in Equation 20. 

Derive Equation 28. 

Solve the one-dimensional heat equation subject to the boundary conditions 7 (0, t) = To, T(/, t) = 0, and 

T(x,0)=B(U—x). 

Solve the one-dimensional heat equation subject to the boundary conditions 7 (0, t) = 7p, T(/, t) = T), and 

I (Ge. 0) = T). 

Solve the one-dimensional heat equation subject to the boundary conditions T,.(0, tf) = 0, T(/, t) = Tj, and 

EO 0) = To. 

Clee eo 
ae If there is a time-independent (steady-state) heat source, then the heat equation becomes 

EIS 
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20. 

21. 

22. 
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Show that a solution to this equation is given by T(x, t) = s(x) + v(x, t), where s(x) satisfies the equation 

s(x) =—f (x) and v(x, t) satisfies the equation WV x (x, t) =v,(x, t). Furthermore, show that if the boundary 

conditions are T (0, t) = T; and T (1, t) = Ty, then we can set s(0) = 7), s(/) = Ty, and v(0, t) = v(I, t) =0. 

oP Te en ledil, 
Use the result of the previous problem to solve re = ioe 2A, where A is a constant, with the boundary 

we 
conditions 7 (0, t) = T(/, t) = 0 and the initial condition T(x, 0) = x /2I. 

a j oT ea eg 
Show that the substitution T(x, t) = v(x, t)e’, where h is a constant, reduces the equation Oo) = ry 

i a 
aT, where a is a constant, to a one-dimensional heat equation. What is the relationship between h and a? 

7s mega iol: ; 
Solve the nonhomogeneous, one-dimensional heat equation —~ = —- — + 8, where f is a constant subject 

x2 a2 Ot 
toT (0, 1) =0, 7,1) + hT (, 1) =0, and T(x, 0) = To. (See Problem 21 and Example 3.) 

16.6 The Schrédinger Equation 

The Schrodinger equation is one of the most famous equations in the physical 

sciences. In this section, we shall solve the Schrédinger equation for a particle 

in a box, a rigid rotator, and the electron in a hydrogen atom. If you’re not 

comfortable with quantum mechanics, then you can treat the following problems 

as mathematical exercises, or simply skip this Section entirely. 

A. A PARTICLE IN A BOX 

The simplest quantum-mechanical problem is a “particle in a box.” In this prob- 

lem, the potential is such that the particle of mass m is restricted to lie within 

the potential-free rectangular parallelepiped with sides of lengths a, b, and c 

(Figure 16.36). Thus, V(x, y, z) =0 within the box and the (time-independent) 

Schrédinger equation for this system is 

Vs Sa (ep ep pees 
Figure 16.36 a ( is + a eeu Ew (x, y, 2) O<yx<b (1) 
A rectangular parallelepiped of sides a, Die NO dy~ dz? jee 
b, and c. In the quantum-mechanical See 
problem of a particle in a box, the particle ; : 
is restricted to lie within a potential-free where f = h/2z and h is the Planck constant. The wave function w(x, y, z) sat- 

parallelepiped. isfies the boundary conditions that it vanish at the walls of the box, and so 

vO, y,z)=W(, y,z) =0 for all y and z 
We Ohm err He Dio Veet) for all x and z (2) 

W Cre ON Ua (ee Vac) 0 for all x and y 

If we apply the method of separation of variables to Equation 1, we obtain (Prob- 

lem 1) 

6 Os HEOS 5 SEN! TONE 
Wn, ny.n,% Y> 2) = Ay AYA, sin = sin . sin ——— (3) 

aia: a c 
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with n,, ny, and n, independently assuming the values 1, 2, 3, .... The normal- 

ization constant A,A,,A, is found from the equation 

a b G 

i ax [ ay | dzw(x,y, Dv, y, 2=1 (4) 
0 0 0 

Problem 2 shows that A, A,,A, = (8/abc) '/2 and so the normalized wave functions 

of a particle in a three-dimensional box are 

Re De ESE ny,y eT ale 

Wn, any ns yY,2= (=) sin + sin - sin — ny = Le 3s 

chee . 4 NaN hS* 

(5) 

If we substitute Equation 5 into Equation 1, we obtain 

h2 n2 n= n2 yaaa OS aa ae 

Ly Ma ye a ( - ar : =F q (ete ee ale (6) 
DBA BVI, 8m az b2 Cc 3 

es Sa) 

Equation 6 is the three-dimensional extension of the result of Problem 14 of 

Section 1. The allowed energy levels of a particle that is restricted to a potential- 

free region in the shape of a cube are shown in Figure 16.37. Note that the energy 

of the particle is restricted to only certain values, or that it is quantized. 

(te; Ny, nz) 

14 G21) (G12) 1231) 

Oe DEY (OME) 

NA 

OLS 
=~ 

0 

197. 

Figure 16.37 
The allowed energy levels for a particle in 

a box witha =b=c. 
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Figure 16.38 
The model of a rigid rotator. We can 

choose our coordinate system so that 

one of the masses sits at the origin 

and the other takes on a reduced mass 

fh =mymy/(m, + mp). 
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The quantization of the allowed energies given by Equation 6 arises naturally 

through the boundary conditions that the wave function must satisfy. We shall 

see that this is the case for the other quantum-mechanical problems that we shall 

discuss in this section. One of the great triumphs of the Schrédinger equation was 

that quantum numbers arose naturally through boundary conditions, rather than 

being introduced in an ad hoc manner as in the early quantum theory. 

B. A RIGID ROTATOR 

The next quantum-mechanical problem that we shall discuss is that of a rigid 

rotator, consisting of two masses, m, and my, separated by a fixed distance /. The 

rigid rotator serves as a simple but useful model of a rotating diatomic molecule. 

If we choose relative coordinates, we can consider one of the two masses to be 

fixed at the origin of a spherical coordinate system (Figure 16.38) with the other 

mass taking on the reduced mass jz = mm /(m + mp). The orientation of a rigid 

rotator is completely specified by the two angles @ and @, and so rigid-rotator wave 

functions depend upon these two variables. The rigid-rotator wave functions are 

customarily denoted by Y (6, @), and the Schrodinger equation for a rigid rotator 

reads 

2 

SLAY Gig) = EY(0,¢) 
2 

The Laplacian operator in this case 1s (see Table 8.3) 

5 PRE Gee et le OF 
=a Ste Ee 

I? sin @ 00 00 [2 sine 6 0g? 

where / is the fixed value of r. Therefore, the Schrédinger equation for a rigid 

rotator is 

- | a (sine) + “re ¢)=EY(6,¢) (7) 
21 | sin 6 a6 00) sin? 9 ag? a a Me 

where J = j1/* is the moment of inertia of the rigid rotator. If we multiply Equa- 

tion 7 by sin? 6 and let 

p=—> (8) 

we have 

ee (sino) =F 5 psinto y =0 (9) 
00 00 ag? 

Writing Y(0, &) = ©(0) ®(P), we get the two equations 

sm@ d (+, ,d@ : 
©) do (sin 0) B sin? 6 =m? (10) 
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and 

1 d’?® 2 er, (11) 
P(p) do 

Ose : 
where m-° is a separation constant. 

Equation 11 is easy to solve, and its solutions are 

&(p) = A,,e"? and O(o) =A_ ei"? (12) 

The requirement that ®(@) be continuous is that ®(@ + 277) = B(). This require- 

ment leads to e*!2"”" = 1, from which we find that m = 0, +1, 42, .... Thus the 

®() part of a rigid-rotator wave function is 

®,,(¢) = A,,e0"? m=0, +1, +2,... (13) 

Example 1: 
Determine A,, in Equation 13 by requiring that ®,,(@) be normalized. 

SOLUTION: We must have that 

20 

i D*(p) (dp) dp = 1 
0 

Using Equation 13, we have 

2n 

Ani f dp =1 
(0) 

or A,, = (27)'/*. Thus, the normalized version of Equation 13 is 

] ; 
= jin 14 

®,,() (2n)'/2° (14) 

Mie a BF | 

Equation 10 becomes 

ie 

zs (sin 9) zc (4 sing — — ) ©(0) =0 
do dé sin 0 

where m = 0. +1, +2,....If we let x =cos 6 and ©(6) = P(cos @), as we did 

in Equation 22 of Section 2, we obtain 

z 

~*~) P(x) =0 (15) 
x? 

(1 ~ x2) P"(x) SOP (x) +(6 — ws 

Equation 15 would be Legendre’s equation if m = 0. We solved Equation 15 with 

m = 0 by assuming a power series for the solution. Equation 15 with m 4 0 has 

799 
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regular singular points at x = +1 (Problem 5), so we expect that there is at least 

one Frobenius series solution about x = +1. We won’t go through that process 

here, but it turns out that 6 must equal /(/ + 1) with/ =0, 1, 2, ... (as in the case 

of Legendre’s equation) for Equation 15 to have solutions that are finite at x = +1 

(9 =0 and zr). Furthermore, it turns out that m must be </. Thus, we see that 

a rigid rotator is restricted to have only energies that satisfy 6 =/(/ + 1), where 

/=0,1,2,....Using Equation 8, we see that the energy of a rigid rotator is given 

by 

h2 

ay) Wee Meroe af (16) 

These allowed energies account for the experimentally observed microwave spec- 

tra of diatomic molecules. 

The solutions to Equation 15 that are well behaved at x = +1 are called 

associated Legendre functions, which are customarily denoted by Bi Gy, The 

superscript is written as |m| because m appears only as m7 in Equation 15. The 

associated Legendre functions can be defined in terms of Legendre polynomials 

by the relation 

1 

n | m{/: Cus PI"(x) =(1— x?) aa) (17) 

Note that PI"\(x) = 0 if m >/ because P;(x) is an /th degree polynomial. Note 

also that the PI"\(x) are polynomials only if m is even. The first few associated 

Legendre functions are given in Table 16.1. 

Just as the Legendre polynomials satisfy the orthogonality relation 

1 ue 

il Pi(X) Py(x)dx = if dO sin @ P,(cos 6) P, (cos 0) = sei 
= 0 21+ 1 

Table 16.1 

The first few associated Legendre 

functions, Pe: 

EGa 

PAG) — oy CONG) 

Pi) = G52)? asin 6 

P) = 3 (3x7 — 1) = 4(3.cos? 6 — 1) 

PH@) =3x(i— x7)" = 3.cos 6 sind 

PH) = 3 ee) a sine @ 
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the associated Legendre functions satisfy the relation 

1 
TT i PI) Plml(x)dx = i; dO sin 0 P}"' (cos 0) Pl""\(cos 0) is 0 

' 2) @ + |m)!, 

TOR Gani” oe 

Equation 18 can be used to show that the normalization constant of the associated 

Legendre functions is 

a 1/2 
nano beara (19) 

DEE mil)! 

———|- i2:. - «si . 
Example 2: 
Use Equation 18 in both the x and @ variables and Table 16.2 to show that 

ey and B are orthogonal. 

SOLUTION: From Table 16.2, we have 

1 1 

fo asta =2)!y3x0 = 29") =3 [ dxxQd—x*)=0 
=i —=il 

In terms of 6, we have the following from Equation 18 and Table 16.1: 

8 "8 

/ dé sin (sin 8)(3 cos 6 sin a) =3 f dé sin’ 6 cos 6 =0 
0 0 

Oe Pe ee Ie Se oc ee | 

Table 16.2 

The first few spherical harmonics. 

1/2 
3} 0 

190.9) = Goin Y, (GPO) r= (=) cos 0 

1/2 3 \12 
VeGe= (=| sin be!” le C0) = (=) sin de !? 

5 1/2 ’ 15 \ 1/2 : 

Le.) = (=) (3.cos: 0 — 1) V0) 0) = (=) sin 6 cos de’? 

1/2 15 \ 1/2 
Y,'(6,$) = (=) sin @ cos de '* 6.0) = (=) sin? 0e7!? 

1/2 

ea Ol p= (=) sin? 6e~/? 

———— a rennnnnnsiniennrrnnrnrnn rnnnirnnrnnrinenernrestrnnnnnnnnEnEEEEIEEE EEE 
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Remember now that we’re in the process of solving the Schrédinger equation 

for a rigid rotator, Equation 7. Putting everything together, the rigid-rotator wave 

functions are P!"'(cos 6) ©,,(@). By referring to Equations 14 and 19, we see that 

the functions 

(21+ 1) (7 — |m|)! 

4rn (1+ |m))! 

1/2 . 
Y"(0,¢) = P!""\(cos ei"? (20) 

are normalized solutions to Equation 7. 

The ¥/"(@, @) form an orthonormal set, 

21 14 

i as | dO sin OY", b)* YK, b) =Sni8nk (21) 
0 0 

Note that the ¥/”(@, @) are orthonormal with respect to sin 6 d@d@ and not just 

d@d®@. The factor sin 0 dOd¢ has a simple physical interpretation. The differential 

volume element in spherical coordinates is r? sin @ drd@d@. If r is a constant, 

as it is in the case of a rigid rotator, and set equal to unity for convenience, then 

the spherical coordinate volume element becomes a spherical surface element, 

dA =sin déd@. If this surface element is integrated over 6 and ¢, we obtain 

4z, the surface area of a sphere of unit radius. According to Equation 21, the 

N(CH: @) are orthonormal over a spherical surface and so are called spherical 

harmonics. Spherical harmonics occur in a great variety of physical problems 

involving spherical coordinates. The first few spherical harmonics are given in 

Table 16.2. 

at ee eee 
Example 3: 

Show that Yi(@, @) is normalized and orthogonal to y(@, p). 

SOLUTION: 

21 1a 3 20 A 

i ap | dé sin OY /(0, 6)*Y 10, 6) = — : as [ dé sin? 6 
8 Jo 0 0 0 

Bie s 
os (le 1 
al 

20 a4 

/ dp | d0sin OY) (6, ¢)*¥/7@, ¢) = 
0 0 

3 21 ib oa 5 

ee dpe’ / dé sin’ 6 cos6 =0 
An /2 i 0 

a ae | 
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In summary, the Schrédinger equation for a rigid rotator is 

HY"(0, 6) = RACED a 
reas (0, @) (22) 

with 1 given by 

he | 1 9 (si ~) Ly 0° 
Sees | eee NU | se 

27 Lsin@ 00 00 sin- 6 ag? 

C. THE ELECTRON IN A HYDROGEN ATOM 

The spherical harmonics occur whenever the Schrodinger equation is solved for 

a potential of the form V = V(r). It’s straightforward to show that if V = V(r), 

then (Problem 13) 

Wr, 0.) = ROY", 9) (23) 

where R(r) is the solution to the ordinary differential equation 

mr? dr ar 2mr2 

2 2 nd (2B) [EY vee] Re =0 (24) 

The final problem that we shall discuss in this section is the Schrddinger 

equation for a hydrogen atom, one of the great triumphs of quantum mechanics. 

As our model, we shall picture the hydrogen atom as a proton fixed at the origin 

and an electron of reduced mass ju interacting with the proton through a coulombic 

potential, 

2 
é 

V(r)=— (25) 
Am eégr 

In Equation 25, e is the charge on the proton, €g is the permittivity of free space, 

and r is the distance between the electron and the proton. The model suggests that 

we use a spherical coordinate system with the proton at the origin. Therefore, the 

Schr6édinger equation for a hydrogen atom can be written as 

e* p) 

a eee = wr, 9, ¢) = Ew(r. 6, >) 
2 4 TT Et 

or 

2 ( 

ie 

rite liad (Pe) 4 = (sino=% ) + = a Qu Lr2ar Var)” r2sin6 a6 007 or sin’ 0 86" | (96) : | 
wir, 0, = Ew(r, 0, o) 

Amt eor 

Note that this equation is of the form Hy = Ew, regardless of its apparent 
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complexity. If we let y(r, 0, @) = R(r)Y/"(@, @), then Equation 26 becomes 

2 2 2 
eed (<2) n E psa SG E| ROV=0" OP 
Dr dr dr INTE 2 4m €or 

Equation 27 is called the radial equation for the hydrogen atom and is the only 

new equation that we have to study in order to have a complete solution to the 

hydrogen atom. 

Equation 27 is an ordinary differential equation in r and can be solved by the 

series method. One finds that in order for solutions to be acceptable as the wave 

functions, the energy must be quantized according to 

yet pe ee ee (28) 
8<hh2n? 

Thus, we obtain one of the most important atomic properties: the energy of an 

electron in an atom is quantized. It is this property that leads directly to atomic 

spectra being line spectra. 

In the course of solving Equation 27, one finds not only that an integer occurs 

naturally but that n must satisfy the condition n > / + 1, whichis usually written as 

Oe males meee, (29) 

because the smallest possible value of / is zero. (Equation 29 might be familiar 

from general chemistry.) The solutions to Equation 27 depend upon two quantum 

numbers n and / and are given by 

(n= 11)! | 2 i ae 2r 
R i} = = (SSS = r/nagy atti —S 30 

nl?) 2n[(n + 1)!f | nag Gs pe nay ew) 

where ay = 47 €yh”/e* is a distance, which is called the Bohr radius and where 

the bate 02; /nao) are called associated Laguerre polynomials. The first few as- 

sociated Laguerre polynomials are given in Table 16.3. The functions given by 

Table 16.3 

The first few associated Laguerre polynomials with 
i = APM aly: 

n=1;1=0 Lia) 1 

EERO) Li(x) =—2\2 —x) 

l=1 L3(x) =—3! 

n=3;1=0 L3(x) = —31(3 — 3x + 4x?) 

l=1 Li(x) =—41(4 —x) 

Res LAS! 
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Equation 30 may look complicated, but notice that each one is just a polynomial 

multiplied by an exponential. 

The complete hydrogen atomic wave functions are 

Weim ins 0, p) = Rake iG ( p) (31) 

Because H{ is Hermitian, the w,,;,, must be orthogonal. The orthonormality condi- 

tion is given by 

2n 4 ee) 

( dp i) ae / ar etapa 0, DVnum (rs 0, ~) = San’ Omm! (32) 
0 0 0 

er 
Example 4: 
Show that the hydrogen atomic wave function w 19 is normalized and that it 

is orthogonal to Yq. 

SOLUTION: We first have to construct Wo99 and W219 from Equation 30, 

Equation 31, Table 16.2, and Table 16.3: 

Wao0(r, 0, 6) = Rao(r)¥9 6, #) 

1/2 3/2 

--| lisele ie) 0h el 
4(21)3 | 2a *\2a9/ (4x)! 

=o 
eo —p/2 
— Gon? = (Oe 

Wo10(7, 9, 6) = Ro (r) YO, p) 

, 71/2 5/2 . . ue = 0! : (5) ret) 40: (=) (=) cos 6 
43!) 2ag BO CHE 
=3/2 

o6 aa —p/2 = Gon) pe cos 0 

where p = r/dg. The normalization condition is given by Equation 32: 

20 8 oe) 2e-P cos ra) 

/ ao | do sino | a 
0 0 0 327 a9 

on a [o,2) 

— — | -d6-sin6 cos’ 6 / dp pte? 
327 Jo E 0 

ee one 
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The orthogonality condition is given by 

21 1 bes Se y he 

i do dé sin 0 / dr r- p( pe : cos 

i : 0 32nap 
7 co 

Lapnts ao sino cos f dp p°(2— p)e? =0 
32m Jo 0 

because of the integral over 6. 

ee ee es | 

16.6 Problems 

> WwW NY 

10. 

11. 

. Derive Equation 3. 

. Show that the normalization constant of y*(x, y, z)W(x, y, Zz) in Equation 3 is A, AA, = (8/abc)'/?. 

. Determine the allowed energies of a particle in a two-dimensional rectangular box of sides a and b. 

. Show that the allowed energies of a particle constrained to the circular potential-free region are given by 

h2 “a 
2 

: 

ae Bem: Where B,,,, is the mth zero of the first-order Bessel function J,,(x). 
Hs 

. Show that Equation 15 with m 4 0 has regular singular points at x = +1. 

. Show that the first few associated Legendre functions in Table 16. i satisfy Equation 18. 

. Show that the first few associated Legendre functions in Table 16.1 satisfy the recursion formula 

(21 + Dx PP") — C= || + DPN (x) — C+ Im) Px) = 0. 

. Use a CAS to show that the first few Legendre functions satisfy the recursion formula 

2 | : 
eames Plea) +na—m)\(ntm+ 1) Pl!) =) Vt ia 

im (x) (oxi2'" 

Be sure that your CAS defines POI) exactly as we have done. A few authors include a factor of (—1)’". 

. Show that the spherical harmonics satisfy the equation 

By rH} a a2 Gis A 

sin 5 sin 6 AG aE 3 ICA) sin OY 0: 

Show explicitly that the first few spherical harmonics in Table 16.2 satisfy the equation in Problem 9. 

Show that the first few spherical harmonics in Table 16.2 are orthogonal to each other. 

. Using Table 16.2, show that |Y/(0, ¢)/? + 1¥2(@, #2 +1Y, |, b)|? = 3/47. This is a special case of a 
l 

general theorem, = ye", )|° = constant, known as Unséld’s theorem. 

m=—! 

. Show that if V = V(r) in the Schrédinger equation, then w(r, 0, @) = R(r)Y/"(6, @), where R(r) satisfies 

Equation 24. 
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14. The equation V7u + k*u =0 is called the Helmholtz equation. Show that u(r) = f(r)" (0, b) is a solution 

to the Helmholtz equation in spherical coordinates. 

n 

15. The Laguerre polynomials can be defined by the Rodriguez formula L,, (x) = e* . (e *x"). Use this formula 
axl 

to generate the first few Laguerre polynomials. 

16. The associated Laguerre polynomials can be defined in terms of the Laguerre polynomials (see the previous 
a 

problem) by L® (x) = alae (x). Use this formula to generate the first few entries in Table 16.3. 
Dae! 

17. Show explicitly that w19(r, 6, f) satisfies Equation 27 with E given by Equation 28. 

18. In this problem, we shall determine the allowed energies of a particle constrained to lie within a potential-free 

sphere. Using Equation 24 as a start, show that the radial part of the Schrdédinger equation for this system is 

” 2 2mE ld +1) R"(r) + =R(r) + = () + = Rr) a R(r) =0 with the boundary condition R(a) = 0. Show that the 

solution to this equation is Rjg(r) = eI, (Br) =F cop *Y, pi (BP) where B = (2mE)!/*/h. Why must 

C7 = 0? Now show that Ba must be a zero of rodent (7). If 6), 1s the mth zero of rT Ar), show that 

h2 

the allowed energies are given by E), = Bi So 
ma- 

16.7 The Classification of Partial Differential Equations 

In Section 2, we learned that the wave equation has a general solution 

u(x,t) = f(x + vt) + g& — v2) (1) 

where f and g are suitably well-behaved functions. You might have wondered if 

the other partial differential equations that we have discussed have similar general 

solutions. Recall that we derived Equation | by transforming the wave equation 

into the form 

2 

‘ = ”) 

under the linear transformation 

E=x-+ut and ie (3) 

Consider the second-order equation in two independent variables, 

F, a°u d°u a°u 0 (4) 
——— C os 

ax? dxdy dy? 

where a, b, and c are constants (for simplicity, that’s all we'll discuss in this 

section), and the linear transformation 

&=x-+at and n=x+ pt (5) 
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Under Equations 5, Equation 4 becomes (Problem 1) 

d°u a-u 2 2 (a+ab+a rss +(a+ Bb+ Bh a 

2 

Asti a 
+ [2a + (a+ B)b + 2caB] (6) 

Let’s choose a and £ such that the first two terms in Equation 6 vanish. We can do 

this by choosing @ and f to be 

—b+ Vb? — 4ac 
OL 7 o (7) 

and 

a 

XG 

The nature of w and B depend upon the value of b* — 4ac. If b* > 4ac, then a 

and f are real; if b> < 4ac, then they are complex; and if b* = 4ac, then a = B. 

Because of its analogy to the conic section ax? + bxy + cy? = 0, Equation 4 is 

called (Problems 2 through 6) 

hyperbolic if _ b* —4ac>0 
elliptic i po —4ge 0 (9) 
parabolic if b* = 4ac 

It turns out that partial differential equations of a given type have many features in 

common, even if the equations themselves look very different. 

[pee SA ae ee ap © ve aeee terek Sat Fed eee ace 
Example 1: 
Classify the wave equation and Laplace’s equation according to the above 

scheme. 

SOLUTION: For the wave equation 

a=1,b=0,andc = —1/v’, so 

4 
b’ — 4ac= — > 0 

© 

and so the wave equation is a hyperbolic partial differential equation. 

For Laplace’s equation, 
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a e—aandib—04so 

b* — 4ac=—4 <0 

Thus, Laplace’s equation is an elliptic partial differential equation. 

We see from this Example that a = —v and f = v for the wave equation, so 

that the linear transformation in Equation 3 is € = x — vt and n = x + vt, as we 

found in Section 2. 

We didn’t include the heat equation in Example | because it is not of the form 

of Equation 4. A more general second-order partial differential equation is 

92 2 . P) RF) 
pon ie oni is oats Hy 9p Hs egrtea (10) 
ax? dxdy dy? Ox dy 

The above classification scheme in Equation 9 applies to Equation 10 also; the 

classification scheme depends only upon the coefficients of the second derivatives 

in Equation 10. Therefore, if we consider the heat equation, 

we see that a = 1 and b =c =0, so that b* = 4ac = 0 and the heat equation is 

parabolic. 

es lt—“<i<; W'S 
Example 2: 
Classify the Helmholtz equation, 

7u au i ee 

ax2 ee a 

SOLUTION: Theclassification scheme depends only upon the coefficients 

of the second derivatives, so the Helmholtz equation is elliptic, like Laplace’s 

equation. 

(RE ee eee 

We can derive a general solution for Laplace’s equation, much like we did for 

the wave equation. According to Example 1, a = c = | and b = 0 in Equations 7 

and 8,soa@ =i and B = —i. If we substitute these values into Equation 6, we obtain 

02u x 

d& On 
0 (11) 
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where 

E=x+1y and hax — Ly (12) 

Integration of Equation 11 gives (Problem 11) 

u(&,n) = f(E) +g) 

where f and g are twice-differentiable functions. Using Equations 12, we have 

the following as the general solution to Laplace’s equation: 

1) — a ec) a ey) (13) 

mer ee eee 
Example 3: 
In Example 1 of Section 2, we found that a certain solution to Laplace’s 

equation is 

MGEIS 4 ay WORES: 
U,(x>y) = cos —— sinh snes 

a a 

where n = 1, 2, ... . Show that this solution is of the form of Equation 13. 

SOLUTION: First use the relation 

sinh z = —? sin 1z 

to write 

eae Indy 
Ss - 

a 

Now use the relation 

; ee gate 
cosa sin B = 5 sin(@ + B) — 5 sin(a — B) 

to write 

I 5 WE ; «WOKE : 
Uae.) = = [sin (8 SE 37) = Sud =F = i» | 

2 a a 

=) (Gs 2) ares any) 

(i en Se a ch ef 

Usually the general solutions to partial differential equations are not that useful 

due to the difficulty of determining the unknown functions in terms of the boundary 

conditions. It does turn out, however, that the different types of partial differential 

equations require different types of boundary conditions in order to be well posed. 

By a well-posed equation, we mean an equation whose solution that obeys the 

boundary conditions is unique and stable. By stable, we mean that the solution 
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varies in a continuous manner with the boundary conditions. In other words, a 

small change in the prescribed boundary conditions produces only a small change 

in the solution. Clearly physically posed problems require stable solutions. 

The boundary conditions and initial conditions associated with the various 

types of partial differential equations mainly fall into the following three cate- 

gories: 

1. Dirichlet boundary conditions: The dependent variable u is specified at each 

point of the boundary of the region of interest. The boundary is a curve in a 

two-dimensional problem and a surface in a three-dimensional problem. 

2. Neumann boundary conditions: The normal derivative of the dependent variable 

u is specified at each point on the boundary of the region of interest. 

3. Cauchy boundary conditions: Cauchy conditions are usually associated with 

initial conditions; that is, with t = 0 as the “boundary." Cauchy conditions 

correspond to uv and du/dt being specified at tf = 0 (as in the case of a vibrating 

string). 

More advanced treatments of partial differential equations discuss which 

type of boundary conditions is appropriate for which type of partial differential 

equation. These results can be summarized as follows: 

boundary boundary condition 

hyperbolic open Cauchy 

elliptic closed Dirichlet or Neumann 

parabolic open Dirichlet or Neumann 

16.7. Problems 

1. Derive Equation 6 from Equations 4 and 5. 

The next five problems help you determine if the conic section Gx bx yccy- de eye ff = 0a, bine, 

and d not equal to zero) is an ellipse, a hyperbola, or a parabola. 

2. Show that if the axes are rotated through an angle 0, then we obtain a’x’* + b’x’y! + cy" +d'x' Hey + f =0 

where 

a’ =acos*@+bcosé@ sing +c sin? 6 

b! = b(cos* @ — sin? @) + 2(c — a) sin 6 cos @ 

c' = asin? § — bsin@ cos 6 +c cos’ 6 

3. Using the result of Problem 2, show that a’ — c’ = (a — c) cos 26 + b sin 20, b’ = (c — a) sin 20 + b cos 20, 

anda’ +c’=a-+tc. . 

4. Using the result of Problem 3, show that (a’ — c’)? +b’ = (a — c)? + b*. Now subtract the square of 

a’ +c! =a +c from this result to obtain the important relation b’? — 4a’c! = b? — 4ac. 
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10. 

11. 

12. 

13; 
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ee 
. Set b’ = 0 in Problem 4 to eliminate the cross term in a’x’* + b’x'y’ + c'y’” +d’x’ + ey’ + f =0 and argue 

that the resulting equation is that of an ellipse if a’c’ > 0, that of a hyperbola if a’c’ < 0, and that of a parabola 

iLaci=0. 

. Show that ax? + bxy + cy” =d is (a) the equation of a hyperbola if b? — 4ac > 0; (b) the equation of an 

ellipse if b> — 4ac < 0; and (c) the equation of a parabola if b* = 4ac. 

. Determine whether the following partial differential equations are hyperbolic, elliptic, or parabolic: 

(a) Uae yy 0 (b) Wi — 2Uxy a 2uyy a 

(c) uy, — 3uxzy =0 (d) uy, —Uuy, =0 

. Determine whether the following partial differential equations are hyperbolic, elliptic, or parabolic: 

(a) Uyy — 2uyy tu, +u=0 (b) u,y —uy —u, +3u=0 

(Cc) uaz +4, — uy t+ 4u=0 (G), Quy Wie — Uyak hy K=O 

. Show that if V2 depends upon only the radial coordinate r in spherical coordinates, then V2u = ku 
2 

can be written as —" = k?(ru). Now show that if V? depends upon only r, then the wave equation 
if 

2 2 | 
becomes V7u = g —- = : i a7. Show that the general solution to this equation is u(r, t) = — f(r + vt) 

if v t i 
1 ; : 

+ -g(r — vt). Interpret this result physically. 5 

Consider the wave equation in the previous problem. First show that ru(r, t) =rR(r)e*'® reduces the partial 

differential equation to an ordinary differential equation. Now show that the solution to that equation is of the 

form rR(r) = erior/v, Finally, show that u(r, t) is of the general form given in the previous problem. 

Show that the solution to Equation 11 is u(é, n) = f(€) + g(7) where & and 7 are given in Equation 12. 

; ; IT ttn, : 
Equation 15 of Section 2 shows that u,,(x, y) = sin —— sinh "7 is a solution to Laplace’s equation. Show 

a 
that this solution 1s of the form of Equation 13. 

(2n — 1|)mx (Qn — l)ry 
——_————— cos ——— Example 2 of Section 2 shows that u, (x, y) = cosh is a solution to Laplace’s 

a a 
equation. Show that this solution is of the form of Equation 13. 
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Why No Women Mathematicians? 

Sophie Germain Sofia Kovalevskaya Florence Nightingale 

Until the 20th century, women were not allowed to attend a university in Europe, and, in addition, were 

discouraged and often forbidden to study mathematics and science. However, a few women attained 

excellence in mathematics in spite of the obstacles against them. 

Sophie Germain (1776-1831) was born into a well-to-do family in Paris. Even though her parents 

forbade her to read her father’s mathematics books, she secretly studied them in her room at night. After 

she exhausted his library, she arranged with friends to obtain lecture notes on the mathematical courses at 

the Ecole Polytechnique, in which she could not enroll. She submitted a paper under the name M. LeBlanc 

to Lagrange, and he was so impressed that he introduced her to a number of leading mathematicians. She 

later corresponded with Gauss under the name M. LeBlanc, who eventually learned that M. LeBlanc was a 

woman. He was so impressed with her work that he recommended that the University award her a doctorate. 

Unfortunately, she died of cancer before she could receive it. 

Sofia Kovalevskaya (1850-1891) was born in Russia into the Russian nobility. She was attracted to 

mathematics at a very early age, but her father objected to her studies, although he eventually relented. 

As was the custom of the time, she had to marry to travel to pursue her studies. She discovered that she 

was unable to attend a German university, but she was able to attend lectures unofficially at Heidelberg. At 

Berlin, she was refused attendance in any form, but Weierstrass gave her private lessons for four years. He 

and she continued to correspond until her death. Her social position in the Russian nobility required that she 

return to St. Petersburg, but, after seven years, she devoted herself again to mathematics. With the help of 

Weierstrass and his Swedish student, Mittag-Leffler, she obtained a professorial position at Stockholm in 

1884 and enjoyed a successful career. She died of influenza in Stockholm at the age of 41. 

Florence Nightingale (1820-1910) was born into a wealthy family in England. She is best known 

for her work in nursing, but she was also an excellent mathematician, particularly in the field of statistics. 

Although her family, especially her mother, objected to her studying mathematics, she eventually had private 

lessons from James Sylvester. The psychological distress caused by her family’s refusal to allow her to 

develop her talents are described in her long essay, Cassandra. At the age of 30, she began her training in 

nursing and, in 1854, she organized a group of trained nurses to treat the soldiers in the Crimean War. She 

developed graphical methods to present the statistical data that she collected on deaths in the British military. 

She devoted much of her later life to the improvement of the conditions of servicemen in the military, against 

the opposition of many military and government leaders. She was the first woman elected to the Royal 

Statistical Society. 

These three women were able to succeed not only because of their perseverance, but also because they 

had independent means. Success would have been impossible for a gifted woman otherwise. 

Ol 



Pierre-Simon Laplace (1749-1827), the most eminent French mathematician of his time, was born on 

March 23, 1749, in Beaumont-en-Auge, France, into a farming family. His early education was supported by 

some wealthy neighbors who recognized the boy’s talents. Very little is known of his early years, however. 

When he became a distinguished scientist, he was reluctant to discuss his background, presumably because 

it didn’t suit his social aspirations. Laplace entered Caen University to study theology but soon discovered 

mathematics. At age 19, he left Caen to study in Paris. He wrote his own letter of introduction to d’ Alembert, 

who immediately recognized Laplace’s talent and found him a position at the Ecole Militaire. Laplace began 

his work on astronomy and probability at this time, as well as making significant contributions to difference 

equations and differential equations. In 1773, he was elected into the Académie des Sciences, where he 

served on numerous committees, including the committee to standardize weights and measures in 1790. In 

1784, Laplace was appointed as an examiner at the Royal Artillery Corps and in 1785 examined and passed 

the 16-year-old Napoleon Bonaparte. In 1788, Laplace married 19-year-old Marie-Charlotte de Courty de 

Romanges, with whom he had two children. During the Reign of Terror, Laplace and his family lived outside 

of Paris, thus avoiding the political turmoil in the city. With the rise of Napoleon in 1794, Laplace returned 

to Paris as a supporter of Napoleon’s political ideas. Laplace was politically astute and easily changed his 

political views according to the ruling regime, frequently with an increase in his own position. The result 

of these machinations is that he was made a marquis in 1817. Laplace produced two monumental works, 

Mécanique Céleste and Théorie Analytique des Probabilités. The first work is a mathematical theory of 

the universe, published over a period of 26 years, in which he published everything as his own without 

acknowledging the work of others. His books are quite difficult to read, with many important steps omitted 

with the substitution of the phrase, “It is easy to see.” Most readers, whose number occasionally included 

Laplace himself, did not find the missing steps easy to see. Laplace died in Paris on March 5, 1827. 
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Integral Transforms 

We spent the entire previous chapter learning how to solve partial differential 

equations. We learned that three of the most commonly used partial differential 

equations (the heat equation, the wave equation, and Laplace’s equation) are linear 

partial differential equations with constant coefficients, and can be readily solved 

by the method of separation of variables. There is another method for solving these 

equations, which is often more convenient, using integral transforms, which is the 

subject of this chapter. An integral transform is a relation of the form 

b 

F(p) =i) K (p, x) f (x)dx 
a 

Given a function K(p, x), called the kernel, this relation transforms f(x) into 

F(p). There are a number of kernels that find use in applied mathematics, but the 

two most commonly used ones are a Laplace transform, 

i CO 

Pay= | eo f (x)dx 
0 

and a Fourier transform, 

; oo ae ah 
niecsae |e (jax 

We’ ll learn how to use these transforms to solve partial differential equations, and 

we'll see that the type of boundary conditions determines which type of transform 

to use. 

A characteristic property of these integral transforms is that they can be used 

to reduce the number of independent variables in a partial differential equation by 

one. Thus, the one-dimensional heat equation or wave equation can be transformed 

into an ordinary differential equation in the transform function F (p). If you apply 

the transform method to an ordinary differential equation (only one independent 815 
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variable), then you get just an algebraic equation for the transform function. In 

either case, it’s usually much easier to solve the resultant equation for the transform 

function than it is to solve the original equation..The final step in the method is 

to undo the transform and deduce the function f(x) from F (p). This process is 

called inversion. 

We'll learn some of the properties of Laplace transforms in Section 1, and then 

in Section 2, we’ll learn.a number of methods to invert them. Then in the next two 

sections, we'll learn how to use Laplace tranforms to solve ordinary differential 

equations and partial differential equations. We’ll learn about Fourier transforms 

in Section 5 and then use them to solve partial differential equations in Section 6. 

17.1 The Laplace Transform 

The Laplace transform of a function f(t) is defined by 

cif) = Fo = [ en" F(t)dt (1) 

where s is a parameter that may be complex, although we’ll consider it to be real in 

most of this chapter. For the integral in Equation | to converge, s must be greater 

than zero if s is real, or the real part of s must be greater than zero if s is complex. 

Note that the Laplace transform converts a function of t to a function of s. For 

example, 

ef 9) 
Li{r?}= i ied = — 

0 ge 

and 

l 

SO) 

CO 

Cte™) = i e Sa) gy = (2) 

0 

The evaluation of £{ f(¢)} consists of no more than performing the integration in 
Equation 1. 

ee OS | eee oe 
Example 1: 

Determine {{t"}, where n is an integer. 

SOLUTION: 

Co 

L{t"\ = t'e “dt = as 3 
0 * ght (3) 

CO 

where we have used the fact that / x"e “dx =n!. 
0 

Sere eee Te eee | 
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aa: .  °»«‘iaw | 
Example 2: 
Determine the Laplace transform of 

mm Ose = Il 

Over 
f= | 

SOLUTION: 

1 lee) 

L{f (t)} = F(s) =| 2e' f (t)dt +f te “'dt 
0 1 

1 5 5 y-s 
» 

er ee ee eS || 

2 
Sie. 

S 

Example 2 shows that f(t) does not have to be continuous in order for its 

Laplace transform to exist. In fact, if f(t) is only piecewise continuous over every 

finite interval for t > 0 and of exponential order as t > oo, then L{ f (t)} exists. 

By exponential order as t + oo, we mean that there exists a constant a such that 

lime 
| oc ®,2) 

is finite. For example, t” (n an integer) is of exponential order because (ce 

as t > oo for any b > 0. An example of a function that is not of exponential order 

is e' - which diverges much faster than e”’ for any value of b (Problem 5). 

The above conditions for £{ f (t)} to exist are sufficient, but not necessary. A 

classic example of a function that is not continuous for tf > 0 but whose Laplace 

transform exists is f(t) =1t~'/*. In this case, 

- ove) a le 

Lif) = F(s)= f fe ""dt= () 
0 S 

Table 17.1 lists a few Laplace transforms for easy reference. There are 

many extensive tables of Laplace transforms. The CRC Mathematical Tables and 

Abramowitz and Stegun list over a hundred. The most extensive readily available 

table is Volume 1 of Tables of Integral Transforms by Erdélyi et al., which lists 

over a hundred pages of Laplace transforms. Furthermore, most CAS have built-in 

Laplace transform routines. For example, 

LaplaceTransform [ f(t), t, s ] 

in Mathematica gives the Laplace transform of f(t) in terms of s. 

Even with extensive tables and computer programs, it’s still important to be 

aware of some general properties of Laplace transforms. Two of these are called 

817 
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Figure 17.1 
A function f(t) and f(t — a) plotted 

against t. Note that f(t — a) is simply 

f(t) shifted to the right by a units. 

Chapter 17 / Integral Transforms 

Table 17.1 

A short table of Laplace transforms. 

fO)  fOV= Eo) {On Sie’) 
n! : T(k + 1) 

n —- & = t THE 71 ele ee t as k>-l 

! 
(ee s>a gee ln eet s>a 

sS—a (s —a)"t 

a Si 
sin at — Sa) cos at oa Gs 0 

gs? +a? s?+a? 

a iS 
sinh at Sea cosh at s>a 

agp Rees 

jay 2as eee s? — a? 
sin a eee aoe 

(s2 + a2)? (s? + a2)? 

translation properties. The first says that if £{ f(t)} = F(s), then 

L{e" f(t)} = F(s —a) S>a (4) 

Note in Table 17.1, for example, that £{t"} =n!/s"+! whereas L{t"e%} = 

n!/(s — a)"*!, in agreement with Equation 4. 
‘ 

\ 

| 
Example 3: 
Show that 

Wee 

s*+4s+4+ 02 
L{e~* cos Ot} — 

SOLUTION: First use 

5 
CO 

L{cos wt} = i e ' cosat dt = — > 
0 Siena Om 

and then replace s by s + 2 to obtain 

oak 2 

s?+4s+4+ 0? 

a thi pet AF aes tard at resin y shes Liye teria a 

There is a second translation property of Laplace transforms. Let’s consider 

the function defined by 

L{e~ cos wt} = 

0 0) Sipe 

i OOD ©) 
gt)= | 

Note that g(r) is simply f(t) shifted @ units to the right (Figure 17.1). It’s easy to 
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show that £{g(t)} = e-* F(s): 

Li{g(t)} =| Btcas Ged) (6) 

Let t — a =z to write 

pteoi=e™ | dze f(z) =e “ Fis) (7) 
0 

It is often convenient to write g(t) in terms of a unit step function, 

OMe) 
H(x)= 

(x) {‘ OR ax (8) 

in which case g(t) = H(t — a) f (t — a). Equation 6 is often expressed as 

L{HG —a)f(¢—a)} =e 5* FG) (9) 

ee ea eg 
Example 4: 
Plot the function defined by 

f@=3-—4¢ —-DAt—14+4¢ —3)H¢t —- 3) 

SOLUTION: The function is given by 

3 OR al 

fO= 3-—4(t-1)=7-4t P=t23 

3—4(¢ — 1) + 4(¢ — 3) =—5 3 Si 

and is plotted in Figure 17.2. 

eee = a I 

There are a number of general properties of Laplace transforms that follow 

from Equation 1. The most important one for our purposes involves the Laplace 

transforms of derivatives of f(t): 

If f(t) is continuous for t => 0 and of exponential order as t + 00, and if 

f(t) is piecewise continuous and of exponential order as t + 00, then 

Lif} =sF(s) — f) (10) 

Equation 10 follows from Equation | by an integration by parts (Problem 7). More 

generally, 

TE PREV Ta oats f@—» are continuous for t > 0 and of exponential order 

as t > oo, and if f(t) is piecewise continuous and of exponential order 

819 

—o 

Figure 17.2 
The function f(t) = 

SB 4 (Gs Ae 4 (3) (a3) 

in Example 4 plotted against f. 
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as t + o0, then 

Lf) =s"F(s) —s" 6 O — 8"? KO@---- Ff" OQ aD 

The above theorem is central to the use of Laplace transforms to solve differ- 

ential equations with specified initial values (initial value problems). Consider the 

differential equation 

y(t)+y@)=cost  y(0)=1; y'()=0 (12) 

If we take the Laplace transform of the entire equation, we obtain 

Ly" + £0) = 3 

Letting L{y(t)} = Y(s) and using Equation 11, we have 

S 6 A 
s°Y(s) -s+Y(s)= (s) (=a 

Solving for Y(s) yields 

S S Pees ee tees 
‘) se+1  (s2+1)2 

(13) 

Note that we have converted the differential equation for y(t) in Equation 12 

into an algebraic equation for L{y(t)} = Y(s). The price that we pay is that we 

have to “undo” the transformation to find y(t). More correctly, we say that we 

must find the inverse of Y(s), 

LUV (s)} = y(t) 

We'll see in Section 7 that L~' is a linear operator, so taking the inverse of both 

sides of Equation 13 gives 

sj RY a S 

ae Crs Rae oes = 
Both terms in Equation 14 happen to be in Table 17.1 (see also Problem 10), and 

so we have 

mee. 
SEE GOS. hth py FSI (gia) 

It’s a simple matter to show that Equation 15 satisfies Equation 12. Note that the 

initial conditions are built into the solution through Equation 10. 

Sometimes the right sides of the differential equations we want to solve are 

periodic functions. This is the case of the periodic forcing terms in vibrating 

systems or electrical circuits. Consider a periodic function with period T, so that 

heya 
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for all values of t. The function is completely specified by its behavior over one 

period, 0 < t < t. The Laplace transform of f(t) is 

es) OO (n+l)t 

c1ror= | e“roar=> | Gf (yar (16) 
n=0 AT 

where each integral here is over one period. Now let t = nt + x, so that Equation 4 

becomes 

cireoy= oe fe peas (17) 
n=0 

The integral here is independent of n and so we can use the geometric series to 

sum the right side of Equation 17 to write 

/ en Kaas 
0 EOL @)— mT (18) 

ieee ol aT 
Example 5: 
Determine the Laplace transform of the periodic square wave described by 

f@+2r) = f(@) with 

pont 
(See Figure 17.3.) 

SOLUTION: We use Equation 18 with t replaced by 2t: 

2t C 2t 

/ PBS AUN i e "dt — / err 
0 0 t 

F(s)= = 
i= e725 (ie e72st 

(i= e St) et, (e%* cas e725T) Z (Che e st)? 

s(i- e725T) Gl = e725T) 

Problem 9 has you show that the result is equivalent to 

tanh ie 
2) 

S 

Oe Sia a Sheet gem 

821 

~ 

Figure 17.3 
The periodic square wave described in 

Example 5. 
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17.1. Problems 

1. Show that £{sin wt} = ~=—W\ and L{cos wt} = 
s* + sz + @2 

n! f ; 
2. Show that G{r"e""} = ae eel where s + a > 0 and n is an integer. 

sta 
S 

3. Show that £ {sinh at} = —“— and L£ {cosh at} = 
Ni aie s? — a? 

4. Show that the following functions are of exponential order as t + oo: 

(ayer cost (D) mises (c) coshat 

Mo : : 
5. Show that e’” is not of exponential order as t > oo. 

6. Show that Jim F(s)= =() if f(t) is piecewise continuous over every finite interval for ¢ > 0 and is of 
— CO 

exponential order. The significance of this result is that there are no Laplace transforms that are polynomials 

in s or trigonometric functions of s. 

7. Derive Equation 10. 

8. Suppose that f(f) is not continuous, as required by Equation 10. Show that Equation 10 is modified to read 

LEE) tee sF(s) — fO) —e"[f (ty) — f(t,_) if f(@) has a (finite) discontinuity at ¢ = ft. 

9. Show that (1 — e7*)2/(1 — e72*) = tanh(x/2). . 

10. If f(t) is piecewise continuous and of exponential order as t > 00, thei it is valid to differentiate Equation | 
ane : 2 

with respect to s to obtain F"(s) = L{(—1)" f (t)}. Use this result to show that £{t sin wt} = ee eee, 
(s2 we w*)2 

11. Use the result of Problem 10 to show that £{t cos wt} = (s? = w*)/(s2 +), 

(ove) 
2 

12. Use the result of Problem 10 to evaluate J (a~) = / t-e "sin f di, 
0 

5 IT 
snot O<t<— 

13. Show that if f(t + 27/w) = f(t) and if f(t) = es so 
QO —<t< — 

(22) (22) 

ailean\ ce ; a @ SEO 
then BOP Oe rar an / ) 3 

14. Show that the Laplace transform of 5(¢) is equal to 1. Why doesn’t F(s) — 0 as s > oo in this case? 

15. Show that L{e” f (t)} = F(s — a). Use this result to show that £{e“ cos wt} = ie ae ea 
s? —2as +a? +02 

16. Show that if f(t +2) = f(0 and if f(t) = | enh oye ele 2 
—ks 

a ONO =a 17. Show that L{5,(t)} = —— if sn =| rea 

18. Determine Ltr 2e-@ ty Hint: Use the integral that you evaluated in Problem 1.9.14. 

1/2 

A ge Al 2a . 
) e 745" Hint: Use the result of the previous problem. 19. Show that L{1-3/2e-°/"} = (3 

a 
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20. 

21. 

22. 

23. 

24. 

25. 

26. 

21. 

The Laplace Transform 

pees the definition of the complementary error function given in Section 3.3, namely erfe(x) = 

ii = fo ee du. It turns out that L{erfc(a/./t)} for a > 0 occurs in a number of physical problems. 

We will evaluate L{erfc(a/,/t)} in this problem. First let « = a/,/y in erfe(a/./t) and show that 
A dy 

erfe(a//t) = — + fe a/y a a > 0. Now write F(s) = Cterteta/ Vn) =f e “erfe(a/./t)dt asa 

double integral and then interchange the order of integration to show that F(s) = - i Cs yoy 
Js Jo y3/2 

Now let y = x? and show that 

ie) 2 

oes / ee 
0 x2 

00 s 1/2 : 
Finally, use the fact that (see Problem 1.9.14) i ee aI dy — ; (=) e245"" to show that 

0 S 

F(s) = Lf{erfc(a/Vt)} = sea 

1 
Show that L{Jp(t)} = > where Jo(t) is a zero-order Bessel function of the first kind. Hint: Use the 

s-+ 1 
series definition of Jp(t) and also use the result of Problem 2.7.13. (See also Problem 23.) 

Show that if F(s) =L{ f(t)}, then L{ f(at)} = lp (: ) Use this result to show that £{ Jo(at)} = oe 
a a ste 

; ; : byes ‘ 
Here is another way to evaluate L{Jo(t)}. Start with (Section 12.6) Jo(t) = — / cos(t sin @)d@. Now let 

HT JO) 
] m/2 9) a /2 

@ = 0 — 1/2 and show that Jo(t) = — i! cos(t cos 8)dé = — i cos(t cos 0)d@. Now take the Laplace 
™ J—n/2 ach 

a Osea do 
transform of Jo(t) and interchange the orders of integration to get / Ce ada ed if ear eee 

0 x Jo s“ + cos- 

ee 1 
Now use the fact that eS ow that Ai o)} = : 

0 s%+cos?@ 2s(s2 + 1)!/2 s2+] 

Determine the Laplace transform of H(t) — H(t — 1/2). 

Show that if f(t) is piecewise continuous and of exponential order and, in addition, if Lim f(t)/t exists, then 
t— 

[o-e) 

Iu {£2} = F(s')ds’. 
t s 

Show that lim f(t) = te sF(s) provided these limits exist. Hint: Start with L{ f’(1)}. 
t+ 00 sa F 

Show that Ue f(t) = lim sF(s) provided these limits exist. Hint: Start with £{ f'(t)}. 
t—0+ S00 

823 
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17.2 The Inversion of Laplace Transforms 

In the previous section we showed that Laplace transforms can be used to solve 

differential equations with a set of initial conditions. The procedure is to take the 

Laplace transform of both sides of the equation, which results in an algebraic 

equation for F(s). After solving for F(s), we then invert it to find the solution to 

the differential equation (including the initial conditions). Usually the only difficult 

step in this procedure is the inversion of F (s) to find the original function. We can 

represent the inversion process symbolically by 

LUF()} =f (1) 

There are a variety of ways to invert Laplace transforms. In fact, there is 

actually a mathematical formula to determine f(t) from F(s), but it involves the 

integration of a function of a complex variable. We’re going to spend the next 

two chapters learning about the calculus of functions of complex variables, and 

we shall learn how to use the so-called inversion formula of Laplace transforms 

there. Fortunately, however, you can invert a great number of Laplace transforms 

using tables. Just as it takes a little practice to use a table of integrals, it takes some 

practice to use a table of Laplace transforms to find inverses. It turns out that the 

method of partial fractions is one of the most useful methods for inverting Laplace 

transforms when solving ordinary differential equations. 

Recall that the method of partial fractions is used to reduce the rational 

function N(s)/D(s), where N(s) and D(s) are polynomials in s with the degree of 

N(s) being less than the degree of D(s) toa sum of simple terms. You undoubtedly 

used partial fractions as an integration technique in your calculus courses, but we 

shall review it here. The general procedure is as follows: 

= . To each linear factor of the form (as + b)” in the denominator there correspond 

partial fractions 

a] a9 Xn 
st qE oo 6S —— 

as+b (as +b) (as + b)” 

2. To each quadratic factor of the form (as? + bs + c)" in the denominator there 

corresponds partial fractions 

as al By AS a Bo a. aS LL By 

as*+bs+ec  (as?+bs +c)? (as* + bs +c)” 

3. The as and fs are found by combining all the partial fractions and comparing 

the numerators of both sides of the resulting equation. 

The method of partial fractions is best illustrated by examples. 
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i a a anee rennin = SeRnIie eat a= =| 
Example 1: 
Expand 

OO SS sh 2s 
in terms of partial fractions. 

SOLUTION: 

57+ 55 —14 ee Bs+y 

s(s?+s—2) 5g s2+5—2 

_ (a+ B)s? + (a+y)s — 2a 

_ s(s? + 5 — 2) 

Now equate like powers of s in the numerators on each side to geta + 6 = 1, 

a+y =5, and —2a = —4, so thata = 2, B = —1, and y = 3, so that 

SA 3-5 

aca.  & Vea 

2 ee eS 2 ee ee 

Example 2: 
Expand 

in terms of partial fractions. 

SOLUTION: First factor s* — a* as (s* + a*)(s” —qa’)= (s? aq") 

(s + a)(s — a). Now write 

2a’s 2a*s 

7 (s? + a2)(s +.a)(s — a) 

s+6 
Set ee ea 
S+a sS—a Sitti 

ap y)s? + (aB — aa + 5)s? + a@+tp—y)s+@s— ava — a*d) 

Aad 
i an 

Equating like powers of s in the numerators on each side gives 

a+B+y=0 a+B-y=2 

ap —aa+6=0 ap —a’a — a5 =0 
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ora = B = 1/2, y = —1, and 6 = 0. Therefore, we have 

2a’s a | cherie 

sia? 2G-ta). Qeea) tsa 

ee ee er he Bey rE 

We can readily use the result of Example 2 to invert F(s). Referring to 

Table 17.1, we see that 

= abe =a ee COSIOL 
2 Ds 

= cosh at — cos at 

If we try to use the result of Example | to invert F(s) in that case, we don’t 

seem to be able to use Table 17.1. We can use Equation 4 of the previous section, 

however, which says that 

L{eVFf)}=F(s—a)  s>a (2) 

’ 
‘ 

Let’s use this result to find the inverse of 

Fs 1 
LS see cr sorgr mes g- +45 + 13 

Add and subtract 4 in the denominator to write it as (s + 2)? + 9, so that 

(s+ 2)2+9 

Table 17.1 shows that £{sin at} = a/(s* +a”), so that we use Equation 2 to write 

I l 
ot : = e~* sin 3¢ 

s“ + 4s + 13 3 
7 

ee | 
Example 3: 
Find the inverse of 

SOLUTION: We first write the denominator as (s — 2)2 + | to get 

s+] 
EG 
ee 
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The form of the denominator suggests that we are going to have a result such 

as F(s — 2), and so we write F(s) as 

(See) Foe we 2) ws Gee rh 3 

(2 es 2)e a (sD) 
F(s)= 

Referring to Table 17.1 and using Equation 2, we have 

1 
ae {==+*_| Se cos t + 3e~! sin ¢ 

s*— 4s 

re en 

We can also use the second translation property to invert Laplace transforms 

that contain factors of e~“*. Recall that this property says that if (see Equations 5 

through 9 of the previous section) 

0 ORS <a 

Vea) saat G) 
g(t)= | 

then 

CO co x 

Liet)} = / dies" f(t =a) = i dte “H(t —a)f(t—a)=e *F(s) (4) 
a 0 

Let’s use this result to determine Dele?) sey. Equation 4 tells us that F(s) = 

1/s*, so that (see Table 17.1) f(t) =f, and 

OOS ea = pHly=28 7.2) — g(t) =L"e Obes ee 

or g(t) = (t — 2) H(t — 2), where H(x) is a unit step function. It’s easy to show 

that L{g(t)} =e” /s?. 

| 
Example 4: 
Determine 

SOLUTION: 

The first term gives go} | = = t. Using Equation 4 we see that the second 
s 

827 
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4 
i 

3 hs 

3 t 

Figure 17.4 
The solution to Example 4, 

fot (35) Mi(— 3), plotted 
against f. 

4 

LLL). 
Figure 17.5 
The function f(t) =t — H(t — 1) — 

A(t —2) — H(t —3)+-.-- plotted 

against f. 
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term gives 

ey e738 

“L 52 = (t — 3)H(t — 3) 

Therefore, 

f@®=t—-(¢t —3)H¢ —3) 0 

which is plotted in Figure 17.4. 

ee eee 

Let’s invert 

1 Pe oe (5) 

The first term gives t, but what about the second? Let’s expand 1/(1 — e~*) as a 

geometric series to obtain 

r 1 ee = —25 Ay on en 6 a 
Ss RY ‘te 

1 e e725 e738 , 

SS ee ee “ps 
s2 Ss Ss S 

Inverting term by term using Equation 4 gives 

f@)=t-—At—l-—HAt—2)-—HA(t—-3)4+-:-- 

t ORs <a 

t—1 l<f<y (6) 

t—2 SR hae, 

and so on 

This result is plotted in Figure 17.5, which shows that f(r) is a periodic sawtooth 

function of period 1. ; 

It may not be surprising that the inverse of F(s) in Equation 5 is a periodic 

function if you remember Equation 18 of the previous section. Recall that if 

f(t) = f(t + T), then its Laplace transform is given by 

/ ee fikt)dt 
rales eee See 

ee (esse (7) 

and so the denominator of Equation 5 suggests that f(t) might be periodic. (See 

Problem 26, however.) 
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ne Ke tetignmah \pgier a) re man || 
Example 5: 

Find the inverse transform of 

“ 1 
F(s) = —————_ 

Screws) 

SOLUTION: Expand 1/(1 +e ~°*) as a geometric series to obtain 

i 1 —ST —2st —35T F(Sj=—-(l=-e°° +e 7° ~e ex os) 
S 

Inverting term by term gives 

f@)=1- H¢—-—1t)+ A(t —2rt) — H(t —3t)4+ --- 

or 

1 Wi re 

0 Ui SMe 

io 1 De <i <= Be 

0 Bit AG 

and so on 

The function f(t) describes periodic pulses of square waves, as shown in 

Figure 17.6. 

I es ge dN eet oe eB 

There is one more general property of Laplace transforms that we should 

discuss in this section. We shall see that it frequently happens that we want to 

invert the product of two Laplace transforms. The problem we wish to solve then 

is to determine 

r(t) =L7'{F(s)G(s)} (8) 

To find r(t), start with 

rm oO . CO 

FG) = i die oft) and G(s) = / due *“g(u) 
0 0 

and form 

A aA 6° an 

F(s)G(s) =i due ““F(s)g(u) (9) 
0 

Now we know from Equation 4 that 

e *“ F(s) =i! dte “H(t —u) f(t —u) 
0 
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Figure 17.6 
The function f(t) defined in Example 5. 
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(a) f 

(b) é 

Figure 17.7 
A pictorial aid to interchanging the orders 

of integration in Equation 10. (a) We 

integrate over ¢t from u to oo first, and then 

add up all the horizontal strips as u goes 

from 0 to oo. (b) We integrate over u from 

0 to ¢ first, and then add up all the vertical 

strips. The two processes cover the same 

area of the ut-diagram. 

Chapter 17 / Integral Transforms 

If we substitute this result into Equation 9, we obtain 

Poy = | auf dte “H(t —u)f(t —u)g(u) 
0 0 

CO Co 

=| du i dte *' f(t —u)g(u) (10) 
0 u 

Because f(t) and g(t) are well behaved, we can interchange the order of inte- 

gration in Equation 10. Figure 17.7a shows the integration over ¢ followed by the 

integration over u. Figure 17.7b shows that the result of interchanging the orders 

of integration in Equation 10 is 

PG) = | are" | du f(t —u)g(u) a) 
0 0 

Notice that the right side here is exactly the Laplace transform of 

t 

/ auf (t= ne) 
0 

This type of integral is called a convolution integral and is commonly denoted by 

f * g, so that we write 
” oil 

fees [di f(t“ u)g(u) (12) 

We can write Equation 11 as 

Lif * g} = F(s)G(s) (13) 

or 

curwGo= [ du f(t —u)g(u) =f *g (14) 

Because F(s) and G(s) occur symmetrically in Equation 8, we also have 

t 

oUF OG = f du f(u)g(t —u)=¢ * f (15) 
0 

so we see that the convolution operation is commutative; that is, f * g = g x f. 

i ae ea 
Example 6: 
Show that 

t 

/ du Jo(u) Jo(t — u) =sint 
0 

Use the result of either Problem 21 or 23 of the previous section. 
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SOLUTION: Denote the right side of the above equation by f(t). We 

wish to show that f(t) = sin ft. The integral on the left side is a convolution 

integral, so the Laplace transformation of both sides gives 

l 

& {| du Jou) Jo(t —u)p= Jo(s) Jo(s) =f (eh) 

0 

According to either Problem 21 or 23 of the previous section, Jo(s) = 

(s2 + 1)~!/2, so we have 

MEOl=s— 

But 1/(s* + 1) is the Laplace transform of sin f, so we see that f(t) = sin f. 

| SS ee ee 

17.2 Problems 

Find the inverse transform of the following: 

B | A 1] 
Leki Cs) = 2. F(s) = ————_ 

ts) s2 i SS s?(s? + 1) 

A 2s- + | A so +] 
4. F(s) = ———~ 5, JG) = : 

s(s + I); (s — 1)3 
A s*—a A | 

7. F(s) = —— Sais) = 
‘s) (s? + a?) ! s2— 6s +8 

B 5s £ a ll. F(s) =s—3” 
s* +25 ol - 

/ p= 23 4 = 
Bone) = Clete 

S g- —] 

soe eS 
15. Find £~!{F(s)} if F(s) = —. Plot your result. 

s2(1—e7) 

16. Evaluate t * 7. 

17. Evaluate F(t) = (sin at) * (sin at). 

t 

18. Show that the Laplace transform of f(t) = | du u*'(t — u)—is F(s) = 
0 

—I/s 

12. 

] 

oo (s? + 1)(s2 + 2) 

Ss 

on (s + ue 

Be s? = +8 
Ae = 

POO) 

guty 

19. Show that £7! {| = Jor): Hint: Expand e~'/* in a power series. 
s 

t 
20. Show that £ {| fo au ape) 

0 S 

831 
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21. 

22. 

23. 

24. 

25. 

26. 

27. 
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Shes 
Use the result of the previous problem to find £{Si(t)} where Si(t) = / du a 

0 

1 _>,a/2 : 
In Problem 20 of the previous section, we showed that Lf{erfe(a/V/t)} = —e 2as""”. Use this result to show 

s 
ee ele a ea} 

that £ bgees Se = an 
IL a cil ; 

In Problem 20 of the previous section, we showed that £ {erfc(a//t)} = -e 2as"" Use this result to show that 
s 

1 { Smee = si Jerto( “4 ** 3 eto( | n=0 

Show that £~! 

eas 1 

ip Gn 

This problem illustrates the fact that a Laplace transform of the form of Equation 7 is not necessarily a periodic 
A A 1 

function. Find £~'{F(s)} if F(s) = area Plot your result. 
s(—e7 

Use any CAS to do Problems 1 through 14. 

cos(2a!/*1 Wes Show that £~! 

17.3 Laplace Transforms and Ordinary Differential Equations 

One of the most powerful applications of Laplace transforms involves solving 

ordinary differential equations with given initial conditions. In fact, an early form 

of Laplace transforms was developed by the British engineer Oliver Heaviside 

in the late 1800s to solve differential equations describing electric circuits. The 

key to solving differential equations using Laplace transforms is that the Laplace 

transform, being an integral transform, is a linear operation, 

Lifer f(t) + cofo(t)} = c1Fi(s) + co Fa(s) (1) 

and the relation involving derivatives of f(t), 

LFW) =s"F(s) — 8" "FO —s" 7 F/O —----— f° OQ) 

We briefly discussed the method in Section | and here we shall discuss it more 

fully. 

Consider the homogeneous differential equation 

y(t) + 3y'(t) + 2y(t) =0 (3) 

with initial conditions y(0) = yg and y’(0) = yj. Take the Laplace transform of 
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each term and use Equation 2 to obtain 

s°¥(s) —S¥o— yi + 3s ¥ (s) — 3y9 + 2Y¥(s) =1() 

Solving for Y(s) gives 

S¥9 + 30+ V1 
Y(s)= 
( s* +35 +2 

_ S¥0 + 3¥0 + y1 
—CADG2) 

We use partial fractions to write 

syot3¥o+ Yi _ 2¥o+ YM _ YOTN 
(s + 1)(s + 2) s+] SD 

Referring to Table 17.1, we see that 

yt) = LY (s)} = Ayo + ye" — (vo + ye ™ 

This is the general solution to Equation 3, which could easily have been 

obtained from Section 11.3 (Problem 1). Note that we obtain the solution with 

the initial conditions built in. This is because of the nature of Equation 2, which 

includes the initial conditions. Note also that the method works so smoothly 

because Equation 3 has constant coefficients. It’s not necessary that this be so, 

but applications to differential equations with non-constant coefficients most often 

rely on fortuitous cancellations of terms or special results. The real power and 

convenience of the Laplace transform method is for nonhomogeneous differential 

equations (usually with constant coefficients). 

ee ee a 
Example 1: 
Solve 

y(t) + 3y'(t) + 2y(t) =e! 

with y(0) = land y’(0) = 0. 

SOLUTION: Taking the Laplace transform of both sides yields 

s°¥(s) —s +3sY¥(s) —34+ 2Y¥(s) = 
Ses 

Solve for ¥(s): 

> ] 34+5 
Y(s) = ——_.—_——_ + = 

(s —1)(s?+35+2) s?+3s+2 

833 
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7 | i 34+58 

yea ene) 

1/6 a 1/2 i 1/3 D, | 

Teel eas, Se eso eae 

Using Table 17.1, we have 

@= eee ae 
a aa a 

The following Example describes a simple harmonic oscillator of natural 

frequency wo, driven by a harmonic force of frequency ow. 

Example 2: 
Solve 

2D C 
y(t) + woy(t) = A sin wt 

with y(0) = land y’(0) =0. 

SOLUTION: Take the Laplace transform Of both sides: 

rs n A@ D 2D 
s°Y(s) —s +@5Y¥(s) = 

v sz +2 

Solve for Y(s): 

A aS A@ 
Y(s) = + 

s2 + wp (s2 + wp) (s? + w?) 

Ss A@ Aw 
= ae — OFM 

s2 4 w% (w? — wp) (s? + w) (w? — w)(s? + w) me 

Using Table 17.1, we have 

A OY . ; 
y(t) = cos wot + — 5 | — Sin wot — sin ot 

@* Wo 

If wm = wo, then 

s Aw 
Y(s)= 

s2 + W (s2 + ws)? 

and so 

Aes 
y(t) =COs Wot + eh ws Wot — Wot COS Wot) 

o 
0 
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where we used the result of Problem 10 of the previous section. (See also 

Problem 22.) Note that in this case the displacement increases with time due 

to the resonance condition @ = wp. 

peer es Ee ee 

The next Example shows how we can solve a nonhomogeneous equation in 

terms of a convolution integral. 

Example 3: 
Solve 

y"(t) + apy(t) = g(t) 

with y(0) = yo and y’(0) = uo. 

SOLUTION: Take the Laplace transform of both sides and solve for Y(s): 

yos + Ug G(s) 
Y(s) = = 

s- +0 s* +0 

The inverse of ¥(s) iS 

Up. path 
y(t) = Yo COS Wot + isin Ay == / g(t —u) Sin @pu du 

Wo wo JO 

This is the general solution to the above differential equation, which you 

could obtain using variation of parameters. 

ee ee 

One final set of problems that we shall consider before we finish this section 

involves the bending of a beam or bar under an applied load. These systems are 

different from the others that we have discussed because they are described by 

a fourth-order differential equation, the independent variable is a distance, and 

the boundary is not necessarily specified at x = 0. Consider a uniform beam that Figure 17.8 
ret : / eee . A uniform beam supported at its ends and 
is slightly bent due to some applied load, as shown in Figure 17.8. The theory of | wder an applied load. 

elasticity tells us that if y(x) denotes the deflection of the beam from the horizontal, 

then y(x) satisfies 

Voss i) (4) 

where y is a constant that depends upon the material of the beam and its shape and 

w(x) represents the distribution of the load along the beam. The typical boundary 
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Figure 17.9 
An illustration of the typical boundary conditions associated with the calculation of the deflection of a uniform beam. 

(a) The ends are supported; (b) the ends are clamped, as imbedded in a support; and (c) one end is clamped and the 

other end is free. 

iy 

— a | 

Figure 17.10 
The deflection of a uniform beam 
supported at its two ends under a uniform 

load —wo. 

Figure 17.11 
A beam of length 2/ that is clamped at its 

left end and free at its right end. 

w/wo 

Figure 17.12 
A plot of the load w(x) = 

—wo[H (x) — H(x — 1)] that 

occurs in Example 4. 

conditions are (Figure 17.9): 

1. Simply supported, as resting on a support: 

y =O and y” =O at the point. 

2. Clamped end, as imbedded in a support: 

y =O and y’ =O at the point. 

3. Free end: 

y”’ =Oand y” =O at the point. 

For example, let’s determine the shape of a beam of length | that is supported 

at both ends and is under a uniform load —wg: acting downward in Figure 17.8. 

Equation 4 is very simple in this case and yields 

Cx? Cox" Mme 
SS sre eae ear yy(x)=- of ; 

There are four boundary conditions to determine the four constants of integration: 

yO)=yd)=0 and y"(0)=y"(1) =0 

The resulting curve is 

al) 4 z) x) = ———(-x +2x —x y(x) aay ( ) 

Figure 17.10 shows this deflection. This example is pretty simple and doesn’t 

require the use of Laplace transforms. 

The following Example is a little more demanding. 

i rr ey ee | 
Example 4: 
Consider the beam of length 2/ in Figure 17.11. The beam is clamped at its 

left end and its right end is free. Determine the resulting deflection of the 

beam under the load (see Figure 17.12). 

wx) = sol) tH Gaal) 
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SOLUTION: The boundary conditions are y(0) = 0, y’(0) = 0, y’"(2/) =0, 

and y’”"(2/) = 0. Take the Laplace transform of Equation 4 to obtain 

A = — p—sl 
s*¥(s) _ s>y(0) at s*y'(0) = sy”(0) = y’”(0) = avo en 

y Ss 

Now y(0) = y’(0) = 0, but we are not given y”(0) or y’””(0). Denote these 

by a and 8, respectively. 

Solving for Y(s) gives 

Wo 1- ew! 

3 
ores 

1S) Ss VES? 

so that 

a2 3} 
a 4 —(x —l)"H(x -— A 6 aay (x —l)"H(x —J))]) 

We can now determine a and B by using y”(2/) = y’”(2/) =0. Forl < x < 21, 

2 3 
AX D Ge W B 0 4_«_p4 
2 aeDWE rhe 

yx%)= 

This gives y”(2/) =a + 261 — 3wol?/2y and y(21) = B — wol/y, so that 

wal 
pee) Sandip 

2y Y 

Finally, then, the deflection of the beam is given by 

4 
pares 3 Wo l*x Wolx- w 0 0 0 14H (x —1 re oe aay (Ge = I) alos = 1D) yo) == [x 

This result is plotted in Figure 17.13. A beam with one end clamped and the 

other free is called a cantilever. 

This Example illustrates that it is not necessary for all the boundary condi- 

tions to be specified at x = 0 (or t = 0). Problems 16 through 20 involve other 

calculations of the deflection of beams. 

17.3. Problems 

1. Solve Equation 3 using the method given in Section 11.3. 

Use Laplace transforms to solve the following differential equations: 

2. y(t) + 4y'(t) + 4y(t) = 9e' with y(0) = y’(0) = 0. 

3. y(t) — 4y(t) =5 sin 2t with y(0) = 0 and y’(0) = 1. 

837 

t yy/wo 

a e 

Figure 17.13 
The deflection of the beam described in 

Example 4. 
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. y(t) + y(t) = g(t) where g(t) = 
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. y(t) + 2y/(t) = 82 with y(O) = y’(0) = 0. 

4, Way sey 
d y(0) = y/(0) = 0. Pie a and y(O) = y'(O) 

. y(t) — 6y"(¢) + 11y’(t) — 6y(t) = 1 with yO) = y’(0)'= y"(@) =0. 

Laplace tranforms can be used to solve simultaneous differential equations. Solve the following sets of 

differential equations using Laplace transforms: 

ame (Geta A(t = 2 y(t eat 8. x/(t) — x(t) + 2y(t) =0 9. x(t) — x(t) —2y(t) =t 

x(t) + y(t) — y(t) =1 3x(t) + y/(t) — 2y(t) =0 —2x(t) + y(t) — y(t) =t 

with.x (0) = y(O) =0. with x(O) = 1 and y(Q) = 2. with x(0) = 2 and y(O) = 4. 

=i 

10. Solve y(t) + 2y'(t) + y(t) = g(t) where g(t) = e DStS I 

20. 

21. 

22. 

. The differential equation governing a LC circuit is a: =f 
if 

() ileus 

. Solve x(t) + wx (t) = Fod(t — to) with x(0) =a and x/(0) = 0. 

2 
d-q - = E(t). Solve this equation for g(t) and 

i(t) =dq/dt for the case E(t) = Ep and q(0) =i(0) = 0. 

. Determine i(f) for an LR circuit where E(t) = Ep and i(0) = 0. Interpret your result physically. 

. Solve the previous problem with E(t) = Ep cos wt. The quantity Z? = L?w* + R° that arises naturally is 

called the impedance of this circuit. 
‘ 

‘ 

. Determine i(t) for an RC circuit with E(t) = Ep sin wt. Assume that q(0) = 0 and i(0) = 0. Express your 

answer in terms of Z* = R? + 1/w*C?, which is the impedance for this circuit. 

. A beam with one end clamped and the other end free is called a cantilever beam. Determine the deflection of 

a cantilever beam that is subject to a constant load —w over its entire length a. 

. Determine the deflection of the beam in the previous problem if it is clamped at both ends. 

. A beam of length 2a is clamped at both ends and has an applied load wp concentrated at its midpoint. Determine 

the deflection of the beam. Represent the load by —wyp d(x — a). 

. Acantilever beam (see Problem 16) of length 2a is subject to a load described by 

2G, 
WAC) a4 

0 Gaia 

1—x) O<x<a 

Determine the deflection of the beam. 

Re-do Problem 19 with the beam clamped at both ends. 

Determine the deflection of a beam of length 2a that is simply supported at each end and with a uniform 

load —wp. 

Show that £7! | Sieg nacOSiat by differentiating £{sin at} z ith tt ————- f = == 1 g at} = ——— with respec : 
(s2 + a2)? 2a” 2a s- +a? P ~~ 
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17.4 Laplace Transforms and Partial Differential Equations 

Laplace transforms can be used to solve partial differential equations. As usual, the 

partial differential equations must be linear with constant coefficients, but as we 

saw in the previous chapter, this still provides us with a large number of physical 

applications. 

As our first example, consider the one-dimensional heat equation, 

=== (1) 

over the semi-infinite region x > 0. This equation describes the conduction of 

heat in a long rod whose lateral surface is insulated. Let the rod be initially at 

zero temperature and let the left end face of the rod (x = 0) be kept at a fixed 

temperature ug. These two conditions translate into 

Tce) 10) 36 S10) u(O, t) =uo (2) 

We also impose the physical condition that u(x, t) =0 as x > oo. 

Let’s take the Laplace transform of Equation | with respect to the time 

variable. Denoting £{u(x, t)} by U(x, s), the left side becomes 

oe) 2 2 (o-e) Q2 a 
/ pe = g if Ca aa o°U(X, Ss) (3) 

0 0 ax? ax2 ax 

provided that it is legitimate to interchange the orders of integration and differ- 

entiation. We know the conditions for doing this from Section 1.8, but since we 

don’t know u(x, t) yet, it’s difficult to access it. Nevertheless, we would expect 

any function that describes the physical situation of the temperature in a rod to 

be suitably well behaved. In all cases involving integral transforms to solve partial 

differential equations, we should verify that our final result satisfies both the partial 

differential equation and its associated boundary conditions and initial conditions. 

eo ee ee 
Example 1: 
Show explicitly that 

where £& is taken with respect to f. 

SOLUTION: 

5 2 
ig, { = cos | =L£{=¢ sinxt} = a ax (WS e=))= 

Ge Dis 0 0 
—ZL {cos xt} = — ———- = — ——— 
Ox ax s2 + x2 (s2 + x2)? 

pee tee eee 

839 
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The Laplace transform of the right side of Equation | gives 

du n A 
L {ot | =s06,x) ue, 0506.2) (4) 

if 

Finally, the Laplace transform of the boundary condition (0, t) = uo gives 

L{u(0, )} =U, s)=—2 (5) 
s 

Equations 3 and 4 give us 

U(x S) Ses 
———— — —U(x,s)=0 (6) 

dx? a 

We have written the derivative of U (x, 5) as an ordinary derivative because we 

consider s to be a fixed constant at this point. 

Notice that the time variable has been eliminated (transformed out) in Equa- 

tion |, leaving an equation in just one independent variable. Generally, applying 

a transform to a differential equation will reduce the number of independent vari- 

ables by one. In the case of an ordinary differential equation, the result is an 

algebraic equation. 

The solution to Equation 6 is 

U(x, 8) =cy(syes/% 4 cy(s)e75 1a (7) 

where we recognize that the two “constants of integration” may depend upon s. 

The condition that u(x, t) > 0 as x > oo forces us to choose c;(s) = 0. Setting 

x = 0 and using Equation 5 yields 

U(O, Searcy Cs “0 
Ss 

Therefore, we have 

U(s, x)= le (8) 

Ss 

as the Laplace transform of our solution. The inverse of e7**"7/* ig 

wer ee OG - (see Problem 2-22), and so (Problem 2-20) 

t 

= Bor —3/2_,—x*/4a2y BO) | ae oe of 
(47a) 1/2 i : a 

We can express this result in terms of a complementary error function by letting 

fi =x /4a7y: 

[e,2) 

u(x, t) = Bl) ede 
VT Ix /(4021)'/2 
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3) oo x/(4a2t)!/2 

uh 0 0 

= up{1 — erf[(x/(4a7r)!/2}} 

= ug erfe[(x /(4a7t)/7] (10) 

Equation 10 is plotted against x for various values of t in Figure 17.14. Note that 

the temperature approaches ug for any finite value of x but that u(x, t) > 0 as 

x > Oo. 

Let’s now verify that Equation 10 is indeed a solution to Equation 1. Using 

Leibnitz’s rule (Problem 2) with Equation 9, we see that 

O7u = Or —x?/4a°1 
Ox? (473) 1/2 

and that 

Ou Ugx —x2/4e2t 

br (47 a21t3)1/2 

so that Equation | is satisfied. Furthermore, u(x, 0) = erfc(oco) = 0, u(0, t) = 

Ug erfc(O) = uo, and u(x, t) — 0 as x — 0. Thus, we see that Equation 10 satisfies 

Equation | and its associated boundary conditions and initial conditions. Having 

done this once, the verification of the subsequent solutions will be left as exercises. 

Before we do some other examples, let’s consider taking the Laplace transform 

with respect to the x variable in Equation |. Note that if we were to do that, we 

would need to have both u(0, ¢) and uw, (0, t) specified. So even though 0 < x < co 

in this case, we cannot transform with respect to x. 

There are really no new principles involved here, and the best way to illustrate 

the application of Laplace tranforms to solving partial differential equations is by 

example. Consequently, the rest of this section will consist of various Examples. 

The next Example specifies the flux of heat rather than the temperature at x = 0. 

Example 2: 
Solve the heat equation for a semi-infinite rod whose lateral surface is 

insulated, whose initial temperature is zero, and with a constant heat flux 

maintained at its left-end face. 

SOLUTION: The problem to be solved is 

2 . 

a pene ee a =) 
Ox a Of ‘ 

with u(x, 0) = 0, —Ku,(0, t) = Bo, and u(x, t) = 0 as x — ov. Take the 

841 

Figure 17.14 
The plot of u(x, t) = up erfe[x/(4a71)!/7] 
against x for various values of ft. 
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Laplace transform with respect to time to obtain 

2 aA d*U(x,S) _ © Oe, 850 

dx? a 

with = cURO! 5) = Bo/s and U(x, s) =0 as x > oo. Solving for U(x, Ss) 

gives 

U(x, s)= c(s)e 28 7/2 

Setting —«U,,(0, s) = Bo/s gives c(s) = Bow/«s”/”, and 

Now, according to Problem 2-24, 

eee 
co! |: say) — (nt) 2e-87/40°4 

ay 

and so (Problem 2-20) 

eel 1 xs! /O t 

a fea aa 0 
‘ 

‘ 

and 

t 
a = ae Die 

u(x,t) = Po i eae ee way 
0 Km \/2 

Box ie Bete 
—= Ee~ => 

xm l/2 x/(4a2r)!/2 zn 

where we let z = x/(4a’y)!/*. We can express this result in terms of the 
. . . ’ 66. 99 72 “ce ” 2 

error function by integrating by parts, letting “uw” = e~* and “dv” = dz/z*, 

to get (see also Problem 3.3.16) 

bu 
2 ©O 5 

1 (cet) at 5 (4021) ¥/2e-*7/4071 By Hl 
edz 

kael/ 
x /(4a2t)!/2 

1.00 
7 

dot ite 
— Bo ( a one [ae t may erfc [x /(4a7t)/7] 

0.10 
Pe = 

This solution is plotted in Figure 17.15. Problem 3 asks you to show that this 

Figure 17.15 result satisfies the above partial differential equation and all its conditions. 
The solution given in Example 2 plotted 

against x for various values of 4e?t. en Se EE Ee ce ee 5 eee ed 
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The next two Examples involve solving the wave equation. 

Example 3: 
Consider a semi-infinite string (x > 0), which is initially undisturbed and at 

rest, so that u(x, 0) = 0 and uw, (x, 0) = 0. Now assume that the end at x = 0 

is moved in a manner described by u(0, t) = f(t). Determine the subsequent 

motion of the string. 

SOLUTION: We want to solve 

07u 

ie 
1 au ORS sioo 

v2 ot? O<t 

subject to u(x, 0) =u,(x, 0) =0, u(0, t) = f(t), and, as usual, u(x, t) > 0 

as x — oo. Taking the Laplace transform with respect to time gives us 

eet § 1) OReuraicg 

with U(0, s) = L{u(0, t)} = £{ f (t)} = F(s). The solution to the above 
equation 1s 

U(x,s)= c(syers/” 4b. c9(s)e*5/” 

The condition u(x, t) + Oas x > oo tells us that c;(s) = 0, and the condition 

U(0, s) = F(s) gives 

U(x, yQ= Fisje 7" 

The inverse of U(x, S) is 

wa.n=s (1-4) 4 (r-*) 
v U 

0 eA 

ne s (1-4) (2s x /v 
v 

The result has a nice physical interpretation. The string at a distance x from 

the origin remains at rest until the time f = x/v, when the waveform f (x) 

passes by. The waveform propagates along the string with a constant speed v. 

or 
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errr rem rere a, | 
Example 4: 
Describe the behavior of the string in the previous Example if 

eae O=are 1 

0 l<e 

SOLUTION: Referring to the result of the previous Example, 

0 xe SS Oi 

BOLE p(:-4) x < vt 
(0) 

Uu sin 2x (1~*) Qari or v(t—1)<x <uvt 4-9 0 pet or x <v(t—1) 

"= 

Figure 17.16 

sO putting all this together gives 

0 x < v(t — 1) 

u(x,t) = 4 sin 27(t — x/v) v(t — 1) <x < vt 

0 5 = 

For any given ¢ > 1, the string is undisturbed for x < u(t — 1) and for 

x > vt, and is described by sin 27 (t — x/v) between u(t — 1) and vt (see 

Figure 17.16). This waveform propagates along the string with a constant 

speed v. 
The waveform propagated along a string 
according to Example 4. ee ee ee Ee eee ee 

17.4 Problems 

. Solve the heat equation —~ = 

. Show explicitly that £ { ore] = ere Geeity 
Ox Ox 

. Verify that Equation 10 is a solution to Equation 1. 

. Show that the result given in Example 2 is a solution to the stated problem. 

. Solve the heat equation for a semi-infinite rod whose lateral surfaces are insulated and for which u(x, 0) = ug 

for x >.0, 7072) =u, fort: > 0, and lm uG@5 1) = 19. 
XO 

. Show that the result of the previous problem satisfies the heat equation and the associated conditions. 

. Determine the temperature distribution in a semi-infinite rod whose lateral face is insulated, whose initial 

temperature is zero, and whose left-end face (x = 0) is maintained at f(r). 

. Show that the result of the previous problem reduces to Equation 10 if f(t) = ug. 

ay Lou OS2 S29 subject to the conditi (0, t) 6(t), u(x, 0) =0 SS nditions u(0, t) = 5 0) =), 
Ox a? dt Orey : é =e soe 

and lim u(x,t) =0. Give a physical interpretation to this problem. 
Xx 0O 
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9. Consider a semi-infinite rod whose lateral face is insulated, whose initial temperature is zero, and where there 
is a time-dependent flux f(t) into the rod at the left-end face (x = 0). Determine the temperature behavior of 
this rod. 

10. Consider a rod of length / whose lateral surface is insulated. Let its initial temperature be zero, and then 
maintain one of its end faces at zero temperature and the other at wg. Determine the temperature of this rod as 
a function of time. 

11. Re-do Problem 10 by the method of separation of variables and compare your results. 

12. A semi-infinite rod with its lateral face insulated has an initial temperature of zero. If a constant heat flux is 

maintained at the left-end face so that u,(0, t) = —, then determine the temperature profile of the rod as a 

function of time. 
2 92 

13. Solve the one-dimensional wave equation a : = By Gilt DF ee subject to uw@.0) = Olu 75 0) = 0; 
ax2 v2 ar? Oh 

u(O, t) = A sint, and jim | u(x,t) = 0. Interpret this problem physically. 

2 2 
14. Solve the one-dimensional wave equation dies Cera Subject toms (ON) (a) — 0s 

dx? v2 ar? 0< 
u(x, 0) =0, and u,(x, 0) = sin zx/1. Describe this problem physically. 

Prat ane 1 a? < 
15. Solve the one-dimensional wave equation . Sas es Subject ton (ON) (an 105 

ax? v2 ar? OR 

u(x, 0) = sinnax/l, and u,(x, 0) = 0, where n is an integer. 

16. Solve the wave equation for a string of length/ fixed at both ends with the initial conditions u(x, 0) = 4hx(/ — x) 

and u,(x, 0) = 0. Examine your solution at x =1/2. (See Problem 16.3.9 for the separation of variables solution 

to this problem.) 

17. The longitudinal vibrations of an elastic rod are given by a wave equation where v? is related to the modulus of 

elasticity E and the density p of the material. Consider a beam of length / at rest with one end fixed. Determine 

the subsequent motion of the rod if a constant force Fp per unit area is applied at ¢ = 0 to its free end. In 

other words, solve the equation u,, = v7u,, with the conditions u(0, t) = 0, HA. 6) = lye, Wee, O) SO), eine 

u,(x, 0) = 0. Examine the behavior of your solution at x = /. 

18. Suppose that the pressure is an impulsive blow in the previous problem, so that wu, (/, tf) = yd(t). Determine 

the subsequent motion of the end of the bar. Plot your result. 

17.5 Fourier Transforms 

The Fourier transform arises in a natural way by inquiring about the behavior 

of a Fourier series as the period of the function being expanded goes to infinity. 

Figure 17.17 shows a periodic function as the period gets larger. In other words, 

what form does a Fourier series assume if the function being expanded is not 

periodic? To address this question, let’s look at the complex form of a Fourier 

series (Section 15.2): 

CO 

f(t) = De ceo! (1) 

n=—CoO 
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hae 

K 
(a) 

ME 

cs 
(b) 

Figure 17.17 
A periodic function as the period gets 

longer and longer. 
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where 

1 he —inwot C= f (te O'dt (2) 
T J—1r/2 

where wot = 277. As usual, we assume that f(t) is a real function. Now replace 

1/t by wp/27 and sustitute Equation 2 into Equation | to yield 

5 02 2 ) 
f(t)= ae [2 f poner] eineot (3) 

if? 

We have used u as the dummy integration variable so that we don’t mix up the ¢’s 

in Equations | and 2. If we let t become very large, then wg becomes very small. 

Denote wp by Aw and write Equation 3 as 

oO 

f0) = 53> Findo)ae (4) 

where 

G2 é 
F(nAo) = if fe dn (5) 

—t/2 

The limit of Equation 4 as Aw — 0 looks just like the Riemann sum definition of 

an integral and so we denote nAw by w and write the limit of Equations 4 and 5 

as Aw > 0(t > ov) as 

Ee = — | do | du f (ue?) (6) 
2 J—oco —0o 

Equation 6 is a central formula of Fourier transforms and is called Fourier’s in- 

tegral theorem. Our derivation has been only formal. A rigorous proof of Fourier’s 

integral theorem tells us that if 

1. f'(x) is piecewise continuous and 

2. f (x) is absolutely integrable over (—c, 00), 

then Equation 6 is valid if x is a point of continuity of f (x). If f(x) is 

discontinuous at x, then we replace f(x) by [f(x +0) + f(x — 0)]/2, as 

in the case of Fourier series. Also, as in the case of Fourier series, these 

conditions are sufficient but not necessary. 

If we let 

CO 

— du Fajenc* = c(w) 
Dag 26 

then Equation 6 becomes 

f(t)= / c(w)e!"dw (7) 
—co 
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which is the continuous analog of Equation 1. Equations | and 7 emphasize the 
analogy between a complex Fourier series and the Fourier integral theorem. 

Equation 6 leads us directly to Fourier transforms. If we let 

I a —iwu r 
One / dufiwme =F) (8) 

—0O 

then Equation 6 becomes 

CO 

ms r it 
AC he (ony Ve dw F(w)e (9) 

Equations 8 and 9 constitute a Fourier transform pair. We say that F (w) is the 

Fourier transform of f(t). For example, if 

f(t)=e tl —-w<t<c a>0O 

then 

CO 

F(@) = ik awe eno 
[e,2) 

9 \ 1/2 poo 9 \ 1/2 
= (=) / due ““ cos@ou = (=) oo (10) 

It 0 TU Oe s2 Or 

(See Figure 17.18.) We have used the fact that e “l“l is an even function of u. We 

can recover f(t) from F(@) by using Equation 9: 

1 os Oo ee te a 
vac) = ae: i) dw 

(=) ee 

(277) 66 IU w+ a 

CO 

dw 
2a 

x Jo wo + a? 

COS wt L 
= elt a>0 

Table 17.2 lists a few Fourier transforms. 

Starting from Equation 6, we could have defined F (w) with a factor of 1/27 

in front instead of 1/(27)'/?, in which case Equation 9 would not have any factor 

in front. We chose to split the factor of 1/27 in Equation 6 between f(t) and F(t) 

in Equations 8 and 9 in order to make these two equations more symmetric. Some 

authors use the less symmetric definitions, so you must always be aware just what 

the definition of F(w) is before you go from source to source. 

CMe ee 
Example 1: 
Find the Fourier transform of the Gaussian distribution 

(x = : —x?/20? 

f(x) Ono 

and verify your result. 

847 

=> 5 

Figure 17.18 
The Fourier transform pair 

(a) f(t) =e!!! and (b) 

F(a) = a (2/a) "2 /(w* + 0). 

torw 
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2 2 

Figure 17.19 
The Fourier transform pair (a) 

f(x) = (2207)~'/? exp(—x*/207) and 

(b) F(k) = (02/2)? exp(—o7k?/2). 

Chapter 17 / Integral Transforms 

SOLUTION: Using k as the transform variable, we have 

A | ie ey Pays dx eee 
Digi jes 

The inverse of F(k) is 

1 So 242 9) 

(HOS) = =| dk e~° ©? cos kx 
lige sos 

= 1 Pes” 

(2202)!/2 

ee) Eee ee ee 

Problems | through 6 involve finding the Fourier transform of some elementary 

functions. 

Example | tells us that the Fourier transform of a Gaussian distribution is 

a Gaussian distribution. In addition, the widths of the two normalized distribu- 

tions are reciprocals; f(x) gets narrower and F(k) gets wider as o decreases 

(Figure 17.19). This reciprocal relationship {s an illustration of the uncertainty 

Table 17.2 

Some Fourier transform pairs. In all cases, a > 0. 

F(x) F(k) f(x) F (k) 

Oa aly (27)"25(k) *sen(x) = (=) : 
a k 

elkox (27) /28(k = ko) et kox (27)'/25(k ai ko) 

1/2 1/2 : 
as (2) d oe daisy hull, ie eat 

1 k2 4a? 1 (k? + a2)? 

oo) 1 k2/4a? IU 1/2 
—a°x* —k* /4a* . 

(a (2a2)1/2° 1/x = (=) sgn (k) 

1/2 1/2 
I Tt —a\k| KK a l ——— a e BEL. = d(k) — ———— 

x? + a? (5) a M ®) (27r)'/2k 

* signum x = —1 for x <O and | for x > 0 

** unit step function = 0 for x < 0 and | for x > 0 

Note that H (x) = $[1 + sgn(x)]. 
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principle in quantum mechanics, in which case f(x) represents the probability of 

the location of a particle and F (k) represents the probability of the momentum, hk, 

of the particle, where f is the Planck constant h divided by 27. This reciprocal re- 

lation also has an interpretation in spectral analysis, in which case f(t) represents 

a time signal and F(o) represents the spectral bandwidth. 

eb ree ln bee ne ae Gna 
Example 2: 
Find the Fourier transform of the finite wave train (Figure 17.20): 

849 

COS Wot a! t= De 
f(t) os : Mo Wo | i 

0 otherwise 

Discuss the relationship between the widths of f(t) and its Fourier transform i ‘\ t 

Fw). _ Nn Nn 
. - . > a) oa) 

SOLUTION: The wave train is an even function of f, so (a) 

D) 1/2 pNx/ao 4 F 

F(@)= (=) ‘| dt COS Wot COs wt 
Tv 0 

oa [meee aioe te ste erie) 

~ (Qn) 1/2 WO — O+ ao 

Let’s restrict our discussion to positive values of w. For large values of wo, Ww 

only the first term is important, and is shown in Figure 17.20. The zeros of ~~ 

F(@) occur at the points (w — w))Na/w) =n forn=0, £1, 42,..., (b) 

or at : 
Figure 17.20 

o 1 a} The Fourier transform pair (a) f(¢) and 

«i == ||. ee oo we. (b) F(w) given in Example 2. 

Because the contributions outside the central peak of F (q@) are small (see 

Figure 17.20), we may take Aw = wo/N as a measure of the width of F(a). 

The width of the wave train is At = 2Nz/wo, and so we have the reciprocal 

relation 

NOUN — OTT, 

(os nM a PM ce icin ae di tet 

You may have noticed that we have been using the notation f(x) and F (k) 

and f(t) and F(w). In many physical applications, x corresponds to length and 

k to wavenumber, and ¢ corresponds to time and w to frequency. This is common 

notation in the physical sciences and we shall continue to use it here. 
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7 aaa a Tae aoe 
Example 3: 
Find the Fourier transform of f(x) = 6(x — xo). 

SOLUTION: Using Equation 9 formally, we have 

r I i. = Vg lke acs I —ikxo 
PO = sae] 8-30 de ie 

We say “formally” because 5(x — x9) is not piecewise smooth, but 

nevertheless the result is still valid (and useful). 

If we invert F'(k) using Equation 9, we have 

Cos O(x = = aS / elk a) dk (11) 

Die dmes 

which is one of the most useful definitions of a delta function. 

There are some general properties of Fourier transforms that are useful in 

applications. Two of these are the so-called shifting properties: 

eer) —o{ faa) (12) 

and : 

F{e!* f(x) = F(k —a) (13) 

The proofs of these are fairly straightforward (Problems 8 and 9). 

ie oan heen peermin ire > | 
Example 4: 
Find the inverse of 

F(k) = ig 140° 

SOLUTION: Table 17.2 shows that 

glyph /4ary = (242) "/2—-@°x? 

Using this result and Equation 12 gives 

Fle ikxo gk? /4a° eS (242) "/2¢-@ xx)" 

La fee Li's ste ioe ee pian ce endl ante tly Neseavile Soot Geers 

An important property for the application of Fourier transforms to the solution 

of boundary value problems is the derivative property. It’s easy to see using 
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integration by parts that 

hela eat aig as) (14) 

if f(x) and all its derivatives vanish at infinity. Note that this formula differs from 

the corresponding relation for Laplace transforms in that no initial conditions are 

required. We’ll see in the next section that Fourier transforms are particularly 

appropriate if the independent variable being eliminated ranges from —oo to +00. 

There is also a formula involving the derivative of a Fourier transform. If f (x) 

is plecewise smooth and absolutely integrable, then 

FO (k) = (—i)" F(x" f@)) (15) 

This formula follows easily from Equation 8. 

Example 5: 
Use Equation 15 to verify the entry for xe~@"! in Table 17.2. 

SOLUTION: 

2 oe Os 2ak 2 atk 
SO Pale ae ae PORES 1 (k? +a)? MA (ke a“)* 

There is a convolution theorem involving Fourier transforms. We define the 

convolution of f(x) and g(x) by 

ies i f(udg(x —u)du= / f(x —u)g(u)du (16) 
CO 

The Fourier transform of f * g is 

Ff *8)= ap i dx et i du f(x —u)g(u) 
Oo) CoO 

I i iv —ikx 
= d - Ne —— (any he du gw) f xe IG) 

Now let z = x — u to write 

F{f * g} =| du g(u)F (ke = (21)"/? F(k)G(k) (17) 
=e.) 

851 
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or 

FE F(K)G(k)} = f*e (18) 
1 

(27) '/2 

You may have noticed that the convolution integral in Equation 16 differs from 

the one that we defined in Section 2 in that the limits in Equation 16 are —oo to co 

instead of 0 to ¢ as in Equation 17.2.12. If f(x) and g(x) are equal to zero when 

x < 0, however, the two integrals are the same. 

We frequently use Fourier transforms in three dimensions: 

CoO 

r 1 —ik-r OWA) pace [[f tos. v6 dxdydz (19) 
—0o 

where k -r =k,x +k,y +k,z. The inverse transform, in amore common notation, 

is 

ee TNT 
A) — On |][ Foe dk (20) 

where f(r) denotes f(x, y, z), F(k) denotes F(k,, ky, k,), and dk = dk, dkydk,. 
Suppose now that f(r) depends only upon |r| = (x? + y* + 2*)!/?, as is commonly 

the case. To evaluate F (kK) when f(r) = f (|r|), introduce spherical coordinates 

into Equation 19 and write . , 

. 7 | ie) 4 a4 20 en 

JER) = sel drr i do sino | dd fire (21) 

Choose the z axis (the polar axis) of our spherical coordinate system to point along 

k, so that k - r = kr cos 9. We can then integrate over 6 and ¢ in Equation 21 to 

get (Problem 15) 

, 1/2 pos : 

F(k) = (=) / Gh a (22) 
A 0 k 

The inverse formula is 

aad (eee eS 
[= (=) / hea (23) 

N 0 if 

Notice that F (k) = F(|k|) = F(k) when f(r) = f({r|) = f(r). 

Poe a Re a ae 
Example 6: 
Determine the Fourier transform of 

3} 

fr)= f y-2er 
IT 
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given that r is the radial coordinate of a spherical coordinate system. 

SOLUTION: We use Equation 22: 

m DB 1/2 7 CO 

F(k) = (=) as i re--“" sin kr dr 
A awk Jo 

-(2)" 4Z4/n 
An) (+4422)? 

As a final topic in this section, we shall derive Parseval’s theorem for Fourier 

transforms (see Section 15.3 for Parseval’s theorem for Fourier series). Start with 

/ rworod= | |f()|-dt 

where we have allowed f(t) to be complex for generality. Use Equation 9 to write 

—0Co 

(oe) x ee) ¥ 1 (ove) sa 

= Q dwF*(w) / daw! F (w')— i dpe 
ee) TT ee) 

(o,2) CO Cc 58 : [e,@) a a 

/ dt for= f dt Qn? f dw Prwye any? f do! F (wel! 
—0o CO 6,8) 

mn i as / BE (OF NE! Lo) 

CO CO 

=i] dwF*(w)F(w) = / dw |F(w)|? (24) 
—00 --0O 

We used Equation 11 in going from the second line to the third line. 

Equation 24 is known as Parseval’s theorem. We could have derived Equa- 

tion 24 by starting with the convolution theorem (Problem 20), but the above 

derivation illustrates the manipulative utility of the delta function. The following 

Example is a nice application of Parseval’s theorem. 

Example 7: 
Let the electric field in a radiated wave be described by 

0 Cea) 

Hes e/™ sin'aot t>O0 

Use Parseval’s theorem to find the power radiated in the frequency interval 

(o,@a+do). 

8 S) 



854 Chapter 17 / Integral Transforms 

SOLUTION: The Fourier transform of E(t) is 

| 

ee GaP 
0° . 

i! e t/t et sin wot dt 
0 

We’ ll evaluate this integral by writing sin wot as CE UD Dike 

| 1 

= 1/2 i 104 aa Breer er Re eee ee 
iE 

E(a) 

The total power radiated is given by 

CO CO ba 

/ |E(t)|?dt =|) |E(@)|\?>dw 
CO —oo = 

Using the fact that the second term in |E(@)| will dominate for w > 0, we 
4 

have 

Za d 
|E(@)/"do ~ —— 

™ (w—@)? + = 
z 

; = This frequency spectrum is shown in Figure 17.21. 

wy —T! Wy +7! x When w = wo + 1/rT, the height of the spectrum falls off by a factor of 2, 

Figure 17.21 
The frequency spectrum associated with 

as shown in the figure. Therefore, the width at half power is given by 2/T. 

This result is reminiscent of the uncertainty principle. In this case, we have 

the radiated wave described in Example 7 that the width of a frequency spectrum varies inversely as the duration of the 

for @p = 20 and t 

ee: 

1. 

. Find the Fourier transform of f(t) = 

=1. signal. The finite wave train discussed in Example 2 is another example of 

this version of the uncertainty principle. 

ee end 3 Miho Led a eee 

5 Problems 

Find the Fourier transform of f(t) = 1/(t? + a’). 

1 -a<t<a 
; . Discuss the reciprocal relation between the width of 

Q otherwise 

f(t) and F(a). 

. Find the Fourier transform of te~'"|, a > 0. 

. Find the Fourier transform of 1/x. Hint: Be sure to use the fact that 1/x is an odd function and proceed formally. 

1/2 

. Use the result of the previous problem to show that F{sgn (x)} = —i (=) 7 
oA 

1/2 : 

. Use the result of the previous problem to show that F{H (x)} = (5) Eo — =| where H (x) is the unit 
IU 

step function. Hint: Express H (x) in terms of sgn (x). 
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ie 

8. 

9: 

10. 

Le 

2: 

15: 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

Show that F(—w) = F*(o) if f(t) is real. 

Verify Equation 12. 

Verify Equation 13. 

Find the inverse Fourier transform of F (k) = ———_—_—_. 
k? + 4k +8 

1/2 
Use Equation 15 and the result of Problem 5 to show that F{x sgn (x)} = (=) =: 

1 

Find the Fourier transform of f(t) = e7!e7""l, 

Show that f x g=gx f. 

Verify the result in Example 5 by finding the Fourier transform of xe~4'*! directly. 

Show that Equation 22 follows from Equation 19 if f(r) = f((r}). 

—r?/4a 
CYT) , where w is aconstant and r is aradial coordinate. 
(42 a)3/2 

Determine the Fourier transform of f(r) = 

Determine the Fourier transform of f(r) =e °’/r, where r is a radial coordinate. What is the limit as ~@ > 0? 

Use the result of the previous problem to find the Fourier transform of f(r) = 1/r, where r is a radial 

coordinate. 

Derive the analogs of Equations 22 and 23 where f(x, y) = f(r) for two-dimensional polar coordinates. Hint: 

Laie es Nance 
You will need to use Jo(x) = es il e'* S44, one of the defining integrals for Jo(x). 

Tw JO 

Derive Parseval’s theorem starting with the convolution theorem. 

The following integral equation occurs in the statistical mechanical theory of solutions of electrolytes (such as 

eae Ae 
sodium chloride in water): W(r) = - / (ir ; S D ar’, where xk is a parameter. Solve this equation 

r 1 r 
for W(r). Hint: You need to use the result of Problem 18. 

, ; =| <p <i 
ee ae |[ 4eide. ied fledfe2 — pil), where f(p)=} 9 - 

statistical mechanical theory of imperfect gases. (The above integral is essentially the third virial coefficient 

J3/2(k) 
p S5P 

occurs in the 

for a hard-sphere potential.) First show that F(ky= Bi iGO = and that 

CO 

1 =2(2n)?/* / dx [Jzo(x) Px. We can evaluate this integral using the method of integration in the 
0 

complex plane in Chapter 19. It comes out to be equal to 5/48(2)!/?. 

» CO CO ae. : 

Show that Equation 6 can be written as f(t) = — i dw cos wt il du f(u) cos wu if f(t) is even and as 
mw JO 0 

D) [o,@) CO 

a —— / dw sin wt i du f(u) sin wu if f(t) is odd. 
0 0 IU 

m 4\ 1/2 poo 

Show that if f(x) is an even function, then F.(w) = (=) / f(t) cos wt dt and fe f 

1/2 poo . : r 
a) (=) | F.(@) cos wt dw. We say that F.(@) is the Fourier cosine transform of f(t). There are 

extensive tables of Fourier cosine transforms. 
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25; 

26. 

27. 

28. 
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Starting with Problem 23, show that if f(¢) is an odd function, then 
n 2 1/2 poo 1/2 poo ‘ x 

ie (@) (=) il f(t) sin wt dt and f(t) = (=) / F(w) sin wt dw. We say that F,(w) is the 
0 TT 0 

Fourier sine transform of f(t). There are extensive tables of Fourier sine transforms. 

Find the Fourier cosine transform of 

[o,@) 

Sem) = el, —o9 <x < 00, and Parseval’s theorem to show that / 
0 

Co. 
/ g-ikxd YO) 5. = (ik)” 

= dx" 

] 
b — Disa 

(d) eae 

Come 
xsinaxdx ant _aop 

Use Equation 23 and the result of Example 6 to show that / =e = 
0 @2+ p22 48° 

du mes 

(i+u2)2 40 

17.6 Fourier Transforms and Partial Differential Equations 

The use of Fourier transforms to solve partial differential equations is similar to the 

use of Laplace transforms. In the case of a complex Fourier transform, however, 

the relations 

‘ 

C(x) dx = (ik)"(21)/*¥(k) i Dees 

(ee) 

(1) 

require that y(x) — 0 as x — +oo. Contrast this to a Laplace transform, which 

requires initial data for the derivatives of y(x). Consequently, complex Fourier 

transforms are a natural choice when dealing with boundary value problems over 

the rangei—com iy <0. 

Let’s consider the case of diffusion in one dimension with an initial condition 

that places the diffusing species as a spike at some point x = x9 at t = 0. The 

mathematical problem we wish to solve is 

(2) 

with the initial condition c(x, 0) = cp5(x — xg) and the boundary conditions 

c(x, t) > Oas x > too. Using 

1/2 oe DRE 02¢ A 

(27) \/ / e dx = —k°C(k, t) 
—0oo Ox- 

and 

(Qn)-¥2 iL pote 2 dC(k, t) 
~oo Ot dt 
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the Fourier transform of Equation 2 yields 

dC(k, t) A 
eee KO (KET 3 - (k, t) (3) 

with the initial condition 

aw i) . . 

C(k, 0) = Q2)7!/? / e™e(x, O)dx = 21) ¢ge7 i (4) 
OO: 

The solution to Equation 3 is 

C Ene Ce —pt_-__ © ~ikxg ,—k? Dt 
(k, t) = C(k, O)e oe (5) 

We can determine c(x, t) from the formula 

CO 

c(x, t) = (22) 7!/? / e'C(k, t)dk 
—0oO 

= / © gikG—10) 9-H Dig 
TT J—oo 

= 0 —(x—x)?/4Dt Sas 6 
(4x Dt)'/2 o 

Figure 17.22 shows plots of c(x, t) for various values of t. Notice how the diffusing 

species spreads out as time increases. 

It’s also easy to solve Equation 2 for a general initial condition c(x, 0) = f(x). 

| 
Example 1: 
Solve Equation 2 with the initial condition c(x, 0) = f(x). 

SOLUTION: Let C(k, 0) = F(k). Then Equation 5 changes to 

Ck, t) = (22)? F(kye 

We use the Fourier transform convolution theorem to write 

: = Sas ae cr —(x—u)?/4Dt Ce) = (an Dy? is f(uye du (7) 

(Ea oe os et oe ee 

Note that Equation 7 is the convolution of c(x, 0) with Equation 6. We can 

give a nice physical interpretation of Equation 7. Picture f(u) as consisting of a 

sum of delta functions spread along the x axis. Then Equation 7 represents the sum 

of the results of each delta function at the point x. Because of this, Equation 6 is 

called the fundamental solution of the one-dimensional diffusion equation over an 

infinite interval. It is also the Green’s function for this system. 

857 

be 

Dt 

Figure 17.22 
The fundamental solution of the one- 

dimensional diffusion equation plotted 

against x for increasing values of Dt. 
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We can use Fourier tranforms to find the fundamental solution to the three- 

dimensional isotropic diffusion equation: 

ce NSP BCS 
DV-c= = 

Ot Ora 
(8) 

with the initial condition c(x, y, z, 0) =cgd(x — X9)5(y — yo)d(z — Zo). We define 

the three-dimensional Fourier transform of c(x, y, z, tf) according to 

[e.2) 

C(k,, ky, kz, th= (22)~3/? [[feisrew. y, z, t) dxdydz (9) 

=e,2) 

Problem 6 has you show that 

[e,2) 

Chay [fferiervc dxdydz = —k°C (ky, ky, kz, t) (10) 
—0o 

where k? = ke se ke oF kee The Fourier transform of Equation 8 gives 

ac 
dt 

= DC 

The solution to this equation with the initial condition 

A a co —ik-ro C(ky, ky, kz, 0) = oe 

yields 

The inverse of Equation 11 is given by (Problem 7) 

©0___,—[(x—x9)?+(9— yo)? +(e=29)?/4 Dt (12) CC, t)) —=— 
” (4x D132 

Equation 12 is the fundamental solution of the three-dimensional isotropic diffu- 

sion equation. 

The equation 

°c do” de (13 

Ox? tite Ot 

describes a system of particles both diffusing and moving with a constant drift 

velocity jz. The following Example shows that we can use Fourier transforms to 

find the fundamental solution to Equation 13. 
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ea i Serr. ee 
Example 2: 

Solve Equation 13 for —oo < x < oo and c(x, 0) = Coo(X =X): 

SOLUTION: The Fourier transform of Equation 13 is 

dC A 
ere =(k° DF ikpyc 

with C(k, OES Om tne tu The solution for Cul t) is 

A 0 ~ik(xp-+ut),—k2 Dt Ck.) = en ontite 
(27) 1/2 

The inverse of C(k, t) is given by 

G SDE. ‘ 

Ge t) = = / elk A—X0- BD ok Dt gk 

De As 

= a0) eo x91)? /4Dt 

(4x Dt)\/2 

which is the fundamental solution to Equation 13. Figure 17.23 shows plots 

of c(x, t) against x for increasing values of Dt for u/D = 1.5. 

1S a a A, 

Let’s use a Fourier transform to solve the wave equation over an infinite 

interval with the initial conditions u(x, 0) = f(x) and u,(x, 0) = 0. 

a i= Seer ye 
Example 3: 
We wish to solve 

with u(x, 0) = f(x) and u,(x, 0) =0. 

SOLUTION: Take the Fourier transform with respect to x to obtain 

© n 
oo ar kv? = (0) 

with U(k, 0) = F(k) and U,(k, 0) = 0. The solution for U(k, t) is 

Uk, i) = F(k) cos kut 

The inverse of U(k, t) 1s 

1 Bae ts ee UKX Ik 
UG) (nyi2 i} € fe 

CO 
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Dt 

Figure 17.23 
The fundamental solution of the one- 

dimensional diffusion equation with a 

constant drift term plotted against x for 

increasing values of Dt for jz4/D = 1.5. 
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] [@.6) ae CO ik f ; 

= dk e'** cos kur f pee SAO Ty) 
LEE Haws —oo 

1 [e.2) CO ‘ ‘ / 
zor wey dx’ f(x) / dk felk@—x'tot) ah elk(x—x vt) 

4m J—oo —0oo 

al dx! f (x’)[S(x — x’ + vt) + d(x — x’ — vt)] 

= sift —vt)+ f(x+t)] 

We used Equation 11 of the previous section in going from the third line 

to the fourth line. Thus we obtain the D’Alembert solution of the wave 

equation. Problem 13 has you derive the more general result that you get 

when u,(x, 0) £0. 

See ee eee ies Be eet | 

Recall that a Dirichlet problem consists of solving Laplace’s equation with 

the potential function specified on the boundary. The next Example illustrates the 

use of Fourier transforms to solve a Dirichlet problem. 

Example 4: 
Determine the potential function u(x, y) that satisfies 

07u a7u —-0O <x <cO 

ax* dy? O<y 

with u(x, 0) = f(x) for —co < x < o& and u(r) > 0 as r > oo, where 

r = (x? + y*)!/?. Give a physical interpretation of this problem. 

SOLUTION: This problem might represent the steady temperature 

distribution in a large thin rectangular sheet, with its lateral surfaces insulated 

and the temperature specified by f(x) along one edge. 

We take the Fourier transform with respect to x to obtain 

— —k’U =0 O27 = 60 

with U(k, (0) F(k) and Uk, y) — Oas y > ow. The solution that satisfies 

these conditions is 

U(k, yy=F(ke* — O<y<co 

The inverse of e~ |‘! is 

1/2 
ES - 2 F etry = (2) a 0<y<o 

is 
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and so 

u(x, y) => | Be 
WT J—co (x — z)?2+ y? 

This equation is well known in electrostatics and is called Poisson’s integral 

formula for the half-plane. 

ie ea ee eer Sev ere erent oe ae 

As a final Example in this section, we shall determine the fundamental solution 

of the two-dimensional isotropic diffusion equation. 

eee, | 
Example 5: 
We wish to solve 

ee (14) 
Ot O<t 

with c(x, y, 0) =cgd(x — x9) d(y — yo) andc(r, t) > Oasr > ow. 

SOLUTION: First note that 

CO 

in ] ; 

C(k,, ky, =— (eee y, t) dxdy 
: 21 

—oo 

1 [o,@) Daye : 

i dr re(r.t) | e  ikr cos 6 de 

2m Jo 0 

The integral over 0 is 27 Jo(kr) (see Problem 12.6.9), and so 

a co 

Can= drrJo(kr)c(r, t) (15) 
0 

The inverse of C(k, t) is (Problem 15) 

oo nw 

cr.= f dk kJo(kr)C(k, t) (16) 
0 

Taking the Fourier transform of Equation 14 gives 

ac 
dt 

=-k?DC 

with C(r, 0) = aie: The solution to this equation is 
1 

A G =e yi Pt 
C(k, hee ik-T9 4 k-Dt 

20 
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and the inverse is 

os . 2 
c(r,t) = oo f dk kIg(krye te * PF 

270 

We need only to evaluate the integral here without the e~'K-To and then use 

the property eo !ak E(k) = F{ f (x — a)}. The resulting integral can be found 

in Abramowitz and Stegun as is 

co 2D | D 
i diligent =e ena: 
0 2Dt 

and so c(r, t) comes out to be 

€0__ g-[(x—x9)? (yo) /4 Dt 
4n Dt 

Cae 

You should compare this result to Equations 6 and 12. Figure 17.24 shows 

c(r, t) (with rg = 0) against r for increasing values of Dt. 

pee Rate Ware ieecbease he Posnitry, Uenay enn, COR 

The transformation pair given by Equations 15 and 16 constitutes what is 

Figure 17.24 
The fundamental solution of the two- 

dimensional diffusion equation plotted 

against r for increasing values of Dr. 

called a Hankel transform. Hankel transforms arise naturally in problems with 

cylindrical symmetry and are well tabulated. Erdélyi et al. list almost 90 pages of 

Hankel transforms. 

17.6 Problems 

. Solve the one-dimensional diffusion equation on an infinite interval with the initial condition c(x, 0) = cgH (x). 

. Solve the one-dimensional diffusion equation on an infinite interval with the initial condition 
Co —-a<x<a 

GO0) = | ; 
( ) Q otherwise 

. Solve the one-dimensional diffusion equation on an infinite interval with the initial condition c(x, 0) = cg. 

Discuss your result. 

. Solve the one-dimensional diffusion equation on an infinite interval with the initial condition c(x, 0) = 
cye [40 

. Solve the one-dimensional diffusion equation on an infinite interval with the initial condition c(x, 0) = 0 for 

—oo < x < oo and with a source of particles —q(x, t), with g(x, t) = ad(x). The diffusion equation in this 

d2c 0c —00 <x <0O 
case is D—~ = — — g(x, ft) 

ax? Ot : t>0 

. Show that F{V2c(x, y, z)} = —k?C(k,, ky, kz, t). 
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7. Show that the inverse of C(k, t) = 0 > ew ikro Dt i 
(27r)3/2 

C DAE AOE eS ; ; ? Ot) Cease Lx)" +0—Yo) +220)" V4". in three dimensions. 

; a-u Ou Pe PMB 8. Show that Equation 13 can be converted to D a by the substitution c(x, t) = u(x, re“ /2P-H AD) 
Bee Ot 

9. Use Equation 6 and the result of the previous problem to solve Example 2. 

2) Orsini 1 x Ce eo fart 
10. Show that i e “* ——“dz = —erf (=) by starting with / e-* © cos 2bx dx = ~— ec" /® and 

0 Z yD, 2a 0 2a 

i: 

12. 

13. 

14. 

15. 

16. 

7h, 

integrating both sides with respect to b from 0 to b. 

Consider the flow of heat in an infinite rectangular plate whose top and bottom surfaces are insulated. Determine 
the temperature profile as a function of time if the initial temperature profile is u(x, y, 0) = f(x, y). In other 
words, solve 

O7u O7u 1 ou —0O < xX < CO 

Ox2 dy2 a? dt = OOOO) 

with u(x, y, 0) = f(x, y), and u(x, y, t) > 0 as x > too and y > +oo. Hint: Transform with respect to 
both x and y. 

5 ‘ P 6 F eta, 
We used a two-dimensional Fourier transform in the previous problem. Show that F,{e~° * 4ary 
Date te yt. 

] | xX+ut 

Derive the D’Alembert general solution u(x, t) = a Hes + vt) + f(x —vt)|+ . i g(z) dz to the 
Je U Jx—vt 

one-dimensional wave equation using a Fourier transform. A 

07u 1 a2u —00 <x <oO 45 
Solve —— = =~ for u(x, 0) = e~4!, u,(x, 0) =0, and u(x, t) > 0 as x > too. 

On” wor i= 0 

Show that Equation 16 is the inverse of Equation 15. 

dc dc d7c °c : lta oe ore : 
Show that ie ae ne Ds ae Se a represents anisotropic diffusion (if D, #4 D, 4 D-.) and that its 

t Yee “Os “Ox : : é 
fundamental solution is 

| Pore Se (eae Cae : - exp (Ce = 29) (Y = My) (Gaz) 

8Gut)/2(D, DD) 2 4D,t 4D,t AD.t 

Consider the one-dimensional diffusion equation for the region —co < x <a with an absorbing wall 

located at x =a. Let the initial condition be c(x, 0) = 5(x). Thus we must solve the partial differential 

°c 
ae aes x 

for x <a with the conditions c(x, 0) = 6(x) and c(a, t) = 0. This last condition is 
OG 

equation — = D 

the mathematical statement of an absorbing barrier. The solution to the unbounded problem with the initial 

condition c(x, 0) = d(x — xg) 1s 

(G70; Xp) : ex a ACE, 08 34) = , 
o (4x Dt)! P 4Dt 

Clearly c(x, t; xp) satisfies the partial differential equation and the initial condition, but not the boundary 

condition. Show that the linear combination c(x, t) = c(x, t;0) + Ac(x, t; Xq) satisfies both the partial 

differential equation and the initial condition for x9 > a. The procedure now is to look for an A and xp such 

that the boundary condition is also satisfied. 
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18. 

19. 
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Notice that the two terms in this trial solution can be thought of as the concentration profiles resulting from 

sources located initially at x = 0 and x = xg. Thus we shall refer to them as source terms. The first term is 

real in the sense that the diffusion does start from the point x = 0, but the existence of the absorbing barrier 

located at x = a prevents this from being a solution to the problem. This first term alone predicts that the 

concentration at x =a would be c(a, t;0) = (4m Dt)~/? exp(—a?/4Dt) instead of zero, as required by the 

absorbing barrier. To overcome this, we can place a fictious source beyond the barrier in such a way that the 

concentration at the absorbing barrier is always zero. Such a fictious source is called an image source, and the 

method being introduced here is called the method of images. 

By symmetry, the image source should be placed at x = 2a and should be done so with a negative weight so 

that it is actually an image sink rather than an image source. Thus we see on physical grounds that we should 

choose x9 = 2a and A = —1. Show that the complete solution to the problem (partial differential equation, 

initial condition, and boundary condition) is given by 

Gi OGhat) = Ros Dae ex x ex (= 2a)? 
SE Amie) \e 4D ‘ 4Dt | 

Note that the solution to the problem with a barrier can be written down in terms of the fundamental solution 

c(X, t; X9). Sketch this solution showing how the source term and the image term contribute to the total solution 

Gers 

Use the method of images (previous problem) to solve the diffusion problem with two absorbing barriers, 

located at a. The problem to be solved is c, = Dc,, for —a < x <a and the conditions c(a, t) = c(—a, t) =0 

and c(x, 0) = 6(x). Show that the solution to the two-absorbing-barrier problem requires a doubly infinite 

system of images, with a set of “unit sources” located at the points x, = (nO? =U, sil, =e, . . ane estar 

“unit sinks” located at the points x!” = 2a(1 — 2n), and thus 

I = (x — x’)? (x — x/”)? 

pas (4x Diy"? n dy [os 4Dt | a | 4Dt | , 

Show that the solution to the previous problem by the method of separation of variables is 

CO 

l 22 
BCS . ein (=) Paice Diary jaro) 

a 
n=1 

Note that this appears different from the solution obtained from the method of images in the previous problem. 
The two solutions are equivalent, and the two series are alternative representations of the same function. 

Use the method of images (Problem 17) to solve the problem of one-dimensional diffusion with a drift with 
an absorbing barrier located at x =a. In other words, solve c, = Dc,, — 4c, along with the conditions 
c(x, 0) = d(x) and c(a, t) = 0. Recall that the fundamental solution to the unrestricted system is 

2 (x — x9 — pt)? 
AOE Heat) = (Cao) 1/2 ex ‘ 

: a 4Di 

is 1 co 
Some authors and some CAS define a Fourier transform as F'(k) = Gna i on J (x) dx instead of with 

TU =6o 

an exp(—ikx) as we have done. How do you thnk this affects the results for F(k)? 

___ ees 



17.7. The Inversion Formula for Laplace Transforms 

17.7 The Inversion Formula for Laplace Transforms 

Up to. this point we haven’t presented an explicit formula for the inversion of 

Laplace transforms, although we were able to invert many of them using tables and 

special techniques such as partial fractions. When we derived the Fourier integral 

theorem, on the other hand, we were led directly to a Fourier transform pair, which 

gave us explicit integral formulas to go from f(x) and F (k) and back. In this brief 

section, we shall derive an integral formula for the inverse of a Laplace transform. 

We’ ll see that it involves integration in the complex plane, a topic that we have not 

considered before. 

Recall the Fourier integral theorem, which says that if f(t) is everywhere 

piecewise smooth and absolutely integrable, then 

l [o.@) (oe) . 

u(t) = ae if aw | dz "Dy (z) (1) 
TW J—oo —0o 

| [o.@) . CO ' 

255 dw e'?! / azer ul) (2) 
TT J—oo =o 

Equation 2 leads directly to the Fourier transform pair 

0) == i elt y(t) dt 3) 

and 

ae | eU(w) dw (4) 

Now let’s consider the function 

gHee “fOH®) (5) 

where c is a positive real constant, f(t) is piecewise smooth for t > 0, and H(t) 

is the unit step function. We assume that g(t) is absolutely integrable, and so f(t) 

must be such that 

/ e “| f(t)| dt = finite (6) 
0 

The function g(t) satisfies the conditions of the Fourier integral theorem, so we 

can write (Equation 2) 

n= = | ape” f dx e '?* g(x) i) 
It uh —0oO [e,2) 

or, using Equation 5 in both sides of Equation 7, 

865 
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ct 0° : 0° ’ 

FORGE / dp el?! i dx e~ +P £ (x) H (x) 
2 foe) —0o 

et 0° ; 0° Recs 

seis Le / die VRE) 
H J—co 0 

Now let s =c + ip and write 

c+ioo 

Ore = alls / ds e*' i Dp me ay Ao) (8) 
271 0 C-10O 

If we define F(s) by 

i CO 

EO / ave f(a) 
0 

then Equation 8 tells us that 

1 c+ioo ey 

f(t)=— ds e*' F(s) (9) 
DT ee 

where we have dropped the H(t) because we shall restrict our functions f(t) to 

be defined only for#>0. 

Notice that we haven’t specified c yet, other than it must be such that Equa- 

tion 6 is satisfied. Generally, Equation 6 will be satisfied if c is taken to be larger 

than all the singularities of F(s). It’s a little lengthy to prove this in general, but 

you can see that singularities in F(s), suchas F(s) = 1/(s — a), leadto f(t) =e”, 

so taking c > a guarantees that Equation 6 is satisfied. Other than being larger than 

all the singularities of F(s), the choice of c is arbitrary and the evaluation of f(t) 

is independent of this choice. 

Equation 9 is our desired result. It gives f(t) in terms of an integral of F(s). 

The integration variable s and the limits are complex, and so the evaluation of the 

integral in Equation 9 requires that we integrate in the complex plane, which will 

be the subject of the next two chapters. 

Because f(t) is given in terms of an integral of F(s), the inversion process is 

both linear and unique, which we have tacitly assumed throughout the chapter. 
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Augustin Louis Cauchy Bernhard Riemann 

Augustin Louis Cauchy (1789-1857), one of the most important and original mathematicians of his 

time, was born on August 21, 1789, in Paris, into a cultured Catholic family. In 1805, he entered the Ecole 

Polytechnique on the advice of Laplace and Lagrange, and then in 1810, he worked on the port facilities at 

Cherbourg for Napoleon’s invasion of England. In Cherbourg, his pious Catholic preaching caused problems 

with his coworkers, and he antagonized colleagues throughout his life with his religious intolerance. In 

1815, he received an appointment at the Ecole Polytechnique and, two years later, a Chair at the Collége de 

France. In 1818, he married a devout Catholic, Alotse de Bure, with whom he had two daughters. Cauchy 

was a staunch supporter of the monarchy, and when Charles X fell in 1830, Cauchy also left France. He 

first held a Chair of Theoretical Physics at Turin, Italy, but he followed Charles to Prague to be tutor to 

Charles’s grandson, which turned out badly. When Cauchy returned to Paris in 1838, he was unable to 

obtain a teaching position because he refused to take the required oath of allegiance. When Louis-Philippe 

was overthrown in 1848, Cauchy regained his former positions, which he held until his death on May 23, 

1857. 

Bernhard Riemann (1826-1866), one of the most profound and brilliant mathematicians of his 

time, was born on September 17, 1826, in Breselenz, Germany, where his father was a Lutheran minister. 

Riemann was a good, but not exceptional, student because of his shyness and frail health, but one of his 

teachers recognized his mathematical talent. He entered the University of Gottingen in 1846 with the aim 

of becoming a minister; however, after attending mathematics lectures, he asked his father for permission 

to leave theology. He moved to Berlin University, where he studied under Jacobi and Dirichlet, who had a 

profound influence on him. Gauss was so impressed by Riemann’s thesis that he recommended that Riemann 

be appointed to a post at Gottingen. In 1859, Riemann succeeded Dirichlet to Gauss’s chair, thereby greatly 

improving his financial situation. He was the sole support of his sisters after the death of his brother. In 

1862, he married Elise Koch, and they had one daughter. He died just four years later on July 20, 1866, in 

Selasca, Italy, unfortunately much too young. Riemann published relatively few papers, but each one was a 

masterpiece. Although he was personally shy and retiring, his work was bold and original. 
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Functions of a Complex Variable: Theory 

We discussed complex numbers and functions of a complex variable in Chapter 4, 

and we have seen several examples where functions defined in terms of the complex 

variable z = x + iy somehow underlie the properties of functions f(x) of a real 

variable. For example, the power series 

1 
pe ee 5a|| <M 

has an interval of convergence —1 < x < | even though the left side appears to be 

a perfectly well-behaved function of x for all values of x. As we pointed out in 

Chapter 4, the reason that x is restricted to the interval —1 < x < 1 is that f(x), 

considered as a function of a complex variable 

1 

1+ 22 
i 

has singularities at z = +7, and so z 1s restricted to lie within a unit circle centered 

at the origin. Thus, x, the real part of z, is restricted to the interval —1 < x < l. 

Another hint that functions of a complex variable underlie functions of a real 

variable occurred in Section 12.2 where we saw that the radius of convergence of 

a power Series solution to a differential equation about the point x9 is at least as 

great as the distance from xg to the nearest singular point (real or complex) of the 

differential equation. 

It turns out that the analysis of functions of a complex variable is one of the 

richest areas of applied mathematics. In this chapter, we shall learn about the 

general properties of functions of a complex variable. Some of these properties 

are really remarkable. We’ll see that if f(z) has a first derivative in some region of 

the complex plane, then all its derivatives exist there. Furthermore, we’ll see that 

if f(z) is differentiable on a simple closed curve in the complex plane, then the 

values of f(z) throughout the region enclosed by the curve are determined by the 

values of f(z) on the curve. 

In Section 1, we’ll define limits and continuity of functions of a complex 

variable, which will lead to the definition of. the derivative of f(z) in Section 2. 

Then we’ll learn two important (and easy to use) integral theorems in Sections 3 

and 4. In Section 5, we’ll study Taylor series of functions of a complex variable 869 
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Figure 18.1 
An illustration of a branch cut along 

the positive x axis for the function 

foa2. 
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and then Laurent series, which are series of the form 

CO 

OES CHGS ON te 
n=0 n=1 

Notice that a Laurent series is a series in both ascending and descending powers 

of z —a. Finally, in Section 6, we’ll learn what is called the residue theorem, 

which leads to a powerful method for evaluating not only integrals of functions 

of a complex variable, but for evaluating integrals of functions of real variables as 

well. 

18.1 Functions, Limits, and Continuity 

Let z =x +iy, where x and y are real, represent a complex variable. If we have 

a prescription for assigning one or more values of another complex variable w to 

each value of z, then we say that w is a function of z and write w = f(z). Because 

w is complex and depends upon x and y through z, we often write w = f(z) as 

Wi ) =A) tel UGS) (1) 

where u(x, y) and v(x, y) are real functions of x and y. If only one value of w 

corresponds to each value of z, then w-= f(z) is called a single-valued function 

of z. If more than one value of w = f(z) corresponds to each value of z, then 

w = f(z) is called a multiple-valued or multivalued function of z. A multivalued 

function can be considered to be a collection of single-valued functions. For 

example, consider the two-valued function f(z) = z!/?. We can see the nature 

of the two values of f(z) by expressing it in polar form, 

onto zi = pW2pi0/2 

9 p} . . 

where r!/2 > 0. Now, when 6 = 0, w=r'!/*. As @ increases from 6 =0 in a 

counterclockwise direction, w varies as r!/2e!@/2 
Oy, ", 

and w = r!/2e!'t — 1/2, 

. After a complete circuit, 0 = 27 

We can make f(z) = z!/* single-valued by introducing a branch cut into the z 

plane as we did in Figure 4.26, and as shown again in Figure 18.1. The multivalued 

function f(z) = z!/? is separated into two single-valued functions by the branch 

cut along the positive x axis. When @ crosses the branch cut, we go from one 

(single-valued) branch of f(z) to another. For one branch, 0 < @ < 277, and for 

the other, 277 < 6 < 47. Note that 6 < 27 on the first branch and that 6 < 47 on 

the second branch. Crossing the branch cut as @ goes through 277 is like going from 

w= +|z¥?| =r? to w= —|e/2| = —r!/2, As 6 goes through 477, we simply go 

from the second branch back to the first branch. 

We saw in Section 4.5 that In z is a multivalued function (an infinity of single- 

valued functions in this case). The following Example reviews the multivalued 

nature of In z. 
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A Sea eii meer ST | 
Example 1: 

Determine the branches of the logarithmic function, w = f(z) = In z. 

SOLUTION: Express z in polar form, z = re’’. Then In z can be written as 

Ing = ine 

But e!? = e!%+27" where 9, which lies in the interval [0, 277), is called the 
principal argument of z, Arg z, andn =0, +1, +2, .... Thus, 

Inz=Inr +i(@ + 27n) i) =O, cells SED, 6 ox 

and we see that In z has an infinite number of branches. If we restrict 6 to 

the interval [0, 277), then we write 

Ln z=Inr + 109 =Inr + iArg z 0 <6 <2n 

where Arg z = @p denotes the principal argument of z and Ln z is the 

principal branch of |n z. Thus, we can also write 

nea — ni rane =O), sell, SEY, aoe 

A eee a ROE a a a ce on 

Figure 18.2 shows a branch cut along the positive x axis for f(z) = In z. As 

in the case of f(z) =z!/?, the angle 6 is equal to zero on the upper part of the 

branch cut, and 6 increases in a counterclockwise direction until it reaches the 

lower part of the branch cut, where it approaches but never equals 27. Each time 6 

crosses the branch cut, we move from one branch of In z to another branch. Unlike 

for f(z) =z!/*, however, there is an infinite number of branches for f(z) = In z 

because we go from one branch (with n increasing by one unit) to another as @ 

increase. The origin in Figure 18.2 is also excluded because z can never equal 

zero. The origin in this case is called a branch point. With the idea of branches of 

functions at our disposal, we shall always consider a function to be single-valued. 

We can define the limit of a function of a complex variable much as we defined 

the limit of a function of a real variable in Chapter |. First, we must define a 6 

neighborhood in the complex plane. The neighborhood of a point zg is the set 

of all points such that |z — zo| < 5, where 6 is a positive constant. A deleted 6 

neighborhood of z is the set of all points such that 0 < |z — zo| < 6. In other words, 

it’s ad neighborhood of zp, excluding the point zg itself. We now say that the limit 

of a function f(z) defined in a 5 neighborhood of zp is equal to / as z approaches 

Zo if | f(z) —1| < € whenever 0 < |Z — Zo| < 5. We write this as 

himnese(z) al (2) 
ZZ 
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Figure 18.2 
A branch cut along the positive x axis 

for f(z) =1n z and a branch point at the 

origin. 
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by by 

Figure 18.3 
An illustration of the limit of a function f(z) in the complex plane. (a) The point z lies within a 

5 neighborhood of zg. (b) The point w = f(z) lies within an € neighborhood of J. 

Figure 18.3 illustrates the idea of a limit in the complex plane. As the figure 

implies, the limit in Equation 2 must be independent of the direction in which z 

approaches zy. Consider the limit of f(z) = z*/z as z — 0. We can let z > 0 along 

the x axis by setting y equal to zero and then letting x — 0, in which case we get 

a 
j 76 . xX 
lim — iin) sh 
z>0 z eA) Oe 

‘ 

We can also take the limit along the y axis by setting x equal to zero first: 

* 
PBZ jaeeet 
in = hm 1 
== OU AD ay 

We obtain different values for the limit depending upon how we calculate it, so we 

say lim z*/z as z — 0 does not exist. (See also Problem 19.) 

If we write f(z) =u(x, y) t+iv(x, y) andzpj = x9 +iyo, then lim f(z) exists 
Z—> ZO 

if and only if u(x, y) and v(x, y) have limits as (x, y) — (Xo, yo). In this case, 

lim f(z) = lim U(x, y) Ait lim v(x, y) (3) 
Z> 2% (x,y) (x0, Yo) (x,y) (Xo. Yo) 

Once again, the two limits in Equation 3 must be independent of the direction in 

which (x, y) approaches (x9, yo). 

[ins oOOAD be ed 9) Vedder Ince ot wilt ak os hn Raerigdaiae neat 
Example 2: 
Does the following limit exist? 

lim teal re 
z>0 \1+el/* e 
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SOLUTION: Certainly the limit of v(x, y) = y? exists as (x, y) > (0, 0). 

What about the limit of u(x, y) = 1/(1 + e!/*)? Well, 

lim e!/* =o and lim e'/* =0 
x—>0+ x>0- 

SO ay u(x, y) depends upon the direction in which x + 0. Therefore, the 
x—> 

limit does not exist. 

[ete Sed ee a 

It’s easy to show that if f(z) > a and g(z) > b as z > 2, then f(z) + 

g(z) ~axb, fiz)g(z) > ab, and f(z)/g(z) > a/b as z > 2, provided that 

bire0: 

Now that we have defined a limit in the complex plane, we can define conti- 

nuity. Let f(z) be defined in some 6 neighborhood of zo. Then f(z) is continuous 

at Z9 provided that f(z) > f (zo) as z > zg. This statement is equivalent to 

1. lim f(z) =/ must exist. 
Z—>Z0 

2. f (Zo) must be defined at zo. 

oF F (Zo) = Ih. 

A function is continuous in a region R if it is continuous at each point of R. 

As with limits, if f(z) = u(x, y) +iv(x, y) and z = x9 + iyo, then f(z) is 

continuous at Zo if and only if u(x, y) and v(x, y) are continuous at (xg, yo). Fur- 

thermore, if f(z) and g(z) are continuous at zo, then so is f(z) + g(z), f(z)g(z), 
and f(z)/g(z), provided that g(z ) 4 0. 

Example 3: 
Show that e’* is continuous everywhere. 

SOLUTION: Write e’% as 

Vee elatty) = Cm Ne 
e e 

=e *(cosx +i sin x) 

Both e~” cos x and e » sin x are continuous everywhere, and so is e’*. 

[ise 

ee ein 
Example 4: 
Determine the points where f(z) = cot z is discontinuous. 

SOLUTION: First write 

COS Z 
= CO — 

Sin Z 

873 
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Example 3 shows that e!* (and e~‘*) are continuous everywhere. Conse- 

quently cos z = (e!% + e~')/2 and sin z = (e'* — e~'*)/2i are continuous 

everywhere. Therefore, cot z is continuous everywhere except where 

sin z = 0, or at the points 0, +7, +27, ... (Problem 14). 

a ee eS ee eee tas! Se | 

18.1. Problems 

SCS FN A un Fe WH WK 

— = S&S 

12. 

13. 

14. 

15. 

16. 

17: 

18. 

19. 

20. 

The first nine problems constitute a review of some of the topics that we discussed in Chapter 4. 

. Show that |<— -| < 1 when Im z > 0. 
Kea U 

. Express e’“ in the form u + iv. Assume that a is real. 

. Describe the upper half of the disk (x — x9)? + (y — yo)* < R? in terms of z. 

. Determine all the possible arguments of z1, Z2, Z)Z2, and z,/z> if z} = 1+i and z=1—i. 

. Show that arg z)2 = arg z; + arg Zp, but that Arg zz. # Arg z; + Arg zp. 

. Show that sin iz =i sinh z. 

. Show that sin z = sin x cosh y +7 cos x sinh y. 

. Show that sin? z + cos? z = 1. 

. Determine the values of In(1 +7). . 

. Let w = f(z) =z’. Determine the value of f2+i). 

. Show that f(z) = z!/? is multivalued by determining u(x, y) and v(x, y) explicitly. 

forall 4) 
Determine lim | (x + y? +i sin *), 

Determine lim 
oa CO Ne 

. Hint: Let z = 1/7 and then let 7 > 0. 

Show that the zeros of sin z are all real and equal to nz, where n = 0, +1, +2,.... 

Express f(z) =z? + (z*)? in the form w =u + iv. 

Is Arg z single-valued? Is arg z? 

xy 
‘ A 4 ex 

Determine lim (x60 Lj; ) 
Bo x+1 

REG & | | 2 240 
Where is the function f(z) = z continuous? 

0 i=) 

a 
Show that lim — does not exist by taking the limit along the ray y = mx, where m is a constant. 

Lar) 

/ 3.707 
Show that lim z* cosh ~ = 

Zin /2 3 32 
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18.2 Differentiation: The Cauchy-Riemann Equations 

The definition of the derivative of a function of a complex variable is similar to 

the one we use for functions of a real variable. We define the derivative of f (z) at 

some point Zo by 

fo) = lim 
ZZ 

| ono) (1) 
Kh — 2) 

if the limit exists. Clearly, f(z) must be defined in a neighborhood of z = zg. For 

the limit in Equation | to exist, it must be independent of the manner in which z 

approaches Zo. 

For example, if f(z) = 1/z, then 

Therefore, f’(z) exists for all values of z except for z = 0. 

ee ne rr ae er nee Seer ree 
Example 1: 
For what values of z = zy does f’(z) exist if f(z) = 2x + 3iy? 

SOLUTION: 

2(x — x9) + 3i(y =] (z ar 

EI ein) a Dye ayn) i> ZO 

= | hiner 
maa) 

i) CO) a 0) 

(x — x9)? ae (Gy = yo)? 

Let’s look at the limit of the real part of the expression in brackets. 

lim 
(x,y) (x9, Yo) 

2(x — x9)" + 3(y — yo)? 

(x — x9)? + (y — yo)? 

If we let x — Xo first, then the limit is equal to 3. If we let y > yo first, then 

the limit is equal to 2. Therefore, the limit does not exist and f(z) = 2x + 3iy 

is differentiable nowhere. 

It turns out that w(x, y) and v(x, y) must satisfy certain relations for f(z) = 

u(x, y) + iv(x, y) to be differentiable. These.relations are known as the Cauchy- 

Riemann equations, and are easy to derive. Let’s evaluate f'(z) by letting y > yo 

first and then letting x — xo. In this case 

875 
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u(x, Yo) = WO» Yo) |, YO Yo) = u(Xo, ‘0 
or x — Xo 

f(z) = lim 
xX.) 

=U,(X9, Yo) tiv, (xo, Yo) (2) 

Now evaluate f’(zp) by letting x — xp and then letting y > yo. 0 g 

f (2) = Ihhe 
Y= yo 

joe y) — u(Xo, Yo) 4j vGo.y) =U OG; 0) | 

i(y — yo) LCG) 

= —1Uy(Xo, yo) =F vy (Xo, yo) 
©) 

The limits in Equations 2 and 3 must equal each other, and if we equate the real 

and imaginary parts of each, we get 

and Un O, (4) 

Equations 4 are the Cauchy-Riemann equations. As you can see from their 

derivation, they are necessary conditions for f(z) to be differentiable. If the first 

partial derivatives of u(x, y) and v(x, y) exist and are continuous at zg = (Xo, Yo), 

then the Cauchy-Riemann conditions are also sufficient. (Problem 20 takes you 

through the (fairly short) proof of this statement.) 

We can combine Equations 2, 3, and 4 and write 

f' (Zo) = Ux(xo: Yo) +10, (Xo, Yo) 5) 

= Vy (X9, Yo) — My (XO, Yo) 

Aen ee ee en oe 
Example 2: 
Use Equations 4 to show that f(z) = e“ (a is areal constant) is differentiable 

everywhere. Verify Equations 5 also. 

SOLUTION: Write f(z) =u(x, y) t+iv(x, y) =e cosay +ie™ sinay. 

Then 

u, =ae™ cos ay = vy 

and 

u,——de sinay=—p, 

Furthermore, using the first of Equations 5, 

f(z) =ae™ cos ay + iae™ sin ay = ae“ 

as you might expect. 

Ls cob oie shee lage ahem ness te Fog Nit ee pf ean aoe ee 2 

We didn’t specify any particular point like z9 in Example 2 because f(z) = e“ 

is differentiable everywhere. If the derivative of f(z) exists not only at zg but at 
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each point in a neighborhood of zo, then f(z) is said to be analytic at zp. If f’(z) 

exists at all points in a region R, then f(z) is said to be analytic in R. If f(z) is 

analytic for all (finite) z, then f(z) is said to be an entire function. The exponential 

function f(z) = e“ is an entire function. 

We can start with the definition in Equation | and derive the familiar rules for 

differentiation. The derivative is a linear operation, so 

a OE 
Wie rior, 2 —<——— ec ae (6) 

We also have 

d df Le us 7 dz ti W8@) |) = fos pithing 8 Zz) (7) 

and 

Geni) g(z)f'(z) — f@eg @) — Se 0) (8) 
dz | g(2) 32(2) Meee 

Furthermore, if h = f(¢), where ¢ = g(z), then the chain rule of complex differ- 

entiation says that 

dh dfd 
— = af dt (9) 

de VdCodZ 

Also, if w = f(z), and z = f—'(w), then 

eres) (10) 
dz dz/dw 

provided dz/dw does not equal zero. We can use these rules to obtain differenti- 

ation formulas that are analogous to those for functions of a real variable. 

a ete), vide old ener | Gon aie “1 
Example 3: 

Show that us Inne (Z yi 2 (ae 
dz g(z) 

d l : 
SOLUTION: We'll first show that as In z = — and then use Equation 9. 

z Z 
Let w = In z, or z =e”, and use Equation 10 to write 

dw  dinz 1 i l 

dz dz dz/dw ew z 

Now let h = f(¢) =In€, ¢ = g(z), and use Equation 9: 

ding(z) _1dg _ g'(z) 

dz ie g(Z) 

latnalnorssch receipe sie Re dete | 

O77 
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Figure 18.4 
An illustration that z9 4 0 is not a branch 

point of In z, but zo = O 1s. 
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Points at which f(z) is analytic are called regular points. Points at which 

f(z) is not analytic are called singular points. Singular points are often, but not 

necessarily, points at which f(z) becomes unbounded. For example, the point 

z = 2 isa singular point of f(z) = 1/(z — 2). Let zp be a singular point of f(z). 

If there is a deleted 6 neighborhood about zp containing no singularities, then Zo 

is said to be an isolated singular point. For example, the point z = 2 is an isolated 

singular point of f(z) = 1/(z — 2). 

The function 1/ sin(1/z) is a classic example of a function with a singu- 

lar point that is not isolated. Note that sin(1/z) =0 when (1/z) =nz, with 

n=O, +1, +2,... or when z = 1/nz. The point z = 0 is a singular point, but 

it is not isolated because no matter how small you take 6 to be, there is an infinite 

number of singular points within any deleted 5 neighborhood of z = 0. We shall 

deal only with isolated singular points. 

If jim (z — zo)" f(z) =a £0 for some positive integer n, then Zg is called 

a pole of order n. For example, the point z = | is a pole of order 2 for f(z) = 

i/(zZ- eas pole of order 1, as is the point z = 2 for f(z) = 1/(z — 2), is called 

a simple pole. 

eee ee 
Example 4: P 
Determine all the poles of 

Deel 
‘(z) = SS 

oe zt — 273 +272 -—2z+1 

SOLUTION: Any CAS will give the four zeros of the denominator to be 

z=, —i, 1, 1, and so we write f(z) as 

2z+1 
(i 

f (z +i)(z —i)(z — 1)? 

Thus, f(z) has three poles: simple poles at i and —i and a pole of order 2 

at 1. 

eee ree ee eee | 

Branch points are also considered to be singularities. We have seen several 

times that In z has a branch point at z = 0. Branch points are associated with 

multivalued functions and are examples of non-isolated singularities. A branch 

point zp has the property that there is some small enough circle around zg such 

that f(z) varies continuously with z but does not return to its original values when 

z goes around the circle. We can use this definition to show that z = 0 1s the only 

branch point of In z. Figure 18.4 shows a point zg 4 0 with a circle around it in the 

complex plane. As z travels around the circle, the path does not cross the branch 

cut. Therefore, both |z| and @ return to their original values and In z undergoes 

no change. For zg = 0, however, the path must cross the branch cut and so the 

imaginary part of In z changes by 277 as z travels around the circle. Therefore, 

Zq = 0 is a branch point, and the only branch point. 
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Ls CC t~“‘“‘SOSC;CC~*@d 
Example 5: 

Does the function f(z) = z? have a branch point if f is an integer? What if 

B is not an integer? 

SOLUTION: The point z = 0 is the only candidate for a branch point. To 

investigate this possibility, write f(z) in the form 

f(2) bass eP In z = eb In a+fi0 

where z lies on a circle surrounding the origin and a is the radius of the circle 

(Figure 18.5). As z goes around the circle, 6 increases by 27r, so we have 

eb In a+Bieé = fQer 

The change in f(z) as z completes a circuit is given by 

Af Sle" = DI@ 

Now if f is an integer, then e7”*' = | and Af = 0, and z = 0 is not a branch 

point. If B is not an integer, on the other hand, then e?”*' 4 1, andz =Oisa 

branch point. 

a ree 

If f(z) is analytic in some region R, and if the second derivatives of u(x, y) 

and u(x, y) are continuous in R, then Equations 4 say that 

d-u 0° = O-uet0 vy 
— + — =(0 and 
Ox? dy? One) “ay” 

=\() CL 

In other words, u and v satisfy Laplace’s equation in two dimensions. The two func- 

tions u(x, y) and v(x, y) are called conjugate harmonic functions. Equations 11 

suggest a close relation between analytic functions and Laplace’s equation (in two 

dimensions), which we shall develop in Sections 19.4 through 19.6. 

Equations 4 also tell us that if f(z) is analytic, then the family of curves 

u(x, y) =c, and v(x, y) = c> are orthogonal. To see that this is so, differentiate 

u(x, y) =c, with respect to x to obtain 

au, dudy 
ox dydx 5 

or 

Uy (slope Chi — co.) = —— (12) 
‘ u 

y 

Similarly, differentiate v(x, y) = c, with respect to x to obtain 

879 

Figure 18.5 
A pictorial aid to Example 5. 
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Figure 18.6 
The families of curves 

u(x, y) =x* — y* =c (dashed) 

and u(x, y) = 2xy = Cp (solid), showing 

that they are orthogonal. 
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dv | dudy =H 
Ow Toy dx 7 

or 

Vy 

(slope of v =c)) =—-— (13) 
Vv y 

The product of Equations 12 and 13 yields 

(slope of u = c, ) (slope of v=c)) = 

according to Equations 4. Thus, the two families of curves are orthogonal. 

ae ee ee eae S| 
Example 6: 
Show that the families of curves u = c, and v = cj associated with the 

analytic function f(z) = z? are orthogonal. 

SOLUTION: If f(z) =z’, then 

u(x, y) =x y? and Ue ey 

and ! 

d d 
oy = 0 and ye ne 

dx dx 

The product of the slopes of the two families of curves is — 1 (see Figure 18.6). 

a oe ee ae 

It’s often convenient to express a function f(z) in polar form, and so it is 

convenient to express the Cauchy-Riemann equations in polar form. If f(z) = 

u(r, 0) +1v(r, @), then the Cauchy-Riemann equations are (Problem 21) 

l 
WAT 0 = O5 (7,0) and usr, 2) =—rvy7(r, 8) (14) 

r 

and the derivative of f(z) is given by 

f'() =(u,(r, 9) +iv,(r, Ole? (15) 

tice aad ee eRe oa 
Example 7: 
Use Equations 14 and 15 to show that f(z) = 1/z? is differentiable for z Fal) 

and that f’(z) = —2/z?. 

I 
SOLUTION: Let f(z) = 7220 = 

1 
> (cos 20 — i sin 20). Equations 14 > 
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give 

2 cos 20 1 
a 3 = = vO 

r I 

and 

2 sin 26 
Ue a 

r 

Thus, we see that Equations 14 are satisfied if r 4 0. Using Equation 15, 

file) = (-7 cos 20 § 2i sin = _-i8 
a 3 

18.2 Problems 

1. Use the definition of a derivative to derive an expression for f’(z) at those points where the derivative exists 

for the following functions: 

| 
(2) eee ON eee (b) - (c) ras 

Z ez 

2. Show that dz*/dz exists nowhere. 

3. Show that d sin z/dz = cos z. 

4. Show that d sec z/dz = sec z tan z. 

5, Show that d sinh—!(z)/dz = (1+ 22)~/*. 

6. Classify all the singularities of f(z) =z/(z? + 4)’. 

In(z +7 
7. Classify all the singularities of f(z) = — 

8. Classify all the singularities of f(z) = (1+ 27)”. 

9. Show that u(x, y) =x°y — xy? is a harmonic function. 

10. Show that u(x, y) =x + y is a harmonic function. 

11. Determine a harmonic function conjugate to u(x, y) =x + y. Hint: Use the Cauchy-Riemann equations. 

12. Determine a harmonic function conjugate to u(x, y) = xy — xy. Hint: Use the Cauchy-Riemann equations. 

13. Find a family of curves that is orthogonal to u(x, y) =e » cos x = constant. 

14. Use Equation 14 to show that f(z) = re!” is analytic everywhere. 

15. Is f(z) =r’el® differentiable? Compare your result to the previous problem. 

16. Classify the singular points of 
1 ae! 

ae See ha 
Dis, Fae en 
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(b) sec i 

882 

17. Classify the singular points of 
set 2 

SIN Z 

(a) es 
is 
a 

18. Show that 1/ sin z has simple poles at z =nz,n=0, +1, 42,.... 

0 
19. Show that GE eee a 

dz Ox 

Ov dv , ou 

ax dy ay 

20. In this problem, we shall show that the Cauchy-Riemann equations are sufficient for f(z) to be differentiable. 

First write 

TZ) = Zo) a [w@,y) =u(x, Yo) ELL vG@, y) —v@, yo) J 

< — £0 < ~~ <0 

Now use the mean value theorem to write 

u(x, y) — u(xo, Yo) = (« — xo)ux(S, 1) + (Y — Yo)uy(S, n) 

where x9 < ¢ <x and yo < 7 < y, with a corresponding expression for v(x, y) — v(Xg, yo). Substitute 

this into the above expression for [ f(z) — f(zo)]/(z — zo) and then take the limit to show that 

yea ae = Vy — iu, ye 

21. Derive Equations 14 and 15. Hint: Start with Equation 1, let z = re’, and let r > rg with 6 = 6p and then let 

8 — 4 with r = ro. 

22. Express u(x, y) = 

‘2 a“ 

Dy 
and v(x, y) =— ab ——-___ 2 + y? 40, in polar coordinates and show that 

+2 G2 + y2)2’ Z 
they satisfy the Cane ae: equations. What is the function Ha ) in ‘this case? 

4 y 

Figure 18.7 
The subdivision of a path from a to b 

in the complex plane subdivided into n 

segments. 

18.3 Complex Integration: Cauchy’s Theorem 

The integral of a function of a complex variable is denoted by 

=| f(z) dz (1) e 

As the integration variable z varies, it traces out a path in the complex plane, and 

this path is denoted by C in the above integral. We see then that the integral of 

f(z) is actually a line integral. (We discussed line integrals in Section 7.2.) 

We can define the integral in Equation | in terms of a Riemann sum much 

like we did for line integrals. Let C be piecewise smooth (in other words, consist 

of segments having a continuously varying tangent) with initial and final points a 

and b, which may or may not be different. We now subdivide C into n segments 

Z) — @, 22 — 2, 23 — Za, -.-, DB — Z_}, aS Shown in Figure 18.7, and then form 

the summation 

ay fe)P@j-zD= x fo) Az; (2) 
j=) 
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where ¢; is any point on the segment Z; — Z;-, and where we have set z) =a 
and z, = b. If J, approaches a limit as n increases and the magnitude of the 

largest of the Az ; approaches zero, and is independent of the mode of subdivision, 

then / = lim /,,, and the integral J exists. We call C the contour or the path of 

integration. The integral itself is often called a contour integral. If f (z) is analytic 

in some region R and C lies within R, then f(z) is integrable along C. 

The complex analogs of the general formulas for the integration of a function 

of a real variable follow from Equation 2. For example, integration is a linear 

operation and 

[toan-f Pie) az (3) 

[sou-f J, oda +f f(z) dz (c on C) (4) 

and 

b 
il F(z) dz 

where M is an upper bound of | f(z)| on C and L is the length of C. Some authors 

call Equation 5 the ML inequality. 

It’s fairly easy to evaluate contour integrals if z happens to be expressed 

parametrically in terms of a real variable, as in the following two Examples. 

<ML (5) 

Example 1: 

Evaluate / f(z) dz, where f(z) =~? and z is given parametrically by 
Gc 

ale) G Ot let 

SOLUTION: Rewrite the integral in terms of ¢ to obtain 

[ row= [$= ay tee ey Sy 
wwe et a nes Egle clue 16 eS ea 

ed Saree stein iwint eakbady da 3-lerny we 2k 800 0 es > ll 
Example 2: 

Evaluate | f(z) dz, where f(z) =z", counterclockwise around the unit 
Cc . . 

circle centered at the origin. 

SOLUTION: Express z in polar form (z = e’”) and write 

883 
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Figure 18.8 
Two different paths along which to 

integrate f(z) = cos z. 
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Di 
f f() az =o] el n+)e ge 

Cc 0 

This turns out to be a very well used result later on and should be remembered. 

Note that we indicated the closed contour by writing f f (2) dz. We shall 
i 

always evaluate contour integrals around closed paths in a counterclockwise 

direction unless we state otherwise. 

etl ee Sy OO ee 

Another useful method to evaluate contour integrals is to express i J (Z) az 
C 

in terms of real line integrals by writing f(z) =u(x, y) tiv(x, y) and dz = 

dx + idy: 

[ feoazc= | war-vdy +i [wax tuay (6) 
G G G 

a a ne 
Example 3: 

Evaluate i i(@) az fromz — (On 0)itorz = (2, 4), where f(z) = Y= iy? 
G 

and C is the parabola y = x. 

SOLUTION: Use Equation 6 to write 

[ feaz= fordx + yay +i [ yar tay) 
G C c 

2 2 

= / (x7dx +2x°dx) +i / (—x4dx + 2x3dx) 
0 0 

pa is 
5 

If we evaluate the integral in Example 3 along the straight line connecting the 

points (0, 0) and (2, 4) (y = 2x), then the value of the integral comes out to be 

24 — 16i/3 (Problem 13), so the value of the integral depends upon the path from 

the point (0, 0) to the point (2, 4). This isn’t always the case, however. Let’s look 

at the integral of f(z) = cos z along the two paths shown in Figure 18.8. We first 

write 

cos z = cos x cosh y — i sin x sinh y 

=U(x, y+ 104, y) 
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Using Equation 6, we have 

_f coszdz= f (cos cosh y dx + sin x sinh y dy) 
Cc G 

+ if sin x sinh y dx + cos x cosh y dy) 
G; 

On path A in Figure 18.8, dy = 0 and y = —a along the first part and dx = 0 and 

x =a along the second part, and so 

a a 

A CONG — (cost a / cosx dx +i sinha / sin x dv) 
A —a —a 

a a 

Se (sina [ sinh y dy +i cosa | cosh y dy) 
=a ey 

=2sina cosha+2i cosa sinha =2sina(1+i) 

On path B, dx = 0 and x = —a along the first part, and dy = 0 and y =a along 

the second part, and so 

a a 

[coszde=(-sina f sinh ydy +icosa | cosh y dy) 
B —a —a 

a a 

=F (cosna f cos xdx—i sinha f sin x dx ) 
{ii — 

=2icosa sinha+2cosha sina =2sina(1+1) 

Notice that we obtain the same result along both paths. In fact, you obtain the same 

result along all paths between (—a, —a) and (a, a). Furthermore, if we use the fact 

that d sin z/dz = cos z, then 

(a,a) ; z=a+ia 

cos 7a7= COossaa— | sin z| 
G ( {=—a—la —@,—@) 

=2sina(1+7) 

which is the same result that we obtained along paths A and B, above. Thus, we 

integrated f(z) = cos z between two points in the complex plane by just using the 

fact that sin z is the antiderivative of cos z. 

Let’s now evaluate / dz/z along the same two paths shown in Figure 18.8. 
(6 

We first write 

1 26 : y 
ty 

x+iy x*+y2 x2 + y2 

| 

VG 

and use Equation 6 to obtain 

ak ydy y dx x dy 
iu = veer . 

eM P+y  2+y c\ x2+y2 x24? 
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(+a, +a) 

(aa) A 

Figure 18.9 
A region in which the two paths in 

Figure 18.8 lie. 

(a) 

(b) 

Figure 18.10 
An example of (a) a simple, closed curve 

and (b) one that is not. 

a
e
 

x 

Figure 18.11 
An illustration of z traversing in a positive 

sense around a closed curve. The region 

bounded by the closed curve always lies 

to the left as z advances. 

4 
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Therefore, 

ye a A a a de a d a ady Ef tess ft tli) a (fgeae fi) Bek a x2 +a? Lg xa? Ne a Vo ae 

a 
du ; 4 : 

=2ia f >= = 4i tan Miami 
a UP ae 

and 

dz @ydy rein saay ROX Sal) (Geax 
a Wa ae ENCE | 25 Paap Sees Bee Gr Owais) y ano y aX ae 2aX- 4 

a d = : 

=-2ia f a tan~! 1 = —zi 
=) Ue or ie 

In this case, the value of the integral depends upon the path. 

When f(z) = cos z, the contour integral is independent of the path and we 

can integrate cos z as a definite integral. When f(z) = 1/z, on the other hand, the 

contour integration depends upon the path. The paths are the same in each case, so 

the difference must depend upon the nature of: the two integrands. We know that 

f(z) = cos z is analytic throughout the entire complex plane, but that 1/z has a 

singularity (a simple pole) at z = 0. Figure 18.9 shows a region in which the two 

paths in Figure 18.8 lie. We see that f(z) = cos z is analytic throughout this region, 

but f(z) = 1/z is not, and this is the key factor why the integration of f(z) = cos z 

from (—a, —a) to (a, a) is independent of the path, but that the integration of 

f(z) = 1/z is not. We'll formalize this observation as a theorem. 

Before we state the theorem, we need to present a few definitions and discuss 

a common convention regarding the motion of z around a closed curve. First, we 

define a simple, closed curve as a closed curve that does not intersect itself. The 

curve in Figure 18.10a is a simple, closed curve, but the one in Figure 18.10b is 

not. We say that z moves in a positive sense around a simple, closed curve if the 

region bounded by the curve lies to the left as z advances. Figure 18.11 depicts 

this motion as an arrow on the curve. The region R shown in Figure 18.11 is a 

simply-connected region, meaning that any curve lying within the region can be 

shrunk to a point without having to leave R. Compare this to the so-called multiply- 

connected region in Figure 18.12. We say that it’s multiply connected because the 

curve denoted by I’ cannot be shrunk to a point without leaving the shaded region. 

Loosely speaking, a multiply-connected region is a region with holes in it. The 

arrows in Figure 18.13 indicate the positive direction for the transit of the boundary 

of R. 

We’re now ready to state the most fundamental theorem concerning contour 

integration. 



18.3 Complex Integration: Cauchy's Theorem 

Cauchy-Goursat theorem: Let f (z) be analytic ona simple, closed, piecewise 

smooth curve C and in the region enclosed by C, then 

f f@dz=0 (7) 

Instead of proving the Cauchy-Goursat theorem, we’ll prove what’s called the 

Cauchy theorem, which is a more restricted version of the Cauchy-Goursat theo- 

rem. This standard proof relies upon Green’s theorem in a plane (Equation 7.2.15). 

First write (Equation 6) 

$ faide=g wdx—vdy) +i fudy tude) (8) 
(e: € Cc 

Now recall that Green’s theorem in a plane says that if P(x, y) and Q(x, y) are 

continuous and have continuous partial derivatives in some region R and on its 

boundary C, then 

$(P dx + ody = ff (22 — =) dxdy 
€ F Ox dy 

If we apply this result to Equation 8 with P =u +iv and Q = —v + iu, then we 

find that 

Ov Ou Ou dv 
z)dz= ay ee aes A = = |) || aed 9 

pf I Gea Sest all eeiabe aii 
R 

Because f(z) is analytic in R and on C, the Cauchy-Riemann equations apply and 

so the right side of Equation 9 vanishes, which proves the theorem. The use of 

Green’s theorem requires that f’(z) be continuous and is the proof due to Cauchy 

in 1825. Over 50 years later, Goursat showed that it is not necessary to assume that 

f'(z) is continuous. 

An immediate corollary of the Cauchy-Goursat theorem is that if C, and C) 

are two simple, piecewise smooth curves in R having the same initial and final 

points, then 

i @Qan= f(z) dz (10) 
G rel 

To prove this result, simply take any two points a and b on the closed curve in 

Equation 7, as shown in Figure 18.14, and then use the fact that 

b a 

§ fe z= | fede | Hd7=0 
Gc a b 

a b 

and that f@dz=- i f(z) dz (Equation 3). 
b 

887 

C22 
7 

Figure 18.12 
An example of a multiply-connected 

region. 

Figure 18.13 
An indication of the positive direction of 

the traverse of the boundary of a multiply- 

connected region. Once again, the region 

always lies to the left as z advances. 

a —» y a 
/ 

a \ 
b R 

\ / 

xX 4 

Figure 18.14 
An illustration to aid in the proof of 

Equation 10. 
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Example 4: 

i= dz 

Cu a0 

Evaluate the integral 

SOLUTION: The denominator of the integrand factors into (z — 2)(z + 3), 

and so f(z) has simple poles at z = 2 and z = —3. Therefore, f(z) is analytic 

within the unit circle, and so J = 0. 

Aes 2 Peed As juke see oe Oe ee 

around the unit circle. 

Example 5: 
Evaluate the integral of f(z) = z~ around the unit circle. 

SOLUTION: We actually did this in Example 2 and got 

d Qn E 

ae; i e949 =0 
aa 0 

“ese 

We see that even though f(z) is not analytic within the unit circle, the above 

integral still equals zero. Thus, we see that analyticity, though sufficient, is 

not necessary for a closed contour intergal to vanish. 

os ee 

Another consequence of the Cauchy-Goursat theorem is the following, which 

we give without proof (see the references at the end of the chapter): 

Let f(z) be continuous throughout some region R. Then / (ai dizans 
G 

independent of the path connecting two points in R if and only if there exists 

a (single-valued) analytic function F(z), such that F'(z) = f (z) for all z 

in R. 

This theorem says that for a contour connecting points a and b, 

[ foa=Fo-r@ (11) 
G 

if and only if the antiderivative of f(z) is analytic in a region R, which contains 

the contour C. 

This theorem illuminates why we were able to evaluate the integral of f(z) = 

cos z along the paths in Figure 18.8 by just using the integration formula 

b b 

/ cos dz =| sin | 
a a 



18.3. Complex Integration: Cauchy’s Theorem 

We can use general formulas for [ f(z) dz integrals so long as the antiderivative of 

f (z) is analytic in the region containing the integration contour. This theorem also 

explains why the integral of f(z) = 1/z depends upon the two paths in Figure 18.8. 

The antiderivative, F(z) = In z, is not single-valued and consequently not analytic, 

having a branch point at z = 0. 

We can integrate f(z) = 1/z if we keep track of which branch of In z we are on 

at various values of z (or 6 if the contour is a circle or an arc of a circle). Consider 

pag & 
Gee 

where C is the unit circle. Let’s integrate from 6 = 6) (0 < 0 < 277) to =O% + 27, 

and write 

O@y+27 

f= in | 

% 

Recall that we have defined In z with a branch cut along the positive x axis 

(Figure 18.4), so that 

Inzg=Inr+(6+2zn)i SQ IL Ys o oe 

The value of n = 0 gives us the principal branch of In z, with O < 6 < 27, but not 

equal to 27. If 9 = 27, we move to the second branch of In z, with n = 1, and 

2m <6 < 4m. Therefore, 

O69+22 

=| In| =Inr + (@ + 27)i — Inr — 051 = 271 
% 

Note that this result is in agreement with the result that we obtained on page 886 

for the path shown in Figure 18.8. 

There is one other consequence of the Cauchy-Goursat theorem that we shall 

discuss before concluding this section. Consider the situation in Figure 18.15, 

where Cy and C, are two simple closed curves, the point zg may or may not be 

a singularity of f(z), and where there are no singularities of f(z) in the region 

bounded by and including Cp and C,. Then, a direct consequence of the Cauchy- 

Goursat theorem is that 

f fiydz= 7 (2) dz (12) 
Co Cc 

where both integrals are taken in a counterclockwise direction, as indicated in 

Figure 18.15. 

We’re going to prove this result below not only because it is fairly straightfor- 

ward, but also because the proof involves a procedure that we will use a number 

of times later on. Before doing that, however, we want to emphasize the utility of 

Equation 12. Suppose we are asked to evaluate 
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Co 

Figure 18.15 
Two simple closed curves, Cp and Cj, in 

the complex plane surrounding a point Zo. 
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by 

i] 

Figure 18.16 
An arbitrary simple closed curve 

surrounding the origin. 
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where C is shown in Figure 18.16. With such an arbitrary (simple closed) curve, 

the evaluation of J could be very awkward. Equation 12, however, says that we 

can alter the shape of C without changing the value of J, so long as we do not 

cross any singularities of the integrand (so that the integrand is analytic in the 

region between the original curve and the altered curve). The only singularity of 

f(z) = I/zis z =0, so we may replace C in Figure 18.16 with the unit circle, and 

write 

20 

ve) | Lae 
0 

The point is that we obtain this result for any (reasonably behaved) contour 

enclosing the origin. Equation 12 reflects what is sometimes called the principle 

of path deformations. 

hs SUN awa, bjs, Dank WMA orl ae Gn 
Example 6: 
Show that 

ya 

for any circle enclosing the origin. 
‘ 

\ 

SOLUTION: Let z=re!® and find that dz/z is independent of r. 

ote Si a va Mat ihe sabe Vel fae 

We'll do one more Example to show the utility of the principal of path 

deformations. 

ld ee ee ee ee 
Example 7: 
Evaluate the integral 

where C is the circle |z| = 3. 

SOLUTION: Wecan evaluate J two different ways. We could use partial 

fractions and write 

I ri I l l 
7 Bt Oe (al) Gy ae ea 

i=¢ dz = dz -4 dz 

c2@—324+2 Jcz—-2 Jez—1 

so that 
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The circle described by |z| = 3 encloses the singularity in each case, and so 

we obtain J = 27ri — 277i = 0 using the result of Example 2. 

We can also evaluate J by deforming the circle |z| = 3, as shown in 

Figure 18.17, so that 

f dz f dz f dz 
i a SSS SS laa co SaaS 

GZ — 62-22 CSN Sem) Ce ie) 

where C, and C) are circles enclosing the singular points z = 1 and z = 2. 

Furthermore, we can make the radii of C; and C) as small as we wish. Let 

z—1=€e’® in the first integral on the right and z — 2 = ee!” in the second 

integral, and write 

( =¢ ice'"d +¢ ice'"dO 
c, €e!? (ee! — 1) C, (ee!? + lee’? 

Now let « — 0 and get 

20 20 

1=-i | av+i f ae=0 
0 0 

Notice how convenient it is to choose the radii of C, and C> to be as small 

as we wish. 

ee ee Bo 

We’ll now conclude this section with a proof of Equation 12, the principle of 

path deformation. Let’s go back to Figure 18.15. Now make a cut from Cp to C, as 

shown in Figure 18.18 and call it C>. According to the Cauchy-Goursat theorem, 

§. fleyde+ f flay de+ flayde+ [ ACh) 
: Coy Cot (ccw) (cw) 

(13) 

if f(z) 1s analytic in the region bounded by Co and C;. In Equation 13, (ccw) 

indicates counterclockwise, (cw) indicates clockwise, and C, | and C ¢ indicate 

the paths shown in Figure 18.18. Note that these paths keep the region between Co 

and C; to the left as z advances. According to Equation 3, the integrals along C, 

cancel, and we are left with 

ee f(@dzt+ fe, {@dz=0 

(ccw) (cw) 

or 

Faz (14) $, fardz= 
) (ccw (céw) 

as we set out to prove. 
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‘y 

Figure 18.17 
The deformation of the circle described 

by | z | = 3 into two circles of radii € 

enclosing the points z = | and z = 2. 

Co 

Figure 18.18 
A cut from Cg to C, and back for the 

two simple closed curves shown in 

Figure 18.15, along with an indication of 

the positive traverses of z along Co and 

C, and back and forth along C). The two 

traverses along C> are separated in the 

figure only for illustrative purposes. 
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18.3 Problems 

The first four problems review line integrals (see Section 7.2). 

1. Let v(t) = (3x? + y) i — 6xy j and evaluate i v: dr from (0, 0) to (2, 4) along the path x =?, y= 17: 
C 

2. Evaluate / f - dr if f =3xyi— yj from (0, 0) to (2, 8) along the path y = ie 
E 

3. Evaluate / v - dr counterclockwise around the square whose vertices are (+a, +a) if v= xyi— x j (see 
G 

Figure 18.19). 
ty 

(a, a) 
a ee eee 

x 

Figure 18.19 
The counterclockwise integration path (-a, —a) 

around the square whose vertices are d 

(Gide) ‘ 
‘ 

4. Evaluate / v - dr around the path shown in Figure 18.19 if v= (2x + y?) i— Gy — 4x) j. 
G 

5. Evaluate f z*dz where the contour is the unit circle. 

6. Evaluate iL iad awiere mi) i ee along the path given by z= (1+ /)t,0<t <1. 
(G 

7. Evaluate / J (z) dz where f(z) = zRe (z) along the path given by 
C 

os t O = = 1 

eee G= Wn Lease 

8. Evaluate / Re z dz once around the circle |z| = 7 in a counterclockwise direction. 
G 

9, Evaluate / z* dz along the parabola y = x? from (0, 0) to (1, 1). 
G 

10. Evaluate / z* dz along the straight line from (0, 0) to (1, 1) and compare your answer to that in the previous 

dz 

le 
dz 

iL 1+ 2? 
(see Figure 18.20). Calculate its limit as R > oo. 

problem. 

11. Determine an upper bound for , where C is the straight line segment from i to 1 +7. 

12. Determine an upper bound for for the semicircular contour of radius R in the upper half plane 
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iS. 

14. 

15. 

16. 

172 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

ty 

Figure 18.20 
A semicircular contour of radius R in the x 
upper half plane. 

Evaluate the integral in Example 3 along the straight line connecting the points (0, 0) to (2, 4). 

Why does the value of the integral in Example 3 depend upon the path? 

dz MAES, 
Evaluate f ° for n = 1, 2,3... where C is a closed contour encircling the point z = a. 

GAZ a 

Integrate | (Zo 22 iz = D)dz along a path from (0, 0) to (1, 1). i 
es 

ats - : : > > (Romie) 
Verify Green’s theorem in a plane for ® [(xy + y~)dx + (x* + y)dy], 

where C is the closed curve shown in Figure 18.21. 

BS) 

Figure 18.21 
The closed curve used in Problem 17. 

2z—1 , : 
Evaluate J = f z dz counterclockwise around the circle |z| = 2. 

6zz—1 

Evaluate the integral in the previous problem counterclockwise around the circle |z| = 1/2. 

Syn 

Evaluate J = f < a 37% counterclockwise around a unit circle centered at the origin. 
(One 

zdz 
Evaluate J] = pa where @ 1s) theveinele (a) (Z| = 15(b)) [ali = Se) | = 2, and (d)) \z 1 |= 3; 

Ca 
traversed counterclockwise in each case. 

d : ; . 
Evaluate / = 5 - where C is the circle (a) |z| = 1/2, (b) |z| = 2, (©) |z +i] = 1, and (d) |z +i| =2. 

Coa 

Prove the ML inequality. 

Show that es = 2z7i for any ellipse in the complex plane whose center is at the origin by evaluating the 
(G6 

integral explicitly. Hint: Express z parametrically by x(t) =a cost and y(t) =b sint where 0 <f < 27. 

dz ; : 
Show that the Kronecker delta can be represented by 6;,, = oe f a where C is any simple, closed 

AS ME EE 
contour enclosing the origin. 
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ty 

Figure 18.22 
A contour C in Equation | along with the 

point a. 
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18.4 Cauchy’s Integral Formula 

The Cauchy-Goursat theorem tells us that if f(z) is analytic inside and on a simple 

closed curve C, then 

f (Camere 1) 
G 

As important as this theorem is, there is another general theorem due to Cauchy 

that is at least equally important. 

The Cauchy integral formula says that if f(z) is analytic on a simple closed 

curve C and in the region enclosed by C, and if a is any point lying inside 

C, then 

AS) 

6 Gad 

da 270 hfi(Q) @ 

Equation | is remarkable because it says that if we know f(z) on the curve C, then 

we know f(z) throughout the entire region enclosed by C. Furthermore, we’ll see 

below that Equation | also tells us that if f(z) is analytic in a simply-connected 

region R and on its boundary, then f(z) has derivatives of all orders. We defined an 

analytic function in Section 2 as a function whose first derivative exists, but we’ll 

see that if f(z) has a first derivative, then itshas all derivatives. This is in stark 

contrast to functions of a real variable. For example, f(x) = x? sin( 1/x) has a first 

derivative but has no second derivative in the interval —1 < x < 1 (Problem 1). 

We can verify the Cauchy integral formula fairly readily by using contour 

deformation. Figure 18.22 shows a contour C in Equation | along with the point a. 

Because f(z) is analytic within C, the only possible singularity of the integrand 

in Equation | is at the point z = a. We can deform C into a unit circle surrounding 

a, and then take the radius of the circle to be as small as we wish. Therefore, 

f() oe f@ re 

a Gz—a Ck 
(2) 

where € denotes a circle centered at a with a radius €. Because f(z) is continuous 

(because it is analytic) within the region enclosed by C, and hence on the circle 

C,, the integral on the right side of Equation 2 becomes 

faz Eee) dz —> fa) 

GES a4 Caan CL 
= 2mif (a) 

ee! 

as € — 0), which gives Equation 1. 

We can also prove Equation | another way. Add 2zi f(a) to both sides of 

Equation 2 and write it as 

f(z) dz 

Cet 
— 2mif (a) (3) 

=|p COO"; z 



18.4 Cauchy’s Integral Formula 

Now, given any ¢, there is a 6 such that 

Wi Qi=ag(@) ie, ewhene liza |< 

Therefore, the integral on the right side of Equation 3 satisfies 

freee Ae | es f dz 

€ eae 6 5 (0 
<< E 

and Equation 3 becomes 

Z) dz 
$ RAGES dz — 2mif (a) | < 27 (4) 
(C4 w 

Because € can be made arbitrarily small, Equation 4 leads to 

f (2) 

CR ae a 
ag=20i f(a) 

Equation | is an invaluable tool for evaluating contour integrals. 

ee ty 

Example 1: 

895 

Evaluate f = mee where C is the rectangle shown in Figure 18.23. 
C F = 

xj 

SOLUTION: Using Equation i with f(z) = e* and a = 2, we have 

f a dz = 2mie’ 
cz-2 

Figure 18.23 

S 

|__ ee A rectangle surrounding the point z = 2. 

| 
Example 2: 
Evaluate 

i=¢ i Goes a 

ee ale = 

for the two different contours shown in Figure 18.24. 

SOLUTION: The denominator of the integrand factors into (z — 1)(z + 1), 

so there are simple poles at z =i and z = —1. Contour | surrounds both 

poles, and we can deform the contour into two small circles surrounding 

each pole. For the pole at z =i, we have f(z) =cos mz/(z + 1) anda =i in 

Equation |, so we have 
Figure 18.24 

271i COS 1 2m i cosh wz The two contours to be used to evaluate 

ze the integral in Exampie 2. Ghai (i) 
ER a aI) Lie i bi 
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For the pole at z = —1, we have f(z) =cos mz/(z — 1), so 

2mi cos(—z) 2n1 
JACK eS = aes y= = CES Na = ae 

Therefore, 

f COS 1Z SATO ees) 
C 

SEE eo a : 

ge+(1—i)z—i 1+i 1+i 1+i 

Contour 2 surrounds only the pole at z =i, so f(z) =cos mz/(z + 1) at 

GS 

271 cosh 1 
I =2zif (i) = ————— 

fo 1+7 

[ite ee a tlre. atin Than na hpi a 8 

Both of the above Examples have simple poles. What if we want to evaluate 

1=¢ £@) cE 

c (z—a) 

where f(z) satisfies the conditions of the Cauchy integral formula and C encloses 

the point z =a? We can’t use Equation 1 because f(z)/(z — a)” may not be 

analytic at z =a. It so happens that we can use Equation | to derive a result that 

does allow us to evaluate integrals like the one above. Let’s form the derivative 

of f(z) at z =a using f(a) from the right side of Equation 1. First write 

something like 

f(a iF @) 1 £( 1 1 ) 
= SS = z) dz 

h 2mith Jc \z-a-h z-—a Taha 

== ¢ f(z) dz 

ant Joc (Z@—a—h)(z—a) 

Using the identity 

1 ( h ) =—(1+ 
x-h x x—h 

we can let x = z — a to write 

(ah) hay i § F2% h aca yer 
= : See, 

h 2ai Jc (z—a)* 2wi Je (e—a)2(z—a—h) (5) 

l i (Z 
= dz+Al 

2mi Jc (z —a)? : 

The last term here, AJ, is proportional to h, so we may hope that this term vanishes 

as h — 0. If that’s so, then Equation 5 becomes 

fi@'= — $ BOR (6) 
C Qn (z —a)? 
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which is our desired result. Problem 25 has you show that | AJ | does indeed vanish 

as|h|— 0. 

Once Equation 6 is proved, we can now continue the process and find the 

derivative of f’(a) and so on. The result of all this is 

f(a) = n! f fF) dz 7 (0) ae ee (7) 
GC 

oni (z= a)nt+l ie 

which contains Equations | and 6 as special cases. We shall refer to Equation 7 as 

the Cauchy integral formula. Before we go on to use Equation 7 to evaluate some 

contour integrals, note that if the first derivative of f(z) exists within C (is analytic 

within C), then its derivatives of all orders exist, a remarkable result. 

MMinGen boobs twee ane 
Example 3: 

sin 12° t= $ Eas 
ites 

Evaluate 

where C is the circle described by |z| = 3. 

SOLUTION: We use Equation 7 withn =2, f(z) =sin2z*, anda = | to 

obtain 

. 2 

l= ies [Sou “2 =A E cos mz- — 4072? sin ne] 
Py) 

= al 

Example 4: 
Evaluate 

COS Z aupbientes, 
c 22(z —i)3 

where C is the circle described by |z| = 2. 

SOLUTION: There are isolated singularities at z = 0 and z =7, so we can 

deform the contour C to write / as 

COS Z COS Z 
l=) —=——dz + ——_ — dz 
f z*(z — i)? Cae)? a4 

where C, and C) are shown in Figure 18.25. For the contour Cj, take 

f= <0sz/ (71) a= 0, and a 4; 

897 

The deformation of the contour described 

by | z | =2 into the contours C, and C) 

in order to evaluate the integral given in 
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f, 

2. 

> Bvaluate = 

wEwaluate d= 

l= . Evaluate 

Evaluate = 
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= 2ni | ( a) = —6ni 
CoN Ci) a= 

For C5, take f(z) =cos z/z-,a =i, and n =2: 

2 i 

hh=ni Ee | = i [7Tcosi + 4i sini ]=i(7 cosh 1 + 4 sinh 1) 
=i 

The total integral is 

f= bb ==6n0 =F (7 cosir I -= 4:5 I) 

ere Ps ie Le ere eee en | 

There are a number of important consequences of the Cauchy integral formula. 

Many of these are what you might call theoretical, and are discussed in texts 

on complex variables, but some are directly applicable to physical problems. 

Two that we shall use in Section 19.5 are Poisson’s integral formula for a half 

plane and Poisson’s integral formula for a circle. We derived these formulas in 

Sections 17.6 and 16.2, but they can be derived directly from the Cauchy integral 

formula (Problems 15 through 20). 

18.4 Problems 

Show that f’(0) = 0 but that f”(0) does not exist for f(x) = x? sin(1/x). 

e — | 
Evaluate J = f dz where C is given by |z| = | for all values of a. 

Ge! 

tan z 
. Evaluate / = Zi dz where C is given by (a) |2z| = 1 and (b) |z| = 1. 

Ga aa 

2 

. Evaluate / = é Ae where C 1s given by |z| = I. D 
 *& 2) 

Z e 

dz where C is given by (a).|z — 1| = 4 and (b) |z| =3. 
EAS f 
5 es where C is given by (a) |z — 1| = 2 and (b) |z — 1| =3. 

o>) 

Lo: Q 

1Z 
e 

(z2 +1) 
f dz where C is given by |z| = 2 by (a) using partial fractions and (b) deformation of 
€ 

contour. 

sin* z Lae 
f mee where C is given by |z| = 2. 
CG 2/3) 

sin Z 
. Evaluate 7 = f —— dz where n = 0 and C is given by |z| =2. 

C n+l 
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20 

10. Evaluate J = i} cos”” 6 d@. Hint: Write cos 6 as (e!? + a = Gaz) 2: 
0 

21 : ; 

11. Evaluate J = i sin” 6 d@. Hint: Write sin 6 as (e!9 — e!°)/2i = (z — 1/z)/2i. 
0 

ZF 1) 
12. Evaluate J = ey) dz where C is given by |z| = 1. 

C ZCOSZ 

13. Evaluate J = f —— dz where C is given by |z| = 1. 
Zo De 

| Zit 

14. Evaluate f(i), f(3i), f(4), and f (Si), where f(a) = f [end aes dz and where C is the ellipse described 
ee, (ia th) 

by 4x? + y* = 16. 

15. We'll derive Poisson’s integral for a half plane from Cauchy’s integral formula in this problem. Start with 

Equation |. Using electrical potential for concreteness, we know that u(x, y) (and v(x, y)) is determined by 

its values along its boundary (Dirichlet conditions). Thus, we expect Equation | to have the form 

u(x, y) =f K(z, x, y)u(z) dz (8) 
é 

with a similar equation for u(x, y). Comparing Equations | and 8, we see that an equation of the form of 

Equation 8 will not occur unless the factor multiplying f(z) in Equation | is pure imaginary (assuming that 

K(z, x, y) is real). Thus, we need to manipulate Equation | to get into the form of Equation 8. To this end, 

consider a point ¢> that lies outside the contour in Figure 18.26. 

C\ 

Figure 18.26 a 
The contour for Problem 15. 

Then 

—§ IM Fo (9) 
271 CF) 

Now subtract Equations | and 9 to get 

fe i Olds 1 (61 — bo) f @)dz Toy ee Cay. os 2 yy 
2nt Jor (X = ¢4)(% — ¢) LILO (2 = Cy) (= 6) 

Show that the integral over C; goes to zero as R, the radius of the semicircle arc in Figure 18.26, goes to 

infinity. Finally, then, we will have achieved our goal if 

(Cj = 69) 

(CANA G) 
= a pure imaginary quantity 
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16. 

17. 

18. 

1: 

20. 

21. 

22. 

23. 

24. 

25. 
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Show that this will be so if ¢) = ¢;*, and then show that this leads to 

Sa a) pe 
Mm J—oo (§ —x)*+y? 

Now let f(z) = f(x, y) =u(x, y) + iv(x, y) and equate real parts to obtain 

y he u(&, O)dé 

Ee eye pene Rk 

which is Poisson’s integral formula for a half plane. 

Use the result of the previous problem to determine the electrostatic potential in the upper half plane subject 

to the Dirichlet boundary conditions u = wu, for x < xg and u = uy for x > Xp. 

Plot your result in the previous problem for x9 = 0, u; = 100, uy = 0, and y = 1. Realize that the arctangents 

in the solution must lie between 0 and z because of the geometry of the problem. Hint: The formula 

tan~!(—x) = — tan™! x is not valid in this case because 0 < tan7!(y/x) <7z. 

Use the result of Problem 15 to solve the Dirichlet problem 

au du 0.5) < 25 260 poy #0 ete 
Sart ie Re vt Jie Cs, Ww, —il<ae< il. 
Ox- dy2 O<y y>0+ 

: ur x6 Il 

Plot your result in the previous problem for up = 1, uy= 10, uy = 5, and y = 1. Realize that the arctangents 

in the solution must lie between 0 and wz because of the geometry of the problem. Hint: The formula 

tan~!(—x) = — tan7! x is not valid in this case because 0 < tan7!(y/x)s« zz. 

Derive Poisson’s integral formula for a circle from Equation 1. Hint: Use the same trick that we used to derive 

Poisson’s integral for a half plane in Problem 15. Take the point outside the circle to be the point R?/¢*, which 

is the reflection of the point ¢ through the origin (inverse of ¢). 

In this problem, we derive Cauchy’s inequality. Show that if f(z) is analytic inside and on a circle C of radius 
'M 

R centered at z =a, then | f"’(a)| < ne n= O01, 25.8 Swhere lf (2) | = i. 

20 

Show that if f(z) is analytic inside and ona circle C with center at z =a, then f(a) = a i! flat+re'’)dé. 
Tw JO 

Interpret this result. 

Recall that an entire function is a function that is analytic throughout the (finite) complex plane. For example, 

e*, COs Z, sin z, and any polynomial in z are entire functions. Prove Liouville’s theorem, which says that any 

bounded entire function must be a constant. Hint: Start with Cauchy’s inequality with n = 1, Problem 21. 

se 

1Z ay 
Evaluate f 5 Ee where C is given by (a) |z| = 1, and (b) |z| = 3. 

Cc 

We’ll prove that A/ in Equation 5 vanishes as h — 0 in this problem. First deform C to C,, a circle of radius 

p centered at a, and lying entirely within C. The point a + h will lie within C, if we choose p > 2|h |, 

and since we anticipate that h — 0, the circle C,, will lie entirely with C. Now use the triangle inequality, 

Iz; — Z2| = |z1| — |z2|, to show that the magnitude of the denominator of AJ satisfies |(z — a)*(z —a — h)| => 
h|\M 2M\|h 

EO hy)e= PD Now let M > | f'(z)| and show that |A/J | < abe 0 L I which goes to zero 
Tp ee 

ash — 0. 
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18.5 Taylor Series and Laurent Series 

We spent all of Chapter 2 discussing infinite series of real quantities. Many of the 

results of Chapter 2 carry over to infinite series in the complex plane with little 

change. For example, if 

Sr) —= De Tie) 
7=0 

then the series converges to $(z) if there exists a value of N such that 

IS@) — S,@)| <€ when n> N(e, z) 

where we emphasize that N depends upon the value of € and possibly z. If N does 

not depend upon the value of z, then the series converges uniformly to S(z). We 

can use the ratio test for convergence. The ratio test says that 

CO 

The series SE Tn(z) converges if lim = L < land diverges if L > 1. 
ar n—-> OOo 

The test is inconclusive if L = 1. 

In+1 
f, n 

| a er a an re 
Example 1: 
Use the ratio test to determine for what values of z the geometric series 

CO 

Sy = SS z" converges. 

n=0 

SOLUTION: 

ifn! 

lim al 
noo n 

and so S,(z) converges (absolutely) for |z| < 1 and diverges if |z| > 1. You 

can see that it diverges for |z| = 1 because the nth term does not go to zero 

asin —> oo. 

[eS ee ee | 

Recall that the geometric series can be summed into closed form by multiply- 

ing S,, by z and then subtracting S,, to get 

2S_ —Sp=Ztote +271 (lteter te+ +2") 
aes zntl =| 

Solving for S,, gives 

(1) 

901 
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For |z| < 1, z"+! > 0 as n — oo and we obtain 

ha a be bees (2) 
CO 

l-—z 
j=0 

Equation 2 is a power series about the point z = 0. Power series play a central 

role in complex variable theory. We have the following theorem for power series 

in a complex variable: 

Consider the power series about the point z = a: 

CO 

TZ) = 125 Cy — a)" (3) 

n=0 

where the series converges for |z — a| < R and diverges for |z — a| > R. The 

circle |z — a| = R (on which the series may or may not converge) is called 

the circle of convergence. The radius of this circle is given by 

1 
— = lim 
R n— co 

Cn+l 
(4) 

Ch 

If R = 0, then the series converges only at the point z =a. If R= %, then 

the series converges in the entire complex plane. 

Example 2: 
Derive Equation 4. 

SOLUTION: Simply apply the ratio test to Equation 4: 

+l _ (Engi (Z — a)" : 
lon ee |z—a| lim 
noo c,(Z = a)" n> Oo 

The series converges if |z — a| < R and diverges if |z —a| > R. 

a ee 

We learned in Chapter 2 that power series converge uniformly and that uni- 

formly convergent series are special in the sense that they can be manipulated much 

like polynomials. This is also true for power series of complex variables. 

Let |z — a| = R be the circle of convergence of the power series in Equation 3. 

Then this series converges uniformly and absolutely within and on any circle 

interior to the circle of convergence. Not only do power series converge 
CO 

uniformly and absolutely, but also the power series ) Cy(z — a)" describes 

. . . . . ~ n=0 

an analytic function within the circle of convergence. 
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The above properties of power series explain why power series play such an 

important role in complex variable theory. 

The Weiertrass M-test for series of a real variable carries over essentially 
CO 

unchanged for a series in a complex variable. Consider the series Se iet2) ane 

n=0 

Weierstrass M-test says that if there is a set of positive constants {M,,} such that 
CO 

| fn(z)| < M,, for all n and for all z in some. region R, and if the series Se M,, 

n=0 
(e.0) 

converges, then the series ) J, (2) converges uniformly. 

n=0 

Mao 
Example 3: 

CO 

Show that the series 2 1/(n? + z) converges uniformly for Re z > 0. 

n=1 

SOLUTION: 

D ieee I eye. 
~ Lin? +x)? + y2 ~ pn? 

5 
No 

CO 

for Re z =x > 0. The series 1/n? converges, and so the series ye 1/(n? a2 2) 

fi 
converges uniformly for Re z > 0. 

cd cai a RIA Eo he a ee EL 

We’ ll now prove that every analytic function can be represented by a power 

series. Start with the Cauchy integral formula, 

| d Hes SOE 5 
2ni JC €—2Z 2 

and the geometry shown in Figure 18.27. The quantity R in Figure 18.27 is the 

radius of the largest circle about the point z = a within which f(z) is analytic. 

In other words, R is the distance from a to zo, the singularity of f(z) nearest a. 

The circle C in Equation 5 is a circle centered at a whose radius p is greater than 

|z — a| (but less than R), so that z lies within C. Write 1/(¢ — z) as 

le 1 

i eee = ae) NCS 808) 

where (z — a)/(¢ — a) < 1 because ¢ lies on C and z is within C. Use the algebraic 

identity 

(x #1) (6) 

903 

Z0 

Figure 18.27 
The geometry used to derive Equation 9 

from Equation 5. 
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with x = (z — a)/(¢ — a) to write Equation 5 as 

I fG) f£) fo=s| $ Pde t+ (ea ap. dt 
2 = (¢ —a) Ti 6 =@ 7) 

+ 09+ (g-a)! elie + R,@) 
ClC= ay 

where 

(Gd)s FI) 
R = ——— _ g —— d (8) n(Z) aS f = 4 

Using the Cauchy integral formula (Equation 7 of the previous section), 

n! ASD (n) i d WO ty ee 

Equation 7 becomes 

fO= fa) + f@e-a+ 52-7 

: ao) < a n—1 2 a R son (eS s =a) AAR AZ) 

Equation 9 is Taylor’s formula with a remainder in the complex plane. If 

|R,,(z)| + 0 as n > ov, then Equation 9 will become the Taylor series of f(z). 

Because (z — a)/(¢ — a) < 1, you might expect that R,, > 0 as n — oo, and this 

is shown to be the case in Problem 15. Therefore, 

(n) 

WOEDS £ oo (10) 
n=0 

which converges for all z such that |z — a| < R, where R is the distance from a to 

the nearest singularity of f(z). Furthermore, a power series of f(z) about z =a 

is unique, and is equal to the Taylor series given by Equation 10. 

cae eet Eee ied er ireg ats fick | 
Example 4: 
Find the Taylor series of 

f@= 

about z = 0. 

SOLUTION: Determining the coefficients by repeated differentiation in 

this case becomes very tedious. But because the power series expansion of 

f(z) is unique, we can use the geometric series to write 
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f@=l-z+8-z? 4... 

(ee) 

= YC 1)"z 4n 

n=0 

The radius of convergence is R = | because of the singularities of f(z) at 

exp [i (7 + 2nz)/4 | for n = 0, 1, 2, and 3, as shown in Figure 18.28. = 

eee ge ee ee ON 

What about a Taylor expansion of 

by 

Se 

i 

el ,) 
i) 

Figure 18.28 

about z = 0? Although f(z) has a singularity (a simple pole) at z=0, we can The four roots of z+ + 1=0. 

expand the 1/(1 — z) part of f(z) to obtain 

1 2 
iret UP rtatea acta) 

The 1/z factor (which we can think of as an expansion consisting of just one 

term) “converges” for 0 < |z| < 00, while the second factor converges for |z| < I. 

Consequently, the expansion 

FOS sites (i) 
NX - 

converges in the common region 0 < |z| < 1. Thus, we see that the function 

f(z) = 1/zC — z), which is not analytic at z = 0, admits an expansion in both 

positive and negative powers of z. We shall now show that a function that is not 

analytic at z = a can possess an expansion in both positive and negative powers of 

Z— 4. 

A series of the form 

ica si (Z=a)” yaaa 2 (12) 
n=0 p= 

is called a Laurent series. Note that Equation 11 is a Laurent series with b_,, = 0 

for n > 2. We shall now prove that if f(z) is analytic in the region R between and 

on two concentric circles C, and C> centered at z = a, then it has a Laurent series 

expansion in R, with the coefficients given by 

ae — > IMS) ap (13) 
oni C, (¢ Sayre 

and 

! f(C) 
b, = — i / 14 

OT Da GG =a) 5 ay 



906 

Uy 
4 
‘ 
] 
i] 
i] 
i) 
\ 
\ 

Figure 18.29 
The geometry used to derive Equations 12 

through 14. The point z lies in the region 

between C, and C. 
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where C is any simple, closed, piecewise smooth curve lying in the annular region 

between C, and C). (See Figure 18.29.) 

Referring to Figure 18.29, we see that f(z) is analytic within the region 

bounded by the closed path C; + Cy + C3 + C4, and so we can use the Cauchy 

integral formula to write 

1 
IAC 4 ies IO) gy 

ami Ci+C2+C3+Cy ¢ was 

AUN DAD. ype es fine) pollae voile alleges 
Owe oe ee 

Both C, and C, are taken in the counterclockwise direction, and we have recog- 

nized that the contributions along C3 and C4 cancel. In the integral /-, on the right 

side of Equation 15, we take 

1 | | {  erlep era Ne 

= p= eee) en) C =H COC ee 

C= 

with (z — a)/(€ — a) < 1 on Cj, because z lies in the region between C, and C) 

and ¢ lies on C, in Figure 18.29. Substituting this expansion into /¢, leads to 

(Problem 16) 
‘ 

‘ 

oO | (0) . oO , 

a ner Fes Je: (¢ —a)"t! 7 ( a) 2 An ( a) (17) 

where the a, are the same as in Equation 13. 

For the integral /c, on the right side of Equation 15, we take 

[at eel toe y ¢—a\" A 
= ee a eee > i Gh Sp 

with (¢ — a)/(z—a) <1 on C because ¢ lies in C) in Figure 18.29. Substituting 

this expansion into We leads to (Problem 27) 

l i), Ei dy 
I a — = ~ n 

a=) Fes f ( Oo) es n=) 

ae f&) ; 

cae ea eee 
= n 

dX ee f. 
(€ Sayre 

| (z —a) 

=-) b,(¢@-a)” 

a 
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where the b,, are the same as in Equation 14. Substituting Equations 18 and 19 back 

into Equation 15 gives Equation 12 with the coefficients given by Equations 13 

and 14. Because (z — a)/(¢ — a) < 1 on Cj, we see that the first series in Equa- 

tion 12 converges for |z| < C,. Similarly, because (¢ — a)/(z — a) < lon C, we 

see that the second series in Equation 12 converges for |z| > C>. The common 

region of convergence of Equation 12, then, is Cy < |z| < Cp. 

Note that the Laurent series assumes that f(z) is analytic only in the annulus 

determined by C, and C>. If f(z) happens to be analytic within C,, then 

re —§ Ses, 
2ni Jc, (¢ —a)*™ 

= 20 (=a) f@)de=0 for n>1 
LIU Ge 

according to Cauchy’s integral formula because (¢ — a)"—!f (¢) is analytic within 

C,. Thus, all the coefficients of the negative powers of z — a in Equation 12 vanish 

and we have a Taylor series. We can consider a Taylor series to be a special case 

of a Laurent series. 

Let’s consider the Laurent series for 

—— (20) 
; Glee (2 z) 

There are singularities at z = 1 and z = 2. Therefore, we have three regions (|z| < 1, 

1 < |z| < 2, and 2 < |z|) to consider. For |z| < 1, we can just expand both 1/(1 — z) 

and 1/(2 — z) in geometric series and obtain 

1 4 a ca Re ee ) lt he ie ea f@ oe ( ramen 3 

hogs hee he eee (21) 
4 8 

This is just a Taylor series because there are no singularities within |z| = 1. 

Now let’s look at the annular region, | < |z| < 2. We expand the first factor in 

f(z) as 

| | 1 1 | | | ee See ee eer, 
Lax z I z 2 (pens 

z 

which converges for | < |z|. We expand the second factor in f(z) as 

1 1 4 ei wanae ) 
= = | eR SS ap ae a oO 

2-2 | D; A 8 

which converges for |z| < 2. The product of these two expansions is (Problem 17) 

907% 
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Dig tend 2 
f@)= = L(+ Ze 2e2ec¢ St) 

(1 — z)(2 —2z) 2 ce ee 2 

(OPO ar ane 
Se ee | gets Bell ay eal zie) (22) 

z Z. Z or. | 

Finally, let’s look at the region 2 < |z|. In this case 

1 1 1 | {| See ee ee 
i Zz z 2 @ 

and 

1 2 4 8 
So — Dp el ey et 

2-—2Zz iG ye Z 

and so (Problem 18) 

1 3 Tf 15 
U2 ee) Ae Mea ETE 8 2 =< |z| (23) 

An important thing to notice is that Equations 21, 22, and 23 are all Laurent 

series for f(z) = 1/(1 — z)(2 — z), but they have different forms in different 

regions. Each Laurent series is unique within each region, however, and that’s 

why we didn’t have to use Equations 13 and 14 to calculate the coefficients. We 

can use any method to find a Laurent series (or a Taylor series) within a certain 

region. 

i ee ed ees | 
Example 5: 
Determine the Laurent series for 

e 

[= eet 
z—1 

about the point z = 1. 

SOLUTION: Multiply e® by ee~! and then use 

©O 

font Cae ve 
ee =e ) 7 

n=0 

and then divide by z — | to.obtain 

= CO 

e (z—1)""! e ez—1l) e(z—1)? 
Qe aay a ee ee ee 

f z—1 2X n! z—1 2 a 3! 2 
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The series for e*—! converges for all values of |z — 1], so the Laurent series 

converges for 0 < |z — l| < oo. 

We’ ll see in the next section that it turns out in practice that the most important 

term in a Laurent expansion is the term b,/(z — a). 

ak. - ; - °°  - | 
Example 6: 

Find the coefficient of the first few terms of ascending powers of z of 

1 
= 

Go = II 

about z = 0, which is valid in the annulus 0 < |z| < 27 (Problem 19). 

SOLUTION: 

= 1 
ee z 23 

zt—+=+4+-- 
Fee! G 

1 1 

;. ae 
Meee 4 22S Oz?) 

B36 

2 2 ‘ 

Fp Ro tare ome eBavirech ietaiee =- —--+— @ Soe Z 
Z D) 6 2 6 

1 1 Z 
=---+—+0(z') 

Zi 2 Py 

18.5 Problems 

[e.@) 

1. The series ) e”* converges for which values of z? 

n=0 oe 
ee) n . nh ] Sonne ; 

2. Sum the series ye (- : ") ; 3. Sum the series 1b. ( 3 ") : 4. Sum the series Ss Ne 

n=0 n=0 — 

CO 

5. For which values of z does Ds e”/® converge? Sum the series. 

n=0 

6. Determine the radii of convergence of the following power series: 

ee ee 
n=0 n=1 

2 
a n=O n= 

n 

[e.@) 

909 
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converge uniformly? 

CO 

7. For which values of z does the series De 
2 . seat =P % 

8. Obtain a Taylor series expansion of e* about the point z = 2. 

9. Obtain a Taylor series expansion of cosh z about the point z = 0. 

10. Obtain a Taylor series expansion of cosh z” about the point z = 0. (See the previous problem.) 

11. Obtain a Taylor series expansion of Ln (1 + z) about the point z = 0. 

12. Obtain a Taylor series expansion of Ln z about the point z = I. 

13. Obtain a Taylor series expansion of /(z) = / ed about the point z = 0. 
0 

CO (= ])tz2n+1 

14. The answer to the previous problem is Ss ear | 
an (w-- 1)! 

integral in the previous problem and compare your answer. 

. Can you express this in closed form? Evaluate the 

15. Show that the remainder in Equation 9 goes to zero as n — oo. 

16. Verify Equation 17. 

I lee! Goer I a gen Gs 
We Show that the product of -2 (14 ++ 54 4 +++) and 5 a ee ee eS 

z Zig ge 2 Deere is 

eee eee ne 
ey ae ~ ae ae ae Ii (Be sure to keep track of the Various powers of z.) 

z Be Te 

18. Verify Equation 23. 

19. Why is the Laurent series of 1/(e* — 1) given in Example 6 valid in the annulus 0 < |z| < 27. 

20. How many Laurent series about z = 0 are there for f(z) = 1/(1 — z)? For which values of |z| are these series 

valid? Find these series. 

21. Find the Laurent series of f(z) = 1/(1 + z’) for |z| > 1. 

22. Find the Laurent series of f(z) = e*/(1 + z) about the point z = —1. 

23. Find all the terms involving negative powers of z — | and the first few terms with positive powers for the 

Laurent series of f(z) = e*/(z* — 1) about the point z= 1. 

24. Find the Laurent series for f(z) = 2 sin(1/z) about the point z = 0. 

25. Find the first few terms with positive and negative powers of z (if any) for all the Laurent series of 

f(z) = 1/@ + DG + 2) about the point z = 0. 

26. When we derived the Laurent series for f(z) in the text, we substituted the series given by Equation 16 into le, 

in Equation 15 and integrated term by term. This is a valid procedure if the series in Equation 16 is uniformly 

convergent. Show that the series is uniformly convergent in ¢. 

27. This problem is related to the previous problem. Show that the series in Equation 18 is uniformly convergent 

We 3 
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18.6 Residues and the Residue Theorem 

In this section, we’re going to derive the so-called residue theorem, one of the most 

important theorems of applied complex analysis. Not only is the residue theorem 

of great practical importance, it is easy to prove and easy to use. Before we derive 

this theorem, we need to define a residue. 

We learned in the previous section that if f(z) is analytic inside and on a circle 

surrounding an isolated singularity at z =a, say, then f(z) can be represented by 

a Laurent series of the form 

CO 

(OL OC=a Oy a (1) 

n=0 n=. 

where the a, and b,, are given by Equations 13 and 14, respectively, of the previous 

section. The coefficient of 1/(z — a) in the Laurent series of f(z) is called the 

residue of f(z) at z =a. Thus, the residue of f(z) at the point z =a is b, in its 

Laurent series about z = a. 

Suppose the nearest singularity of f(z) to z =a lies at a distance R away. 

(See Figure 18.27.) Then, if C is a simple closed curve lying within |z| = R and 

surrounding the isolated singularity at z = a, we have . 

f f(z) dz = 2mib (2) 
E 

The proof of Equation 2, which is called the residue theorem, simply rests upon 

the fact that 

fc-anas=| 5. Le | (3) 

Ec Ti m=-—\l 

If we substitute Equation | into Equation 2 and integrate term by term, Equation 3 

says that only the b; will survive. We derived Equation 3 in Section 3, but we'll 

derive it here again because it’s so important and so easy. If the radius of C is p, 

then let z — a = pe’” and so 

2 

fic =o)" ole = Wee i; 
t cllm+)9 ag — 0 m#z—\ 

E 0 21 m=-—\| 

Let’s use the residue theorem to evaluate 

iI = ze!edz 
Cc 

where C is the unit circle centered at z = 0. The Laurent series of z%e!/2 within the 

region 0 < |z| is 

9118 
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ty f{Q=r ste te det) 

van z 222 623 2424 
| 

C aP+itotota gt 

_ So we see that the residue of f(z) at z =0 is 1/6. Therefore, Equation 2 tells us 

ze that 

f zeldz = ue = es 
Cc 6 a 

rhe ee arene WT ea een | 
Example 1: 

Figure 18.30 Use the residue theorem to evaluate 
The contour used in Example | and the 

singular points of the integrand. I f COS Z 
PU) ee 

c 23(z2 +9) 
4 

MY 
where C is the circle given by |z| = 2 (Figure 18.30). 

G 
SOLUTION: The singularities of the integrand occur at z = 0 and 

z = +31, so C encloses only the singularity at z = 0. The Laurent series 

Tote C2) I= COS 2a? + 9) in the annulus 0 < |z| < 3 is 

‘ Be ee one Aa A || poe ae Tae 
Ne AE) Ne 2! 4! 9 81 

| 11 
Se eT Oe) 

9273 162z 

The residue of f(z) at z= 0 1s —11/162, and the residue theorem tells us 
Figure 18.31 nee 
The contour described by | z | = 4 and 

the singular points of the integrand of the f COS Z Llzi 

(6; 

integral in Example 1. dz= 
z3(z2 + 9) 81 

4 

2G; [eee Se Ss ee ee ee On eee 

What if the contour in Example | enclosed all three singular points of the inte- 

grand? Let’s suppose that C is the circle given by |z| = 4, as shown in Figure 18.31. 

Co Because there are only three isolated singularities, we can deform C as shown in 

e Figure 18.32 so that 

x 

fp faod=¢ fades f f(z) dz+ f(@) dz 
G Cy Co C3 

and then apply the residue theorem to each integral separately. This leads to the 

general result that if f(z) has a number of isolated singularities within C, then 

Figure 18.32 
The deformation of the contour in f f(z) dz = 277i, [ sum of the residues of f(z) inside C ] (4) 

Figure 18.31. g 
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Equation 4 is the usual statement of the residue theorem. 

i ree 
Example 2: 
Use the residue theorem to evaluate 

e 

dz 
p z=) 

where C is the circle given by | z | = 2. 

SOLUTION: The singularities of the integrand occur at z = +1, which 

lie within C. To determine the residues at z = +1, we need a Laurent series 

about each point. For z = 1, we replace z by (z — 1) + 1 in the integrand and 

write 

e Cie a» bd e ek) 

re UNG een 2 etn tial 

e (z — 1)? al — 1 Go| aS ee | a aes ean a(t Maripasces il neat | 

= es 
—2z¢-l 4 

Similarly, we have the following about the point z = —1: 

e& a en! e(l+z) ee go e&tD 

2-1 @+IP=2¢F) 2GF) ,_ 2+! 
2 

| 

Ze(Z 4-1) 

so that the two residues of e%/(z? — 1) are e/2 and —1/2e. Using Equation 4 

gives 

Example 2 illustrates that the efficacy of the residue theorem rests upon the 

ease of calculating the residues of f(z). Although determining the residues by 

first deriving a Laurent series is fairly straightforward, the amount of algebra can 

escalate. It turns out that there is a much easier way to determine the residues of 

f(z) than we used in Example 2, and this will be the subject of the rest of this 

section. 

DIS 
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The two most important types of singularities for our purposes are best dis- 

cussed in terms of Laurent series. Consider the Laurent series 

oo N B 

C= DU a a) a (5) f Ss yy De (z —a)" 
n=0 C1 

where the expansion in negative powers terminates at the Nth term (assuming that 

by #0). In this case, the singularity of f(z) at z =a is said to be a pole of order 

N. For example, 

| 
= ; se 5 si 

has a pole of order 2 at z= 0. If N = 1, the pole is called a simple pole. The 

function f(z) = e*/z has a simple pole at the origin. If N = oo (in other words, 

if the negative powers of the Laurent series continue indefinitely), the singularity 

is called an essential singularity. The function e'/< has an essential singularity at 

z= 0, 

We can determine the order of a pole of f(z) fairly easily by using the fact 

that a is a pole of order N if and only if 

f(@= = ene g(a) #0 (6) 

where g(z) is analytic at z =a. To prove this, start with Equation 6 and expand 

g(z) ina Taylor series about z — a and get 

g(a) g'(a) g’(a)/2! 
(ay (ea) Ne aa 

which is essentially the definition of a pole of order N, according to Equation 6. 

eee Poesia se Tea | 
Example 3: 
Classify the singular points of 

VDT gn mopercee one 
Came P78) 

SOLUTION: There are singular points at z = 1 and at z = —27. Use 

Equation 6 to write f(z) as 

g(z) 
foM= Gaye 

where g(z) = 1/(z + 2i). Because g(z) is analytic at z = 1, the pole at z = 1 
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is a pole of order 3. Similarly, for the pole at z = —2i, we write 

Biz) 
(Z) = 

! Zt 

where now g(z) = 1/(z — 1)°. Because g(z) is analytic at z = —2i, the pole 

at z = —2i is a simple pole. 

| a 

ee a ie ea Ct:t:*~<CS~*d 
Example 4: 
Classify the singular point at z = 0 of 

e 

f(@) =——— 
, 1 — cosh z 

SOLUTION: It is not convenient to use Equation 6 here. Using the Taylor 

series of cosh z, 

2 oth 
coshhz=1+>+—+40(2°) 

A 

we see that the denominator can be written as 

4 
a ae 
‘4 po ee oe ae 

Tie ee men ee )] 

Therefore, 

and so we see that the point z = 0 is a pole of order 2. 

With our discussion of singular points behind us, we’re ready to show how to 

find the residue of f(z) at a pole of order N. Suppose f(z) has a simple pole at 

z =a. Then, according to Equation 5, 

io= 
b 

+09 + a2 —@) + *<* 
— a 

7 
4j 

If we multiply both sides by z — a and then let z > a, we have 

b; = lin @— @) fF (@) (simple pole) (7) 
La 

Suppose now that f(z) has a pole of order N, as in Equation 5. If we multiply 

by (z — a), we have 

(z —a)% f(z) =by + by_y(z — a) +--+ O14 Bea) ante eg) oes 

(8) 

o15 
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This equation represents the Taylor series expansion of (z — a) f(z). If we let 

G(z) = (z — a)" f(z), then Equation 8 can be written as 

EGCG) eC Cm aly aa (5) Caan — a a —a eae —————— —_ si ten 

: : (N= ie aval) 

(9) 

By comparing Equation 9 with Equation 8, we see that 

dN-\e = ay 
b, = ——— lim je 2 an (10) 

(N — 1)! z>a dzN-} 

Note that Equation 10 reduces to Equation 7 when N = 1. 

The following two Examples illustrate the use of Equations 7 and 10. 

[> Wate ae gle oo 79°] pita gu (ih TNR tn Gd AD 
Example 5: 
Find all the residues of f(z) given in Example 3. 

SOLUTION: The point z = 1 is a pole of order 3. In this case, 

ieee es 1 I 2i Res(e= = 3 tn | | iS teehee 
Tze dilid aes ry lo deere en se Tes 

The point z = —2/ is a simple pole, so 

Res (¢ = —2i) = lim es 
z>—2i (z — 1)3 (= 27)2 1s 15 

[ie SE ee ee ee 

ed ie es ee ge ee 
Example 6: 
Find the residue at z = 0 of f(z) given in Example 4. 

SOLUTION: The point z = 0 is a pole of order 2. Using Equation 10, 

d ze 
Resi(a— 0) ili eee =-—2 

z>0 | dz (1 — cosh z) fs 

In this case, it is just as easy to determine the residue from the final result in 

Example 4: 

LO 2 
ie = 7) ua = 2 

ae 22 5 H+ 0@*)] 

Lo ince os i Ay lilies a ge | 

See 
z z 
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Pn ee FE et teyiiin., oman 
Example 7: 

What would the residue equal if f(z) = e /(1 — cosh z) instead of 

e*/(1 — cosh z) in the previous Example? 

SOLUTION: In this case, 

1+2? + O(z4 
10 ee 

— [1+ O(2* ml )] 

and the coefficient of 1/z is equal to zero. Therefore, Res (z = 0) = 0. 

ee 8 dl | 

Many of the CAS have commands to determine the residues of functions. For 

example, the command 

mesidue [tC 2-1) "3 (2421) )) 42, 1} | 

in Mathematica gives the result —11/125 + 27/125, in agreement with Example 5. 

We've seen in this section that we can evaluate all sorts of contour integrals 

using the residue theorem, Equation 4. Recall from the end of the previous chapter 

that the inversion formula for Laplace transforms is a contour integral, and so in 

the next chapter, we shall use the residue theorem to invert Laplace transforms. If 

this were the only reason for our developing complex analysis leading up to the 

residue theorem, then it might not be worth the time and effort. We’re going to 

learn in the next chapter, however, that we can use the residue theorem to evaluate 

a large variety of real integrals. In fact, the residue theorem, and complex analysis 

in general, have many other applications, as we shall see in the next chapter. 

18.6 Problems 

Determine the nature of the poles in the following ten problems: 

if ; =e sin z 
A = —— Me Z)= i ab Li) = 1. fO=>— fa)=e Charan 

1 — cos z e 1—cosz 

Ae ae 0 —— 6. f= —— 
f@) sin? z Te) z(Z— 1) I z4 

2 I I Tea (2) COs = 8. f(2)=-— 
Ro sinh z 

eye é ot — 
ee (z + 2)2(z* — 4) J (a 

Problems 11 through 20. 

Calculate the residues of the functions in Problems 1 through 10. 

SIV 
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21. Evaluate ee where C is the rectangle shown in Figure 18.33. 
Ce 

(See Problem 11.) 

Figure 18.33 
The contour used in Problem 21. 

22. Evaluate f e'/<dz, where C is given by |z| = 1. (See Problem 12.) 
é 

23. Evaluate f eae where C is the curve shown in Figure 18.34. (See Problem 13.) 
© (= IF 

ty 

$e 

Figure 18.34 
The contour used in Problem 23. 

7 where C is the curve shown in Figure 18.35. (See Problem 14.) 24. Evaluate ¢ ce 
GaSe 

Figure 18.35 
The contour used in Problem 24. 

Ms), Evaluate o a, where C is given by |2z| = 1. (See Problem 15.) 
en) 

Il {EOS 4 ee 
26. Evaluate gy dG where C is given by |z| = R. (See Problem 16.) 

g & 

| 
27. Evaluate f z* cos —dz, where C is an ellipse surrounding the origin. (See Problem 17.) 

C Z 
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28. Evaluate f , where C is the ellipse described by 4x” + y* = 16. (See Problem 18.) 
c sinh z 

3 
Ral . : : 

29. Evaluate § i dz, where C is the square with vertices (1, 1), (1, —1), (—1, 1), (—1, —1). (See 
c (z+ 2)2(z2 — 4) 

Problem 19.) 

30. Use any CAS to determine the residues in Problems | through 10. 
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Harry Nyquist Nikolai Joukowski 

Harry Nyquist (1889-1976) was born on February 7, 1889, in Nilsby, Sweden, into a large farming family. 

One of Nyquist’s teachers recognized his talents and encouraged him to become a teacher. Unfortunately, 

because the family had little money, it was not possible for him to continue his education in Sweden. 

His teacher recommended that he emigrate to the United States as his own two sons had done. Nyquist 

worked from the ages of 14 to 18 at a nearby sulfate factory until he earned enough money to emigrate to 

America. He went to the University of North Dakota, graduated with a B.S. degree in 1914, and stayed 

there to earn a M.S. in electrical engineering in 1915. He then went to Yale University, where he received 

a Ph.D. in physics in 1917. Nyquist worked as a communication engineer at AT&T from 1917 to 1934 and 

at Bell Telephone Laboratories from 1934 until his retirement in 1954. Much of his best-known work was 

inspired by telegraph communication problems. Nyquist made many contributions to the theory of noise 

and provided a mathematical explanation of thermal noise. Nyquist died on April 4, 1976, in Harlingen, 

Texas. 

Nikolai Joukowski (Zhukovsky or Zhukovskii) (1847-1921) was born on January 17, 1847, in 

Orekhovo, Russia, where his father was a communications engineer. He received his secondary education in 

Moscow, and in 1864 he entered Moscow University, where he studied applied mathematics. He taught at a 

women’s high school in Moscow for two years and then moved to a teaching position at Moscow Technical 

School in 1872. While teaching there, Joukowski earned a Master’s degree in 1876, for which the school 

created a special chair of mechanics for him. He obtained a doctorate from Moscow University in 1882, 

where he became head of the Department of Mechanics four years later. At this time, he began his research 

into the problem of lift for heavier-than-air machines. In 1906, he presented the mathematical explanation 

of lift on an airfoil. During World War I, Joukowski and his students taught pilots aeronautics at the Moscow 

Technical School. He was well known for his clear, well-organized lectures at all levels. Joukowski is called 

the father of Russian aviation because of his theoretical studies on aerodynamics and for the aerodynamics 

laboratory that he established. He died on March 17, 1921, in Moscow. The town Zhukovsky, established 

as an aviation center, was named in his honor. 
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Functions of a Complex Variable: Applications 

This chapter continues our study of functions of a complex variable. Complex 

variable theory, or analytic function theory as it is sometimes called, has numer- 

ous applications in the physical sciences and engineering. We saw in Section 17.7 

that the inversion formula for Laplace transforms involves integration in the com- 

plex plane, and we shall learn how to use the residue theorem to invert Laplace 

transforms analytically in Section 1. The inversion formula for Laplace transforms 

is expressed in terms of a contour integral, so it’s not surprising that we can use 

the residue theorem to evaluate the integrals. What might be surprising, however, 

is that we can use the residue theorem to evaluate real definite integrals such as 

fel dx 

go lie x4 

Co 2 sin’ x 
I =) dx 

gn) te? 

In fact, we shall see in Section 2 that the residue theorem can be used to evaluate 

and 

a great variety of real definite integrals. 

Not only can the residue theorem be used to evaluate real definite integrals, 

but it can also be used to derive closed expressions for summations such as 

n=0 us 

and 

[e.@) ip} 

(—1)"n- 
Ss a 
= (n+a)* 

We’ll develop a general method for evaluating such summations in Section 3. 

Complex variable theory can also be used to determine the number of roots there 

are to an equation in a given region of the complex plane. For example, in Section 4, 

we’ll learn how to determine that there are two solutions to the equation e* = 3z* 

that lie within the unit circle. We’ll do this using a theorem that says that if f(z) SPA 
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is analytic inside and on a closed curve C except for possibly a finite number of 

poles and if f(z) #0 on C, then 

peg, MRT ay J 
Qi FA) 

where Z is the total number of zeros and P is the total number of poles within C. 

A practical application of this theorem and its related material in Section 4 is 

the determination of the stability of mechanical and electrical systems. Basically, 

this theory rests upon a determination of the number of zeros of a polynomial 

equation such as Q(s) =a,s" +a,_\s"~!+-+++ a,s + ao that lie in the right half 

of the complex plane. We shall develop a rather simple and convenient graphical 

procedure called the Nyquist stability criterion for doing this. 

The last two sections deal with solving Laplace’s equation in two dimensions 

by means of a procedure called conformal mapping. We briefly discussed the 

transformation or mapping of curves from the z plane to the w plane described 

by analytic functions w = f(z) in Chapter 4. We’ve learned that the two functions 

u(x, y) and v(x, y) inthe relation w = f(z) =u(x, y) +iv(x, y) are harmonic; in 

other words, they each satisfy Laplace’s equation in two dimensions. We can utilize 

this property of u(x, y) and v(x, y) in the following way. Suppose that we want 

to solve Laplace’s equation in a somewhat complicated region, such as the region 

between two parallel non-coaxial cylinders. If we can find a mapping w = f(z) 

that transforms the region in question (in the g-plane) into the region between two 

parallel coaxial cylinders (in the w-plane), then we can solve Laplace’s equation 

in the w-plane, where the geometry is simple, and then transform the resulting 

solution back into the z-plane to produce the solution to the original problem. 

The procedure is reminiscent of integral transform methods, where we transform 

a given problem into a simpler problem in transform space, solve it and then find 

the inverse transformation to obtain the solution to the original problem. 

19.1. The Inversion Formula for Laplace Transforms 

In the final section of Chapter 17, we presented a formula for the inverse of a 

Laplace transform. We showed that if 

Fy= | e- f(t) dt (1) 
0 

then 

| c+ico e 

fO=— e' F(s) ds (2) 
21 c—i00 

where c lies to the right of all the singular points of F(s). At the time, we didn’t 

know how to handle the integral in Equation 2, but now we recognize it as an 
integral in the complex plane. 
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A standard way to evaluate the integral in Equation 2 is by using a closed 
contour C like the one shown in Figure 19.1. The contour shown in Figure 19.1 is 
called the Bromwich contour. Using this contour, Equation 2 becomes 

aS as f e' F(s) ds — ne f e*' F(s) ds (3) 
2m Je Qt Jr 

If we can show that the integral along I vanishes as R, the radius of the arc, goes 
to infinity, then 

f= aft e' F(s) ds (4) 
2m Jc 

and assuming that the singularities of F(s) are isolated, we can determine f(t) in 

terms of the residues lying within the closed curve C. 

Now let’s show that the integral along P vanishes as R > oo. We first let s = 

Re’® along ’. Now, assuming that the real parts of all the singular points of F(s) 

are less than some finite number c, then the integral over I’ (in a counterclockwise 

direction) approaches 

i m/2 1@ A WT) ‘ 

———— eRe” F(Re!)i Re!’'do 
2m J 37/2 

as R — oo. But 

R a /2 ys erst 

ils f et cos?) Fi Re!?)| do 

TM J37/2 

Now assume that the magnitude of F(s) along [ is < M/R*, where k > land M 

is a constant. Under this condition 

M ane : | 

27 355) 

Now, cos 8 < 0 when 77/2 < 6 < 37/2, and if you plot the integrand of Equation 5 

for increasing values of Rt, you'll see that it goes to zero everywhere, except at 

the end points (9 = 2/2 and 37/2), which contribute less and less to the integral 

as Rt increases. Thus, we see that |/-;| — 0 as R — ov, and that f(t) is given by 

Equation 4. (Problem 22 takes you through a more rigorous demonstration that 

this is so.) 

Now let’s use Equation 4 to find the inverse of F(s) = a/(s? NG"), Using 

Equation 4, 

St 

f= perks f -atiake Seg 

C 271 s? +a? 

The singular points of the integrand occur at tia and the residues there are 

923 

io 

B 

if 

c ‘ 

a 

Figure 19.1 
A Bromwich contour for inverting Laplace 

transforms. The closed contour C consists 

of the vertical line (a, 8) and the circular 

arcu. 
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; ae*! e 
Res G=7@) == aim ee 

s>ias+ia 2i 

and 

: ae’! e lat 

Res (s = =7¢) = lim. a : 
s>-ia § —1a —2i 

Thus, Equation 4 gives 

1 eiat eo iat ; 

P= art — = SUNY 
f@) oo | ani (FS 2i ) 

This is one of the entries in Table 17.1. 

RENTS Som ents to. So Litnalindiedinn ey Cee 
Example 1: 
Use Equation 4 to find the inverse of 

RY 
6) ee 

) s? + a2 

SOLUTION: There are simple poles at s = +ia. The residues at those 

poles are : ! 

RES I(S7— 10) a - 
ssia s +ia 21a 2, 

and Res (s = —ia) = e~'“'/2. Therefore, Equation 4 gives 

iat —iat 

fO= se [2m (S oo, ) | -cosar 
Ti 

ih et oi ae OR. Aa nhs 5: 2 eee 

The next Example is a little more involved. 

Example 2: 
Use Equation 4 to find the inverse of 

A 52 
Ko] ——— 

o (s? + 4)? 

SOLUTION: The singular points of F(s) are poles of order 2 at s = +2i. 

The residue of e*’ F(s) at those poles are 

PLS 2it . 

Res 2) eee (ee 
s>2i ds (s+ 2i)2 4 2; 
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and 

2it . 

Renae oa (: a =) 
4 2 

Therefore, 

sin2t ft cos2t 
of foe ; 

You can verify this result by showing that £{ f (t)} = s*/((s* + 4)? 

(Problem 1). 

ene MN 

Example 3: 
Find the inverse of 

1 
F(s) = —— 

st+4 

SOLUTION: There are four singular points, ats =1+7, —1+47, 

—1-—~i, and i —i (Problem 2). The denominator of F(s) factors into 

(s —1—i)(s +1—i)(s + 1+1)(s — 1+71). The residues at these points are 

St 

Res (s =1+i)= lim [|__| 
sol+til (s +1—i)(s +1+i)(s —1+71) 

el elt 

ee) 

—t pit 

Res (s = —1 +i) = ——— 
8i(1 — 1) 

—t ,—it 

Res (s = —1—i)= ee 
8i(1 +7) 

t—it 

Re So 
8i(1 —1) 

The sum of the residues is 

giclee) qacmen (i= goal tee (chp) 
sum = 

16i 

elle! ve) xe e*(e! a a a ie! (e! ee e') a ie 't(e! ed e~') 

7 16i 
Bd (el! = eye eee) = i(e!! + et) (ef i= et) 

a 16i . 

sint cosht cost sinht 

4 4 
7 

325 
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Figure 19.2 
A modification of the contour shown in 

Figure 19.1 to accomodate a branch point 

at the origin and a branch cut along the 

negative real axis. 

Chapter 19 / Functions of a Complex Variable: Applications 

The contour that we have been using to evaluate the inverse Laplace transforms 

requires that the singular points of F (s) be isolated, as they are in the case of poles. 

Suppose that we want to invert something like F(s)= eas which has a branch 

point at s = 0 due to the s!/*. We can deal with cases like this by modifying the 
contour as shown in Figure 19.2. The path C) lies just above the negative x axis 

and the path C3 lies just below it. The contour is constructed so that there are no 

singularities of F(s)= es” within it. Therefore, in the notation in Figure 19.2, 

fee pala i ae 
You can readily show that the integrals along C, and C4 tend to zero as R — 00 

and that the integral around C, tends to zero as € — 0, and so we can write 

c+i00 1/2 1/2 12 
if iG ds Sen / Cem ds a / Bg ds (6) 

C—100 Co C3 

Let s = xe’™ along C) and s = xe~'” along C3, where x is real and positive. Note 
that s!/* = xV/2¢'"/2 — jx"/2 along C, and s/* = x"/2e "7/2 — —jx1/2 along Ce 

Now write Equation 6 as 
’ 

‘ 

c+ioo 0 lo) 1/2 
i ee —as! ers = / ee —aix! ee dx) i i enter (=a x) 

c—i0o co 0 

oe) 12 fo) 
— i) emma emo dx a / ete aix! pe 

0 0 

CO 

= 2i / e* sin(ax/*) dx 
0 

| 

Now let u = x!/2 and write 

Lo 'erasiy zs 

C—i100 iw) S| 
3} = 

2 3 
a 
: 

Q 

—u*t —: 
sin au du 

[o,@) 

| 

al[w Alw 

oso 
= ® 

a 

| 

es 

_2 
e“' cos au au | 

2 (2) baa /4t 

t 

= a(4r13)~"/2e-@/4t 

0 

A |v Vian ela 



19.1 The Inversion Formula for Laplace Transforms 

rece penny WEN MOIS FNS, sac ir iaon all 
Example 4: 
Find £7 !{1/s1/2}. 

SOLUTION: Because of the branch point at s = 0, we use the contour 

shown in Figure 19.2. 

(ees et | est | es! . 

i s- ——ds 
2) 

c-ico sl? nse Geen 

Let s = xe'” along C> and s = xe~’” along C3. Using these results in the 

above integrals gives 

c+ico ost One xr co —xt 
(2 e (a 
—-ds = — —— (—dx) — —~ (—dx 

ee. ue ip xi i =e 

bee CMa CLL BS eriy2) <= 12000 

> 0 Wie. 12 a (nt)!/2 

Therefore, 

| {= 1 |= |- 1 

sV2} Qi | (at)¥2] (at)? 

This result is a special case of the general formula 

aes se l(v) 

ee ee ee 

19.1 Problems 

. {sin 2t.., fces2z s? 
1. Verify the result of Example 2 by showing that £ | aes we : 

4 

3. Determine the zeros of cosh \/s. 

Use contour integrals to find the inverse of 

9 
a | Sa 

4. 5. ————_— 6. ————_~ 
s2 —a? aC. + 4) (s +2) 

Ss s 
7. ——— 8. 9. 

(s? +a?) si+1 st+1 

sinhxs . : 4 , cnet 
10. ——— for 0 < x < 1. Hint: Realize that there are poles at s =inz/a forn =0, +1, +2 

s sinh as 

=i (s2 + A)? 

2. Show that the four singular points of ist 4) areata = ery and l=, 

o27 
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11. 

12. 

3. 

14. 

16. 

17. 

18. 

Chapter 19 / Functions of a Complex Variable: Applications 

ED for 0 < x < 1. Hint: Realize that there are poles at s = inaz/a forn =0, +1, +2,.... 
s sinh as 

cosh xs!/2 
——__ for 0 < x < 1. Hint: There is no branch point. (Why not?) Realize that there are poles at 
s!/2 sinh as!/2 

See ee 

IE 18 for 0 <x < 1. Hint: There is no branch point. (Why not?) Realize that there are poles at 
s cosh a,/s 
§=—(2n + 1)? /4a? Ord =O, Il, 2, ass « 

| 
— O0<v<!l 
sv 

—as}/2 

Ss Tn 

eS 

S 

] 

(s — a)}/2 

—| I I at . 4 Show that £ - = = — Ge eric (a\/t). Hint: You need the integral 
sl/2+a (xt)!/2 

oO —ax 1/2 1 

il dn = a ci cile (ab)'/*. You could lso use the identity Z = ; p 
9 x'/2(x+b) b1/2 Btx x2 xlV/2(B +x) 

19. 

20. 

21. 

22. 

| reas 
Use the contour in Figure 19.2 to show that Vid, | 3 eee ed 

BP 

. Hint: Let s + a = p first, and then realize that there is a simple 
Caen eal | o erf (at)!/2 

s(s +.a)'/2 q}/2 
pole at p =a. Also, you need the integral given in Problem 18. 

Use the inversion formula to show that jar 6 —a)}= eu MEG). 

You can see heuristically that the integral in Equation 5 goes to zero as R > oo by plotting the integrand for 

increasingly large values of Rt, but we shall prove it analytically in this problem. First show that the integrand is 
ae ; 5 20 

symmetric about the point 6 = zr, so that we can work with J = e®! cos 46 Now show that 1 — — > cos 6 
m/2 AN, 

t 

A : s mek ae =? IU —Rt for 7/2 <0 <7 using Figure 19.3. Use this result to show that J < Ca — se ==: Cm) 
Rt 

Figure 19.3 
The geometric illustration of the inequality 

cos 9 < | — 20/m tor 7/2 <0 <7. The 

plot of cos @ is shown as the solid line. 



19.2 Evaluation of Real, Definite Integrals 

19.2 Evaluation of Real, Definite Integrals 

The inversion formula for Laplace transforms is a contour integral, so the ap- 

plication of the residue theorem to the determination of the inverses of Laplace 

transforms is obvious. Less obvious, however, is that we can use the residue theo- 

rem to evaluate a wide variety of integrals of a real variable. For starters, let’s 

consider the integral 

27 

fe / LE (1) 
0 I—3cosé 

Integrals of trigonometric functions like Equation 1 can be converted to contour 

integrals by the substitutions 

id. ,-i0 2 1 Zz 1 eae mae ned eg? = -itt = # 

Z 
id _ ,-id 1 De 7 2) 

on ee gem Rig Ses ye ee 
1Z 2i 4; 2iZ 

and then integrating around the unit circle |z| = 1. Using Equations 2, Equation 1 

becomes 
2 i ae Pear 2i dz =$ 4 — i dz (3) 

3z* — 10z + 3 Cz Du 3) 

The integrand has simple poles at z = 1/3 and z = 3. Only the pole at z = 1/3 lies 

within the contour integral (|z| = 1), and so 

— PO TIAINeSh (a— a) ) 

=2ni lim Paneer i) )=3 
z> 1/3 | (3z — 1)(z — 3) 

ae et 
Example 1: 
Evaluate 

20 a2) 

2= || Ls LAE (4) 
0 5—4cosé 

SOLUTION: Use Equations 2 to write 

ey SU HNO 
ee f Bia L ay) ee? fs ete 

4 J 24222 —5z +2) 4 J 72(2z — I(z — 2) 

The integrand has a pole of order 2 at z = 0 and simple poles at z = 1/2 and 

z = 2. The residues at the two poles lying within |z| = 1 are 

ST eae ae ah)" 5 
== = | SS] SS 

Bes ia ee [¢ De =| 4 

(c= 1/2) = = dyad Res (z = 1/2) = eit | SE — 1)(z — 2) 

29 
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by 

1 Dye 3 

Figure 19.4 
A demonstration of the symmetry of 

the integrands in Equation | (solid) and 

Equation 4 (dashed). 

Chapter 19 / Functions of a Complex Variable: Applications 

Therefore, 

The two examples that we have presented above are of the form 

2 

I =i) F (sin 6, cos 0)d0 (5) 
0 

where F is a rational function. Although the integral in Equation 5 is taken from 

0 to 27, you should be alert to the periodicity of the integrand. For example, the 

integrands in both Equations | and 4 are symmetric about 6 = z (see Figure 19.4), 

and so 

[ do =f" dQ 
§2 5==3'cos 6. 24g SE Bieosiee 4 

re 

ie sin? Od0 | i. win? dO ox 
0 5=4c0890 2 0 3—4cosé sins 

You can see this symmetry analytically by showing that in each case, the integral 

from 0 to z is equal to the integral from z to 27 by substituting 6 = 27 — ¢ (see 

Problem 6). 

Another type of definite integral that can be evaluated using the residue 

theorem is the improper integral 

I =| to (oqides 

where F(x) is a rational function of x. Strictly speaking, the above integral is 

defined as the limit 

and 

I= fin [ f (ey dx (6) 

but here we shall define 7 by 

ji == Ihnen / F(x) dx (7) 
a>oo J_a 

The integral defined by Equation 7 is called the Cauchy principal value. Certainly, 
if the limit in Equation 6 exists, then the limit in Equation 7 exists. In physical 
problems, we are usually interested in the Cauchy principal value. 
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That being said, let’s consider the integral 

2 dx 
f= 8 

ee 1x x?) 

First consider the integral 

dz 
b= 9 
t 1+ 24 a 

over the contour shown in Figure 19.5, in which case we have 

f dz [ dx | dz 
= - + 

c1+24 Eee sa r 1+‘ 

If the integral over the semicircular arc vanishes as R > oo, then J, in Equation 8 

would be equal to the sum of the residues of 1/(1 + z4) in the upper half plane. 

Let’s show that the integral over P does indeed vanish as R —> oo. First let z = Re!? 

dz is R id 

/ =) ee Oey, 
Pr {+ z* 0 1+ RtetiP 

Now take the absolute value of each side to write 

| dz [ 
Ss 

r 1+z4 0 

2) R dé 

~ Jo (+2R4 cos 40 + R8)1/2 

and write 

1 

Tp Rae] SOO 

As R > ov, the denominator goes as R4, and so the integrand tends to zero, as we 

had hoped. Therefore, 

ie dx = dz 

Sp ee eae 4 

The integrand here has simple poles at z = e!7/4, e/4, e!7/4 and e”*/4, Only 

the two poles at z = e'7/4 and e'*/4 lie within C, and so 

carmen be im/4 Bin /4 = 2i [ Res (z = e'”/") + Res (z =e )] 
see lee x 

a |= Oe ae) 
5/2 95/2 

J2 

(Problem 7 has you verify the values of the residues.) 

wo) 

Figure 19.5 
The contour used to evaluate the integral 

in Equation 9. 



DBZ 

Figure 19.6 
An alternative contour that can be used to 

evaluate the integral in Equation 9. 

Chapter 19 / Functions of a Complex Variable: Applications 

By the way, we could have just as well used the contour shown in Figure 19.6 

to evaluate Equation 9. The proof that the integral along I’, the semicircular are 

in the lower half plane, vanishes as R — oo is essentially the same as above. Of 

course, if you use the contour in Figure 19.6, then you use the residues of 1/(1 + Z) 

in the lower half plane. 

For the general case 

i= F(z) dz 

EG 

the integral over T’ will vanish as R > oo if |F'(z)| < M/R* where k > 1. If F(x) 

is the ratio of two polynomials in x, then 

pe 
fat 

/ F(x) ax= F(z) dz=2ni eee he oe 

=e C of F(z) within C 

if the degree of the denominator is at least two greater than the degree in the 

numerator (Problem 12). 

eee, el) oe a | rl 
Example 2: 
Evaluate 

a“ 

te dx 
[= ——— 

g. U4 x2)? 

SOLUTION: We'll use the contour in Figure 19.5. The integral along T° 

vanishes as R — oo and the integrand has poles of order 2 at z = ti. The 

residue at z = +7 is given by 

l i 
Renee etme =— 

z>i dz (z+i)* 4 

Therefore, 

ie dx -f dx al | ne 
CTS or es Faas Saye a os 

0 (+x7)* 2 Jin 1+x2) 4 4 

ee ee ee eee eg | 

et a es oh 
Example 3: 
Evaluate 

C dx 

co (4% — 2x + 2)2 

SOLUTION: We'll use the contour in Figure 19.5. The integral along 

vanishes as R — oo. The intégrand has poles of order 2 at z= 1+i. The 
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residue at z = 1 + i, the pole that lies in the upper half plane, is 

Res (z=1+i)= lim herd ee EN oe 
z>l+i dz (z—1+i)* 4 

i. dx xf "| Me 
he SES 

~oo (x* — 2x + 2)? 4 p, 

Thus, 

Another general type of real integral that can be evaluated by contour integra- 

tion is of the form 

CO CO 

/ F(x) cos mx dx or / F(x) sinmx dx 
—oo OO) 

where F(x) is a rational function of x. In this case, we replace F(x) by F(z), 

replace cos mx by (e!’"% + e~'") /2 and sin mx by (e'" — e—'2) /27 and use the 

contour shown in Figure 19.5. As usual, F(z) must be such that the integral along 

I in Figure 19.5 vanishes as R + oo, which means that | F(z)| < M/R* for large 

values of R, where k > 1 and M is a constant. | 

a ee 
Example 4: 
Evaluate 

where w > 0. 

SOLUTION: Start with 

1Wz 

f 3 dz 
c1l4+z2 

where C is the contour shown in Figure 19.5. We must be sure to show that 

the integral along I vanishes at R > oo. The magnitude of the integrand 

along I’ is equal to 

ei@(R cos 6+i sin 0) eo fO(R cos @—i sin @) L/2 eT oR sin 0 

1+ R2e29 1+ R2e-2i6 ~ (1+2R? cos 26 + R4)1/2 

This quantity vanishes as R > oo because w > 0 and sin 6 > 0 all along I’. 

The integrand has two simple poles, at z= +/. Only the pole at z =7 lies 

within C, and the residue there is 

1wz —o 

Res (¢=1) = im | £ |= 
+ al 

958 
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Therefore, 

oo 1X ie) : e COS WX = 
iL Beil sax = me” 
ee ihiaay 265 LEX 

or, using the fact that the integrand is an even function of x, 

[e,2) 

i eels aay Be aE o> 
6 tee p} 

{See aetna, ween eeNt a eons er See | 

ee ne oe eee 
Example 5: 
Evaluate 

Seasinuie: i ae 
Se ee 

SOLUTION: Start with 

zells 
Pe i So ae 

eg" 2742 

where C is the contour shown in Figure 19.5. The argument that the integral 

along I’ vanishes as R — oo is similar to that outlined in the previous 

Example. There are simple poles at z = —1 +7, and only the point —1 +i 

lies within the contour. The residue of the above integrand at z = —1 +7 is 

Zee Wee 
Res(z=—-1+i)= lm 2 = tenn 

zo-ltiz+1+i Di 

and so 

ee) yin '\ It 
xe .| d- ‘De = i 

/ " ay = 271 a ae =e =ime * 
—66 x2 2x 2 2i 

By using Euler’s relation on the left, we get the two results 

i X cos wx dx ae ie x sin wx dx as 
—————— =7e and —<——— =-7e 

~co X27 ++ 2x +2 —oo X27 + 2x +2 

ee ee ee ee ea ee | 

We’ll finish the section with the integral of a function with a branch cut. Let’s 
evaluate 
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where 0 < p < 1. Start with 

yo} 
f a dz (10) 
C Z 

where C is the contour shown in Figure 19.7. The integral along I’ vanishes as 

R — co because 0 < p < 1. Similarly, the integral around C, vanishes as « > 0 

(Problem 13). Using z = x along the upper part of the branch cut and z = xe2”' 

along the lower part, we can write 

co yp—ly. 0 ,27i(p—l) p-lq, 
/ : a i] fae ee 271 (sum of the residues) 
0 1 +x CO 1 ae 6 

The only singular point of the integrand within the contour shown in Figure 19.7 

is at z = —1, and the residue there is (—1)?~! = e'*'?—)). Therefore, 

Malone © xP-l ; = P 

[t= eee) dx =2nrieP—Y™! 
0 1l+x 

or 

ae we ie Que 
x= = : 5; 

0 {hte 3% 1 — e2%(p—-)) eaPRi — epri 

Je. 
i Ona <ul 

sin pz 

aa at Gol 
Example 6: 

ee) x 3 dx alee 
(pm A oe es 

Evaluate 

SOLUTION: Use the contour in Figure 19.7 to evaluate 

z/3dz 

ee 

As before, the integrals along Cp and C, vanish in the limits. Use z = x 

along the upper part of the branch cut and z = xe-™! along the lower part to 

write 

coe Nee 0 ,2ni/3,1/39 
/ -<+/ SE en oe 

(i CT) Re core ais) 

The singularity at z = —1 is a pole of order 2, and the residue there is given 

by 

ar ein/3 
Res (z = —1) = lim —— =— 
eS ) z>-1 dz 3 

19) 

nw! 

CR 

— - 
BG 

Figure 19.7 
The contour used to evaluate the integral 

in Equation 10. 
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Therefore, 

Gene 3h Eee sana) 9302 

ie: geal ylang ate ac AS a aL taarmenatia mee Tat Ae Sh 

fe oda Imielt/3 IT 20 

0 

It simply takes practice to become facile with contour integration. The prob- 

lems not only reflect the methods that we have used in this section, but illustrate 

other methods as well. 

19.2 Problems 

20 20 . 
7 0 1. Show that il pets Sa 2. Show that / ase 

0 3+cos@ /2 0 3+ cosé 

20 cM 
2 dé 

3. Show that / ae ==s = 5 4. Show that ii EO ee = as 
0 at+bsin@ (a2 —b?)!/2 0 cos?6+4sin*@ 2 

TT a8 dé 20 de 

5. Show that il 5 ue = es 6. Show that it = i —__—. 
0 azsin©6+b2cos2@ ab 7 0 a+tbcosé x a+bcosé 

7. Calculate all the residues of f(z) = 1/(1+ 2’). 
\! 

co 

8. Evaluate i ae using the contour shown in Figure 19.5. Use the result of the previous problem. 
—68 x4 

CO 2 co D 

9. Show that i ey ee 10. Show that / satiate ie El 
Ses (1+ x?)2 9} Ole el) 

ee) 

11. Show that i 2 Sif ee 
eo =e 2 2 

12. Show that the integral along P in Figure 19.5 vanishes as R > oo if F(x) is a ratio of two polynomials with 
the degree of the denominator at least two greater than the degree of the numerator. 

13. Show that the integrals on Cr and C, in Equation 10 vanish as R + oo and € > 0, respectively. 
S ; 

x Sin Wx as 
14. Show that if =  dr—=— We  “ where.w > 0: 

=) x* + a? “ 

ee) oe 

15. Evaluate [ cos wx dx and | _si
n wx dx_ 

—oo 2 iy ee ee J SO 

Cope) 

16. Show that / ae dx = 5 (1 — e7”) for w > 0. 
85 x 

© sin? ax 1 
17. Can you show that il dx = —(1—e~**) without re-doing the previous problem? 

96 4 x 2a 

oo sin x 18. An integral that has occurred a number of times in the text is 7 = / dx. We will evaluate this integral 
=65 
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19. 

20. 

21. 

22. 

23. 

24, 

25. 

Figure 19.8 (Ke 
The contour used to evaluate the integral 

in Problem 18. 

CO Zix 

by evaluating the integral © dx and then taking the imaginary part. We cannot use the contour in 
aes of 

Figure 19.5 because of the singular point at z = 0. We can modify the contour to avoid the point z = 0 as shown 

in Figure 19.8. The integral along [’ vanishes as R —> 00, but the integral along C, does not vanish as € > 0. 

Use the contour in Figure 19.8 to show that (the Cauchy principal value of) the above integral is equal to z. 

settee. 
x2 

Show that / 
OO: 

previous problem. 

dx =a. Hint: Use sin? z = 5(1 — cos 2z) = +Re (1 — e?/£) and the contour used in the 

Cora 3 3 
Can you use the method of Problems 18 and 19 to show that i “= xa ae 

ee BX 

or) V2 TiN — 4 
Show that f USER be yas ee 

o (1 x7)* 2 P(N) 
Ce a 

Show that / oe = : Z 25 
o. 14x24 2N sin(z/2N) 

oe) 1/2 

Show that if SS 
Q Clspua? 2 

e.3) a It 

Show that / dx = ————— _ for -|l«<a<l. 
o 1+x2 2 cos(a/2) 

The following integrals can be classified as miscellaneous. 

lee) lee) 1/2 

Use the contour in Figure 19.9 to show that i! cos x dx = i sin x? dx = a . Hint: You need the 
0 0 

inequality sin 9 > 20/m for 0 < 6 < 1/2 (see Figure 19.10) to show that the integral along I’ vanishes as 

Ke Oo. 

ie 

IP 

- 

R x a 

Figure 19.9 Figure 19.10 ; 
The contour used to evaluate the integral A geometric illustration of the inequality 

in Problem 25. sin 6 > 20/m for 0 < 6 < 1/2. The plot of 

sin 6 is shown as a solid line. 

937 
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26. 

27. 

28. 

29. 

30. 

Di: 

Chapter 19 / Functions of a Complex Variable: Applications 

vy 

20 

ee 

Figure 19.11 
The contour used to evaluate the integral (—R, 0) (R, 0) x 

in Problem 26. 

oO ax 

Use the contour shown in Figure 19.11 to show that ( ON for OR aae—a le 
—o l+e* sin a7 

We cannot use any of the methods that we presented in this section to evaluate an integral such as 
CO Be (al xe , f , : ; F 

= / See because the integrand is not an even function of x. There is a nice trick, however, 
om ee)? 

z Log z 
that lets us evaluate such integrals. Consider the integral f aay 

C es 
Figure 19.7. Use the fact that z = x along the path from 0 to oo and z = xe-! along the path from oo to 0 to 

Sr eax z Log z Cy ke are 
show that ——5 = — sum of the residues of ————— that lie within the contour in Figure 19.7. Now 

Ole ea) CZ?) 
show that the integral is equal to 1/2. 

dz taken around the contour shown in 

36 Ok 1 

+x)" 2(N—1) 

Use the method of Problem 27 to show that i ee = iain 
0 l+x? 3,/3- 

OR De OS 

1+x3 3./3° 

oe dx iE 
Use the method of Problem 27 to show that i =. 

Q- x2 Eo 4 

[o-6) 

Use the method of Problem 27 to show that / 
0 

CO 

Use the method of Problem 27 to show that / 
0 

19.3. Summation of Series 

There are numerous applications of the residue theorem in applied mathematics, 

but we shall concentrate on two of them in this section and the next section. In this 

section, we will learn how to use the residue theorem to sum series such as 

— 
ae 

n=0 

and 

ice) 9 yen 

S= Seas 
me (ays 

In the next section, we will use the residue theorem to locate the zeros of functions 

of a complex variable in the complex plane. For example, we’ll learn how to 
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determine how many solutions to the equation 

e* = 377 

there are within the unit circle |z| = 1 and we’ll learn how to determine if a 

polynomial such as 

f(s) =s* +25+3+41 

has any zeros whose real part is positive. This second problem occurs in the 

assessment of the stability of mechanical and electrical systems, particularly in 

regard to feedback and control systems. 

The method of the summation of series rests upon the fact that cot 7z has 

simple poles atz =0, +1, +2, .. . (Problem 1). Consider the contour, Cy, shown 

in Figure 19.12. First we’ll show that | cot 2 z| is bounded on the contour. Along the 

right (vertical) side, x = N + 1/2 andsoz = (N + 1/2) +iy, where —(N + 1/2) < 

y <N+1/2. Therefore, 

cos[z(N + 3) + iy] 
cot mz = — 1 : 

sin{z(N + 5) +izy] 

cos[(V + 5) ] cosh my —isin{((N + 5)7] sinh zy 

~ sin[(N + 4)x] cosh wy +i cos[(N + 4)z] sinh zy 

Using the fact that cos(N + 1/2) =0 and sin(N + 1/2)a = £1, we can see that 

| sinh zry| 
Keotwna| = = | tanh zy| 

| cosh zr y} 

But —1 < tanh zy < 1 (see Figure 19.13), so | cot 7z| < lon the right vertical part 

of the contour Cy. 

A similar argument shows that this is true of the left vertical part of the contour, 

also. Along the top side of Cy, y= N + 1/2 and —(N + 1/2) <x < (N + 1/2), 

and so 

| cos zx cosh zy — i sin wx sinh zry| 
| cot 7z| = -— ; 

| sin zx cosh zy +1 cos 7x sinh zr y| 

Anticipating that we are going to let the value of N approach infinity, we 

recognize that cosh zry and sinh zy are essentially equal for large values of y = 

N + 1/2 (see Figure 19.14, which shows that cosh zr y and sinh zy are almost equal 

even for N = 1). Therefore, 

|cos#x — 1 sin x| __ 
| fcolea = =— = 

| sinwx +4 cos Tx| 

along the top side of Cy with a similar result along the bottom side of Cy. 

239 

5) 
Figure 19.12 
The contour used to evaluate the integral 

in Equation |. Each side of the square is at 

a distance NV + a (where JN is an integer) 

from the origin. ‘ 

$ tanh zy 

1 

a 

Figure 19.13 
A pictorial representation of the 

inequalities —1 < tanh zy < 1. 

Figure 19.14 
An illustration of the fact that cosh zy and 

sinh zy are essentially equal for y > 1. 
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Therefore, we see that not only is | cot 2z| bounded along Cy, but | cot 7z| < 1 

on Cy. 

Now consider the integral 

I =§ af (z) cot wz dz (1) 
Cy 

where f(z) is analytic everywhere except for a finite number of poles, which 

we assume are not integers (n = 0, +1, +2, ...) for the time being. Keep in 

mind that we are dealing with two sets of poles: the simple poles of cot mz at 

n=0, +1, +2, ..., and the finite number of poles of f(z). 

The residues of f(z) cot rz at n= 0, 415-22) -= “are given by 

lim (z — n)m f(z) cot 7z = af (n) cos zn lim = 
zn ZN sin WZ 

; (2) 

=f (n)cosmn (——) = f(n) 
7 COS TN 

where we used I’ H6pital’s rule to evaluate the limit. 

According to the residue theorem, the integral in Equation | is 

N 

f f(z) cotnzdz=2ni )\ f(n)+2ni Res (3) 
Cy n=—N a 

where Res is the sum of the residues of 2 f(z) cot mz at the poles of f(z), which, 

once again, we assume are not integers. Now, | cot 7z| < 1 on Cy, and so if there 

is aconstant M such that | f(z)| < M/|z|* with k > 1 for |z| > N, then the integral 

along the contour Cy vanishes in the limit N — oo and Equation 3 becomes 

i i@e Ge of the 
residues of 2 f(z) cot ) ee 

at the poles of f(z) 
n=—OO 

Equation 4 is a central result of this section. 

Example 1: 
Evaluate the sum 

a al 

eae n2+a2 
r= 

where a > 0. 

SOLUTION: Wakes) (@)itoibesfi(2) = 1/(2? + a’), which has simple poles 

at z = tia. The residues of 2 f(z) cot wz at these poles are given by 

(z — la) cot 1z _ a cot mia 1 
Ss =—— coh ra 

z>ia (7 +ia)(z'— ia) 2ia 2a 
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and 

(z+ia)x cotmz mcotzia 5A 
- COMME 

z>—ia (z+ 1a)(z — ia) 2ia 2a 

According to Equation 4, then, 

(ee) 

Ss : =e Pcotisra 
neta a 

n=—-O 

The summation from n = | to oo is 

Let’s evaluate 

We should take f(z) to be 1/z*, but our derivation of Equation 4 assumes that 

f(z) has no poles at integers (including zero), so you might think that we cannot 

evaluate the above series. However, we can modify our derivation of Equation 4 

by singling out the pole at z = 0 and writing 

s PO ree 5 {Ree atz=0| (5) 
iO n=1 

To evaluate the residue in this case, it is easier to use the Taylor expansion of cot zz 

(Problem 8) 

(6) 

Therefore, 

i 
mw cot Wz oe 

Reset A 0 
ae 3 

Furthermore, the two summations in Equation 5 are equal and so we have 

Ys aad 
n=1 i“ 

a result that we found in Section 3.7. We also achieve the same result by letting 

a — 0 in Example | (Problem 2). 

94] 
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Example 2: 
Evaluate 

| 
= 

n=1 

SOLUTION: We take f(z) to be 1/z*, so we must single out the pole at 

z = 0 when using Equation 4. This yields 

Using Equation 6, we find the residue to be —n*/45, and so 

el m+ 

ined ag 
n=1 

eee ee ee eee 

We can use a similar method to evaluate series of the form 

Y> (y's) 
n=—OO 

Instead of using cot 7 z, we use cosec 7z, and the analog of Equation 2 is (Prob- 

lem 12) 

lim (z — n)zf (z)cosec mz = (—1)" f (n) (7) 

and Equation 4 becomes (Problem 13) 

e (1 foie & of the residues of mf (z)cosec io a 

at the poles of f(z) 
n=—O 

Example 3: 
Evaluate 

CO 
(—1)” 

S= —_— 
2» eae 
N=—OO 

SOLUTION: We take f(z) to be 1/(z* + a”), which has simple poles at 

z = tia. The residues of 2 f(z) cosec wz at these poles are 

~ We COSEC We 1 uA 
lim a ae © OSC CG —COSeCMnG 
zai z+ al 2ia a 
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and 

IT COSEC TZ 1 ; 1 
lim ————— = —cosec mia = ——cosech ma 

bar al ZL 2ia 2a 

Therefore, 

le, 2) —1)" 
ye () = “cosech ra 

n2 + a2 a 

For Equation 8 to be valid, none of the poles of f(z) can be an integer 

(7 UNeale 2 ae) Lolevaltiate sentes suchas 

‘ey eS con eae (9) 
n=) 

we treat the pole at z = 0 separately and use the analog of Equation 5, which is 

—] 
JT COSCC JT Z 

>> -D" Fn) + D(-D" F@) = — Res meee tz =0| (10) 

n=l 

ze 
“4 

A=—CO 

To evaluate the residue in Equation 10, we use the Taylor expansion of cosec 7 z 

(Problem 15), 

IZ T1323 
+ Sak 1) 

Aig 6 360 oi 
COSEC TZ = 

to obtain 

2 —1 oo 

"rin + VM = 
iI n=—CO 

The two series above are equal to each other and equal to —S in Equation 9, so 

We obtain the same result by letting a > 0 in the result of Example 3 (Problem 17). 

19.3 Problems 

1. Show that cot mz has simple poles atz =0, +1, +2,.... 

oo 2 
2. Show that De, us = a by letting a — 0 in the result of Example 1. 

n 
n=1 

1 2 [o.2) 

3. Show that a “= =) 

pi peeerae ULATs Cee asingara. 
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es 2 
4. Show that > we al mo z Z — where a is real and not equal to 0, +1, +2,.... 

nN? 1a a? sin? 1a a 
n=—0oo 

CO a 

5. Show that your answer to the previous problem reduces to Se = asa — 0. 
ay 290 

= i nm cothma  mcosech? ra 
6. Show that eee (4 ay - oa3 a a0 where a > 0. 

= mcothma | m*cosech* ra 1 
7. Show that = oF — — wherea > 0. 

> (n2 + a2)? 4a3 4q2 a4 
n=1 

, show that 

CO 

8. Starting with the defining equation for the Bernoulli numbers, oT a = 
e — 

[e-@) —])"22n 1 3 

eee i See a 
vay «Cen)! x 3 45 

9. Evaluate S = ou me 

n=l 

m coth cot ma 
re elated gen, mahalo , where a is real and not equal to0, +1, +2,.... 

a 2a 2a 
10. Show that ae 

n=—CO 
A 

lee) 

11. Let a — O in the previous problem to show that 2 ==" a 

12. Derive Equation 7. 

13. Derive Equation 8. 

CO = a 2 

14. Show that Dy (-D" _ a cosxa 

n=—CO 

pares where a is real and not equal to 0, +1, +2,.... 
(n +a)? sin’ ra 

15. Use the defining equation of the Bernoulli numbers, 
e 

a Bex? 

ms capt 
n=0 

cosec = = +2 Le 
6 360 

—— In 

16. Show that st 

n=] 
7 70. 

eG —_ m2 

17. Let a — 0 in the result of Example 3 to show that 3 

m1 

18. Use the result of Problem 3 to show that L ble Baylies 
5 (2n + 1)? 8 
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19.4 Location of Zeros 

There are various applied problems where we are interested in locating the zeros 
or the singularities of a function. For example, consider a simple RLC electrical 

circuit, whose governing differential equation is 

Det) feli odV 
18, +R + —j = — 

dt? dt dt 
(1) 

where i(t) is the current and V(t) is an impressed voltage. The response of this 

circuit to V(t) is obtained by solving Equation | with the so-called passive initial 

conditions, 7(0) and i’(0) = 0. If we take the Laplace transform of Equation | with 

these initial conditions, then we obtain 

——— Q) 
GA PER 

G 

where F(s) is the Laplace transform of dV /dt. The point here is that /(s), the 

response of the circuit to F(s), the forcing term, is given by an equation of the 

form 

~ F(s) 
oe 
Oe (3) 

where Q(s), called the transfer function, depends only upon the nature of the 

circuit. The form of Equation 3 is general and holds even for networks of circuits. 

When we invert Equation 3 to find i(t), we find that the nature of the zeros 

of Q(s) determines the nature of i(t). For example, a root of the form a + ib can 

lead to a term in i(t) of the form e“’ cos bt (Problem 1), and unless a < 0, i(t) will 

diverge with increasing time, and the system is said to be unstable. Thus, in an 

analysis of the stability of linear systems, it is necessary to determine if any of the 

zeros of Q(s) have positive real parts, or if any of the zeros of Q(s) lie in the right 

half plane. We shall learn how to determine this even for fairly complicated Q(s). 

Much of this section depends upon the following theorem: 

Let f(z) be analytic inside and on a closed curve C except for possibly a 

finite number of poles. Furthermore, we assume that f(z) 40 on C. Then, 

l i) 

2ni Jc f(z) 
Oe ms fb IY (4) 

where Z is the total number of zeros and P is the total number of poles of 

F(z) bing within C. By total number, we mean that a zero of multiplicity n 

is counted as n zeros and a pole of order m is counted m times. 

Before we go on to prove this theorem (some of the proof will be relegated 

to the problems) and discuss its ramifications, let’s verify Equation 4 for f(z) = 

945 
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z/ (227 + 1) where C is the unit circle |z| = 1 traversed in a counterclockwise 

direction. This form of f(z) gives 

iy de el 
f@Q “ZOE 27) 

and so we need to evaluate 

a ie 
Oni iia Z(1 + 222) - 

There are simple poles of f’(z)/f(z) at z =O andz= +i /./2. Using the method 

of residues, we have 

I = Res (z = 0) + Res (z =i/V2) + Res (z = —i/V2) 

cy ene 1 — 22? 1 — 27? 
= ina) + tim ——— 4+  %Im ————— 
zO 14277 zp sijJ2 2z(z+i/V2) 2=i/./2 2z(z —i/V2) 

=| ,=(==1 

in agreement with the fact that f(z) has one zero and two simple poles within |z| = 

1. (Problem 3 has you show that we get zero for the result if f(z) = z7/(2z? + 1). 

Do you see why we get zero?) ‘ 
‘ 

eciyiis Ss Ader era aA lieve Milos bas citvrsy al voto bo Gael ah Sill 
Example 1: 
Verify Equation 4 for 

and C given by |z| = 1. Note that f(z) has a pole of order 2 at z = 0 anda 

simple pole at z = 2. 

SOLUTION: 

TiC) tog 4 ene I 
i) z(z — 2) Zz g-2 

Only the pole at z = 0 lies within |z| = 1. The residue of f’(z)/f(z) there is 

—2,s0 

2mi J\z\=1 f (2) 

in agreement with Equation 4. 

ee eees et ee Se ee | 
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Ne pe i eee TL. 
Example 2: 
Re-do Example | with C given by |z| = 3. 

SOLUTION: In this case, all the poles of f’(z)/f(z) lie within C, and the 

expression for f’(z)/f(z) in Example | shows that the sum of the residues 

is —3, in agreement with Equation 4. 

| ee a al a a 

Let’s sketch the proof of Equation 4. Suppose that f(z) has a zero of multi- 

plicity n at z =a;. Then the Taylor expansion of f(z) has the form 

f(@) ia Gale iq a;)" SF Copi
gG — ar dbo od 

Therefore, 

Ke) 0) NC, (Z rs aya +n + Yen 41(Z im ay’ rie 

Aca) Bal a aj)” Ag Cr iZ ¥- an apis: 

n 

= el OVE a) 
La; 

and 

Ks, 
=e Res 
f@) 

te=al =m 

Using the same approach, if f(z) has a pole of order m; at z = b;, then (Problem 4) 

Res f ©) a= b| =—m 
i) , 

J 

Equation 4 follows by evaluating the integral by the method of residues using the 

above results. 

We evaluated the integral in Equation 4 explicitly for the case f(z) = 

z/(2z* + 1), but there is another, geometric, way to evaluate it that is often more 

convenient. First, we recognize that f’(z)/f(z) =d In f(z)/dz, and write 

f Qac=¢ d\n I) 4, 

ert) cu waz 

= f GAN CAR —Pev adie eA) 
C 

where Ac In f(z) is the change in In f(z) as:z makes one circuit around C ina 

counterclockwise (positive) direction. Now write In f(z) as 

nifi@) =n f(z) + iarg f(Z) 

947 
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AN 

= ll AN 
NS) 

Figure 19.15 
An illustration of the fact that 

w = f(z) =z* makes a complete circuit 

in the w-plane when z makes one half a 

circuit in the z-plane. 
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so that 

Ac In f(z) = Ac In| f(z)| +4Ac arg f(z) 

There is no change in | f (z)| as z makes one circuit around C, but arg f(z) may 

very well change (as we’ll soon see). Therefore, we may write Equation 4 as 

l f'@) 

DIC) CR) 

1 
dz=Z — P=—Ac arg fj) (5) 

20 

This result is known as the argument principle, or the principle of the argument. 

As we implied above, Equation 5 has a nice geometric interpretation. Let C,, 

be the image of C in the w-plane under the mapping w = f(z). In other words, 

as z traces out a path C in the z-plane, w = f(z) traces out a path C,, (the image 

curve) in the w-plane. The image curve will also be a closed contour, but it need 

not be one-to-one with C, as in the case of w = z”, where w makes two circuits 

around the origin in the w-plane as z makes one circuit (Figure 19.15). 

Let’s use Equation 5 to see how many zeros of 

f@=2 +2242 (6) 
4 

lie within the circle |z| = 1. (The zeros of f(z) are clearly z= —1 +i, but we’ll 

consider more challenging cases soon.) Let z = x + iy and write 

w= (@=uG,u) +iucr, y) 

=x? —y?+2x4+2+i xy +2y) 

We wish to plot w as z makes one circuit around |z| = 1. We can do this by writing 

x and y as x = cos @ and y = sin 0, 0 < @ < 27, in which case we have 

u(@) =cos’ 6 — sin? 6 +2cos@ +2 

v(9) =2 cos @ sind +2 sind 
(7) 

We now plot v parametrically against u. (This can be done easily using any 

computer algebra system.) The result is shown in Figure 19.16a. Note carefully 

that the change in arg w is zero because the curve C,,, does not enclose the origin 

as you can see in Figure 19.16a, where a few of the values of arg w are shown. 

Thus, there are no zeros of f(z) lying within the unit circle. 

Now let C be the circle |z| = 3. In this case, x(9) =3 cos 6 and y(@) = 3 sin 6, 

and the curve C,,, is shown in Figure 19.16b. Note that C,,, encircles the origin two 

times, so Ac arg w = 2 in this case, having picked up the two zeros of f(z) at 

i= leis 

Thus, we can express Equation 5 as 

Z—-P=N (8) 
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by Vv 

Figure 19.16 
(a) A plot of v(x, y) against u(x, y) in 

0 0 the w-plane for w = f(z) =z*+2z+2 i] ' 
for one circuit of z around a unit circle 

in the z-plane. The numbers 0 and z 

represent the values of @ in the parametric 

representation of v(@) and u(@) in 

Equations 7. (b) Similar to (a), but in this 

case z traverses the circle | z | = 3 once. 

= = 

(a) (b) 

where N is the number of times that C,,,, the image curve of C, encircles the origin 

at w = 0. The quantity N is sometimes called the winding number of w = f(z). 

Example 3: 
How many solutions does the equation 

e = 32" 

have within the unit circle? 

SOLUTION: We wish to determine how many zeros the function 

f(z) = & — 32” has within the unit circle. There are no poles, so Equation 5 

will give us the number of zeros. Write 

=e* cosy — 3(x* — y2)-447 (e’ sin y — 6xy) 

= U(x, y) - Uv @y) 

Let x =cos 6 and y =sin 0, 0 <6 < 27, and write ty 

u(@) = e°°*? cos(sin 6) — 3(cos” 6 — sin? 6) 

i] v(0) = e©*? sin(sin 8) — 6 cos 6 sin @ 
= 

A parametric plot of v(@) against u(@) is shown in Figure 19.17. We 

see that C,, encircles the origin two times, and so there are two zeros of 

f(z) = & — 32’, or two solutions to the equation e? = 32°, that lie within 

the unit circle |z| = 1. Figure 19.17 

A plot of v(@) against u(@) in the w-plane 

as z traverses the unit circle once for the 

function given in Example 3. 

There is a companion theorem to the argument principle, called Rouche's 

theorem, that is a great aid to the location of the zeros of a function. 

Rouche’s theorem: Let f(z) and g(z) be analytic inside and on a closed 

curve C, and suppose that | f (z)| > |g(z)| all along C. Then f(z) and 

f(z) + g(z) have the same number of zeros within C. 
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The proof of Rouche’s theorem is developed in Problem 9. The following Example 

illustrates the utility of Rouche’s theorem. 

Rl Sear est ere See re 
Example 4: 
How many roots to the equation 

PL drt+7*—1=0 

are there within the unit circle? 

SOLUTION: Let 

f@+eZQ=2—4427-1 

We want | f(z)| > |g(z)| on the unit circle, so choose f(z) = —4z° and 

Be) = 28 + 7? — |. This choice assures us that | f(z)| > |g(z)| on the unit 

circle because 

le(z)| = |z8 + 22 — 1) < (23) + |e) + N =3 < If @1=4 

on the unit circle. According to Rouche’s theorem, f(z) + g(z) = a 

4z> + z? — 1 has the same number of zeros within |z| = 1 as f(z) = —4z°. 

But f(z) has a zero of multiplicity 5 at z = 0, so z® — 4z° + z? — 1=0 has 

five roots within |z| = 1. - 

Wet =e oe ee eee ee pa) eae 
Example 5: 
Show that all the roots of 

z’ —2244+52-9=0 

lie between the circles |z| = 1 and |z| = 2. 

SOLUTION: Consider the circle |z| = 1, and choose f(z) = —9 and 

g(z) =z! — 22+ + 5z. On the circle |z| = 1, we have 

|g(z)| =z’ — 224 + Sz] < |z"| +] — 224] + [52] =8 <|f@I=9 

According to Rouche’s theorem, f(z) + g(z) has the same number of zeros 

inside |z| = 1 as f(z) = —9, which is zero. 

Now consider the circle |z| = 2, and choose f(z) =z’ and (Bi 

—2z4 4 5z — 9. On the circle |z| = 2, we have 

[g(z)| < |2z4| + [Sz] + 19] =51 <|f@1=|z’| = 128 

In this case, f(z) has 7 zeros within |z| = 2, so all 7 roots of z”? — 2z* +. 5z — 

9 = 0 lie between the circles |z| = 1 and |z| = 2. 
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As our final topic in this section, we’ll address the topic that we used to intro- 

duce the section. We wish to determine if a transfer function Q(s) in Equation 3 

has zeros whose real parts are positive. Usually Q(s) will be a polynomial in s 

with real coefficients: 

1 Q(s) =a,8" + a,_18" ++-++a,s +49 (9) 

Because we’re looking for zeros that lie in the right half plane; we’ll use a contour 

like the one shown in Figure 19.18. All the positive zeros of Q(s) will lie within C, 

if we take R in Figure 19.18 to be sufficiently large. Let’s look at the image curve 

C,, of the semicircular arc in Figure 19.18 as R becomes arbitrarily large. We have 

s = Re'® for —1/2 < @ <x/2 on the semicircle, so the image in the w-plane is 

w = O(s) = O(Re'”) 
=a,R"e' ta Ree 1 “ee +t a,Re” an 

: (Okemo . R 
=p? (ane wi n 1 i(n—1)e Si ye ee a) el? an ss.) 

R R-1 R 

For large values of R, the first term dominates and so 

ware (R > ov) (10) 

Therefore, as s traverses the semicircle in Figure 19.18, @ varies from —z/2 to 

mz /2, and arg w varies from —nz/2 to nz /2, for a net change of +nz. 

Now consider the contribution from the vertical axis in Figure 19.18, where s 

varies from i R to —i R (with R — oo). We can use iw as an integration parameter, 

and plot the image curve in the w-plane as w varies from +00 to —oo, and use the 

argument principle. For example, let’s consider 

O(s) =s? +657 + 105 +6 (11) 

According to Equation 10, the contribution to arg w along the semicircular arc in 

Figure 19.18 is 377. Along the vertical part of the contour (the imaginary axis), let 

s =iw and write 

Q(iw) = —w3i — 6w? + 10iw + 6 

= 6(1 — w”) +i (10w — w) 

so that 

u(w)=6(1—w*) and . v(w)=10w—w? (12) 

Figure 19.19 shows the image curve, v(w), plotted against u(w) for —8 < w < 

8. Equations 12 show that du/du = (dv/dw)/(du/dw) — w/4 for large values 

of w, which says that the curve shown in Figure 19.19 becomes vertical at its two 

951 

Figure 19.18 
The contour used to determine if O(s) 

given by Equation 9 has any zeros whose 

real parts are positive, or lie in the right 

half plane of the z-plane. 

w>- © 

w > © 

Figure 19.19 
The image curve given by 

O(iw) = 6(1 — w*) + i(10w — w3) 
plotted in the w-plane for —8 < w <8. 

The arrows point in the direction of 

decreasing w along the path. 
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w —— 00 
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—54 u 

w- 0 

Figure 19.20 
An enlargement of the curve in 

Figure 19.19, showing @ = arg w and how 

it varies as you move along the curve 

toward its two extremes. The arrows point 

in the direction of decreasing w along the 

path. 

i] 

= 

wo 

Figure 19.21 
The image curve for Example 6. Note that 

this curve does not enclose the origin. 
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extremes (w — +00). Notice that u(w) and v(w) are both negative as w — +00 

and that u(w) < 0 and v(w) > 0 as w + —on, as indicated in the figure. 

Now let’s investigate the behavior of arg w as-we travel along the curve from 

w =o to w = —ow in Figure 19.19, which corresponds to the contribution from 

the integral along the vertical axis in Figure 19.18. The arg w is shown as the 

angle @ in Figure 19.20. If we start at arg w = 0 and follow the curve to w = ov, 

arg w increases from 0 to +3z/2, and if we start at arg w and follow the curve 

to w = —oo, arg w goes from 0 to —3z/2 (Problem 21). Therefore, if we start at 

w = +00, where arg w = 37/2 and move along the curve toward w = —oo, where 

arg w = —37/2, we see that the change of arg w is equal to —37./2 — 32/2 = —3z. 

This result, together with 37 from the semicircular arc, gives a net change of 0. 

Thus, we conclude that there are no zeros of O(s) = s? + 652 + 10s + 6 in the 

right half plane. 

Dads = ee 
Example 6: 
Determine if 

O(s)=s? +2587 +544 

has any zeros that lie in the right half plane. 

SOLUTION: According to Equation 10,‘the contribution to arg w from 

the semicircular arc is 377. The contribution to arg w from the imaginary axis 

is found from 

O(iw) = —iw? —2w? +iw +4 

=4—2y? +i(w — w?) 

which gives 

u(w) = 2(2 — w) and v(w) = w — w 

Figure 19.21 shows the image curve in the w-plane. As w > +on, 

du/du — 3w/4 — +0, which says that the curve in Figure 19.21 is 

vertical at its two extremes (w = +00). If we start with arg w = 0 and follow 

the curve toward w = +00, then we see that arg w > —7/2. Notice that 

because the curve in Figure 19.21 does not enclose the origin, arg w starts at 

0, builds up to a small positive value, and then decreases to zero and continues 

to decrease toward —z/2 (Problem 22). Similarly, if we start at arg w = 0 and 

follow the curve toward w = —oo, then arg w goes through small negative 

values, passes through zero, and then increases toward 7/2 (Problem 22). 

Thus, if we start at w = 00, where arg w = —7/2, and move along the curve 

toward w = —oo, where arg w = 1/2, we see that the change of arg w is 

equal to +7. This result together with the 37 from the semicircular are gives 

a total of 477. Thus, there are two zeros of QO(s) = s> +252 +5 +4 in the 

right half plane. 

Lace os betes i at 6 em ak engl lel ll | 
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This method and extensions of this method were developed by the American 

engineer Harry Nyquist in the 1930s and is called the Nyquist stability criterion. 

19.4 Problems 

is 

2. 

Ap 

Se Oo NN 

10. 

11. 

12. 

13. 

. Show that if f(z) has a pole of order m at z = b, then Res | 

b 
Find £7! and discuss its dependence upon the sign of a. 

apres s P A 

Given that e* has no poles in the complex plane, show that e* has no zeros in the (finite) complex plane. 

Verify Equation 4 for f(z) = z*/(2z? + 1) and C given by |z| = 1. 

1) 
os 
oo 

wz=o| =—-m., 

. Use the argument principle to determine how many roots of z? + z + 1 = 0 lie within the unit circle |z| = 1. 

How many lie within the circle |z| = 2? 

. How many roots of 24 + z + 1=0 lie within |z| = 1? How many lie within |z| = 2? 

- How many solutions of sin z = 2z lie within |z| = 1? Within |z| = 2? Within |z| = 3? 

. How many solutions of e* = 2z lie within |z| = 1? Within |z| = 2? 

. We'll work through the proof of Rouche’s theorem in this problem. Because f(z) + g(z) is analytic within 

and on C, there are no poles there and 

1 f'(z) + gz) 
PN hare UT z = number of zeros of f(z) eae within C. 

(42) Oe ee) _ f(@ 

FQ) giz) F(Z) ee 8 (2) 
f(z) 

Now show that and therefore 

( number of zeros of ) ai 

f(z) + g(z) within C f(z) within C Qi g(z) 

ff) 

(: ne i) 

Gree of zeros Za io | f F(z) ae 

eo iil 

We’ ll now argue that the integral here is zero. Because | f(z)| > |g(z)| on C, it + 
f@ mahace) 

ichuse = 8%) lies inside the circle of unit radius centered at z = |. Can this circle ever encircle the origin? 

The application of Rouche’s theorem requires that you be facile with inequalities. First prove the triangle 

inequality, |z) + z2| < |z| + |z2|, graphically. Show how this generalizes to |z} +z. +°-:-+2Z,|< 

1z3| + lz2] + +--+ |z,|. Also show that |zj — z2| = |z,| — |z2| by replacing z; by z, — 22 in the triangle 

inequality. 

Show that 

(a) 3s|z—4|s5o0n|zj=1, (b) 2<s|z—1)s40n|z|/=3 

Use Rouche’s theorem to show that the equation z’ — 4734+ z+1=0 has three roots that lie within |z| = 1. 

Use Rouche’s theorem to show that the equation z° + z — 15 =0 has five roots in the annulus 3 & || <2. 

Hint: Take f(z) => for the region |z| < 2 and f(z) =z — 15 for the region |z| > 3/2. 

#2] ¥ = BOS, 

959 
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14. 

1s. 

16. 

LF; 

18. 

19. 

20. 

zl. 

22. 
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Use Rouche’s theorem to determine how many zeros the function z+ — 5z + Lhas in the annulus 1 < |z| < 2. 

See the hint to the previous problem. 

Use Rouche’s theorem to prove that there are n roots of the equation e* = az” within the circle |z| = lifa > e. 

Compare this result to the result of Example 3. 

A classic application of Rouche’s theorem involves the proof of the fundamental theorem of algebra, that every 

polynomial of nth degree with complex coefficients, p(z) =z” + dy_jz"~! + dy_p2"? + +++ +.ajz +49 =0, 

has exactly n complex roots. Use Rouche’s theorem to prove this result. Hint: Take f(z) =z” and 

g(Z) =4y_y2 | +--+ +a)zZ +49. 

Determine if Q(s) = 5° + 9s* + 2453 + 12s? — 60s — 60 has any zeros that lie in the right half plane. 

Determine if Q(s) = 5° + 354 + 5s + 5s* + 3s + L has any zeros in the right half plane. 

Determine if Q(s) = s* + 5> + s* + 10s + 10 has any zeros that lie in the right half plane. Caution: Be sure 

to investigate the image curve as w — =EOo. 

Determine if Q(s) = 5° + 25° + 353 + s* + 6s + 2 has any zeros that lie in the right half plane. Caution: Be 

sure to investigate the image curve as w — oo. 

Use the relation arg w = tan—![v(w)/u(w)] to plot arg w against w for the curve in Figures 19.19 and 19.20. 

Be sure to use the appropriate branch of the arctangent. 

Use the relation arg w = tan~![v(w)/u(w)] to plot arg w against w for the curve in Figure 19.21. Be sure to 

use the appropriate branch of the arctangent. 
“ 

19.5 Conformal Mapping 

We know that if f(z) =u(x, y) +i v(x, y) is analytic in some region R, then 

u(x, y) and v(x, y) satisfy the Cauchy-Riemann equations 

du_ dv dua 
ax dy dy ax 

in R. If the second derivatives of u(x, y) and v(x, y) exist and are continuous in R, 

then it follows from the Cauchy-Riemann equations that both u(x, y) and v(x, y) 

satisfy Laplace’s equation 

Cea tala Gav) mando 

Ox Voy ax ye Q 

in R. It may not be surprising, then, that the theory of analytic functions can be 

applied to two-dimensional boundary value problems involving Laplace’s equa- 

tion. By two-dimensional, we actually mean a three-dimensional system that is 

symmetric in one of its dimensions so that its cross section is invariant in that di- 

mension. Before we can discuss this type of application, we must review the idea 

of a mapping from the z-plane to the w-plane from Chapter 4. 

Let’s start off with some simple mappings and then build them into more 

complicated mappings. Consider some region in the z-plane and see how it is 
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ty ty 

w=zta z. 

Figure 19.22 
Ye The mapping w = f(z) =z + a translates 
x a ya region in the z-plane a units to the right 

in the w-plane. 

transformed into the w-plane under the mapping w = f(z). For example, the 

mapping 

Wat Z) =z +a (1) 

simply translates the region a units to the right because each point z in R is 

increased by a units, as shown in Figure 19.22. The point in the w-plane cor- 

responding to z in the z-plane under the mapping w = f(z) is called the image 

Of z? 

The mapping 

pez (2) 

does two things. If we write this mapping in polar form by writing w = pe’, 

b = |ble'?, and z = re’®, then 

pe’? = \bjelPre!? = \bjre! Or?) 

We see that the magnitude of z is scaled by a factor of |b| and z is also ro- 

tated through an angle $. This mapping is called a scaling-rotation mapping. 

Figure 19.23 shows the mapping of our test region in Figure 19.22 by w= 

(1+ 4/3 i)z = 2e!*/9z. 

ty tv 

w = 2 ela/3 Z 
> 

Figure 19.23 

¥ > = The mapping of the test region in 

x us Figure 19.22 by the scaling-rotation 

mapping w = (1+ V3i)z = 2e!7/2z. 
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Figure 19.24 
The inversion mapping w = f(z) = 1/z 

maps the interior of a unit disk centered at 

the origin into the exterior of the disk. 

Chapter 19 / Functions of a Complex Variable: Applications 

ty 

The mapping w = 1/z is called an inversion. If we write w = pe'? and z = Rew 

we see that 

’ 

p=- and o=-60 

and that the interior of the unit disk |z| < 11s mapped onto the exterior of the unit 

disk |w| > 1 and the exterior of |z| > 1 is mapped onto |w| < 1. The unit circle, 

itself, remains unchanged (Figure 19.24). This is fairly obvious. More interesting 

is that the inversion mapping transforms every circle into a circle, or into a straight 

line, which we can consider to be a circle of infinite radius. 
’ 

‘ 

Example 1: 
Show that the image of the disk 

Do=\lzel= (3) 

under the inversion mapping w = 1/z is 

(a) the interior of a disk if z = 0 lies outside D, (Ca aa) 

(b) ahalf planeif z= 0 les on |z—c| =R CRs Fas) 

(c) the exterior of a disk if z = 0 lies within D, (R= 'e))) 

(Figure 19.25) 

SOLUTION: First square |z — c| < R by writing 

Iz —e|? = (@ — e)(z* — c*) = zz" — cz* = c*z + cc* < R? 

or 

& 
D2 a" =z" SOc R= el? (4) 
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(a) (b) (c) 

Figure 19.25 
The three cases considered in Example 1. (a) If R < | c |, then the point z = 0 lies outside the 

disk | z—c| < R; (b) if R =| c |, then the point z = 0 lies on the circle | z — c | = R; and 

(c) if R > | c |, then the point z = 0 lies inside the disk | z —c | < R. 

Now let z = 1/w to get 

(R? — |c/? )ww* + (cw + c*w*) > 1 (5) 

The three cases to be discussed depend upon the value of R? — |c|?, as shown 

in Figure 19.25. 

(a) When R < | c |, divide Inequality 5 by | c |? — R? to get 

Bett 1 

—ww + ————~ > ———- > 0 
ee eee 

which can be transformed into 

en 25 Ey)” 1 
ww z (6) ens erie 

by multiplying both sides by —1. Now add | c |*/(| c |? — R7)? to both sides 
of Inequality 6 and take the square root to obtain 

(2| Cc é ee, RAN : 
jez = R2 - 

a 

. je =F? 
Thus, the interior of a disk in the z-plane is mapped into the interior of a disk 

in the w-plane if R <|c |. (See Figure 19.26a.) 

(b) When R = | c |, the point z = 0 lies on the circle | z — c | = R. In that 

case, Inequality 5 becomes simply 

Cul ew =! 

If we letc =a+ib and w =u + iv, this inequality becomes 

au —bv> 
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ty 

i el oe ea : (a) 

ty ty 

€& pats Me 

x 
(b) 

by — 

= 

Wiscli/z 

OG 

(c) 

Figure 19.26 
An illustration of the mapping discussed in Example 1. (a) R < | c | and the interior of a disk 

in the z-plane is mapped into the interior of a disk in the w-plane. (b) R = | c | and the disk in 

the z-plane is mapped into the region below a straight line in the w-plane. (c) R > | c | and the 

interior of a disk in the z-plane is mapped into the exterior of a disk in the w-plane. 



19.5 Conformal Mapping 

The equation au — bv = 1/2 describes a straight line with slope a/b and 

v-intercept —1/2b in the w-plane and the above inequality describes the 

shaded half plane lying below the straight line in Figure 19.26b. 

(c) Lastly, when R > |c|, divide Inequality 5 by R* — | c |? to get 

ew ew 1 * 
QO = 

2 ite, gael 

Adding |c|?/(R? — |c|*)? to both sides of this inequality and taking the 
square root gives 

c* 

R2 — |c|? 

R 
> 

R2 — |c|? 
w + 

Thus, the interior of a disk in the z-plane is mapped into the exterior of a 

disk in the w-plane if R > |c|. (See Figure 19.26c.) 

ee Le Se A 

The results of Example | are summarized in Figure 19.26. One message of 

this Example is that a given mapping (w = I/z in this case) can yield different 

results, depending upon the nature of the region on which it acts. 

So far we’ve discussed translation, scaling-rotation, and inversion separately. 

The mapping 

az+b 
Th 

cz+d 
(ad # bc) (8) 

which contains all the above three mappings as special cases, is called the bilin- 

ear mapping or the linear fractional mapping. \n fact, this mapping results from 

sequential applications of translation, scaling-rotation, and inversion (Problem 6). 

The bilinear mapping is a well-studied and well-used mapping. Having four param- 

eters, it is quite flexible and can be used to construct a great variety of mappings. 

All the maps that we have discussed, and, in fact, all maps where w = f(z) 

is an analytic function of z, have a number of important properties. Consider 

two curves in the z-plane, as shown in Figure 19.27. Let these two curves be 

parametrized by f, so that 

ZC) =x) -F1y@) and Z(t) = X2(t) + Ly2(t) 

where the x(t)s and y(t)s are smooth curves, and let their point of intersection be 

ty. The slopes of the two curves at fg are given in polar form by 

(<1) ¢ piPilto) Any (<2) x 

dt t=) t= dt t=lp 

where 0; (tg) and (fg) are the angles that the tangents to the curves z;(t) and z(t) 

at f = fy) make with respect to the horizontal axis, as shown in Figure 19.27. Now 

consider a mapping w = f(z) where f(z) is analytic. The curves described by 

gai 
dt 

dz 

dt 

oi Ar(to) 

t=ly 

959 

a \\ &\ 

Xx 

Figure 19.27 
A pictorial aid to the proof that a mapping 

w = f(z) that is analytic is conformal, or 

angle preserving. 
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z(t) and z(t) are mapped into the curves 

wy(t)= f(z) and w9(t) = f Z2(4)) 

The slopes of w,(t) and w(t) at tg are given by 

my) (it) (8) arm (8) (i t=to dz t=to dt } <1) ie dt | 1=1 

)_ (i) (B),-0(8),, CecGs (A) eG ae 

Expressing (dw )/dt),—,,, f' (to), and (dz,/dt),—;, in Equation 9 in polar form gives 

(=) 2 et 
dt Jie, dt 

with a similar result for (dw 7/dt),—,,. Provided that f'(to) £0, we can equate the 

arguments on the two sides of Equation 11 to write 

and 

dz 
ee SC a thar 

t=I9 

ef) (11) 
t=Ilo 

$1 (to) = B(to) + 91 (to) (12) 
ras 

The same procedure for Equation 10 yields 

$2(to) = B(to) + A(t) (13) 

Subtracting Equations 12 and 13 yields 

2 (to) — Pi (to) = A2(to) — (to) (14) 

Thus, we see that the angle between two smooth curves at their point of intersec- 

tion, fg, in the z-plane is carried over to the w-plane by a mapping w = f(z) that 

is analytic, provided that f’(¢)) 4 0. A mapping with this property is said to be 

conformal, or angle preserving. 

: 
Example 2: 
Where is the mapping defined by 

conformal? 

SOLUTION: The function w = f(z) is analytic everywhere except at 

z = 1/2. Furthermore, dw/dz = —5/(2z — 1)2 never equals zero, so the 

mapping is conformal everywhere except at z = 1/2. 

Loto rene alt ale nA eA me aiareeseree te Sana 



19.5. Conformal Mapping 

Table 19.1 lists a number of conformal maps that we shall use later on. Many 

books on complex variable theory contain tables of conformal maps and the CRC 

Standard Mathematical Tables list about thirty. In the maps that we present in 

Table 19.1, we use the common convention that points A, B, ... in the z-plane 

are mapped into points A’, B’, . . . in the w-plane. These maps are obtained by the 

same reasoning that we used in Example |. 

It’s fairly easy to verify the mapping given in the first entry in Table 19.1, 

especially if we use the polar form of z. Writing z = re'®, we see that the transfor- 

mation w = z’” (m > 1/2) maps the sector 0 < 6 < 2/m into the upper half plane. 

Note, in particular, that the line z = et/M is mapped into w = e'™ = —], the nega- 

tive u axis in the w-plane. We shall use the mapping w = z”, which maps the first 

quadrant in the z-plane into the upper half plane in the w-plane, several times in 

what follows. 

ee. ee ne | © 
Example 3: 
Show that the y axis is mapped into the unit circle |w| = | in the w-plane for 

Entry 6 in Table 19.1. 

SOLUTION: The mapping is 

Zl oe Daly 

zt+1 («4+1)+iy 

- ey 2iy 

(x+1?+y? («+1?+y? 

= (6%, Y) seu OlGe, WY), 

The y axis is described by x = 0, which gives 

2 y~ = I 2y 
Oxy) and v(0, y) = — u(O0, y) Ts (eye 

Note that 

(y4 — 2y? + 1) +4y? 
u*(0, y) + v2(0, y) = a el 

(y? + 1)2 

which is the equation for the unit circle |w| = 1. Problem 7 has you show 

that the x > 0 half plane is mapped into the interior of the circle |w| = 1. 

961 
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Table 19.1 

Some conformal maps. 

by by 

= 6 — ® 
C B : A 4 

a w = eta 

D O E ae B' (On tO te Ei 
—e — oe x -o -o oe e o> 

=il 1 

2. The infinite horizontal strip 0 < y <a onto the upper half plane by w = e7*/“, 

hey hy 
A 

Be e 

| oi 
G: a w = cosh a 

A’ B' (ap oO! yy 

oe -@ = -@— @- @- Oo I 

? D = 

3. The semi-infinite horizontal strip 0 < x < 00, 0 < y <a onto the upper half plane by w = cosh 
TZ 

a 
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4. The semi-infinite vertical strip —a < x <a, 0 < y < & onto the upper half plane by w = sin oe 
; a 

6. The positive half plane into a unit disk centered at u = 0, v = 0 by w = (z — I)/(z + I. 
¥ 

| | : (continued) 

963 
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; : Parr l Te. - : Pt : ; 
7. The region exterior to the unit disk |z — A < z in the positive x half plane into the infinite vertical strip 

O<u<1byw=1/z. 

ay 

iB 

ra 6; Ds 
e 

= | 

8. The upper half plane with the half disk |z| < 1,0 <6 < removed onto the upper half plane 
a 1 

Ly WS = || 4ar = |}. 
ae ( :) & 

e> 
| @m -@9 

ev y co 

LZ 
9. The upper half plane into the unit disk centered at u = 0, v =0 by w = 

LAER 
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2 

10. The interior of the half disk |z| < 1,0 <@ <z onto the upper half plane by w = (4 : :) atk, 

a 
where 11. The region between two parallel cylinders onto an annulus by w = Ls 

[oe ee ea) xy — 1-2? — DG} -) 
a= and R = ——__1______—— where | < x) <a < x, and 

ah) EoD X1— X32 

0 < R < 1. The radius of the outer circle in the w-plane is | and the radius of the inner circle is R < 1. 

ty 

p= g—a 

_az-1 
-1 earn Ret 
GE y 4 

12. The region between two parallel cylinders (one inside the other) onto an annulus by w = £4 where 
a 

1+xyx +,/G—22)0 — 22) L = xyxy +f — x7) — x3) 

= and R = —W——————_ with a > | and R > 1 where 
25] a 2.2) 38) 2 

—1 <x» < x, < I. The radius of the outer circle in the w-plane is R > | and the radius of the inner circle is 1. 

(continued) 



966 Chapter 19 / Functions of a Complex Variable: Applications 

eo A‘e 

13. The region between two parallel cylinders (one inside the other) onto the infinite vertical strip 

ORS = niby iC) ees 

14. An annular sector Rj <r < Rp, 6; + 4 < 27 into a rectangle by w = Ln z. 
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ee Se eieeniins ie Mics Son MN OF 
Example 4: 
Verify the mapping shown in Entry 14 in Table 19.1. 

é SOLUTION: Letz=re’?, so that w =Inr + i6, or 

i hie and v=0 

The two arcs are mapped into vertical lines u = Inr; and u = Inr and the 

angles 6; and 6 are mapped into v = 0; and v = 65, yielding the rectangle 

shown in Entry 14. Note that if r; = 0 and r, = o«, then the entire angular 

arc 6, < 8 < @ is mapped into the infinite strip 6; < v < 4). 

| 22 eee lace, les ee eet ae 

The most important property of conformal transformations and the one that 

we shall exploit in the next section is the following: 

Consider some region R, in the z-plane that is mapped into a region R,, in 

the w-plane by a conformal transformation w = f(z) = u(x, y) + v(x, y). 

Let this mapping be one-to-one, so that the inverse of f(z), z= f~(w), 

exists. 
If d(x, y) satisfies 

a? a? 
ae See 0 a oe 
ax2 dy- of 

then ®(u, v) satisfies 

oe a°® 
— + —_ =0 ig IDs 
du2 — v2 i 

where $(x, y) = ®(u,v) = ® [u(x, y), v(x, y) J. Furthermore, if d(x, y) = 
g(x, y) along some boundary curve C, in the z-plane, then ®(u, v) = 

e(x(u,v), y(u, v)) along the image curve C,, in the w-plane. 

Problem 20 takes you through the straightforward, but lengthy, proof of this result. 

Before going on to the next section, we’ ll present a short problem to illustrate 

the above result. Consider Figure 19.28, which shows the cross-section of a long 

cylindrical conducting sheet touching, but insulated from, a planar conducting 

sheet perpendicular to the page. Let the planar sheet be held at a potential Vo and 

the cylindrical sheet be held at a potential V;. We wish to solve Laplace’s equation, 

ao O70 ie 

ax2 Aan dy? 

for the potential in the shaded region in Figure, 19.28. 

None of the methods that we have learned to solve partial differential equations 

will work here. However, if you scan through Table 19.1, you'll see that Entry 7 

967 

ia 

Vo 

Figure 19.28 
The cross-section of a long cylindrical 

conducting sheet touching, but insulated 

from, a planar conducting sheet 

perpendicular to the page. 
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Figure 19.29 
Equipotential curves for the system 

depicted in Figure 19.28. 

19.5 Problems 

Chapter 19 / Functions of a Complex Variable: Applications 

maps the region under consideration into a simple region in the w-plane with 

simple boundary conditions. The solution for the geometry in the w-plane is 

®(u,v) = Vo + (V; — Vo)u (15) 

as you can see by inspection. Now we simply transform ®(u, v) back to 

o(x(u, v), y(u, v)) using the mapping w = f(z) = I/z. This gives us 

Xx F uy, 
—_— LS 

x2 Te y2 x2 Es y? 

1 
Dp == (4, y) Fb Ue yy) = 

ve, 

or 

58 by 
LTR 0, a and v(x, y) = ———— 
( x24 y2 y x2 4 y? 

Substitute this into Equation 15 for ®(u, v) to obtain 

Xx 
A y= Vo + (Vi = Vo) — d(x, y)=Vot (Vj NT) 

Figure 19.29 plots equipotential curves of @(x, y). 

The point here is that we transformed a problem with awkward geometry 

into one with simple geometry by means of conformal mapping w = f(z). We 

then solve the problem in the simple geometry in the variables u and v and then 

transform back to the original variables x and.y. We shall present a number of such 

calculations in the next section using the mappings in Table 19.1. 

1. Show that if u(x, y) and v(x, y) satisfy the Cauchy-Riemann equations and have continuous second partial 

derivatives, then both u(x, y) and v(x, y) are harmonic. 

. What is the image of the region |z| < | under the transformation w = z + 2? 

. What is the image of the unit disk (|z| < 1) under the mapping w = (1 + i)z + 2i? 

2 

3. What is the image of the region |z — zg| < a under the mapping w = bz? 

4 

5 . Show that the region x > a is mapped into (a) the interior of a circle if a > 0, (b) a half plane if a = 0, and (c) 

the exterior of a circle if a < 0 by the inversion mapping. 

6. Show that the bilinear mapping in Equation 8 results from a sequential application of scaling-rotation, a 

translation, an inversion, a scaling-rotation, and a translation, provided c 4 0. (See Entry 6 in Table 19.1.) 

7. Show that the x > 0 half plane is mapped into the interior of the circle |w| = | by the transformation 

w= (Z— ye 1): 

8. Verify the mapping shown in Entry 2 in Table 19.1. 

9. Verify the mapping shown in Entry 3 in Table 19.1. 

10. Verify the mapping shown in Entry 4 in Table 19.1. 

11. Verify the mapping shown in Entry 5 in Table 19.1. 



19.5 Conformal Mapping 969 

12. Verify the mapping shown in Entry 7 in Table 19.1. 

13. Verify the mapping shown in Entry 8 in Table 19.1. 

14. Verify the mapping shown in Entry 9 in Table 19.1. 

15. Verify the mapping shown in Entry 10 in Table 19.1. 

16. Verify the mapping shown in Entry 13 in Table 19.1. 

17. Consider the two parametrized curves, Cy: 2, =¢ + it* and Cy: 27 =t + 2it (t > 0), in the z-plane. Show 

explicitly that the angle between these two curves at their point of intersection at t = 2 is preserved under the 

mapping w = z?. 

18. Consider the two parametrized curves, C;: z} =¢ and Cy: z2 =it (0 <t < 1), in the z-plane. Show that the 

angle between these two curves at their point of intersection at z = 0 is 2/2 radians. Now consider the mapping 

w =z. Show that the intersection angle between the image curves in the w-plane is 7 radians. Why isn’t the 

intersection angle preserved? 

19. In the next problem, you need to use the relation 

E 2, 2D) 2 

f(z P= (2) + (=) = (*) + (=) . Derive this result. 
Ox Ox dy dy 

20. In this problem we’ll show that Laplace’s equation remains invariant under a conformal transformation. 

Let w = f(z) =u(x, y) +i v(, y). Because f(z) is invertible, we can write u =u(x, y), v=v(x, y) 

and x = x(u,v), y = y(u, v). Now let ¢(x, y) satisfy Laplace’s equation in some region R,, and let 

D(u, v) = d(x(u, v), y(u, v)) be the function that results from @(x, y) under the conformal transformation. 

2 bd ao ; 
We wish to show that “2 =p ao = 0 implies that Ou? —— — 0) assuming § (hate wis (2) eis 

De: dy? dv2 
f 0p dPBdau JAPDdAV 

conformal. Apply the chain rule to ®(u, v) = d(x(u, v), y(u, v)) to show that — = — — + —— 
Ox du Ox dv Ox 

ee d® du a a® dv 

rag du dy dv dy 
. Now apply the chain rule a second time to get 

a°d a’ d7u ab av, du a a (2) 22 d (2) 
Qx2 uu @x2— Bu x2 = Ax ax Lu) ax dx \ dv 

_ 9b du | Ab d*v | au a’ Ou a°® Ov 4 au a> du , ao av 
~ du dx? Av Ax? Ax *\ Au2 Ax Avdu Ax dx \dudvdx dv? dx 

with a similar equation for a°/dy*. Now show that 

os 06) OD | Ou 0" ad (au 0? Ease SE eee ee 
dx2 dy? du \dx2 dy? oo \ wee  — @hye 

earn remeron (2) du? Ox dy dv Ox dy 

, a°® E av 2a bu 
dudv Ldx 0x dy Oy 

= rw 
w| 
ae, 

a2 a2 0 
Now show that this result reduces to inne + 8 =e (Z |? (= + 

x? 
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22. 

23. 
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Referring to Problem 20, show that if @(x, y) satisfies the Dirichlet boundary condition @(x, y) = g(x, y) 

on a curve C, in the z-plane, then the transformed function ®(u, v) satisfies the Dirichlet condition 

P(u, v) = g(x(u, v), y(u, v)) on C,,, the image curve of C,, in the w-plane. 

Show that (x, y) = axy + b is harmonic throughout the z-plane. Now show that the transformed function 

P(u, v) = d(x(u, v), y(u, v)) is harmonic in the w-plane under the transformation z = e”. 

Show that (x, y) = e* cos y is harmonic throughout the z-plane. Now show that the transformed function 

D(u, v) = d(x(u, v), y(u, v)) is harmonic in the w-plane under the transformation z = w?. 

19.6 Conformal Mapping and Boundary Value Problems 

At the end of the previous section, we learned how to use conformal transforma- 

tions to transform a boundary value problem with an awkward geometry into one 

with simple geometry, where the problem can be easily solved, perhaps even by 

inspection. Having done that, we transform the solution back into the original ge- 

ometry. Realize that Laplace’s equation not only governs the electrostatic potential 

throughout a charge-free region, but that it also governs a steady-state temperature 

distribution throughout a region. The heat equation 

lear 
WT g 

becomes V*T = 0 in the steady state, where there is no time dependence. Con- 

sequently, the Examples that follow and the Problems can be presented in either 

terminology. 

as ke 
Example 1: 

Use Table 19.1 to determine the temperature distribution in the first quadrant 

if the temperature is 7) along the x axis and Tp along the y axis. 

SOLUTION: Entry 5 of Table 19.1 shows that the first quadrant in the z- 

plane is mapped into the infinite horizontal strip 0 < v < 2/2 in the w-plane 

by w =Ln z. Furthermore, the positive x axis is mapped onto the line v = 0 

and the positive y axis is mapped onto the line v = 7/2. The solution in the 

infinite strip is 

2 
O(u, v) => a Lic) S$ T))v + T, 

TT 
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The mapping w = Ln z can be written as 

. Sry, 
V2 4 i tan Le 

Xx 

= +iv=Lnz=In(x* 4 y’) 

Substituting v(x, y) = tan !(y/x) into ®(u, v) gives 

2, = ay 

RCS) rel Chae GEN a 6 
14 i 

Figure 19.30 shows equipotential lines for this system. 

eeeine meee me ses PEs Same Sesh. e et _ a0 LT NE. | 

We can solve Example | using another mapping in Table 19.1. Entry | with 

m = 2 shows that the mapping w = z* maps the first quadrant into the upper half 

plane. Furthermore, the positive x axis maps into the positive u axis and the positive 

y axis maps into the negative u axis. Now we can use Poisson’s integral formula for 

the upper half plane (Problem 18.4.15) to determine the temperature throughout 

the upper half plane. In the current notation, Poisson’s integral formula is 

CO 

ouy=2 f O(E, O)dé (1) 

Te J—oo (€ —u)? + v? 

with 

To é =<1()) 

om Z 
iae e E>0 i. 

Equation | gives 

| a 
O(u,v) = T+ —W) =) tan = 

u 

T_T (3) 

1 

The mapping w = z? says that arg w = 2 arg z = 2 tan !(y/x), and so 

2 1y 
o(x, y) =T, + —(Zo — T)) tan (4) 

IU ; 

in agreement with the result in Example 1. 

Actually, the problem in Example 1 can be solved easily by using polar 

coordinates, and realizing that #(r, 0) is independent of r. In that case, Laplace’s 

equation becomes simply = 0 whose solution is #(r, 0) =aé + b. Using 

o(r, 0) =T, and $(r, 1/2) = Tp gives us 

$1.0) = =(Ty— M98 +7 

Not everybody notices this symmetry, however. 

oe) 

Figure 19.30 
Equipotential lines for the system in 

Example |. 
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Figure 19.31 
The geometry associated with Example 2. 

Figure 19.32 
Some equipotential lines for the potential 

given in Example 2. 
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The next Example cannot be easily solved without the use of conformal 

mapping. 

Example 2: 
Use Table 19.1 to determine the electrostatic potential within the region 

shown in Figure 19.31, which is the cross-section due to planar conducting 

sheets perpendicular to the page. 

SOLUTION: As you look through Table 19.1, you’ll see that Entry 4 

applies, except that the vertical sheets are located at +7/2, instead of at a. 

However, we can map the points +a into +7 /2 by the mapping w, = 17z/2a 

and then use the mapping in Entry 4, which in this case is w, = sin(wz/2a). 

We can solve for the potential in the w-plane using Poisson’s integral 

formula for the upper half plane, which in the current notation is 

v Okt (EO) d 
(uy, vy) = ee : pe 

=Co (& 7 U7) = U5 

with 

Vo &<—a 

O(£,0)=} V, =a =f =a (5) 
V> , 82=e@ 

This gives 

Vo — V - 9 
P (uy, Vo) = e l tan! —¥2 + set tan! v2 + V> (6) 

Tv Uy+a I Uy —a 

where you must keep in mind that each arctangent lies between 0 and 7 

because of the geometry of the problem. The mapping wy = sin(2z/2a) 

gives 

SRS EM Io Bane SUH 
W2 = sin — cosh — +7 cos — sinh Bs 

2a 2a 2a 2a 

so that @(x, y) becomes 

P(x, y)= Lo tan! cos(% x /2a) sinh(z y/2a) 

ve us sin(zx/2a) cosh(zy/2a) +a 

a V,— Vo ee cos(ax /2a) sinh(z y/2a) 

I sin(zx /2a) cosh(sry/2a) — a 

+ V> 

Some equipotential lines of @(x, y) are shown in Figure 19.32. 

es 20 ae ee 

Let’s do an Example where we use the inverse of the mapping in Table 19.1. 
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eRe e eee aaRRE Sarid BC Terie wT te a 
Example 3: 
Find the electrostatic potential within the unit disk (cross-section of a unit 

cylinder) shown in Figure 19.33. 

SOLUTION: Entry 9 in Table 19.1 shows that the upper half plane is 

mapped into the unit disk by the mapping w = (i — z)/(i + z). We can use 

the inverse of this mapping to map the unit disk in Figure 19.33 onto the 

upper half plane. Since w = (i — z)/(i + z), the inverse mapping is given by 

z=i(1— w)/U.+ w), so we use 

wl=2 
l 

1+z 
2 = 

to map the unit disk in the z-plane onto the upper half plane in the w-plane. 

The upper half of the unit disk (where V = Vo) maps onto the positive u 

axis and the lower half (where V = V;) maps onto the negative u axis. We 

could use Poisson’s integral formula for the upper half plane to calculate 

@(u, v), but let’s go one step further. The inverse of the mapping in Entry 2 

in Table 19.1 maps the upper half plane onto the infinite strip. The positive 

u, axis (where V = Vo) maps onto the uv» axis and the negative uw, axis 

(where V = V;) maps onto the line v7 = a. Therefore, our original boundary 

problem is mapped onto the infinite strip by 

— 

wy =Lnw,;=Ln ( 2) 
etaes 

where we have taken a to be equal to z in Entry 2 of Table 19.1. The solution 

in the w>-plane is simply 

Vices, 
®(u5, v2) = = u U2 + Vo O<w<7 

The map w> = Ln w can be written as 

Uy + iv, =In|w | +7 Arg wy 

b= 
= In|w,|+/ Arg ( ) 

l+z 

and so 

V,-YV =z 
é(x, y)=Vo + —— 2 Arg (: ) 

1 ae 

Vi=Yo 2y +i(1—x* — y*) 
= Vy) + —— Ar : 

‘ 1 : (x + 1)? + y? 

Vi= V¥, [eee 
=V_+ — a0 Sie ania x? ty? <1 (7) 

y 

Some equipotential lines are plotted in Figure 19.34. 

[ie os be 

o7S 

V 

Figure 19.33 
The unit disk referred to in Example 3. 

Figure 19.34 
Some equipotential lines of the potential 

in Example 3. 
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We could also have solved the problem in Example 3 using Poisson’s integral 

formula for the unit circle (Problem 6). 

Let’s do one last Example. 

eee nee i et OE TC Se 
y Example 4: 

Suppose we have two parallel conducting cylindrical sheets as shown in 

Vi Figure 19.35. Calculate the electrostatic potential in the space surrounding 

these sheets if the larger one is held at a potential V, and the smaller at a 

- potential V>. 

V2 

SOLUTION: Entry 11 of Table 19.1 maps the region surrounding 

the cylinders into the annular region between two concentric cylinders. 

According to Entry 11, the mapping is given by 

Figure 19.35 
The geometry referred to in Example 4. i 

where 

aa iti4+v3- 8 
eee 

=3 
“ 

The outer radius of the annular region is | and the inner radius is 
‘ 

—{— 12 ri 1 21 

f=? 5 

Furthermore, the smaller circle in the z-plane is mapped onto the outer circle 

in the w-plane and the larger circle is mapped onto the inner circle, so the 

potential is V> on the large circle and V, on the smaller circle. 

Letting p be the radial coordinate in the w-plane, the electrostatic potential 

in the annular region is given by (Problem 2) 

®(p)=Alnp+B 

The potential is V> at o = | and V, at p = 1/5, so 

V, —V. 
D(p) = pee al Inp + V> 

In5 

But p = |w|, so 

V,—V 
(u,v) = ~—1 In |w| + V> 

In5 

From w = (z — 3)/(3z — 1), we find that 

@-3+iy|_ | @-324+y? 1” 
Gr — 1? +992 |w| = 

3x — 1+ 3iy 
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and so 

pe eas te (x,y) = ——— 
CO DANN) (3x — 1)? + 9y? 

TTS 

This solution is plotted in Figure 19.36 for V; = 0 and V; = 100. 

Figure 19.36 
The solution given in Example 4 for 

19.6 Problems V, =0 and V; = 100. 

The first two problems present two simple Dirichlet boundary value problems whose results will be used a 

number of times. 

- Solve Laplace’s equation in the strip —oo < u < 00,0 < v <a, assuming that ®(u, 0) = Bp and ®(u, a) = Pj. 

Solve Laplace’s equation in the annulus of radii R; and R5, with Ry > Rj, assuming that ®(R|, 9) = ®, and 

D(Rp, 0) => D>. 

Verify the mapping that is used in Example |. 

Right after Example 1, we solved Example | by using w = z* to map the first quadrant into the upper half 

plane and then using Poisson’s integral formula for the upper half plane. We can by-pass the use of Poisson’s 

integral formula by using the inverse transformation in Entry 2 of Table 19.1. Use the sequential mappings 

w, = 2° and w7 = Ln w to solve Example 1. 

In the text, we used Poisson’s integral formula for the upper half plane to derive Equation 3, the temperature 

hy <W 
Th 0 Derive Equation 3 by solving Laplace’s distribution in the upper half w-plane when ®(u, 0) = 

equation in polar coordinates. 

Use Poisson’s integral formula for the unit circle to derive Equation 7. 

Determine the steady-state temperature distribution in the wedge shown in Figure 19.37. 

Determine the steady-state temperature distribution in the annular segment shown in Figure 19.38. The arcs 

are insulated. 

ty oy 

T 

n/4 

Figure 19.37 : Figure 19.38 
The wedge referred to in Problem 7. The region referred to in Problem 8. 
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ty ty 
A 

T 

Yo a Vs ieee 

Ds 37/4 

1p x 0 V T x do x 

| Figure 19.39 Figure 19.40 Figure 19.41 

The region referred to in Problem 9. The region referred to in Problem 10. The region referred to in Problem 11. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

Wf. 

. Determine the steady-state temperature distribution in the region shown in Figure 19.39. The arc is insulated. 

How would you modify Example 2 if the region in the z-plane were like that shown in Figure 19.40 rather than 

the one shown in Entry 4 in Table 19.1. 

Determine the electrostatic potential in the region shown in Figure 19.41. 

Verify the mapping used in Example 2. 

VO 6 =u 

Generalize Equation 6 to the case ®(€,0)= 4 V, a<t<b. 

Vy (G = b 

Show that Equation 6 can be written as 
Yo—V V, — V: 

(u,v) = — ! arg(w> +a) + d 2 
ue 

arg(W> — a) + Vo. 

Show that the resulting potential (x, y) in Example 4 satisfies the two boundary conditions. 

Determine the electrostatic potential in the region surrounding two parallel cylindrical sheets of unit radius 

whose centers are 4 units apart. Let one sheet be held at a potential ¢p and the other at —¢@p. Show that your 

result satisfies the boundary conditions. Use a CAS to plot your result. 

Consider two parallel cylindrical sheets whose cross-sections are shown in Figure 19.42. Let the radius of the 

inner sheet be 1/2 and that of the outer sheet be 1, and let the surface of the inner sheet be held at a potential Vo 

and that of the outer sheet be V|. Calculate the potential between the cylinders. Show that your result satisfies 

the boundary conditions. Use a CAS to plot your result. 

fy 

Figure 19.42 
The geometry associated with Problem 17. 
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tay y 

Th 

Yi 

= Xx Yo 

Vo 

Figure 19.43 Figure 19.44 
The region referred to in Problem 18. The region referred to in Problem 19. 

18. Determine the temperature distribution in the region shown in Figure 19.43. Take the inner cylinder to be 

centered at x = 1/4 and its radius to be 1/4 and the radius of the outer cylinder to be 1. Show that your result 

satisfies the boundary conditions. Use a CAS to plot your result. 

19. Find the electrostatic potential within the region shown in Figure 19.44. Take the radius of the arc to be 1. 

19.7 Conformal Mapping and Fluid Flow 

One of the nicest applications of conformal mapping to physical problems involves 

(two-dimensional) fluid flow. The partial differential equations that describe the 

flow of fluids are derived from mass balance and momentum balance considera- 

tions and are fairly complicated in general. However, if we can ignore viscosity 

and if the fluid is incompressible, then the velocity of the fluid under steady-state 

or stationary conditions is derivable from a velocity potential, p(x, y), Such that 

cg v= 
x 

Ox 

ap pre and ae 
‘ y 

(1) 

where v, and v, are the x- and y-components of the velocity of a small element 

of the fluid. The mathematical condition that the fluid be incompressible is that 

div v = 0 (Problem 1), which in two dimensions is 

MES she ='() (2) 
Ox dy 

If we combine Equations | and 2, we see that the velocity potential satisfies 

ea al 0 (3) 
Ox? = dy? 

A 
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It turns out to be convenient to consider @(x, y) to be the real part of a complex 

potential 

Q(z) = Q(x, y) =o, y) tiv, y) (4) 

If Q(x, y) is an analytic function of z =x + iy, then not only does (x, y) satisfy 

Laplace’s equation, but so does w(x, y): 

ay vy 
ae Larne (5) 

Now we know from Section 18.2 that the two families of curves 

PG.y =e, “and WO, y=o 

are orthogonal. (See Problem 2, also.) Therefore, because of Equation I, the 

velocity vector v=iv, + jv, = grad ¢, and thus is normal to the (x, y) =c, 

curves, and consequently, tangent to the w(x, y) =c> curves. Therefore, the fluid 

flow follows along the y(x, y) = cp» curves, which are called streamlines. The 

function y(x, y) itself is called the stream function. 

Example 1: 
Interpret the flow described by the complex potential 

A= Voz 

SOLUTION: The velocity potential and the stream function are 

O(x, y) = px and w(x, y) = voy 

The velocity is simply v, = vg, which represents uniform motion in the x 

direction. The streamlines are v9y = constant, which are horizontal lines. 

Thus, the complex potential Q(z) = vpz represents uniform flow in the x 

direction. The complex potential Q(z) = vge !z represents flow at an angle 

a with respect to the x axis (Problem 3). 

eee 

a es a a 
Example 2: 
Interpret the flow described by 

We) V9z" 

SOLUTION: The streamlines in this case are given by the family of 

rectangular hyperbolas 

W(x, y) SSIES = 
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\ d) 
> - 

(a) x (b) Bs 

) 

When c = 0, the streamlines are the x and/or y axis. Therefore, we can 

interpret the flow as taking place in a region bounded by the x and y axes, 

as shown in Figure 19.45. The flow can take place in a right-angled corner, 

as shown in Figure 19.45a, or against a horizontal surface, as shown in 

Figure 19.45b. 

As Example | shows, the complex potential 02(z) = vgz corresponds to uni- 

form flow in the x direction. Acommon problem in fluid dynamics or aerodynamics 

is to determine the flow over or around an obstacle, as illustrated in Figure 19.46. 

Before we can address these problems, however, we must discuss the boundary 

condition for the flow of an incompressible, non-viscous fluid at the surface of 

a body over which it is flowing. If n is the unit vector pointing away from the 

boundary surface, then the condition v -n = 0 means that no fluid penetrates the 

boundary. We’ll now show that this condition implies that the stream function, 

w(x, y), is constant on the boundary surface. 

The condition v -n = 0 implies that v =i 0¢/dx + jd¢@/dy must be tangent 

to the boundary surface at each point. But the Cauchy-Riemann equations tell us 

that 

dg 0 CONE 
Oke bs 

ag av _ 9 
dy dy 

which says that grad yw =idy/dx + jdy/dy is orthogonal to v=id@/dx + 

j0¢/dy. Therefore, grad y is orthogonal to the boundary surface because v is 

tangent to the surface at each point. But grad y is also orthogonal to the level 

curves w(x, y) =c, and so we see that w(x, y) is constant along any boundary 

surfaces (Figure 19.47). 

We’re now ready to solve our first fluid flow problem. Let’s determine the 

flow of an incompressible, non-viscous fluid in a right-angle corner, as shown 

in Figure 19.45a. Entry | of Table 19.1 (with m = 2) shows that the mapping 

w = z° maps the right-angle corner in the z-plane onto the upper half w-plane. 

The complex potential in the upper half w-plane is simply uniform flow in the 

horizontal direction, and so the complex potential in the w-plane is 

Q(w) = vow 

979 

Figure 19.45 
The flow corresponding to streamlines 

given by W(x, y) =2xy=c. 

Figure 19.46 
The flow of a fluid around a cylindrical 

obstacle that is perpendicular to the flow. 

Figure 19.47 
A pictorial aid to the proof that the stream 

function w(x, y) 1s constant along any 

boundary surface. 
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by Example 1. If we now transform back to the z-plane, we obtain 

Q(x, y) = uz?’ = v9(x? — y) + Zivoxy 

The streamlines are given by the curves xy = constant. (See Example 2 and 

y Figure 19.45 also.) 

1/6 
/ Example 3: 

Determine the flow of an incompressible, non-viscous fluid past a wedge, as 

z shown in Figure 19.48. 

SOLUTION: The flow will be symmetric about the x axis, and so we need 

consider only the flow on the x axis and above. Entry 1 in Table 19.1 maps 

a wedge onto the negative u axis in the w-plane. The angle that the wedge 

makes with the negative x axis in the z-plane in Figure 19.48 is 30°, so the 

eee which fluid Hows in angle to be used in the mapping is 150°, or 57/6 radians. Therefore, the 

Example 3. value of m in the mapping pictured in Entry | of Table 19.1 is 6/5 and the 

appropriate mapping is w = z°/>. The complex potential Q(x, y) = vgw 

becomes 

Q(z) = vgz!? 

in the z-plane. Letting z = re’® gives the stream function 

wixny) = up? + y7)?> sin (: tan”! *) 
X 

Figure 19.49 The streamlines w(x, y) = c, are plotted in Figure 19.49. 
The streamlines for fluid flow past a 

wedge according to Example 3. 

Example 4: 
Determine the flow pattern of an incompressible, non-viscous fluid as it 
flows over a cylinder of unit radius that is perpendicular to the flow, as shown 
in Figure 19.46. 

SOLUTION: The flow will be symmetric about the x axis in Figure 19.46, 
so we can use Entry 8 in Table 19.1, which shows that the upper half plane 
with a semicircle of unit radius removed maps into the upper half plane by 

wet (8 =-—([z = 

2 Z 

where a is arbitrary at this point. Thus, the complex potential representing 
uniform flow in the w-plane, 

Q(w) = vyw 
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becomes the complex potential, 

Upa i 
ORCA Ve tierce | (A ls 

©) al :) 

in the z-plane. We want Q(z) — voz as r > oo, so we choose a = 2. The 

streamlines are given by 

1 
wir, @) =u (: ~ *) sin 6 = constant ; 

and are shown in Figure 19.46. Even though we mapped from one upper half 

plane to another, the problem is symmetric about the x axis and so we show 

streamlines both above and below the x axis in Figure 19.46. 

| SS Ae oe 

Problem 6 has you show that the speed v of a fluid element at any point in the 

fluid is given by 

dQ2 
—- 6 
dz © 

v= 

which for the complex potential in Example 4 gives 

Thus, we see that v = 0 at the points z = +1. Points at which v = 0 are called 

stagnation points. Problem 11 asks you to show that the stagnation points of the 

flow depicted in Figure 19.46 occur at the front and back ends of the cylinder. The 

corner of the right-angle region shown in Figure 19.45a is also a stagnation point. 

The map 

1 | 
| (7 

“ll s) 

6 
has played a venerable role in aerodynamics. By letting z = ae'", we see that 

w= (a++) cosa +5 (a-*) sina 
D, a Dy a 

Using cos? 6 + sin? @ = 1, we obtain 

ue v? 

ECD) EC-D] 
Thus we see that Equation 7 maps circles |z|:= a onto ellipses in the w-plane. 

Now, if the circle in the z-plane is not centered at the origin, passes through the 

point z = 1, and contains the point z = —1 within it, you get quite a different result. 

981 
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Figure 19.50 
The mapping of the circle described by 

Jz+ 4 — £ = oo" into the w-plane by 

the mapping in Equation 7. 

19.7 Problems 

Chapter 19 / Functions of a Complex Variable: Applications 

Woy 

r-4er) 

In this case, the figure in the w-plane begins to resemble an airfoil (Figure 19.50). 

The resultant figures in the w-plane are called Joukowski profiles and Equation 7 

is called a Joukowski map after Nikolai Joukowski, who is known as the father of 

Russian aviation. By starting with figures in the z-plane that are nearly circles, it’s 

possible to produce figures in the w-plane that describe a great variety of airfoils. 

Before we leave this section, we should point out that the concept of a complex 

potential is not limited to a treatment of fluid flow. In electrostatics, o(x, y) 

is the electrostatic potential from which we calculate the electric field intensity 

according to 

0 0 pa io? 5% 
Ox dy 

The curves @(x, y) =c, and w(x, y) = Cp» are called the equipotential curves 

and the flux lines, respectively. For steady heat flow, #(x, y) corresponds to the 

temperature and w(x, y) corresponds to heat flow lines. 

1. Show that Equation 2 governs an incompressible fluid. Hint: Start with the continuity equation. 

2. Show that if f(z) = u(x, y) +7 v(x, y) is an analytic function, then the two families of curves u(x, y) = cy 

and v(x, y) = C2 are orthogonal. 

3. Show that the complex potential Q2(z) = Wye" Z represents uniform flow that makes an angle w with the x 

axis. 

Senn on & 

also.) 

. Derive a complex potential that corresponds to uniform flow in the x direction. 

. Show that dQ/dz =v, — 7 v,. Verify this result for uniform flow making an angle w with the x axis. 

. Show that |u(z)| = | dQ/dz |. 

. Deduce the type of fluid flow governed by the complex potential Q(z) = ik In z. 

. Interpret the type of fluid flow associated with the complex potential Q(z) = k In z. (See the next problem 
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9. Show that the electrostatic potential due to a line of uniform continuous charge density A is given by 

(A/27€9) In (a/r), where r is the distance from the wire and a is an arbitrary constant. 

10. Re-do Example 4 for a cylinder of radius b. 

11. Show that the stagnation points of the flow depicted in Figure 19.46 occur at the front and back ends of the 

cylinder. 

12. Find the streamlines for the flow of an incompressible, non-viscous fluid within the corner shown in 

Figure 19.45a. 

13. Find the streamlines for the flow of an incompressible, non-viscous fluid over a wedge, as shown in Figure 19.51. 

ty 

\ 

ela 

Figure 19.51 x 
The wedge referred to in Problem 13. 

14. Use a CAS to verify the mapping in Figure 19.50. 

15. Let’s look at the circle 
“ 

1 
Rar = 

D 

3 ; : seeps 
= 5 and its resulting mapping in the w-plane under w = ; (< SF +). The 

outer angle to the circle in the z-plane at z = | is z, but the angle at w = 1, the image point of z = 1, is 27 in 

the w-plane. Why isn’t the angle preserved at this point? 
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Johann Bernoulli (1667-1748), who, along with his brother Jacob, was a great promulgator of the Leibnitz 

(differential) formulation of calculus, was born on July 27, 1667, in Basel, Switzerland. Johann also had 

little interest or talent for the family business, and so his father reluctantly allowed him to study medicine at 

the University of Basel. While at Basel, he studied mathematics under his brother Jacob, becoming Jacob’s 

equal in just two years. In 1691, he traveled to Paris, where he met the Marquis de |’ H6pital, who hired 

Bernoulli to teach him the new calculus of Leibnitz. In 1696, l’H6pital published the first calculus book, 

which was based mainly on Bernoulli’s lessons. Bernoulli later claimed that |’ H6pital’s rule was actually his 

work. Bernoulli was largely responsible for the spread of Leibnitz’s formulation of the calculus. Upon his 

return to Basel, he continued with his medical studies, as well as with mathematics. At this time, he married 

Dorothea Falkner. Three of their sons became mathematicians, which was to become a family tradition. 

During this time, Johann and Jacob had a serious falling-out over mathematics. Both brothers had difficult 

personalities, but it seems that the greater portion of blame lies with Johann. Johann has been described 

as intolerant, mean, and nasty to anyone who disagreed with him, including his own son, Daniel. In 1695, 

he accepted the Chair of Mathematics at the University of Groningen in Holland over the objections of 

his wife and father-in-law. During his ten years at Groningen, he was involved in a number of disputes, 

including religious ones. In 1705, the family returned to Basel. While en route, his brother Jacob died, and 

Johann succeeded his brother at Basel. In 1718, he laid the foundation for the calculus of variations when 

he revisited the brachistochrone problem, the cause of the bitter hostility between the brothers. Bernoulli 

died on January 1, 1748, in Basel. Johann Bernoulli was known as the “Archimedes of his age,” which is 

inscribed on his tombstone. 
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Calculus of Variations 

A standard problem in calculus is to find extrema of functions, whether they are 

functions of a single variable or functions of many variables. A standard problem in 

the calculus of variations is the following: What curve lying in a plane connecting 

two given points has the shortest arc length? In other words, what is the shortest 

distance between two points in a plane? Of course, the answer is a straight line, but 

the calculus of variations provides us with a systematic procedure for proving it. 

We can formulate this problem by specifying the two points as (x), y,) and (x9, yo) 

and then expressing the arc length in terms of an integral involving y(x) as 

x2 x2 x2 

v= ds= | (dx? + dy"? = [ (ena jy a: 
x] xj xX] 

The value of / depends upon the path that we take from (x1, y,) to (x, y2), and 

we want to minimize / with respect to all possible functions y(x), or at least with 

respect to all functions within a certain class, such as all smooth functions. When 

we learn how to do this in Section 1, we’ll see that y’(x) = constant does indeed 

minimize /, above. 

The determination of the shortest distance between two points in a plane is 

a fairly simple problem, but what about the shortest distance between two points 

on some other surface, such as a sphere or a right circular cone? Such curves are 

called geodesics, and geodesics play an important role in the theory of relativity. 

As we shall see, the calculus of variations provides us with a method to determine 

geodesics on most any surface. 

Another standard problem of the calculus of variations, the one that actually 

initiated the development of the field, is the so-called brachistochrone problem, 

proposed by Johann Bernoulli in 1696. Consider two points a and b in a vertical 

plane with the x axis being horizontal and the y axis being directed downward. 

(See Figure 20.2.) If a particle starts from rest at point a, then along which path 

will the particle reach point b in the shortest time? We’ll see that in this case, we 

need to minimize the functional 

ds, a ici! 
985 
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Figure 20.1 
Examples of trial functions that can be 

used to minimize the functional given by 

Equation 1. 

Chapter 20 / Calculus of Variations 

with respect to y(x). The name brachistochrone derives from the Greek for shortest 

(brachistos) time (chronos). 

Not only does the calculus of variations allow us to solve problems like those 

above, but many others, such as the determination of the closed curve of a given 

length that encloses the largest area and the shape of a uniform flexible cable of 

given length suspended at its ends by two given points. As important as these 

problems might be mathematically, however, it turns out that many of the laws of 

physics can be expressed in variational form. For example, the laws of classical 

mechanics can be expressed succinctly by Hamilton’s principle, which says that 

a (conservative) mechanical system will evolve along a trajectory such that the 

integral 

Uy) 

ty 

where K is the kinetic energy and V is the potential energy, is an extremum 

with respect to all trajectories. The laws of optics can be formulated by Fermat’s 

principle, which says that the time it takes light to travel from one fixed point 

to another is an extremum with respect to time. Furthermore, the Schrddinger 

equation can be formulated as a variational solution to the problem of minimizing 

the energy of a quantum-mechanical system with respect to all possible wave 

functions. This has produced a huge industry involving the calculation of atomic 

and molecular properties from first principle’. We shall see examples of all the 

calculations that we have discussed here throughout this chapter. 

20.1 The Euler Equation 

All the integrals that we mentioned in the introduction are special forms of the 

integral 

b 
a= FG y ce) ox (1) 

a 

The value of J depends upon y(x) in the sense that different functions y(x) will 

yield different values of 7. Equation | represents a mapping of some given class 

of functions into a set of numbers. We say that J is a functional of y(x) and 

write | = /[y(x)]. The problem that we wish to solve is the determination of the 

particular function y(x) that makes / an extremum. The simplest (and common) 

case assumes that y(x) is prescribed at the end points a and b. Therefore, we use 

a trial function of the form 

Y(x, €) = y(x) + €n(x) (2) 

where 7(x) is chosen such that n(a) = n(b) = 0, so that Y(x) and y(x) coincide 

at the end points (Figure 20.1). As the notation suggests, we plan to let « > 0 
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eventually. We will always assume that the partial derivatives of F(y, y’, x) exist 

and are differentiable and that y(x) is twice differentiable. 

If we substitute Equation 2 into Equation 1, we obtain 

b 
T(é€) =i] FiVG@eey ly (&. eox lax (3) 

a 

Because y(x) is the function that extremizes the value of 7, /(€) takes on its 

extreme value when € = 0, and so we can write 

dl _ 
—=0 when €=0 (4) 
de 

If we differentiate /(€) in Equation 3 with respect to €, we obtain 

dl is (= 0%. OF or) 
i a dx 
de a OY de oY de 

ai brea OF , te a 
Assuming that dF /dY and dF /dY’ are continuous functions of €, dF /dY > 

dF /dy and dF /dY' — dF /dy’ as € — O, and so we have 

b OF dF d 
/ [sence + ES] aa 10 (5) 

ao | oy dy’ dx 

Equation 5 is a necessary condition for / to be an extreme with respect to all 

possible trial functions Y (x) in Equation 2. It certainly isn’t a sufficient condition, 

which depends upon properties of the second derivative of J with respect to €. It 

turns out that an examination of this second derivative is fairly involved, so we’ ll 

simply accept the fact that Equation 5 gives us an extremum, or that / 1s stationary, 

and appeal to physical arguments that it gives a maximum or a minimum. 

We can cast Equation 5 into a more convenient form by integrating the second 

term by parts to obtain 

b b OF 1 .0F OF 
i E are n(x)dx + fix) =10) (6) 
a dy dx dy’ dy’ Ja 

Assuming that n(a) = n(b) = 0 ( fixed end points), Equation 6 becomes 

b 
/ = = ea Heady =O (7) 

a oy Mdxyoy’ 

Because Equation 7 must hold for arbitrary 7(x) (other than n(a) = n(b) = 0), we 

see that the condition that 7 be an extremum is that 

pol Se Aaa ty (8) 
dxudye ay ; 

967 
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Equation 8, called the Euler equation, is a central equation of the calculus 

of variations. Realize that it is an ordinary, nonlinear, second-order differential 

equation in y(x) because F(y, y’, x) is a given function of y and y’ 

ee Yee Ba eer 
Example 1: 
Use Equation 8 to show that the shortest curve connecting two points in a 

plane is a straight line. 

SOLUTION: The integral in question is 

b b 

c= || as= | (dx? 4+ dy)" 
a a 

b 
=i] G4 yt? ax 

a 

where y’ = dy/dx. The integrand is independent of y, so Equation 8 becomes 

simply 

4 ae d y! 

dx dy’ ~ as (1+ y/2)l/2 x 

or y’(x) = constant. Thus, we see that the ‘curve is a straight line. 

iret 6 ore Lee pe eae, ee 

The result of Example | comes as no great surprise. You probably also know 

that the shortest distance between two points on the surface of a sphere lies on a 

great circle. We’ ll prove this result in Example 2, but before doing so we’ll simplify 

Equation 8 for the special case that F does not depend explicitly on the independent 

variable x. We start with the relation 

d ( 3) Ou Ke ok: 
a ea ae ee ee 
dx dy’ dx dy’ dy’ 

and then use Equation 8 for d(d F/dy’)/dx on the right side of this equation to 

write 

chs en 
FycA Gar) alee lke yc 

_aP dy , aF dy = (9) 
Oyndx way dx. 

We can express the right side of Equation 9 in a compact form by first recalling 

that the total derivative of F(y, y’, x) with respect to x is given by 

dF _aF dy OF dy! | OF 
dx dy dx ody’ dx Ox 
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Notice now that if F does not depend explicitly upon x, then dF /dx = 0 and the 

right side of Equation 9 can be written as dF /dx. Thus, Equation 9 becomes 

cane 
LLNS ON). dx 

Integrating once gives 

por a 
y ait PF C1 — constant (F does not depend explicitly on x) (10) 

My 

Equation 10 is called a first integral of Equation 8. 

ea ast A slmegereir ae ceils area ht) KAalgtgls IT, od 
Example 2: 
Use Equation 10 to show that the shortest distance between two points on 

the surface of a sphere lies on a great circle. 

SOLUTION: We use spherical coordinates 

x =asin@cos¢ y=asin@ sing a COSIC 

and write 

ds* =dx* + dy* + dz? =a’dé* +a’ sin* 0d¢” 

Therefore, 

: do\? |" 
|| a’ sin? 6 +a? (<) do 

a do 

If we make the correspondence x > ¢, 0 > y(x), and d0/dp > y'(x) in 

Equation 10, we see that F does not depend explicitly on the independent 

variable @. Equation 10 becomes 

a?(d0/do)* 

[a2 sin? 6 + a2(dO/dp)?}'/2 
[a? sin? 6 + a7(d0/dd)*]"" =c, 

Multiply through by [a2 sin? 9 + a?(d6/d@)?}'/*, cancel terms, and then 

square both sides to get 

is / do 
= 6 

(a2 sin* @ — ey sin 6)!/2 

Problem | helps you evaluate this integral, giving 

¢=—sin! pees +2 
aep yaa Tie 

989 
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17 

Figure 20.2 
The coordinate system that we use to 

describe the brachistochrone problem. 

Chapter 20 / Calculus of Variations 

or 

cot 6 

[(a/c,)? — 1]!/? 
sin(@ — C2) = 

Now use sin(@ — c) = sin ¢ cos cy — Cos @ Sin cp to get 

; ind @ mo sae acos@ 0 
in 8 cos d — a cos © sin 8 sin ¢ — ———_~. = a Sin C) $ 2 (ae? qn 

or 

ie 

x Sin C> — y COs Cp — —————— = 0) 
Te ORES 

which is the equation of a plane that passes through the center of the sphere. 

Thus, the intersection of this plane and the sphere corresponds to the shortest 

distance between two points on the surface of a sphere. 

ac oe eee 

Examples | and 2 each involves a special case of determining the curve that 

describes the shortest distance between two points on some specified surface. Such 

a curve is called a geodesic, and the calculus of variations provides a method 

of determining geodesics on fairly general surfaces. Problems 8 and 9 involve 

determining the geodesic on the surface of a r’ght circular cylinder and the surface 

of a right circular cone, respectively. Geodesics play a key role in the theory of 

relativity. 

As we mentioned in the introduction, the problem that initiated the calculus 

of variations was the brachistochrone problem. We wish to determine the path that 

minimizes the time that a particle will take to reach some lower point P along a 

flexible, frictionless wire under the force of gravity if it is released from rest from 

the point a. We take a coordinate system with the y axis pointing downward, as 

shown in Figure 20.2. 

If the particle starts at rest, its kinetic energy (mv~/2) will equal its loss of 

potential energy (mgy), so that v = (2gy)!/*. The time of descent is given by 

7 Neen rare (11) 
pai + y?)"dx 

Se araty B (2gy)}/2 

Thus, we see that we have an equation like Equation 1 with F = (1 + y’?)!/2/ 

(2gy)'/*. Because F is independent of x, we can use Equation 10 to write 

yit+y7’)= mee (12) 
2g} 

as the first integral. Then, we can solve Equation 12 for y’ = dy/dx and write 

; 1/2 

dx = ( ) dy (13) 
Cay 
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Now let y = (c/2)(1 — cos 6) =c sin?(@/2), so that 

Pee SOLED 
2 

An integration gives 

c : 
pets ase —sin@) +c) 

If we choose 6 = 0 when x = 0, we see that c, = 0. Thus, the parametric equations 

for x and y are 

=" O= sine band) w= (seus 0) (14) 
2 ; 2 

The constant c and the values of @;,it:,) and Ona) Can be determined from the 

condition that the curve pass through a given point (Problem 10). Equations 14 

are the parametric equations of a cycloid, the curve traced by a point on the rim of 

a rolling circle, as shown in Figure 20.3. 

The last problem that we shall illustrate in this section 1s a determination of the 

curve fixed at each end whose surface of revolution is aminimum. As we mentioned 

in the introduction, a physical interpretation of this problem is the determination 

of the shape of a soap film supported by two rings of radius a arranged parallel 

to each other with their centers a distance 2b apart on an axis normal to the rings 

(Figure 20.4). The surface area is given by 

b 

OE / yey?) Pdx 
=D 

Once again, the integrand does not depend explicitly on x, so we will use Equa- 

tion 10. Using F = y(1+ y”)!/2, Equation 10 becomes 

yy’)? Tee Noe 
Gini ei hi 

or 

y ay, 
(hey 2)2 aie 

Solving for y’ = dy/dx and integrating yields (Problem 12) 

dy ioe 

rae | PG =crcosh == = @) 
(y2 =e Cue : C} 

Solving for y yields 

= Cy 

2 (1S) y = C1 cosh 
Cy 

O98 

Figure 20.3 
The parametric equations 

x =c(@ —sin @)/2 and y =c(1 —cos@)/2 

describe a cycloid, which is the curve 

traced by a point on the rim of a rolling 

circle. 

2b 

Figure 20.4 
An illustration of the geometry of the soap 

film problem. The two rings are normal to 

the line joining them and are coaxial. The 

radii of the rings are equal to a and they 

are a distance 2b apart. 
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ODS 70 F075 

Figure 20.5 
A plot of | — ¢ cosh(1/2c) against c. 

ine 

The 

two roots occur at c = 0.2351 and 0.8483. 

i |e 

=b 

Figure 20.6 
Equation 16 plotted for c = 0.235la 

(dark) and 0.8483a (color). 

bx 
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The values of c, and cy are found from the points (—b, a) and (b, a) (see 

Figure 20.4). It turns out that c) = 0 (see Problem 13) so that 

y(x) =, cosh i (16) 
c] 

represents the shape of the extremal surface. This curve is called a catenary. The 

value of c, is given by letting y = a and x = b to obtain 

b 
a= cicosh— 

Cy 

We can express this relation in terms of just one parameter by letting c = c,/a to 

obtain 

le —taIcOsh Bae (17) 
c 

The value of c in Equation 17 depends upon the value of b/a. We can determine c 

by plotting 1 — c cosh(b/ac) against c and finding where the curve intersects the 

horizontal axis. Figure 20.5 shows such a plot for b/a = 1/2. Note that the curve 

intersects the horizontal axis at two points, c = 0.2351 and 0.8483 (Problem 14). 

Substituting these values into Equation 16 gives 

ae 

vile) 0 235-coshe— — 
yi) 0.2351 

and 

Xx 
yo(x) = 0.8483 cosh 

0.8483 

which are shown in Figure 20.6. The areas associated with these two curves are 

given by 

b 

A=2n f y+ y?) dx 
—b 

b x 
=2n f c, cosh” —dx 

2b 2 
= mc (2 + sinh =) 

Cy C\ 

_ [6.845a? when c, =0.2351a 
eee when c,; = 0.8483a Ce) 

Thus, the curve with c, = 0.8483a provides a relative minimum. 

A careful numerical analysis of this problem shows that a soap film supported 

between two parallel rings, as in Figure 20.4, is described by a catenary for only 

certain values of b/a. As b/a increases, there comes a point where the area of the 

surface of revolution of the catenary exceeds 27a”, the surface area of two disks 
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of film, one on each ring. In this case, the soap film covers only the two rings 

and the solution is discontinuous. We certainly can’t expect to obtain this solution 

from our formulation of the calculus of variations since we require that y(x) be 

twice differentiable. The application of the calculus of variations to the soap film 

problem nicely illustrates the limitations of our development of the calculus of 

variations and the fact that we are dealing with local extrema, and not necessarily 

absolute minima. 

Before concluding this section, we shall introduce a convenient notation that 

is frequently used in the calculus of variations. In Equation 3, J is a function of e€. 

If we expand /(€) in a Taylor series about € = 0, 

dl 
He) = 100) + ($2) erie.) (19) 

\ de e=0 

and denote /(€) — (0) by 45/, then Equation 19 becomes 

sl = ($*) ee Oe) (20) 
dé e=0 

We call 5/ the variation of I. We can also write Equation 2 as 

Y (x) = y(x) + dy(x) (21) 

with a corresponding expression for dY /dx, 

Y'(x) = yx) + dy @) (22) 

In Equation 21, 5y(x) is simply another way of expressing €7(x). 

The condition that d//de = 0 at « = 0 is equivalent to writing 6/ = 0. The 

advantage of this notation is its similarity to the derivative of ordinary calculus. 

For example, we can write the variation of F(y, Vo) as 

F ap \iag sr=() sy + ( ey (23) 
dy dy’ 

Note that there is no term involving dF/dx here because variations are realized 

by varying the function y(x). Equation 23 allows us to write the condition that / 

in Equation | be stationary as 

b b 

s1=5 | Foy. y'.ndx = | dF (y, y’, x)dx 
a 

b F ane =f (Soy + Say!) ay (24) 
a dy dy’ 

Note that this is just another way of writing Equation 5S. It is often convenient to 

use the variational notational formally instead of using a trial function Y (x) = 

y(x) + €n(x) and then expanding in powers of €. The two notations are entirely 

equivalent, however. 

995 
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20.1 Problems 

1 

10. 

11. 

12. 

13; 

14. 

iS: 

16. 

We’ ll evaluate the integral for # in Example 2 in this problem. First factor Ge sin*t @ from the denominator and 
2 sc~ 0 dé Me 

use the identity csc? @ = 1+ cot? 6 to get d= / aes Z . Now notice that this integrand is 
[(a/c,)? — 1— cot? 6]}/2 

of the form d sin~! uw = du/(1 — u’)'/? if you let u = cot 6/{(a/c))* — 1]'/2. Show that this substitution leads 

to @ given in Example 2. 

ob 
. Determine the Euler equation for J = | (y? _ y)dx. 

a 

b 
. Determine the Euler equation for J = i (py? = qy)dx. Does the result look familiar? 

a 

b 

. Find the general solution of the Euler equation associated with J = i, x(1— yy) /Pdx. 
a 

. Determine the equation of the curve that passes through the points (0,0) and (1, 1) and for which 
l (+ y2)'/2 

— ————— dx 1s an extremum. 
0 y 

b 
. Determine the Euler equation for J = i! (xy? — yy’ e3 y)dx. 

a 

. Re-do Example | in plane polar coordinates. Take 6 to be the independent variable. 

. Determine the geodesic on the surface of a right circular cylinder of radius a. Hint: Take ds* = a*d6? + dz?. 

. Determine the geodesics on the surface of a right circular cone. Hint: Use ds* = dr? + r? sin? w dg” because 

the surface of a cone is described by sin 0 = sin w = constant. 

Set up the equations to determine ¢, G;nitja1, ANd On) for the solution to the brachistochrone problem given by 

Equations 14. 

1/2 
Show that the time of descent of the mass in the brachistochrone problem is given by T = (=) Oenats 

§ 
Hint: Use Equation 13. 

Evaluate the integral that leads to Equation 15 by making the substitution y = c, cosh uw. 

Show that c> = 0 in Equation 15, thus yielding Equation 16. 

Show that the roots of 1 — c cosh(1/2c) = 0 are c = 0.2351 and c = 0.8483. 

We’ll explore the soap film problem numerically in this problem. Use a CAS to show that the area given by 

Equation 18 is equal to 27a* when b/a = 0.527696 and c is correspondingly equal to 0.825519a. Show, 

however, that there are still two roots to Equation 17 for this value of b/a. Show that the area corresponding 

to this other root is greater than 27ra*. Now show that the value of b /a = 0.662744 corresponds to the point 

where there is no real solution to Equation 17. This calculation illustrates that we obtain only a local minimum 

for 0.527696 < b/a < 0.662744. 

Derive Equation 16 using Equation 8 instead of Equation 10. 
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20.2 Two Laws of Physics in Variational Form 

When we first study classical mechanics, we learn about Newton’s laws of motion, 

and how to apply Newton’s equations to a variety of problems. For a system of N 

particles, we have 3N differential equations: 

dr; 
ap =F,(@, y, z) f 2 ye wag iM (1) 

where EF; (x, y, z) is the force acting on particle j, which is located at the 

point rj(x, y, z). Newton’s equations are fairly straightforward to use when the 

system is best described by Cartesian coordinates, but they can become fairly 

awkward to use when the system is described in other coordinate systems. In more 

advanced courses in classical mechanics, you learn about other formulations that 

are equally convenient to use in any coordinate system. One of these formulations 

is called Hamilton’s principle, and is expressed in terms of an extremum principle. 

Of course, Hamilton’s principle is equivalent to Newton’s equations, and so we 

will derive it here starting with Equation |. We shall do this for just a single particle 

to avoid lots of subscripts, but the extension to N particles is straightforward. 

Equation | gives the actual path r(t) that a particle follows as a function of 

time from f, to fj. Now consider some small variation of this path, but keeping its 

endpoints fixed, as shown in Figure 20.7. We denote this varied path by r + dr, 

with the endpoint conditions ér = 0 at f, and f,. Take the dot product of Equation 1 

with dr and integrate with respect to ¢ from 1, to f, to obtain Figure 20.7 
The actual path r(r) that a system takes 

from f, to f (color) and some variations 
2 dy a) : he ; : 

a rei F-ér dt of that path, r(¢) + dr(¢), with endpoint 

ty dt2 hy conditions é6r = 0 at f; and f. 

by 

a 

Integrate the left side by parts [with “u” = dr and “dv” = (dr /dt7)dt] and get 

by to 8 19 

me or| =m f = rat = | F- drdt (2) 
dt ty qomeh at t 

The first term on the left vanishes because of the endpoint conditions. The second 

term can be expressed in a suggestive notation by using 

a i +m Goh oe 
2 ae dt dt dt Dat dt dt dt 2 dt dt 

a( “) (4 “) mdr adr dr dér mdéx dor 

KaséKAO(6K)7| II 

where K is the kinetic energy of the particle. Using this notation, Equation 2 

becomes 

9) 

| (6K +F.- 6dr) dt=0 (3) 
ty : 
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If the force F is conservative, then it can be written as the gradient of a potential 

function V(x, y, Zz): 

and we can write F - dr in Equation 3 as 

OV aV 
—-6V= Bee — —dy —- —0z 

Ox oy Oz 

which essentially defines 6V. Therefore, Equation 3 can be written as 

1) 

/ (SK —éV)dt=0 

ty 

or 

oe) 

3 | (K —V)dt=0 (4) 
ty 

Equation 4 is Hamilton’s principle for a conservative system. We derived it 

for a single particle, but the derivation can be extended to a system of particles 

by summing and even to continuous systems by integrating. The quantity K — V 

in Equation 4 is called the Lagrangian,.L, and sO we can write Hamilton’s princi- 

ple as 

ty 

3 | ea =e (5) 
ty 

We said above that the advantage of Hamilton’s principle is that it can be 

applied equally conveniently to any coordinate system. The Lagrangian can be 

expressed in terms of any set of coordinates, whether they are distances, angles, 

or whatever. For example, we might use the three spherical coordinates r, 6, and 

¢ instead of x, y, and z. These new coordinates are called generalized coordinates 

and are customarily denoted by qj. If it takes 3N coordinates to specify a system 

(as it would for N point masses), the generalized coordinates are g;, 92, ..-. 93Nn- 

The time derivatives of the generalized coordinates, g), go, ..., 93n, are called 

generalized velocities. Hamilton’s principle, Equation 5, can be written as 

ty 

3 | L(Q4), 92) +--+ 93N> V1 92> -- +» 93n> t) dt =0 (6) 

ty 

Equation 6 constitutes a variational problem involving 3N dependent vari- 

ables, rather than just one as we treated in the previous section. For simplicity, let’s 

assume that we have just two dependent variables, and derive the Euler equation 

that extremizes 

ty 

1=5 | L(q, 92+ V1 92, t) at (7) 
ty 
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We do this just like we did in the previous section. We replace qg,(t) by Q(t) = 
qi(t) + €n,(t) and gy by Q(t) = qo(t) + €nz(t), where nj =Oatt=t, andt =f, 

determine the derivative of J with respect to € at € = 0, and then integrate by parts 

to obtain (Problem 1) 

Pom avd l yd Ole 
/ (<= ma aan) my(t)dt +f (<= fe <=) no(t)dt=0 (8) 
1 \dq, dt dq,  \0q2 dt 0qo 

Both 7;(¢) and y(t) are arbitrary (except at the endpoints) and so we can set ny = 0 

and 7; #0, which tells us that the integrand of the first term above is equal to zero, 

and then let 7; = 0 and 7 4 0, which tells us that the other integrand is equal to 

zero. Therefore, the Euler equations associated with Equation 7 are 

i dof, ein a Me OE 
dq, dt dq dq2 dt dqz 

This procedure is easily extended to any number of dependent variables, and so 

we see that Hamilton’s principle leads to the Euler equations, 

When used in classical mechanics, Euler’s equations are called Lagrange’s equa- 

tions of motion. The quantities 0L/dq; are called generalized momenta, pj, and 

so Equations 9 can be written in the familiar form 

apy _ ab Si eres Tail, SN; 

where 0L/dq; 1s a generalized force. 

Equations 9 are the generalized-coordinate version of Newton’s equations, as 

the following Example shows. 

—e ss ee 
Example 1: 
Show that Equations 9 become the familiar Newton equations of motion for 

the case of Cartesian coordinates. 

SOLUTION: In this case, 

[itr 5 5 

K= ae eyes) 

and V = V(x, y, z). Substituting L = K — V into Equations 9 with gq; = x, 

gz = y, and q3 = Z gives 

with similar equations in y and z. 

eS ee es 
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The next Example illustrates the advantage of using generalized coordinates. 

pin ere ae) Pee Tm | 
Example 2: 
Derive the equations of motion of a particle of mass m and charge g moving 

in a plane under a coulombic attraction to a fixed center. 

SOLUTION: Use plane polar coordinates r and @ as generalized 

coordinates: 

Kee @+y)= 20? £7764 
2 2 

—— 
Amt egr 

and so 

IPS 6) — Mr + r°67) + i wa 
2 4m eor 

Equations 9 yield 

; ] 
SCI ale Dp ripe Coke = =0 
dt or Or aes Am €or 

and 

cole — US = Cs. 1) 
dt 00 00 at 

The second equation gives mr? = constant. The quantity mr?0, which 

maintains a fixed value during the motion, is the angular momentum of the 

particle. If we denote the angular momentum by /, then the first equation 

becomes 

d’r hs q 
=) 

dt® mr? “Aveor 

This equation can be solved (at least numerically) to give r(f). 

ee Ne ge ee 

Before we go on to discuss a second physical law that can be expressed in 

terms of a variational principle, we should emphasize that if we had used Cartesian 

coordinates in the above Example, we would have obtained 

dx af Ix d’y Ky 
m = and m = 

dt2 (x2 ae y2)3/2 dt2 (x2 aie y2)3/2 

which are much less transparent than the two equations in Example 2. Furthermore, 

being scalar quantities rather than vector quantities, potentials are easier to deal 

with. We don’t have to recognize and introduce forces such as a centrifugal force 
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or a Coriolis force. At times these necessary additional forces are fairly obscure. 

The term /*/mr? arose naturally in the above equation for r(t). Finally, note that 

angular momentum, mr26, is conserved because the Lagrangian does not depend 

upon @. Generally, if a coordinate does not occur in the Lagrangian, there will be 

a conserved quantity involving the time derivative of that coordinate. 

Another physical law that can be expressed in terms of a variational principle 

involves the propagation of light. Fermat’s principle says that the time that it takes 

a ray of light to travel from one fixed point to another is an extremum with respect 

to all possible paths connecting the two points. In terms of an equation, we have 

b 2) 1/2 
sf sf (1+ y’*) Alas ae BEE (10) 

é Ta y) v(x, y) 

where v = v(x, y) is the speed of light. (See Figure 20.8.) The extremum is usually 

a minimum, and so you'll see written that Fermat’s principle says that a ray of light 

will travel from one point to another in the shortest possible time. 

The speed of light in a medium whose index of refraction is n(x, y) is 

v(x, y) =c/n(x, y), So we'll write Equation 10 as 

ty 

3 | n(x, y+ y?) dx =0 (11) 

q 

Let’s suppose that n depends only upon y. Then the Euler equation associated with 

Equation 11 is (Problem 11) 

n(y) 
+ y22 = constant (12) 

1/2 — sec 9, where @ is the angle The denominator here is equal to (1 + tan? @) 

that the tangent curve to y(x) makes with the x axis. Therefore, we can write 

Equation 11 as 

n(y) cos @ = constant (13) 

Equation 13 says that the product of n and cos 6 remains constant, even though 

both of them may vary with y. Note that it says that the ray of light will travel 

in a straight line if n = constant, for then cos 4, or @ itself, will be a constant. 

Equation 13 also gives us Snell’s law, one of the most basic laws of geometrical 

optics. Snell’s law says that if a ray of light travels from a medium whose index of 

refraction is n, to one whose index of refraction is nj, then 

ny sin py =Nj2 sin po (14) 

where ¢ is the angle that the path makes with the vertical, as shown in Figure 20.9. 

To derive Equation 14 from Equation 13, simply use the fact that 6 + ¢ = 7/2 and 

that cos(z/2 — @) =sin ¢. 

999 

4 y b 

e 

e ds 
a 

x 

Figure 20.8 
The coordinate system that we shall use to 

illustrate Fermat’s principle. 

Figure 20.9 
An illustration of Snell’s law. 
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[any = Se SRM Sy eon TE denne eee 
Example 3: 
Use the geometry in Figure 20.10 to derive the law of refraction from 

Fermat’s principle that the angle of incidence is equal to the angle of 

reflection. Assume that n is a constant. 

SOLUTION: Consider the geometry in Figure 20.10. We know from 

Equation 13 that the light will travel in a straight line because n is a constant, 

so we want to fix P to be on the x axis and find the value of P(&, 0) that 

minimizes the distance AP B. The total distance is 

mS 
B= [Ge iy) ee ee ena 

Minimize this expression with respect to € to obtain 
Figure 20.10 
The geometry associated with Example 3. manG aed 

(E—ar+Ry2 [Ee —bP +R? 

or (§ —a)° = (€ — b)’, or 

_a+b 

aot) 
g 

“ 

which is midway between a and b. Thus, we see that the angle of incidence 

is equal to the angle of reflection. , 

Pisce tice Ee Oe Ae 

20.2 Problems 

1 

2. 

Derive Equation 8. 

1) 

Find an extremum of / =|| (x? + ic ae where x(t;) =x; and y(t;) = y; for j = 1 and 2 are given. 
ty 

Describe the result. 

. Extend Problem 2 to three dimensions. 

. Derive and solve Lagrange’s equation of motion for a mass falling vertically under the influence of gravity. 

. Derive Lagrange’s equation of motion for a particle in a gravitational field constrained to lie on a circle of 

radius a in a fixed vertical plane. 

. Derive Lagrange’s equation of motion for a simple pendulum of length / in terms of 0, the angle that the 

pendulum makes with the vertical. 

. Derive Lagrange’s equations of motion of the double pendulum shown in Figure 20.11. 

. What form do Lagrange’s equations of motion in the previous problem take on for small oscillations? 

. Derive Lagrange’s equation of motion for a mass hanging from a spring whose force constant is k, given that 

the point of suspension moves vertically according to x =a sin wt. Neglect gravity. 



20.3 

10. 

11. 

12. 

£3. 

14. 

iS. 

Variational Problems with Constraints 

Figure 20.11 
The double pendulum referred to in 

Problem 7. 

Derive Lagrange’s equations of motion for a particle moving in two dimensions under a central potential V(r). 

Which of these equations illustrates the law of conservation of momentum? Is angular momentum conserved 

if the potential depends upon 6@ as well? 

Derive Equation 12. 

Calculate the path that a ray of light will travel if the index of refraction varies as a/y, where a is a constant. 

Calculate the path that a ray of light will travel if the index of refraction varies as ay, where a is a constant. 

Show that a geodesic on a surface described by orthogonal curvilinear coordinates @ and £ is given 

b Be 2 2 2 
d 0 Z 

by an extremum of / =|! h? +h? (£) da, where h2 = (=) + (=) + (=) and 
PGP S Oe PNT CIN AG da da 

5 (iN? , (a (#) 

n= (5) alte meres 
Use the result of the previous problem to derive an expression for the integral to minimize for the geodesics on 

. the surface of a right cylinder. 

20.3 Variational Problems with Constraints 

Just as we minimized functions of several variables with constraints in Section 6.9, 

we can find extrema of functionals subject to certain constraints. For example, 

suppose we wish to find an extreme value of 

b 

tea | Hoy th) ax (1) 
a 

subject to the constraint condition 

b 
at G(y, y', x) dx (2) 

a 

1001 
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A classic example of this type of problem is to determine the shape of a uniform 

flexible cable of length 2/ suspended at its ends from two points of equal height. 

As we shall see below, / will represent the potential energy of the cable and J will 

represent its (fixed) length. 

We shall use Lagrange multipliers to solve this type of problem. To this end, 

we define a new functional 

b 

K=1+as= | (F+2G)ds (3) 

and find its unconstrained extremum. The parameter A is a fixed constant whose 

value is to be determined along the way. Following a procedure that is similar to 

the one that we used in Section | (Problem 1), we find that 

OF AG) dO E PAG) 
0 4 

dy dx dy’ © 

for the case where y(x) has fixed end points. This result, together with Equation 2, 

gives us y(x). 

If F +AG does not depend explicitly on y, then 0(F +AG)/dy =0 and 

Equation 4 gives 

“a(F +AG 
—o_ = constant (5) 

y ; 

as a first integral. If F + 4G does not depend explicitly on x, then Equation 4 gives 

(Problem 2) 

EE sd) 
ay! — (F + 4G) =constant (6) 

as a first integral. Let’s apply Equation 4 to determine the shape of a hanging, 

uniform, flexible cable. 

[  ~ . Ss ainigaiene> sliby anider4 fenutiena Gale 
Example 1: 
Determine the shape of a uniform, flexible cable of length 2/ and linear 

density p suspended at its ends from two points of equal height. 

SOLUTION: ‘The potential energy of the suspended cable (relative to 

y = 0) due to gravity is 

a 

1= | peyds=pe [ y+ y?)/?dx 
—a 

and the fixed length of the cable is given by 

a 

J=f G+y?)'*dx =21 
=i 
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Obviously, 2/ > 2a. 

Because F + AG does not depend explicitly on x, we can use the first 

integral given by Equation 6 to write 

psy A= (At yey 

2 
—iX yr = (2=*) my 

Cj 

Solving for x, as we did for the soap film problem in Section 1, gives 

or 

2g ay 2 (7) 

ey 297 =e, 

Following Section 1, let pgy — A = c, cosh z and get x = cyz/pg + cp, or 

(Problem 3) 

2 = 
seas cosh PBN 22) e2) eee (8) 

P§& Ps C} 

There are three constants (cj, cz, and 4) in Equation 7 and three conditions 

(y(a) = 0 and J = 21) to specify them. Problem 4 has you show that y(x) 

can be written as 

Ait) vane (cost P8* _ cosh es (9) 
P§& a a 

where @ is given by @ sinh(pga/a) = pgl. Thus, we see that the hanging 

cable is described by a catenary (Figure 20.12). 

| i a ee 

i es ed i arnn aliiirineed | 
Example 2: 
Determine the curve of length / which passes through the points (0, 0) and 

(1, 0) and for which the area between the curve and the x axis is a maximum. 

SOLUTION: The area is given by 

I 
=| y dx 

0 

and the (fixed) length is given by 

l 
i =) (+ y?)/2dx =1 

0 

where / > 1. In this case, 

FUG =7 SA yy? 

1003 

| o 

sa Cl, a x 

Figure 20.12 
The solution to Example | with pg =a = 1 

and / = 1.25. (@ turns out to be 0.8455.) 
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does not depend explicitly on x, so we can use the first integral given by 

Equation 6, which gives 

Se: =y-Mity ) =e 

or 

P= Clady en 

where c; = —c. Solving for dy/dx and then integrating gives 

(c, — y)dy 
0 Se ooo 

‘ ii [2 — (c,— 12 

Let z =c  — y, integrate, and then rearrange to get 

C=) iy c1)" =}? 

Thus, our result is a circle of radius A centered at (cy, c,). We can determine 

Cj, C2, and A using the fact that the circle passes through the points (0, 0) 

and (1, 0) and using the constraint that the arc length is /. The result is 

c, = 0, cp = 1/2, and A = 1/2, which yields a maximum because the straight 

line y = 0 produces a minimum. 

Another type of problem that can be solved using the methods of this section 

is called an isoperimetric problem: Of all the closed plane curves with perimeter 

1, which one encloses the largest area? 

frit * 7 ae, Gaus Ts Shar Se See 
Example 3: 
Determine the curve of length / that encloses the largest area. 

SOLUTION: We use the equation (Problem 7.2.18) 

| 
A= o (xdy—ydx) 

Deans: 

1 ' 
=- xy — y)dx 

5 fe # 

with the constraint 

[aty Pay =] 
G 

We use Equation 4 with 

1 
FIAGS 5 oxy = yet Ad + yy" 
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| 2 a ESS ESS OS a re 

to obtain 

ved 
2° (+ y)2 

or 

ral site rg 
dx (1+ y/2)1/2 iat 

Integrate once to obtain 

Ay’ 

a+yyn Te 4 
Solve for y’ to get 

dy _ = © 

d Ay’ <5 aqua |t3=9 
2 

dx [A2 — (x — c,)2]!/? 

Let z = x — c, and integrate again (Problem 11) 

y(z) = +0? — 27)? +6, 

or 

yO) See 1c) 1 ae 

This result can be written as 

(x — eee + (y - cae =}? 

which is the equation of a circle centered at (c), c>) and of radius A = 1/27. 

In other words, a circle is the curve of a given length that encloses the largest 

area. 

20.3 Problems 

an & WO YO = 

. Derive Equation 4. 

. Derive Equation 6. 

. Derive Equation 8 from Equation 7. 

. Show that Equation 8 can be written as Equation 9. 

7 =constant. 

(10) 

(11) 

. Show that a function which extremizes / with the constraint J = constant also extremizes J with the constraint 

. Find the equation of the shortest curve that passes through the points (a, 0) and (b, 0) and encloses a given 

area A between the curve and the x axis. Hint: Use the result of the previous problem. 

b 

. Suppose we wish to find an extremum of the integral i F(u, v, Ux, V,, x)dx subject to the 

1005 
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10. 

11. 
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constraint @(u, v) = constant. Show that the condition for an extremum is — coe = aa — ho, = 0 and 
% Oy, u 

d oF oF 
j do, = 0. 

dx dv, dv 

. A particle moves on the surface described by ¢(x, y, z) = constant from point A to point B in time 7 such that its 
ee : oO ; x y Z 

kinetic energy is a minimum. Show that its coordinates must satisfy the equations ri — os a r = constant. 
x y Z 

Use the result of the previous problem. 

b b 

. Show that the extreme value of J = / [p(x)y” ~ g(x)y"] dx with the constraint / r(x)y?(x) dass 
a a 

d : 
given by “ (» *) +t (¢ +Ar)y =0. Do you recognize this equation? 

bs 

a a 

Extremize the integral J] = i y?dx = land y(0) = y@)=0: y’?dx subject to the constraint / 
0 0 

Derive Equation 11 from Equation 10. 

20.4 Variational Formulation of Eigenvalue Problems 
“ 

Consider the eigenvalue problem 

——— =hu (1) 

with u(O) = u(1) = 0. We have solved this simple problem a number of times, and 

the eigenfunctions and eigenvalues are given by u(x) = A sinnax and A = n?7? 

with n = 1, 2,.... More generally, let’s consider the eigenvalue problem 

Lite (Ce) rl x es (a) (2) 

where £ is a Hermitian operator and r(x) > 0. Multiply Equation 2 by u,, (u* if 

we want to let u be a member of a complex space) and integrate over all space to 

get 

[lana 

h, = (3) yg 

3} 

il PUG! 
nh 

The functions uw, in Equation 3 are the eigenfunctions of L. 

There is a beautiful theorem that says that if p(x) is any function that satisfies 

the same boundary conditions as the w,,(x), then 

| eco 

= ee AY i. > (4) 
il ro-dx 
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where A, is the smallest eigenvalue of £. Equation 4 provides us with a powerful 

method for approximating the smallest eigenvalue of an operator and its associated 

boundary conditions. The smallest eigenvalue is frequently the one of most impor- 

tance physically. Suppose now we choose a function (x) that contains a number 

of parameters a, B, y,..., in which case A = A(a@, B, y, .. .) will depend upon 

these parameters. We can then minimize A with respect toa, B, y,..., and thus 

approach the value of A,. The function ¢(x) is called a trial function. 

We’ ll prove Equation 4 below in a more general context, but let’s first illustrate 

this procedure with a simple example using Equation |. We’re pretending that 

we aren't able to solve Equation 1, but in any physical application, you usually 

would have some idea about what the solution looks like. Equation | yields the 

standing waves of a vibrating string, and so we expect that the eigenfunction of 

lowest frequency has no nodes between x = 0 and x = |. Thus, we will use a trial 

function of the form 

@(x) = cx(1 = x) 

Notice that ¢(x) satisfies the boundary conditions u,(0) = u,(1) = 0. If we sub- 

stitute p(x) into Equation 4, then we obtain A = 10 (Problem 1), compared to the 

exact value of 77 = 9.8696... . Figure 20.13 compares the normalized trial func- 

tion (30)!/2x(1 — x) with the (normalized) exact solution 2'/2 sin 2x. Problem 5 

has you show that a two-parameter trial function of the form 

ON) er (Lx) = 5x71 - x) 

yields 4 = 9.86974 ... compared to m* = 9.8696 .... The agreement here is 

unusually good for such a simple trial function, but you can see that the method 

has great potential. Problem 21 has you show that the above (normalized) trial 

function comes out to be 4.404.x(1 — x) + 4.990x7(1 — x)*. This result is plotted 

against the exact (normalized) eigenfunction, 2'/? sin mx, in Figure 20.14. 

Equation | is a special case of a Sturm-Liouville equation (Section 14.3), 

) 

sft [pon | + [q(x) + Ar(x)] y(x) =0 (5) 
ly 

ape dx 

If we define the Sturm-Liouville operator £ by 

d dy 
Ly(x) =-— [po | xy (ee) (6) 

dx dx 

we can write Equation 5 as 

Lyng (X) = Ant (x) yn (X) (7) 

Recall that the general boundary conditions associated with a Sturm-Liouville 

1007 

ay 

ime 

Figure 20.13 
The normalized trial function 

(30)'/2x1 — x) (color) and the 

normalized exact solution 2!/? sin ax 

(black) to Equation | plotted against x. 

— =~ 

Figure 20.14 
The normalized trial function 

4.404x(1 — x) + 4.990.x?(1 — x)? and the 
normalized exact solution, 2!/* sin zx, 

plotted against x. The two plots are 

indistinguishable. 
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problem are 

ay(a) + ay'(a) =0 

Biy(b) + Boy'(b) =0 
(8) 

where a and b are the boundaries of the problem. The solutions to Equation 7 form 

an orthogonal set of functions over the interval (a, b) (Problem 2). 

We'll now prove Equation 4 for a general Sturm-Liouville problem. Even 

though we do not know the y, (x) explicitly, we do know that we can expand any 

suitably well-behaved function ¢(x) on the interval (a, b) in terms of the y, (x) 

and so write 

G(x) = Do anyn(X) (9) 
n=! 

If we substitute this into Equation 4 and use the fact that the y, (x) are orthogonal 

with r(x) as a weighting function, then we obtain (Problem 3) 

y= SS (10) 

| as i ererarspeen a (11) 

Another general property of a Sturm-Liouville system is that the eigenvalues form 

an infinite sequence and can be ordered according to increasing magnitude, so that 

My AD AR SA a ee 

where A,, — oo asn — ov. Therefore, the right side of Equation 11 is greater than 

zero, and we have established the validity of Equation 4. Equation 4 is often called 

the Rayleigh-Ritz variational principle. 

Minden tales time SS ape 
Example 1: 
Use Equation 4 to approximate the smallest eigenvalue of 
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with the boundary conditions y(0) = y(1) = 0. 

SOLUTION: This equation and boundary conditions constitutes a Sturm- 

Liouville problem. Let’s first use a trial function of the form 

0 (x) = cx(1 — x) 

Then, Equation 4 with & = —d?/dx* and r(x) =x gives 

1 da 

x(1 — x) —— [x0 — x) ] dx 

1 

/ x3(1 — x)?dx 
0 

28C Seer Ores NG) 

+ B43) {ra r3)r(4) 

=) 

hg=- 

where the B(n, m) are beta functions. 

The exact eigenfunctions of the problem are y, (x) = x V2 J 13(Say/?x3/?) 

(see Equation 12.5.42) where i,, is the nth zero of the equation 

2 i 
J1/3 (57) =0 

3 

The first zero of J1/3(z) is 2.90259, which gives A; = 18.956... . Thus, our 

simple trial function is about 5% in error. Problem 22 has you show that the 

normalized trial function is (60)!/2x(1 — x) and that the normalized exact - 

solution is 6.685127 J, nied x) These two functions are compared in ee 

Figure 20.15. Figure 20.15 

The normalized trial function 

(60)!/2x(1 — x) (color) and the normalized 

exact solution 3.6851x/7 J, 44h) x) 
Let’s continue the above calculation and use a two-parameter trial function of (black) for Example | plotted against x. 

the form 

(x) =cyx(1— x) +e x7(1— x)? (12) 

A linear combination like Equation 12 has the algebraic advantage that the deter- 

mination of the c; can be expressed in terms of a determinant. Let’s consider a trial 

function of the form 

P(x) = cy f(x) + C2 fox) (13) 

Using this trial function, the numerator of Equation 4 becomes 

[ 0 dx = feet + 7 fr ble fi + cofy)dx 

= cL yy + cyegL yn + cpeL 21 + 5L (14) 
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where 

Liga i AGL f,@) dx = Lj (15) 

(Problem 4) Similarly, the denominator of Equation 4 becomes 

i r(x)@?(x) dx = C751 + €1C7S}2 + €7€1821 + ©5879 (16) 

where 

Sij = / r(x) fix) fi) dx = Sj; (17) 

Using Equations 14 and 16, Equation 4 becomes 

Cin + 2€;CL 42 a c5L 79 

2 2 (18) 
cySi4 a= 2€)C78}2 = C5 S99 

Ag(C1s C2) = 

Before differentiating Ay(c), c) in Equation 18 with respect to c, and c, itis 

convenient to write it in the form 

Ag (C1, ey )(e7 S11 ar 2€ 1C7S12 Se c5 S99) ad col ie =F 2c \CL 42 ae cs Lap (19) 

If we differentiate Equation 19 with respect to c,, we find that 

Ore 5 ‘5 
(2¢18}4 + 2¢2Sir)Ag + ik + 2¢4C2S}9 + €5S99) = 2c;L 41 ++ 2714 (20) 

C| 

Because we are minimizing Ag with respect to cj, 0Ag/dc, = 0 and so Equation 20 

can be rewritten as 

C(L41 — AgSi1) + Ca(L12 — AgSi2) = 0 (21) 

Similarly, by differentiating Ager, Cc) with respect to c> instead of c;, we find 

cy (Ly — Ag5j2) + ¢7(L9 — AgSo2) = 0 (22) 

Equations 21 and 22 constitute a pair of linear algebraic equations for c, and c9. 

There is a nontrivial solution (that is, a solution that is not simply c; = cy = 0), if 

and only if the determinant of the coefficients vanishes, or if and only if 

Lip —AgSiy Lia — AgSi2 | __ 
(23) 

Lin —AgS12 Lan — AgSo2 

This determinant is called a secular determinant. When this 2 x 2 determinant is 

expanded, we obtain a quadratic equation in Ag, called the secular equation. The 

quadratic secular equation gives two values for Ay, and we take the smaller of the 

two as our variational approximation for the smallest eigenfunction. Example 2 

illustrates the use of Equation 23. 
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eed tmur ieee: yoann, ym 
Example 2: 
Use the trial function given by Equation 12 to calculate the smallest 
eigenvalue of the problem in Example 1. 

SOLUTION: We must first calculate the elements of the secular 

determinant. The integrals are conveniently evaluated in terms of the beta 
function, in which case we have 

IPOreay 1 

se aS 

Ppt = 226.3) = ZOE) = i 
I(6) 15 

Lox = —2BG, 3)+ 12 BG, 3) — 1286; 3) 

2FOr GC) 2F4Sroy Preyrey, 2 

(6) (7) r(8) 105 

SORA oe ee 
ra 60 

eee ror) _ 
(9) 280 

rOre) | eg (ae us 
22 — BOS, >) rd) 1260 

The secular determinant (Equation 23) becomes 

ee. 1 do 

So) IS 280 

f ho 2 ho 

Se SO Oe 60) 

which gives 

Z Ng 22414 + 4032 =0 

The two roots to this equation are 19.7395... and 204.26 .... We take the 

lower root and obtain A = 19.7395 ... compared with 24 = 20 from using 

just one term. 

a ee a eee ee 

So far in this section we have discussed how to find approximate eigenvalues 

associated with Sturm-Liouville problems using the Rayleigh-Ritz method. It turns 

out that there is a very close connection between Sturm-Liouville problems and 

the calculus of variations. Consider the functional 

b 

|| [p(x)y? (x) — q@x)y*(x)] dx (24) 
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where p and gq are given functions of x. The extremum of J subject to the constraint 

b 

dj =i| r(x)y?(x) dx = constant (25) 
a 

where r(x) is a given function of x, is given by (Problem 6) 

i 

b 

| | <trcwr' + [q(x) + Ar(x)] v6) n(x) dx — [pooy’conta| =) 
a 

(26) 

Note that this result is equivalent to the Sturm-Liouville differential equation, 

d 
7, POY @)] + [q(x) + Ar(x)] ye) =0 

along with the boundary conditions that p(x)y’(x) vanish at an end where y(x) 

is not prescribed. In particular, you can see that the homogeneous boundary 

conditions 

ya) =0) of y'(a) =—1()) and y(b) =0 or y'(b) =0 

easily satisfy these conditions. Thus, determining an extremum of Equation 24 

with the constraint given by Equation 25 is equivalent to solving a Sturm-Liouville 

problem. 

We can carry this development one step further. It is straightforward to show 

that finding an extremum of Equation 24 subject to Equation 25 is equivalent to 

determining an extremum of the ratio 

b 

/ [p(x)y? (x) — q(ax)y? (x) dx 
A=<4 

b 

i r(x)y*(x) dx 
a 

(27) 

The condition that A be an extremum with respect to y(x) leads directly to Equa- 

tion 26 (Problem 7). Of course, Equations 26 and 5 lead to the same result, and, 

in fact, are equivalent (Problem 8). 

Ln gt. [eee en ans 2 eee 
Example 3: 
Use Equation 27 along with the trial function y(x) = c;x(1 — x) to calculate 

A in Equation 1. Compare your result to 4 = 10, the one obtained earlier in 

this section. The exact value is 7* = 9.8696.... 

SOLUTION: Comparing Equation | with Equation 5, we see that p(x) = 1, 

q(x) = 0, and r(x) = 1. Therefore, 
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| 

i (1 — 2x)*dx 
C0 ee 

1 

/ x?(1 — x)?dx 
0 

which is the same result that we obtained earlier. 

A= (|) 

| tas a al oh, in ae a ie 

eae eee 
Example 4: 
Use Equation 27 to calculate 2 in Example | using the same trial function. 

SOLUTION :) In this:case, p(x) = 1, g(x) =0, and 7(x) =x. Equation 27 

gives 

in agreement with the result in Example 1. 

The Rayleigh-Ritz variational principle is a powerful tool for calculating 

eigenvalues of Sturm-Liouville problems. The calculations of quantum- 

mechanical molecular energy levels is equivalent to calculating the eigenvalues 

of Sturm-Liouville problems, and this has been taken to a fine art by molecular 

quantum chemists, who routinely calculate molecular energies to an accuracy of 

many significant digits. 

20.4 Problems 

Co me NN 

10. 

Verify that 1 = 10 if we use a trial function of the form @(x) = x(1 — x) in Equation 4. 

. Show that the solutions to Equations 7 and 8 form an orthogonal set of functions over the interval (a, b). 

1 

2 

J: 

4 

5 

Derive Equation 10. 

. Verify Equation 15. 

. Use the trial function @(x) =cjx(1 — x) + C)x?(1 — x) to estimate the smallest eigenvalue in Equation | 

subject to the boundary condition u(0) = u(1) = 0. Hint: Recall the definition of a beta function in Section 3.2. 

. Derive Equation 26. 

. Show that the condition that A is an extremum with respect to y(x) leads to Equation 26. 

. Show that Equations 5 and 26 are equivalent. 

. Use Equation 4 and the trial function x(1 — x) to approximate the lowest eigenvalue of xy” + Ay = 0 subject 

to YO) =yOD=0. 

Solve the previous problem exactly and compare the exact value of A to the one that you obtain there. 

TOTS 



1014 

11. 

12. 

13. 

14. 

15. 

16. 

172 

18. 

19. 

20. 

21; 

22. 

Chapter 20 / Calculus of Variations 

Following Problems 9 and 10, use a trial function of the form @(x) = cyx(1 — x) + C>x°(1 — x) to estimate 

the first zero of J,(z). 

Use a trial function of the form @(x) = (1 — x)(cyx + px") to estimate the smallest eigenvalue of u” + Au =0 

with u(0) = u(1). Compare your result to the one that you obtained in Problem 5. 

Describe what happens if you use a trial function of the form ¢(x) = c; sin 7x + Cy sin 27x in Problem 12. 

fi WEH Wo dv 
The ground state electronic energy Ey of a hydrogen atom is given by Ey = , where 

Wo Wo du 

Wo is the ground state wave function, dv is the volume element, and J{ is the Hamiltonian operator 
2 : 2 

s = i (- g ) «where /r is the Planck constant, jz is the reduced mass of the electron, 
82-pr- dr dr 4m €or 

e is the protonic charge, and ég is the permittivity of free space. Using a Gaussian trial function @(x) =e °" , 

3h70 e2q!/2 4 pet 
—— — ———~ and that Enin = —— 
2p 2269/2 aoe 370 4eph? 

18) == (—1/2)(wet/4e5h?). 

show that E(a) = . Compare your result to the exact energy, 

Re-do the previous problem using a trial function of the form @(7) = e~°”. Compare your result to the exact 

energy, Eg = (— 1/2)(we* /4e¢h?). Why do you think that the agreement is so good? 

Show that $(r) = e~"/“ with ag = h7e9/ we? is an eigenfunction of the Hamiltonian operator given in 
‘ ?) 

Problem 14. Now suppose that one were to use a trial function of the form @(x) = cye~*” + cye” to carry out 

a variational calculation for the ground state of the hydrogen atom. Can you guess without doing any calculations 

(7 S) 

what cy, C7, a, and Ep, will come out to be? What about a trial function of the form ¢(x) = ya Gye A? 

k=1 
co 

| vixvoax 
=O) 

The ground state energy of a quantum-mechanical harmonic oscillator is given by Ep = > 

i Wo Wo dx 

he tide la 
Sgn aa 8m-j dx 2M 

where his the Planck constant, jz 1s the reduced mass, and k is the force constant. Use a trial function of the 

form @(x) = cos Ax with —7/2A <x </2A, where A is a variational parameter, to calculate an upper bound 

where wo is the ground state wave function and is the Hamiltonian operator H{ = — > 

-\ 1/2 I k 
to Ey. Compare your result to the exact value, Eg = e (=) ; 

am \ pM 

Re-do the previous problem using a trial function of the form @(x) = 1/(1 + Bx”), where B is a variational 

parameter. 

Re-do Problem 17 using a trial function of the form ¢ (x) = eX” where f is a variational parameter. Why do 

you think the agreement is so good? 

Show that Wo(x) = ew 2 witha = (42 7kp/h?)'/? is an eigenfunction of the quantum-mechanical harmonic 

oscillator Hamiltonian operator given in Problem 17. 

Show that the normalized trial function corresponding to Problem 5 is 4.404.x(1 — x) + 4.990.x2(1 — x)”. 

Show that the normalized trial function in Example | is (60)1/2x(1 — x) and the normalized exact solution is 

3.6851 4/2, 4(2);' x9/). 
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20.5 Multidimensional Variational Problems 

Up to this point we have considered functionals with only one independent vari- 

able. Many applications, however, lead to functionals that depend upon more than 

one independent variable. This will be the case for problems in more than one 

dimension. Consider, for example, the two-dimensional case 

eae («> ou Seiad) dxdy (1) 

where R is some given fixed region bounded by a smooth curve C on which u(x, y) 

has prescribed values. We assume that F is continuously twice differentiable with 

respect to any combination of its arguments. We wish to determine the function 

u = u(x, y) for which J is stationary with respect to small changes in w. 

The simplest case to treat is the one where the value of u(x, y) is prescribed 

on the curve C enclosing the region R. We use a procedure analogous to the one 

we used in Section | for one-dimensional problems. Let u(x, y) be the function 

for which / is stationary and use a trial function of the form 

U(x, y) =u(x, y) + en, y) (2) 

where n(x, y) =0 on C. Substitute U(x, y) into Equation 1| to obtain /(€), set 

the derivative of /(€) with respect to € equal to zero and then let € — 0 to obtain 

(Problem 1) 

F OF oF 
ea + 5,4 2 n,) axdy =O (3) 

y 

We are using the x and y subscripts here to denote partial derivatives. Equation 3 

is analogous to Equation 5 in Section 1, and constitutes a necessary condition that 

I be an extremum. Integrating Equation 3 by parts in two dimensions gives 

ice es ea 
mh ae aay? . é j 

( OF // OP yee8, es s n(x, y)dxdy (4) 
Ou ox \du dy \ du, : 

Equation 4 is the analog of Equation 6 of Section 1. The second term on the right 

of Equation 4 is equal to zero because n(x, y) = 0 on C, so we have 

aF 9 (OF ee ey ee _y) dxdy =0 5 
He ae ) dy (2) BA ia oe 
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Figure 20.16 
A vibrating string at an instant of time. 
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Xx 

Chapter 20 / Calculus of Variations 

Given that n(x, y) is sufficiently arbitrary, we conclude that the term in 

brackets in Equation 5 must equal zero and write the Euler equation in two- 

dimensions as follows: 

OF r) OF f) OF Wake ( ) + (6) 
Ce ON NO dy \ du, 

The extension of Equation 6 to higher dimensions is straightforward (Problem 2). 

(ak al oi ce ala aaa ees ee 
Example 1: 
Show that the functional 

= {3 + Ge) + GE) ] 0 
leads to Laplace’s equation. 

SOLUTION: 

a sate jul Bnaalltiy 0 ly Dy 20H 5. OF akaY 
Viet 2 2 OU eae OIO, 5 Sadie LOVE & Mbehons age 

and so Equation 6 gives 

We can derive the wave equation using the calculus of variations, and using Hamil- 

ton’s principle in particular. Consider a flexible string fixed at its two endpoints. 

For simplicity, assume that the tension, T, in the string and the linear mass density, 

p, of the string are constants. In the course of a vibration, an element of length dx 

becomes an element of length ds (see Figure 20.16). For small displacements, 

ye 1 (du \? u ds = 1+ (=) dvds + > (o ee 
Ox DNOX 

where u is the displacement and where we have used the binomial theorem. The 

extension of the element is approximately 

2 

dl = ds ~ dx => (=) dx 
Ox 

and the work done against the tension t, which is the potential energy, is 
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1Oly7 

The potential energy of the string is given by (small displacement) 

1 2 

D2 jo “Ox 

The kinetic energy of the string is given by 

and so the Lagrangian of the string is 

U 2 i 2 
a ek 2J0 \pdt 2 dy \OR 

According to Hamilton’s principle, the integral 

t l 2 2 
2 ] Ou Ou 

| ~ —) -t({— dxdt 8 I i 3 |o(%) (=) | 2 

must be stationary. If we apply Equation 6 to this equation (with y > ¢ and 

uy — u,), we obtain 

or 

== (9) 

where v = (t/p)'/*. Thus, we see that the wave equation can be thought of as a 

Euler-Lagrange equation. 

We can use the Rayleigh-Ritz variational principle to calculate upper bounds to 

the eigenvalues of multidimensional problems. For example, let’s calculate an 

upper bound to the lowest vibrational frequency of the square membrane shown 

in Figure 20.17. The wave equation for this system is 

du 0°u 2 al a°u (10) 

i NS OY Figure 20.17 
A square membrane clamped along its 

Realizing that the time dependence of u(x, y,t) is harmonic, substitute perimeter. 

u(x, y,t) =o, y)e’™ into Equation 10 to get 

AG (11) 
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Figure 20.18 
The trial function used for the lowest 

normal mode of the membrane depicted in 

Figure 20.17. 

Figure 20.19 
A triangular membrane clamped along its 

perimeter. 
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Multiply Equation 11 by @(x, y) and integrate to get 

tw 
/ pV dxdy 

fe ot 

v |] eavay 

Equation 12 is the analog of Equation 3 of the previous section and provides an 

upper bound to w”. 

Any trial function that we use in Equation 12 should satisfy the boundary 

conditions of the system, which in this case says that the membrane is clamped 

along its perimeter. The normal mode corresponding to the lowest frequency has 

no nodal lines, so we’ll use a trial function of the form (Figure 20.18) 

(12) 

Ca, yr—xG@— x (ay) 

The numerator of Equation 12 is 

b b 

/ dx / ay sao )yia— yy l-24(@— 5) = 2a 7) | 

= -4a°BQ3, 3) B(2, Dh _a@ 
90 

where B(n, m) is a beta function. The denominator of Equation 12 is 

b b ‘ a® 

/ dx / dy x(a — x)’y7(a _ y)? = a® BQ, 3) BG, 3) = —> 
a a (30)- 

and so we have w* = 10v*/a?, or w = 3.162v/a, compared to the exact result, 

@=mov/a. 

This Example is easy to solve exactly, but the following one is not. 

Example 2: 
Calculate an upper bound to the lowest vibrational frequency of the triangular 

membrane shown in Figure 20.19. 

SOLUTION: The straight line connecting the points (QO, a) and (a, 0) in 

Figure 20.19 is described by y = a — x, and so a trial function with the factor 

xy(y — a+ x) will automatically satisfy the boundary condition. Let’s use 

b =xy(y — 4a +x) (ey + cout cay 4 cx? +--+) 
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as a trial function (Figure 20.20). Using just the first term, the numerator of 

Equation 12 is (Problem 11) 

a aX 2 6 5 cya 
Cj i dx / dy xy(y —a4+x)2(¢ + y) = -—-— 

and the denominator becomes (Problem 11) 

a aX 298 
2 : Bethe Nis, tees le 
cal dx / dyx°y'(y-a+x)= 8-7.6-5.3 Figure 20.20 

The trial function used for the lowest 

normal mode of the membrane depicted in 
Therefore, w* = 56v7/a’, or @ = 7.48v/a. It turns out that this problem can Figure 20.19. S 

be solved exactly, and the exact solution yields w = 2 V5 v/a = 7.03v/a. 

ee i id ee 

nee WA ab geet AER ey Tw ittvapere awe taf 
Example 3: 
Use Equation 12 to calculate an upper bound to the lowest vibrational 

frequency of a circular membrane of radius a. Assume that the perimeter of 

the membrane is clamped. 

SOLUTION: A trial function containing the factor a — r will satisfy the 

boundary conditions. We’ll use the simplest one, ¢(7) = c\(a — r), first. 

Using the plane polar coordinate expression for V? (Table 8.1), the numerator 

of Equation 12 becomes 

a 20 i 

at dr rf dé (a—r) ( ) = ae 
0 0 r 

and the denominator is 

he 2n 5 Rea 
Gf arr f WG= > == 

0 0 6 

Therefore, w* = 6v2/a’, or w = 2.449v/a. The exact value of the numerical 

factor is given by the first zero of Jo(x), which is 2.405. 

| Sa ee ee ee 

We can improve the result in Example 3 by using a more flexible trial function. 

For example, if we use 

o(r) =e) —7r) + la — r)* 

we obtain w = 2.42u/a (Problem 7). 
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20.5 Problems 

— 

10. 

11. 

OF 
. Show that Euler’s equation becomes —- = 

Derive Equation 3. 

0 9F +0 08 . 0 OF 
—— ~ = — when there are three independent 

uo Oxdu, dyduy Iz du, 

variables. 

. Determine the partial differential equation that governs the function @(x, y, z) for which the average of the 

square of the gradient over a certain region R is a minimum when ¢(x, y, z) is specified on the boundary of R. 

. Inthis problem, we shall derive the functional that yields Laplace’s equation as an extremum condition. Multiply 

Laplace’s equation by n(x, y, z) and then integrate each term by parts and use the fact that n(x, y, z) =0 on 

the boundary. 

1 1 
. Derive the Euler equation corresponding to J = [[[jevw = 5 pou = pu | dxdy with u(x, y) 

R 
prescribed on the boundary. What physical system do these equations represent? 

. Having identified the Euler equation corresponding to / in the previous problem, interpret the three terms in 

the functional physically. 

. Use atrial function of the form ¢(r) = c\(a — r) + c>(a — r)* to calculate the lowest frequency for Example 3. 

. Use Equation 12 to approximate the lowest frequency for the membrane shown in Figure 20.21. Make up your 

own trial function. 

Use Equation 12 to approximate the lowest frequency for the membrane shown in Figure 20.22. Make up your 

own trial function. 

Use Equation 12 to approximate the lowest frequency for the membrane shown in Figure 20.23. Make up your 

own trial function. 

Verify the results of the two integrals in Example 2. 

Figure 20.21 Figure 20.22 Figure 20.23 
A membrane consisting of one quadrant A membrane consisting of one half of a A membrane consisting of one octant of a 

of a circle. The membrane is clamped all circle. The membrane is clamped all along _ circle. The membrane is clamped all along 
along its perimeter. its perimeter. its perimeter. 
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Siméon Denis Poisson Andrei A. Markov 

Siméon Denis Poisson (1781-1840), who was equally distinguished for his pure mathematics and his 

applications of mathematics to physics, was born on June 21, 1781, in Pithviers, France, where his father 

held a minor administrative post. In 1798, he entered the Ecole Polytechnique in Paris, where he excelled, 

impressing both Lagrange and Laplace, both of whom remained life-long supporters of Poisson. After 

graduating, he remained at the Ecole and succeeded Fourier as titular professor in 1806. In 1817, he married 

Nancy de Bardi. Poisson was indifferent to politics, holding no strong beliefs, and he was able to retain 

his many teaching and administrative positions through the political turmoil of the times. Nevertheless, 

he successfully defended science against government intervention. Poisson was a tireless manipulator of 

mathematical equations and made important contributions to many fields of physics. His book Traité de 

mécanique was the standard work on mechanics for many years. The Poisson distribution first appeared in 

Researches in the Probability of Opinions, which was first published in 1837. In 1837, he was elevated to 

the nobility, becoming a baron. Poisson died on April 25, 1840, outside Paris. 

Andrei A. Markov (1856-1922), one of the people who put probability theory on a firm mathematical 

basis, was born on June 14, 1856, in Ryazan, Russia, where his father, a member of the gentry, managed 

an estate. As a child, he suffered from poor health and used crutches until he was 10 years old. In his 

early schooling, Markov was a poor student in all subjects except mathematics. In 1874, he entered St. 

Petersburg University, where he studied under Chebyshev. After completing his studies in 1878, he remained 

at St. Petersburg and became a professor in 1886. In 1883, he married a childhood friend, Maria Ivanova 

Valvatyeva. One of their sons (also Andrei) became a noted mathematician. Markov’s rebellious nature led 

to many disputes with his peers and government officials. He was also interested in poetry and used Markov 

chains to study poetic style. Markov held firm political opinions and was active in the liberal movement 

opposing the Romanov monarchy. In September 1917, he asked to be sent to a small town in the interior 

of Russia, where he taught mathematics. His health suffered due to the famine during the winter of 1917 to 

1918, and he returned to St. Petersburg. He suffered from ill health until his death there on July 20, 1922. 
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Probability Theory and Stochastic Processes 

Probability theory and stochastic processes have found wide application in the 

physical sciences and engineering. For example, the analysis of noise in electronic 

devices and the statistical mechanical theory of transport processes are based upon 

the theory of stochastic processes. In this chapter, we first present the basic ideas 

of probability theory and then extend these ideas to stochastic processes. Because 

of limitations of space, in most cases we are able to present only the basic ideas 

involved, but the reader can use the references to investigate in more depth any 

particularly interesting topics. 

In Section 1, we introduce the concept of a discrete random variable and 

its associated probability density function. We then discuss several probability 

distributions, such as the binomial distribution and the Poisson distribution. In 

Section 2, we introduce continuous random variables, and discuss a Gaussian 

distribution at some length. In the next section, we discuss the characteristic 

function of a random variable, whch leads naturally to the central limit theorem. 

In Section 4, we discuss some general properties of stochastic processes, and 

introduce stationary random processes and Markov processes. We then discuss 

ergodic random processes and their practical applications. We finish the section 

with a discussion of the correlation function and the power spectrum of a stochastic 

process, which are related to each other by the Wiener-Khintchine theorem. 

The last section consists of two examples of stochastic processes. We first 

discuss a Poisson process, where a variable increases by one unit at random times, 

as shown in the following figure: 

4 X(t) 

The Poisson process describes numerous physical processes, such as the time 

dependence of the emissions from radioactive nuclei. We then discuss the shot 1023 
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Figure 21.1 

N 

A computer simulation of the tossing of a 

fair coin. The graph shows the ratio of the 

number of heads to the number of tosses 

as a function of NV, the number of tosses. 
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effect, which consists of a train of pulses that occur at random times. The shot effect 

describes the noise in electronic devices, or the noise generated by the dumping 

of shot onto a metallic surface. 

21.1 Discrete Random Variables 

There are a number of deep and philosophical questions regarding the definition 

of probability, but here we address only the most pragmatic aspects. We all would 

agree that when a fair coin is tossed N times, the ratio of the number of heads 

H to the number of tosses is around 1/2, and approaches 1/2 more closely as N 

increases. Figure 21.1 shows a computer generated simulation of the tossing of a 

fair coin. Other examples of this sort of limiting behavior are the rolling of dice, 

the drawing of cards, and so on. We can use this type of observation to define 

probability. In general terms, suppose that an experiment is performed N times 

and that a particular outcome occurs S times. If the ratio S/N approaches a limit 

as N — oo, we say that this limit is the probability of that particular outcome. 

» En, 
where one and only one outcome can occur in a given experiment. The set of all 

Suppose now that an experiment has n possible outcomes Ej, E>, ... 

possible outcomes, (Ze j =1,2,...,} in this case, is called the sample space 

of the experiment. As described above, the probability of any particular outcome 

is 

ee INS ; P(E) = lim Fie EE (1) 

where N; is the number of times the event j occurs in N trials. We can see from 

Equation | that if some event, say the ath, is certain to occur, then N, = N 

and p(E,) = 1. On the other hand, if it is certain not to occur, then NV, = 0 and 

p(E,,) = 0. Because these two cases represent the possible extremes, we have that 

0 < p(E) < 1 as acondition that a probability must satisfy. Furthermore, because 

Ni + No +--+ N, =N, we have 

Sipe j=1 (2) 
f= 

This result says that it is certain that one of the n events will occur when the exper- 

iment is performed (in other words, that something will happen). This condition 

is called normalization. 

Now consider the more complicated case of an experiment in which two events 

A and B can or cannot occur. We can set up Table 21.1. Since the four cases given 

in Table 21.1 account for all the possibilities, we have 

N= Nya Note Nat iNG (3) 
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Table 21.1 

An experiment in which A and B are the two 

possible outcomes of interest. 

Result Number of occurrences 

1. Aand B N, 

2. A, but not B N> 

3. B, but not A N3 

4. Neither A nor B N4 

If we let N be suitably large, the probability that A occurs is 

N,+ N 
A= ——— 

and that B occurs is 

N,+N3 
B SS p(B) Ny 

The probability that both A and B occur, p(A, B), is given by 

Ny A, B)=— p( ) 

(4) 

(5) 

(6) 

This is known as the joint probability of A and B. The probability that either A or 

B occurs is given by 

N,+N.+N3 
B)= p(\A+ B) < (7) 

We can also define conditional probabilities. The probability that A occurs, 

given that B has occurred, is 

N; AB) =e p(A|B) eee 

Similarly the probability that B occurs, given that A has occurred, is 

Ni 
(Ay = 

‘ Ni + 2 

We can use the formulas given above to deduce the following relations: 

A+B)=—4+—-+— p(A+t B) on an 

= p(A) + p(B) - plA, B) 

(8) 

(9) 

(10) 

1025 
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Not A nor B 

Figure 21.2 
A Venn diagram, which illustrates the 

probability space of the outcomes of A 

and B. 

xX] X2 X3 X4 X5 

Figure 21.3 
The discrete probability frequency 

function, or probability density, 

p(x;) — Prob (X= a 

Se 
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p(B|A) p(A) = eine eee
 

= PAB 
(11) 

= FP = PA, B) (12) 

Equations 10 through 12 can be seen pictorially in Figure 21.2, where the 

rectangular area E represents the space of all possible outcomes of an experiment 

and the areas A and B represent the space of outcomes of A and B, respectively. If 

E is a unit area, then the area A is equal to p(A) and the area B is equal to p(B). 

The region of overlap between the A and B areas represents the simultaneous 

occurrence of A and B, or p(A, B). Equation 10 then follows immediately since 

p(A + B) is the total shaded area in Figure 21.2. Equation 11 follows by noting 

that p(B|A) = p(A, B)/p(A). 

We can also use Equations 10 and 12 and Figure 21.2 to formulate some 

definitions. If the occurrence of A precludes the occurrence of B and vice versa, 

there is no overlap region in Figure 21.2 and p(A, B) = 0. Therefore, p(A + B) = 

p(A) + p(B) and p(B|A) = p(A|B) = 0. When this is so, we say that the two 

events A and B are mutually exclusive. If the occurrence of A has no effect on 

the occurrence of B, we have p(B|A) = p(B) and say that the two events are 

independent. An important consequence of the independence of two events is that 

their joint probability factors, so that p(A, B) = p(A) p(B). 

Many events are descriptive in nature, such as the event that the next card 

drawn from a deck of cards will be red. In many other cases, events have a natural 

numerical value. Suppose that all the possible events E;, E>, ..., E, from an 

experiment have a numerical value. Then we can represent the outcomes by a 

random variable, say X. A random variable is a rule or a formula that assigns 

numerical values to each of the simple events in an experiment. We denote a 

random variable by a capital letter and a particular observation of the random 

variable by a lowercase letter. The probability that we observe the value x from 

an experiment is written as Prob {X = x} or simply p(x). It is often convenient to 

interpret a set of probabilities {p(x ;)} as a unit mass distributed along the x axis 

such that mm ; 1s the quantity of mass located at the point x ;. Because om p(x) =1, 

J 
we must have ie m ; = |. The probability distribution, then, can be pictured as the 

j 
distribution of a unit mass along the x axis (Figure 21.3). 

We call the variable X arandom variable if it takes on the values x), x9, ..., Xp 

with respective probabilities p(x;), p(x), -.., p(x,). The set {x;} over which X 

varies is called the sample space. The expected value of X or the mean value of X 
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is given by 

n 

w= E[X] =) x;p(x;) (13) 
as 

By referring to our analogy of mass distribution, Equation 13 says that the expec- 
tation value is the center of mass. More generally, if f(X) is a function of X, we 

define the expectation value of f(X) by 

E(f(1= > fej)p) (14) 
j=l 

If f(X) = X", then E[X"]is called the nth moment of the probability distribution 

{p(x;)} and is often denoted by m,,. Note that the second moment corresponds to 

the moment of inertia of a mass distribution. 

You should be aware of the fact that E[X7] does not necessarily equal E|xX? 

as the following Example shows. 

Example 1: 

Given the following probability data, calculate E[X], E[X?], and E[XF. 

35 | 2 es 5 

D(x) O10 O15 6.05 O50 0.20 

E[X] = (1)(0.10) + (2)(0.15) + (3)(0.05) + (4)(0.50) + (5)(0.20) 

= 3.55 

E[X/ = 12.60 

SOLUTION: 

E[X7] = (1)(0.10) + (4)(0.15) + (9)(0.05) + (16)(0.50) + (25) (0.20) 

Ss IANS) 

Note that E[X?] > E[X}: We shall prove below that this is a general result. 

Example 2: 
An important discrete probability distribution is the Poisson distribution, 

where x; = j and 

hOZ7 
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where a is a parameter. First show that p(j) is normalized and then calculate 

the first two moments. 

SOLUTION: 

CO [o,@) at 

ae CL wo = Wee a—]| NE ACNE imc? 

[o, 2) [o, 2) jai 

BLM 3 (PC) ees 
j=0 j=0 

- as a! 
—e “a =e “a —_=a 

int ! rap 0 wel) joo 

CO 

! a i Siar isd Ela pc) =e ; 
j=0 j=0 J 

—— 1 pl ihe qi-} 
SP “ 4 6-4 ye , 

j=0 oe j=o J 

= ay? Cera — er 

da? da 

=a>+a \ 

It is often convenient to define a new random variable X — u where yu = 

E[X]. The quantity E[(X — j2)"]is called the nth central moment, which is often 

denoted by jz, to distinguish it from the ordinary moments. It is easy to show that 

E[X — | =0 (Problem 4). A particularly important quantity is the second central 

moment, denoted by 

Var [X] = E[(X — p)7] (15) 

and called the variance of X. The variance is also denoted by o*. Being the 

average of a squared quantity, 07 is an intrinsically positive quantity. In the mass 

distribution analogy, the variance represents the spread of the mass points about 

the center of mass. If the mass points are mostly clustered around jz, then o? will 

be small because most of the observed values of X — ju will be small. We shall see 

repeatedly that the mean and the variance are key quantities in probability theory. 

It is an easy exercise to show that (Problem 5) 

o? = Var [X]= E[X?] — E[Xf (16) 

and, because o” > 0, to prove that E[X 21> E [X?. Note that the variance of a 

Poisson distribution is 72 =a. (See Example 2.) 

The set of probabilities { p(x j)} can be considered to be the values that the 

function p(X) assumes at the n points {x;}. The function p(X) is called the 
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frequency function or the probability density of the distribution, and we write 

p(x;) = Prob { X =x; } (17) 

A probability density is shown in Figure 21.3. The cumulative distribution function 

is defined by 

PG@)=Prob {x =x y= Se ipG)) 
< XjSx 

(18) 

Clearly we have P(—oo) = 0 and P(oo) = 1. Figure 21.4 shows that P(x) is a step 

function with jumps of magnitude p(x ;) occurring at the points x; for a discrete 

probability density. 

We can extend the discussion given above to the case of two or more ran- 

dom variables X and Y. Let X be defined as above and let Y assume the values 

Y], Y2, +++» Ym With probabilities p(y), D(¥2), .--, POm)- This leads us to con- 

sider the joint probability density p(X, Y) of X and Y simultaneously assuming 

certain values. The joint density function is 

p(x;, yj) = Prob {X = x; and Y = yj} (19) 

and the joint cumulative distribution function P(x, y) is 

P(x, y) =Prob{X <xand¥<y}=)° D> p(x») (20) 
xjSx yjSy 

The expected value of a function of X and Y is defined by 

n m 

Efix, l= >> yo rene peGrw) (21) 
i=1 j=1 

Problem 6 has you show that 

El(ax + bY|=aE[X]+ dE|Y] (22) 

I ee a ie 
Example 3: 
Show that E[XY]= E[X]JE[Y]if X and Y are independent. 

SOLUTION: If X and Y are independent, then p(x;, y;) = p(x) PQ)), 

and 

E[XV = iy 219) PGi) 
fel jail 

=) xp) 0 yjaQy) = ELXIELY] 
t=] j=1 

A re Spe et 
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X| X2 X3 X4 X5 iG 

Figure 21.4 
A cumulative distribution function 

P(x) = Prob {X < x;} corresponding 

to the frequency function shown in 

Figure 20.3. 
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4 
Tea, " p(n) 

Figure 21.5 
The binomial distribution plotted against 

m for several values of n (6, 12, 24, and 

48). Note that the distribution becomes 

increasingly bell-shaped as n increases. 
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The quantity Cov [xs / |= 2 (Ce =F = Ly) is called the covariance of 

X and Y. Problem 7 has you show that E[(X — 1,)(Y¥ — Ly) ] = Oif X and Y are in- 

dependent. In such a case, X and Y are said to be uncorrelated. If Cov [X, Y] #0, 

then the magnitude of E[(X — j4,)(Y — j4,)] 1s a measure of the lack of inde- 

pendence (degree of correlation) of X and Y. However, Cov [X, Y ] = 0 does not 

imply independence. 

We shall now discuss two well-known and important discrete probability 

distributions. First let us consider n successive tosses of a coin and ask what is the 

probability that heads comes up exactly m times. The results of any n successive 

tosses can be represented by a sequence of h’s and t’s: 

hhhthttt --+-tth 

There are n positions in any sequence and there are two choices (A or ft) for each 

position. Thus there are 2” possible sequences, and since they are all equally likely, 

the probability of any particular one will be 2~”. The number of such sequences 

with heads exactly m times is equal to the number of ways we can arrange m heads 

among 7 positions, or 

n! 

m\(n — m)! 

The probability of exactly m heads, p(m), then, is 

nto thy 
nN) = 

PA m\(n — m)! (5) 

More generally, if a “successful” outcome occurs with probability p and an “unsuc- 

cessful” outcome occurs with probability g, where p + q = 1, then the probability 

of m “successful” outcomes is given by 

n! n! 
(m) — ue Midd! = m 1 Lb thE 23 

e m\(n — ale ; m\(n — ay P) ay 

This distribution 1s known as the binomial distribution and is applicable to the case 

of repeated independent trials such as the drawing of cards from a deck, replacing 

the drawn card after each draw. Equation 23 is called the binomial distribution 

because the binomial theorem of algebra says that 

nN 
! 

(x + yy" = ee ne a (24) 

Ve — iF ay Mn m)! 

Figure 21.5 shows the binomial distribution plotted against m for several values 

of n. Note that the distribution becomes more and more bell-shaped as n increases. 

Pe ON i es | 
Example 4: 

Show that the binomial distribution is normalized and that E[M]= np and 

Var [|M]=o7 = npg. 
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SOLUTION: Equation 24 with x = p and y=q =1-— p shows that 

Equation 23 is normalized. The mean is given by 

n 

LS 01S eres 
m=0 p=. 

n} ea als, Dp) a 

We can evaluate this sum by differentiating both sides of Equation 24 with 

respect to x and then multiplying the result by x to obtain 

nN 

es mn! sie 
nx(x + y)” WES Sis en m 

m=0 m\(n = m)! 

Letting x = p and y = 1 — p gives 

E(M]|=np 

Another such differentiation gives 

E[M(M — l)]=n(n — )x?(x + y)"? 

Letting x = p and y= 1 — p gives E[M(M — 1)]=n(n — ibe or 

* — E[M?]— E[MP = E[M(M — 1)]+ E[M] — E[My 

=n p> —np* +np —n*p* =np — np? =np(l = |0) 

ea a 5 re 

The binomial distribution is used to describe a one-dimensional random walk 

(Problem 12). 

Although the binomial distribution is important and useful for its own sake, it 

also serves as the basis for two other perhaps better known distributions, namely 

the Gaussian distribution, which we discuss in the next section, and the Poisson 

distribution, which we derive now. Consider the following problem: We randomly 

distribute n points over some interval (0, ¢), and then ask what is the probability 

that exactly m of these points will lie in some subinterval Ar (Figure 21.6). We gi) eck etmenarecwe 

can think of this problem as consisting of n repeated, independent trials of placing 

a single particle in the interval (0, f) with “success” being the probability that 

the particle will lie in the subinterval At, which is equal to p = At/t. Thus, the Figure 21.6 

probability that m of the n particles will lie in At is given by n points distributed randomly over the 
interval (0, f). 

n! ee a ee Lg ses 

pm) mi\(n — es \ P) 

n! At m At aye 

See aay Rak! ie 
m\(n — m)! ( t ): ( t ) 

The average value of m is 4 = np =nAt/t, which we denote by 1 At. We are often 

interested in the case where n is large and At is small (with ju fixed at A Ar), in 

n—m 

(25) 
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(a) 

(b) 
0.2 

Leo 4 On =omeO 

Figure 21.7 
The Poisson distribution plotted against m 

for (a) a = 1.0 (black), (b) a = 4.0 (color), 

and (c) a = 6.0 (gray). 
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which case Equation 25 can be cast in a much more convenient form (Problem 14): 

(AAt)” ont 

m! 
p(m) = (26) 

Equation 26 is the probability that there will be m points in an interval Az ifn points 

are randomly distributed over the interval (0, ¢), n is large, At is small, and A = n/t 

is the number of particles per unit of ¢. Equation 26 is a Poisson distribution, and 

we showed in Example 2 that  =0* =AAt. 

Equation 26 applies to radioactive decay, among many other physical phenom- 

ena. In this case, A is the mean rate of decay and Equation 26 tells us the chance 

that we will observe m decays in a time interval At. Notice that the probability of 

observing no decay in an interval At is given by p(O) = aries. 

ee ee 
Example 5: 
A radioactive sample is observed to emit alpha particles at a rate of 1.5 per 

minute. Determine the average or expected number of alpha particles that 

you would observe in two minutes. Calculate the probability that you would 

observe 0, 1, 2, 3, 4, and equal to or greater than 5 counts. 

SOLUTION: According to Equation 26, the expected number of counts in 

a two-minute interval is AAt = 3.0 counts. The probability of observing m 

counts is given by Equation 26, or ‘ 

m ao 1 2 3 4 

Prob {M =m} | 0.0498 0.149 0.224 0.224 0.168 

The probability that m > 5 is given by 

4 

Prob {M >5}=1— )° Prob {M =m} =0.185 
m=0 

Latter ot veplts Jone noe 1 1 benatet etre, gy oti ngs Aa aaa 

The Poisson distribution has an amazingly broad range of physical applica- 

tions, including radioactive decay, aerial search, the arrival of electrons striking a 

cathode, the transmission of a nervous impulse across a synapse, the distribution 

of galaxies, and so forth. We’ll write Equation 26 in the general case as 

m 

p(m) = == Cie (27) 

where a is equal to E[M]. Figure 21.7 shows p(m) plotted against m for several 

values of a. For example, suppose it is known that there are 300 errors in a book 

containing 500 pages. What is the probability that a page contains no errors? Three 

or more errors? Here the “time interval” is the area of a page, and we wish to 

calculate the frequency of errors on a page given that on the average there are 
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a = 300/500 = 0.6 errors per page. The probability that a page has no errors then 
is p(0) =e °-© = 0.5488, and the probability that there are three or more errors is 
given by 

& m 
Prob {M > 3} = De (=) ea =i e=" — ge? — a a = ON234 

a, m! 2 

See Problems 15 and 16 for some other applications of the Poisson distribution. 
The results of calculations of probabilities can sometimes be counterintuitive 

and surprising. We'll conclude this section with such a calculation, which is an 
application of what is called Bayes’s formula. Suppose an event A can occur 
only if one of the set of mutually exclusive and exhaustive events B,, By, ..., B 
occurs. Furthermore, suppose we know p(B ;)» the probability that B; occurs, and 
P(A | B;), the (conditional) probability that A occurs, given that the event Bj 
occurs. We want to use this information to calculate P(B; | A), the (conditional) 

probability that B; occurs, given that A occurs. 

If p(A, B;) is the joint probability that both A and B; occur, then 

p(A, Bj) = p(A| B;) p(B;) = p(B; | A)p(A) 

Therefore, p(B; | A), the quantity that we’re seeking, is given by 

P(A | B;)p(B;) 

P(A) 
p(B; | A) = (28) 

Because the events p(A, B,), p(A, By), ..., p(A, B,) are mutually exclusive, 

P(A) = p(A, By) +--+ + p(A, By) = p(A | By) p(B) +--+ + p(A |B,)p(B,) 
and Equation 28 can be written as 

p(A | By) p(B;) 
p(B; | A) = (29) 

P(A |B,) p(B,) + p(A | By) p( By) + ---+ p(A| B,)p(B,) 

Equation 29 is known as Bayes’s formula or Bayes’s theorem. 

We’ ll now present a practical calculation using Bayes’s formula that appeared 

in a column of the Sunday supplement of most newspapers in the 1980s. Consider 

a medical screening test to determine if someone has a certain rare disease such as 

AIDS. Let D represent the event that a person has the disease and let D represent 

the event that the person does not have the disease. Let the probability that a given 

person in a population has the disease be p(D) and the probability that a given 

person does not have the disease be p(D). Note that p(D) + p(D) = 1. Now 

suppose that we have a screening test with two possible outcomes, a positive result 

+ or a negative result —. Furthermore, suppose the test has a false positive rate of 

a and a false negative rate of 6. In terms of conditional probabilities, these two 

quantities are a = p(+ | D) and B = P(—| D). Note that 

P(+|D)+ p(-|D)=p4|D)+B=!1 

TOS8 
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and 

p(+| D) + p(— | D) =a tp(— | D) =1 

What does a positive test result indicate? What about a negative result? These 

questions are answered using Bayes’s formula. 

Let’s consider a rare disease where p(D) = 1.00 x 10~* (1 in 10,000) and 

where the test has a = 0.0100 and 6 = 0.0500. Now suppose that you test positive 

for the disease. The probability that you have the disease given that you tested 

positive is given by Equation 29: 

Cn eegeste BU ED ager t 
p(D)p(+ | D) + p(D)p(+ | D) 

J p(D)(1— B) 

p(D)(1— B) + p(D)a 

a (1.00 x 10~*)(0.950) 
~ (1.00 x 10-4)(0.950) + (0.9999) (0.0100) 

= 0.00941 

or about | in 100. This result may not seem too informative. However, the chance 

of having the disease has increased 100-fold. 

What about a negative test result? In other words, what is the value of 

p(D | —). In this case, 

Hei P(D)p(— | P) 

P(D)p(— | D) + p(D)p(— | D) 

P(D)B 

p(D)B + p(D)(1 — a) 
yy (1.00 x 10~*)(0.0500) 

(1.00 x 10~4)(0.0500) + (0.9999) (0.9900) 

= 5.05 x 10~° 

Thus, there is a very small chance that you’ll have the disease given that you test 
negative. 

Let’s calculate the chance that you don’t have the disease and yet test positive. 

In other words, let’s calculate p(D | +). This is given by 

p(D|+) =1-— p(D|+) 

= 0.9906 

Thus, there is a 99% chance that you don’t have the disease given that you test 
positive. Finally, the probability that you don’t have the disease given that you test 



21.1. Discrete Random Variables 
1085 

negative is 

p(D | —) =1— p(D|-) 

=1—5.05 x 107° = 1.00 

We can put the results of these calculations in better perspective in the follow- 
ing way. Suppose we have a test pool of 1 000 000 people, of which 100 have the 
disease and 999 900 do not. Of the 100 who have the disease, the expected number 
that will test positive is given by 

p(D | +)p(+) x 10°= p(D| +) [ p+ |D)p(D) + p(+| D) 1 x 10° 

= (0.00941)(0.01009)(10°) = 95 

The expected number that have the disease and test negative is given by 

p(D | —)p(—) x 10° = p(D | —) [ p(— | D)p(D) + p(— | D) pp) | x 10° 

= (5.05 x 107°)(0.98991)(10°) = 5 

Of the 999 900 without the disease, we expect that 

p(D | +)p(+) x 10° = (0.9906)(0.01009) x 10° = 9995 

will test positive and 

p(D | —)p(—) x 10° = 989 905 

will test negative. Thus, the pool of 1 000 000 has been reduced to 95 + 9995 = 

10 090. The purpose of screening tests is to reduce a huge pool to a smaller pool. 

(See the reference to Pagano and Gauvreau at the end of the chapter.) 

For an extraordinary testing procedure, with w = 1.00 x 10-4 and 6 = 1.00 x 

10~* for the same population, p(D | +) = 0.500, p(D | +) = 0.500, p(D|-)* 

1.00, and p(D | —) = 1.00 x 10~*. Even in this case, a positive test may not seem 

conclusive, but Problem 17 has you show that out of a test pool of 1 000 000, we 

expect that all the 100 people who have the disease will test positive and none will 

test negative. Of the 999 900 who do not have the disease, we expect that 100 will 

test positive and the rest will test negative. Thus, the pool of 1 000 000 is reduced 

to 200, and no one who has the disease will test negative, in this case. This is a 

very good screening test. 

Problems | and 2 present simpler calculations of probabilities that some 

people consider to be counterintuitive. 
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21.1 Problems 

eS FN Hn No & 

10. 

Ue 

12. 

13. 

Probability problems can be somewhat tricky to solve and sometimes the results are fairly counterintuitive. 

The first two problems are examples whose results many people find surprising (or even unconvincing). 

. If heads comes up ten times in a row, many people feel strongly that the next toss is more likely to be tails than 

heads. How do you explain to them that they are dead wrong? 

. Consider a group of n persons. Calculate the probability that at least two of them have a birthday on the same 

day of the year for n = 50 (exclude leap year). What is the smallest value for which the probability is greater 

than 1/2? Hint: First calculate the total number of outcomes and then calculate the number of ways that no 

two persons have the same birthday. Now calculate their ratio to get the probability that no two have the same 

birthday and then subtract this result from 1 to get the probability that at least two do have the same birthday. 

. Let p(A) = 0.150 and p(B) = 0.420 be independent events. Calculate the probability that either A or B occurs 

and the probability that both occur. What if A and B are mutually exclusive? 

. Show that ELX — ~]=0. 

. Show that Var [X] =o = E[X?] — E[Xf. 

. Show that E[aX + bY]=aE[X]+ bE[Y]. 

emp OWathiat 14) [\( CX ei) Ye by) ] ==) site xacatn Gl oa are independent. 

. Show that Var |X + Y]= Var [X]+ Var [Y]if X and Y are independent. 

» show that Bi{(X — 1) + (Y= My) exe eda + E[(Y — as if X and Y are independent. In other 

words, the third central moment of the sum of independent random variables is additive. 

Show that E[{(X — w,) + (Y — by] # E((X —p,)*)+ ELY — [Ly)4] if X and Y are independent. In other 

words, the fourth central moment of the sum of independent random variables is not additive. 

snow ta var | 9 x|= Space ie xi 

rl iam 

We shall investigate a one-dimensional random walk in this problem. Let a particle start at the origin and take 

one step to the right if a toss of a coin yields heads and one step to the left if the toss yields tails. Show that the 

probability of being at the point m after n tosses of the coin is 

i n! 

2" (n+m n—m 

Inti) — 2 ; 7 : 

0 otherwise 

n and m both even or both odd 

Show that the average position after n tosses is zero. Plot P(n, m) for all values of m for n = 3 and 4. 

We show in this problem that P(n, m) in the previous problem becomes a bell-shaped curve as n and m become 

large. Take the logarithm of P(n, m) and use Stirling’s approximation to obtain 

In P=ninn— ("4") in (24) (75) mn pmeae —nln2 
2 2 2 D 
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14. 

1S: 

16. 

17. 

18. 

Now realize that the most important values of m will be for m/n < 1 and use In(1 +x) ¥ x — 5x? +... 

to obtain In P © —m?/2n +--+ or P(n, m) © en (an, Compare the shape of this curve to the plots in the 
previous problem. 

Show that Equation 25 can be expressed as Equation 26 for large values of n and small values of At with A At 

fixed. 

Suppose that it has been determined empirically that the number of customers that enter a store per minute is 

a Poisson distribution with a = 2. Determine the probability that more than three customers will enter in any 

given minute. What is the probability that no customers enter? 

Consider the experiment of determining the red blood cell count by counting the number of red blood cells in 

a small volume of blood under a microscope. If the average count of a healthy individual is 8 red blood cells, 

then what is the probability that the count of a healthy individual will contain only 4 red blood cells? Four or 

fewer? 

Verify the results of the calculation given at the end of the section. 

Re-do the calculation at the end of the section for p(D) = 1.00 x 1073, a = 1.00 x 10~*, and B = 2.00 x 107°. 
Out of a population of 1 000 000, how many people who have the disease are expected to test positive? How 

many are expected to test negative? How many people who do not have the disease are expected to test positive? 

How many negative? What number has the pool been reduced to? 

21.2 Continuous Random Variables 

So far we have considered the case in which the random variable X takes on only 

discrete values. We now wish to extend our ideas to random variables that can 

assume a continuum of values. Returning again to our mass distribution analogy, 

we now consider the situation in which the unit mass is distributed continuously 

over some interval rather than only at discrete points. The mass at any one point 1s 

zero, but we can consider the amount of mass Am lying in some interval Ax. We 

then define the linear mass density p(x) by p(x) = Me, Te if this limit exists. 
x x 

We write dm = p(x)dx for the mass lying between x and x + dx. 

We can define our probability density in a similar manner. We define p(x) 

such that 

pDa)ax=Probixn Xan dx} (ah) 

It follows from Equation | that 

b 

Prob {a < X <b} =i) p(x) dx (2) 
a 

Because X must assume some value, we also have that 

CO 

/ pods = 1 (3) 
—=60 

which is the continuum analog of Equation 2 of Section 1. 

1037 
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The cumulative distribution function P(x) is given by 

xX 

P= Probe xe =e} =i p(x) dx (4) 

Ow) 

If P(x) is continuous, Equation 4 gives 

(5) P(x) = oe 

The expected value of a function of a continuous random variable is 

eror= [ f(x) p(x) dx (6) 

The central moments are simply E[(X — ,2)"]. 

a Yim, sepinile el wierd Vila? eareer'entvs orrsk (WO UOT 1 Ma amtoheageny = be Oe Wf 
Example 1: 
A uniform probability density is given by 

| 
Oh S&S 38 SI) 

b-—a 

0 otherwise 

p(x) = 

First show that p(x) is normalized and then calculate its first two central 

moments. 

SOLUTION: 

b 
b-—a 

a) ae = = | 
i pt b-a 

b 2 2 Lb a b-a 
= 8) |= x Oat i— = lL [X] I P(x) ar ee 5 

b ciel) as) D 2 

EIx"1= | PoC) ae eatin ae Pe ae 
a 3 b-a 3 

2_ (b-a)’ 

We can extend these ideas to more than one random variable. Let X and Y be 

two continuous random variables. The joint probability density is 

p(x, y) dxdy = Prob {x < X <x+dxandy<Y<y+dy} (7) 

and the associated cumulative distribution function is 

y x ‘ 
EC (ay) = Prob Xi =andele<aaa) =i ay [ dx p(x, y) (8) 

12,3) —co 
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Of course, we must have that P(—co, —oo) = O and that Hal(@oneO)) a lealitewie 
integrate p(x, y) over the entire range of one of its variables, say y, we get 

CO 

P(x) = / dy p(x, y) (9) 
—0o 

which is called the marginal density function of X. 

The expected value of a function of both X and Y is 

ELf(X, Y= ie dy i FO, yp, y) (10) 

Problem | has you show that 

ELX +Y]=E(X) + EW] (1) 
and 

Var [X + Y] = Var [X]+ Var [Y] (12) 

if X and Y are independent random variables. 

If X and Y are independent, then 

EAL eX ee LY | (13) 

An important measure of the degree of lack of independence of two random 

variables is the correlation coefficient. Let E[X]= 4,, E[Y|= iy, and 

EX = 2, l=, (14) 

Ce Sie Nie (15) 

The quantity we wish to discuss is E[(X — 4,)(Y¥ — py)], called the covariance 

of X and Y. We define the correlation coefficient p,, by 

Cov [X, YI= EU(X — 4,)(¥ — wy) = Pxyoz 0, (16) 

If X and Y are independent, then p,, = 0, and X and ¥ are said to be uncorrelated. 

The converse is not necessarily true; i.e., Pyy = 90 does not generally imply inde- 

pendence of X and Y. It does, however, in the very important case of a Gaussian 

distribution, to be discussed shortly. It can be shown that —1 < p,,, < 1, and the 

deviation of p,, from zero is an indication of the degree of correlation between X 

and Y (Problem 3). 
Certainly, the most important continuous distribution 1s the Gaussian or nor- 

mal distribution, from both a theoretical and practical point of view. The Gaussian 

density function is given by 

: eet l n= wy Oe? ae. 
p(x) Oe = Crepe dx (cg) 

1089 
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t P 

s 

Figure 21.8 
(a) A Gaussian distribution with zero mean 

and unit variance. (b) The corresponding 

cumulative distribution function. 
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Problem 4 has you show that p(x)dx is normalized and the following Example 

shows that jz and o” are the mean and variance of X, respectively. 

(a ie ee Ge 
Example 2: 
Show that jz is the mean and that o” is the variance of the Gaussian 

distribution given by Equation 17. 

SOLUTION: 

1 Pee 21962 
EIXI= ae | eat eos, 

Ona 2 Jee 

ete. 

| eS =r /2a7 4 =O as 

ES omen ye pe las z=O0fp=p 

because Equation 17 is normalized. 

1 os =e 2 

Var [X] = E[(X — y)*]= Qno2 72 i Gey eer 
—oo 

] es 2 = 27/207 2 

SS ze 2!" dz=a 

onl 

eee ee eee ee eee | 

The nth central moment of Equation 17 is given by 

Ee p= — © te #120 se enon be es 
0 n odd 

Shes Sheet n even Ce 

Figure 21.8a shows a Gaussian distribution with zero mean and unit variance. 

It can be seen that the curve has fallen essentially to zero in just a few multiples ofc. 

(If the mean is not equal to zero, then the curve will be centered at jz.) Figure 21.8b 

shows the corresponding cumulative distribution function, 

I ‘ —x?/2 

This integral is given in terms of the error function 

| BY 
Ie =— es (x) 5 (1 + erf =) (20) 

Suppose X is a Gaussian random variable with mean zero and variance o7. Using 

tables of the error function, we can see that the probability that -o < X <a is 
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0.68; for —20 < X < 2a is 0.95, and for —30 < X < 3a is 0.99; in other words, 

99% of the area under a Gaussian curve lies within +3 multiples of o. 

It should also be noted that as 0 > 0, the Gaussian distribution becomes nar- 

rower and narrower, yet maintains the fixed unit area under the curve (Figure 21.9). 

This is one of the physical descriptions of the Dirac delta function and one of the 

mathematical definitions of 5(x) is (Section 3.6) 

See d(x — a) = lim ae Zl 

One often encounters a Gaussian distribution in more than one variable. 

We discussed multivariate Gaussian distributions in terms of matrices at some 

length at the end of Section 10.6, but we’ll repeat the central results here. Let 

X1, X2,..., X, ben random variables. Without loss of generality, let their means 

be all equal to zero. If the set of these n random variables is normally distributed 

inn dimensions, then their joint density function is 

1 

(27)"/2,/jAl 

where A is a matrix whose i, jth element is given by E[X;X ;], |A| is the determi- 

nant associated with A, x is a column vector with components x, x3, . . 

T is the corresponding row vector (c.f. Equation 10.6.18). If the X; are indepen- 

dent, then E[X;X ;]=0 fori 4 j, A becomes a diagonal matrix, and 

DCR eu eX ONIONS a ke en 2X A POX AN) a1 AX, (22) 

2X, and 

PO Ness ph) = Pa Poo). > Palen) 

where Pj (x; -) is a one-dimensional normal distribution with zero mean and vari- 

ance oF = E[X3} Problem 7 has you show that the two-dimensional version of 

Equation 22 is 

| 

We 210,0y(1 — py) 

(2 2PxyXy 
LED, S| OPH ea | (eet 

DX, Vidxay = 

3 

ve *) PO =o wand yaa oS) o2 xy 

y 

You can see that Equation 23 factors into a product of Gaussian distributions if 

Py, = 0. Figure 21.10 shows Equation 23 plotted against x and y. 

Recall from Chapter 17 that the Fourier transform of a Gaussian distribution 

of variance o is a Gaussian distribution of variance l/o?; in an equation, 

1 CO 

= ——_ e 
(2202)1/2 ip 

The multidimensional Fourier transform of Equation 22 can be evaluated by matrix 

methods (Problem 9 takes you through this derivation) to obtain 

P(s) ist * 1205 4 —9%5"/2 (24) 
x =e 

1041 

+ p 

—0.25 Oar 

Figure 21.9 
A Gaussian distribution with zero mean 

and 0 = 0.010 (color) and 0.10 (black). 

SEE 
<2 

LLL 
LEE 

VA LF LT ET ELT LILLE OFF 
LEELA TD LDR 

Figure 21.10 
A two-dimensional Gaussian distribution 

plotted against x and y for“, =“, =0 

and o, =o, = 1.0. 
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n/2 
Tx, dxTAalx (2) STA 

2 dx\dx,...dx, =e ? (25) 
V/|Al 

where X= (G15 Noes. 0 ANG te (Cin Poel) 

Another useful property of an n-dimensionsal Gaussian distribution, which 

is proven in Problem 10, is the following: Let X,, X2,..., X, be n independent 

normally distributed random variables with means equal to zero and variances or 

Let Y;, Y>,..., Y, be linear combinations of the X;; i.e 

Y=MX (26) 

where M is nonsingular. Then the Y; have an m-dimensional joint normal distri- 

bution given by 

_lyTp-! 
PO, Yo, «++ > Vnday1 Ayo. . dV = Qn"? JD] oN NOVY arava 

(27) 

where 

D=MAM! (28) 

. Verify Equations 11 and 12 if X and Y are independent random variables, 

. Show that E[XY} < E[X?] E[Y?]. Hint: Follow the proof of the Schwartz inequality in Section 9.6. 

. Show that the correlation coefficient p,,, satisfies —1 < p,, < 1. Hint: Use the inequality in the previous 

problem with X replaced by X — pw, and Y by Y — py. 

. Show that p(x) given by Equation 17 is normalized. 

. Equation 24 shows that the Fourier transform P(s) [without the factor of (27r)!/2] of a Gaussian distribution 

AY s? 

Y A 1p 2p 

is e~7 *-/2, Show that P(Q) = | and that (<2 = 0 and Gea = —o”. Does this suggest 

s=0 s=0 

anything to you? See the next problem. 

. Show that the derivatives of the Fourier transform of any continuous probability density 

co ds" 

, CO np 

GS if e'’* p(x)dx are related to the moments of the probability density by (: re) =i" FLX"), 
* =0 

. Use Equation 22 to write out the Gaussian distribution for two random variables, X and Y. 

. Show that your result for p(x, y) in the previous problem reduces to p(x) p(y) when p,, = 0. 

. In this problem, we show that 

t'x—4x TA-lx = Unies ST EvAt 
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10. 

11. 

12. 

13. 

14. 

15. 

16. 

Let S be the normalized modal matrix of A~!, so that S'A7! S = D and x 'A7-!x =x™D x’, where x = Sx’. 
(The quadratic form is now diagonalized.) Now let u = S~'t = S't so that t'x = (Su)'x =ulS'x =u'y’. 
Thus, we have 

eo) A 
Co i 

Olah. dled pysd? fun —2h x? 
[fen OX dxidy)...dx,=T] f e ? ie 2 Fi dx’. 

3 —0oo J 
SE GXo) j=1 

where the A; are the eigenvalues of A~!. Now use 

1/2 

oe iu x! —1),x' Tip: =u" /22; Cn Comey, ax’. = — a) aia 

=68 J Xr; 

andu'D-!w=t'S D~'s't =t!At to verify equation |. 

We shall derive Equation 27 in this problem. Substitute x = M~'y into the exponent of Equation 22 to 

obtain x'A7!x = y'(M~))TA~!IM~Ly, Now use the relation (SR)~! = R—!S~! to show that x'A7!x = 

y'(MAM!)~ly = y'D~!y, which defines D. Lastly, show that det D = det A(det M)?. 

The distributions of the speeds of molecules in the gas phase are governed by Gaussian distributions. The 

following problems involve the kinetic theory of gases. 

The distribution of the components of the velocity of the molecules of a gas is given by f(u,)du, = 
1/2 

m oa 2 /OL 5 6 r 
(; A =) e ™"</?ksT dy, where m is the mass of the molecule, kg is the Boltzmann constant, and T is 

ree 
the kelvin temperature. Determine E[U,], foiea) and El4m U?}. 

Using the distribution in the previous problem, derive an expression for the probability that —u,9 < U, <uyo. 

Express your result in terms of the error function of wo = Gn) Weal)! tt.¢- Calculate the probability that 

(—2kpT /m) <U, <= QkgT /m)"/2. 

Use the result of the previous problem to show that Prob {|U,| > u,o} = 1 — erf (wo). Calculate 

Prob {|U,| = (kgT/m)'/*} and Prob {|U,| = (2kgT/m)'/7}. 

Use the result of Problem 12 to plot the probability that —u,,) < U, <u, against U0/(QkpT /m)'/?. 

We are often more interested in the distribution of molecular speeds rather than just components of velocity. 

To determine the distribution of molecular speeds, first write 

ae nf Dn DN pare 
f(uy) f (uy) f (u,)du,du,du, = ( a ) CO ee EE I didi 

Now, using the fact that the speed u is given by ur = ur 4p ue 5 oe convert the above equation to 

3/2 4 
F(u)du = 41 ( ) wre ™ kT dy, Now determine E[U], E[U*], and E[5mU?]. 

Da kpT 

Another distribution that is frequently used in the kinetic theory of gases is the distribution of energy, 

or kinetic energy in particular. Let € = mu~/2 and use the result of the previous problem to show that 

F(é)de= lel ae, Now calculate E [e] and compare your result to E{im U?| that you 
(wkpT ) - 

obtained in the previous problem. 

1043 



1044 Chapter 21 / Probability Theory and Stochastic Processes 

17. In this problem, we shall prove an interesting theorem called Chebyshev’s inequality, which says that 

Prob [|X — c| > e]< = BUX — cy’, where c and € are any real numbers. If p(x) is the density function of 
€ 

X, then 

Prob [|X — c| ee || p(x) dx. Now argue that 
|x—c|=€ 

(x —c)? ! 2 
Prob [|X —c| > €]= p(x)dx < 5 P(x) Gag a) ] 

€ 
|x—clze |x—e|ze 

; : ‘ X—U ] ; 
18. Use Chebyshev’s inequality (previous problem) to show that Prob Aa Interpret this result. 

Oy a 

21.3. Characteristic Functions 

Given a probability density function p(x), we can uniquely define a new function 

p(s) by 

CO 

(s) = Ele] = Hi e'™* p(x) dx (1) 
4 —0O 

The function #(s), called the characteristic function of p(x), plays a central role 

in probability theory and its applications. Notice that the characteristic function is 

essentially the Fourier transform of p(x) (without the prefactor of 1/ (27)1/2). Tt 

is also equal to the expectation value of e'**, as Equation | indicates. 

We shall see that the characteristic function has a number of important and 

useful properties. The first that we demonstrate is the following. If we repeatedly 

differentiate #(s) with respect to s and then set s equal to zero, we obtain 

(0) = j"E[X"] Oe ae (2) 

We see then that if the characteristic function is known, then it is a simple matter 

to compute the nth moment of p(x). 

If all the moments are known, then the Maclaurin expansion of $(s), and 

hence @(s) itself, is known since 

su 

¢(s) =¢(0) + ¢'0)s +¢'O> Tae (3) 

Now if #(s) is known, then p(x) is known uniquely through the inversion theorem 

of Fourier transforms, namely (Problem 6) 

1 Coiba 
P(x) = — / en Ols)ids (4) 

Mint dew 

Thus, a knowledge of all the moments of a probability density is equivalent to 

knowing the probability density itself. 
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ee irr ap erase S. | 
Example 1: 

Suppose we know that the nth moment of a probability density p(x), where 

=O0 =X =< 00,15 given by 

n! n even 
E[x"|= 
ES) ie n odd 

Determine p(x). 

SOLUTION: We use Equations 2 and 3 to write 

eS) jan s22(2 )! es 

i ogee ia sie =a 
n=0 

Then use Equation 4: 

Po ossn.ds Tie 
px) =— SSS ae 

Qi jee ee se 2 

es Se i ee ee 

Equation 4 can be extended to the calculation of central moments as well. 

Consider 

®(s) = Hi eC) n(x) dx =e #b(s) (5) 

Equation 5 tells us that 

©” (0) =i" E[(X —p)"] sn =0,1,2,... (6) 

a 
Example 2: 
Determine #(s) and ®(s) for a Gaussian distribution with mean jz and 

variance a* and verify Equations 2 and 6. 

SOLUTION: 

p(s) = sc ibe piste Oh) ede ae. 
(2102)'/2 J_oo 

= cist go's" /2 

and 

P(s) = dant s i PSG aie @a 0) (20 a 
(2202)'/2 J_o 

peebed: apres /2 
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(a) 

tp 

—| i x 

(b) 

Pp 

—| 1 BX 

(c) 

Figure 21.11 
An illustration of (a) a distribution 

skewed to the high side of the mean, (b) 

a distribution skewed to the low side, and 

(c) a distribution with a high degree of 

peakedness. 
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The first few derivatives of p(s) yield 

SO =in b"O)=—wW- 0? =-E[X*] 60) =P (H? + 30°) 

and the first few derivatives of ®(s) yield 

©'(0)=0  "(0)=-o7 0&0) =0 

pie es ee ee 

Although one does not often know all the moments without knowing p(x), 

it often occurs that one knows the first few moments. The practical question then 

arises as to just how much we can say about p(x) if we know its first few moments. 

Obviously, p(x) cannot be specified completely, but nevertheless, the first few 

moments do describe the main features of p(x). For example, all distributions have 

a unit area under the curve. The mean is a measure of where the curve is “located” 

and the variance tells the spread of the curve about the mean. More precisely, it is 

the magnitude of the square root of the variance relative to the mean, o/u (that 

is, a measure of the spread). This ratio is called the coefficient of variation and 

is usually denoted by y. The reason that o must be compared to jz can be seen 

from the following example. In statistical mechanics, one finds that fluctuations 

of the order of 10!° molecules might exist in an open macroscopic system. This 

might seem like an enormous number until it is realized that there are 10°? or so 

molecules in the system. Thus, we see that 10!° represents a percentage fluctuation 

of 10~8%! Putting it another way, picture a Gaussian curve centered at x = 10? 

with a spread of a few multiples, say n, of 10!°. Most of the curve appears between 

102° + (n x 10!) and 102° — (n x 10!°), which for all practical purposes is a delta 

function. Although the standard deviation 0 = 10!°, the coefficient of variation 

y = 10~!° and is a more realistic indication of the spread. 

The relative third central moment, 13/0, called the coefficient of skewness, is 

a measure of the asymmetry of the curve about the mean. If this moment is zero, the 

curve is Symmetric about the mean. If it is positive, the curve is skewed to the high 

side of the mean, and vice versa. The relative fourth central moment, pala — 3, 

called the kurtosis, is a measure of the peakedness of the curve about the mean 

relative to a Gaussian distribution (Figure 21.11). The physical interpretation of the 

higher central moments becomes progressively more obscure. Thus, we see that the 

first few moments characterize the general features of the probability distribution. 

In Problem 16, we show how a knowledge of the first few moments can be used 

to approximate their associated probability distribution. 

Another approach that has found wide application to physical problems is the 

use of the first few moments to determine rigorous upper and lower bounds on 

the cumulative distribution function P(x). This approach is called the method of 

moments and has been developed and applied to a wide range of physical problems. 

This is a particularly beautiful theory, but it is beyond the scope of this chapter. 

(See the reference to Shohat and Tamarkin at the end of the chapter.) 

A particularly important property of the characteristic function is illustrated 
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in the theorem that says that 

If X\, Xo,..., X, are independent random variables and Y = X, + 

Xy+-+-+X,, then the characteristic function of Y is the product of 
the characteristic functions of the X ;j- 

The proof is pretty easy. Let @y (s) be the characteristic function of g(y) and os (s) 

be that for p jj). Then 

dby(s) = / e'Yq(y) dy 
—Co 

fo-e) oO 

= | “7 | 2 EPC) Poem) a Pn(Xp)dx dx aaah dX, 
—oo —0o 

=i) é“pnde, f e'? po (Xp)dxp aa f Dy CG Xp 

= x (s)hx, (5) +++ Py, (8) (7) 

Let’s apply Equation 7 to calculate P(z) for the special case Z = X + Y. Now 

Pz(S) = bx (s)hy(s) (8) 

Recall that the convolution theorem of Fourier transforms says that if a(s), b(s), 

and c(s) are the Fourier transforms of a(x), b(x), and c(x), respectively, and if 

C(s) = a(s)b(s), then 

Cx) = / a(x’)b(x — x’) dx’ = i a(x — x’)b(x’) dx’ (9) 

Problems 3 through 5 have you use Equation 9 to calculate various probability 

densities. 

aaa ae een 
Example 3: 
Use Equation 8 to derive an expression for the density function of Z = X + Y 

if X and Y are independent normally distributed random variables with means 

j4, and 4, and variances Oe and o. 

SOLUTION: According to Example 2, the characteristic function of a 

Gaussian distribution with mean jz, and variance o? is given by 

$15) <elMe Pal 
The density function of Z = X + Y 1s given by 

; ee . ee?) 
bz(s) = by (s)by(s) = g!SHxe 5 07/2 pisity Ss a, /2 

= pisliix thy) 80; +05)/2 
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But this is simply the characteristic function of a Gaussian distribution with 

mean jl, + jLy and variance of e O°, and so 

(Z) e alas Hy)? a pe eee 
is [eno os\i2 202 + oy) 

ee 

It should be clear that the result of Example 3 is not limited to the sum of 

two random variables. In fact, if X,;, X2,..., X, are n independent normally 

distributed random variables with means j; and variances oF then 2 — "<7 

X>+---+X,, 1s normally distributed with mean 1; + 2 +-- ++ 4, and variance 

of tos;t---o?. 

We'll now show that if X,, X5,..., X,, aren independent Poisson distributed 

random variables with means a; and variances a;, then Z = X; + X7+---+X, 

becomes normally distributed with mean a; + a7 +--:++ a, and variance a, + 

ay ++-++a, asn becomes large. Equation | for the definition of the characteristic 

function shows that if p(x) is a discrete distribution, then 

$x(s) = Ele] = )> p@)e™ (10) 
Xx 

For a Poisson distribution, p(x) = e “ax Vee and Equation 10 gives 

[e,2) 

oy(s)=e 4 O ei®s — 9-4 exp (ae!’) (11) 

Problem 9 has you show that the first few derivatives of dy(s) give the first few 

moments of p(x). 

Now, if Z = X; + X,+---+X,, the characteristic function of Z is equal to 

the product of characteristic functions given by Equation 11: 

bz(s) =e“ exp (Ae'’) (12) 

where A = a, + dy +--+ a,. Comparing this result to Equation 11, we see that 

Equation 12 is the characteristic function of a Poisson distribution with mean A 

and variance A. We now want to show that Equation 12 is approximated by the 

characteristic function of a Gaussian distribution (see Example 2) as A becomes 

large; in other words, as Z is a sum of more and more X j- If we expand the term 

e’* in Equation 12, we have 

bz(s) =e“ exp[A +iAs — As?/2 + O(As°)] 

peer 3 — giAs, As /2,0(As ) 

Now as A gets large, the only important values of ¢7(s) will be when s is small, 
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and so we can drop the O(As°*) term and write bp 

o7(s) —y gids As /2 (13) 

But if we compare this result to either Example 2 or Example 3, we see that ¢7(s) 

is the characteristic function of a normal distribution with mean A and variance A 

(Figure 21.12). (Problem 10 offers a more rigorous derivation of Equation 13.) ! = 

We have shown that if Z is the sum of n independent Poisson distributed 20 

random variables, then Z becomes normally distributed as n becomes large. Prob- Figure 21.12 

lem 13 offers a simple proof that the sum of n independent binomially distributed The envelope of a Poisson distribution 

random variables becomes normally distributed as n becomes large. Thus, it might — with a = 20 compared to a normal 

appear that the behavior is more general than it may seem. In fact, there is a fa-  “!St"!bution with = 20 and o° = 20. 

mous theorem in probability theory that says that the sum of n random variables 

becomes Gaussian as n becomes large regardless of the probability distribution of 

the individual X; so long as they are independent, identically distributed, and that 

their mean and variance exist. This theorem is called the central limit theorem and 

states that 

ca 

If X\, X2,..., X, are independent, identically distributed random variables 

with mean |t and variance o2, thenasn > ©, 

Bie isc ae, 
n 

Me (14) 

is normally distributed with mean jz and variance o7/n. 

Note that Y can be thought of as an average of n measurements of X. This theorem 

is the basis for many statistical methods, as we shall see in the next chapter. 

The proof of this theorem provides a good example of the power of using 

characteristic functions. The characteristic function of Y is 

by(s) = / e'q(y)dy 
io.) 

CO CO is 

=| f (x, +++ +X) p(x) +++ P(X) dx, +--+ dx, 

—00 —oo Nh 

5 [f ol pods = E (:)| (15) 

as n 

where #(s) is the characteristic function of p(x), namely, 

CO. Sele 3 
oy= | Ue yl Pet § His aya sO. )) 

—0O0 

Using this expansion in Equation 15 gives 

py(s)= [ om sete sc +O (5
)] 1 ae isp —s*o7/2n + ote 

Y — 

— 

n 2n? n 
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(a) 

4 

] ie 

By) Zz 

(b) 

Figure 21.13 
The exact density function (color) and its 

Gaussian approximation (black) for the 

sum of (a) two independent uniformly 

distributed random variables and (b) three 

independent uniformly distributed random 

variables. 
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Using the definition 

this expression becomes 

py(s) > cigs" /2n (16) 

for large n. Equation 16 is the characteristic function of a Gaussian distribution 

with mean jz and variance o7/n. Note that it is independent of the distribution 

of x. This result says that the average of repeated measurements will be approx- 

imately normal, and hence explains why the expression “normal curve of error” 

occurs so frequently in the analysis of experimental data and why the central limit 

theorem plays a fundamental role in mathematical statistics. In addition, because 

many physical phenomena (such as Brownian motion) are the result of a large 

number of repeated small effects, the Gaussian distribution occurs often in physi- 

cal applications. 

Figure 21.13a and b show the exact density function and its Gaussian approx- 

imation for the sum of two and three independent uniformly distributed random 

variables, whose density function is 

bees (ee be el 

oe 0 otherwise 

Notice that the Gaussian distribution in this case is a fairly good approximation 

even for n = 2 and n = 3. Problems 14 and 15 have you obtain the results in 

Picure 2:13. 

There are several variations of the characteristic function that are used. For 

example, if the range of X is not (—0o, oo) but (0, oo), then the Laplace transform 

is often more convenient and we write 

p(s) =| e ** p(x) dx (17) 
0 

This type of characteristic function has properties similar to those of the Fourier 

transform characteristic function (Problem 7). 

1. Determine the probability density function of Y = aX + b (a > 0) if X is uniformly distributed in [0, 1]. 

2. Determine the probability density function of Y= aX + b (a > 0) if X is normally distributed with mean jz 
and variance o°. 

3. Use Equation 9 to determine the probability density function of Z = X + Y if X and Y are independent 
normally distributed random variables with mean 0 and variance 1. 
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10. 

i: 

12. 

13. 

- Use Equation 9 to determine the probability density function of Z = X + Y if X and Y are independent and 

uniformly distributed in [0, 1]. 

- Use Equation 9 to determine the probability density function of Z = X + Y if X and Y are independent and 

exponentially distributed random variables with mean 1//. In other words, 

hex ze —y posyax =| ie i ile MN beta P= KO Vahy ORY <CO 

0 otherwise 

. Verify Equation 4 using the equations in Chapter 17. 

. Express the moments of a probability density function p(x) in terms of g(s) given by Equation 17. 

. Suppose that we know that the nth moment of a certain probability density function for 0 < x < 00 is given by 
Ip oe : : : 

EX? |= a Determine the probability density function. Hint: Use Equation 17 and the result of the 
a 

previous problem since 0 < x < oo, and remember that the binomial series of (1 + x)~® is 

Panne, 
Cis) ai ai 

(1 Ten) ae 

I (a) n! 

. Show that the first few derivatives of @y(s) in Equation 11 yields the first few moments of the Poisson 

distribution. 

Here is the standard derivation of Equation 13. First define the standardized random variable Y = (M — a)/a!/?; 

in other words, the random variable with zero mean and unit variance. Show that the characteristic function of 

the Poi Serene ; : r i(M—a)s/a/2, __ ,—ia/*s —a is/a'/? e Poisson distribution of Y is dy(s) = E[e ile e * exp (ae ). Now show that 

4 9 
* 9; 

gy(s) = eia’s ea exp F [ es = ae 00) || a 
qi/2 

=< f+ Oa) 

so that dy (s) > e7 8/2 aS a —> ©O. 

Derive a formula for dy (s) for a binomial distribution. 

Show that $,,(s) for the binomial distribution (see the previous problem) yields the first few moments. 

In this problem, we’ll give a heuristic proof that the sum of n independent binomially distributed random 

variables becomes Gaussian as n becomes large. First show that the characteristic function of a binomial 

distribution with parameters p and N is given by #(s) = (pe'® +)". Expand the e’* term and then show that 

mys? 
(pe® +q)% =1+ips — + O(s°), where m is the second moment, my = np(1 — p) +n? p?. Realizing 

that only small values of s will be important as n — oo, show that 

(pe’ + a” ay (eis mgs? /2yn 

= pins p—nmys? /2 
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14. 

15. 

16. 
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eet 2G be independent random variables uniformly distributed in the interval (0, 7). Show that E[X;] = Ihe 

diver [1 1271 Show theete density tincdon fone = cpa c eat ee eee and Var [ X;]= 7*/12. Show that the density function for X = X; + Xq 1s px os Tx Tex <or: 

Compare this exact density to a Gaussian approximation for py (x). 

Extend the calculation in the previous problem to the sum of three independent random variables. 

Many distributions, although not exactly normal, do approximate a normal distribution in some sense. There 

is a systematic expansion of an arbitrary distribution about a normal distribution. Such an expansion has found 

a number of physical applications and is called a Gram-Charlier series. Let f (x) be some probability density 

that looks somewhat Gaussian and let g(x) be a normal distribution. Without loss of generality, let the variable 

be taken to be a standardized random variable X = (X — «)/o; in other words, one with zero mean and unit 
2o-x°/2 variance, so that g(x) = Qn)- . Then we can write 

II 
F(®) = 9) + ew") + 20"x) + So (x) +--- 

(1) 

Now show that the nth derivative of e~*’/? is equal to the Hermite polynomial He, (x) in Table 14.1. Therefore, 

equation 1 becomes 

io) = e* / fay Heo (x) + a,He,(x) + ayHex(x) +--+] (2) 

which is simply an expansion of f(x) in a set of orthogonal polynomials, since the He, (x) satisfy the 

orthogonality relation (Table 14.4): 
a“ 

©o 2 D) 
i dx e*/* He,, (x) He, (x) = 22) "7 n!5 np (3) 
OC 

ba Fa can 
Chay ap! 

a, = 0, ay = 0, a3 = E[X7]/3!(277)/7, and ay = (E[X*] — 3)/41(27)'/?. Equation 2 becomes 

©O 

Show that the a ; in equation 2 are given by a; = il He (x) f (x)dx. Now show that ag = (277 )~ Me 
—co 

CO 

Le oD 

eter! Si aaten() (4) 
no 

PEN 5 i © 

which is the form usually presented as the Gram-Charlier series. The leading term is a normal distribution 

and the remaining terms represent deviations of f(x) from normal behavior. It should be pointed out that the 

expansion in equation 4 is valid for only a fairly small class of functions, but often physical grounds can be 

argued for its use. 

21.4 Stochastic Processes—General 

In the first part of this chapter, we introduced the idea of a random variable and 

its associated probability functions. In a sense, we could say that we discussed 

static probability functions since the concept of time did not enter the discussion. 

In the remainder of this chapter, we discuss random variables and probability 

distributions that depend upon time, and hence, we discuss the dynamics of 

probability functions, or stochastic processes. 
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Let’s start by considering a counting process. A random process is said to be 

a counting process if the random variable X (t) denotes the total number of events 

(the detection of a radioactive decay particle, the arrival of customers in a store) 

that have occurred in the time interval (0, r). Clearly, X (0) = 0, X (th) = X(t) if 

ty = t), and X (t,) — X (t)) is equal to the number of events that occur in the interval 

(t;, ty) with ty = t). The figure in the introduction to this chapter (reproduced as 

Figure 21.14) is a computer-generated illustration of a counting process. Note that 

the figure is a staircase shape with unit steps occurring at the random time points f ie 

A counting process is said to be a Poisson process if X (0) = 0, if the number 

of events that occur in non-overlapping time intervals are independent, and if the 

number of events that occur in a time interval tf, — f, satisfies a Poisson distribution, 

so that 

poe 

eat) [A (to cz t))]" 
7 0) een 

n! 
Prob {X (t)) — X(t,)} = 

> 

Figure 21.14 is actually that of a Poisson counting process. 

Figure 21.14 is the outcome of one particular computer run. If we run the ‘Figure 21.14 
A computer-generated illustration of a experiment a number of times, we will generate a number of staircase forms 
counting process. 

with different values of the t;. We can label the various outcomes by some index, 

say n, so that each curve is given by x(t;). The mathematical abstraction is to 

consider a set of functions x(t;n),n =1,2,...,N, where N — oo. Sucha set of 

functions is called an ensemble and any one member is called a realization of the 

process. The family of random variables X(t, n) is called a random process or a 

stochastic process. A (discrete) stochastic process can be thought of as a function 

of two variables, t and n. Roughly speaking, the random variable X(t) does not 

depend upon time in a completely definite (deterministic) way, but only in some 

probabilistic sense. 

A random process X (t) can be described by a set of probability distributions. 

Consider an ensemble of curves described by x(t;). At any given time, find 

the fraction of the total number of curves where X(t) has the value x,. This 

fraction, w (xj, t), is called the first probability distribution. Now define the second 

probability distribution, w(x, t, :X2, t)), as the joint probability of X having a 

value x; at time t; and a value x, at time fy. This process can be continued on 

through the third, fourth, and all subsequent probability distributions. This set of 

functions completely characterizes the random process in a statistical sense. If we 

know the functions w for all j, we know all that can be known about the random 

process. 

In general, the complete determination of the set of probability distributions 

given above is not feasible. For example, the determination of just w)(x,, ¢) 

would require that we determine the number of observations that X equal x 

for all values of t. Thus, we would have to observe the time evolution of a 

large number of realizations. Fortunately, however, there are several reasonable 

assumptions that can be made that greatly simplify matters. The first and least 

restrictive assumption we discuss is to assume that the random process is stationary. 
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Hey 

Figure 21.15 
A semirandom telegraph signal. Notice 

that Y(O) = 1. 
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By stationary, we mean that the form of the probability distribution functions 

Wy(Xq, C15 X2, fo5.. 5X, t,) do not depend upon a shift of the origin of time. In a 

sense, we assume that the underlying probabilistic mechanism of the process does 

not change with time. More precisely, we say that the random process is stationary 

when the probability distributions of {X (t, n)} and {X(t + Tt, n)} are the same for 

anywvalue ol ta Thus Ww Ait estate) Sy Oni ene te ee 

Minibiets cd roi t 1! poe of imap! 48 6 hein Lae ieae 
Example 1: 
Consider the random process 

Y@=(-)7” 

where X(t) is a Poisson process with mean Af, so that A is the mean rate 

at which Poisson events occur. Note that Y(t) starts at Y(0) = 1 and then 

switches between | and —1 at random Poisson times 7), T>, . . ., as Shown 

in Figure 21.15. This process is known as a semirandom telegraph signal 

because the initial value is Y(0) = 1, instead of being random. Determine 

E[Y (t)] for this process. 

SOLUTION: The equation Y(t) = (—1)*™ says that 

1” if X(t) is even 

ls | -1 if X(t) is odd 

But X(t) is a Poisson process, so 

P a = —Xt rob { X(t) is even} = e c y i 
2 4 Qi ant | 

=e ™ cosh At 

and 

3 
Prob {X (t) is odd} =e" Eb am Higa | 

=e ™ sinh At 

The expectation value of Y(t) is given by 

E[Y (t)] = (1) Prob {X (t) is even} + (—1) Prob {X (ft) is odd} 

=e “(cosh At — sinh At) = e7 4 

Thus, we see that this process is not stationary because E[Y (t)] depends 
upon f. 

eer NE hire!) eto te Fm | 
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The process described in Example | is a semirandom telegraph signal because 
Y(O) = 1. If Y(O) takes on the values +1 with equal probability, then the process 
is called a random telegraph signal. 

er hed ee 
Example 2: 
Show that a random telegraph signal has a zero mean. 

SOLUTION: Let Y(O) = yo, where Prob {yy =1}=1/2 and 

Prob (yg = —1 } = 1/2. Then 

if X(t) is even and yp = | 

if X(t) is odd and yp = —1 
Ly = 

—1 if X(t) is odd and yp = | 

if X(t) is even and yy = —1 

These four events are mutually exclusive, so 

E(Y (t)] = C1) Prob { X(t) is even} Prob {yo = 1} 

+ (1) Prob {X(t) is odd} Prob {yo = —1} 

+ (—1)Prob {X (ft) is odd} Prob {yp = 1} 

+ (—1)Prob {X(t) is even} Prob {yp = —1} 

—ht —Mt e e 
= (il —] —A()) (1) 5 at = 

«ce abst ae a ek Ee a eer 

For a stationary random process, we may, in principle at least, determine the 

various probability distributions from the experimental observation of x(t) for one 

system over a long period of time. This long time record can be cut up into pieces 

of length T (where T is much longer than any “periodicities” occurring in the 

process), and these pieces may be treated as observations of different systems in 

an ensemble. The underlying assumption here is the so-called ergodic hypothesis, 

which states that for a stationary random process, a large number of observations 

made on a single system at N arbitrary instants of time have the same statistical 

properties as observing WN arbitrarily chosen systems at the same time from an 

ensemble of similar systems. The subject of ergodicity is extremely involved, but in 

almost all physical applications of stochastic processes, we assume that a stationary 

process is ergodic. 

The ergodic hypothesis and the assumption of stationarity have an important 

consequence. In dealing with general random processes, there are two types of 

mean values that we encounter. One is obtained by observations made on many 

systems at some fixed time f. If we denote this ensemble average by ( f (X))ensemble> 

then 

(JO) ensemble = 2B f (x)w (x) (1) 
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Figure 21.16 b - to 

A pictorial guide to the difference between — = —— 
a time average and an ensemble average. a 13 

The other average is a time average made of one system as a function of time. If 

we denote a time average by (f(X))time, then we have 

] 1k 

(FOMime= gi =f Fle(o) de Q) 

According to the ergodic hypothesis, both averages yield the same result, and we 

have 

Cf )) tie = (f @)) ensemble (3) 

We can calculate whichever average is more convenient in any given problem. 

Figure 21.16 illustrates the difference between an ensemble average and a 

time average. The array of as and bs in Figure 21.16 depicts a number of random 

sequences of as and bs. Each horizontal strip represents an experiment in which 

the as and bs are generated, and the collection of horizontal strips represents an 

ensemble of sequences. A time average can be viewed as a calculation of the 

ratio of the number of as to the number of entries along any horizontal strip. If 

the sequences are sufficiently long, we expect that each strip will yield the same 

result. An ensemble average can be viewed as a calculation of the same ratio 

along any vertical strip. Once again, we expect to obtain the same result along any 

vertical strip if the number of horizontal strips is sufficiently large. The ergodic 

hypothesis says that the time average and the ensemble average yield the same 

result. The ergodic hypothesis is a fundamental postulate of statistical mechanics, 
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and consequently, has generated a great deal of research, much of it arcane and 

abstruse (a check of the University of California library holdings show 188 titles 

involving the key words “ergodic theory”). 

The probability distributions of stationary random processes are indeed sim- 

pler than those of the general case, but it is necessary, nevertheless, to make further 

restrictions as well. This leads us to another important classification of random 

processes. A random process is said to be purely random when values of x at dif- 

ferent times are completely uncorrelated. The probability distributions in the case 

become 

W(X], 3X9; t>) = W(X}, t)wy(%, ty) 

(4) 
W3(X1, £15 Xp, t23 X3, 13) = W(X], ty) Wy (X, fy) Wy (%3, 45) 

and so on. The random process is completely specified by w,. Purely random 

processes do not occur often in physical applications since in most real situations 

X,(t,) and x>(t)) will be correlated at least for small values of t) — fy. 

The next more complicated case, and one that turns out to be a reasonable 

abstraction for a large number of physical processes is to assume that the process 

is a Markov process. In order to define a Markov process, first divide the time axis 

into small intervals of length 4, and let t j= j6. Now introduce the conditional 

pProOMabiily p. Wy, t\Meolg xX ste ena ae lo St Se ee, that Xx, 

atte. Pa Siven.thateX.(f) = vo3X(0)) = Nyc & (E21) ee We define a 

Markov process by the requirement that 

Ae ee tn|Xo, fo; X1, 045° °° 5 Xn-1> ty) = P2(Xn> Pale tn—1) (5) 

In other words, the probability that the system “is in the state x,,” at time t,, depends 

only on its state directly preceding ¢, and not on the entire previous history of 

the process. Thus, all the conditional probabilities p,(X,,, t)|X1, t)3- ~~ 3%p—15 tn—-1) 

reduce to p>(X,, t,|Xn—15 t,—1). Furthermore, because of the general relation 

W(X1, 143 X2, ty) = Po(Xo, ty|X1, ty) W(X, t)) (6) 

a Markov process is completely specified by the first two distributions w (x, t)) 

and w(x], ty; x2, t). Since we shall consider only stationary processes, Equation 6 

reads 

W(X], X25 ty — ty) = Wy(X)) Pa(%, ty — Kh) (7) 

Markov processes allow us to introduce transition probabilities. To see what 

we mean by this, we’ll consider a Markov chain, which is a Markov process in 

which time as well as X takes on discrete values. Thus, a Markov chain evolves 

in discrete steps,n =0, 1, 2, .... If X(n) =i, then the Markov chain is said to be 

in the state i after n steps. As a concrete example, consider the three-state system 

shown in Figure 21.17. We define a probability transition matrix P having p;; as its 

matrix elements where p;; is the probability that the system undergoes a transition 

hOSZ 

Figure 21.17 
A three-state Markov chain with a 

transition matrix given by Equation 8. 
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ty 

Figure 21.18 
A trace of a continuous random process. 
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from state i to state j in any step. For the system depicted in Figure 21.17, 

igsbonps Woah’ 
Mandi ape: 

Peg a Oe (8) 
2 2 
ji 
Ly hie 

If the system is described initially by p = ee ne pos then the probability 

that the system is in state j after one step is given by 

3 
(1) (0) (0) (0) (0) 

Di er el oye a Osis a Di Pij 
ei 

or 

) = pp 
Pp Pp 

in matrix notation. The state after 1 steps is given by 

p? =p" (9) 

Let’s see what p“” is for the system in Figure 21.17 for large values of n. 

Therefore, we need to determine P” for large values of n. Recall from Chapter 10 

that we can do this by finding the normalized eigenvalues of P and then forming 

the modal matrix S$. We use S$ to diagonalize P according to D = SPS~! and then 

use the relation D” = SP”S~! to find P” =S$~'D”S. Without going through the 

algebra, it turns out that (Problem 22) 

GO | 

—- (10) 

Wl Wle Wwle Wl Wile Wile Wl Wile 

and that 

tha Mlle al (1) (0) pn Seo | ee eee Bye (5. 3-3) 

for any values of pee Thus, we see that the system approaches an equilibrium state 

where each state is populated with equal probability. Note also that the equilibrium 

state results from any initial population, which is due to the ergodic theorem. 

All the stochastic processes that we have discussed so far have been discrete, 

in the sense that X(t) takes on discrete values. If X(t) is a continuous random 

variable, then some of our equations must be modified. Figure 21.18 shows the 

trace of a typical continuous random process. If X(t) is continuous, the first 
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probability distribution, w(x, t)dx, is the fraction of the members of the ensemble 

for which X (t) lies between x and x + dx at the time t. We now define the second 

probability distribution, w(x), t)3 2, t) dx dx as the joint probability of finding 
X between x and x, + dx, at time t, and between x, and x7 + dx, at time f. As in 

the discrete case, this process can be continued on through the third, fourth, and all 

subsequent probability distributions. This set of functions completely characterizes 

the random process in a statistical sense. 

The probability distributions for a stationary random process become w(x), 

W(X], X23 ty — ty), W3(X], X2, X35 fy — ty, fh — t,), and so on. Equations | and 2 

become 

(f ()) ensemble =| f(x) w(x) dx (11) 

and 

bate, xi lias (ek 
(F(X) time = im oT iL f(x(t)) dt (12) 

which are equal according to the ergodic hypothesis, 

There are two functions associated with stationary random processes that 

are central to the theory of stochastic processes, These two functions are the 

autocorrelation function and the spectral density. We shall see that stationary 

random processes can be well characterized by either of these two functions. The 

correlation function of a continuous stationary random process is defined by 

if 

RAT) == Mim oe x(t + t)x(t) dt a3) 
OO) Ges 

According to the ergodic hypothesis, we could also write 

CO [e.6) 

RAG) = / i Xj X_W(X1, X95 T) dx\dxy (14) 
—0O J—-—CO 

Note that if x, and x are uncorrelated, then w(x ;, 9; T) = w1(x1)W (x2) and 
2 

Ry = 7) erste : 

On physical grounds, x; and x7 usually will be more correlated for small t than 

for large values of t, and hence R(t) should be a bounded, continuous function 

of t. In fact, we can prove that R(0) > |R(t)| (Problem 11). In addition, R,(7) is 

an even function of t (Problem 12). 

ae” °”6hCCr ic. fy h!hUCUC~C”:*~;~;: 
Example 3: 
Determine the autocorrelation function of the random telegraph signal 

described in Example 2. 

SOLUTION: We need to evaluate E[Y(t)¥(t + 7)] first. When t = 0, 

Y?(t) = 1, so the value of Y(t)Y(t + t) depends only upon the number of 

1059 
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events in the interval (t, f + t). The product Y(t)Y(¢ + tT) = lif there is an 

even number of events and Y(t)Y(t + t) = —1 if there is an odd number of 

events. Therefore, following Example 1, 

Ry(t)=E (Ya) ¥(t + 7)] = (De~** cosh at + (—le~** sinh At 

—2)t (15) 

which we can write as e~**'*! because Ry(t) is an even function of t 

(Problem 12). Exponentially decaying autocorrelation functions occur 

frequently in physical problems. 

en ee ee. has eee 

The other of the two central functions in the theory of stochastic processes is 

the spectral density of x(t). Let 

Let the Fourier transform of x7(t) be A(o), 

so that by Fourier inversion 

The spectral density S(w) of x(t) is defined by 

ail x@) Sh ee 
as 0 otherwise ae) 

nw : es . ie . 

A(o) =| sreimac= | xifje de (17) 
oo =I! 

1 Peg: iwt 
x7(t) = — | A(ow)e~ dw (18) 

De Wes 

a ee lea > 
NO trea (19) 

Problem 13 has you show that S(q) is an even function of w if x(t) is real. 

PT continent <1) marr Tie 1a) 7 SN Malt poy, eae ee 
Example 4: 
Show that 

SOLUTION: 

G53 eee = - if S(@) dw 

Using Parseval’s theorem (Section 17.5), we can write 

CO ] [e.@) x 

if x(t) dt = — i) |A(@)|?dw 
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This can be proved by writing 

CO re loe) x i 

i A(wyPdo= f A*(w)A(@) dw 
=0oo =00 

CO + (oe) A 

=i iv) | xr(the dtdw 

—0o —Co 

and interchanging orders of integration. By dividing the first equation by 2T 

and taking the limit, we get 

owed Ga ied time = lim =f xz(t) dt 
oo =i 

ee i af Ate) yr 
= jh — | er do= = f S(w) dw 

t=se8 Hye Maes Dil Une Maks 

This relation has an important and useful physical interpretation. If we 

consider x(t) to be an electric current, then (x7),;me is the average power 

dissipated as the current passes through a unit resistor during the interval 

(—T, T). Thus S(@) dw/27 is the average power dissipated with frequencies 

between w and w + dw; hence S(w) is often called the power spectrum of 

the random process x(f). 

or Sabi a a 

It turns out that the correlation function and the spectral density are connected 

by the so-called Wiener-Khintchine theorem, which states that 

1a kee ; fae 
R(t) = — i) S(w)e' "da = — / S(@) cos wt dw (20) 

20 OG) 2 —oo 

and 

CO : CO 

so) = f Ree ie"dr =2 f R(t) cos wt dt (21) 

Thus, according to the Wiener-Khintchine theorem, the correlation function and 

the spéctral density are simply cosine transforms of each other. In fact, some 

authors define S(w) as the Fourier transform of R(t), and then show that this 

definition is equivalent to Equation 19. Equation 21 is a useful relationship because 

S(q@) is often experimentally measurable and this spectrum can be inverted to 

determine the correlation function. We prove the Wiener-Khintchine theorem in 

Problem 14. 

Example 5: 
Determine the power spectrum of the random telegraph signal. 

1061 
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4 SOLUTION: Example 4 showed that 

Ry(t) =e" 

Equation 21 gives 

oO 

= S(@)= 2 / eT cos wt dt 
t, W 0 

Figure 21.19 =— aA ; (22) 
An exponentially decaying autocorrelation w- + 4A- 

function (color) and its associated 
Lorentzian power spectrum (black). In This type of spectrum is called a Lorentzian spectrum. (See Figure 21.19.) 

both cases, A is taken as unity. 

21.4 Problems 

. Sketch several realizations of a random walk on an infinite one-dimensional lattice. 

. Sketch several realizations of a random walk on a one-dimensional lattice with reflecting boundaries at x = +a. 

. Sketch several realizations of the random process X (t) = A cos wt, where @ is a constant and A is a uniformly 

distributed random variable. 

. Sketch several realizations of the random process consisting of a sine waVe with a small amount of superimposed 

noise. 

. Let X(t) be a Poisson process. The associated random process defined by 
XG 6) — X(¢ ; Se : : Peer 

YA) pliene eee where € is a positive constant, is called Poisson increments. Sketch a few realizations 
€ 

of this process. 

. Show that E[Y(t)] = A for the random process described in the previous problem. 

. Describe the random process in Problems 5 and 6 in the limit € — 0. What is the mean of the process? Interpret 

this result. 

. Consider a random process defined by X(t) = a cos(t + #), where a and ¢ are statistically independent 

random variables and where @ is uniformly distributed over the interval (0, 277). Derive an expression for the 

autocorrelation function. 

. Show that (X (t)) time = (X (t)) ensemble for the process described in the previous problem. 

. Consider the random process defined by X (t) = a? cos*(t + @), where a and ¢ are the same as in the previous 

two problems. Show that (X (t)) ensemble # (X (1)) time 1f @ 18 not constant. 

. Show that R(O) > |R(r)|. Hint: Start with [x(t) £ x(t + t)P > 0. 

. Show that R(t) is an even function of T. 

. Show that S(q@) is an even function of w if x(t) is real. 

. This problem helps you prove the Wiener-Khintchine theorem. Start with 

eC) = 
Pelee ie 
lim — i dt x(t)x(t + T). Show that this expression is equivalent to 
T>co 27 Jez 
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15; 

16. 

17. 

18. 

1: 

20. 

21. 

22. 

] 1 CO CO ‘ oO vA 

ey ee / dt / dew A(w)el” / dol Ala el) 
(Qi)? Too OT Ja eke, os 

Now interchange orders of integration, integrate over ¢ using the definition of the Dirac delta function, and 
then integrate over w’ to obtain Equation 20. 

The next 7 problems deal with the response of a linear system to a random input. If we apply some input X (t) 
to a linear system, then the output will be given by 

CO CO 

yn= | x(t —wh(u) du = f x(u)h(t —u) du (1) 
6d) —oo 

where h(u) is characteristic of the particular type of linear system. If x(t) = xq S(t), then y(t) = Xoh(t), so we 
see that h(t) is the response of the system to an Impulsive input. Equation 1 is of the form of a convolution, so 
let’s take the Fourier transform to get Y@)= H(a)X (a). The function H(w) is called the system function or 
the transfer function. 

Consider the following differential equation, which describes a damped harmonic oscillator: m}(t) + yy(t) + 
ky(t) = F(t). We may view y(t) as the response to an input F(t). Derive an equation for the transfer function 

H(o) for this system and plot |H(@)| against w/a, where wy = (k/m)!/?. 

Repeat the previous problem for an RLC electrical circuit with a voltage driving force, V(t) = Voe!®’. What 

is the physical meaning of H (a) in this case? 

Show that a linear system with h(t) = e“" is unstable if a > 0. Relate this result to the stability analysis that 

we did in Section 19.4. 

Show that if the input F(t) is a stationary random process, then E[Y (t)] = E[F(t)|H (0). 

Show that if the > input F(t) is a stationary random process, then 

Ry(a)= f au hu) f dvh(w)Rr@ +u—v). 
=2.8 

The most important result of this set of problems concerning the response of linear systems is that 

Sy(@) = |H(w)|?Sp(a). Derive this result. 

Suppose the input to a linear system with a system function H(@) = is a stationary random process 
a+iw 

with correlation function Rp(t) = ef !"!, where 6 > 0. Determine the power spectrum of the response Y (ft) 

and the correlation function of Y (fr). 

Use any CAS to verify Equation 10. 

21.5 Stochastic Processes—Examples 

In this section, we’ ll discuss two examples of stochastic processes. We’ ll start with 

what might be the most widespread example of a stochastic process, a Poisson 

process. 

A. POISSON PROCESS 

We learned in the previous section that a counting process is a Poisson process 

if X (0) = 0, if the numbers of events that occur in nonoverlapping time intervals 
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Figure 21.20 
An illustration of the instants of time at 

which random events occur. 

ee 

Figure 21.21 
A plot of X(t), the number of events that 

occur in time ¢ for the Poisson process 

shown in Figure 21.20. 

Chapter 21 / Probability Theory and Stochastic Processes 

are independent, and if the number of events that occur in a time interval tf) — fy is 

given by 

n 

Prob {X (t)) — X(t) =n} = ae eo OR Is 0 INOs Me (la) 

where A is the mean rate at which events occur. 

We can also define a Poisson process in the following way. Consider a counting 

process where events occur at random times f), fy, . .. , as shown in Figure 21.20. 

If we start at t = 0 and let X(t) be the number of events that occur in the time f, 

then X (t) will increase by one unit at each arrival time. (See Figure 21.21.) We can 

calculate the probability density of X (t) by first dividing the interval | 0, ¢ Jinton 

small subintervals of length At = t/n and making the following assumptions: 

1. The subintervals At are sufficiently short that the chance that two events occur 

in any subinterval are negligible. Thus, either no event or at most one event 

occurs in any Af. 

2. The probability that an event occurs in At is equal to A At, where d is a positive 

constant. 

3. The occurrences in the subintervals are independent of each other. 

Under these assumptions, Prob {X (t) = X (nAt) = k} is a binomial distribu- 

tion with p = AAt: 
‘ 

‘ 

! 
Prob {X(t) = X(nAt) =k} = —~——Qank—aan”* — (2a) 

k\(n —k)! 

We want f to be a continuous parameter, and so we take the limit n — oo (or 

At — 0). We derived this limit in Section | and obtained 

(ese PROD A @ ia ae fom Oe eee (3a) 

which is the Poisson density function. The expectation value of X(t) is At, and so 

we see that A is the mean rate at which events occur. The units of 4 are events per 

unit time. 

aera 
Example 1: 

One of the most famous applications of a Poisson process deals with 

telephone traffic. Suppose it has been determined empirically that 100 calls 

arrive per hour at a station. What is the probability that more than 75 calls 

will arrive in a half hour period? More than 50 calls? 

SOLUTION: Using At = 50, we have 

Prob {X (t) > 75} = e~? a ee cierer OO 0)" 
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The value of these sums can be easily determined using a CAS, and we 

obtain Prob {X (t) > 75} = 0.000372. The probability that X exceeds 50 

calls is 0.462, which is about what you might expect. 

| ack Se oan ake Sn Olen A 

We can also derive the probability density for arrival times in Figures 21.21 

and 21.22. Lett, be the time at which the first event occurs. Then, the events [7 > f] 

and [X (t) = 0] are equivalent, and so 

Prob {T, > t} = Prob {X(t) =0} =e” (4a) 

Thus, the cumulative distribution function of 7) is given by 

Prob{ fi —7)— le" (Sa) 

and the density function is the derivative of Equation Sa, 

—it 
Pr,(t) =e t>0 (6a) 

Equation 5a says that the time to the first occurrence in a Poisson process is 

governed by an exponential probability density. The expectation value of 7) is 

CO 1 
ethi= | Wie OU (7a) 

0 Xr 

What is the probability law for the occurrence of the mth event in a Poisson 

process? The events [7,, > ¢] and [X(t) < m — 1] are equivalent, and so we have 

m—1 
aye 

Prob {T, > t} = Prob {X(t)<m—l}=)_ BON 
k! 

k=0 

or 

m—\ ; 
Moe 

Prob {T,, <t}=1- Ma, (8a) 
! a k! 

Therefore, the density function of 7,, is the derivative of Equation 8a and gives 

(Problem 3) 

m+~m—| INA at 

(m — DI 
Pr, (t) = i) (9a) 

Equation 9a is called the Erlang density function, after the Danish mathematician 

A.K. Erlang, who so successfully applied stochastic processes to the analysis of 

telephone traffic. The expectation value of T,,, is given by 

ee) myn 

E[T»] =\) ee a 
o (m-—1)! Xr 

which is the expected time to the mth call. 
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4 

=| 2 | Z3 | 

T, T> iy SEA t 

Figure 21.22 
The arrival times 7), 7>, .. . and the 

interarrival times Z,, Z>, .. . of a Poisson 

process. 
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There is one other property of Poisson processes that we should discuss. Let’s 

consider the time intervals between successive arrival times. Let Z,, = T, — Ty 

be the nth interarrival time. (See Figure 21.22.) The events [Z, > t] and [X (t) = 0] 

are equivalent, so 

Prob {Z, > t} = Prob {X(t) =0} =e“ 

and 

Prob {Z, <t}=1-—e* (10a) 

and the probability density of Z,(r) is 

Pz,(t) =re™ (11a) 

Now 

[o.@) 

Prob (Z, > 1) = f Prob {Z) >t |Z; =t}pz,(t)dt (12a) 
0 

If you look at Figure 21.22, you can see that Prob{Z,>?r|Z,;=t}= 

Prob {X(t + tT) — X(t) = 0}. But Prob {X (t + tT) — X(t) = 0} is the probability 

that no event occurs in the interval (t, t + tT), which according to Equation 4a is 

Prob {X(t +t) — X(t) = 0} Prob {7, > t}=e™ 

Substituting these results into Equation 12a gives 

CO 

Prob {Z; > 1) =e™ f Pz,(t) dt=e (13a) 
0 

or 

Prob{Z,=1) =1— er" (14a) 

Thus both Z, and Z, are exponentially distributed random variables. Repeating 

the same argument shows that the interarrival times of a Poisson process are 

independent, identically distributed random variables. 

Example 2: 
Use the fact that 

Dp Sie Loree ee 

and that the Z; are independent, exponentially distributed random variables 

to derive the Erlang density function, Equation 9a. 

SOLUTION: Because t > 0, we can use a Laplace transform as the 

characteristic function of Z f and write 
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oo 

9z,(S) =i} e pz, (t)dt 
0 

= vo é ‘ie “dt = A 
0 stir 

The characteristic function of 7,,, is loz, (s)]'", or 

This Laplace transform is easy to invert using Entry 2 of Table 17.1 and 

Equation 17.1.4 to obtain 

yinpm—l A 

Qe 
ah ate aati 

ai a pill Britt 2 28 eal 

B. THE SHOT EFFECT 

t>0 (1Sa) 

Consider the electric current produced by the independent, random arrival of 

charges at some measuring device. If a charge arrives at the detector at time f;, 

let the response of the device at a time ¢ later be given by f(t — bi), a function 

that describes a little pulse whose area is equal to one charge, g. The function 

f(t — t;) might look something like an exponential or a triangular shape, as shown 

in Figure 21.23. The total current at time ¢ is the sum of all the elementary pulses 

that have occurred up to time ¢ and is given by 

[Oa fea) (1b) 
j 

where the arrival times are independent, identically distributed random variables. 

Thus, / (t) will be zero unless a pulse has recently arrived and its effect has not died 

out. Figure 21.24 shows a typical recording. This process is called the shot effect 

and our aim is to determine its statistical properties. Generally, the shot effect is 

due to the superposition of many events that occur at random. The shot effect is not 

only important in its own right, but also it is a typical source of noise in electronic 

devices. 

Let’s first calculate the mean current, E[/(t)], over a time 7 sufficiently 

large that many pulses occur and that “end effects” may be ignored. Consider 

now a subensemble of current records in which exactly k pulses occur in the time 

interval (0, 7). For this subensemble, 

. 
ON) ACE ae (2b) 

ja 
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tj 7 

(a) 

(OP 

fj 
(b) 

Figure 21.23 
Two possible responses of a measuring 

device to the arrival of a charge at time f;. 

(a) An exponentially decaying function 

and (b) a triangular-shaped function. 

i 

> 

Figure 21.24 
A typical recording of shot noise with the 

type of responses shown in Figure 21.23b. 

The arrival times are randomly distributed. 
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The arrival times are independent and occur at random, so the probability of an 

arrival occurring between ¢; and t; + dt; is simply the uniform distribution dt;/T. 

Thus, 

Pat tdi fe dt, : 

[ee T Ere 

=a fare-d=7] roomy (3b) 

This last line follows because f(u) is nonzero only for some small time interval, 

and so the integral from 0 to 7 can be written as an integral over all values of t — fj. 

Now, the probability that exactly & events occur in the time interval (0, T) is 

given by a Poisson probability 

AT a. Oa es (4b) 
k! 

and so : 

Suh 

E[I(¢))= Le [1 (t) 1p, (t) (Sb) 

Substitute Equation 3b into 5b and use the fact that (k) = AT to obtain 

CO 

E{l(t)]= (1) =| f(u) du=dq (6b) 
—0o 

This result is known as Campbell’s theorem. Note that (J (t)) is independent of f 

as it should be for a stationary process. 

We can use the same approach to derive the characteristic function of J (t), 

which is given by 

ROVE [eis] I= Delt) (e ele) (7b) 

But 

(e is Ty( ()) eke , fe ti) 

k 

=I kc isf (t— ti) Coes (8b) 

el 

where ¢; is any arrival time. Now 



21.5 Stochastic Processes—Examples 
1069 

; Laan: oe 
(es) =a) = = / en dr 

0 

(Sag par 
=145 | (eFC) — Dat, 

at 0 J 

iL ff" a 
=1+2] (eV OP — Ide, 

Tgane J 
[o,e) 

Dg (Oe Wee 
=1+7f (eI — du 

T J—co 

Let this last line be denoted by 1+ a, so that Equations 7b and 8b become 
(Problem 5) 

Ce iD e 
k=) k=0 k! 

= eft oT (+a) 

0° . 

= exp {> | (Pe tau (9b) 
=69 

dae te OR S4awie vb ee aly alps so ull 
Example 3: 

Use Equation 9b to derive the first few moments of / (ft). 

SOLUTION: First note that g(0) = 1, as it should. Differentiating once 

with respect to s gives 

ae = ivisya | f(ujdu 
ds a 

which gives Equation 6b when s = 0. Another differentiation gives 

lee) es) 2 

(17(t)) =) if f?(u)du see | fondu | 
0O 

or 

oF= (Ua) —(Py=2 f  Pardu (10b) 
=o 

ee Ce, oe ae 

If we substitute Equation 9b into 

] st . | 
(CO) == — | e'o(s)ds 

IT = 
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then we find that the probability density function for /(t) is given by 

1 CO CO : 

pay== | exp {ils +2 f es — 11 du ds (11b) 
Mae dies —0oo 

Equation 1 1b may look pretty hopeless at first sight, but we should suspect that 

p(1) should approach a normal distribution because of the central limit theorem. 

Realize that /(t) is the sum of a large number of random variables. Problem 6, 

which is not difficult, has you show that p(/)dJ becomes 

_ dP 20} 

where (J) is given by Equation 6b and a; in Example |. Thus, we see that p(/) is 

indeed a normal distribution. 

We can derive an expression for the correlation function using the same 

method that we used to calculate (J) and g(s). The final result 1s (Problem 7) 

CO lee) Z 

Re) =a f F@putadut © | fondu | (13b) 

Note that R depends only upon Tt, as we expect for a stationary process. Also note 

that the second term on the right side of Equation 13b is equal to (/)*. This is due 

to the fact that R(t) > (apie as T > oo. If we let Ro(t) be the correlation function 

of /(t) — (I), then Ro(t) — 0 as t > oo, and we have 

y(t) =A [ fu) f(u+t)du (14b) 

Note that if we let t = 0 in Equation 14b, we get Equation 10b for a. 

ie a tn ied ahee SVAUAAHIDN Sake® |) <n wele ar molnunsd otag Heme 
Example 4: 
Determine Ro(t) if 

fl) = | . 
0 

SOLUTION: Using Equation 14b gives 

K\ 2 co 

Ro(t) = +f eo tltep—UtD) Tea y 

To 30 

2 
Be he 

2t Cc 

ee ee ee ee 
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Finally, we can calculate the spectral density from R(t) (Equation 13b) using 
the Wiener-Khintchine theorem: 

S(w) =i R(t)e@ dt 
(e,6) 

= (1)? / Bis te | gre i) du f(u)f(u+T) 
CO = 

[e,@) [e,e) 

=2n(P)a(0) +2 f du flupele™ [ar fur neon 
—oo _ 

5 

= 2m (1*)5(w) Sewn / dz f(zei” 

The term with the delta function is just a d-c term that arises because (/) == (); The 

power spectrum of /(t) — (J) is 

2 

So(w) =A i dz f (Ze (15b) 

wo es COC 
Example 5: 

Use Equation 15b to determine the power spectrum of f(w) given in 

Example 4. Then show that the result is consistent with Ro(t) given in 

Example 4. 

SOLUTION: 

Co 

iE dz Sige es q 

6S 1OUs— a 

and so 

KG 
So(@) = ——= (16b) 
ol) lea 

We can invert Sp(@) to obtain Rp(t) according to 

| ce iwi ¢ 
Ro(t) = De e So(w)da 

CO 

hg? £© cos gee _ 4 / ES pel \T|/T. 

xz Jo I+ ort? Dig. 

a ae | 

It is interesting to look at the limit t,. > 0. In this case, f(u) — 5(u) and / (fr) 

consists of a series of randomly distributed delta functions, and 

Ag? 2 
Roi ope. and So(@) = Aq (17b) 
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Because the power spectrum contains all frequencies equally, this process is called 

white noise. Equations 17b are characteristic of white noise. 

21.5 Problems 

i 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

. Determine Ro(t) if f(u) = 

Suppose the rate of decay of a radioactive isotope is 28 min~!. Calculate the probability that over 160 

disintegrations will occur in a five-minute interval. 

. Show that the mean value associated with Equation 3a is equal to At. 

. Derive Equation 9a from Equation 8a. 

. Using the Laplace transform definition of a characteristic function, show that the characteristic function of the 
k 

kth arrival time of a Poisson process is given b s) = ———_.. p g y 9(s) ars 

. Derive Equation 9b. 

. Derive Equation 12b. Hint: Expand the argument of the exponential in Equation | 1b in a power series in s and 

argue that only terms up through O(s*) need be kept. 

. Derive Equation 1|3b. 
“ 

co 

. Show that Ro(0) =A / f-(u) du for Ro(t) given in Example 4. 
O°) 

q =u? / 27 " 
a “‘e for —CO <u < ©. 
Chae 

CO 

Show that Rp(O) = i f?(u) du for Ro(t) given in the previous problem. 
OO) 

ft Ow 7; 
i hlot yournmesult: 

QO otherwise y 
Determine Ro(t) if f(u) = | 

Determine So(@) for f (uw) given in Problem 9. 

Show that Sp(@) in the previous problem 1s consistent with Ro(t) in Problem 9. 

Determine So(@) for f (uw) given in Problem 11. 

Show that Sp(@) in the previous problem is consistent with Ro(t) in Problem 11. 

Generalize the results of the shot effect to the case where /(t) = Ds aj f(t - ti), where the aj; are mutually 

independent random variables that are independent of the t;. 
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Karl Pearson Ronald A. Fisher 

Kar! Pearson (1857-1936), the father of mathematical statistics, was born on March 27, 1857, in London, 

where his father was a barrister. He graduated from Cambridge University in 1879 with a degree in 

mathematics. In 1884, Pearson became Professor of Applied Mathematics and Mechanics at University 

College, London, where he excelled as a teacher and a lecturer and spent the rest of his life. In 1890, 

Pearson married Maria Sharpe, with whom he had three children. Their son Egon became a well-known 

statistician, eventually heading the Statistics Department at University College. Pearson was introduced to 

statistics in 1892 by the work on heredity by Sir Francis Galton. Although many of their biological ideas, 

such as eugenics, are now outmoded, these ideas led to the establishment of the field of statistics. In 1911, 

Pearson was appointed Galton Professor of Eugenics and head of the newly founded Department of Applied 

Statistics at University College. In 1901, he cofounded Biometrika, a journal for the statistical study of 

biological problems. He made many significant contributions to statistics, including the chi-square test and 

the Pearson system of skew curves. Pearson died in London on April 27, 1936. 

Ronald A. Fisher (1890-1962), who developed statistical methods to analyze experimental data, 

was born on February 17, 1890, in London into a successful business family. His mother died when he 

was 14, and, shortly after that, his father went bankrupt. Fortunately, Fisher was able to attend Cambridge 

University on scholarship, graduating in 1912 with a degree in astronomy. During World War I, he served 

as a high school teacher because his poor eyesight prevented him from serving in the military. About this 

time, a long-standing feud between Fisher and Pearson began. Fisher turned down a position in Pearson’s 

department and instead took a position as a statistician at Rothamsted Experimental Station, undertaking 

agricultural research. In 1917, he married the 17-year-old sister of a friend, Ruth Eileen Guinness, with 

whom he had nine children. When Pearson retired in 1933, Fisher succeeded him as the Galton Professor 

of Eugenics. Fisher’s laboratory was dispersed in World War II, and he left in 1943 to accept the Balfour 

Chair of Genetics at Cambridge University. Fisher was quite self-centered, with little appreciation for the 

feelings of others, and his egocentric nature led his wife to leave him when he went to Cambridge in 1943. 

In 1957 he joined a former student in research in Adelaide, Australia, where he died on July 29, 1962. 
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Mathematical Statistics 

Suppose we have a large group of objects or individuals and we wish to know the 

average mass of the objects or the average age of the individuals or some other 

parameter of the population (the entire group). We could, of course, measure and 

record the appropriate property for every member of the population, but this is 

usually impractical for reasons of time, expense, effort, or whatever. Instead, we 

examine a small portion of the population (called a sample) and then infer the 

properties of the entire population from this sample. This process is called statis- 

tical inference and is one of the primary undertakings of statistics. For example, 

suppose that we know on theoretical grounds or through extensive experience that 

the properties of a certain population can be described by a normal distribution, 

but that we do not know either the mean or the variance. We could select a sample 

and then calculate its mean and variance, but how do these values reflect the mean 

and variance of the entire population? This problem is called estimation of param- 

eters, and in Section | we shall learn how to choose functions of the sample data 

that give good estimates of the population parameters. Of course, these will not be 

exact, but in Section 3 we shall also learn how to assign ranges for these statistical 

estimates such that we can say that there is a certain probability (say 99%) that 

these estimates will lie within a certain distance from the true population value. In 

other words, we shall determine confidence intervals for these estimates. 

In the final section we shall discuss regression analysis, where we use curve- 

fitting procedures in order to estimate one variable in terms of another. The standard 

curve-fitting procedure is a least-squares procedure, originally due to Gauss but 

developed into a powerful predictive tool by statisticians. We'll not only determine 

the optimum straight line through a set of data, but we’ll also derive confidence 

intervals for this line. We conclude the chapter with a brief discussion of the theory 

of errors of measurement. 

22.1 Estimation of Parameters 

Suppose we have a population that is described by a probability distribution 

f (x;@), where @ is a parameter. For example, 6 might be the probability p in 

a binomial distribution or the mean A in a Poisson distribution. We choose a 1075 
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random sample x), x7, ...,X, of the population and use these data to estimate 

the parameter 0. More precisely, we use a function of these data: 

= OG eee ee) (1) 

Such a function is called a sample statistic, or simply a statistic. Each population 

parameter will have an associated statistic that we use to estimate the parameter. 

Because these estimates are single values, they are called point estimates. 

It is certainly natural to use the sample mean (denoted by x), 

(2) aa 

as an estimate of the population mean jz. If we denote estimates by a carat, then 

we write 

Bg lan pai 2S ae i. 
= (3) 

n 

Similarly, we might use the sample variance, 

Ga ¥)P + = ¥) + + Hy = 2) (4) 
n 

“ 

as an estimate for the population variance 62 It turns out that we obtain better 

estimates of o* by having n — | rather than n in the denominator of Equation 4. To 

see why this is so, we have to consider the nature of estimates a little more fully. 

When we sample from a population, we obtain n data points, x), X7,...,X,. If 

the sample data are taken randomly, then each observation, x ;, may be considered 

to be the value of a corresponding random variable X;. As we learned in the 

previous chapter, it is convenient to work with independent random variables 

because their joint probability distribution factors into a product of individual 

probability distributions. For the n random variables (a3 piel yee ry toipe 

independent, we must not disturb the population in any way when we sample it. If 

the population is very large, the sampling has a negligible effect on the population, 

but this is not the case if the population is “small enough.” Consequently, we shall 

always assume that we sample with replacement. There are statistical methods for 

dealing with small populations or for sampling without replacement, but we shall 

not consider them here. 

We may regard 6 = A(x, Xy,...,X,) aS a single observation of the random 

variable 

O10 (KiaiXy e WeeXe) (5) 

This random variable is called an estimator of the population parameter 6. For 

example, the sample mean 

We ae cs 
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is a random variable that is an estimator of the population mean. The expectation 

value of M is 

eal 
E([M|=— E[X,+ X.+---+X,] 

n 

Ella EI) sae EL 
= (7) 

n 

Because E[X ;] is the expectation value for the population, E[X j] = jp and 

a n 
E(M|=" =p (8) 

n 

Thus, the expectation value of M is p, the population mean. Generally, if 

E[Q]=8 (9) 

the estimator O is said to be unbiased. Equation 8 says that the sample mean is an 

unbiased estimator of ju. 

The following Example investigates whether or not the random variable cor- 

responding to Equation 4 is an unbiased estimator of the population variance. 

Meee ee eee ee 
Example 1: 
The random variable expression corresponding to Equation 4 1s 

Se 6.6 OOF Ne Ge eee ip Gao cee = 
= era’ 

n lik 
j=l 

where 

Xi+Xp+---+X, 
n 

X= 

Show that S? is not an unbiased estimator of the population variance o?. 

SOLUTION: According to Equation 9, we want to show that E[S?] xo. 

1_|x< = 
E(S*]=-E | ) (x; - x) 

[1 

1 n = 

=-E YX; —p)-(X-p))’ 
ja 

= 2B | 0%; — 2-2 - wy 2K, - w) +0 - wy? 
j=l j=l 

(10) 
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Let’s look at each of these terms in turn. The first term is just 

i 2 no. 5) -) Fp | So (11) [( bL)” | z 

Use the relation > ee —nX in the second term to write 

n 

S (Xj — di) =X — np =n(X — p) 
j=! 

so that the second term becomes —2E[(X — Ly’). The third term contributes 

E{(X _ feel so that 

E($?]= 07? — E[(X — p)] 

Now let’s consider the term E[(X — j4)*]. The Xj; are independent random 

variables, so 

EVCK = uw) J= E (Beet = “) | 
n 

7 

1 
Sel er ae el ey 

n ; ‘ 
‘ 

Lier fej eee => Yo EX; — w)71+ a >> >> EX; — w) (Xj - YI 

j=l i=l j=l 
iAj 

The second term vanishes because the X j are independent random variables, 

so Equation 11 tells us that 

~) 

BUX ~ |= — (12) 

Therefore, Equation 10 becomes 

E[S7)=07 — lc shits 
P n 

Thus, we see that E{S?] oe a”, and so §? is not an unbiased estimator of o2. 

Note, however, that 

Osi POE Oe ea Oe 
n—1 

a0 
Sy= 

is an unbiased estimator. The observation of SS is 

I< o 
5 = me Yo@j —¥)? (13) 

je 
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1 
and the square root of Se = i eG i X)° is called the standard 

deviation. 

ere eee ae 

Intuitively, we expect that an estimator of some population parameter should 

become better in some sense as the sample size becomes larger. If, in fact, 

lim E[O,]=6 
n—>0O 14 

lim E[(O, —9)*]=0 ae 
n— oo 

we Say that ©,, is a consistent estimator. 

MN Dent B nl 2b bo Aerator ee “cic eect FEZ os | iam 
Example 2: 

Show that M given by Equation 6 is a consistent estimator for any distribution 

whose variance is finite. 

SOLUTION: Inthis case, Equation 14 reads E((M || —> Oasn > oo. 

Using Equation 12, 

=e 2) © 2 Ga 
EU(X — p)*)= E[(M — p) Laas 

we see that E((M — 1)*]—> 0asn > ov if o” is finite. 

Net Sen x We et A 

Let’s now turn to a determination of the estimators for population parameters. 

There are a number of methods available, but the most frequently used method is 

called the maximum likelihood method. This method was introduced into statistics 

by the British statistician R.A. Fisher in the 1920s. Suppose that the population is 

described by a probability function f(x; 6). If X,, X2,..., X, are independent 

discrete random variables, then the product 

TMA cath C—O) ka) er OO) (15) 

is the probability that the values x,, x2, ..., x, will be observed when @ is the true 

value of the population parameter. If X is continuous, then L(x, x2, ..., X,34) 

Ax,, Ax, +++ Ax, is the probability that x; lies within x, and x, + Ax), x lies 

within x> and x7 + Ax», and so on. 

The function L(x,, x2, ..., X,39) is called the likelihood function. We choose 

the value of 6 that maximizes the likelihood that 6 has a certain value, which we 

do by maximizing the likelihood function. If. L(@) is a differentiable function of 

9, anecessary condition for L to be an extremum is 

L 
i eee 16 = (16) 

1OZ9 
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which we solve to obtain 6, the value that extremizes L. The sufficient condition 

that L(@) is a maximum is given by 

2 nw 

CE a0 at =e (17) 

Because L(@) is a product and all the fleur 8) > 0, it is convenient to consider 

In L(@) instead of L(@). All the Fj; 9) in Equation 15 are positive, so Equa- 

tions 16 and 17 are equivalent to 

D dInk 4 3 o-InL - et 0=0 (18) 

Let’s use Equations 18 to determine the maximum likelihood estimate of A 

for the Poisson distribution. The likelihood function is given by 

Mn = x2 1 xn —X ee e oT ay, a Le 

xi Xy! se 

Then . 

In L(A) = (4 +x) +++ +x,) nA — nd — Y*Inx;! 

: j=l 
and 

Ol Ls Agee Sore =r ee 
= —— —n=0 

OA r 
or 

es Ji eae a (19) 

The second derivative of In L(A) at A = x is equal to —n/x, which is less than 

zero, as it should be. (Recall that x > 0 for a Poisson distribution.) Thus, we see 

that the maximum likelihood estimate of A for a Poisson distribution is given by 

Equation 19. 

|e ead manana 
Example 3: 
A person tosses a coin 100 times and comes up with 57 heads. Use these 

data to estimate p in the binomial distribution. 

SOLUTION: The likelihood function in this case is L(p) = 

100! 
(a) p>'(1— p)*®, and a In L/dp = 0 gives 

aiads of meds 
A A 

ap DP gk D 

or p = 57/100. The second derivative is always less than zero, so p does 

indeed maximize L(p) (Problem 9). 

ee ee 
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The extension of Equation 17 to the case where there is more than one popula- 

tion parameter is straightforward. If L depends upon two population parameters 0, 

and 63, then the sufficient conditions that L(6), 0) is maximized are (Section 6.8) 

and 

dink _g dink 9 

a0; 

d7 InL 

dln L 00; 
2 a 0 9 

00; bi=0, oe lial, 

00,005 

07 InL 

00,005 

0° In L 

d05 

(20) 

>0 (21) 

01=6 
cD) =65 

Let’s use Equations 20 and 21 to determine the maximum likelihood estimates 

of the mean jz and variance o7 of a normal distribution. The likelihood function is 

1 n/2 . 
DG: o°) = (=~) (2) exp — 

| n 

Des - yy? 

j=l 
202 a 

, o) A . : 
where we are treating o~ and not o as a parameter. Taking the logarithm gives 

Therefore, 

or 

Similarly, 

or 

n 

n i n 
E(w), 2 ee ltG eo ea) nee nL(y, 0°) =—F Ino* — 2) Dee 

dln L n ] A) 

aa ee ik rere ea 
do? 262 2(62)? d : 

n nh 

SPC ) G;,—*)° 
9) i= j=1 
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Note that the maximum likelihood estimate for 07 is not unbiased. Problem 15 has 

you show that L(j1, 02) is a maximum at jz = fi and 0? = 6”. 

It turns out that for a large class of population distribution functions, the 

distribution function of the maximum likelihood estimators approaches a normal 

distribution as the sample size increases. We state the following theorem without 

proof, first for one estimator and then for more than one: 

The distribution function of the maximum likelihood estimator 6 for the 

population parameter of a probability distribution p(x; 0) approaches a 

normal distribution, 

Re I —a-!6—6)2/2 
g@= Ce (22) 

as n increases, where 

a7] (apa 5 od (23) 

Let’s apply this result to a Poisson distribution. In this case, p(x, A) = 

Me*/x!,0 =A, =X, and 

0? n n —1 
a =-—nE | —~(x Inda -Inx!—A)| = —E[X)=- Fe 1 | 2 [X] 

Therefore, according to Equation 22, 

A n 1/2 * 2 
(0) = ( ) e NAA) /22 

- 27 

Note that the width of this normal distribution > 0 as n — oo, indicating that A 

is a consistent estimator, in accord with Equation 13. 

If the population distribution function has more than one parameter (as in the 

case of a normal distribution), then we have 

The distribution function of the maximum likelihood estimators 

0\, 2, ..., 0 for the population parameters of a probability distribution 
function p(x; 0), >, ..., 0.) approaches a multivariate normal distribution, 

ROR A 1 1 ; 14 
(61, 02, -.., ) = —— ——e ©-9)A" 0-8)/2 24 871, % = ome? Al (24) 

as n increases, where the elements of A~! are given by 

a7 In -1 P 
a;;) = —nE | ——— DS 

(Compare Equations 24 and 25 with Equations 22 and 23.) 
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Be ee ied Gadmsicecia. | 
Example 4: 

Find the asymptotic distribution function of the maximum likelihood 

estimators of a normal distribution. 

SOLUTION: Write p(x; 6), 62, ..., O,) as 

1 ee. 
(x: WL, o*) = eo EY /20 

P Ee (22a7)!/2 

and let 0; = w and 9) = o*. The maximum likelihood estimators of ju and 

o? are 

1 n 1 n 

b= —) wee and 6 =— > Ga) 
[ na : n dX 

The matrix elements of A~! are (Problem 13) 

d* In p I n -1 — E as STG |) nee || ee (a4) n 5 2 n | 5 

Goyer = 0 

Cae 1 n ==) ae = 

(a9) = —nE (o2)3 2(02)2 2(o2)2 

The matrix A~! is 

= 0 
AT=|o 7 

2(02)2 

and |A~!| = AVA = n?/2(a7)?. The exponential in Equation 24 is 

6 =A We = 6) = ey ae 6 2) 
o2 202 

Therefore, according to Equation 24, 

PRD ee in n n (fi — gm)? (6? —0°) dee 
g(u,a°) dudo = att exp 2 ere ee judo 

By integrating over (i and G, in turn, we find that (Problem 14) 

1/2 £ : F 

Iiaie= (; = | e-M(A-b)/20? 4 

(26) 
1/2 Fehe st 

ON ae SC =O) NON aS 
Wo \do = eae dé 

[Jicwtwiels Wl 
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22.1 Problems 

1. Consider a population consisting of the four numbers 1, 5, 8, and 10, each of equal probability. Now consider 

all the possible samples of size two that can be taken (with replacement) from this population. Verify Equation 7 

by showing that the mean of all the possible sample means is equal to the mean of the population. Also, verify 

Equation 12 by showing that the variance of the sample means is equal to the variance of the population divided 

by the sample size n. 

. Show that Equations 14 are equivalent to the statement lim Prob {|©, — 0| < €} = 1. Hint: Use Chebyshev’s 
igi Ae.8) 

inequality. 

. Determine the maximum likelihood estimate of A in the exponential distribution p(x) = Ne xe 0. 

. Determine the maximum likelihood estimate of p in a binomial distribution. 

. The distribution xe-* dx Ja, x > 0, a > 0, is called a Rayleigh distribution (Figure 22.1). First show 

that a Rayleigh distribution is normalized. Then show that the maximum likelihood estimator of @ is 

CAs 27) Daa. 

J 

Figure 22.1 

The Rayleigh distribution xe~* /2“/a, 
x > 0, a > 0, for several values of a. 

neler 6; and 6, be two independently determined estimates of some population parameter 0. Show that any linear 

combination of 6, and 6, 6= c 19) ar C55 with c; + c> = 1, is an unbiased estimate if 6, and 6, are unbiased. 

. Let 6 be the maximum likelihood estimate of @ and let g(@) be a monotonically increasing function of 6. Show 

that 2(0) is the maximum likelihood estimate of g(@). 

. The fourth central moment of a normal distribution is 30+. Use the result of the previous problem to find the 

maximum likelihood estimate of 30%. 

. Show that 4? In L/dp? <Oat p= Pp for the likelihood function is given in Example 3. 

. Show that 07 In L/da? <0 at w = & for a Rayleigh distribution. (See Problem 5.) 

. Find the maximum likelihood estimate of the mean of a normal distribution if o2 is known. Show that 

d* InL/du? <Oatu= fp. 

. Find the maximum likelihood estimate of the variance of a normal distribution if 42 is known. Show that 
a? InL/d07007 <Oato* =6”. 

. Verify the matrix elements given in Example 4. 

. Verify Equations 26. 

. Show that L(p, o”) for a normal distribution is a maximum at its maximum likelihood estimates. 

ee 
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22.2 Three Key Distributions Used in Statistical Tests 

In the previous section, we learned how to determine point estimates of population 

parameters. In the next section, we’ll learn how to assess a point estimate, in 

the sense of providing an interval where there is a given probability (say 0.95 

or 0.99) that the population parameter will lie within that interval. Such intervals 

are called confidence intervals, but before we can discuss confidence intervals, 

we must discuss three distributions that are used extensively in the determination 

of confidence intervals. These three distributions are the normal distribution, the 

chi-square distribution, and the t-distribution. 

A. THE NORMAL DISTRIBUTION 

The normal distribution occurs in a wide variety of statistical applications, and 

we Il use it numerically in the next section when we calculate confidence intervals 

of the mean of anormal distribution when the variance is known. We have discussed 

the normal, or Gaussian, distribution throughout Chapter 21, but we shall present 

its relevant properties here for completeness. The normal distribution with mean 

yw and variance o° is given by 

Diiax= ser —-0O<x<0o (1) 

It’s easy to show that p(x) is normalized and that E[X]= wand E[(X — LL)" ] =o’. 

The effective width of a normal distribution is governed by the value of o. Small 

values of o produce narrow distributions, and in fact, p(x) becomes a Dirac delta 

function, 6(x — 4), as o — O. Figure 22.2 shows the area under a normal curve 

that lies within w +o, « + 20, and yw + 30. The percentage areas corresponding 

to these intervals are 68.26%, 95.44%, and 99.74%, respectively (Problem 1). 

In theoretical discussions, it is convenient to express Equation | in terms of a 

standardized random variable, with zero mean and unit variance. If we let 

(2) 

then Equation | becomes 

| ae 9) 

(z)dz = ———e * dz (3) 
1 (2m) 1/2 

Equation 3 represents what is called a standardized normal distribution. The 

variable Z in Equation 2 is called the standardized normal variable. 

A more general version of Equations 2 and 3 says that if the random variable 

X is normally distributed with mean jz, and variance on, then the random variable 

Yecx po! ¢cy40 (4) 

is normally distributed with mean jy = c)/4, + C2 and variance o, = ear (Prob- 

lem 2). 

1085 

i aE = 

(or Mor 3kor J 

Figure 22.2 
The area of a normal distribution between 

fu — no and 1 + no is 0.6826, 0.9544, and 

0.9974 for n = 1, 2, and 3, respectively. 
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A normal distribution has a number of important properties. For example, 

if X,, X>,..., X,, are independent normally distributed random variables with 

means [11, 42, .--, 4, and variances ae, On Satis be then the random variable 

is normally distributed with mean 

= byt Mato + on (6) 

and variance 

o =o +o;+---+0 (7) 

We actually proved this in the previous chapter. It is most easily proved using the 

characteristic function of p(x) (Problem 3). 

It is also easy to show that if X,, X>,..., X, are independent normally 

distributed random variables, each with mean jz and variance o”, then 

2 Same? ome soa x= (8) 
n 

is normally distributed with mean jz and variance o? /n (Problem 4). 

This last result implies that the random variable 

= 
Z= yn — (9) 

oO 

is normally distributed with zero mean and unit variance (Problem 5). Note that 

this equation becomes Equation 2 if n = 1. 

The normal distribution is very well tabulated. For example, the CRC Math- 

ematical Tables give values of 

l " —u2/2 Oar du (10) 

1— F(x), p(x) = (27) '/2¢e-¥7/2, and the first four derivatives of p(x) for values 

of x from 0.00 to 4.00 in.steps of 0.01. 

Ibe soutaateicil linzryact kagcinuchgoar- es stlete A Gober Stanhewiens © Sane 
Example 1: 
In the next section, we’re going to have use of the abbreviated table 

y + 0.900 0.950 0.990 0.995 

a 1645 1.960 2.576 2.810 

where y is defined by Prob {—a < X <a} > y. Go to any table of the normal 

distribution and verify these entries. 
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SOLUTION: For y = 0.900, we choose a value of a in the tables such 

that F(a) = 0.950 (see Figure 22.3), which gives a = 1.645. For y = 0.950, 

we.find a from F(a) = 0.9750, or a = 1.960. For y = 0.990, we find 

a = 2.576 from F(a) = 0.995 and for y = 0.995, we find a = 2.810 from 

F(a) = 0.9975. 

| te RESTS eee See ee rer re! 

B. CHI-SQUARE DISTRIBUTION 

We’|l see in the next section that the chi-square distribution arises when we calcu- 

late confidence intervals for the variance of a normal distribution. In particular, it 

occurs when we consider the sum 

X°=XTHXS +--+ X? (11) 

where the X; are independent normally distributed random variables with zero 

mean and unit variance. We can determine the probability distribution of x> by 

multiplying the characteristic functions of the distribution of X ; and then inverting. 

We must determine the probability distribution of X j first. We start with 

P(w) = Prob {X* <u} = Prob {0 < X; <u} 

= Prob {—u'/? < X; <u'”} 

ieee eden: Dy CA ae 
= Gxyl2 / e* /2dx = (=) / e* dx 

I ) Sy /2 TU 0 

The probability density of Xe is given by (Problem 12) 

dP e#/? 
= u>QO (12) 

du (22 u)!/2 
plu) = 

It’s easy to verify that p(w) is normalized. Because u > 0, we'll use a Laplace 

transform version of a characteristic function and obtain 

ee) a e 4/2 3 1 

v(s)= f e Qnuy'2 u— 21/2(5 + 1/2)1/2 

The characteristic function of x* in Equation 11 is [y(s)]”, or 

1 
Oo pee 

(8) 2n/2(5 ae 1/2)"/2 

The inverse of ®(s) gives the probability density of x? (Problem 13): 

x (2—-2)/2——x/2 

p(x) = ———_ x0 (13) 
2"/2T'(n/2) 

20 

Figure 22.3 
A normal curve for which 

Prob {—x < X < x} = 0.900 has 

an area of 0.050 in each wing. 
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and the integral of p(x) from 0 to x gives the (cumulative) distribution function 
4 Pp 

of x”: 

1 1 fs 

P(x) = ————— / yO e422 diy aa 0) (14) 
2 5 2"/2T(n/2) Jo 

_. _ The positive integer n in Equations 13 and 14 is called the number of degrees of 
By) . . ° 

5 x freedom of the x* distribution. 

. Figure 22.4 shows p(x) plotted against x for several values of n. Note that p(x) 

SS decreases monotonically for n = | and 2, and has a maximum value at x =n — 2 
The chi-square distribution for n = 1, 3, 

and 5 degrees of freedom. for n > 2 (Problem 14). 

i bliaiweas «6 man (ol fn dies eN een 
Example 2: 
Determine the mean and variance of the chi-square distribution. 

SOLUTION: We'll first show that p(x) given by Equation 13 is 

normalized. 

i (x) dx ! seins = x Pp : 2/27 (n/2) Jo 

aepey oe 
T(n/2) Jo 

Then 

[@.2) 1 CO p P 

HX = pe Xp(x dx= | I ee sas | 
ie | ne en iD) to Oh a 

2 iL. le “das 21'((n + 2)/2) Be 

0 T(n/2) > tc 

and 

4 ee) 

a | u"t2)/2e—“dy = sua oy2) se =n>+2n 
P(n/2) Jo T(n/2) 

9) 
o* = E[X?]— E[XF =2n 

a a eee ee eee | 

We might expect from the definition of x* (Equation 11) and the central limit 

theorem that the x* distribution becomes asymptotically normal for large n. In 

fact, we have 

2, P(x) ~F 
oa (=) 5) 
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where P(x) is given by Equation 14 and F(u) is given by Equation 10. [Recall 

that the symbol ~ means asymptotically equal to (Section 2.9). ] 

| cp cng ag SS lilies aac a alla 
Example 3: 

To get a feel for just how large n needs to be for Equation 15 to be useful, 

use tables (for example the CRC Mathematical Tables) to plot P(x) and 

F((x — n)/V2n) against x for n = 10. 

SOLUTION: Most tables of the x? distribution give values of x 

corresponding to given values of P(x). For n = 10, 

EC) | O01 20.057 "0510" “025. 50° 0.75 090° 0.99 

x | Z D0. 4:8) 6. te Ode DSS” 115,99" 92391 

For the normal distribution, let u = (x — n)/2n, and find that 

Bs ANG 3.94 4.87 Grid, 9.348 12 5915.99 2321 

u —LoGe —V36 els 0.73 2-015. S050 345 22.95 

F(u) 0.05 0.09 O12 O24 “044 072" 0:91 0.998 

Both P(x) and F((x —n)/V2n) are plotted against x in Figure 22.5. 

Problem 19 has you show that the agreement is even better for n = 20. 

| AR Ts a LAP ee 

C. STUDENT t-DISTRIBUTION 

We’ ll see in the next section that the Student t-distribution arises when we calculate 

confidence intervals for the mean of a normal distribution when the variance of 

the distribution is not known. The f-distribution is the distribution of the random 

variable, 

mn xX 

— (Y/n)!/2 (16) 

where X and Y are independent random variables, with X being normally dis- 

tributed with zero mean and unit variance and Y being x? distributed with n degrees 

of freedom. The density function of T is given by (Problem 20) 

FOE r[(n + 1)/2] ] 

-_ 
il OX) <a <A OXO) 

(nw)¥2T(n/2) A+ t2/n)etd? 

and the cumulative distribution function is given by 

cyt ee | nL oe 
FO= | flu) du = (nz)'/2P (n/2) poe (1+ u2/nyetv/2 

(17) 

(18) 

1089 

Figure 22.5 
A comparison of the chi-square cumulative 

distribution function for n = 10 (color) 

and a normal cumulative distribution 

function with w =x —n =x — 10 and 

o = (2n)'/? = (20)!/? (black) 
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As in the case of the chi-square distribution, n is called the number of degrees of 

freedom. Figure 22.6 shows f(t) plotted against ¢ for various values of n. Note 

that as n gets large, the graph of f(t) is essentially a normal distribution with zero 

mean and unit variance. 

Se ee ere a aaare ape ne acre ae 
Example 4: 

Figure 22.6 Evaluate the mean and the variance of the f-distribution. 
The Student ¢-distribution for n = 1, 5, 

and 30. Note that the curves for n = 5 and SOLUTION: 

n = 30 almost superimpose. 

n= | thin dt = 0 
—co 

because f(t) is an even function of t. The variance is given by 

ee j P[(m + 1)/2] tdt a Z Oe / rar INTO. 
pe hte (aw) '/2T(n/2) Joo A+ 12/n) edie 

2a [(n + 1)/2] ie udu 
lr (n/2) Jo + u2)@4D/2 

a“ 

If n = 1 or 2, then o? is infinite. For n > 2 (Problem 21), 

2_ 2nT(n+)/2) 1PG/2)riH — 2)/2) 
— napa /2y- 2 Prin +:1)/21 

ne '[( — 2)/2] ee 

5 a2) ae 
is 2 

Note that o2 > lasn > oo. 

Lect is he wile ah ora e NE lest SOREN 

The following Example is meant to introduce you to tables of the t-distribution. 

; 
Example 5: 
A graph of the density function of a f-distribution with 6 degrees of freedom 

is shown in Figure 22.7. Use tables of the t-distribution to determine (a) the 

value of ft; such that the area to the right of ¢, is 0.10 and (b) the value of ft, 

such that the area to the left of tf is 0.99. 

is SOLUTION: The CRC Mathematical Tables give values of F(t) 

Figure 22.7 (Equation 18). If the area to the right of f; is 0.10, then we choose f in 

The density function of a t-distribution for Equation 18 such that F(t) = 0.90, or t; = 1.440. If the area to the left of t 

6 degrees of freedom. is 0.99, then we choose F(t) = 0.99 or ty = 3.143. 

Lea ee 
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The Student r-distribution was not invented by a person named Student, but 

by William Gosset, who worked at the Guinness brewery in Dublin, Ireland. He 

developed the r-distribution in order to handle small samples for quality control in 

brewing. Gosset was a well respected statistician, but for some reason, he always 

published under the name “Student.” 

22.2 Problems 

1. 

So © NN 

10. 

11. 

12. 

13: 

14. 

15. 

The normal distribution is tabulated in many sources (for example, the CRC Mathematical Tables). Use tables 

of the normal distribution to verify that the areas corresponding to the intervals 4p +0, 4 + 20, and pw + 30 

are 68.26%, 95.44%, and 99.74%, respectively. 

. Show that if X is normally distributed with mean jz, and variance an then Y =c,X +c (c; 0) is normally 

distributed with mean j1,, = c)/4, + Cy and variance o° = Gone 

. Show that if X,, X,..., X,, are independent normally distributed random variables with means 

(Wie [We soe « [Ly and variances ors oA ete at then X = X, + X>+---+X,, 1s normally distributed 

with mean “ = W)+ Mo t---+Uy, and variance 0? = 03 +03 +--+ +07. 

. Show that if X,, X,..., X,, are independent normally distributed random variables with mean jz and variance 

o7, then X =(X,+X>+---+X,,)/n is normally distributed with mean jz and variance o7/n. 

’ So aed Xp. nae 
. Show that the result of Problem 4 implies that the random variable Z = /n is normally distributed 

with zero mean and unit variance. 

. Show that F(—x) = 1 — F(x) for a (standardized) Gaussian distribution. 

. If D(x) is the area under a (standardized) normal curve from —x to +.x, then show that D(x) =2F (x) — 1. 

. How do the relations in Problems 6 and 7 read for a normal distribution with mean jx and variance 07? 

. Just to get practice using tables of a normal distribution, find the following areas: (a) the area between jz and 

ju + 20; (b) the area between pz — o and yz + 20; (c) the area between pz — 20 and jz + 0; and (d) the area 

between fz — o and ju. 

Values of F(x) for a (standardized) normal distribution frequently are tabulated for only positive values of x. 

How would you use these tables to determine the area between x = —2.00 and —1.00? 

Use tables of a (standardized) normal distribution to determine the area between ps — 0.500 and w+ 1.50¢0. 

Verify Equation 12 and show that p(w) is normalized. 

Verify Equation 13. 

Show that the chi-square distribution has a maximum at x =n — 2 forn > 2. 

x 

The integral in Equation 14 can be expressed in terms of the function y(a, x) = / e't?—ldt, which is 
0 

called the incomplete gamma function. (See Abramowitz and Stegun, Chapter 6.) Note that y(a, x) — T'(a) 

2, 32. 
as x — oo. Show that Equation 14 can be expressed as P(x) = aig Use this result to argue that 

n/2 
P(x) > lasx > oo. 
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16. 

17. 

18. 

19. 

20. 

21. 
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n 

Show that if $* = Be i X)*, where the X j are independent normally distributed random variables with 

j=) 
mean j1 and variance o”, then S*/o7 has a x? distribution with n — | degrees of freedom. 

Show that if W;, W>,..., W,, are independent chi-square distributed random variables with nj, 2, ..., Ny 

degrees of freedom, respectively, then W = W, + W,+---+ W, is chi-square distributed with n = 

nj +nz+---+n, degrees of freedom. 

Just to get some practice using tables of a chi-square distribution, find the following values of x (often 

designated as x7 in tables) for which (a) the area to the left of x is 0.950; (b) the area to the right of x is 0.950; 

(c) the area between x, and x> is 0.500 for the chi-square distribution with 8 degrees of freedom. Is there a 

unique solution for part c? 

Plot P(x) and F((x — n)/V2n) in Equation 15 against x for n = 20. 

We'll derive the f-distribution in this problem. Because X is normally distributed with zero mean and unit 
1 i 

= (OnyiP e * /2dx and 
me 

variance and Y is chi-square distributed with n degrees of freedom, we have f\(x)dx 

<5 yt 2) 12 = Yih fy y>0 

foly)dy = { 2"?T(n/2) . Because X and Y are independent, show that the joint 
0 y <0 

cumulative distribution function is 

F(t)= I f(x) fo(y)dxdy. Now integrate over x first from —oo to t(y/n)'/* and then over y from 0 

x<t(y/n)}/2 

to oo to write 

I oH (n—2)/2.,—y/2 fice ge F iD) —_ i dy y n-z om si) d 5 Peay hes 

( (27)'/22"/2T (n/2) Jo He oe 

Let x =u(y/n)'/*, so that dx = (y/n)'/2du, and oa = ; ( + =). Show that F(t) can now be 

written as 

1 t 00 ; 

We (2n)!/22"/2P (n/2) {is au | cepicnikuiel kel 

us DiGi =e) 2 i du 

(xn) ¥2P(n/2) Jooo* (1 + u2/ny@rd/2 

Show that the variance of the ¢-distribution is given by 0? = n/(n — 2) forn > 2. 
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22.3 Confidence Intervals 

We’ ve discussed earlier in this chapter what we mean by confidence intervals, but 

we'll reiterate it here more precisely. Let’s choose a probability 7 close to unity 

(say 95% or 99%) and then determine two quantities 6, and 0) from sample values 

such that the actual value of the population parameter 6 lies between 6, and 4 with 

a probability 7. In terms of an equation, we have 

Prob {6, <0 <®}=7n (1) 

The interval [6), 92] is called a confidence interval for the unknown population 

parameter 0. We express a confidence interval by 

Conf {6, <0 <6} 

The quantity 7 in Equation | is called the confidence level. Compare this approach 

to what we did in Section | where we determined a point estimate for 6. The 

interval [6,, 9] is sometimes called an interval estimate for 0. 

Let’s illustrate this procedure with a simple example. Suppose that 9 samples 

are taken from a normal population with unknown mean and a known variance 

o* = 6, and that the mean of the sample is x = 16. We know from the previous 

section that the random variable Z = /n (X — )/o is normally distributed with 

zero mean and unit variance. The probability that Z lies within a certain interval 

[—a, a] 1s given by 

! | = prob{-a<Zsal=a— f aT) 

We choose a value of the confidence level 7 and then determine the value of a from 

tables. For example, if we choose 7 = 0.98, then a = 2.33 (Table 22.2). Therefore, 

the inequality —a < z <a becomes (Problem 1) 

=) 3324/9 (16 )/V 6 = 2.33 

or 

14.10 <u < 17.90 (2) 

with a 98% probability. The point estimate of jz is X¥ = 4 = 16. 

We shall use a similar procedure to derive confidence intervals for other cases. 

We’ ll see that each case that we consider involves a somewhat different approach, 

and so we’ll consider various cases in turn. 

A. CONFIDENCE INTERVALS FOR THE MEAN OF.A NORMAL DISTRIBUTION WHOSE 

VARIANCE IS KNOWN 

We just treated this case above, but let’s formalize our approach here as a series of 

steps (Table 22.1). 
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Figure 22.8 
The length of the confidence interval (in 

multiples of 0) for the mean of a normal 

distribution with known variance plotted 

against the sample size n for n = 0.95 

(dashed) and 0.99 (solid). 
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Table 22.1 

A step-wise procedure for determining the confidence interval for the mean of 

a normal distribution whose variance is known. i 

Step 1: Calculate the mean x of the sample x1, x2, ..., Xp- 

Step 2: Choose a confidence level, 77. 

Step 3: Use tables to determine a value of a such that 

a 

Prob {—a <z <a} =|! DOiea— 1 
= 

where z = ./n (x — )/o and p(x) is the standardized normal 

distribution, or in terms of the cumulative distribution function P(x), 

we choose a such that (Problem 2) 

ell 
AMG) = = 

2 

Step 4: Calculate c = ao/,/n. The confidence interval for the mean is 

given by 

ao ao 
Conf }x — —<pw<x+-— 

| oe A 
a 

Note that this formalized procedure is exactly equivalent to the example we 

did above. 

lo gare | fe ae ee 
Example 1: 
Determine a 95% confidence interval of the mean of a normal distribution 

with o? = 4.00 using a sample of 9 values whose mean is ¥ = 7.00. 

SOLUTION: We follow the step-by-step procedure in Table 22.1. 

Slepna—w/ 00; 

Step 0295: 

Step 3: Using Table 22.2, we find that a = 1.96. 

Steprae—01.96)(2200))/ 3 ale oie 

Therefore, 

Conf {5.69 < 1 <8.31} 

Elites een MY eerma ena ee meen cetera | 

You can see from the fact that c = aa/,/n in Step 4 above that the length of the 

confidence interval decreases with increasing n. Figure 22.8 shows the length of 

the confidence interval L plotted against n for fixed values of 7 (or a). Figure 22.8 

also shows that the confidence interval becomes tighter as 7) increases. In practice, 

you must decide beforehand the size of a sample to use to achieve a certain result. 
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Table 22.2 

A few values of a that satisfy P(a) = (1+ )/2 

for various values of the confidence level 7 for a 

normal distribution. 

n | 0.90 095 098 0.99 0.995 

a 1.645 5 19609 320° 2576 2.810 

Too large a value of n can be too costly or too time consuming, whereas too small 

a value will lead to poor precision. 

Example 2: 
How large should n be in order to produce a confidence interval of length 

1.50 instead of 2.62 as in Example 1? 

SOLUTION: The length of the confidence interval is L = 2aa/,/n. If we 

Seiya eS Ot emii ie 

a le ee 

B. CONFIDENCE INTERVALS FOR THE MEAN OF A NORMAL DISTRIBUTION WITH 

UNKNOWN VARIANCE 

In Part A, we assumed that we knew the value of a2, but here we shall not assume 

so. The formalized procedure for this case is described in Table 22.3, which is on 

the next page. Let’s illustrate this procedure with an Example. 

Meas) 25. at) 
Example 3: 
Re-do Example 1 with s? = 4.00 instead of a” = 4.00. 

SOLUTION: 

Step 1: ¥ = 7.00 and s? = 4.00. 

Siepe aii Oe 

Step 3: The sample size in Example | is equal to 9, so using Table 22.4, we 

find that a = 2.31 forn — 1 = 8 degrees of freedom. 

Step 4: c = (2.31)(2.00)/3 = 1.54. 

Therefore, 

Conf {5.46 < uw < 8.54} 

ES eg alltel stoi btw be peor cur iat, i 

Notice that the length of the confidence interval in Example 3 is greater than 

in Example 1. This is to be expected since we are using an estimate for o7 in 

Example 3. In other words, we have less information about the population in 
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25 n 

Figure 22.9 
The ratios of the confidence intervals for 

the mean of a normal distribution with and 

without knowledge of the variance against 

n for n = 0.95 (solid) and 0.99 (dashed) 

(assuming that 0? = s?). 

Chapter 22 / Mathematical Statistics 

Table 22.3 

A step-wise procedure for determining the confidence interval for the mean of 

a normal distribution with unknown variance. 

Step 1: Calculate the sample mean and sample variance according to 

A 1 as 
ai and c= z > @}-%) 

Notice that we use the unbiased estimate of o”. 

Step 2: Choose a confidence level, 77. 

Step 3: Use a table of the t-distribution f(t) with n — | degrees of freedom 

(see also Table 22.4) to determine a value of a such that 

a 

Prob {—a <t <a}= f(t)dt=n 
—a 

or, in terms of the cumulative distribution function F(z), we choose a 

such that 

1-7 
EQ) = 

Step 4: Calculate c = sa/Jn. 
The confidence interval for the mean is 

Conf (¥ —sa/J/n <u <x +sa/Vn} 

(The theoretical justification for this procedure is given in the references at 

the end of the chapter.) 

Example 3 than we do in Example 1. Similarly, it requires a larger value of n 

in Example 3 to achieve the same length of confidence intervals than it does in 

Example |. For example, it would require n = 30 to achieve a confidence interval 

of length 1.5, compared to n = 27 in Example 2 (Problem 12). 

Problem 13 has you repeat the calculations in Examples 1 and 3 forn — 1 = 25 

and n — 1= 100. It turns out that c = 0.769 in Example 1 and c = 0.808 in 

Example 3 for n — 1 = 25. For n — 1 = 100, the two values of c are 0.390 and 

0.394, respectively. Thus, we see that the procedures presented in Parts A and 

B yield essentially the same results as n gets large. The primary reason for this 

behavior is that as the sample size increases, the value of s* differs less and less 

from o~, and so using s* instead of a7 does not compromise the results. Figure 22.9 

shows the ratio of the lengths of the resultant confidence intervals plotted against 

n for several values of 7 (assuming that o* = s*). Notice that the ratio approaches 

unity as n gets greater than about 30. For this reason, from a practical point of view, 

statisticians consider n > 30 to be large enough to assume a normal distribution. 
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Table 22.4 

Some values of a that satisfy 

F(a) = (1+ n)/2 for several values 

of the confidence level 7 for a 

t-distribution. 

n\n 0.90 0.95 0.99 0.999 

5 220 W220 7403 6:87 

6 OA DASH 93.7 be 25.96 

8 186° 25310 336" (3:04 

S 133" 2226. $3.25" 74:78 

10 Si 2223) B77 4:59 

14 PIG” 25. 2:98 444 

15 Nov elon 21955 4107, 

19 ISH) “2209, 12.86; 3:88 

20 LFS ee209 22.89% 3.85 

29 Lal 2.06. 279" 33573 

50 MOS =20LY -2:68- ©3250, 

100 POG" 1-98 97639 3.39 

oO LOS, GE e051) 3-30) 

C. CONFIDENCE INTERVALS FOR THE VARIANCE OF A NORMAL DISTRIBUTION 

We learned in Section 2 that if X|, X>,..., X, are independent normally dis- 

tributed random variables with zero mean and unit variance, then 

= DIX; (3) 

is governed by a chi-square distribution with n degrees of freedom. It turns out 

that if X,, X.,..., X, are independent normally distributed random variables 

with mean yj and variance co”, then the random variable 

2 Y=— )(x;-X)y (4) a2 

is governed by a chi-square distribution with n — | degrees of freedom. The reason 

that the distribution has n — | degrees of freedom instead of n, as for Equation 3, 

is that the n terms in Equation 4 are not independent because X is given by 

n 

ha - YX 
n foal 

The proof that Y is governed by a chi-square distribution with n — | degrees 

of freedom is a little lengthy and will not be given here. Nevertheless, the fact 
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Table 22.5 

A step-wise procedure for determining the confidence intervals for the variance 

of a normal distribution. 

n 

Step 1: Calculate the sample mean x and SoG =a 

j=) 

Step 2: Choose a confidence level, 77. 

Step 3: Use a table of the chi-square distribution with n — | degrees of 

freedom (see also Table 22.6) to determine values of a; and a3 such that 

a 
Prob {a, <x <@}= / ID Caidea—an 

a) 

4 p In particular, we choose a, and a» such that the area to the left of a, 
is equal to the area to the right of ay in Figure 22.10. In terms of the 

cumulative distribution function P(x), a, and az are chosen such that 

= 1 
P(a)=—" and P@)=—" 

Step 4: Calculate c, = (n — 1)s?/ay and cy = (n — 1)s?/a,. The confidence 

interval for the variance is ay a2 x 

Figure 22.10 
The two values a, and ap in the test given 

in Table 22.5 are chosen such that the area 

to the left of a, is equal to the area to the 

right of a>. 

7 Conf {c, <a? < cp} 

(The theoretical justification for this procedure is given in the references at 

the end of the chapter.) 

that Equation 3 yields a statistic for the variance makes it plausible that the 

determination of confidence intervals for the variance involves the chi-square 

distribution. The step-wise procedure for doing so is described in Table 22.5. 

lsdeke foxes elie tasmaatesiaahs llamar. de vbemmdied be... aL 
Example 4: 
Determine a 95% confidence interval for the variance of a normal distribution 

for the following data. 

41.60 37.74 36.82 42.36 33.26 39.26 

42.31 46.35 41.88 39.78 37.82 42.80 

40.70 38:99 +41.33 40:69 32.09 40:58 

37.58 34.66 43.18 

SOLUTION: 

Step 1: ¥ = 39.61 and s* = 11.96 
Stepi2777— O95 
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Table 22.6 

A few values of a, and ap that satisfy P(a,;) = (1 — n)/2 

and P(ay) = (1+ n)/2 for several values of the 

confidence level 7 for a chi-square distribution. 

3.85... 16.9 Zof0,. 19.0) Wo 250 

10 3.94," 1833 3729; 205 2.16, 29.2 

14 6:97; 23.7 2638, 26.1 4.07, 31.3 

15 220; 20.0 CG: 26:92 FD 4.60, 32.8 

19 LOET,. 30.1 5.92.9 6.84, 38.6 

20 LOS 3401 959342 7.43, 40.0 

30 18.5, 43.8 16.8, 47.0 Foil eel 

50 34.8, 67.5 32.4, 71.4 20.0 79.5 

77.9, 124.3 74.2, 129.6 67.3, 140.2 

Step 3: These are 21 data points, so using Table 22.6, we find that a; = 9.56 

and ay = 34.2 for n = 20. 

Step 4: c; = (20)(11.96) /34.2 = 7.00 and cy = (20)(11.96)/9.56 = 24.9. 

Therefore, 

Conf {7.00 < 07 < 24.9} 

a Fa ee | 

Problem 15 has you show that the 99% confidence interval is [ 5.98, 32.2 ]. 

In all the cases that we have discussed in this section, we have assumed that 

the distribution is normal. What if the distribution is not normal, or perhaps even 

unknown? We saw above that both the t-distribution and the chi-square distribution 

become asymptotically normal as the number of degrees of freedom become 

large. This result is a consequence of the central limit theorem, which says that 

if X;, X>,..., X, are independent, identically distributed random variables, then 

the distribution function of the random variable, 

et 

n 

y 

2 asn — oo. Often a value is asymptotically normal with mean jz and variance no 

n > 30is sufficient to approximate the sample distribution by a normal distribution. 

The central limit theorem is the primary reason that the normal distribution is of 

such importance in statistics. 
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D. CONFIDENCE INTERVALS OF THE PROBABILITY OF SUCCESS IN 

REPEATED TRIALS 

An experiment that has exactly two outcomes, ‘often referred to as success and 

failure, is called a trial. If we define a random variable Y that is equal to | for a 

success and equal to 0 for a failure, then X = Y; + Y7 +---+ Y,, is equal to the 

number of successes in n (independent) trials. We know from the previous chapter 

that the probability density of X is the binomial distribution 

! , 
Narre je Oe a eSNG 7! (5) 

where p + g = 1. Recall that the mean and variance of the binomial distribution 

are np and npq, respectively. 

Suppose now we have data such as 

0 

0 a a oa 

for 30 repeated trials. The number of successes is 10, which leads to 10/30 = 0.33 

as an estimate of the probability of a success. We would like to assign a confidence 

interval to this estimate of the parameter p in Equation 5. This turns out to be 

fairly easy if n is sufficiently large,-becayse the binomial distribution is well 

approximated by a normal distribution for large values of n. In particular, the 

distribution function of the random variable 

eS 2 xp 
Di = 

oO (npq)*/2 
(6) 

is approximately normal with zero mean and unit variance for large values of n. 

We now choose a confidence limit 7 and use tables of the normal distribution to 

find the value of a that satisfies the relation 

1 oe ee: 
prob(-a<Z<a}=—— ef eau (7) 

Using the expression for Z in Equation 6, the inequality in Equation 7 becomes 

= X —np 2 g 

~ (npgyiz =“ “ 
If we let p = x/n (the ratio of the number of successes to the number of trials) 

be our estimate of p, then we have at the two extremes of Inequality 8 that 

po)" 
n 

p-p=sta| (9) 

Squaring both sides yields a quadratic equation in p, whose two solutions are 

(Problem 18) 
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2 a Q sll 
f i p+ Sea] & P) a 

n n ‘ = - “ (10) a 
ee a 

n 

The corresponding confidence interval is 

Conf (p_ = p= ps} BD) 

For sufficiently large values of n, we can neglect the terms in a7/n and a?/n? in 

Equation 10 and write the confidence interval as 

Hm i? ey 
Conf |p-o[22 2] <p <p+a|P-P 2 (12) 

n 

ne 
Example 5: 

Suppose an urn contains red balls and white balls. A random drawing (with 

replacement) of 50 balls showed that 22 were red and 28 were white. Use 

both Equations 10 and 11 to calculate confidence intervals for the actual 

fraction of red balls in the urn. 

SOLUTION: A 95% confidence level means that the area in the two 

extreme wings of the normal distribution are each 0.025, and so we find that 

a = 1.96 for 

ave a — 0.975 

Equation 12 with p = 22/50 and n = 50 gives 

Conf {0.30 < p < 0.58} 

Equation 10 gives 

Conf {0.31 < p < 0.58} 

LS ee ee ee ee ne ee 

Example 6: 
How many balls should we draw from the urn in Example 5 if we want a 

confidence level of 95% that p and p differ by no more than 0.050? 

SOLUTION: We start with Equation 12: 

eka” 
p-p=+a| 

n 
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Solving for n gives 

Z 
a A ix 

n=(< ) pls p) 
pop 

We have p — p = 0.050, but we don’t know the value of p. It was equal to 

0.44 when we drew 50 balls in Example 5, but there is no assurance that 

it will equal 0.44 if we draw more than 50. There are two procedures that 

are used. One is to let p = 1/2, in which case p(1 — Pp) will be as large as 

possible, yielding a type of upper bound of n. In our case, this gives n = 384. 

The other choice is to use the value of p that we found in Example 5, in 

which case n = 378. These two estimates for n don’t differ that much, so we 

can say that n should be around 380. In practice, we must balance between 

the expense or inconvenience of carrying out too many experiments and the 

reliability of the statistical inferences. Usually you would perform a limited 

pilot study to get an estimate of p and then estimate n accordingly. 

{Se NaN AP AR RR PE ITNT SES | 

22.3 Problems 

. Verify Equation 2. Pa 

. Show that Prob {—a < z < a} = 7 is equivalent to P(a) = (1 + n)/2 for a normal distribution. 

1 

2 

AF 

4 

Use any table of the normal distribution to verify the entries in Table 22.2. 

. Determine a 99% confidence interval of the mean of a normal distribution with ¢? = 12.0 using a sample of 

15 values whose mean is x = 26.5. 

. Using the following data for the current (in microamperes) from a photoelectric cell, determine a 99% 

confidence interval of the mean given that the data follow a normal distribution with 0” = 64.0. 

current 

IGT ~ 68.938 “67 > 78.23) 100!02 72.03" 78.13" 86.227 W728 = 73:06 

69.16 79.11 74.90 71.48 76.17 74.89 57.69 74.68 68.68 62.84 

. Reproduce Figure 22.8. 

. Using the following data for the density of a certain alloy (in g - cm~3), determine a 95% confidence interval 

for the mean given that the data follow a normal distribution with 0? = 0.36. 

density 

12:69 oval ALO (2804 Ol At 1234 e012 SOpen ts 40 

I203 12.42 - 2A el Sal SOT SO ae 12x65 

How large should n be in Problem 5 in order to produce a confidence interval of length 6.0 instead of 9.22, as 

in Problem 5? 

Use any table of Student’s ¢-distribution to verify the entries in Table 22.4. 
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10. Re-do Problem 5 without knowledge of «. Compare the confidence interval to the one that you obtained in 
Problem 5. 

11. Re-do Problem 7 without knowledge of o. Compare the confidence interval to the one that you obtained in 
Problem 7. 

12. Use tables of the ¢-distribution to determine what value of n must be used in Example 3 to achieve a confidence 
interval of length 1.5. 

13. Repeat the calculations in Examples | and 3 for (a) n — 1 = 25 and (b) n — 1= 100. 

14. Use any tables of the chi-square distribution to verify the entries in Table 22.6. 

15. Re-do Example 4 at a 99% confidence interval. 

16. The following data represent the tensile strengths of a magnetic alloy (in kg-mm_!). Determine a 95% 

confidence interval for the variance. 

tensile strength 

43.78 42.05 41.70 40.02 39.84 39.02 40.03 39.46 

40.08 39.34 37.64 42.18 41.69 37.48 40.93 39.51 

39.67 42.21 41.23 36.46 40.65 38.71 40.01 39.26 

39.94 38.22 40.01 36.60 41.38 40.17 43.23 

17. Re-do the previous problem at a 99% confidence level. 

18. Derive Equation 10. 

19. Calculate the 95% confidence interval for p if heads come up 1460 times 

in 3000 tosses of a coin. 

20. How large should n be in Example 6 if we want a confidence level of 99%? 

21. How large should n be in Example 6 if we want p to differ by only 0.010 

from p at a confidence level of 0.95? 

22. Show that the variance of a binomial distribution is maximized at p = 1/2. 

22.4 Goodness of Fit 

It frequently happens that we have reason to believe what form the distribution 

function of a population has, either from a theoretical model, or from experience, 

or from prescribed specifications. Suppose we think that the population is described 

by a Poisson distribution with mean equal to 3. We could then sample the popula- 

tion n times, plot our results in the form of a bar graph, and then compare the bar 

graph to a Poisson distribution with mean equal to 3, as in Figure 22.11. 

Figure 22.11 compares a bar graph of sample values to a Poisson distribution 

with mean equal to 3 for n = 100, 1000, and 10 000 sample values. The figures 

suggest that the data are approaching the Poisson distribution, but we would like to 

have a quantitative criterion for deciding if, in fact, the sample distribution reflects 

our proposed population distribution. There is a fairly simple test based on the 
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Figure 22.11 
Bar graph of (a) 100, (b) 1000, and (c) 

10 000 sample data taken from a Poisson 

distribution with mean equal to 3. 
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Table 22.7 

The step-wise procedure for the chi-square goodness-of-fit test. 

Step 1: Divide the x axis into n intervals (not necessarily of equal length), 

I, In, ..., I,, such that the number of observed sample values 0; in 

each interval is at least 5. 

Step 2: Using the hypothesized population distribution F(x), calculate the 

expected number of sample values e; = np; in each interval, where n 

is the total number of sample values and pj; ‘is the probability that x lies 

in the interval 1. 

Step 3: Calculate the quantity 

n : 2 

o> eae (1) 

Step 4: Choose a significance level a (say 0.010 or 0.050) and then use a 

table of the chi-square distribution (see Table 22.8) with n — | degrees 

of freedom to determine c, such that 

Prob {x7 >c,} =a (2) 

Step 5: If x* > cy,we reject the assumption that F(x) is the population 

distribution. If x? < Cy, We accept the assumption, or at least we don’t 

reject it. 

This step-wise process is called the chi-square test for the goodness of fit. 

chi-square distribution that allows us to do this. We’ll present this method as a 

step-wise process (Table 22.7), as we did for the various tests in the preceding 

section. 

You can see from Equation | that x? will be small if the sample distribution 

and the population distribution are similar. Tables of the chi-square distribution 

give values of the cumulative distribution function, Prob {x7 <x}, so Equation 2 

can be expressed as 

Prob {x7 <cy}=l-—a (3) 

An extension of the above procedure says that if the population distribution 

has r unknown parameters, then we use the corresponding maximum likelihood 

estimates and then use the chi-square distribution with n — r — | degrees of free- 

dom. 

The chi-square test is best illustrated by Examples. 

oer | 
Example 1: 

A coin is tossed 50 times and heads comes up 31 times. Is it a fair coin? 
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Table 22.8 

A short table of the chi-square distribution for n degrees of 

freedom. The table lists the values of c, for the corresponding 

values of n anda. 

a 

n 0.10 0.050 0.025 0.010 0.0050 0.0010 

1 Ps 3.84 202 6.63 7.88 10.83 

2 4.61 3.99 Tes) O21 10.60 13.82 

3 6.25 7.81 Shee) 11.34 12.84 16.27 

4 Tails 9.49 11.14 13.28 14.86 18.47 

> 9.24 LOR, 12 83)" 15.09" 16.75 20/32 

6 10.64 1259 1445 16.81 18.55 22.46 

i) 12.02 14.07 16.01 18.48 20.28 24.32 

8 £3304 1590" 17253) 2009. 21.96 26.13 

g 1468) 11692 7 19.02, 21.67 * 23:59 27.88 

10 15.99 18:31 20:48 2321 25.19 2959 

SOLUTION: We partition the results into two intervals, heads and tails. 

In Equation 1, 0; = 31 and 0, = 19. The expected values, based on the 

assumption that the coin is fair, are e; = e) = 25. The value of x? is 

31 — 25) 19 — 25)? ny mam ) me Ve 

Choosing a value of a = 0.050 and using one degree of freedom, we find 

from Table 22.8 that c, = 3.84. Because x? < 3.84, we accept the assumption 

that the coin is fair, or at least we do not reject it. 

| EE ere nee 

Mel te optic davketne-) Poe ew ed 
Example 2: 
Suppose now we toss the coin in Example 1 50 more times and get 62 heads 

and 38 tails (same ratio of heads to tails as in Example 1). What do you 

25 

conclude now about the coin? 

SOLUTION: In this case 

62-50)" G8 50)- mer ent ) 

which is greater than 3.84. Thus, we reject the assumption that the coin is 

fair. 

[ee a ee eee 

50 

25 

50 

2.88 

== Sho 

1105 
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Why do you suppose we concluded that the coin was fair in Example | and unfair 

in Example 2, based on the same ratio of heads to tails? 

Diane hae | 
Example 3: 
Someone gives you an algorithm to generate random digits 0, 1,2,...,9 

and it gives the following result when you use it to generate 200 random 

digits. 

observed 21 Dow A GLO el ees 2420 ez 

frequency 

What do you think about this algorithm? 

SOLUTION: The expected number of occurences in each case is 20, 

and so 

9 (27 — 20)? + (9 — 20)? + (14 — 20)? +--+ (12 = 20)? | 
Zi Zz 

20 

Choosing a value of « = 0.010, we find from Table 22.8 with 9 degrees of 

freedom that c, = 21.67. Because x7 > 21.67, we should be suspicious of 

this algorithm. 

ie eee ee Sa ee 

Let’s do an Example with a continuous distribution. 

RA aaa re a hie ew 
Example 4: 
We suspect that a population is described by a normal distribution with 

ju = 35 and o = 4.0. The population is sampled 100 times with the following 

results. (See Figure 22.12 for a bar graph of the data.) 

30 34 38 ae 
x interval <5 0) 3ORese = 30 32 = 3 4 86 

Figure 22.12 . 
A bar graph of the data used in Example 4. HANES = le Y My 

x interval HN S37 Shs) Bh ee AD) eA.) 

frequency 12 14 13 

Use these data to assess the assumption that the population is normally 

distributed with p. = 35 and a = 4.0. 

SOLUTION: Using tables of the normal distribution, we find that the 

corresponding expected values for the intervals in the above table are 10.56, 

12.10, 17.47, 19.74, 17.47, 12.10, and 10.56. The corresponding value of 
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Naas 

2 (11— 10.56)? (12 — 12.10)? Fe (13 — 10.56)? 

10.56 12.10 10.56 

= 2.76 

If we choose a = 0.0010, then Table 22.8 gives c, = 22.46 for 6 degrees of 

freedom. Because x* < 22.46, we accept the assumption that the population 

is normally distributed with 4. = 35 and o = 4.0. 

nN a RR ects Meee ito Where Hd wl 

22.4 Problems 

1. A coin is tossed 50 times and heads comes up 28 times. Do you think that the coin is fair? Use a 5.0% 

significance level. 

2. Ata significance level of 0.010, how many heads would have to occur in 500 tosses in order to suspect that the 

coin is unfair? 

3. A die is rolled 50 times and the numbers come up according to the following: 

number |b ae a eee aa 

frequency | OO, SS? eS eT 10) 

Do you think that the die is fair? Use a 5.0% significance level. 

4. We suspect that a population distribution is Poisson with 4 = 4. We sample the population 100 times and 

obtain the following: 

Bs Oe ly (ile Ben Ae Se GS TS) Se OF 

frequency 4 AOS MISSED: DBE VIG US: Aare 

Would you accept at a significance level of ~ = 0.050 that the population is described by a Poisson distribution 

with 4 = 4? 

5. We suspect that a population distribution is Poisson with 4 = 3/2. We sample the population 50 times and 

obtain the following: 

x ROD eae: 

9 frequency | 

Would you accept at a significance level of « = 0.050 that the population is described by a Poisson distribution 

with A = 3/2? 

6. Use the observed data in the previous problem to decide if the population distribution is Poisson. The mean 

value of the data is 1.84. Use a 5.0% significance level. 

7. Two dice are rolled 500 times and the total 7 comes up 96 times. Do you think that the dice are fair? Use a 

5.0% significance level. 

11.07 
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10. 

11. 

12. 

13. 

14. 

iS: 

16. 
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. A pair of dice are rolled 180 times and a total of seven comes up 40 times and a total of ten comes up 20 times. 

Test the assumption that the dice are fair at a 5.0% significance level. 

. Sixty families with four children were sampled and the number of families with x daughters turned out to be 

the following: 

x Oy 2 3 4 

frequency 

Test the assumption that these data satisfy a binomial distribution with p = 1/2. 

Test the assumption that the following data obey a binomial distribution with n = 4 and p = 1/2: 

x 0 1 2 3 4 

frequency LOL S45 345) lege 

Test the assumption that the data in the previous problem obey a binomial distribution with n = 4? The mean 

of the data is 1.43. 

The grades on 150 exams are distributed according to the following: 

interval <50 50-60 60-70 70-80 80-90 90-100 

number 34 Bs 4] Di 9 6 

Do you think that these grades conform to a normal distribution with j. = 62 and a0 = 15? 

Test the assumption that the following data obey a normal distribution with zero mean and unit variance: 

interval <-1.5 (—1.5,-1.0) (—1.0,—0.50) (—0.50, 0) 

frequency 6 2 24 2D 

interval (0, 0.50) (0.50, 1.0) (CEO SRE) (aaleS)) 

frequency 18 Y) 6 6 

Test the assumption that the following data obey a normal distribution with zero mean and unit variance: 

interval <a (2) 10) OF LD) 2) ese) 

frequency 14 10 2S 24 13 14 

Test the assumption that the following data obey a normal distribution with zero mean and unit variance: 

interval J (2) ee 0) Oe) Ck) 2 

frequency 18 SH 83 98 46 18 

Test the assumption that the data in the previous problem conform to a normal distribution? Take x = 0.0863 

and s? = 1.75. 
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22.5 Regression and Correlation 

A common and practical experiment in all sciences involves the repeated mea- 

surement of two different physical quantities for the purpose of determining a 

numerical relationship between them. We often seek a linear relationship, even 

transforming variables to obtain a linear relationship. For example, Figure 22.13a 

shows the vapor pressure P of water plotted against the celsius temperature, which 

is hardly linear. Thermodynamics tells us, however, that we should obtain a linear 

(or at least almost linear) plot if we plot In P against the reciprocal of the kelvin 

temperature, as shown in Figure 22.1 3b. 

This section involves regression and correlation. In regression analysis, we 

assume that one of the two variables, call it x, can be measured without appreciable 

error, and so we regard it as an ordinary variable. The other variable, Y, which 

is a function of x, is subject to some imprecision or uncertainty and is regarded 

as a random variable. We call x the independent variable and Y the dependent 

variable. In regression analysis, the mean value of Y is assumed to be a function 

of x, “= w(x). The curve y = u(x) 1s called the regression curve of Y on x. In the 

linear case, 4(x) = a + bx, which is called the regression line of Y on x and the 

slope b is called the regression coefficient. In correlation analysis, both variables 

are regarded as random variables, and we wish to determine if they are, in fact, 

related. 

Table 22.9 lists some typical data for the resistivity o of nichrome as a 

function of the celsius temperature t. These data are plotted in Figure 22.14. Both 

Figure 22.14 and theory suggest that the relation between p and f¢ is linear. We 

want to draw a straight line through the data in Figure 22.14 in the most objective 

Table 22.9 

Typical data for the resistivity of nichrome as a function of the celsius 

temperature. The resistivity is expressed in units of meter - ohm x Om 

Ee 20 Ms) 30 5S 40 45 50 

GIST "6.913 3.009 ~ 8.528 66.242 $203 7.972 

Figure 22.14 : 
The resistivity p of nichrome as a eG 

function of the celsius temperature. 

The resistivity is Ga in units of 5 50 ft 

meters - ohms x 10’. 

THO? 

760 

100 

50 100 # 

‘InP 

/T 
(b) 

Figure 22.13 
(a) The vapor pressure of water plotted 

against the celsius temperature. (b) The 

logarithm of the vapor pressure of water 

plotted against the reciprocal of the kelvin 

temperature. 



Figure 22.15 
A set of data points with a straight line 

drawn through them. If the equation of 

the straight line is y =a + bx, then the 

vertical distance of y; from the line is 

dj =y;— 4 — bx;: 

& 
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way. Figure 22.15 shows a set of points with a straight line drawn through them. 

If the equation of the line is y = a + bx, then the vertical distance d; of the point 

y; from the straight line is 

d; =y; — (a+ bx;) (1) 

We’re going to choose a and b such that the sum of all the distances d; is a 

minimum. In particular, we'll minimize the sum of the ee so that we have 

n n 

SGa2)=)) 54i= Dao), —a —bx;)? =minimum (2) 

j=l j=l 

where n is the number of pairs of data points. This standard procedure is called the 

method of least squares. Yo minimize S(a, b) in Equation 2, we simply set both 

dS/da and 0S/db equal to zero and solve for a and b to obtain (Problem 1) 

a=y—bx 

n 

) Xj Yj —hxX y 

| 

-b=?i 
n 

(3) 

j=l 

Note that the first of Equations 3 says that y = a + bx. 

Equations 3 are perfectly useful as they stand, but it is convenient and con- 

ventional to express b as 

Say 
b=—= (4) 

sf 
where 

| n 

) — 

coh Cras (5) 
(= 

and 

1 n 

gees Yj —¥)(yj -¥) (6) 
j= 

The sum Se is called the variance of the x-values and s,,, is called the covariance 

of the sample (even though x is not a random variable in regression analysis). The 

resultant straight line is called the regression line of the sample and the slope b is 

called the regression coefficient of the sample. 

For the data in Table 22.9, t = 35, p = 8.523, or = 116.7, and s,, = —4.449, 
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and so 

5). 24449 
116.7 

= — O38 512 

and 

a = 8.523 + (0.03812)(35) = 9.858 

Therefore, the regression line is = 9.858 — 0.03812 t (Figure 22.16). 

eet See 8 eS el 
Example 1: 
Table 22.10 lists some data for the molar heat capacity of carbon monoxide 

as a function of the kelvin temperature. Determine the regression line for 

these data. 

SOLUTION: The necessary quantities from these data are 

T =800 C p = 32.34 
7 = 18700 Src = 133.78 

and so b = stc/sz = 0.007135 and a = 26.64. The least-squares straight 

line is 

Cp = 26.64 + 0.007135 T 

These data and results are plotted in Figure 22.17. 

ee ee ee ee 

Table 22.10 

The molar heat capacity (joules per mole per kelvin) of carbon monoxide as a 

function of the kelvin temperature. 

650 700 750 800 850 900 950 = 1000 

BO Fie SL O4 g SII2e S26). 32.209 32.2) “33:41. 33:20 33.97 

At one time the calculations of a and b were fairly tedious and older statistics 

books offer various short cuts for handling lots of data, but nowadays even the most 

modest CAS calculates not only linear regression lines, but regression curves for 

polynomials and sums of essentially arbitrary’ functions (Problem 6). 

We said at the beginning of this section that we consider the Y; to be random 

variables. We’ll now assume further that each one is normally distributed with 

1111 

tp 

Figure 22.16 
The data in Table 22.9 along with the 

regression line p = 9.858 — 0.03812 t. 

ve 

Figure 22.17 
The data in Table 22.10 along with the 

regression line Cp = 26.64 + 0.007135 T. 



tb2 

oSy 

i 
Figure 22.18 
An illustration of the assumption that each 

random variable Y; is normally distributed 

with mean jz = a + Bx and variance o”, 

which is independent of x. 
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mean 

w(x) =a + Bx . (7) 

and variance o*, which is independent of x (Figure 22.18). Notice that we use the 

notation w + Bx in Equation 7. Equation 7 is the regression line of the population 

and B is the regression coefficient of the population. The values of a and b depend 

upon the particular sample, but a and f are population parameters. We’ll now 

show that a and b given by Equations 3 through 6 are the maximum likelihood 

estimators of a and £, respectively. 

Because we are assuming that the Y; are independent and normally distributed, 

the likelihood function is given by 

<p 1 1 n ; 

IL Oh [Bs & a omeaapo ean Deal (8) 

(Notice that maximizing L(a@, B, 07) is equivalent to minimizing S(a, b) in Equa- 

tion 2.) Taking the logarithm of L(a@, 6, 7) and then maximizing In L(a, B, a7) 

with respect to w and f gives (Problem 7) 

C= a= y — DX (9) 

p=) (10) 

as the maximum likelihood estimators of the population regression parameters @ 

and fp. 

We learned in Section | that maximum likelihood estimators are normally 

distributed for large values of n. In that case, we can determine confidence intervals 

for the population regression parameters a and #. As we did in Section 3 for other 

types of confidence intervals, we give a step-by-step procedure for determining 

confidence intervals for w and f in Table 22.11. (See the references at the end of 

the chapter for the theoretical justification of this procedure.) 

es Se es os eSCS 
Example 2: 
Use the data in Table 22.10 to determine 95% confidence intervals for a 

and fp. 

SOLUTION: Example | gives us T = 800, CF = 3) 3h, Se == IS 7/510) 

Spc = 133.78, n =9, a = 26.64, and b = 0.007135. Furthermore, the data 

in Table 22.10 yield ee = 1.0299. We now follow the step-by-step procedure 

in Table 22.11. 
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Table 22.11 

A step-wise procedure for determining the confidence intervals for the 

population regression parameters a and f. 

Step 1: Calculate the two quantities 

2 247.2 Ph he [(n — I)sy + nx I(sy —b sy) 

CE PETE AS a SO 
n(n — 2)s< 

and 

ee ee b ‘ 
Oo, = 

B (n — 2)s2 

Step 2: Choose a confidence interval, 77. 

Step 3: Use a table of the standardized normal distribution, p(z), (see also 

Table 22.2) to determine a value of y such that 

y 
Prob {—y Segre Lia 

was 

or, in terms of the cumulative distribution function, choose y such that 

1+ 
F(y)=— 

Step 4: Calculate yo, and yo,. The confidence intervals of aw and 6 are 

given by 

Conf {a — yo, <a <a+vyo,} 

and 

Conf {b — yo, < B <b+ yo,} 

The justification for this procedure is given in the references at the end 

of the chapter. 

Stepall 
= 

> [in —1)s7 + nT lIsz. — b?57] 

? n(n — 2) 

[(8)(18750) + (10)(800)7}[ 1.0299 — (0.007135)?(18750)] 

(9)(7)(18750) 

= 0.4179 

> 3@— °F 1.0299 — (0.007135)?(18750) 
OM Sa ea Se SS ae Se ee 
PIG = 252 (7)(18750) 

= 5/740 AO 

1 9 es: 
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or 

Og = 0.6464 and 0, = 0.000758 

Step 237 = 0.95 

Step 3: Using Table 22.2, we find that y = 1.960. 

Step 4: 

Cont(25-3 72.0 = 21.91} 

and 

Conf {0.00565 < B < 0.00862} 

ee a 

Up to this point, we have assumed that the independent variables (the x ;) are 

determined with little or no uncertainty, so that we may regard them as ordinary 

variables. From here on, we’ll treat both X and Y as random variables. We define 

a correlation coefficient of the sample by 

Sy 
(— 

gy wey 
s,> 04 sy 0 (11) 

Since s,,, may be either positive or negative ands, > 0 and s, > 0, r may be either 

positive or negative. Problem 4 has you show that 

Ss. 

5 (12) 

and so we see that r? < 1, or that —I1 <r <1. Furthermore, if r2 = 1, then oR =i) 

and all the sample pairs (x1, yj), (%2, 2), -.-. (%,» Y,) will lie on a straight line. 

The converse is also true; that is, if all the sample pairs lie on a straight line, 

then r? = 1 (Problem 11). Suppose, on the other hand, that there is no relationship 

between the x; and the y;. Then the terms in the sum 

. dG; -2)0;-9) 
j=l 

will be equally likely to be positive and negative, and so s,,, and consequently r, 

will be zero. In this case, the xj and the y j are said to be uncorrelated. This all 

suggests that the value of r is a measure of the linear correlation between the x js 

and the yjs. 

x: 
Example 3: 
Determine the value of r* for the data given in Table 22.10. 
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SOLUTION: 

2 2 s 133.78 7p? = -7C ( ) 0.997 
Spee 8790) Cl.0299) 

indicating that there is a fairly strong linear relation between the molar heat 

capacity of carbon monoxide and the kelvin temperature over the given 

temperature range. 

AY i a a Saath oe Ae “| 

The sample correlation coefficient r is an estimate of the population corre- 

lation coefficient p, which is a true measure of the linear correlation between y 

and x. After all, we might have chosen n sample pairs that fortuitously laid on a 

straight line, and r would equal one even though y and x are not linearly related. 

We defined the covariance of two random variables 

Oxy = E[(X — wx) (Y — py)] (13) 

in the previous chapter. In Equation 13, wy and jy are the means of X and 

Y, respectively. In analogy with Equation 11 for r, we define the population 

correlation function p by 

pei (14) 
OxOy 

where oe = E(x — Be)" | and ee =E[(Y — tear The population correlation 

coefficient has properties similar to that of the sample correlation coefficient. For 

example, —1 < p < 1, and Y and X are linearly related if and only if po == jl, Unt 

p = 0, then the random variables X and Y are said to be uncorrelated. Equation 13 

shows that oyy =0 if X and Y are independent. Thus, if the random variables X 

and Y are independent, then they are uncorrelated. The converse is not necessarily 

true, however. Consider a random variable X that equals +1 with probability 1/2, 

so that wy = 0. Now if Y = X?, then 

ane 3 ye uaa 
pi Z 

E[XY]= E[X*]= 0 

and 

oxy = E[(X — wx)(Y — wy)] = E[X?] — wy E[X]=0 

Therefore, p =0, and X and Y are uncorrelated. They are hardly independent, 

however, since Y = X°. For the important case where X and Y are jointly normally 

distributed, however, which will often be the case, then if X and Y are uncorrelated, 

then they are independent (Problem 12). 

We can calculate confidence intervals for p assuming that X and Y are jointly 

normally distributed. We present the step-wise procedure (Table 22.12), due to the 

British statistician R.A. Fisher, without proof. 

TES 
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Table 22.12 

A step-wise procedure for determining confidence intervals for the population 

correlation coefficient. 

Step 1: Calculate the quantity 

1 l+r 
ain 

2 l-—r 

Step 2: Choose a confidence level, 7 (for example, 95%, 99%,. . .) 

Step 3: Using tables of the standardized normal distribution (see also 

Table 22.2), determine a value of € such that 

lar a) 
F(é) = —— &) 5 

Step 4: Calculate 

g g 
?, = tanh (: — and fP) = tanh {| z+ 

Vn — ;) 

The confidence interval for p is given by 

Conf {p; < p < p9} 

Perea Sesdariorana 7 GY Diane s Tine &, selkfaee canna ee 
Example 4: 
Determine 95% confidence intervals for the population correlation coefficent 

p using the data in Table 22.10. 

SOLUTION: According to Example 3, r = (0.927)!/? = 0.963. 

Step i= >In" = in = 1.98 
7  O0e7 Ff 

Stepan OLO 50) 

Step 3: Using Table 22.2, we find that € = 1.960 

1.960 
Step 4: p; = tanh (198 _ | = tanh ies) i= 08827] i We 

1.9 
Step 5: 7 = tanh (1.98 ae *) = tanh(2.78) = 0.992 

Therefore, 

Conf {0.827 < p < 0.992} 

Reo Ie RNR So Soman perigee be Agents oe | 
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Before we finish this section, we should discuss the important topic of error 

propagation in measurements. Let f(x, y) be some quantity whose value we can 

determine by measuring x and y separately. For example, f(x, y) might be an 

area of a rectangle, which we determine by measuring its width, x, and length, 

y, to give A = xy. Suppose now we measure x and y, so that we have the pairs 

(X1, ¥1), (X2, V2), -+ +» (Xp Y,). We can calculate the means and sample variances 

of x and y according to 

_ 1 A 

C—_— Xx; and y= - ). 15 j : foe lS) 

] a 1 fh >. 

sls Dee) and i rae NOs 1s (16) 
j=! 

We can also calculate n values of f(x, y) from the n pairs (x;, y;) according to 

1G BS i ears jie from which we can calculate 

os 1 A 

p= Diroey) and — 
n : 

j=! 

n 

i eo GHA (17) 
n—1¢ 

fel 

Just as s, and s, are measures of the imprecision of the values of the x ;s and y;s, 

we consider s ¢ to be a measure of the imprecision of the f(x;, yj). 

Assuming, as usual, that the imprecisions are small, we can expand f; = 

f(x;, yj) about x; =x and y; = y to obtain 

eles of pe of _ 
i = f (xj), yj) tee) a (ale (x; —x) + ee (Yj = jy) +.. -(18) 

If we divide both sides of Equation 18 by n and then sum over /, we obtain 

f =f) (19) 

Thus, if f(x, y) = xy represents the area of the rectangle, then A=XY. 

We can also determine s in terms of the imprecisions of the (x;, y;) data 

pairs. Substitute Equations 18 and 19 into oe (Equation 17) to get (Problem 21) 

2 2 nee a d a 
t=(2) 24 (2) 242(2) (+) me OU) 

ON CW fox a ORS leg =f ON sae i 

where 

Syy Tey) (21) 
== 

n—l1¢ 
j 

If the values of the x; and the y, are independent, then s,,, = 0 and Equation 20 

NZ 
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reduces to 

2) 2 

s% = (+) aes (# sa (22) x y 
Ox X,y dy x,y 

a standard formula in the theory of measurements. 

SS ee | 
Example 5: 
Suppose we determine the density of a sphere by measuring its mass and 

its diameter. We find after a number of measurements that the mean mass 

is 106.4 grams with a standard deviation of 0.50 grams and that the mean 

diameter is 4.321 cm with a standard deviation of 0.0010 cm. Determine the 

mean density and its standard deviation. 

SOLUTION: The density of the sphere is given by p = m/(2d°>/6) = 

6m/sd>. The mean density is 

6m 6(106.4 g) 
p= = ——  =2.519 8 - cm 
ep (4.321 cm) 5 

3 

The variance is given by 
“ 

2) 2 
0 B/LO 

2 = (2) 3 +(2) 5G 

OF NOW) aia Od od 

6 ; 18 : D! m 2 
= ‘a, Ss, + —— ty 

( 4 n ( | d 

= (5.604 x 107+)(0.50)? + (3.058)(0.0010)2 

= 1.43 x 107+ 

This result is often expressed as p = 2.519 + 0.012 g-cm~3. 

aera a 

22.5 Problems 

1. Derive Equation 3. 

2. Derive Equation 4 from Equation 3. 

3. Show that the regression line always passes through the point (x, y). 

4. Show that S(a, b) in Equation 2 can be expressed as 
yD, Se 1 n 

Se 1)(s? = bs?) =(7ie— 1) (« _ 2). where & = aa 0; — Ne 
: d s x n= 

— x 

Sen 
Now show that iG > aa 

Ss 
x 
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3 

14. 

tS: 

16. 

Use the result of the previous problem to show that all the points of a sample lie on the corresponding regression 
Aes FP! eae ea) line if and only if Sey Oy: 

. Derive formulas for a, b, and c in the regression curve y = a + bx + cx? for a parabolic fit. 

. Show that the maximum likelihood estimates of w and £ in Equation 8 are given by Equations 9 and 10. 

. Use the following data to determine the least-squares regression line: 

oie 0.00 0.25 OSD, SOS eal OOK C1250 INO) 175 

y =(J27105: O0605: ~ VIS 2enl.854e 27300. 2:925nic4422; 93:248 

a 2.00 22S ADO) Ane) ~~ S400) S45) Sea) = STI OLD) 

y 4.120 4.453 5.631 5.125 5.412 6.684 7.307 7.726 8.400 

. Use the data in the previous problem to determine confidence intervals for a and f, assuming that ~ and f are 

normally distributed. 

. Use the data in the previous problem to determine the correlation coefficient r. 

. Show that the correlation coefficient r = +1 if the sample pairs lie on a straight line. 

. Show that if the two random variables X and Y are jointly normally distributed, then they are independent if 

they are uncorrelated. 

. Let 7’ be the viscosity of a polymer solution and 7 be the viscosity of the solvent. Then (7' — n)/n = Nsp 1S 

called the intrinsic viscosity of the solution. Theory says that 77,,,/c should vary linearly with c, where c is the 

concentration of the polymer in the solution. Table 22.13 gives some typical data. Use these data to determine 

the least-squares regression line. 

Table 22.13 

The intrinsic viscosity of cellulose nitrate in alcohol. The units of concentration are 

grams per liter. 

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 

Nsp/€ POM Ole eT sO" 145. 16.40 17eF ADD 20.5 22:35 23.9 

Use the data in the previous problem to determine a 99% confidence interval for @ and £, assuming that and 

f are normally distributed. 

Use the data in the previous two problems to determine a 99% confidence interval for the population correlation 

coefficient p. 

In the photoelectric effect, a metallic surface is irradiated with electromagnetic radiation and electrons are 

ejected from the surface. The energies of the ejected electrons are determined by measuring the potential at 

which the photoelectric current drops to zero. According to the theory of the photoelectric effect, the stopping 

potential @, is linearly related to the frequency of the radiation by ¢, = av + b. Use the data in Table 22.14 to 

determine the least-squares values of a and b and the value of the correlation coefficient r. 

pis) 



T1120 Chapter 22 / Mathematical Statistics 

Table 22.14 

The stopping potential for the photoelectric effect on sodium metal. The 

frequency v 1s given as 10—!> Hz and the stopping potential ¢, is given in volts. 

0.46 OA Sime (O50: w 1:0:528 01054. 0.56 0.58 0.60 

00834, 80315) 0:182) 910:3405,/0:5786 i O3524, 9407731 Ose ps 

17. Use the data in the previous problem to determine a 90% confidence interval for w and 6, assuming that a and 

B are normally distributed. 

18. Use the data in the previous two problems to determine a 90% confidence interval for the population correlation 

coefficient p. 

19. Table 22.15 gives the vapor pressure of water P (in torr) and the corresponding temperature f (in °C). 

20. 

21. 

22. 

23. 

Thermodynamics tells us that a plot of In P against 1/7, where T is the kelvin temperature T = ¢ + 273.15, 

should approximate a straight line. Determine the least-squares fit to these data. 

Table 22.15 

The vapor pressure of water, P, in torr and the corresponding celsius 
“ 

temperature, f. 

t 0 5 fou 15 20 25 30 

Ne 4.6 6.5 92 12.8 17.4 23.8 31.6 

t 35 40 45 50 =P) 60 65 
= 

ie 42.2 3553 TD 92'S 118.0 149.4 187.5 

t 70 75 80 85 90 95 100 

fi 23961 299: 1 6355.1 = .433:6-55529.8. 655.9 2/60) 

Use the data in the previous problem to determine a 99.5% confidence interval for a and B, assuming that a 

and # are normally distributed. 

Substitute Equations 18 and 19 into Equation 17 to obtain Equation 20. 

Show that s,, defined by Equation 21 satisfies the inequality |s,.| < s,s. Hint: Start with 

Af) = aie, Ssh = y)) > O and use the fact that Ain = s? Se allie = 0; 

1 sei 
Suppose we have two independent measurements on a quantity y and that the results are reported as y, + 0, 

and yj + 07. How should we combine these results to find the average? Surely y = 5() + y>) is unsuitable; 

the value with the smaller value of o should somehow be weighted more. Use the maximum likelihood method 
Wiy1 + W2y2 to show that y = where w ; = I/o;. 

W, + Wo 
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24. Suppose we determine the volume of a right circular cylinder by measuring its height and its radius. We find 

after a number of measurements that the mean height is 16.06 cm with a standard deviation of 0.015 cm and 

that.the mean radius is 3.751 cm with a standard deviation of 0.018 cm. Determine the mean volume of the 

cylinder and its standard deviation. 

25. The pressure of a gas at low pressures satisfies the ideal gas equation, P = aS where n is the 

number of moles, 7 is the kelvin temperature, V is the volume, and R is a constant whose value is 

0.083145 liter - bar - mol~'. K~!. Suppose that we determine the pressure by measuring n, T, and V. The 

data give us 7 = 0.1025 mol, s,, = 0.00652 mol, T = 286.30 K, s7 = 0.196 K, V = 30.444 liters, and 

Sy = 0.0959 liter. Determine the mean pressure of the gas and its standard deviation. 
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Answers to Selected Problems 

Chapter 1 

SECTION 1.1 
‘5 

a 
2 

1. (a) -4 <x <4, (b) —co <x < oo, (c)x > 0, (d)x 41; 9. Anellipse, = aie 1, 
(Oia 2 

; fre) 2 | 2 

Where boeeg? 2) 1g) Ie a 47. A parabola 15° Gay Perioaté, 
ae a 

m/2, (b) Periodic, 2, (c) Not periodic; 16. (a) Odd, (b) Neither, (c) Even, (d) Neither; 

19. 1? lx xr 42 20. 2/4 y2): 22. (a) Dex <2, b)—3 =x = 1/5; 

23. A staircase; 24. A sequence of square waves. 

SECTION 1.2 

4. (a) 3, (b) 0, (c) 1, (d) 2/3; 5. (a) 2, (b) 1/2, (c) —6, (d) 1/2; 6. (a) 2x, (b) —1/x?, (c) cos x, 

(d) —sinx; 7.(a)0,(b) 1/2; 8. 1/2,/2; 97 lim = and? lime =— 1s 0s bi: 
xO Bf A 

Pars 85, 2; © 1671-~ 17, 2/3" 18.60." 19; S60" 20) — 1 

SECTION 1.3 

2. No, but the point x = | is a removable discontinuity; 3. Use the intermediate value 

theorem and the fact that f(1) =5 and f(—1) =—3; 4. Let f(x) =cos x — x and apply 

the intermediate value theorem; 5. (a) —1, (b) 1, (c) does not exist; 6.x =nz where 

n=0,+1,+2,...; 9. We say that g(x) diverges more strongly than f(x) at the point x = 2. 

Furthermore, the one-sided limits of f(x) differ in sign, but those of g(x) donot; 10. Yes; 3/2; 

11. Let f(x) = x3* — 2 and use the intermediate value theorem and the fact that f (0) = —2 and 

AOU alice aD evel 

SECTION 1.4 

5 Pe OS 3 Si AN 3 oo) 

1.(a) (1 —4x —2x-)e™ ,(b) eee — ,(c) 2x tan 2x + 2x? sec*x; 2. (a) 5k =e 
x ye 

1 2x —3 ; —e * sec x tan x + sec? x 
b (CG) an niiGia sna , (b) E=ISOCEs 
©) D (Gee = Sie ee } 1+ e2* sec x + tan x 

sin x sin Xx 
(G)ix In x cos x + ); 5. No; 8. x =1 is a maximum and x = 2 and 

a 

—2 are minima. There are inflection points at x = (1 ae J13); Dea) Os eet 
2 2 

=) oa : and note that F(é) = (é + a) (é — 5) is symmetric about € = 0; 

13. x%(1+Inx); 16. Aynax = 25/2; 18. (2773, 42"); 19. 1; 20. 37r24/3/4; 
26. 18x3e~* cos(3x2 + 2) sin2(3x2 + 2) + 2xe* sin?(3x2 + 2) — x2e sin3(3x2 + 2); 

18 cos 5 sin? 5 i sin? 5 
27 = 1.40284; 29. 34.4082. 

e 

SECTION 1.5 

1. Use Ax = —5 and obtain 4.933; 2. AV =3.84 cm’, or 0.75%; 3. €(x) = 
(x + a) Ax 

(x +a)(x +a+ Ax) 

Se Ay = LOO) ay O00) ko dyno) Ay =n — Ax — (19:0) (O10)! = 1.90; 

6. Ay = (4.35)!/? — (4.00)'/? = 0.086, 

(3x + Ax + (Ax)? = 0as Ax 0; 4.€G)= —> O0as Ax > 0; 

123 
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; Ax 0.35 : 
p= f'(x)Ax = = = 0.0875; 7. dcos@=(—sin6)d@ = 

Oi DO BTA. O0) 112 er 
(—0.4226)(0.20°) = —0.085; 8. (a) dx/8x!/?, (b) —dx/x5, (c) 2 tan x dx/ cos? x, 
(d) —dx/4x3/?; 9, (a) 2x dx/3(x2 — 2)2/3, (b) cos x!/*dx/2x'/?, (c) —e°S* sin x dx; 
10. Yes; 11. (a) —2 tan y/x, (b) (3x? — 6y)/(6x — 2y), (c) —b*x/ay. 

SECTION 1.6 

15.0:707 1 252.7828 4012) OL DON C)ON GIO Sula (by M/Z) (Ga G21(ay 0: 

(b) 1, (c) 1,(d) 1; 9.1; 10.1; 11. The next to the last displayed limit is not an indeterminate 

form. 

SECTION 1.7 

1. Integrate the formula for the derivative of a product; 2. (a) —(1+x)e “*, (b) sin x — x cos x, 

(c) (In x)?/2, (d) x nx —x; 3. (a) — cos~!(x/a), (b) In tan(37/8) = 0.8814, 

(c) 1/8 + 1/4, (d) a2x/4; 4. (a) In[ x + Vx? — a2], (b) (V2 + sinh“! 1), (c) sinh! 1, 

(d) tanh~!(1/2) = 0.5493; 5. 4/3; 6. wa?/2; 7. J17 + 4 In(4 + V17) = 4.6468; 
n n n 

8.mr?h/3; 14. 8;=n2(n + 1)?/4; 16. )°@j-)=2)>-) lanin+l—n=n’, 
j=l j=t Wa 

21. 1/3. 

SECTION 1.8 

ge) 2/3) il GO es 82 ip Beer: a4 oar 2 Sands BO ahe 
integral diverges; 20. It does not converge; 23. 0.4036; 24. 0.3857; 25. In 2; 

26. (1/2 /2aye-#*/42. Gr 2 Daye". 

SECTION 1.9 

3. Differentiate he e “dt = 1/a with respect to W n times; 5. Differentiate 
2 5 é : 3 

ere edt = (1/4a)'/? with respect to w n times; 9. Yes. The second integral is 

uniformly convergent; 13. cot~! a. 

Chapter 2 

SECTION 2.1 

9. (a) Increasing, (b) Decreasing if n > 2, (c) Decreasing, (d) Decreasing; 12. (a) s, > 1, 

(bys Tics; — e, dMien-s 1350! 

SECTION 2.2 
noe 

ME 2YPR. PAVERS wt FeSyAl be itera Bie ff. “ — eR YP IVE ais oak —> las 
D, 2n+1 Be 

n—oo; 11.1/24; 12. (a) |x| < 1/2, (b)0 <x <2, (c) -l1<x <2,(d)x <0; 14.No. 

SECTION 2.3 

1. No; 2. Yes; 4. About 25: 8. No. S as written is an indeterminate form, oo — 00; 

10. (a) Converges, (b) Converges, (c) Converges, (d) Diverges; 11. Yes; 12. No, yes; 

13. Yes. Use the fact that 1+ 2+.---+n=n(n + 1)/2. 

SECTION 2.4 

1N  un4i Sn Ry |Ry| 

0.0625 1.0000  —0.0529 0.0529 | 

2) O01235 019375 0.0095 0.0095 

3. 0.0039 0.9498  —0.0028 0.0028 

4 

5) 

0.0016 0.9459 0.0011 0.0011 

0.0008 0.9475 —0.0005 0.0005 
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2,.N v4 Sn Ry |Ry| 

1 0.2500 1.0000 —0.1775 0.1775 

i) Co Oa5 00) O0/25 10:0725 

3 0.0625 0.8611 —0.0386 0.0386 

4 0.0400 0.7986 0.0239 0.0239 

5 0.0278 0.8386  —0.0161 0.0161 

3. About9; 4.About14; 5. About21; 9.Diverges; 10.Converges; 12. (a) Conditionally 

convergent. (b) Conditionally convergent, (c) Absolutely convergent, (d) Absolutely convergent, 

(e) Conditionally convergent, (f) Diverges; 13. Conditionally convergent; 14. Diverges 

(Raabe’s test); 15. Converges absolutely for |x| < 1; 16. Converges; 

19. N UN+1 Sy Ry [Ra 

1 0.5000 1.0000 —0.4167 0.4617 

A (Oysters) (OLS 0X010) 0.0833 0.0833 

S25 000 S305 ee 0S 00M 02500 

4 0 0.5833 0 0 

5) 0 

20. Converges (Raabe’s test). 

SECTION 2.5 

1. (a) All values of x, (b) 0 <x <4 and conditionally at x = 0, (c) —1 <x < 1,(d) —2 <x <QOand 

conditionally atx =—2; 2.(a) x =O only, (b) —l<x <3; 3. All values ofx; 6. (a) Take 

M =1/n*, (b) Take M =1/n7; 10. No, because the terms of the series are continuous and 
3 5 7 

S(x) is discontinuous; 12. 1+ 2x + ahr encod Ihe Z + = — 7 s..-: 14. Yes. 

Use the M test with M =1/n*; 15. S,,(x) does not converge uniformly to S(x). 

SECTION 2.6 

2,(@) =l|<2 <= (dD) eo Hh =O EO) Seo K< Seo, Olav =e “6@)Hl sa < lh 
3 5 

(b) —2 <x <0; 5.x+ & + = +--+; 6.0.7357; 7. Differentiate the geometric series 

twice; 9. S(x) =sinx and C(x)=cosx; 10. Let x = J3/3 and tan—! ./3/3 = 2/6; use 11 

terms. 3.141593. 

SECTION 2.7 

2. Each number is the sum of the two above it; 3. Use the binomial expan- 

sion with x = 1; 6. Use Equation 3; 8. Choose n > 10. 2.718282; 9, Mul- 
5 ee) (—x?)" ee) (—1)" x2ntl 

q 7 = . A . tiply the expansion of e Dyeeoaes es oe yb 

eau ; ‘ pn 

Sie 8 Es Su 
Equati Tawithi ons 2a + +..+: 14, Use Equa- 
ck | : Bye os de, 2 dee : 

10. Use 
n! 

x21? x2 x4 / 

tion 7 with a = —1/2 and “x"=—x?; 19.1 el See )e + O(t); 

Ay el es 7 5 
DAN, se te Se Sage SE OG AIG (CF = 1h) ae = Ce — ID) 
eT 2 6 ; 

| Bite ol 6 7 3 De 7 2 
5 1 == [ye pps 3 3m + — | (x — = ae 1)? + Fa P+ Ox yy") a mm“ (x — I) (x 5 Ce) 

& 

Geo) Olea) ). 
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SECTION 2.8 

1. Yes; 2. 0.42872; 3. No. It diverges as Ine ase > 0; 4. It tells you that the 
4 : 

integral diverges; 5. (1+ ey) 7s ao + .-.--Yntegration of three terms gives 

1 1\? BN BEN 
0.5031; 6. 0.503098; 7. — i+(+) e+ (=) H+ (>>) Ke tetas 

2 D aA, 2 FANG 
x3/2 x 9/2 x 1/2 

9. sin /x = x!/? aes, im. 0.60234; 10. 0.602337; 11.1; It’s a 

"8 je 1) 4n-+2 ; 

telescoping series; 12. —————; 13.10!/21!; 14. Mathematica beeps that f'(0) is 
Seer? & 4n +2 / P f 

n=0 
3 3 | 3 

an indeterminate expression. f’(0) = —1/6; 19. 1 — ms + sR) — 5 eR) + = (k R)'— 

B ; 2 é 4 5 6 8 10 

ZUR) OUR): 2h l= op ee ea a 
8 4 ' 64 2304 147456 14745600 
23. 1/A(t) = 1/Ao + kt. 

Oca. 

SECTION 2.9 

1. Integrate by parts, letting “uw” = I/u and “dv” = ue" du: 4. — f(x) sin x + g(x) cos x; 

(—1)"(2n — 1)! 

=n 1)! 

CO 

7. Write Equation 14 as 1+ 5° ; 9, F(10) = 0.099010 using 
n=] 

3 5 l l/s —1f/s°?+ l/s’; 10. F(s) = -—-— — 
5s 3s 

“exact” result is tan~!(0.10) = 0.996687. 
ras 

+.--- To two terms, F(s) = 0.99666. The 

Chapter 3 i 

SECTION 3.1 

I 5 ae 
1 r( jis ve, 2. 3/8; 3.50 (5)-%: 4. /m/8; 5.(—-1)"T(n+ D); 
ao) 2 q/2 a 

6. (27)!/?; 13. 8.8553; 15. (a) 10!! = 3840, (b) 7!!= 105; 17. =r (“+ *) 
n n 

SECTION 3.2 

1. Use Equation 2; 5. 57/8; 6. B(4/3, 4/3) = T(1/3)7/10 1273) = 0152999: 

r(d/3)r(5/3 3 oe = 2.4184; 8.4; 9. 27/373; 10. P(1/6)./7/6a2T (2/3); 

11. 2'/3B(2/3, 2/3)/2 = 1.29355; 12. 37/8. 

SECTION 3.3 

, 2 x x2 
2. Jz erf (2/2)/2 = 0.88617; 6. erf (/2) = 0.955; 9. tsa 

xia 3 10 

10. Six terms give 0.8426; 15. Let a = 1/4, 2b =a, and c = 0 in Problem 11. 

SECTION 3.4 

1. Integrate E,,(x) by parts, letting z~” be “wu” and e**dz be “dv”; 
(Fae n 

4. | Iki 5 +:--]; 5. Expand sin u/u and integrate term by term. 
x-+n (x + n)* 

SECTION 3.5 

6. 4/2 E(1/V2) = 7.640; 7. 16E(/3/2) = 19.38; 9. First let cos 6 = 2 cos?(0/2) — 1 
and then let 6/2 = 2/2 — $, K (1/2) — F(1/V2, 2/4); 10. 1.8541 — 0.8260 = 1.0281: 
16. K (3/4)/4 =0.4777; 17. K(1/V5)//5 = 0.7422. 
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SECTION 3.6 

ik i} x8'(x) f(x) dx = [xf (x)8()] — {hie [f(x) + xf"(x)] d(x) dx = — F (0); 
[e.e} 1 CO 

/ d(ax) f(x) dx = 2 i OCA (e) an oe ; 2. See Problem 1; 3. See Problem 1. 
=00 =—00 

SECTION 3.7 

8. n7(n + 1)7/4; 9. Substitute Equation 17 into Equation 11; 10. Use Equation 11, 

gO) = 1° /945 = 1.01734...; 11. You get the same result as in Problem 8; 

12. 5.023 (n = 10) and 12.7518 (n =50); 13. 5.021 (n = 10) and 12.7524 (n = 50); 

1 ara 4 Porte : 
14. af 1— ia D + O(a") |; 17. The series is equal to 1000.33 and the integral is equal to 

1000.00, which gives 0.033%. 

Chapter 4 

SECTION 4.1 

4. Yes; 5.Anellipse; 6. A (circular) annulus centered at (0, —1); 7. A sector with boundaries 

§@=7/4and 7/2; 8. The region above but not including the horizontal line y = 3/4; 9. The 

region to the right of and including the vertical line x = 2; 10. (a) 1, (b) 22/2 113. (c) 1+i, 

(d) —1/5; 11. (a) 2 [ cos(z/4) — sin(z/4) ], (b) cos z, (c) 4 [ cos(47/3) + i sin(4z /3) ], 

ik 30 a3 
(d) (12)'"/7[— cos(x/6) +i sin(/6)}; 12. (a) V2(1+ 4), (b) a + 5i.(0) -i, @) V3 +i; 
13. Square both sides; 14. They lie on a straight line between the points z, and z»;_ 16. Let 

(i/2)!/* =x +iy and square both sides. 

SECTION 4.2 

(1—x)* — y? 201 —x)yi 
1. (a) G3 — Bxy-) 4 Gry — y°) #5") : : ; 

[(l—x)*+y2P [(l—x)*+ yf? 
2 2 or 2} 2 . x“ —y 2ixy yo Wh 1+ 2x ee Oe eae Bees) 
KP? xP Ay? Geral axe. Ge tye) ae aay 

a5 iy 1 x —iy I | 1 | 
(b) BC) cet —_=-; 4, =—=|- 55-1 

x2 +y2 x24 y2 x2 + y? x24 y* —z Re +y- zl Plz 
1 

and —(1+i7); 6.3+4i and —2i; 7. Into a parabolic arc; 8. Into the interior of a unit disk; 

9.|w| > 1/2; 10. The region above the wu axis and lying within the region bounded by the two 

curves u = +(1 — v*/4); 11. The horizontal line described by v = 2 from u = 0 to infinity; 

12. The region within the curves (a) 1 — Mo Ory al ay ei ve —4iy,l<y <3, 

(c) es he hee, eens (d) x2? —9— 6ix,1<x<2; 13.The x axis maps into the vertical 

line w = 2 +ix, x <0, and the y axis maps into the horizontal line w = 2 — y, 0 < y. The 

first quadrant of the z-plane maps into the region to the left of the vertical line and above the 

horizontal line. 

SECTION 4.3 

1. (a) 6, 1/2, (b) 18, 340.5°, (c) V5, 243.3°, (d) (1? + e?)!/?, 40.87°; 2. (a) = ae Fz 

y=-3 -734/3,(c) v2 Sin 2, Gyo: S.a/(-+ a7); 8:1, 9.—237-+4-31167; 10. 1,7, =i, 
Geode 2) UA 3, 0 Pin/3, 2) Sis) 5) Lew Sd 2ktos(r/8)--4 sinGr/8), 
cos(57/8) + i sin(5z/8), cos(97/8) +7 sin(97/8), cos(137/8) + i sin(137r/8); 

13. 2!/3[cos(1 1/18) +i sin(1 12 /18)], 2'/3[cos(23x/18) +i sin(237/18)], 2!/3[cos(357/18) + 
i sin(357r/18)]. 

SECTION 4.4 

3. cosh x cos y +i sinh x sin y; 4. sinh x cos y+i¢oshx sin y; 8. The hyperbolic sine and 

cosine are periodic with period 27 along the lines that are parallel to the y axis; 9. i sinh 2; 

10. —sinh2; 13. sin z=sinx cosh y +i cos x sinh y. The vertical line at x = 2/2 gives 

127 
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u(z/2, y) =cosh y and v(z/2, y) = 0, or the u axis from | to oo. The vertical line at x = —7/2 

gives the u axis from —1 to —oo. The x axis from —z/2 to 2/2 gives u(x, 0) = sin x and 

v(x, 0) = 0, or the wu axis from —1 to 1. Other points within the region in the z-plane map 

into the upper-half w-plane; 14. sin z = sin x cosh y + cos x sinh y. The vertical line at 

x =0 gives u(0, y) = 0 and v(0, y) = sinh y, or the v axis from 0 to oo. The vertical line at 

x = 7/2 gives u(r /2, y) =cosh y, or the u axis from | to oo. The x axis from 0 to 2/2 gives 

u(x, 0) =sin x, or the uv axis from 0 to 1. Other points with the region in the z-plane map into 
TZ UX HOY no, WERE 5 UBD 

the first quadrant of the w-plane; 17. cosh — = cosh — cos aoe + i sinh — sin 7» The 
a a a a a 

: : UX ‘ HE 
line y = 0 gives u = cosh — and v = 0, or 1 <u < o&. The line y =a gives u = — cosh — 

a a 
; Wy 

and v = 0, or —oo < u < —1. The line x = 0 (0 < y <a) gives u =cos — and v = 0, or 
a 

HER 5 EE Ta) ae Pie 6 3 DEY F 
—l<u<1; 18. sin — =sin — cosh — +i cos — sinh —. The vertical line at x = 0 

a a iy 24 2a 2a 

gives u(O, y) =0 and v(0, y) = sinh a or the v axis from 0 to oo. The vertical line at 
a 

x =7/2 gives u(r /2, y) =cosh oe or the w axis from | to oo. The x axis from 0 to 2/2 gives 
a 

2. HES : 2 reve : 
u(x, 0) = sin —, or the uv axis from 0 to 1. Other points with the region in the z-plane map into 

a 
the first quadrant of the w-plane; 19. See Problem 3.7.16; 20. u(x, y) =cos x cosh y = uo, 

4 dy ) 

v(x, y) =— sin x sinh y = v9; = = tan x coth y and = =— cot x tanh y. Their product is 
ax Xx 

equal to —1. 

SECTION 4.5 

He Ei) = Sheth 22, Wi) S(t Pa), SO), SEL Se, 008 AALS ie /3. 

Ing =in/3-+ 20in,n=0, +1, +=2,...,(b)Enz=In2 + 2717/3, Inz=In2+ 127/34 27n), 

i = Wy sell, ce na. Sh Ia (in 2+ =) = 0.22779 + i 0.98610; 4. Ln (sinh iz/2) = 

Lni =iz/2, In(sinh iz/2) =i(a/2 + 271), C= One NO 5a) e tt2zin: 

n=0, +1, +2,..., (b) e}, (©) ce", n=0, +1, +2,..., @ 1; 6 Yes, 
6, = 3/4 and 6) =7 so 6,+0,=7"/4 <2; 9.2=-iln(Qitiv3) = 

~ilni ~n(2 + V3) = > —i m2 + V3); 12.1 ie = an) w= 0, lee 

SECTION 4.6 

Lr =2'/2, 6) = 70/4, 2? co (2 ip =x) +i sin (2 a *x)|. k=0, +1, +2,...; 
3 

2.7 =2'/2, 6) =77/4, 274 [eo (2 a 2k) +i sin (= ae ant) k= OPEL EE: 

m “ |m 
4. cos | —(09 + 27k) | and sin | —(6) + 27k) | do not repeat as k = 0, +1, +2,...; 

n n 

5. Use Equation 6: r =2/?, 6) = 2/4,.e-7/* -*** Jeo (5 In 2) +i sin (5 In 2), 

k =0, £1, +2,...; 6. Use Equation 6: r = 21/7, 6) = 2/4, 
| 1 i : | 

exp (; Woe rr - 2nk Jeo (5 Inr + + 2nk) +7 sin (; Inr + 7 + 2nk) | 

k=0,+1,+2,...; 7. There are three branches of w = z!/3. The principal branch is given by 
0 <@ < 27/3 and the other two branches are given by 27/3 < 0 < 4/3 and 42/3 <6 < 27. 
We have taken the branch cut in the z-plane to be along the positive x axis; 8. There are 
two branches of w = z!/*. The principal branch is given by —z <6 <7 and the other 
byt <0 <3n; 9.¢e77/?- 2k & = 0, +1,+2,...; 10. Use Equation 6: r = 1, 6) =0, 
cos(22k) +i sin(27k), k =0, £1) +2,...; 12, It maps into the upper half w-plane. 
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Chapter 5 

SECTION 5.1 

ie (05 va, wv 12). 2u = 3 splat via=s'2: 2a, 
b=-1; 3. (a) G, -1)/10"”, (b) 2i+3j) /V13, ©) G+j/V2; 4.u-v=3i+j, 

1 8) 
d=|u—y|=10!/2; Sh ae Geer ne? =o ayn ee 

2 0 
6é= 4: 5 =-— oo SS  — — = = 2 mw/4; 6. (a) cosé (2) INGl==s0 (b)icosiG/ = OE =(0)0 Sif2 

7. (£2, +2); 8. (a) 2/4, (b) 37/4, (c) 5/4; 11. uj =ucosd = +) uy = (=) = 
Uv Uv Uu 

The ares (“*) 7. 12.2.68. 
Vv u 

SECTION 5.2 

i eae pers pee x; 4. w(t) = r7/24+ li 2B eae 4° SAT x, 4% Vt) = (2 se Ii se (l= 2/3) 1, Ae) = 

(2+¢f+ t?/2) i+(t—- t*/6) j; > Ditterentiate. al al—sConstant-w Oa le le 

9. T= (-i+)j) rey T is a constant because r(w) = (cos? wu) i+ (sin? u) jis a straight line; 

ie = ace R ee Spee Ree als 14.« =x/(1+x2)3/2 
ds (1+4x)¥/2’? ds (14 4x)/2? ve uk toe 

maximum at 2~'/?; 15. « = 4/(17)9/?, p = (17)9/2/4; 17. T= (i+ 4p/7) 2, 
N=(-4i1+)/(7)'?; 18. T=-(@i+7j/d4+727)!?, N=4@i-j/d+272)'”?; 
19. arp =0,« = 1/4, ay =160?-« =407; 20.ap =t/(1 +17)? =2,ay =2; 21. 8a; 

Wena. 

SECTION 5.3 

2. cos 6 = 1/(17 - 14)!/? = 0.06482, 6 = 1.506 rad = 86.28°; 3. cos6 =7/(3-17)'/2 = 
0.9802, 6 = 11.42°; 4. cosa = 1/V2, cos B = 1/V2, cosy =0,a=fh=2/4, y =7/2: 
6. (14)'/?; 7.109.47°; 8. (a) cosa = 1/6, cos B = —2//6, cos y = 1/6, a= y =65.9°, 
B = 144.7°, (b) cosa = 2/V/14, cos B = 3/V14, cos y = —1/V14, a = 57.69°, B = 36.70°, 
y =105.5°; 12. u x vy is perpendicular to u and vy; 14. It follows immediately from 

|cos6| <1; 16. Area=5(uxv); 17. (74)'/2/2; 18. No. 

SECTION 5.4 

Savi 1 2) ok FO) = 31+ Creer /Oj+ C/O ok: 
4. A two-body problem involving a central force can be transformed to a one- 

body problem with m— yu; 7. w= qL/2m where L is the angular momentum 

of the particle of mass m. The magnetic dipole precesses about the direction of 

the magnetic field; 9. T(t) = (i+ 2tj+ 37 k)/(14 40? +9247; 11. T(t) = 
(-—asinti+acostj+b k) /(a? + b?)'/2. 13. Differentiate T - T = | with respect to s; 

14. Differentiate v= v T with respect tot; 16.« =2(1+ Of Op At are or): 

17. k =a/(a* +b); 18. ap = 22/(14)'/?, ay = (38/7)'”7; 19. ap =0, ay =a; 
20. The curve is a straight line and the answer reflects Pythagoras’s theorem; 

21. « =0 because the curve is a straight line; 23. T(t) = (i+ 2tj+207k)/U+ 2t7) 

NG = (re or) ek (27), BO) = 27" i = 2 jk) / 2), 
«= 2/(14+20?)?,t=K; 24. T(t) = (f+ 2tk)/(1 + 407) !/7 , N(t) = (—2t j +k) /(1 4 427)!”, 
B(t) =i, « =2/(+ 4t2)3/2, t = 0 because B(f) is a constant. 

SECTION 5.5 

Lx MH2— 3u, ya) =2u, z<@Mi=3\—4u, Osu si; 25@ —2)/2=(1— y)/1= (z+ 3)/3; 

no, yes; 3.z7=3; 4.3(¢ — 3) —2(y —1) + 4 — 2) =0; 5. —2(@ = 1) + 2(y — 2) + 6(z — 1) 

==) Once yi = CONSTANT No 49 le OoG (14) Ae (2, ae — : + 5u; 

9. (325/17)'/2; 10. 10/(29)'/?; 11. 3//5; 12. Bécause the vector describing that point 
is parallel to v; 13. Because the vector describing that point lies in the plane and so is 

perpendicular to v; 15. Simply take the dot product of their normal vectors; 16. The 
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parametric equations of the tangent line are x = u, y = 1 — 4u, z = —2 + 6u and the equation 

of the normal plane is x — 4y + 6z + 16=0. 

Chapter 6 

SECTION 6.1 

1. /29; 2.-1<(x—y)/(x+y) <1, or x >0, y=0, (x, y) #(,0); 3. No; 
4. Yes, yes; 6. It bisects the second and fourth xy-quadrants and the z axis lies in 

the plane; 7. (x — 1)?/a? + (y + 1)?/b? + z*/c? = 1; 11. Complete the square to get 

Ga eeeyestate 2)? = 13. Itisa sphere of radius V 13 centered at (1,0, —2); 12. It is 

an elliptic cylinder whose axis is the z axis; 13. Complete the square and divide by 4 to get 

(x + 1)?/4 + y? = 2(z — 2), the equation of an elliptic paraboloid; 16. J/7. 17. Because 

Be SO We 26 =) =O), 

SECTION 6.2 

7. (a) 4, (b) (a2 + b*)/ab; 8. (a) Does not exist, (b) 0; 9. (a) limit = 7/2 as x > 0+ and 
—1/2 as x — 0—. Does not exist. (b) Does not exist; 10. (a) 0, (b) Does not exist; 11. (a) You 

get two different results (0 and 1). Therefore, the limit does not exist. (b) You get —5/3 in each 

case. Therefore, it may exist, and, in fact, does exist; 12. Both sequential limits give 1. But the 

limit is equal to (1 — m)?/(1 + m?)?. The two sequential limits correspond to m = 0 and oo; 

13. No. It is not defined at (0,0); 14. Yes. The limit of f(x, y) is zero. (See Problem 4.); 

15. No. The limit of f(x, y) = 1if x and y approach zero along the curve x = ¢* and y =f; 

16. (a), (b). 

SECTION 6.3 

1. (a) fp =e” h= =1+ xe’, fry =0, Fyy = xe, Fy = Syx =e, (b) fy =y cos x + 2x, 

f= = sin x, frx = =2—ysinx, fyy =0, (i Fyx = cosx; 2. (a) ve = —y/(x? ar y’), 

pd es S20) Cee ail yg, a te |)” a lope Oro a 
(x2 at y?), (b) fe = a ouene ae) ie = —2ye- +97), i = (4x2 = Nene? +y7)., Hyp = 

(4y? — Ne“, f= fyy =Axye OH); I x+7y—2=4; 12.3x—y —42=0; 
13.4x+2y—-—z= an 14. Let y = mx and see that the limit depends upon m; 15. To see that 

ia) as Hicconinaere atl(ONO) Mlethy i770 saee LOs Key — ule =) ee Le] Nora 

18. (9U/dV)7 =0 for an ideal gas and a/ V? for a van der Waals gas. 

SECTION 6.4 

2. =67 sin 3r7; 3. 47 — tye": 4, (sin? t — cos? t) e~ ©84 SiN! — — cog 2¢ e~ (sin 2t)/2. 

Sy ie ce 2ttet ae 312e!°: 6. xe~2* sin(xe-*) — e~* cos(xe~*) — e~2* sin(xe~*): 

7.2r(1—sin@cos@); 8.1; 9. (te’+coss)et5™5; 10.2e-—1; 16.U— a +PV= 
G, the Gibbs energy; 17. A= U — TS, the Helmholtz energy; 18. V = ay nj; V ; where 

Vj, =(0V/dn,)ry- 

SECTION 6.5 

1. €; =e” Ax +cos y Ay +--+, &) =2xe” Ax + (x76) /2 Ay — xt sin y Ay +--+ Not 

unique; 3. (a) df = 2x sin y dx + x? cos y dy, (b) dg = 3u2e” du + (e +1+ vie dv; 

4. (a) df = (Qxy + y? +27) dx + (x? + 2xy) dy + 2xz dz, (b) df = 

dz; 5.dP = a AE 
(1+ 22) V—b yo. Wb 

OZ /OVi ——/ Srata(la lee) esha) a — “dy, (b) dz= 
x 

5 dy+ 
Trae 

xy(1 — 2?) 
dV; 7. 8z/ax = —2/3 and = ar + (3 

—6z2 dx — l6yz oe 

5z4 + 12xz4+ 8y2 ’ 
9. 54.5, 1.625%; 10. 2.31 x 107°? N-m7!: in es. It iS the autora of 

mr°h. No; 12. No. Yes; 13. Yes. It is the differential of x *y + xy” + constant; 

14. f(x, y) =x? sin y + e? + constant. 
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SECTION 6.6 

1, (2Qxy + 3y?)i+ (x? + Oxy?) j, 2. (y cosxy + ye*) i+ (x cos xy + xe*) J+ xye* k; 

Beis 40 = 1/7/72; 5.1/7.3 6.1; 7.12: 8. The plane 8x + 3y + 22 =0; 

9. The curves are orthogonal; 10.2xi+zj+yk; l1l.u=—(6i-—8j+ 10k)//200; 
12. —100e—7/4 (i + j); the rate of descentis 66.8; 16.(2i+j+k)//6; 17.4x+2y+2z=8; 
18.u=—(Gi—j+k)/V3; 19.70.59; 20.y—4x4+2=0; 2x+ty=L 

SECTION 6.7 

15.Gy On) 2b 2 3x8 ©) ve + 4xy, (d) 2xy cos'xy; 2. (a) Linear, (b) Lin- 

ear, (c) Nonlinear, (d) Nonlinear, nonlinear if c; and cy are complex; 3. (a) a jax, 

(b) d2dx2 + 2xd/dx + (U-+ x”); 4, —(a2 + b? +c”) cos ax cos by cos cz; 5. (a) Com- 

mute, (b) Do not commute, (c) Commute; 6. (a) —2 cos x, (b) 6k3x + 18hk*y; We 

and O must commute; 10. e+e(x — 1) +e(y— 14 = eee a ieee 

2G i= Delo xy Oly)" 12: sin 1 +cosl(x—1) + 
in | in | 

cosk(y— |) a == = =) cos sin Gy = Dee 

eS D bs 
B= 

6 2 

SECTION 6.8 

1. Ithas amaximum at x = 0. f (x) is not differentiable atx =0; 2. f’(0) = f”(0) = f’”"(0) =0, 

f% (0) = —24, f(x) has a local (actually global) maximum at x =0; 3. There is a minimum 

at x = |/e. There is a maximum at x = | in (0, 1 J, but there is no maximum in the open interval 

(0, 1); 4. A maximum at x = —1 anda minimum atx =1; 5. There is an inflection point at 

x=0; 7. (a) (0, 0), (0, 1/3), (1/6, 1/6), (b) (0, 0), (/2, —V2), (V2, V2); 8. (a) (0, 0), 
(5/2, —5/4), (b) (—1/2, 11/8), (1, 1), (—2, 4); 9. (a) (0, 0), D =0, no conclusion; (0, 1/3), 

D <0, saddle point; (1/6, 1/6), f,, > 0, D > 0, a minimum, (b) (0, 0), fy, <0, D>0,a 

maximum; (/2, —V2), fy, > 0, D > 0, a minimum; (—/2, V2), f,, > 0, D > 0, a minimum; 

10. (a) (0, 0), f-x < 0, D > 0, a maximum; (5/2, —5/4), D <0, a saddle point, (b) (1, 1), 

D <0, a saddle point; (—2, 4), D <0, a saddle point; (—1/2, 11/8), fi,» <0, D>0,a 

maximum; 11. (a) A saddle point at (0, 0), (b) A minimum at (—4, 2); 12. (a) A saddle 

point at (0, —2) and a minimum at (—5, 3), (b) A minimum at (—2, 1); 15. (50); 16. A 

cube whose volume is (A/6)?/2. Note that V = 1° if A = 61°. 

SECTION 6.9 

tn. 2ab= 3) Babe/37/%, AA square;’ 5: (a* +b* + c*)/?R; 6. A cube; 
1/2 43/2 

7. Ai? /3(6n) "7, 8. -o 9. 3(2/7)/?; 10. 1/(a2 +b? +c7)/?; 11. 62/7)"; 
BG 

1972) BIS) 5/45 14, 1017 1372, 63/26)2 “1522 16.°G/2)!"\ “172 Closest, 
(-1//26, —3//26, —4//26); and farthest, (1/./26, 3//26, 4/26); 18. (a/n)". 

SECTION 6.10 

op pA 2 =a" a — 1); 3. M =1/24, Xem = Yom = 2/5; 4. M = 64/189, xen = 36/55, 

Ven = lyse Sell = 37ra4/16, Xem = 164/157, Vem = 64a/45m; 6.4/3; 7. 3/2; 8. 85/16; 

9. Xom = 4/4, Yom = 5/4, Zem =C/4; 10.47/10 + 67/10; 11. 2a°/24; 12. wa°/24; 

13. (@) 2 /2;(b) 1/2; 20. (e=2)/2; 21. v3 + in(l--V2)k 22.9/2; 23. a°/24. 

Chapter 7 

SECTION 7.1 

MeN = 24 ky V2 2A i fA 2k) 6n Badw Amy" 4 Dez = 2°, 

curl A = —2xyi+2xzj+ (2yz—2xy)k; 4. div A= 3, curl A = x(sin xy — sin xz) i+ 

y(sin yz — sin xy) j+ z(sin xz — sin yz) k; 10. (a) Incompressible, (b) Not incompressible, 

(c) v= 2xi+ yj-—2zk represents irrotational flow; 14. (b) pee cy 19:0 O"0;.0); 

1131 
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02> (n= D(x geek)? 21.) Ie! Daze Sa. 
(b) (2Qxyz 4 2ye (x2+y? t Ze) Axe (x*-+ y2+27) ha Qx2ze~= , Ses 

SECTION 7.2 . 

1. —7/15; 2. —13/6; 3. —2m;. 4. 6/5; 5. 13/4; 6. 2m; 7. 0; A is not 

conservative; —1/2; 8. Yes, A is conservative. d(x, y) = x? + 2xy* + 2y? + constant; 

9. h(x, y) =—I1/(x? + y’)!/? + constant; 10. Yes, F(x, y, z) represents a conservative 

force field. d(x, y, z) =xyz-+ constant; 11. Yes, d(x, y,z)= x*yz + 2z? + constant; 

12. (a) 0, (b) 0; 13. The line integral is path independent in any domain that 

excludes the origin. ¢ F - dr #0 if the closed curve encloses the origin; 14. Yes, 

VE Phy SE, [Ore = (y? = x?)/(x? + y?)*, work =27; 18. mab. 

SECTION 7.3 

1. (a)x =u, y=v’,z=0, Oi ye 2, (CC) COS y usin 

z=v,(d)x =vcosu, y=usinv,z=v*; 2. (a) A parabolic cylinder along the x axis, (b) A 

straight line, (c) A circular cone, (d) An elliptic paraboloid; 3. No. x =e“ > 0, so r(u, v) 

represents only the part withx >0; 4.27; 5.6(14)'/?2; 6.314; 7.422ab; 9. 4/61; 

10.7a3/4; 11.4; 12.2; 13.F-n=1, 47; 14 19,/2/6. 

SECTION 7.4 

1. a>/6; 2: a> /20; 3. 1/720; 4. 1/5670; 5.0; 6. Both integrals give 3; 

7.divF=16, 40967/3; 8. Both integrals givem; 9.567; 15.Let f =1. 

SECTION 7.5 

1. Both integrals give 7; 2. Both integrals give —7; 3.47; 4. Both integrals give 

—4; 5.—162; 6. Both integrals give 3/2; 7. Both integrals give 0; 8.27; 9. —1; 

10.0; 11. —ma®/8; 12.9/2; 13. Both integrals give 7; 14.—37; 15.—2; 19. wab; 

27. Ww = (xy — 3x7) jtl@t+y)z- 5 (x? + y’)]k; “28. w= 161) — SOON, 

Chapter 8 

SECTION 8.1 

3. —1 at 2/4 and —1at 57/4; 4. —1. The equation /2 r cos(6 — 1/4) is that of a straight 

line; 6. (a) cota = 1/2, a = 63.4°, (b) cota =0, a = 90°, (c) cota = 3, a = 18.4°: 

7. 4(a + b)E [2(ab)'/7/(a+b)]; 9.2; 10. (a2 +b7/2)n; 1. a; 12. ~ = 1 

13. 817/2; 14.7 [1—(1+ 2a)e“*1/2; 15. 2747/3. 

SECTION 8.2 

1. e = — sin 6 i+ cos 6 j, deg/d@ = — cos@i—sinOj=—e,; 2. (2cos6 + 2rd) e, + 

(2sin@ —10r?) eg; 4. See Example | with f(r) = —K/r?; 
o 

1+ 22 t ee 

dap Gaaie 7. 2r SP eo Eo 8. cos 0. 

SECTION 8.3 

1. (a) A right cylinder of radius a centered on the z axis, (b) The yz-plane, (c) A 

plane perpendicular to the z axis, (d) A circular paraboloid centered on the z axis; 

ab+(a*+¢7 + qo seas 1 
a: aA Go iy al ca cae a (hd ce) In 

2a (a2 + ¢?)!/2 

18. cos 6(2z — r sin @) e, — (2z sin @ +r cos” 6) eg +r sin 8 Cro Vee ul—i/7aand 
sin 0 

Veo er % 

SECTION 8.4 

1. Latitude varies from 90° at the North Pole to —90° at the South Pole, so a = 90° — @. 
Longitude is taken to be 0° at the prime meridian in Greenwich, England, and increases in a 
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clockwise direction looking down the North Pole. Because ¢ increases in a counterclockwise 

direction, 8 = 360° — ¢; 2. Use Equation 2 with dr =d@ =0, r=a, 0 =7//2, and 

O<@<2n; 4.47a°/15; 5. ffx? dV = |fy? dV = ['<° dV by spherical symmetry; 

6. [fr2 dV =3 x2 dV =4na5/5; 7. 1/3; 8. 82/15; 12. cose, — me 
sin 

AiAm(a> Be C2) RA On En 423), 

Cg; 

SECTION 8.5 

1. The coordinate surfaces are right cylinders of radius r whose axes are the z axis (r-surfaces); 

planes containing the z axis (@-surfaces), and planes perpendicular to the z axis (z-surfaces). 

The coordinate curves are straight lines through the origin and parallel to the xy-plane (r- 

curve), circles centered on the z axis (@-curve), and straight lines perpendicular to the x y-plane 

(z-curves); 2. The coordinate surfaces are spherical surfaces of radius r centered at the origin 

(r-surfaces); right circular cones of angle 8 whose axes are the z axis (@-surfaces); and planes 

containing the z axis (@-surfaces). The coordinate curves are straight lines through the origin 

(r-curves), great circles lying in planes containing the z axis (9-curves) and circles parallel to 

the xy-plane (p-curves); 5.r? cos? @ sin@e, —r?cos@ sin? 6 eg +r cos @ ec), 16.) Useithe 

factthatjxk=i; 8.r; 9.rsin@; 15.47; 16.7R(R+5S). 

SECTION 8.6 

2. 2m [ b? + (cb/e) sin! e], where e = (CH= bY Jes “9.2 ie (cb/e) sin! e ], where 

e=1/ro; 13.h, =a (cosh? n — sin? 6)!/? = hy, hg =acoshnsin@; 14. An b?c/3; 

xb? lt+e 
nS: Qnb? + —— In i , where e = (b? — c*)!/*/b. 

A, 

Chapter 9 

SECTION 9.1] 

1.5; 2.—5; 3.0, because two columns are equal; 0, because column | = 2 x column 3; 

B60 aT 8 = 000A 18k 4 0; 002s M100) — 19) = 1, 
(c) +1; 15. (9/5, 1/5); 16. (1, 3, —4); 17. The determinant of the factors of x and y is equal 

to zero. The two equations are inconsistent; 20.—19; 21. —75. 

SECTION 9.2 

1. (13/12, 7/12, -7/12); 2. (11, —4, 3); 3. There is no solution; 4. There is no solution, 

5. There is no solution; 6. (1,2, 3,4); 7. x; = 2x2 + 3x4 + 16/5, x3 = —3x4 — 2/5; 

8. x) =%4, X) =0,x3=0, x4 = arbitrary; 9.x; = —3x3 + 3x5, %2 =3 — X3 + 3X5, x4 = 1— Xs; 

10.14i; 11.None; 12.A41; 13.44 V3. 

SECTION 9.3 

5 3 2 —-7 6 1 
fol 11 4 6 | 19 (2 112 |e 4A BY SA? 4 2AB+ B? only if A 

—3 -1 -1l 6 Sys 

and B commute. (AB)? = (ABAB) = A7B? only if A and B commute; 7. det C; = 1, 
1 -3 | 

det oy = —1, det oj, =—1, detoy, =—1; 8. They all are; 9. (a) Acop = ORs) 
=) oa 

Oe 2, 2-1 -2 2 -1 -4 

adjA=j{ -3 3 2nd) acna—n| el | 1 |, adjA= | =] | |i 

1 0 i —-4 2 = *5 —2 | 5) 

12. (a) B= eS 7s ), BA £0, (b) No. The resulting equations are inconsistent; 

MSS 
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1 -l 0 ] 0 1 

18. (a) | O 1 -1 ne —| 0 1/2 }, (c) No inverse. The matrix is singular; 

Oi ekOn ol si 372 =1/4 
oh 1 Ps ee il. 

75 15 
| et ae) ee eet 

19. (2,1); 20.No; 22.No;:22—|[s4 -2 1); 24) 9 7? 3 #® 
BS 75 15 5) 1 518} ee Se B i 

25 5 75 15 

SECTION 9.4 

1. 7(A) =1 <= r(A|H)= 2. No solution exists; 2. 7r(A)=r(A|h) =2 <4: There are 

infinitely many solutions; 3. r(A) = r(A|H) = | < 2. There are infinitely many solutions; 

4. r(A) = r(A|H) =3. A unique solution; 5. r(A) =r(A|H) = 3. A unique solution; 

6. r(A) =2 <r(A|H) =3. There is no solution; 7. r(A) =3 <r(A|H) =4. There is no 

solution; 8. r(A) =2 <r(A|H) =3. There is no solution; 9.r(A) =r(A|H) = 4. A unique 

solution; 10.r(A) =r(A|H) =2 <4. A two-parameter family; 11. r(A) =r(A|H) =3 <4. 

A one-parameter family; 12. r(A) =r(A|H) =3 <5. A two-parameter family; 13. 0, 0, 2, 

—2; 14.0,1,-5 +517. 

SECTION 9.5 

3.4; 6. Yes; 7. They are linearly independent; 8. They are linearly dependent; 9. No; 

11. (a,b,c) withb+c#a; 12.(—2,-—1,4); 13. They are linearly independent; 14. They 

are not linearly independent; 15. Linearly independent over [—1, | ], Linearly dependent over 

(0, 1]; 16. Linearly dependent. sin? x + cos? = 1; 20. Linearly dependent. 

SECTION 9.6 

6 eT 5.201 
ee (1S) ee aes 12.6,7; 13.3,4; 14.u—v= 

6 3 6 6 
(—1, —6, 4), Euclidean: (53)!/2, Sum of absolute values: 11, Maximum absolute value: 6; 

| | A 
Waal LD) 1,0), (0,0, 1); 17. Q2)~/2, ()~!/2 sin x, (1) cos x. 

SECTION 9.7 

1. (i, —1, —i) =iC1,i, —1); 2. They are linearly independent; 3. They are 

linearly independent; 4. (a) (1+1)(2+7) =1+3i, (b) 2i2 +i) = -2 4+ 4i; 

5.(-3+ 2i,-2-—2i); 6. Linearly independent; 7. (a) (u|v) = —i — 2, (vju) =i — 2, 

(b) (ulv) = 27, (vju) = —27;3'/2; 8. (ulav) = —i =i(ulv), (b) (au|v) =i = —i(ulv) =i*(ulv); 

10. [uj] = 3, Jugl| = 2", |lusi| =2"?, (uyjug) = —1+ i, (uyluy) = 1 — i, (uy|u) = 0; 
12. = (1) and wy = (5 +7,1~ 5 

2 

Chapter 10 

SECTION 10.1 

—| ‘, : ; 
De ( 0 ah 3. (a) Inversion, (b) Reflection through the x axis, (c) Rotation by 45° ina 

Oe! 1 1 -1 3 

counterclockwise direction; 5.] 1 O 1 6.—| 1 -3 1 

eco “a\i One Bote 

SECTION 10.2 

10,3 de De) e toy Ee Ove: ( Saas -!), and 

1, ba v3 —| 3 3h Xr = 2 2 el —1) 1S the only i b d > > > nonzero e1genvecto t V3 gs n ctor obtaine y 

4, 4= 5, 2, 2, (1, 3,12), 2) 1, 0), and G0,» 9 dee Aaa de (A=) = 
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det (Al —Al); 11. Use the fact that (Ux, Ux) = (x, x) for a unitary matrix; 17.A=1, 1, 

oO) 2s — lO) sand is 18h =—2) 1 1 110s — 15.0). =1, 1,0); 

(OJOFOMI) and (23, 180)8 9 — 102, 8 GD S10), (OM: 1) and, (—i4/2, =1, 1: 

SECTION 10.3 

2. x(t) =cye ! — zene, wt) =aoe; 3. xt) = =cje + ene", x4 (t) = 

2cje $+ 2cye*; 4. x4(t) = —4c) = 2cye**, x(t) = 3c, + coe*4; 5. x(t) = 

Be! — fel, x(t) =—Zel — Jel; 6. x(t) = Ze! + Ze", x(t) = Se — Se; 
2 2 | 

Tex) er LJe +e Bi Wer He,t] eo ol. wy =a, +a) + [(ay +05)? 
—1 —1 | 

—3a,a]'/?, where a; =k/m/j. Note that this reduces to Equation 14 when m, = my. The 

1 — &y + [(a + &y)* — 3ayarq]!/? 

a9 

corresponding eigenvectors are ( ) Note that these 

reduce to Equations 15 if@,=a ; 16.@7=1/2,1,and2; 17. The three eigenvectors are 

(5252) (20.2) and (1, —492), 

SECTION 10.4 

1452 2 stan 26 = — 1.5 or 6 = 28. 15-8 4, Use theresult of Problems: with @— 35) — 3; 

and c = —4. Therefore, tan 20 = 6/7, or 6 = 20.30°; 5. Use the result of Problem 3 with 

1 —-1l 0O 

a —3, b= V3, and c = 1. Therefore, tan 20 = /3, or 90 =30°; 7.Z=] 0 il 

2) 0 

| 2 0 | 

ug = Zu, = (=3, 3, 2)'; 8. |u| = [lug =@2)/7, 9.z-'=—| -2 0 11], 
; : OAS ee ee 

u=Z ‘u,—C1,2,0'; 10. fu, =lugl=@2); 11.u,=Z- ‘uz = 6/28, 6/28), 
a ye fh S38 = eee 4 3 

12. |u,|| = |lugl| = V2; 13.() Z= (4 3): te = Zu, 0) Z =a(4 ah 

oe a acl aga OF L0 
Zieh) Piedad WN 1 | a, SW Zoe 1 i, @ || are 

Cmts O01 Olea 
(es ea 1 Be eetgee 

16.22) Vo 922 ZO == 2 0 =1),u,=Z—u; =(-1/3, 2/3, 0)' 
ees sien, oO 
ile | 

tek 2 ee Sey = We ve = Wa Arig = 632, De 1958 = 
9 aay 

Leg. 3 i ee a 
Weta Wels 2-329) 2A, =W ZA ZIW =[ =3 1. I 

Sk 5g 5! ad 
lis 63 

22.A,= (WZ) A, (WZ) =| 2 2 =5.]; 23.det (Ag) =det (Az) =3. 
= Ooe <2 

SECTION 10.5 

3. | and —1 along the diagonal; 4. 0, 1, and 2 along the diagonal, 5. 2, 3, and 3 along 

the diagonal; 6. (a) No. There is only one linearly independent vector. (b) No. There 

are only two linearly independent vectors. (c) Yes. It’s a symmetric matrix. | and 3 along 

the diagonal; 7. 0, 0, and 1 along the diagonal; 8. 1, 1, and —1 along the diagonal; 

9. —5 and 4 along the diagonal; 10. 0 and 3 along the diagonal; 11. 0, 2, and 2 along 

HESS 
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: Der? es De ee Ne =I Wier 
the diagonal; 12. ( plea etal 13. 0 Oe 14. A and 

; 3r —t 3t —t : ’ COSta SII” \p AE a hale ive et —e ; 
B must commute; 15. ( SRS Rees ik ile = 5 (< et et 47 ) 

epee 
9.5=( ue | ast ast 

v2 

SECTION 10.6 

3-4 1 eee 0 0 3 
L@A=| =L. oxo | @yA= / AM A= 10 O02 33. os 

2 23/2 16 
i YO" ge eONr0 

y= waGd +2y'), y= Fe (20! + y’); 4. x2 —2y’ + 47 = 1, a hyperboloid of one 

sheet; 5. x’? + 3y’? + 82/2 =8; an ellipsoid; 6. x’* + y’? + 102’ = 1, an ellipsoid; 
2, 2 

73 ( } ==) 4 (« =) =81; 8. —x/? — y’? +27’? = 1, a hyperboloid of two 

ee a: 

sheets; 10. Use dx x*"e-% = 
SBS Annee te 
ack es 11.0% = 7 \is the 

Wan 66 a 
spread of the curve about the vertical line x =u; 17.4 =2 and 8. /,, =8 and /,, =2 if 

6 = 90° and I,, =2 and 1,,=8if 9 =0°; 19.Usex;=)); 5jjXj- 

Chapter 11 

SECTION 11.1 

2. (a) y(x) =c/(x — 1), (b) y= ce/*, (c) s(t) = =u eee. i= EOF 

y=C)/x; 4. T(t) = 204 180e~°-!9>2! (+ in minutes), T(t) = 25° when t = 26.5 minutes, 
Es A at 

or 20.5 minutes after T= 100°C; 5. x(t)= Tee where A is a constant, 
sine aay 

va % aa 
x(t) a/b ast—> co; 6. (a) xy + —=c, (b) not exact, (c) —— + 4x =c, 

(d) xy —cosx —2siny=c; 7. (a) v=xy, (b) v=y/x, (c) v=x+4+y, d) v=y/x; 

8. v(t) = 21 — ee), 9 x —2yacy; 1x2 +y2 =e; Me x2-y2=c;; 
a 

12.c\(1—sin@); 13. y?=c+x?; 15. 20h3/? — 6n°/? = 14 — (1.26 x 107) ¢, where 
h is in meters; 3.06 hours; 16. x(t) = 105e~9:995 where x is in grams and f is in 

minutes; 7.4 x 104* grams; 17. x(t) = 200(25 + 475 e~ 0.00508) where x is in grams and 

t is in minutes; 7.54 x 10° grams; 19. (a) In y — x3/3y? =c, (b) In y + x2/2y? =c; 

21.y=2x+c+30 —2)Ind+x—y); 22.~a=0, B = —3. 

SECTION It 

we Ob ee Se sh mae Ge A eee es 1. @) ya)=3+ce™ ,. (6) ya) = ; + 5 + = Za (aie) — re + x 

(b) s(t) =(c + t)¢678/2: 3. {a) y(x) =x, (b) y(x) =cosx (sinx —1); 4. ya@)= 
1 ees) 
(lesen) Ol =e, 
: ii ; 5. (a) x(y) =ce” — y? —2y — 2, (b) if) =2 sine + 
| x(e4 =e 3)e—%7 eae : ; ; 2 

(1 ae RHE) 0 <p 21) ill : spat. : _ 5 Cost + ce; G1Or thm ens =e) 

; EoL IRe ea! 
7. i(t)= Sem ae (; sin wt — w cos wt + we a2), 8. A(t) = Ayeu 

kA / : 
B(t) = prea ie —e Mt); 12.(a) yx) = 1/(ex — 3x), (b) x(y) = 1/(ey* + 

2 1 
2y V2 13. yay (Aha Y 14, @iat— 2y? =cx, (b) 2x +3(x + 

y)+2In2Q—x—y)=c; 15. (a) u(t) =2+ ce", (b) 1/y? = —1— 2x + ce*; 

ky(Ag + Bo) , kiAo — k2Bo —~(a, +k 16. A(t) = aver 2 Bb) = Ag + Ba =A: as Eee (t) 0 0 (t) 
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eA Age @, Bit) = KiAg_ 
to — ky 

—kyt —k>t . — x2 mle - (e =O Ih Weyer Ilese ee (Gane 

19. y\@)=x+ I/x; 20. 3980 grams of salt; 179 minutes; 
x 

21. xy(x) =2+ i! ae 
1 u 

Gi xe MN 

SECTION 11.3 

1. Yes, yes; 2.No.e* =coshx+sinhx; 3. Yes; 4. (a) y(x) =cye** + ce’, (b) y(x) = 

(cy + Gx)e*, (e)nvioo) == eX (cyeV3* + c2e~ 3X). . 5, (a) Woey= cye* + Ce. (yi 

e*(c, cos 3.x + Cp sin /3 x), (c) y(x) =c, cos 3x + cp sin 3x; 6. (a) yx) =e, + oe ™, 

3x 

(b) y(x) = cye* + cne**, (c) y(x) =c, cos V3 x + c) sin /3x; 7.(a) y(x) =e : + ee ; 

(b) y(x) = e** (1 — 3x), (c) y(x) =e * (3 + =) ev3x + (5 = =) ae j j 5 aR ee : 

8. (a) y(x) = (e~*/3)(e* — 1), (b) y(x) = xe**, (c) p(x) = = (e¥3* — V3); 
ONS 

OS (inv Co) 2e2*, (b) y(x) = e* (—3 + 2e*), (c) y(x) =2e*; 10. y(x) = 

eye * 4+ cpe* +e3e%; 11. yx) =e* (1+ eyx + cox”); 12. yo (x) = x2(c,/x4) = c,/x?; 
13. yo(x) = cx In x. 

SECTION 11.4 

1. Because e* is part of the solution to the homogeneous equation; 2. y(x) = 

cje* +oe7* +x—1; 3. y(x) =c, +c sin x + x (x occurs in all three solutions to the 

inhomogeneous equation); 4. (a) yp) = xe*,(b) Yp(x) = -2 — x2; 5.(a) Yp(x) =x + se*, 

(b) yp(x) = —1 1x — 2x3; 6. (a) Yp(x) = xe, (b) yp(x) = = + aX o 3x? ae 3x3; 

7. (a) Yp(X) = 5x cos x, (b) p(x) = 5xe*; Sony (OG) = c,e* + oe _ = ~ ne 

9. y(x) =c; cos 2x +c, sin 2x — : cos 3x —4sin3x; 11. Use the formula in Problem 11.3.18; 

20. It is the average rate at which energy is dissipated; 26. y(x) =c, + c9e” — ze sin Xx; 

27. y(x) =c,cosx +cysinx —xcosx+sinx-Insinx; 28. y(x) =cye* +cxe* — 

xem --ewxlnx;: 29 y(x)—cie ~-+- exe — 3x7e* a 3x70 * In x. 

SECTION 11.5 

1. yr) Sex 4.Cox*; 2. y(x) =eyx + cp/x*; 3. ye) = cyx? + cnx? In.x; 

6. y(x) = xo Ney cos(2 Inx) +c, sin(2Inx)}; 7. yx) =cyx +cox Inx; 8. y(x) = 

Raley cos(/3 In x) + C2 sin(/3 Inx)}; 9. yx) = cyx + cox? + Cake; 10. y(x) = 

c\x + cox cos(In x) + ¢3x sin(Inx); 11. y(x) =c)/x + Ox? —%7/3; 12.y@)= cx + a 

= +2xInx; 13. y@)=c,+c).lnx+x7/4; 14. y(x) =sin“!(@e*) + B; 

15. y(x) =constant and y(x) = Ae™*; 17.x(y)=ylIny+c,y + ¢o, or y = constant. 

SECTION 11.6 

2. They are linearly independent; 3. y,(x) =cye* + Acye*, Y2(x) = —c\e* — ene: 

4. y\(x) = cye* + c9e**, yo(x) = —2cye* + 2ee", 5. yy) =—4e, — 2ene**, 

PAC) SS Tear c7e7*; Oye) cye>* (sin x — cosx) + ce7* (cos x + sin x), 

yo(x) = cye** cos x — cne** sinx; 7. y\(x) = e*(cz cos 2x — c, sin 2x), y2(x) = 

e*(c, cos 2x +c sin2x); 8. y\(x) = 2cye* + cpe™, yo(x) = —3cye* + ene; 

9.y~)=c,} 1} er +c, | 3 ek + eg)|) 6 e: 

15 y¥G)—o, | 2 pe*+en| 2)e™+exlialilets, 12. 1G)=@+ 

B) cos 2x + (B — a) sin 2x + c3e*, yo(x) = —2a cos 2x — 2B sin 2x — c3e*, y3(x) = 

1137 
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r oy | 0 
—~2a cos2x — 2B sin2x; 13. y(t) = —2 | -2 | e* zi fies an (Ont 

3 Pe 
14, Let x) = uy, 1 = Up, Xp = U3, Xp = Ug; Uy = Uy, My => —(ky + ky)uy + kyu, U3 = Ug, 

m4 — Kou, =m (ko + k3)u3. 

Chapter 12 

SECTION pail 
ype 

1. (a) ae + 1)ay4 1x", (b) n + 2)(n + l)dy42x", (C) z Nex Bea) Uae 

n=0 n=0 

n+1_.. (-)". 5 "ey" eel 
(b) ne (c) mp?” 3. 10 395 and 3840; 5. (a) do, = (Qn)! a9, Qon41 = On+D! pi”! 

PaGin = n! 
(b) do, = nl AQn +1 = One DN 

yn yn 69 —])"x" 7 
G y(x) = S55 ( - =e a a. y(x) =; ai aye, ( ) x =. oh ce*: 

n! 
n=0 n=0 

co 

8. y@) Sex a Gn - vin cx + x(e* —1l)=cyx+xe*; 9. y(x) = a,x + a9 

4 6 CO 2n+!1 : iG % x DG l1+x 
ee eet Se ee es l—x =ayx +a) {1— = In : ( SH) Sere aus ( a2 | | o( 2 =) 

n=0 

Ly wy 2"(n — 3) 
10. y(x) =ao(1 — 2x7) + a, [x x ; 14.(a) R <1, 

ss ara ed dX (n+ 1)! 
(b) ERS 100; oa (a) R <2,(b) R <1; 16. All the a,,’s equal to zero; 

ae) ; 17. 2z +5 34024 ar 
dz 2 

SECTION 12.2 

5. At least 2; 6. At least (20)!/?; 7. At least 5/2; 8. At least 1; 9. x =0 is a regular 
singular point; 10..x+ = 0 and x = | are regular singular points; 11. x = —1 1s an irregular 

singular point; 12. x = 0 is an irregular singular point and x = +i are regular singular points; 

13. An irregular singular point; 14. A regular singular point; 15. A regular singular point; 

16. All points except x #0; 17. All x; 18. All x; 19. All points except x =0; 20. All 

points except x = +1. 

SECTION 12.3 

2. fa(x) = 3 = 30x? + 35x*, fe(x) = 15x — 70x? + 63x°: 4. P(x) = 
(3 — 30x? + 35x4), P5(x) = ¢(15x — 70x3 + 63x>); 9. Use Equation 8 with j = 0; 
dO, (0) d@,,(0) 15. arr? sta re ace e- n(n + 1)0,() =0 

SECTION 12.4 
co 

4. cosh(2x)!/2/x'/? and sinh(2x)'/2/x'/2; 7. y(x) = ax Mae al S 
eee 

n=(0 2"n! 

n 

and /i3 aoe 7 all Dra /2 ee Ol Oran lian 7a 

SECTION 12.5 

13. y(x) = cx V7 Jyjq(x*) + oe Tia); 14, y(x) = cya? Jyj3(Fx7/4) + 

cox? ¥y3(3x/4), 15. y(x) = cyx 7 n(x) +.eox*¥o(x); 16. y(x) = yx /? Iya(Zax3/?) + 

cox? ¥1 3(Fax3/?); 22.(r + I(r +2)---(r +n) (4 — Abs tee. : : 
. Pap Le eae Tae 
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SECTION 12.6 

: 1/2 5/2 
1. Multiply by x? and use Equation 12.5.42; 8. Ji2= (=) X= - al. ou} 

W/2 || 3/2 7/2 1/2 > 9/2 ps Role ge yo Wore 9/2 
n= (=) — — —— + Ox!) |, 7 =| ) : ae O(x!3/2) |. / = 3 30 5/2 2 5 710 set CO) CX) IE 

10. Let t =e!” in Equation 22; 11. Use the fact that ie cos n@ cosm@ =6,,,7; 12. Use the 

fact that [5° sinn@ sin mO = 5,7; 16. Leta =O and b= 1. 

Chapter 13 

SECTION 13.1 

6. (a) X=y, y=—yvy —kx + Bx’, (b) X=y, y=ey(1— hy’) == 05, ((€)) oe 5 

y=e(1— hy —x;(d)x=y, j=—yy —o* sinx; 7. The trajectories move with a 

constant speed in the phase plane; 10. (a) (0, 0) and (4, 0), (b) (0, 0) and (3, 2), (c) (0, 0) and 

2, 3), (d) All the points on the linex =2y; 11. (a) (0, 0), (0, 3), (5, 0), and (9, —3), (b) (0, 0), 

(0, 7), (3, 0), and (18, —20); 12. v(t) =e (F i P ) cos 2t + e~! eek ) sin 2r; 

—2 —2a — : : 
Savi) — (° B B ) cos ft + ( = a sint; 14. (a) Circles about the origin, (b) Spiral 

into the origin; 20. As t > oo, the eigenvector (1, w)' dominates, as t > —oo, the eigenvector 

(=a) dominates; 21. When Q > 0, @ increases with time; when Q < 0, 6 decreases with 

time. 

SECTION 13.2 

3. A trajectory could go off in two different directions at an intersection; 4. (a) (1, 1), 

yi) Sa De) (0,0); Gs 2). 074), (1/3; 0) @) Gl —1), di); Saya. ps 

“= —u—v—uv, D=u+uv, (b) (1, 1), @=—v, b =2u — 204+ uv? — v’; (-1, J), 

a= —v, 0 = —2u —2v4+ u? — v2, (c) (0,0), #=u — 3u2 + uv, b= 40 — v2 — Qu; 

(1, 2), @ = —3u + v — 3u? 4+ uv, 0 = —4u — 2v — Quv — v?; (0, 4), & = 5u — 3u2 + uv, 

b= —4v — v? — uv; (1/3, 0), # = —u + sv —3u* +uv, b= Dy =p — Quy, (aN, 1D), 

a=u—v,0=2u+4u?; (-1,-1),4=u—v,b=—2u+u?; 6.4) 1.0. (7 7 
OQ =1\; 0 -!1 OR =3 Ey wan. (3 ey cote (le =) 0.0. (4 Baek i: 

Dee On\y =i 1/3 1 =1\. 1 —1), 
0.4).(5 5 ):073.0). ( 0 hie Rea ph =v. (_3 a 

13. A (stable) proper node; 14. An (asymptotically stable) improper node; 17. (a) Saddle 

point, (b) Node, (c) Spiral point. 

SECTION 13.3 

1. A stable proper node; 2. An asymptotically stable improper node; 3. A saddle point 

(unstable); 4. An asymptotically stable node; 5. A saddle point (unstable); 6. An 

asymptotically stable spiral point; 7.(—2,—1),acenter (stable); 8. (1, 1), an asymptotically 

stable spiral point; 9. (2, —1), a saddle point (unstable); 10. (—1, —1), an asymptotically 

stable node; 11.A4 =a +i, acenter if a = 0, a stable spiral point if a < 0, and an unstable 

spiral point ifa>0; 12.44 =—1+ia'/?; An asymptotically stable node if a = 0, an 

asymptotically stable spiral point if a > 0, an asymptotically stable node if —1 <a <0, and 

a saddle point ifa <—1; 13. (0, 0), a center (stable); (—10, 10), a saddle point (unstable); 

14. (0, 0), a saddle point (unstable); (3, 2), a center (stable); 15. (2, 1), a saddle point 

(unstable); (—2, —1), an asymptotically stable spiral point; 16. (0, 0), an unstable node; 

(—1, 1), a saddle point (unstable); 17. (1, 1), an asymptotically stable spiral point. 

[ree 
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SECTION 13.4 

1. V(x) goes through a maximum at x = 1; 6. The point (4, 0) is a critical point; 
2 2 3 

8. The one with + — = = : 10. x = y =0 along the x axis. Therefore, 

i = is = fy) > oo unless f(x, y) =0, which it doesn’t unless (x, y) is a critical 
dx , y 

point; vu. (0, 0) is a center; both (+3, 0) are saddle points; 12. The potential energy has 

a maximum at x = +3; 13. (0, 0) is a saddle point and (+2, 0) are centers; 14. (0, 0) 

is a saddle point and (+1, 0) are centers; 15. (0, 0) is a saddle point and (+1, 0) are 

centers; 16. (0, 0) is a saddle point, (2.1338, 0) is a center, and (—0.332755, 0) is a center; 

18. (a) F(x) = €(4x° — x) and G(x) = Dee, There is a limit cycle. (b) F(x) = €(4x° — x) and 

Go 5x? 7 qt. There is a limit cycle. 

SECTION 13.5 

3. u = —bcv/d and v =adu/b; 9. Each species goes almost to extinction; 11. (50, 12.5) 

is a critical point. The number of each species oscillates slightly about its critical value; 

13. (0, 0) and (4, 0) are saddle points and (2, 2) is an asymptotically stable spiral point; 

14. The (critical) point (190, 25) is an asymptotically stable spiral point and (0, 5/4) is 

a saddle point; 15. y survives and x becomes extinct; 16. y survives and x becomes 

extinct; 17. Both species survive. They coexist; 18. The phase portrait is given by 

0.500(X + Y) — 0.100 In X — In Y = 1.00; 20. When a < 0, the two critical points are 

asymptotically stable, but when a > 0, they are asymptotically unstable. The value 6 = 24.74 is 

the borderline between a normal system and a chaotic system. 

Chapter 14 : 

SECTION 14.1 

Se (0) — : — Bx? = 2x4; 7. If the Legendre polynomials are orthogonal, then 

only the n =m terms in the integral of the product of G(x, t) and G(x, wu) are nonzero; 

8. 1=(u) /7in{{ 14+)? (1= Go}; 9.40 p= d=) t=147444--: 
10. G(-1,t) = (141)! =1-1+2?—-1°+---; 14, Use the result of Problem 2 
and Equation 20; 15. Use Equations 9 and 20; 18. The sequence of partial sums 

in Equation 25 is monotonically increasing and bounded by the left side. Thus, 

the series converges, and so [2/(2n + 1)]'/*a, must go to zero as n increases; 

3 2_ | - (eile [Sac er: T(t 5) Poe: 11(945 — 1052* + 2°) 

1 > i i 
Ps (SEER, 

20. 1—x? = 4—4P,(x); 21. u=1 when x =f and u =—!1 when x =a; 
22. f (x) = $ — 3 Pp(x/2). 

SECTION 14,2 

1. o(x) =2~"/4, b)(x) = 4Ar)"/4x, b)(x) = (40)7/4 (2x? — 1); 3. 16x4 — 48x? 4 12: 
10. Use the recursion formula in Table 14.2; 11. Use the recursion formula in Table 14.2 

successively to get x7H,,(x) in terms of A,49(x), H,(x), and H,,_5(x). 

SECTION 14.3 

Te) — Orel) 0/2 anys, (OG) 161 (270——wl) gr 26/2) ar nl Mo — (OP) ==> ID). 

Vaca —tcos Qa) 0/2 — eee eA tri oT (Xs == COSI Aes a 

10. If tanh x = x/al has a solution, or ifal >1; 11. p(x) =r(x) = e-*” and GO)r0: 

12. p(x) = (1 — x?)!/2, q(x) =0, and r(x) = (1— x2)~!/2; 13. Use Equation 12 with 

r(x) =e-*; 14, Use Equation 12 with r(x) = (1 — x2)-/2: 15. (a) p(x) =x =0 when 
x = 0. Singular, (b) p(x) = (1 — x”) = 0 when x = +1. Singular, (c) p(x) = (1 — x2)! =0 
when x = +1. Singular; 16. A =0: yo(x) = constant, A 40: A =na/a,n=1,2,..., 

Yp(x) =cos nax/a and sinnzx/a. 
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SECTION 14.4 

1/2 ’ : laa qi 
ils Oye) SP Sra 1, 6048 CDS — Zip siee Sine A>Op(@) = 

n=l 
1) n+l 

2? sinnax,n=1,2,...;f(x)=— ype. 
nl 

sinnax; 3.0,(x) =2!/* sin 
(2n — l)ax 

= y LG 1 3(—1)” , Ca = ree _ 
Wt eet OO) = ae Jai ; 4xl-x)= 

(2n — |) 2 
n= 

— 4 Po(x) aF (6) = £ P(x); 5. a 
n 

] 

= {| (=e Fa iax 1 20 
RE Mai : 

] 1 

=| (1—x?)~'/? f(x) T,(x) dx n=0 
Ww J—) 

as 11945 — 10527 + 24 
Graco) — Smo 47 (25 ) roo ( a ae 

54 

SECTION 14.5 
oo eae ¥ 

GGes) = 8) sin(2n — l)rx/2 oe 1)rz gee 

aa (2n — 1)22? — 

CS ae isle ees Ps ees 3) e (—1) sin(2n ee 

(2n — 1)? [Qn — 1)?2? — 4] 

cosnmx sinnzwz Ae cos(2n — 1l)ax 
3. .Gaz) — 34. y(x) = ; 

z n2n2 — | me? X (2n — 1)2[(2n — 1)2x? — 1] 
oan x cos(z — 1) cos(z — 1) cos x 

das Lae in | oe ES te cos ‘ zips sin ‘ ah GiGe2)== sin z cos(x — 1) Satiol 5 6. G(x, 2) = cos(x — 1) cos z 

; cos | “i 1 sin | ; ri 

ey (6) =e — eu ey ig 8. y(x) =x+ ee cosx —sinx; 9. y(x)=x— ee 
os | sin | sin | 

10. y(x) =x -— ee ey Coie = ae 12. y(x) =x - ei 
sin | cos | cos | 

l—cos 1 i 1—cos | ; 
13. y(x) = x + ———  cosx —sinx; 14. y(x) =x + ——— cosx — sin x; 

sin | sin | 

32 Sy (-1)"*! sin(2n — 1)xx/2 
15. y(x) = 

y(@) == D4 (pane (ne Went Al 
n=! 

Ao cos(2n — l)rx (2)]~ | 
GS Kee) = ;17. | — =— 2 

We) m2 dX (2n — 1)2[(2n — 1)2x? — 1] Aku N reve p(x) 
sin(x — a) sin(b — z) 

. 
Osx 4 3 

19. y@)=~ sin — sin x; 23. Gx, z) = rea ae — 4) Neh area Re 
sin(b — a) cos(b — ane ay, <x<z 

24. G(x, Z) = es ie = cos(b — x) sin(z — a) <x<1 
cos(b — a) 

cos(b Sate) COS (inh) Ome 
» sin(b — a) 25. G&,2Z) = cos(b — x) cos(z — a) | 

sin(b — a) 7 

Chapter 15 

SECTION 15.1 

i Deen sin(2n — 1)x oo COS NX, 
11. =-+-— ————; 12. eye ce Oar = = f : s 

2n — 1 
n=1 

1141 
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11 se ge De cos 2nx (—1)" cos(2n + 1)x_ 
aces eis 14. fa) =5 + = ah : 

n=1 n= 

is CONF at f 

2 (QQn+1)2 °’ 
Co 

16x4 D0" 3 ith : 
- 167 — — |} sinnx; Ns C5) H s632(% 3) comme (n is 

n= 

3 

2n +l)ax/2 ?. Sea pee 17. fo) =1+ oo rN = 4s: fn) == ‘i => 

n=0 n=1 
[e,@) [e.2) ra 

, HG sin 2nx : 8 n sin 2nx 
19. f(x) = 4(1+cos2x); 23. (a) f(x) = fa 2 5 ,(b) f(x) = z 5 

15. f(x) = 

4n2 —1 
n=) 

SECTION 15.2 

2. (a) Odd, (b) Neither, (c) Even, (d) Even, (e) Neither, (f) Even; 3. (a) Odd, (b) Odd, 
ot NC: ps 

Me. a ! ; i ' _ |) Seine --ee se 
(c) Neither, (d) Neither, (e) Even, (f) Odd; 4.0; 5. (a) f.(x) = Seen ei 

x2 sinx —e* x <0 

fats) = | eosin ee SO” 
3 D 3 : || er aba = as = oe x? +3x+1 x<0O. 

() feo) =| yet x2? 43x —-1 S=(0)2 » fox) = fone ges teehee ik ses (0) 

sm* x cosx x <0 = +xcosx x <0 

ROMANO a) CS I sin Xx 
+x cosx” x>0 +xcosx x>0 

a 
—sinhx—x x<0O sinhx-+x x<0O. 

bn fon=| sinh x + x peor ee Sone aU 

370 Ae cos(2n + l)x 
Ie (Co) = ; 

IO) 2 I x (2n + 1)? 

; 4 (24 + n? Te Ze (aN) (11n2x2 — 24) niex 
8. f(x) =1+ cos : 

f@) m4 ps n4 ei 

; ae ) . MItx ate 2-1" Grae —2) 
(ie) = ys sin ae sie) = 3 ss 3 sin 

n=l as, n=l 

nNItX cos 2nx 8 wo nsin 2nx 5 
—=—2 IK: = = + =o ith fey = ee LZ (0) sin ee Decks a rol an? — 1 me 

7 32 Ae is sin(nm/4) . nx 
(Rb (Ce) = sin 4 4 saj ead, i Ol= =, 3 2 sae 0 

1 

2 nw (3n22? — 4) cos(nz/2) +4 cos nz + n7[4 sin(nm/2) — ni} 
peitiee aa le 

nin4 
G2 S10 

oS “ 
: Te cos(2n — 1)x : : : : 

1S) > { ? ; 16. The Fourier series of the odd extension will 
» it aa (2n — 1) 

converge more rapidly because the odd extension is a smooth function; whereas the even 

extension has a discontinuity in the slope at x = 0. 

SECTION 15.3 

8. Because f(x) =0 at x =0; 9. Both f(x) and its Fourier series equal Patx= a 

And they both equal ZOTO) aves — sella, (Zit) — 2x? , which is equal to 1/2 of x? at 

x = 27. f(0) = 277, which is also Soe to ie of x? at x = 2m, the point of discontinuity; 
oy Be n+l n+] D. 21 e (-1l) = nImex 1213 —1) 2S nIUXx 

= 5 This series represents x? from —/ 
ie ee n l TN 
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: Pema 8 cos(2n — l)mx/l 2 
tol; 14. F(x)= aE y aa 15. (a) 1/n2, (b) 1/n, (c) 1/n3, (d) 1/n; 

16. (a) f(x) =a(x4 — 2x3 4+ x2 4+), (b) f(x) =a(6x? — 15x4 + 10x3 — x +a). 

SECTION 15.4 

1. {cos(nmx/1) and sin(nwx/1)}, n=0,1,2,... are linearly independent; 

Diepy CG) =e nee 3.Thesameresult; 4. y(x) = rae x autee sd ee 53 =x- — S045 sa : - cos 
37 P) n2(12 — n272) l 

as n=1 

S568) == ae COSta— SIN xa Od SPE" = 1]/n?22 (1? —n*x*) for 
sin 

ai Bl 
n #0 and ag = 1; TAG peat ee 

(—1)"*! sin navx sin Bx_ 
Say) S50) = 10 1) nb 

es n(B? — nx?) p p* sin B came ae 
[e.@) 2 =I n+l x 

nn), y(x) = — os. ae ae Se 12. Simply sum Equation 11 using Equation 9; 
Se n(B* — n*1-) 

20° =3)\E 1) « 4(—1)" 
16. y>*(¢) = —————— sin nx + ——————_ cosnx; 17. Let x(t = xpo(t) + ix 

we n(n* — 2n2 +9) n* —2n24+9 ©) 2) 
and equate real and imaginary parts. 

Chapter 16 

SECTION 16.1 

4, All the diffusing substance is located at the origin initially; 7. All the diffusing substance 

is located at point x9 initially; 12. It assumes that the time dependence is harmonic; 16. If 

T(x, t) > T, the temperature in the region will decrease, thus flattening out the temperature 

profile in that region. Similarly if T(x, t) < T, the temperature in that region will increase, thus 

equalizing the temperatures. 

SECTION 16.2 

A sin(7rx/a) sinh(zty/a) | 
DU (ea py) - 

sinh(ztb/a) 

4a> uy = is ay, _ NX ap 
SEDGE = Bea hs sh —— 

») * sinh(ztb/a) dX nt a a 

) — cosh(ztb 3 ) 
4. T(x, y) =7p sin a cosh ne + 7, ae oe) sin ae sinh Bo 

a a sinh(stb/a) a a 
) 1 — cosh(srb 

SE IM Ge. ye COS Be cosh et (pee) os = sinh; 7. u(x, y) =u; 
a a sinh(zb/a) a a 
ee ; ; 5 

8. u(x, y)= = 3 ede s Be ey a + sin Bee She i! 
sar! sinh nz a a a a 

1—(-1)" NIG TUTE, RIL Cae a TLOTY) 
ON ny) = ae sin sinh + sinh —— sin —~—+ 

n sinh nz a a a a 
n=] 

sinh ea) sin “>, 10. Replace x by x —a; 14. u(r =0) is the average 
a 

| | l 16 
value of u(a, 9) on its boundary; 18. u(r, 6) = — (: ~ a) + — ( _ +] cos 20; 

2 In 2 30 r2 

19. u(r, z) =4T, a? 2 J2(On) Jo(ar/a) sinh(az/a); 
a? sinh(a,l/a)J2(o,) ” acct 

oi 
ZEA) = ae + sted! (@), P,(cos 0); 

3 3 a 

3r Cee 63 (r\° 
22. u(r, 0) = -——P,(cos 6) — = | — } P)(cos0) - — | —]} P3(cos@)+---; 

4a DANG 16 \a 

1143 
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2 
Mak 1G.) = “ + = (<) P,(cos6); 25. Let f =uy—uy; 27. Let f =uy — up; 

a 
2S wete; —landscr—s 

ae 

SECTION 16.3 

6a (ab) Cos =" sin . 7. sin? z = ; sin z — i sin 3z. Therefore, n = | and 3; 

Aujol <a sin{(2n — l)rvt/1] sin[(2n — l)rx/1] 8 x,t= tO : 
u(x, t) 5 2 Qn— 2 

8/7 aa cos[(2n — es [(2n — pals 
9. t Ua, yt) = 2 yp 

4ujol e sin{(2n — 1)zvt/l) sin((2n — oe ; 

mv = (2n — 1)2 : 

D, Do : 
11. u(x, ft) a env? cos (5 — “| sin oe 13. K+ V =A cual T 

14. K,+V, =n?m7A2pv7/4l; 18. u(x, t) = sin(rx/1) cos(xut/1); 
. PHER5 2 vt l EGET 

19. u(x, t) = sin cos bh cos : 
l Iv l l 

i | | 
20° u(x) = — | = 3 

2114+4(~+vt)2 144% —vt)2 
replacing u and r replacing x. 

| 21. Apply Equation 22 with ru 

SECTION 16.4 

1. Use Equation 13 to show that @,,», = @m,» if a= b; ‘2. The nodal lines of uj + uw, lie along 
lee) co 

the diagonal of the square; 5. f(x, y) =4 Sy yo {yea Sint ; sin Wen 

16 a — sin(2n — Ixx/ ms in(ar l)ry/b i sin(2n — l)zx/a_ sin(2m — 1)ry 
Cy) — e = 

£O,y) nao ee Bia. 

mity mity 
Samo) ; And cos —* a: Y Adm COS hy Ga cos * cos = 

n=0 m=0 n,m=1 

Ay) = a°b7/9, dng = as "/3n?2?, dom = ce (—1)"/3m22?, Gam = 
; Qn 2 nx 

16a2b?(—1)"t" /n2m?n*; 9. f(x, y) =3.cos RE Fr - + cos Se cas me 
a 

‘ PAGE SMES: 
10. f(x, y) =sin pal sin = COS W365 

a 

y 
—. where 

»., ae mi 
HN, C85 3%, 1) = > ) (Aym COS Opmt + Dam SIN Wp t) sin —— cos 

a 
n= Lin=0 

A ies nIex mity 2 2 2 bd , : d 
Oop i /a> Fam bee eb eee oT aE dx dy f(x, y) sin —— cos b ; 

a a 
V2. ay4 = 3/8) G34 — 1/8, a3 — — 1/4, ayy = 3/4: 13. If k is positive, then the solution 

to the Bessel equation would be /p(k!/2r), which cannot satisfy the boundary condition 

u(a, t)=0) because Jp(z) = 1; 14.@=v=0, y=1, B=2A; 15. Yo(x) > nx as 

8.65372 r x0; 16. oy, = 2.40483, ow = 5.52008, «3 = 8.65372; 17. —--“" — 2.40483 gives 
a 

8.65372 
r = 0.2779 a; ——-——— = 5.52008 gives r = 0.63788 a; 3 = —2* = 3, = 3.598 a; 

a Gh OI 

a,vt 
cos “att ) and so u, at t = 0 requires 18. u, contains terms (—Pn 2” s 

a 
that b>, =0; 19. The polion woul include on and a,Jo(Ar) + ay¥o(Ar) must satisfy 

a) Jo(Aa) + anYo(Aa) = 0 and a Jo(Aby + dz¥o(Ab) = 0, where a and b are the radii of the inner 
and outer circles of the annulus. 
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SECTION 16.5 

1. The solution to Equation 4 can satisfy the boundary conditions only if X (x) = 

C1 COSAX + cpsinAx; 2. T(x, t) =2sin(wx/De~V 7” — 3 sin(Grx/[)e79VTt/”. 
Sip ae ty sin(2n — 1)wx/a _ (9p 4)2y224/ 12 

Ba (et) eo On Warn t/1, 
r (2n — 1)2 

n=1 

Ea sin(2n — l)rx/l _¢ te, Gees 
4.T(x,t)h= —(2n—1)*a*n*t/1 Sr e a (2n — 1)3 

5.T(x,t)= tS S bos oe pte? 8. Gace 7360771) _ 

2 dis l Om 

= cos Ox | —100021/ 1? Pel 

251 l 
[e.e) re 

6. T(x, t) = aT pe sin(2n — I)ax/a gq Cn Na'att/2?, 
4 2n — | 

n=1 

l Shee cos(2n — 1)rx/a > rap 
Te TE i l e (en-au nt /l . 

2 ae » (2n — 1)? 

8. u(x, t) = (Tp/2)[1 — cos(2xx/aye4"/"). 9, Let u(x, t) = u(x, t) — Tp and then the 
problem is the same as Problem 4; 

co 

10. u(r, t) =2 Ty es ih ag (s# ) ern t/a, 

An J (Ap) a 
n=1 
2s - 

Pee yt) = = cos ee | 7 On IP? D1/40?. 
n 

2 7, 
—a, Dt/a 

=! 

12st) 2 te se cos Xeon’ x* D/P? |). 43 CimA—we Ss LolGnt/O)e 
l = l : 

nel an J\(Q@,) 

16. Use Equation 28 with T(x, 0) =/ — x and T, =0, 

fy) s 2(Bl — To) S sin nex] nara /1?, 
i = ; 

8 n 

(Ge. = 

n=) 

2 
17. Use Equation 28 with T(x, 0) = T, c, = —[(T — Tp) + (-1)" (1) — T)); 

ni 
4 si 2 

18. c, = —(Ip — T;) eae) ), 20. T(x, y) = Ax(l — x)— 
1 1 ; 

Ar I (0? nx “pene | = (=1)" sin MHL n2q 22s / 12, a lo ee 
n=1 n=1 

Oia 7a: 

SECTION 16.6 

h2 se 
8m 

ILXOQ))\ = O— Ieee 9x? — x: L(x) = 24 — 96x + T2x* — 16x> + x4. 

2 2 
iz ny 
- + =) 15. Lo@) = 1, Ly@) =1—x, Low) =2— 4% Aes 

De 

SECTION 16.7 

7. (a) Hyperbolic, (b) Elliptic, (c) Hyperbolic, (d) Hyperbolic; 8. (a) Hyperbolic, (b) Hyper- 

bolic, (c) Elliptic, (d) Parabolic; 12.u(x, y) = ; feo n(x + iy) ae nm (x — |. 

a a 

er 2n — 1)n(x —iy 

i ; cos Sh + cosh Ge na UEe =), a a 

Chapter 17 

SECTION 17.1 ; 

12. (607 — 2)/(-+- a?)3; 14, F(s) doesn’t go to zero as s — oo because f(t) = d(f) is not 

piecewise continuous; 18. F(s) = (1/s)'/2e-248'"*, 24. F(s)=(1- Eu) is 
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SECTION 17.2 

li—e; 2.f-sint; 3.sint—sin VOt/V2; 4. 1+e*—3te*; 5. e + t)2; 

6. sre — RteeT 7.tcosat; 8.e*%sinht; 9. e* (cosh t + 5 sinh f); 10. 5e~! cos 4t — 

Set sin dt, 11,21/2/n'/?; 12. (¢ -5)H(t—5); 13. 307 — @ — I)? Ht — 1) + 3 (t — 2) 
H(t —2); 14. sinh(t—a)H(t—a); 15.1-—(t-NA(t-1+@¢-2)H¢ ee) with 

f= f+2); 7 16.14/12, 17. = 2 cos at; 21. + tan! (1); 26.) H(t —n), 
2a 2 S Ss RE, 

which is a staircase function. 

SECTION 17.3 

2.90) =e —e ** —3te 3G) = : sinh 2t — ; snot 4.¥¢@) =1— 2 tae 

1 1 
5. y(t) =4 —4 cost + [(t — 2) —sin(t —2)]H(t —2); 6. y(t) = Pay. behest 

3 a 3. Sy v = At 
7, x(t)=——-e* — = Se ee eye | eG) ee per 4 5 y(t) 4 Re ie X(t) 5 

t t 
y(t)=—-e '+ Be, er) Ves ae e*: Whee = oa ee 3t 

ada Won ‘ 9° 3 ) 3 : 
l —1 

10. NOT a ¢ 5 ) e'H(t—1); 11. x(t) =a cos wot + (Fo/wo) sin w(t — to) 

H(t —to); 12. q(t) = EoC{1 — cos[t/(LC)"/7}}; i(t) = Eo(C/L)'? sin[t/(LC)'/7}; 
13. i(t) = Eg(l—e-*'/4)/R; 14. i(t) = Eo(R cos wt + Low sin wt — Re~®*/)/Z?, 

E | 
Se = oe (x sin wt + —— cos wt — elt): 

CG wC Z? @) 
2 

16. y(x) = aa (x4 = Age 6a>x?); Licey Co) <a -- a)’: 

2 3 eae eR 18. y(x) = Wo | ax ay 4 (x —a) Hea 

QT 4 6 3 

5 1 ; 
19. y(x) =—- aie {as = Gx + 70g ae 0? + (x — a) H (x — al} 

23 5 1 P 
20. y(x) = Sa { ats? = 3ax° + 7, ax" = dk Ge = a) H (x - ai} 

21. y(x) =—- va (x? = 4ax° 1 Ba"x): 
24Y 1 

SECTION 17.4 

xe * [4072 
t 

4. u(x, t)= = fo [x /(4a71)'/7]; 6. u(x, = Zz): : u(x, t) =Ug + (uy — Uo)erfe [x/(4a°t)'/*] u(x, t) ; G2) ote” 

mi Dee 
ual e */48T The problem models the spread of a tempera- 8. u(x, y) = —————_ 

un : ) (410213) 1/2 

re We o-x?/4a22 

ture spike initially at the origin; 9. u(x,t) = | — / hE= Fy 
; 0 Z 1 

CO 

10. u(x, t) = ug Y “ferfel + 2nl — x)/(4a7t)'/?] — erfo[(d + 2nl + x)/(4a21)'/?}}; 

n=0 

oe —1)" 2 O) 

11. Wet) ae 4 2u9 a ( )) sin nx enon t/P. 

l n l 
n=l 

aE 

12. (x, =f | 2 Osy AE he eee ae rs aac MARING EA 

ai a (4a21)'/2 ) 7 OS Kea U 

ee let 
H(t—x/v); 14. u(x, t) = — sin oa sin wus Se Gae) sin rt cos ee 

TV 
Co 

16. u(x, t) =4hx(l — x) — Ahv*t? + 4h Yip" cut —-x- nl)? H (vt —x—nl)+ 

n=0 
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AAS, 

[e,2) 

4h )(-)"(ut —1 +x —nlYP Hot —1 +x —nl); uh, 2) = hl? = 4ht)2+ 
n=0 

oe ale ee) a) a Ge] 
51 : ‘ 

E (u - >) +>: ] which oscillates between h/? and —A/? with a period of t =//v; 

F CO 

17. u(x, t) = = YD" +t -1 — 2nl)H (x +t — 1 — 2nl)— (¢ — x —1 — 2nl) 
n=0 

H(t —x —1 — 2nl)]. This solution represents a periodic triangular function at x =/; 
CO 

18. u(x,t) =y D(-D"[A (ot + x — 2n + DD) — H(vt — x — 2n + 1)))]. The behavior of 
n= 

u(l, t) is a periodic square wave. 

SECTION 17.5 

1. ( 14 \e e lael: 2. or sin aw. ae Qk 2iaw : 

2a I w 1 (w2 + a2)2’ 
1/2 

4. -i (4) sgn (k); 6.Use H(x) = 5 + sgn (x)] and the result of Problem 5; 
2 

1/2 1/2 3/2 
10. (4) per 92. (=) igre tied 16. (=) © oat. 

8 4 w —404+5° on d 
9\ 1/2 ; ; 4! 

hs (=) = — 55 Ub eei@ es Oi Brnlem ls Ih le¢) = / dr rf (r)Jo(kr); 
1 k? + a? f 

Se K re 9\1/2 1 

f(r) =i) dk kF(k)Jo(kr); 21. W(k) = ( ) - 22. 1 =5n?/6; 

: 1 k? + K? 

26. (a) 1/@!/2, (b) (1 /2a)"/2e~ 121, (c) (2a2/) V2 /(w? + a2), (d) (1/202) "/20- 07/42", 

SECTION 17.6 

1. c(x, t) = (co/2){1 + erf [x/(4Dt)/7]}; 2. cx, t) = (co /2){erf [(x + a)/(4Dt)/7] + 
erf [(x — a)/(4Drt)'/*}}; 3. Use Equation 7 to get c(x, t) = co. This solution is what 

you should expect physically and is valid. Yet, c(x, t) does not satisfy the conditions 

c(x, t) > 0 as t ~ +00, which is that c(x, t) have a Fourier transform in the usual sense; 
= coa —x?/(4a2+4Dt). 4, u(x, t) = ————~-e : 

(a2 + Dt)}/2 

5. c@,1) ( : la —?/4Dt 4 * ort (x /(4Dt)/2) — “sgn (x) Reba, 12) Co — e- — 35 “) — —segn (x) |; 
xD 2D Oy ie 

7. Use Equation 12 of Section 3; 
°° oo . 2 ve ? A A A 

i Ge ynax f ak [ dl gilkxtly) p— OR HE Pe I) where F (k,l) =U(k, 1, 0); 

20 —6o —0oo 

14. u(x, t)= nfo vil Hemera. 

Chapter 18 

SECTION 18.1 

2.e %(cosay +i sinay); 3. |z—Zo| < R, Im(z— 2%) = 0, =X +iyo; 4 2, 
1/4 + 2nm; 2, 10 /4+21n; 2422, 20N; 2/22, 7/2 +2nz, wheren =O, +1,...; 

9. In(l+i)=41In2+in/4 + 2nin, n=0,41,...; 10.2411; Meu 
+[x/2 + (x2 + y?)/2]/2 , v= y/2u; 12.9; 13.—i; 15, 2x?—2y*; 16. Yes, no; 
17.i; 18. Everywhere except at z = 0. 

SECTION 18.2 

1. (a) nz"—! for all z, (b) Vines z#40, (c) -1/d+ ae ao lO. Z —==-01 are polessor 

order2; 7.z=—lisapole of order 2 and z = —i isabranch point; 8. Both z = +i are branch 
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x4 ve 3x2? 

points; 11. v(x, y)=—x +y-+ constant; 12. v(x, y)= 4 - ri + 5 + constant; 

13. e~» sin x =constant; 15. No. u, =2re!® # +ug =ire’®, 16. (a) c= —1 and —2 are 
simple poles, (b) z = +i are poles of order 3; 17. (a) There are none, z = 0 is a removable 

singularity, (b) z = 2/nz, where n is an odd integer; 22. Cer pe 

SECTION 18.3 

1992/15: 2. 9272/15: 3,407; AliGa. “S22mi: Ge") 1), era 1/0, 
8. 497i; 9.1+i/3; 10.1; WM=1LL=1,1; 12.M=1/(R*++14+2R? cos 26), 
L=2nR,ML—OasR—~oo; 13.24—16i/3; 14. Because f(z) = x* — iy? is analytic 

nowhere; 15.0 ifn Aland 2ziifn=1; 16. —(114 10i)/3; 18. 47i; 19. 277; 

20. The integrand is analytic on and within the circle |z| = 1, and so J = 0; 21. (a) 0, (b) —477i, 

(c) 0, (d) —4zri; 22. (a) 0, (b) zi — wi =0, (c) O, (d) wi — ri =. 

SECTION 18.4 

25 — Ont ale 2700 (e2 — 0) ih lala Oia) e058 (br 2 a — 0: 

5. (a) —27i, (b) 0; 6. (a) 2i, (b) 4i; 7. (a) w(1 — e”)/e, (b) m(1—e?)/e; 8.0; 9.0 
when n = 0, (—1)"~/2277i/n! when n is odd, 0 when n is even; 10. 277 (2n)!/4"(n!)*; 
1.27 One). 12.2073) 13.in/2: 14.7@= ae — 2i), f Bi) = 2a (Sx — 21), 

QF Gil=0p 16sua. y) = = en _ where 0 < tan7! 
xX — Xo Xx — Xg 

WE ae tan = 24, (ay in oi 
yet jl a0 x— 1 

tan S20, 

18.u(x, y) =uo+ Bey tan 

SECTION 18.5 

1)Rez = 0: "20(6.4-21)/5) 3X0 —2i)/5: s40¢/ 2) 5SoRez 0 a a: 
6. (a) |z| =a, (b)|z—-i|=1; (c)|z| = 1/2, d) |z| =e; 7.Rez>0; 

0° 2)" 2 CO An pay A (i 
ee vi ; al iG ; PO Z 

8. e% ) ON cositz — 1 (ny! 10. cosh z? = Xu (ony! 

ee ©. Ene =: 1)” 

i ai Zin S 
n n 

=1 
Conant - 

13 (= y aes ———; 14. 1/(z) =(l1—e< )/z; 19. The zeros of the denominator 
n 

n=0 
COO? AE == cial Wore 7 HW, SEN SE, oon The closest zeros to z= 0 for n #0 are 

Z=+2mi, or |z| =2z2; 20. The only singular point of f(z) is at z= 1. Therefore, 

there are two Laurent series to consider; one for |z| < 1 a one Se [zl Ts 
n e we ae I 

a. f@= > oe 0" (5 5) + lel tee. fare = aD 

(—yrtizn 

"ee e 
n=() 

@ e  ez—l), e(z—1)? 
alee 923.7 OS 4 kere Ack 
pile aay A 8 48 

: | 1 1 1 3z dz 
24. f(z) =27 + Seer O-<ai zie) Seah (2) 

#@) 6 12022 .5040z* 2 i) Qt 8 

Ie ix en PO) ee ND Oe ae ee ale AP NEES 8 a SD ee ee eee ai res [Palle Chl 
16 Ze Ae iG 

Oe eet 

SECTION 18.6 

1. z=27ni forn =0, £1, £2, .... They are all simple poles. For example, zf(z) > 1 as 

z—0; 2. The point z = 0 is an essential singularity; 3. The point z = | is a pole of order 2; 

4.z =nz 1s apole of order 1 whenn = 0, +2, ... anda pole of order 3 whenn = +1, +3,...; 

5. The point z = 0 is a pole of order 3 and the point z =i isasimple pole; 6. The point z = 0 

is a pole of order 2; 7. The point z = 0 is an essential singularity; 8. z = nzi is a simple pole 

forn=0,+1,+2,...; 9. The point z = 2 is a simple pole and z = —2 is a pole of order 3; 

10. The point z = —i is a pole of order 2; 11.1; 12.—1; 13.cos1; 14. 1/2 when n is 
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even and —1/2 when n is odd; 15. 1—i/2 atz=Oandie! atz=i; 16.0; 17.0; 18.1 

when n is even and —1 whenn is odd; 19. 1/8 atz=2and7/8atz=—2; 20.—1; 21. 6zi: 

De —2m1; 23. 2mi cos1; 24.—mi; 25.2 +2i; 26.0; 27.0; 28.—27i: 29.0. 

Chapter 19 

SECTION 19.1 

3. —n?n?/4 for n odd, or —(n — 5)? TORU —al eee SINCE eS 5 sin? f; 
| =% t/2 1/2 1/2 

Ghee Ce ern When Gece (Veggie 
2a 3 3} 2 

t t ae (—1)" nex nit 
9. sin =) sinh ( 10. — + Se ies ee 

SS JD) a TU oy n a a 

t i (-1)” nex nit iit Peo Ds) nex 
11. —+— cos sin 2 1), = 4b er i cog a Pee ; 

n a a 
n=1 n=l 

= ==} 99 2 Pee - * 

as ae BEEBE Ta Cashes ta ar) alS.en?? ee 
1a ‘ 2n — | 2a 

= 

16. erfc (a/2t!/2); 17. e% /(at)'/?. 

SECTION 19.2 

7. E1—1)/2°? at z= +i)/V2; W— 1/29? a z= (14 0/2; A +1)/2? at 
z= (—1—i)/V2; (-1+1)/29/? at z=(1—i)/V2; 8. 2/22; 15. —me-* and 0, 
respectively. 

SECTION 19.3 

9. 1 °/945. 

SECTION 19.4 

1. The result diverges if a > 0 and decays to zero if a <0; 5. There is one root within 

|z| = 1 and three roots within |z| = 2; 6. Two roots lie within |z| = | and four roots lie within 

|z| =2; 7. There is one solution within |z| = 1, one solution within |z| = 2, and three solutions 

within |z| = 3; 8. None within |z| = 1 and two within |z]=2; 12. Take f(z) = —4z°> and 

g(z)=z’+z—1; 14.3; 17.1; 18.None; 19.2; 20.2. 

SECTION 19.5 

2. The unit disk is moved 2 units to the right, giving |w — 2| <1; 3. The disk |z — zp| <a 

becomes the disk |w — wo| < ab where w) = bz; 4. The disk |w — 2i| <2'/*; 18. Because 
f'() =0. 

SECTION 19.6 

PD, — Do P,— P, P| In Ry — &y In R, 
1. O(u, vy) = ————v+ %; 2. O(p)= Inp- = = ; 

oe) a : tT VaR RD In(R3/R)) 
4(T, — T, ) 4(T, — T, 7 Ce eer gps 20) Fat op te di do) (2625: 

T, T : if Tr s 
BT Ty ee ty are aye Eel ong om 

a 6 
2 (7, — T, 2 (T; — T 1 

iG Wot oe! Deno Sah M1 0) g Os0s>5 
14 x 

10. First let w; = z — 2/2, and then use w2 = sin w); 
4(p, — may, 4(p, — 370 

Ge da ee eg tg. 0<60< —; 

yin V z V 4 
13. B(up, v2) = Vp + Ce ee ee tan v2 where 

un+a Wh: ug — 

bo (x —a)?+y? 
Oxtan'<z; 16. ¢(,y)= 5 oo where a=2+ 3 and n 

nR (ax —1)?+a?y? 

1149 
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ere 
R=7-4V3, 17.6(x, y)=(Vo- Oa wrrT rT i Vis 

= ea 2: 

18. Toye ty In w 2 and + T> where a= 2+ /3 and R=2+ V3; 
. 2InR (ax — 1)? + ay? 

2 

Vi— Vv, eee 
19. (x, y) = Vo + —— MaMa (1 = 

SECTION 19.7 

4.Q(z) =z; 7.0(x, y) =—k(6 + 2xn) forn =0, 1, 2,...and w(x, y) =k Inr. Therefore, 

the streamlines are given by w(x, y) =k Inr = constant, or simply by r = constant. The motion 

corresponds to circulatory motion about the origin. This type of motion is called vortex motion; 

Sy Oey ik ( Ce 270) er ON 2a and so the streamlines emanate as rays from the 

origin and &2(z) represents a source of fluid at the origin if k > 0 and a sink of fluid if k < 0; 
2 2 

10. d(7, 0) =u ( ~ ) cos 6 and y(r, 8) = ug (: — ) sin@; 12. 2ugxy = constant; 
r 

= 2); 15. The mapping is not conformal at z = 1 
ee) 

13. (x, y) = up (x? + y*)*? sin G tan 
x 

because f’(1) =0 

Chapter 20 

SECTION 20.1 

2. y"(x) + y(x) = 0; 3. [ p(x) y'(x) ! + g(x) y(x) = 0. This is a form of a Sturm- 

Liouville equation; 4. y(x)=ax+ 6; 5.(x—1)*+y?=1; 6. 2xy”+2y’—1=0; 
7. ar cos 0 + Br sind =c, or r Cos(9 +. c}) = C9; 8.2 =a0+ B (ahelix); 9.r sina = 

cj sec@ sina + c>); 10. Oni: = 0, @ = C (final — sin Ognai)/2, 0 =c(l — cos Opn a1) /2, Or 

a/b= (final — sin Ona) /C — COs Ofinal)- a 

SECTION 20.2 

= Xylo — Xot I — V1) t + yyto — yot ; : pe aio) EF i aes ,y= Og SI) ET Silos Mahy A straight line; 
ty — ty ty — ty 

1 : 
4. mx +mg=0, x(t) = ore se Of aecieg Sb ayia”) + mga cos 6 =0; 

ax. ‘ 
6.ml76 + mgl sin@ =0; 7. MIA, + myl cos(O, — )6 + mpl sin(6, — 03)6} + Mg sin 6; =0, 
m 10) + mol cos(6, — 0>)0, — mpl sin(@,; — 0)0? + mg sin 6, =0 where M =m, + mp); 

8. 6, + pat 701 =0, (Sea ese 702 =0, where M=m,+m; 9. L = @é?— 
ia V c 

KE —asinwt)*, mé + k&é=kasinot; 10. m(# — 67 r)+ = 0, <onr6) =) 
b 

(conservation of momentum); 12. (x — Ci) + +y= ce 13. y(x) =c; cosh eae) 
cj 

IS etry — a) COS myi—"a SIMO =O = and Bez . Then h? =a? Bei 1 and the problem 

is the same as Problem 8 of the previous section. 

SECTION 20.3 

1. Replace y(x) by y(x) = €n(x) in F and G, expand in a Taylor series about € = 0, and 

then set dK /de = 0. You also need to integrate by parts once; 6. According to Problem 5, 

the result is the same as that in Example 2; 9. The result is a Sturm-Liouville equation; 
1/2 

2 AIC) 
10.) =(2) Sealed shy Qe ae 

a a 

SECTION 20.4 

5.9.8696, 9.4; 10.3.6705; 11.4 = 3.6754. First root of J\(x) = 2!/2 = 3.8343; 12. 10: 
13. The secular determinant is diagonal and the lowest eigenvalue is 72 = 9.8696... , the 
exact value; 15. The agreement is so good because e~®” is the exact eigenfunction; 16. You 
will get the exact energy because the exact eigenfunction is contained in the trial function; 
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17. 1.14h(k/j)'/?/2 compared to 1.00h(k/)'/7/2; 18. h(k/ju)'/2//2; 19. You get the 
exact energy because the trial function is the exact eigenfunction. 

SECTION 20.5 

3. Laplace’s equation (See Example 1); 4. See Example 1; 

; os (« *) IF a (« =) + poru+p=0 represents the spatial part of the wave equation 
ax ax dy dy 

of a membrane with an impressed force per unit area; 6. The first term represents the potential 

energy due to stretching, the second term represents the kinetic energy, and the third term 

represents the potential energy due to the impressed load; 7. w=2.4203 v/a; 8. Try 

OO) ey (GF) r-(a —r) sin @ cos @, which is the simplest trial function that 

satisfies the boundary conditions; @ =5.2915 v/a; 9. Try d(r, 8) = y(a —r) =r(a —1r) sin6, 

which is the simplest trial function that satisfies the boundary conditions; @ = /15 v/a; 10. Try 

o(r,@)=(y—x)x(a-—r)= r2(a — r)(sin @ — cos @), which is the simplest trial function that 

satisfies the boundary conditions; w = 3.500 v/a. 

Chapter 21 

SECTION 21.1 

1. Each toss is an independent event. Or, the probability of 10 heads followed by 

heads is exactly the same as the probability of 10 heads followed by tails; 2. The 

probability that no two people have the same birthday is Prob {all birthdays are different} 

= g6° . as . ae8 pa Sie ison and Prob {at least two have the same birthday } 
BODr SOD SOD 365 

= | — Prob {all birthdays are different}. The smallest value of n for which Prob > 1/2 is 24; 

3. 0.5070, 0.0630, and 0.570, 0; 15. (a) 0.143, (b) e~? = 0.135; 16. (a) 0.0573, (b) 0.0996; 

18. 980 people who have the disease will be expected to test positive; 20 will be expected to test 

negative; 9990 people who do not have the disease will be expected to test positive; and 989 

010 will be expected to test negative; the pool has been reduced to 10 970. 

2 a ry 2 2 2yyXY  y exp | (= = + 5} 201 = p2,) 
O- oO». Oy Oy ‘ ; 

20,0, (1 — (omy) 

kpT/m, E(4mU2|=5kgT; 12. erf (wo); 13. erf (1/V2) = 0.3173, erf (1) = 0.1573; 
15. E[U ]= (8kpT/am)'/?, E [ U? |= 3kgT/m, E[ 5mU?]= 3kgT/2; 16. E[e]= 
3kpT /2. 

SECTION 21.2 

7. p(x, y) = LE (0, \=0nE US| = 

SECTION 21.3 

a | SNORE. Ge et a b<y<a+b iy DO) =e [y—(ap+b)}? /2a*a dy: 

Aa 0 otherwise (2na?a7)'/? 

| , zdz Wil 

Sa) ide =e * dz; a A) dea Oaeile Vege ® Bh Xs) alr, = 

(4x )i/* 0 otherwise 

We ee a 
ze dz; 7.E[X"]=(-))"6™ (0); 8. p(x) dx = O39 = 00: 

(a) 

14. A Gaussian approximation for py (x) is (3/7T7)'/2e 30 -T)°/T*. 15, The exact density 
a Onn 7; 

i= = oe (ie wee cal 
Function i = A 3S roximation function is Py (x) = A? On) 2 Tio = 3. Gaussian approximatiot 

0 otherwise 

to px (x) is (2/mTV2)2¢-28 37/2971, 

hit 
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SECTION 21.4 

7. The mean is 4. The process is a sequence of delta functions distributed according to a 

(a") cost; 15. H(w) == hi ? Yi neha 1 — (w/a)? +1 & (w/a) 
Rn 1 meat. : 

—E= y/(mk)'/?; 16. H(w) =Z(o)=R+i (ox - =). which is a complex impedance; 

where Poisson distribution; 8. R(t) = 

—_ 4 2 — 
? BY BO) eNO) | SD) Sart Goya?) 

Ry(t) Z (<- — 
ee 2B = a2) a ae 

SECTION 21.5 

ATT IT tle 6 Scene Aq? Ee Ane 1. 0.0440; 9. Ro(t) = ———e ce; IL. Ro(t) = 0 otherwice (4 t,)1/2 
oD 4) sin? 2 Ge 

12 S(O) te 1d, So) = ae verte! (1) = ra) f fu) du, 
4 —co 

(o,@) 

(= (ny?) = Me?) f Fw) du, Rott) = Ma?) | f(u)f(u+r) du, 

So(@) = Aa’) |F(o, t)|. 

Chapter 22 

SECTION 22.1 
2 

he a) Hoyer V4 | ea Ae SIN = = 1. pz = 6 and of = 23/4 = 05/2; 3.A=1/%; 4.p=X; 8.3667) =3 2G ete 

1 n x se 

f= 126° ——) Oey er or S dee [L) 

j=) 

SECTION 22.2 

3. Use the characteristic function; 4. Use the characteristic function; 

iy Get ye (: = “) 1; 9. (a) 0.4773, (b) 0.8186, (c) 0.8186, (d) 0.3413; 
asi oO 

10. The area between x = —2 and x = —1 is equal to the area between x = | and x = 2. (0.1359); 

11. 0.6247; 18. (a) 15.51, (b) 2.733, (c) 5.071 and 10.22, for example. The answer to (c) is 

not unique. 

SECTION 22.3 

4. Conf {24.2 < uw < 28.8}; 5. Conf {67.76 < uw < 76.98}; 7. Conf {12.18 < wu < 12.78}; 
8. 48; 10. Conf {67.96 < uw < 76.78}. The range is less than that of Problem 5; 

11. Conf {12.22 < yw < 12.74} The range is less than that of Problem 7; 12. Between 25 and 

50; 13. (a) For n — 1 = 25, Conf {6.231 < uw < 7.769} and Conf {6.180 < yu < 7.820}, 

(b) For n — 1= 100, Conf {6.610 < px < 7.390} and Conf {6.604 < u < 7.396}; 

15. Conf {5.98 < 0? < 32.2}; 16. s? = 3.074, Conf {1.963 < 0” < 5.492}; 17.5? = 3.074, 
Conf {1.718 <0? < 6.688}; 19. Conf {0.469 < p < 0.505}; 20. About 650; 21. About 

9500. 

SECTION 22.4 

1. We do not reject the hypothesis that the coin is fair; 2. More than 279 or less than 221; 

3. We do not reject the hypothesis that the die is fair; 4. We do not reject the hypothesis that 

the population is described by a Poisson distribution with A =4; 5. We reject the hypothesis 

that the population is described by a Poisson distribution with A = 3/2; 6. We do not reject the 

hypothesis that the population is Poisson; 7. We do not reject the hypothesis that the dice are 

fair; 8. We reject the hypothesis that the dice are fair; 9. We do not reject the hypothesis that 

the data satisfy a binomial distribution with p= 1/2; 10. We reject the hypothesis that the data 



Answers to Selected Problems 

obey a binomial distribution with n = 4 and p= 1/2; 11. We do not reject the hypothesis that 

the data obey a binomial distribution withn =4; 12. We do not reject the hypothesis that the 

grades are normally distributed with 4. = 62 ando =15; 13. We do not reject the hypothesis 

that the data are normally distributed with zero mean and unit variance; 14. We reject the 

hypothesis that the data are normally distributed with zero mean and unit variance; 15. We 

reject the hypothesis that the data are normally distributed with zero mean and unit variance; 

16. We do not reject the hypothesis that the data are normally distributed. 

SECTION 22.5 

6. Multiply yj; =e oi by 1, x;, and x? in turn, and sum at to obtain 

DyamtrLuteLy. Layee huthLyteys, 
3 xeyj =a 2 ¢ = > ee > x7; 8. y =0.09076 + 2.0288x; 9. Conf {—0.356 < 
1 j=1 i) i—! 

a < 0.538}, Conf {1.838 <b< 2.219}; 10. 0.9832; 13. n/c = 8.88 + 14.98 c; 

14. Conf {8.50 <a < 9.26} Conf {14.34 < b < 15.62}; 15. Conf {0.992 <p < 

1.000}; 16. 6, = —1.321+ 3.25lv, r =0.650; 17. Conf {—2.68 < a < 0.0388}, 
5207 

Conf {0.696 < 6 < 5.806}; 18. Conf {0.039 < p < 0.907}; 19. In P = 20.62 — ——; 

20. Conf {20.50 < w < 20.74} Conf {—5246 < B < —5168}; 24. V = (709.9 + 6.85) cm?; 

25. P = (0.08015 + 0.0051) bar. 

Mes 
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shot effect, 1067 ff 
sifting property of the 6 function, 146 
similar matrices, 489 
similarity transformation, 489, 492 

simple closed curve, 886 

simple pole, 878, 914 

simply connected region, 317, 886 

sine integral, 135 
sine series, 724 
single-valued, 2 
single-valued function, 165, 232, 870 

singular matrix, 411, 424 
singular point, 583, 878 

singular Sturm-Liouville problem, 689 
skew-Hermitian matrix, 470 

smooth surface, 323, 339 
Snell’s law, 999, 1000 

soap film, 562, 992, 994 

solid angle, 336, 377 

solution space, 531 
space curve, 212, 226 

spectral density, 1059 
spherical Bessel functions, 606, 616 
spherical coordinates, 369 ff. 
spherical harmonics, 801 /f- 

spiral point, 628, 639 
square wave, 717 
squeeze law, 14 

stable node, 628 

stable solution, 810 

standard basis, 457, 486 ff. 
standard deviation, 1079 =~ 
standard quadratic form, 503 

standardized normal distribution, 1085 
standardized normal variable, 1085 

standing wave, 769 

stationary, 987 
stationary process, 1054 

statistic, 1076 

statistical inference, 1075 
steady periodic solution, 742 
steady-state solution, 549, 742 

steradian, 336, 377 
Stirling’s approximation, 120, 1036 
stochastic process, 1052 ff. 
Stokes, George, 300 

Stokes’s theorem, 338 ff. 

stream function, 978 
streamlines, 978 

Student ¢-distribution, 1089 ff. 

Sturm, Charles-Francois, 666 
Sturm-Liouville problem, variational 

solution, 1007 

Sturm-Liouville theory, 687 ff: 
subspace, 438 
summation of series, 938 ff. 

surface, 233 

surface area, 325 ff. 

surface integral, 322 ff. 
Sylvester, James, 454 

symmetric matrix, 466 

system function, 1063 

Index 

T 

tangent line, 198, 226 

tangent plane, 247 

tangent vector, 226 
Taylor, Brook, 62 
Taylor series, 94 ff, 901 ff. 
Taylor’s formula with remainder, 94 

Taylor’s formula in several variables, 

DUS iE 

t-distribution, 1089 ff. 
t-distribution, degrees of freedom, 1090 
telegraph signal, random, 1055, 1059 
telegraph signal, semirandom, 1054 
telescoping series, 75 

terminal velocity, 519 
thermodynamics, 252, 259, 260 

third virial coefficient, 855 

time average, 1056 

torque, 209 

Torricelli’s law, 524 

torsion of the curve, 218 

torus, 330 

torus, surface area, 330 

total derivative, 254 

total differential, 261 

trace, 465 

trajectory, 626 
transcendental function, 2 

transcendental number, 711 

transfer function, 945, 1063 

transfinite numbers, 711 

transient solution, 549, 742 

transition probability, 1057 
translation properties, 818 

transpose of a matrix, 426 
traveling wave, 770 
trial, 1100 

trial function, 986, 1007 

triangle inequality, 8, 46, 165, 212, 446 

triple scalar product, 210 
triple vector product, 211 

trivial solution, 411 

U 
unbiased estimator, 1077 
uncertainty principle, 848 
uncorrelated, 1114, 1115 

underdamped oscillation, 538, 547 

underdetermined, 416 

undetermined coefficients, method of, 

542 ff. 
uniform continuity, 17 

uniform convergence of integrals, 55 ff. 
uniform convergence for series, 83 ff, 

901 
uniqueness theorem, differential 

equation, 517 



Index 

unit matrix, 425 

unit normal vector, 247 

unit tangent vector, 200, 216 

unit vector, 192 

unitary matrix, 461 

unitary transformation, 460 ff: 
Unsold theorem, 806 

Vv 
Van der Pol’s equation, 654, 647 
vapor pressure, 1109, 1120 
variance, 1028 
variation of J, 993 
variation of parameters, 542, 551 ff. 

vector, 191 ff. 

vector field, 301 ff. 

vector potential, 307, 346 ff. 
vector product, 207 

vector space, 436 ff. 
velocity potential, 308, 977 
vorticity vector, 308 

WwW 
wave equation, 749, 768 ff. 

wave equation, two dimensional, 779 ff. 
wave equation, variational solution, 1017 
Weierstrass, Karl, 745 

Weierstrass function, 573 

1161 

Weierstrass M-test for integrals, 58 

Weierstrass M-test for series, 85, 88, 

903 

weight function, 678 
Wessel, Caspar, 189 

white noise, 1072 

Wiener-Khintchine theorem, 1061 

winding number, 949 
w-plane, 166 

Wronskian determinant, 431 ff, 532 

Z 
zero matrix, 424 

zero vector, 192 
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Cartesian Coordinates (x, y, z) 

ca 0 Ofa nO 
erat fe ee ea 

Ox dy OZ 

) du ; 
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Cylindrical Coordinates (r, 0, z) 
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Spherical Coordinates (7, 6, ¢) 
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Vy X (V2 X V3) = V2(Vq > V3) — V3(V1 - V2) ae yer 
Woe Vix Vy Uyz oe 
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U3, U3, U3z 

div grad f = V7 f div curlu = 0 curl grad f = 0 

Gauss’s Divergence Theorem Stokes’s Theorem 

[[fovwav= ffn-was fu-dr= |{n-cutuas 

V S i % 

Green’s Theorem 

f (Pax + Qdy)= (2 _ =) dxdy 
C J Ox dy 

Fourier Series 
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Xe ae a, COS —— + b,, sin f(x) 5 me ; dX n i 

l l I iy | Seles x and bn = 5, ff) sin as 

Linear First-Order Differential Equation 

y (x) + p(x)y(@%) = q(x) 

y(x) — ef pi)ds | g(xet P® 4 dy re | 

Bessel’s Equation 

x? y"(x) — (2a — 1)xy'(x) + (B2y?x?¥ + a? — n?y*)y(x) =0 

y(x) = x"[ CJ, (Bx%) + CY, (Bx") | 
a) 1/2 2 1/2 

Jj2(X) = (=) sin x J_1/2(*) = (=) COS X 
TX TX 

4 ae px 1(e) ele (x) cos x 
—— — ee (x) = = ae : = Jo(x) ay 12% a He as 1/2 
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